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Marco Simnacher

1 Introduction
The elliptic, non-linear sinh-Gordon equation is given by
Au + sinh(2u) = 0,

for twice partially differentiable functions u : R? — R where A is the Lapla-
cian of R? with respect to the Euclidean metric. This differential equation
arises in the context of surface theory. There, it is possible to describe con-
stant mean curvature tori using the solutions of the sinh-Gordon equation.
Pinkall and Sterling constructed finite-type solutions in terms of two com-
muting flows on a certain space of matrix-valued polynomials [7]. These
polynomials are called potentials and their degree is related to the genus of
a naturally assigned algebraic curve. In this thesis, we investigate solutions
of spectral genus two. These solutions are doubly periodic and hence, they
are associated to a period lattice [4]. The goal of this work is to connect the
period lattices and the spectral curves based on the Whithamdeformations
from |2| and |[5].

In section two we introduce basic definitions which are essential to under-
stand the following results. Furthermore, we summarize important facts
about the connection between the set of potentials, polynomial Killing fields
and isospectral sets.

In this context, we consider a related system of ordinary differential equa-
tions, whose monodromies give insight into the connection between the gen-
erators of the period lattice and polynomials associated with the Whitham
deformations. These observations in the third part allow us to give a short
outline of the underlying theory of constant-mean-curvature surfaces and
spectral curves at the beginning of section four.

Once it is clear why it is useful to consider the connection between Whitham
deformations, spectral curves, and the period lattice, especially in our case,
we use the main part of the thesis to show that the equations of the Whitham
deformations can be solved uniquely by introducing reasonable additional
constraints. The solution form a vector field which we also calculate explic-
itly. Furthermore, we obtain a similar vector field by solving a related but
different initial value problem. This sheds light on the dependence of the
period lattice on the responding spectral curves.

The conclusion summarizes the results of chapter four and give some remarks
on how the work could be carried forward. In particular, it seems possible
to calculate the dependence of the period lattice from the spectral curve
explicitly.
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2 Fundamentals

In this section, we introduce basic definitions based on [1|. Furthermore, we
summarize the most important results of [4] and [6]. The parametrization
of the spectral-genus-two family of solutions of the sinh-Gordon equation is
defined on the set of so-called potentials. The solutions of the Lax equations
are so-called polynomial Killing fields and the solutions of the sinh-Gordon
equation are parametrized by them. Once we introduced the respective def-
initions, we conclude the main results with the sources for the solutions of
the Lax-equations, the corresponding induced group action, and the so-called
isospectral sets. Using these, we try to understand the connection between
the polynomial a € M} and the period lattice.

Definition 2.1. Let M be a differentiable manifold and p a point in M.
Then, two smooth curves ¢y and ¢ through p are called equivalent if

d(xdz Co) (0) = d(xdot 1) (0)
with respect to a chart x around p. This formulation is independent of the
particular choice of x and defines an equivalence relation on the set of smooth
curves through p. We call %(O) tangent vector of M in the point p, also
known as foot point. The set T,M of all tangent vectors of M in p is called

the tangent space of M in p, the set TM = |J T,M of all tangent vectors
peEM
of M is the tangent bundle of M.

Definition 2.2. A subset L C M 1is called |-dimensional diffentiable sub-
manifold of M if, for every p € L, there exists a chart x : U — U’ x U"
of M around p where U' C R and U" C R™ are open with 0 € U" and
x(UNL)=U"x{0}.

Definition 2.3. Let W be a subset of a differentiable manifold M. Then,
differential forms of degree k are indexed families w of alternating k-linear
maps w(p) : (T,M)* — R,p € W. They are also called k-forms.

Definition 2.4.

The set of potentials is the following set of cubic polynomials with matrix-
valued coefficients:

Py = {CA = (8 _Y)_l> + (3 _B&) A+ (:g _C;Y) 22

0 0Y .3 +
+(_71 O))\ |la,peC,yeR }




Marco Simnacher

where A € C is called the spectral parameter.
Every () € P> can be written as

6 = al — a\? —y7 4 BN — A2 (2.1)
AT AN = BAZ 4403 —a)\ 4 a2 '

and satisfies the reality condition
—t
NGz =G (2.2)

AN B(N) .
AC(A) —A(y) ) Wi
complex polynomials A(X), B(\), C(A) of maximal degree two.

Now we can define the polynomial Killing fields on the set of potentials:

Later, it will be convenient to write ¢, abstractly as (

Definition 2.5.

Polynomial Killing fields are maps (y : R? — P, (z,y) — ((x,y) which
solve the Laz equations

OQ aCA
i [Cx, UGN Dy [, V(6] (2.3)

with CA(()) = C/(\) S PQ and

a—o I
ve=(, 20 e )

2
ata —1y—-1
. s —Y A e
V(C)\) =1 (,y _ 771/\ _a;—a )

Due to the definition of the set of potentials, we can see that any () € Ps is
composed of a uniquely defined triplet

a=(0)a€C, f=(0)peC, v= (1), €R".

Accordingly, the condition to the maps (, satisfying the differential equa-
tions above can be translated in equivalent requirements for the maps «, 3, 7,
namely that they satisfy some other uniquely defined differential equations.
Thus, a polynomial Killing field also induces the following triple of functions

a:R?* = C,(z,y) —
B:R* = C,(z,y) = (G(z,9)s
v:R? = R (z,y) —

which have to satisfy the following lemma:
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Lemma 2.6. Let () be a polynomial Killing field. Then, the entries «, 3 :
R? — C and ~ : R? — R satisfy the modified Lax equations

foJe} - _ _ oo . _ - _

=V +By =By =7 - =i+ By =By =)

ox Jy

0 0

o8 = —af+aB —2ay+2ay! o8 =i(—af —apf + 2oy +2ay )

ox oy

0 _ 0y (@ )

— =—ay—a — =1i(ay — ay).

o Y Y By Y Y
Proof. This lemma is a consequence of the commutators structure above and
the calculations in [4]. O
Remark 2.7.

We conclude for the partial derivatives with respect to x and y of 7:

0y _

B Y= —29R(a) € R

o . N

o) i(ay — ay) = 29S(a) € R. (2.4)

Based on [4], we can see that the local flows ¢g(x) and ¢r(z) obtained by
the Lax equations 2.3 commute and we also get the following equation:

n oU(G) V(G
y ox

[V(¢), U(G)] =0, (2.5)

I’ P
0xdy  Oydx

Here, the commutator equals

(V(6),U(C)] = VUG — UGV
. 2(72 _ fy—2) _27_15)\_1 ~ 270
- (_2’75 — 277 2(772 — 4% ) (2.6)
_ _(8U<Q) _ aV(CA))
y ox

The equation 2.5 is called Maurer-Cartan equation and can be turned into
the sinh-Gordon equation using the following procedure: First, we define the
coordinate

z=x+1y.
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and express the z- and y-coordinate in terms of z

1 _ i _
xzé(z—i—z) y:—i(z—z).

Now, we specify the derivative with respect to z using the chain rule

o 10 0 o 10 0
dz 2°0x Oy 0z  2°0x Oy

Furthermore, we define the variable

=lny & e =1.

In order to calculate the partial derivative with respect to the new coordinate
z, we use the results in 2.4:
ou 1 0 ou 1 0
=D _(ata) Z-2D
or 0 v O

=ila—«a
dy oy ( )
and hence, we obtain

%_ ou

2. ¢ oz ¢

In the next step, we express the Maurer-Cartan equation in terms of u and

derivatives of u with respect to z,Z. They will be denoted as u,,us. With
equation 2.6, we obtain:

[V(Q),U(Q)}:i( 2™ — ) 26_““Z”1+2€U“2> 2.7)

2e"uz 4+ 2e " u )\ 2(e72 — 2v)

V(Cy), we rewrite the matrices as

a—o —1)\ 1 _ l ) _e—u>\—1 — el

— 2 2% Uz

UG = <fy +47IA ) (e +e "N 3(u. — uz)
— 2 2

V(C>\> =1 (’Y _ 7—1)\ Ot+Ot ) < U

To calculate the derivatives of U(()),

(uz +u,) —e A7 4 et
—e "\ S (u. + uz)
and use the formulas
9_9.,9 (o _ 0N, 1(9 ;90
ox 0z 0% 2\0x Oy 2\0xr 0Oy

. n .
9 _ (9 _9 _ (9 9N _i(f9 0
dy 0z 0z ~2\ar "o 2 !
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in order to calculate

o) . $(usz — 2uz. + u.s) A te " (u, — uz) — e*(uz — u,)
dy ! e'(uz — uy) + e "(u, — uz) %(—uzz + 2uz, — u,,)
av(g)\) — _%(uii + 2uz, + uzz) )\—le—u<uz + UE) + eu(uz + 'Lbz>
or  \e“(uz +u,) + e “(u, + uz) 2 (usz + 2uz, + uss) ’
This yields
V() B au(¢) . —2usz, 22" teus + 2etu, (2.8)
oz oy "\ 2eu; + 2\e v, Uz, '

Thus, the Maurer-Cartan equation is satisfied if and only if 2.7 equals 2.8.
This observation gives us the condition:

Uz, = (7" —e®) & uz + sinh(2u) =0

1
& Z—}Au + sinh(2u) = 0.

The last equivalence is given by
Pu  u

Au:@‘f‘a—?ﬂ

By choosing 2’ = %z and implementing the analogous calculations, we obtain
the sinh-Gordon equation from the Maurer-Cartan equation

Au + sinh(2u) = 0.

This calculation explains the context of analyzing potentials and polynomial
killing fields and the sinh-Gordon equation.

In the next step, we investigate the determinant of such () € P,. Therefore,
we define the polynomials a € C*[\] of fourth degree as

det(¢y) = Aa(N).
Due to the calculation of the determinant of () € P,, we obtain for a:
det(Cy) = —A(N)? + AC(A\)B(N)
= =X} —a\)? = M=y + A = A (v — BA+ 71N
= —X\(” = 200\ + @N°) = A(ByA = BON + 877N
— PN BN =X =14 By A=A
= AN+ (=% = By = BN+ (2a@ + BB+ 42+ 77 H)N?

+(—a® = By = By)A + 1]
=: Aa(\).
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a is also determined by the following equations:
a(A) = X'+ e\ + apN + @\ + 1
with a; = —a@?—py ' =y e C and ay=20a+BB+~>+~72€R.

For such determinant-polynomials a()\), we define the set M2 which will
come in handy during the following calculations.

Definition 2.8.
My : = {a € C*N|Aa(\) = det(¢y) for a ¢\ € Py}
= {a € C'\|a(0) = 1, X*a(X" ) = a(A\), A" 2a(\) > 0 for A € S}

and
M; = {a € Ms|a has four pairwise distinct roots}.
Furthermore, we define the map
fiPy— M, O a(N). (2.9)

With the above determination of a, due to the one-to-one correspondence
between Py and C x C x RT, we obtain for such a mapping

(6%
fiCxCxRt = CxR", |[p H<a1>. (2.10)
8

Definition 2.9. Level sets of the function f from 2.10 are called isospectral
sets. Given any a € M3 we denote the respective isospectral set by I(a).

Summarizing the main results about potentials, polynomial Killing fields and
isospectral sets of [4] and [6] in terms of the above definitions yields

Lemma 2.10. Let ¢, € Py and det(y = Aa()\) with a(\) € M. Then
C\ € I(a) has no roots.

Proof. According to [4, Theorem 4.5], every root A € C of ¢, is a double root
of a(\). Since a € M3 has only simple roots, ¢, cannot have a root. ]

Corollary 2.11. Given any initial value (v, 5o, %) € C x C x R, the
solutions of the modified Lax equations 2.3 are global, i.e. well-defined for all
(x,y) € R?, and bounded.

Therefore, given any (\ € Pa, we obtain a continuous, commutative group
action

3@, y)(G) = ¢p(y, d(2,0)))  for (v,y) € R™. (2.11)

Furthermore, when a € M3 and ¢ € I(a), then ¢(z,y)(()) € I(a) for all
times (x,y) € R
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Proof. The statement is shown in [4, chapter 5]. O

Corollary 2.12. The vector fields 2.3 induce the action 2.11 of R? on Ps.
For a € M} the isospectral sets I(a) C Py are compact and two-dimensional
compact submanifolds of Py with transitive group action 2.11, i.e.

I<a’> = {¢($7y)CA|(xay> S RQ}

Proof. The corollary is proven in |6, chapter 2|. ]

10
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3 Period lattice

In this section, we introduce a lattice for a € M3} and a system of ordinary
differential equations and the respective fundamental solution, the so-called
frame. We investigate the elements of the lattice and the frame at these
elements, i.e. the monodromies. In particular, this leads to a to a connection
between the action of the monodromies on the eigenspaces of the initial values
(Y and the elements of the lattice. First of all, we define for given a € M}
and an initial value () € I(a) the set

It = {(z,y) € R*o(z,9)(() = O} (3.1)

3.1 Generators and frame

In [4] and [6], it is proven that the set 3.1 defines a lattice and is independent
of the choice of the initial value ¢, € I(a). Moreover, we obtain the following
lemma:

Lemma 3.1. Let a € M3. Then, the set

I = {(z,y) € R?|p(z, ) (&) = G}

does not depend on the choice of ¢, € I(a) and defines a lattice in R?. In
particular, there exist two lineary independent generators wy,ws € R? such
that

r+ = (.U1Z + CL)2Z.
Proof. ]

While the choice of such generators is not unique, the idea is to introduce
a minimality condition to force them being unique. A pair of generators
(w1, ws) satisfies the minimality condition if w{ € I"*\{0} has minimal length
as well as w§ € '\ (w{Z). Based on [4], we define:

Definition 3.2. Two lattices I',T" are called isomorphic if there exists an
orthogonal linear transformation mapping I’ to TV, i.e. if there is a linear
mapping C — C composite of a rotation and the multiplication with a real
number. This mapping s called rotation-dilation.

In [3], it is proven that each lattice I' in C is isomorphic to I'" := Z + Zr1
with

r e {r e CI3(r) > 0,1R(7)] < 5, II7ll > 1) (3.2)

11
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up to a rotation dilation. We can identify 7 uniquely up to the following
identifications of 7:

1 1 3
—§+iy~§+iyf0ry6 [\/7_,00)

1
—:U—I—z'\/l—xrvx—l—i\/l—a:for:ve[0,5}.

We define the quotient topology of the subset 3.2 of C divided by the relation
~ of such 7 as F. Then, there exists a unique map

T:M%—>‘F, a = Tq,

such that I'* is isomorphic to I'"*. In the following, we investigate the de-
pendence of 7, on a € MJ. To do this, we introduce the following system of
ordinary differential equations:

% = hUG) 88—? = B\V(¢() Fa0,0) = 1. (3.3)

Using the Maurer-Cartan equation and the Picard-Lindel6f theorem, it is
shown in [4] that there exists a unique fundamental solution which solves
both equations as well as the initial condition. This fundamental solution is
a function of (z,y) € R?. Besides, we define

M} = Fy(w;),i=1,2 (3.4)

for the w; which we obtain through the double periodicity of the flows which
is reflected in the coefficients (a, 3,7)(z,y) and hence, also in the respective

U(Cr), V(G-

Ul(z,y) +wi) = Ulz,y) = U((z,y) + ws)
V(z,y) +wi) =V(z,y) = V((z,y) +w).

We consider
Fﬁ = (Mf\)_lF,\((x,y) +w;),i=1,2.

Due to the uniqueness of the fundamental solution of 3.3, we obtain F) =
Fi i=1,2 and

P((z,y) +wi) = MiFa(w,y),i = 1,2.
Definition 3.3. The fundamental solution F from 3.3 is called frame and

the matriz M, for F at any w € T'* s called monodromy, especially the
matrices My, M3 from 3.4.

12
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In the following, we summarize some lemmata of [4] which investigate the
monodromies M;,i = 1,2. Additionally, we analyse how these monodromies
act on the eigenspaces of (Y for any w € I'*. At the end of this section, we
thereby obtain a connection between polynomials b, b, and the eigenvalues
of the monodromies My, M3.

Lemma 3.4. The monodromies M}, i = 1,2 and the initial value of a poly-
nomial Killing field ¢ := (\(0,0) commute pairwise.

Lemma 3.5. The monodromies 3.4 satisfy det(M}i) =1,i=1,2.

Lemma 3.6. Let a € M3 and let A be an arbitrary root of a. Then, the
etgenvalues of the monodromies satisfy

ph = %1, fori=12.
Proof. For the proofs we refer the reader to [4, chapter 7|. O
Remark 3.7.
Since det(M}) = 1,7 = 1,2, we denote the eigenvalues of the monodromies
3.4 as
o1

:uv_i'
)\,LL)\

Moreover, we denote the eigenvalues of () as vy, —v, using the fact that
tr(¢y) = 0 (this can be easily calculated for ¢, in terms of the abstract form).
Then, we obtain the following equations:

0 = det({ — vpl)
= —A? - \BC +?
= v + det(())
=0} + da()).

3.2 Lattice elements and monodromies

The following is based on the work in [6, chapter 3,4]. In the previous subsec-
tion, we investigated the set T = {(x,y) € R*|¢(z,y)(¢\) = (1} for a € MJ.
It defines a lattice in R? and is independent of the choice of ¢, € I(a).
Especially, it is a lattice

I+ = UJlZ + CUQZ

13



Marco Simnacher 3 PERIOD LATTICE

with linearly independent generators wy,w, € R2.

In the following, we will obtain a context between the elements of the lattice
and polynomials b,, of degree three which satisfy corresponding reality con-
ditions.

We now consider the monodromy M, of the fundamental solution F) of the
system of ordinary differential equations 3.3 at w with eigenvalues p,, for any
w € T'% Again, we obtain the result: M, commutes with () for all w € T®
and maps the eigenspaces of () onto themselves. Due to the fact that ()
is traceless and () € I(a) with a € M} has no roots (lemma 2.10), the
eigenspaces of each (Y are one-dimensional. They are parametrized by

S = {(\0) € (C\{0}) x Cldet(v] — %) = v + Aa(A) =0}.  (3.5)

The monodromies M, act on these one-dimensional eigenspaces of (Y by
multiplication with a function pu, : ¥* — C\{0}. We observe the involutions

o:(\v) = (A —v), p: (N v) = (AT, =\737).
They act on pu,, by

0"y = 11, P = 11 (3.6)
We can describe the lattice I'* in the following way:

Lemma 3.8. For all a € M} the elements of T are characterized as those
w € C such that the function exp(w\™'v) on T* factorizes into the product
of a holomorphic function u, on ¥* obeying 3.6 with a holomorphic function
on X*, which extends holomorphically to A = 0 and takes the value 1 there.

Proof. The lemma is proven in [6, Lemma 3.1]. O

In the proof, it is also shown that the function p, in the lemma is unique
and acts on the eigenspaces of () equally to the monodromies M,. The
logarithmic derivative of this function is a meromorphic differential of second
kind with second order poles at A = 0 and A = oco. Due to 3.6, it takes the
form

dlnp, = wbw()\>dln/\ with b, € C3[\] such that X by(A1) = by (V).
v
(3.7)

Finally, we obtain the connection between the elements of the lattice I'* for
a € M} and the polynomials b, and thus the eigenvalues of the monodromies
14, when we consider b, at A = 0:

14
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Corollary 3.9. For a € M.} the elements of T® are the values w = b,(0)
of those b, in 3.7, whose 1-forms dlnu,, are the logarithmic derivatives of a
holomorphic function u, on ¥*.

Proof. The corollary is proven in [6, p.10-12] ]

In the following, we introduce the Whitham deformations. For two generators
wy,wy of the lattice ' for a € M3, we obtain, using the monodromies M}, i =
1,2 and the above-mentioned logarithmic derivative, two polynomials by, bs.
With the minimality condition, the generators are uniquely determined and
hence, b1, by are unique.

15
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4 Whitham deformations

4.1 CMUC tori and Whitham equations

In this subsection, we derive the equations of the Whitham deformations.
To understand why we can work with them in our case and how they and
this work are related to constant mean curvature tori in R?, we give a short
outline. It would exceed the scope of this work to analyze the following in
all details. Nevertheless, we will adapt the definitions of the paper [2|, ac-
cordingly, to investigate the connection between the period lattice and the
spectral curves.

Based on [2]|, constant mean curvature tori can be described by an alge-
braic curve, called the spectral curve, together with a line bundle on this
curve and a point on S!, called the sym point. Moreover, the spectral
data (X, A\, p, Ao, L) of a CMC torus is introduced. Here, X is an algebraic
curve, the spectral curve, with a degree-two meromorphic function A, anti-
holomorphic involution p, a point on the unit circle Ay and a line bundle
L on this curve, which is quaternionic with respect to o p, where o is the
hyperelliptic involution induced by A. The quadruple (X, A, p, Ag) of such
spectral data satisfies periodicity conditions for a CMC torus.

We investigate now the spectral curves of spectral genus two. We put some
restrictions on the spectral curves X = X, in C? and describe them by an
equation of the form

2

o =Xa(A) = (AT - a)(A = o)

=1

where a € M3 and thus, it satisfies the following conditions:

1. the reality condition a()\) = Ma(A~1),

2. A 2a(\) > 0 for X € S,

3. the lowest and highest coefficient are 1,

4. the roots of a are pairwise distinct, forcing X, to be smooth.

We want to express the periodicity conditions in terms of a pair of meromor-
phic differentials on the spectral curve which equal the logarithmic derivatives
of the previous section. To do this, we define the space B, for each a € M3,
which denotes the 2-dimensional space of polynomials b,, of degree three sat-
isfying the reality conditions b, = A3b,(A~1) and such that the meromorphic

16
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differential

O = ﬂ@dln A
v
has purely imaginary periods. FEvery b, of B, is uniquely determined by
b(0) up to adding a holomorphic differential, which is fixed by the condition
on the periods. Thus, the elements correspond one-to-one to the numbers

b,(0) € C.

Applying corollary 3.9 to the above-described case, we obtain linearly inde-
pendent by, by € B, with b;(0) = wy,b2(0) = wy for the generators wy, wo
of the lattice T'* for a € M3} and the respective logarithmic derivatives
dinp = dlnp;,i = 1,2 for functions py, po, as described in lemma 3.8,

with

1. the logarithmic differentials dlnp;,2 = 1,2 are meromorphic differen-
tials of the second kind with second order poles at A =0 and A = oo,

2. dlnpl:@bl, dlnugz@bg,
3. dlnp;,i = 1,2 takes the value £1 at each root of a.

In the next step, we derive the Whitham equations using connection men-
tioned above. Then, under certain assumptions, we calculate a vector field
(a,b1,be) — (a, by, bg) through these equations. The vector (a, by, 62) denotes
the tangent vector at ¢ = 0 which infinitesimally preserves the periods of

{1, tio.  The periods of the meromorphic differential forms % dlIn p; for

t=0
¢ = 1,2 vanish. Also, these forms have no residues and hence, there exist
meromorphic functions ¢; on X, such that

d
di; = —| dlnp
=],

and we may write

G =T

with polynomials ¢; € C*[)\] of degree three and ¢;(\) = A3¢;(A~1). Thus, we
obtain the Whitham equation

ﬁiCi(A) _ gbi()‘)
oN v Ot v\

t=0

17
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which yields, using the product and chain rule, to
(2X\ac, — acy — Ad'c1)i = 2aby — ab,
(2Xacy — acy — Nd'cp)i = 2aby — by

where the dot and prime denote the derivative with respect to ¢, evaluated at
t = 0, and the derivative with respect to A, respectively. Multiplying the first
with c; and the second with ¢; and using the compatibility of both, yields

2@(0/102/\ — 0/201)\ + Cli)Q - 0261) = d(Cle — Cgbl).

This implies that any roots of a at which a does not vanish are also roots
of ¢1bs — coby. Additionally, when @ vanishes at a root of a, then ¢; and ¢,
vanish at this root, too. Therefore, ¢iby — c9by vanish at all roots of a and
we conclude that

Clbg — Cle = Qa

with polynomials Q € C?[\] of degree two and Q(\) = A2Q(A\~1).
Remark 4.1.

We obtain the equations of the Whitham deformations for above-mentioned
polynomials by summarizing the results with the three equations

(2X\ac, — acy — Ad'cy)i = 2aby — aby (4.1)
(2X\acy, — acy — Aa'cy)i = 2aby — aby (4.2)
Clbg — Cle = Qa. (43)

4.2 Preliminaries

In this subsection, we calculate the above-mentioned vector field (a, by, by) —
(@, by, by) under certain conditions . These assumptions and a brief explana-
tion how we compute the vector field are given in the following. Let

My = {a € C*\]|Aa()) = det(Cy) for a ¢y € Pa}

—1

= {a € C*\]|a(0) = 1, \a(X ) = a(A),A2a(\) > 0 for A € S}

and

M3 = {a € My|a has four pairwise distinct simple roots}

18
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as in definition 2.8.
Given a € M} and two polynomials b; and by obtained through the previous
calculations in section 3, 4.1, which satisfy the reality conditions,

we obtain a triple (a,by,bs). In this work, such a triple always fulfills the
above-mentioned conditions and the polynomials b; and by do not have a
common root. Under the assumption that ged(by,b2) = 1, we find, using
the equations from the Whitham deformations 4.1,4.2 and 4.3, for every
Q € C?[) satisfying the reality condition

QAT =Q(N)

a unique pair of polynomials (cy, o) of degree 3 which fulfill the reality con-
ditions

/\301 (F

c
and ANy (A1) = ()

~—

solving equation 4.3 and satisfying the conditions 4.4,4.5.

Given such (a, by, bs) and uniquely determined (cy, cq), the equations 4.1-4.2
have a unique solution and we obtain the triple (4, by, b2)

The pair (cq, ¢2) solving equation 4.3 is uniquely determined by @) through the
condition that the highest and lowest coefficient of the polynomial a € M2 is
one and hence, the highest and lowest coefficient of @ vanishes. Additionally,
this requirement can be expressed through the following condition for ¢; and
Co.

> oo (1.4

2 Z@) =0 (4.5)
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which we obtain, using the equations 4.1 and 4.2, through the calculation

ah) = > (A= a) /) =Y T[N -ay)
i=1 =1 3];1
i) ==Y @ [[(A—ay)
=

and

Analogously for ¢ and by, using equation 4.2.

4.3 Solving the Whitham equations

Now we want to calculate the vector field (a,bi,by) — (a,bl,bg). First,
we prove that, under the assumptions 4.4 and 4.5, the equation 4.3 has a
uniquely determined pair of polynomials (cq,ce) of degree three as solution.
Second, we construct a ¢; and ¢y and show that they are this exact pair of
polynomials. Third, we prove the reality conditions for these (c1, ¢2).

Finally, we calculate the unique triple (a, by, bg) depending on (a, by, by, ¢1, o).

Lemma 4.2. Let a and QQ be a complex polynomial of degree 4 and of degree
2, respectively, and by and by two complex polynomials of degree 3 without
common roots. Then, there exist unique complex polynomials ¢, and co of
degree three, which solve equation 4.3 and the sum of the values of % and g—z
at all roots of a are zero, i.e. they also satisfy the conditions 4.4 and 4.5.

Proof. Let ¢y = x1b1 + dy and ¢y = w9by + do, Where xq,x9 are complex
numbers and d; and dy are complex polynomials of degree at most two.
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Thus, it follows that

Cle — Cgbl = QCL
<~ (1’1[71 + dl)bg — (.leng + dg)bl = QCL
~ dlbg — d2b1 = (IQ — (5171 — IQ)ble. (46)

Since the left-hand side is a polynomial of degree at most five, x; —x, has to be
a unique complex number such that the right-hand side is also a polynomial of
degree at most five. We obtain three conditions through equation 4.6 which
uniquely determine the polynomials d;,d, of degree at most two. These
conditions can be obtained by evaluating the equations at the roots of b; and
by in the following way:

Case 1: If by or by have three simple roots, the values of the corresponding d
at the roots of the respective polynomial b are defined through equation 4.6.
Case 2: If by or by has one root of order two and one root of order one, we
need to derive the equation 4.6:

d/lbg + dlbé - débl — dgbll = CL/Q + CLQI - (131 - .Z‘Q)(bllbg + blb/Q) (47)

Thus, we obtain two conditions for the respective d at the root of order two
of the according b by the equations 4.6 and 4.7. The third condition is given
by the equation 4.6, evaluated at the simple root of the respective b.

Case 3: When b; or by have one root of order three we, get the three condi-
tions using

d'by + 2d\, + dybl) — diby — 2d4b, — dob!
=0"Q+20'Q" + aQ" — (w1 — 2)(V{bs + 261} + b1t}

and the equations 4.6 and 4.7 at this root of the respective b.
In the following, we assume that d; and dy are such unique polynomials of
degree at most two. Then, diby — dyb; — a@) vanishes at all roots of b; and
b, and is divisible by b; and by. Therefore, we obtain the previous equation
if x1 — x5 is this uniquely determined number such that the right-hand side
of equation 4.6 is a polynomial of degree at most five. Due to

c2

and the condition that the sum of 3 and §* vanishes at all roots of a, the
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numbers x; and x, are clearly determined by:

- 1(%’)
Z 1(%’) !

=1

o

Il
(]~
R
S|
= =
|
212
+
=
N———

[

<.
Il
.

8
|
|
|
-
S
—~
2|8

- ,
=1 1( )

1 o do(e)

and analogous  xy = - Z bz(a:) .

@
I
—

Dividing equation 4.6 by b;by yields
(2101 + d1)by — (w2b2 + d2)b1 = Qa

dy do - al)
Tty <bz ”2) = by’

Because the values at all roots of a of the function on the right-hand side
sum up to zero, the obtained x; and x5 solve the equation. Hence, we obtain
the lemma. 0

Now, we calculate such a pair of polynomials (c1, c2) explicitly. We make the
same approach as in the proof of the previous lemma with ¢; = d; +x1b; and
Cy = d2 + l’gbgi

First, we construct the explicit polynomials d; and d, and hence, we intro-
duce a case analysis depending on the order of the roots of the respective
polynomial b. Second, we use the condition 4.4 and 4.5 to find the complex
numbers x; and x5 in each of the cases. Finally, we obtain the uniquely
defined pair of polynomials (¢, ).

Lemma 4.3. Let a, (), by, by be polynomials as in the previous Lemma. Then,
we obtain the following unique complex polynomials c1,co of degree three of
lemma 4.2 depending on the order of the roots of by, by where by and by can
have different orders of roots:

Case 1: b, has only roots of order one, bs is the other polynomial of by, bs.
Then,

_ =~ Qby)alby) [ 1 1 1
=02 6 ) ((A 1T m) 49
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Case 2: b, has the root b.1 of order two and b, of order one, by is the other
polynomial of by, by. Then,

2(a’ (b1 r1 )+ a(b)Q' (b)) V(b)) 0V (b) 1
( i (e ) 5

bs(by1) — 3b7(by1)
brl 1 a(br2)Q<br2) 1

1o 2(a'(by1)Q(br1) + a(br1)Q'(br1)) b (br1) by (br1) 1
"’TWZZ (( - (5o + 307))

Cr

(4.9)

Case 3: b, has one root of order three, b, is the other polynomial of by, bs.
Then,

() = ((3@”(%)@@”) +20(b)Q () + a(br) Q" (b))
' bﬁl(le)bS(brl)

b;(brl) b (br1) 1 1< 1
b(br)” " 2h, (b )z)((A_bﬂ)—zl;az b) (4.10)

6(&’ br rl —|—CL( TI)QI( rl)) bls(le) 1

( 3 rl)b’”(b ) m(m))(u—bm 4.1)
1 4

12

4
6@ brl 1
i—1 ) (b/” 7”1 s brl ) ( - brl z; o — brl ))

(4.12)

+

Proof. We need to do a case analysis due to the fact that we will get different
dy, ds if by, by have roots of different order and as a result also different x1, ¢;
and x5, co. Without loss of generality, we consider only for ¢; while ¢y can
be constructed similarly depending on by with roots of respective order. It
is important to mention that there exists such a pair of polynomials (¢, ¢s)
and hence, it is reasonable to calculate ¢; and cs.

Case 1: b; has only roots of order one at 01,7 = 1,...,3. Then, d; is the
complex polynomial of degree two

Q(b1;)a(bi;) b1 (M)
Z b2 blj (>\ bl])b (blj)

j=1
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Using the rule of I’'Hospital we see that d; solves equation 4.6 at all roots of
bli

Bb) =S Tim Qbyy)alby) (M)
— b ba(b1j) (A —b1;)bi(byy)
— lim Q(b1i)a(bi;) bi1(N) _ Q(bli)a(bli).
A=bii ba(byy)  by(byy) ba(b1;)
Using the fact that we obtain the x; in the proof of lemma 4.2 by evaluating
condition 4.4, we get for the explicit case

4
C1 az dy (o +$1b1(az) _
Z =2 = @y

Q(b1;)a(bi;) b1 (@)
Z] 1 b2](b17)] (i —b1;)b (b1)

C lemdi(m) 1
A PO ozz)__é_lz b1 (o)

L= Q(byy)a(by) 1
< =g ZZ ba(b17) (b1y) (i — bry)

The constructed d; and z; satisfy the conditions in lemma 4.2 and ¢; =
dy + z1b; is a polynomial as in lemma 4.2 and equals the polynomial 4.8
given in the claim.

Case 2: Let by; be the root of order two and by the one of order one of b;.
Again, we construct the d; and z; and we see that the obtained c¢; equals
the one in case 2 of the statement. In this instance, the three conditions for
dy are given through the respective d; and the derivative d] at by; together
with the d; at the root b15. d; has to solve the equations

dy (b11)ba (b1 = a(b11)Q(b11) (4.13)
i (b11)b2(br1) + dy(b11)by(b11) = @’ (b11)Q(b11) + a(b11) Q' (b11) (4.14)
dl (blg)bg(blg) = &(blz)Q(blg). (415)

We make the following approach: Let

T Y <
di1(A) = bi(N) <()\ — by1) ’ (A —b11)? " (A= b12))

with constants z,y, z € C. Then, we get

! , T Y <
hd) =h}) ((A “on) O —bn? (- bu>)

T 2y z
— by (()\ —bn)? " (A —=bun)? " (A= 512)2> '
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Obviously, we obtain z through equation 4.15, if we investigate d; at bis.

We obtain a similar result as in case 1 for the simple root using the rule of
I’Hospital:

fbl(bm) ybl(bn) . Zb1<)\)
dibiz) = (b2 — b11) (D12 — b11)? * Alg& (A —b12)
2 (A
- Jip A
= dy(b12)ba(br12) = a(bi2)Q(b12)
& 20 (b12)ba(biz) = a(bi2)Q(b12)
L bi2)Q(brz)
by (b12)b2(b12)
In the next step, x and y are calculated. First, we obtain y using equation
4.13 and second, compute x depending on this y, employing equation 4.14.

. bi(N) : bi(\) by (b11)
di(byp) = 1 —_— |
1) = i S S I A T b
. (N . b (N)
N >\1—1>r£1 1 T Aligh 2 y
_ bi(bn)
2
and
) by (AN = b11) — b1 (N) V(NN = byy) — 261 ()
d(bn) = lim Oobn T TN
bl (bll)(bll - bll) - b1<b11)
+ lim -
A—b11 (bn - 512)2
WO =b) + B =B HO) = bu) + D) — 26 ()
— 1 1 1 1 1 1 1 1
Asbis 20\ — bny) S 30\ — b1y )2 Y
ACY . B (A (A = bur) + 267 () — 207 (N)
N Aligh 2 v Xligh 6()\ — bn)
_ b{(biy) B (bu)
= 7 x -+ 6 Y.

Inserting dy(by1) in 4.13 yields
dl(bn)bQ(bn = Cl(bn)Q(bn)

& bll/(;)n)ylb(bn = a(b11)Q(b11)
~ 2a(b11)Q(bn1)
R by (b11)ba(b11)
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Inserting d}(by1) in 4.14 yields x depending on y:
dy (b11)b2(b11) + di (b11)b5(b11) = @' (b11)Q(b11) + a(b11) Q' (b1)

(A5 PG ) bt + OO 0100000 + )@/ 00

2 6 2
2(a’(b11)Q(b11) + a(b11)Q'(b11)) by(bi1) | by (b1)
b (b11)ba(b11) - (bQ(bll) 3b'1/(b11)> '
Applying these x,y, z € C yields the following d;:
2(a’ (b11)Q(b11)+a(b11)Q’ (b11)) <b'2(b11) b’{'(bu))
b1(>\)<

xr =

by (b1(b11)b2(b11) ba(b11) 367 (b11)
(A —b11)

261(1911)@(511) i a(b12)Q<b12) ) ‘

by (b11)ba(b1n) (A —b11)? Vi (b12)b2(b12)(A — bia)

Apparently, this d; solves 4.13,4.14 and 4.15 at the respective roots of b; and
equals the d; from the proof of lemma 4.2.

Hence, we again construct an x; with the result of case 1 and the d; of case
2:

1(%’)
1 1(041')

4 <2(a’(b11)Q(b11)+a(b11)Q’(b11)) —y (b/z(bll) b'l”(bn))

ry = —

|
-
S|

(2

by (b11)b2(b11) ba(b11) + 367 (b11)
(ai - bn)

2a(bll)Q(bn) i &(512)Q(b12) ) '

| =

1

(2

b/1/(b11>b2<b11)(05i - 511)2 5'1(512)52(512)(0% - 512)

Then, ¢; = di 4+ x1b; is the unique complex polynomial ¢; of lemma 4.2 and
equals the polynonomial 4.9 in the claim.

Case 3: Let by; be the root of order three of b;. d; must solve the following
equations as mentioned in the proof of lemma 4.2:

d1(bl1)b2(b11) = a(bn)Q(bn) (4-16)
dy(b11)b2(b11) + di(b11)by(b11) = @' (b11)Q(b11) + a(bi)Q'(bi) (4.17)
dy (bi1)ba(bi1) + 2 (bin)by(bi1) + di(bi1)by (b11)

= a"(b11)Q(b11) + 2a' (b)) Q' (bn1) + a(b11)Q" (bu). (4.18)

We make the following approach: Let

x Y <
BN =03 ((A ) T b - bu>3)
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with constants z,y, z € C. Calculating the derivatives yields

d’l(A)Zb&(A)<(Afbn)+(A—ybu —bu )
00 (e s+ )
WM=WW(@jmyW»iH —%n>
— 204\ ((A S+ G T )

2x 6y 122
o) ((A TP T by T w) '

In the following, z is derived through equation 4.16, y by use of 4.17 and

finally z employing 4.18. Again, we calculate the derivatives of d; at the root
blli

_ o i(Y) : b1 () bi(\)
dl(bll) a )\ligh ()\ - b11>x + )\141}})}1 ()\ — b11>2y + )\L%}l (A — 611)32
. b ()\) . b//()\) . b///()\)
= lim — lim - lim —1 -
Aigil 1 T Aigh 2 v+ A—b11 6()\ — bn)
e
_ ),

bI(A)(A = b)) — 2b1(N)

dy(by1) = 1 1
1( 11) /\—l>r£1 ()\ — b11)2 v AEIEL ()‘ - bll)3
b/ (bll)(bll - bll) - 3b1 (bll)
1 1
+ )\i)bll ()\ - b11)4 -
o WO = ba) B =B
A—b11 2()\ - bll)
W () (A = bur) 4 207 (N) — 207 (N)
T )\ligh 6()\ — bll) 4
B = bar) + 35 () — 3 (V)
1 1 1 1
+ )\igil 24()\ — bll) :
' b/”(/\) b///(bn)
et 1 1 == 1 .
by 6 0 6 7

The last equation sign is valid due to the fact that b; is a polynomial of
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degree three and hence, b]"(\) = 0.

bY(A)(A = bir)? = 264 (A) (A — bur) + 2b1 ()

1 T
dl(bu) = )\lifﬁl (/\ _ )3 X
. DY) = b1p)? — AW (A (N — byy) + 6b1(N)
1 1 1
o, (N —byy)? 4
i OV = B1)? = DL = biy) 1254 (N)
A—b11 ()\ — bu)s
b B
— i A 0O0)
A=bin 3 3

Equation 4.16 yields

dy(b11)b2(b11) = a(b11)Q(b11)
Mz = a(b11)Q(b11)
_ 6a(bi1)Q(br1)
& T W (bn)ba(bn)

Inserting d(b11) in equation 4.17 for y depending on the above calculated z:

dy(b11)b2(b11) + dy(b11)b5(by

1) = d'(b11)Q(b11) + a(b11)Q' (b11)
bo(b11)b7 (b11) by (b11)b5(b

< G Y+ 6 =~y = a'(b11)Q(b11) + a(by1)Q' (bin)
o _ 6(a’(b11)Q(b11) + a(b11)Q'(b11)) by (b11)
ba(b11)b7 (b11) ba(b11)

and finally we get x through 4.18:

dy (b11)ba(b11) + 2} (b11)by(b11) + dy (b11)by (br1)
= a"(b11)Q(b11) + 2a'(b11) Q' (b11) + a(b11)Q" (b11)

N 5'1"(5112))52(1711)IJr Qbé(bll)gﬁ"(bu)er 5'1"(511235'2'(511)2
= a"(b11)Q(b11) + 2a'(b11)Q' (b11) + a(b11)Q" (b11)

3(a” (b11)Q(b11) + 2’ (b11) Q' (b11) + a(b11)Q" (b11))
b (b11)b2(b11)
by(bir) by (bi1) s
bo(bir)”  2by(bry)

= xr =
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In summary, using this approach for dy, it is

T y z
40 = b() ((A_bn) b+ (A—b11)3)

_ bl()\)< 3(@#(611)@([?11) + 2@’(()11)Ql(b11) + a(bll)Q”(bn))

by (b11)b2(b11)
by (b11) by (b11) 1 6(a’(b11)Q(b11) + a(b11)Q'(b11))
T (b))’ 2b2(bn)z> (A —bu1) " ( ba(b11)0Y (b11)
_ b;(bll) 1 6a(b11)Q(b11) 1
b2(511)> b <b'1"(bn)b2(bn)) (A= bll)3>

Obviously, this d; solves the three equations 4.16,4.17 and 4.18 at b;; and
resembles the explicit d; mentioned in the proof of lemma 4.2. Similarly to
the previous cases, we construct our x;. The respective

1g 3(a” (b11)Q(b11) + 20/ (b11) Q' (b11) + a(b11)Q" (b11))
"o 2 (( b (b11)b2(b11)

(b11)

(01)”  205(b11) ") (e — b1y) b(b11)by" (b11)
_ bé(bn)) 1 i (6@(611)@(1)11)) 1

ba(b11) ) (v — 511)2 bll"(bll)b2(bl1) (i — 511)3

is a complex number and it equals the x; in the proof of lemma 4.2. Thus,
we obtain the ¢; = dy + x1b; of lemma 4.2. It equals 4.12.
By constructing ds, x5 for by and respectively a co analogously, we obtain
an explicit pair of unique complex polynomials (c1, c2) of degree three which

are the polynomials ¢; and ¢, of lemma 4.2 and hence, this completes the
proof. O

~ b5(bu) Z)( LI (6(61'(511)@(511) + a(b11)Q'(b1))

Lemma 4.4. Let a € M3, Q € C?[\],by,by € C3*[\] and by, by without com-
mon roots satisfying the following reality conditions:

a(A) = XMa(A™)
Q) = N*Q(A)
ba(A) = Nby(AT)
bl(A) = A_b (_1)
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Then, the pair (c1,co) of lemma 4.3 satisfies the reality conditions

)\301 (F)

Ao\ D)

C1 (/\)
02()\ .

~—

Proof. We know that the c;, co from lemma 4.3 solve equation 4.3 uniquely
under the conditions 4.4 and 4.5. With the involution A — %, the roots
of a get mapped onto themselves. Therefore, also the second condition in
lemma 4.2 is invariant under the involution. We apply the reality conditions

of a, @), b; and by as well as the above-mentioned involution to equation 4.3:

QMa(A) = cr(M)ba(A) = c2(A)br(N)
o QWaN) _ald) el
b1(N)ba(N)  bi(A)  ba(N)
Q)M a(A) c(V) (M)

Since ¢y, ¢y solve equation 4.3 for every A, we can substitute A by % and
obtain:

s QMN)a(N) = e A Dba(N) — Mea(A1)by(N).

Now, we form the complex conjugate of this equation. This yields

s QMN)a(\) = XA Dba(N) — Mea(A1)by(N).

Due to the fact that cq, ¢y solve equation 4.3 uniquely, it follows that

Cl<>\) = )\301 (F) CQ(/\) = /\SCQ(F)

Additionally, we can prove this result by calculating c;()), c2(\) and A¢q (A1),
Acy(A~1) using the explicit form of (c;,c,) from lemma 4.3. Here, we only
compute them for case 1, ¢; of lemma 4.3. First of all, we need the reality
condition for b} at the roots of b; which can be calculated through derivation
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of the reality condition of by at by;,5 =1,...,3:

Y, dA

)\Zblj )\:blj

Let bi(A) = Bo + BiA + B A* + By bl(F)zﬁﬁﬁ +51 +5o

d d (- —
= —bhi(A 1) ——)\</@o+51 +51 + Bo— )
d>\ )\:blj )\:blj
1
=T - 2617 - 350@
We obtain for b} : bi(\) =B+ 261)\ - 360)\2
and  V(AT) =5+ 251 + 3ﬁop
d d
b, (b —by (A = —\p (N1
= 1( 1]) d)\ 1( ) \ blj dA 1( ) )\_blj
T d e
= 3b7,by (by)') + bfjﬁbl()\—l) = — —Byby; — 26 — 35061]

= by (bry) = —ba(biy)04 (b))

In the second last line, bl(bl_jl) = 0 is valid due to the fact that E = by;.
Now, we calculate

3

3T ATy A3y (YT Q(byj)a(byy) 1 1 1
VO =00 D g 55 (W—blj) 4Z<ai—bu>)‘

j=1 i=1

With the calculation rules for the complex conjugate we obtain (with the
reality condition of b,):

s " Qbyy)a(byy) 1 g 1
A Cl()\ ) = bl(>\) Z bQ(blj)bll(blj) (()\1 _ E) 4 ; (ai _ E))

and we compute the following equations:

Q(byj)a(by) 1 1 - 1
ba (b)) (b;) ((A—l — b)) 4; (@ —E))'
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Using the reality condition, we conclude for the left one:

Qlbyalby)  VLQOMHILaT) Qb albi})

bo(bi )0 (bry)  Bbalbi ) (—baybi (b1) _@bxb_)b (b))

Let by; 1= bl_jl. Then, we get

Qbyj)a(by) _  Qbyy)a(by;)
ba(bij)bh(byy)  bsba(by;)bi(by;)

For the term on the right, we obtain (due to the fact that a; = ;' and
because the polynomial a has four pairwise distinct roots):
-1
1 _ _/\bj _ Abys
(A t=biy) (bt —A) (b= A)
—li SR T L
b (@ le e (bl_jl —a; ) 1 (b — )
Inserting this yields
S Ah NAh 4
~ by;)a(by; 1 1 1
Ve (o) =)y Llwelby) (1 1gn 1
j=1 ba(by;) 5 (b1) (At =by) 4 i—1 (a; — byj)
3 4
=-bi(\)) QQ(bf)a(,b“) A s iby;
j=1 bljb (b )0 (b ) (blj -A) 4 i—1 (bg — )
3 4
Q(byz)alby;) 1 A 1 .
=N 2 g blj o\ T 12—y )
=1 (045)b1(by3) by; \ (b1 — A) izl(lj—ozi)

Since by; = by5,b12 = by7,b13 = by5 and, by changing the order of the sum-
mands, we have to prove that

1 by I~ 1 1 3 1
bij \ (b1 —A) 4 —1 (b1 — ) (A=byy) 4 i1 (v — byj)
4
1 a; 1 blj A bl]
& - o = +
4 ; (b1 —a;) 4 ; (@i =by;) (b —A) (A —by)
4
1 oy — blj A — blj
- = 1=1
4 ; (b —ai) (b —A)
Consequently, ¢;(\) = Ac; (A1) and analogously for c,. Thus, this completes
the proof for case 1 of lemma 4.3 explicitly, too. ]
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The last three lemmata show that the pair (¢, c2), constructed in lemma
4.3, is the unique solution of equation 4.3 which also allow 4.1 and 4.2 to
be solved. These polynomials ¢; and ¢, are of degree three and satisfy the
respective reality conditions.

In the next steps, we prove that 4.1 and 4.2 have a unique solution (a, by, bg)
under certain assumptions.

First, we calculate a of the equations 4.1 and 4.2 with the uniquely deter-
mined pair of polynomials (¢p,¢y) from the lemma 4.3. Furthermore, we
consider the equations 4.1 and 4.2 at the roots of ¢ and use the assump-
tion that ged(by,by) = 1. For overseeable ¢&;, we do not insert the explicit
polynomials ¢; and ¢y from lemma 4.3. Then, we obtain the following case
differentiation depending on the polynomials by, by at the roots of a:

Case 1: a,b; have a root at «;. In this case, by cannot have a root at «; and
we obtain, using 4.2,

e (ag)a (o) = alag)be ()

- olai) _ a(o) Q@ H;‘le,r;ﬁi(ai — o)
< 104 = - = — 1
bQ(ai) a <Oéz) Hr:l,r;éi(&i - CYT)
=4 di = —iO{iC2(ai) .
by ()

Case 2: We get a similar result if ¢ and by, have a root at «;. Then, b,
cannot have a root at «; and we obtain, using 4.1,

C1 (Oél)

ibl (Oéz) '

di = —lx

Case 3: o; is a root of a but neither for b; nor b,. We obtain, using 4.1 and
4.2,

b = —iag %) _ g 1)

"ba(v) by ()
Since (c1, ¢2) solve equation 4.3, i.e.

c1by — coby = a@)

C1 (Oéz> . CQ(OZi)

< bl(Oéi) a bQ(OéZ'),

the last equation is satisfied.
Due to the fact that the pair of polynomials (¢;, ce) is uniquely determined,
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we obtain the uniquely defined

I

4
== a][(—ay)
=1 7j=1

J#i
for given (a,b1,b;),Q and the respective (cy, ca).
In the next step, we calculate (bl, bg) of the equations 4.1 and 4.2.

(2X\ac) — acy — Md'cy)i = 2ab, — ab;

. 2 ac; — —\d b
bl — acy acq a Cq i _1a
2a 2a

and

(2Xacy — acy — Nd'cp)i = 2aby — by

N b2 _; 2Macdy, — acy — Ad'co N b_ga.
2a 2a

Again, we do not insert ¢;, ¢co and a for neatly arranged (61, 62).

Corollary 4.5. Given a polynomial a € M3, two polynomials by, by € C3[)]
without common roots and a pair of polynomials (¢1,c2) of lemma 4.3, the
system 4.1-4.2 has a unique solution for (a,by,bs,c1,cs).

Proof. Let «; be a root of a. Through equation 4.1 and 4.2 @ is uniquely
determined at the roots of a due to the fact that only b, or by can have a
root at each «y;. If b; or by have a root at «;, the other one cannot have
one due to the fact that ged(by,bs) = 1 and the respective equation 4.1 or
4.2 determines a at «; uniquely as mentioned in the calculations above. If
neither by nor by have a root at a; the respective ¢; obtained by 4.1 and 4.2
is the same because (¢, ¢2) solve 4.3 at a, i.e.

cr () _ ca(ey)
bi(ai)  baay)
This a is computed in the case differentiation above depending on by, by at

the roots of a;, 1 =1, ..., 4.
For such (a, by, b, c1, 2, a ) the system 4.1-4.2 has a unique solution for (bl, bg)

given by
by — 2 ac) —acy — Ad'cy n ﬁa
2a 2a
by — i 2 acy, — acy — Ad'cy N @a.
2a 2a
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Finally, we write the polynomials a, @), ¢1, ¢s in the following way:

a(N) = M+ a X3 Fa N Fa )+ 1
Q) = qo + @A + N

(A) =70+ NA+ T A% + 3\

(

Yo + 1A+ T A7+ FpA

Cl)\

)
)
)
c2(N)

with a1, qo,Y,71,%,7 € C and ¢; € R,a; € RT. Denoting the complex
parameters in terms of the real and imaginary part, we obtain three real
degrees of freedom for @ and ) and four real degrees of freedom for ¢; and
co. Since () and a both have three real degrees of freedom, we can investigate
the map f: R® — R3, Q — @ and prove that it is an invertible linear map:

Lemma 4.6. Let a € M3, by and by as above defined and without common
root, and let a be the partial derivative of a with respect to t evaluated at
t =0 and Q € C?[\ satisfying the reality condition Q(N\) = N2Q(\1).
Then, f :R3 — R3, Q > a is an invertible linear map.

Proof. Using the previous calculations, we see that the function g : R3 —
RYxRY Q +— (cy, ) is a linear map. With the computations before corollary
4.5 also the function h : R*xR* — R3, (¢, ¢2) — ais a linear map. Therefore,
the composition of these functions is a linear map, i.e. f = hog: R3 —
R3,Q — a. Now we can show that f is bijective. In order to do this, we
show that ker(f) = {0}. Thus, we know that f is injective and since f is a
linear mapping it is also bijective.

Let a = 0. We consider the following equations 4.1 and 4.2:

(2Xacy —acy — Nd'¢y)i = 2ab; — aby,

(2Xacy, — acy — Ad'ey)i = 2aby — aby.

The terms 2\ac;, — ac;,i = 1,2 and the right-hand sides of the equations
vanish at every root of a. Since a € M3, a has four simple roots a;,i = 1, ...4
and the derivative o’ with respect to A cannot have a root in common with a.
Thus, ¢; and ¢y equal zero at every «;. Due to the fact that a has four roots
but ¢; and ¢y are only polynomials of degree three, it follows that ¢; = 0 and
c2 = 0. Then, we obtain ¢ =0 = @ = 0 by 4.3 and ker(f) = {0}. With the

above-mentioned argumentation, f is an invertible linear map. [
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5 Conclusion and outlook

In this section, we briefly summarize the results of the thesis and give some
remarks on how the work could be carried forward.

First of all, we introduced fundamental definitions and explained how a €
MY and the respective period lattice are connected. For the two gener-
ators of such a lattice we obtained polynomials b; and by. Then, we de-
scribed the spectral curves of CMC tori in R® by an equation of the form
v? = Aa(\) equally to a polynomial a in MJ. This explained the context
between the underlying theory of CMC tori and the calculations in sec-
tion four. Additionally, we described the Whitham deformations and in-
troduced the vector field (a,by,b2) — (a, 51,62). Afterwards, we calculated
such a vector field explicitly using the equations 4.1,4.2 and 4.3 for given
(a,b1,b9),Q. We obtained a unique pair of polynomials (c1,co) of degree

three satisfying ¢;(\) = A3¢;(A1),4 = 1,2 for given a € M2, two polynomials
b1, by € C3*[\] which have no common root and satisfy the reality conditions

bi(A) = M3b;(A\1),i = 1,2 and Q € C*[\] with Q(\) = A2Q(\~1). For these
uniquely determined (cy, o) and (a, by, by), the equations 4.1 and 4.2 have a
unique solution (a, by, b2) Finally, the mapping of such a polynomial Q and
a was investigated and we proved that this mapping is linear and invertible.

The goal of these calculations is to obtain the dependence of this period lat-
tice from the spectral curve. In particular, we are interested in how a change
of the polynomial a affects the period lattice. In the following we describe
how, based on our work, this connection can be made explicit. This means,
we need to calculate along a continuous differentiable path parametrized by ¢
in the set M3, which starts at the given (a, by, by), the polynomials by, and b,.
Since we proved that the mapping of () and a is invertible, we can also com-
pute a unique () and by, by for given (a, by, be), a under the same assumptions
as before. In this case, we know the polynomials by, by at the beginning of
the path and also a along the whole path. Thus, we can calculate () for such
an @ and hence, the respective by, by along the whole path. By integration
along the whole path, it is possible to obtain the polynomials by, by from by, by.

Consequently, we receive the respective by, by for any a € M3. The genera-
tors of the associated period lattice are determined at A = 0 as we described
in section three. Finally, this explains the dependence of the period lattice on
the spectral curve and facilitates the investigation on how the period lattice
changes when a changes.
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