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Abstract

Constant mean curvature tori are of special interest in the field
of surface theory. They can be described through the solution of the
elliptic sinh-Gordon equation. Its solutions are defined on the space
of potentials. Hence they can be described in terms of spectral curves.
We investigate the space of the spectral curves of spectral genus two
that describe constant mean curvature tori with some additional condi-
tions. We can show that this special space is a 2-dimensional submani-
fold of the space of spectral curves of spectral genus two. Furthermore,
we use Whitham deformations to get the tangent vector fields on the
tangent space.
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1 INTRODUCTION 1

1 Introduction

An interesting topic in the field of constant mean curvature surfaces is the
construction of constant mean curvature (CMC) tori. In 1984 Wente dis-
proved the Hopf conjecture that any closed, compact surface with constant
mean curvature is a sphere by showing that there exists a CMC torus, the
so-called Wente torus. Since then, a rich theory has been developed. It is
possible to construct many more examples than just the Wente torus. These
tori are described by solutions of the so-called sinh-Gordon equation

Au + sinh(2u) = 0,

which are in return described through potentials, which are polynomials with
matrices as coefficients. The determinants of these solutions are called spec-
tral curves and will be of special interest in this thesis. They have the
following form
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P = Xa()) = (1)

The number g is called spectral genus. It can be shown that the space 82,
which is a space of special spectral curves, is a two-dimensional submanifold
of 2. Ultimately, the goal of this work is to examine this submanifold. To
do this we want to complement the elements a € 82 with a basis (b1, bs) of
the two-dimensional vector space B,. Then, a will be in 82 if and only if
both polynomials of degree 3 (b, bs) have a root at A = 1. Through With-
ham deformations we want to obtain two vector fields V; and V5 that map
(a,by,bs) — (a,by,by). With these vector fields we want to examine a map-
ping from 82 — S! x St

In chapter two we will introduce some preliminaries regarding manifolds,
submanifolds and vector fields.

The third chapter introduces spectral data, spectral curves, the space of
spectral curves and elaborates on the polynomials a, b; and by. With a bet-
ter understanding of the special space of spectral curves we can start arguing
that it is in fact a submanifold. Furthermore, we refer to [CS16] to argue
that we determined the closure of the space of spectral curves of constant
mean curvature tori with spectral genus 2.

In chapter four we will use Whitham deformations to obtain two vector
fields Vi, Va @ (a,b1,b2) — (G,b1,b2). In order to do so we introduce two
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polynomials of degree 3, which will be called ¢; and ¢, and a third poly-
nomial of degree 2, which will be called (). All three of these polynomials
will satisfy the reality condition. Through the Whitham deformation we will
get two partial differential equations and a regular equation depending on
a, by, by, c1,¢o and Q. We want to solve them for polynomials @,b; and b.
This chapter is divided into a theoretical part, in which we derive the sytem
of equations and prove that given a,b; and by we can uniquely solve it, and
into a second part, in which we try to explicitly calculate the vector fields V;

and V5.
In the fifth chapter we demonstrate that these vector fields commute.

In the sixth chapter we use Cayley transforms and try to get simpler re-
sults through Whitham deformations than in chapter four.

Finally in chapter seven we draw a conclusion.
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2 Preliminaries

Since this work covers topics that are not treated equally in every bachelor’s

program, first of all this chapter will provide some necessary basics of an
Analysis I1I/Differential Topology course based on [For09|, [Die73|, [Ball5|
and [JJ11]. We assume a basic understanding of the notion of a manifold.

Definition 2.1 (Immersion). Let T C R* be open. A continuously differen-
tiable function

&= (¢1,...;bp) : T = R"

is called immersion if
rank(de(t)) =k for allt € T.

Definition 2.2 (Submanifold). Let X,Y be two differentiable manifolds and
f: X =Y an immersion. If f is a homeomorphism of X into f(X) C Y,
then f(X) is a submanifold of Y and f : X — f(X) is a diffeomorphism.

Since we are interested in vector fields that map points to their tangent
vectors the following definition is useful to understand chapter three and
four.

Definition 2.3 (Tangents). Let M be a differentiable manifold and p € M.
Two smooth curves vy and v, passing through p. They are called equivalent
if for a chart x around p

d(z o)
dt

_ d(z o)
dt

t=0

holds.

t=0

This equivalence is independent from the choice of x and therefore defines a
equivalence class on the set of smooth curves passing through p. Hence we
use the following definitions:

i) The tangent vector on M in p denotes the corresponding equivalence class.
i) T,M denotes the set of all tangent vectors and is called the tangent space.

i) TM = |J T,M is called the tangent bundle.

peEM
Theorem 2.4. Let f : M — N be a differentiable map, dimM = n,dimN =
n,m <n,p € N. Let df(x) have rank n for all x € M with f(x) = p. Then
f~X(p) is a union of differentiable submanifolds of M of dimension m-n.
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Proof. Let x € M thus we can write & = (1, X2, ..., Tp, Tyl -y L) Assume
p = f(z) € N and rank(df(x)) = n. By the implicit function theorem there
exists an open neighborhood U, and a differentiable map

9(Tpsty ey ) Uy CR™™ — U C R
with

U, =U; x Uy
and

f<x> =D g (SE17 ,xn) = g(ﬂjn+17 ,Q;m)
With

) we—g(@ng, ), for ke {1,..,n}
e Tk, for ke {n+1,...,m}

we then get coordinates for which

flx)=pey=0fork € {1,...,n}.

Thus (Yni1, .-, Ym) vield local coordinates for {f(x) = p} and this implies
that in some neighborhood of = { f(z) = p} is a submanifold of M of dimen-
sion m — n. O

We want to show that a special space of spectral curves is a two-dimensional
submanifold. We will achieve this with the following corollary.

Corollary 2.5 (Implicit function theorem). If df of f : M — N ‘s onto for
any chart y of N around f(p) with y(f(p)) = 0 there ezists a chart x of M
around p with x(p) = 0 such that

(yo foax ) (uy,...,tm) = (U1, ..., up).

If additionally q is a regular (smooth point) point of f L = f~1(q) is a
submanifold of M of diemsion m —n with T,L = ker(df)Vp € L.

Proof. 1f df is onto in p € M then it is also onto in a neighborhood of p. [

Since we work with polynomials to a large extent the following definition is
very useful.
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Definition 2.6 (Greatest common divisor of Polynomials). The greatest
common divisor (gcd) of two polynomials is a polynomial of the mazimal
degree such that it is a factor in both of them.

Example: ged((x +1)(z +2), (z + 1)(x 4+ 3)) = (x + 1)

We will also make use of the concept of Resultants, which are defined in
|GKZ94]| as follows.

Definition 2.7 (Resultant). The Resultant of two polynomials

f(2) = ana™ + a1 2™+ .+ ag and g(x) = by + by 2" 4+ by
is denoted by Res(f,g) and is defined as the determinant of the Sylvester —
Matrixz. Thus it can be written as

Ay, Am—1 . QAo
[07%% Ayp—1 e Qo
A, Ay — .. a
Res(hy =y " o i
b, bn1 ... bo
bn bnfl bO
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3 Spectral curves of CMC tori in R?

This section will briefly summarize chapter 2 of [CS16] and introduce the
concept of spectral curves. Some constant mean curvature immersions of
genus one surfaces (surfaces with one hole) in R? can be described by so-
called spectral data. That is the correspondence to the spectral curve X,
which is an algebraic curve, a degree two meromorphic function A, an anti-
holomorphic involution p, a point on the unit circle \y and a quarternionic
line bundle L on the curve X. The immersions that can be described in such a
way are said to be of finite type. However, in the case that the spectral data
describes a CMC torus certain periodicity conditions need to be satisfied. It
is an important fact that all doubly-periodic such immersions correspond to
spectral data and hence are of finite type. The arithmetic genus of X is
called spectral genus. In this work it will remain equal two.

We say a polynomial f()\) of degree n satisfies the reality condition if

N f(A=1) = f(\) holds.

The space of those polynomials is called Fg. Now as mentioned in the intro-
duction solutions of the sinh-Gordon equation

Au + sinh(2u) = 0,
describe CMC tori. The solution of this equation is defined on the space

of potentials in [KHS17] the space of potentials for genus two solutions is
described as follows:

D ozé—a)\z —y7 4+ BN — A2
YA — BAZ + 4TINS —a\ +a)?

The determinant of these matrices will now help us to describe the spectral
curve X which will from now on be denoted as X,. It is a Riemann surface
and will be described by the equation

a,ﬁE(C,fyeRJr}

y* = da(\ )\H|77 (A=) A =7; .
jl

Then a € H? := {space of spectral curves of CMC immersions of finite
type} are polynomials of degree four that satisfy certain conditions, which
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are:

1. the reality condition A*a(A=1) = a(\)
2. A %a(A\) > 0 for all A € S

172
A
4. the roots of a are pairwise distinct, therefore X, is smooth

thus it has absolute value 1

3. the highest coefficient is

The roots 71,72 of a are in By(0) \ {0}. The periodicity conditions can be
described through two meromorphic differentials ©y,, ©;, on X,. To define
these differentials we need to define the polynomials b; and by first. For

any a € H? let B, denote the space of polynomials b of degree three that
— b(Ajdx

satisfy the reality condition. Also ©, := v has to have purely imaginery

periods, that is the periodicity condition. All b € B, are uniquely defined up
to adding a holomorphic differential by b(0) € C. Furthermore, each family
of connstant mean curvature immersions of a CMC torus corresponds to a
pair (a, \g) € H? x S* such that there exist linearly independent by, by € B,
and functions pq, s on X,. The p satisfy:

1. log(p1),log(pe) are holomorphic except in

xo = A0} and 2o, = A" {oo},

which are simple poles with linearly independent residues
2. Oy, = dlog(p1), Oy, = dlog(pi2)

3. 1 (Ao) = pa(Ao) = £1
4. bl(/\O) =0= bg()\o)

Ao is called the sym point. We can define the set

P3, = {a € H? | X, is the spectral curve of a CMC torus in R},
which is contained in the subset

8%, = {a € F* | all b € B, satisfy b(A\g) = 0}.

The sym point we want to use in this work is one therefore we will choose
Ao = 1 later on. Thus we get

P? .= {a € H*? | X, is the spectral curve of a CMC torus in R?}

81 :={a € H* | all b € B, satisfy b(1) = 0}.

R? ;= {a € }* | all b € B, have a common root }

$*:=J 83,

Ao€ESt
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Corollary 3.1. a is in 82 if and only if by(1) = 0 = by(1). Thus 8% can be
identified with

T :={(a,b1,by) | a € 82, by, by is basis of B, with by =0 = by}.
Proof. By Definition of 8. O]

This is a subset and a real subvariety of
F? := the frame bundle of B2,

where B2 := H? x (P3)?. Its elements are triplets of the form (a, by, bs).
For spectral genus two

R =P =8’

holds. The proof is included in chapter (3.2).

3.1 82 submanifold of H?

In chapter 3 of [CS16] Carberry and Schmidt introduce an integer invariant
of a € H? the so-called winding number. It is defined as

n(f) := deg(f).

Where f : S' — S! is the mapping f = bbT(l with by, by, € P3. For unique
b1,by € B, with b;(0) = 1 and by(0) = i these polynomials become by =

by — iby and by, = by + ib;. Another usefull mapping is

b
f ==L with by, by € B,,.
by

Together f becomes

by bi+iby  f+i

I= T b —iby  f—d

The polynomials b; and by have degree three, therefore

b
deg(f) = deg (. ) = 3~ deg(ged(B.)).
Chapter 3 also contains a very important Lemma, which is briefely written
below. It is Lemma 3.2, which is:
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Lemma 3.2.

The following three statements are equivalent:

(1) g(X,) =0, where g denotes the arithmetic genus (spectral genus).
(ii) deg(f) = 1.
(iii) deg(f) = n(f).

Hence for g > 0, the winding number of f obeys

In(f)| < deg(f) —2.
Proof. In [CS16]. O
Corollary 3.3. by and by have exactly one common root.

Proof. Let g =2 and by, by € P3.
Assumption: Assume by, by have at least two common roots. Then

deg(f) = deg(g—:) =1

therefore equivalence (ii) from the Lemma above is satisfied. Hence also (i)
holds which gives g(X,) = 0. This is a contradiction to g = 2.
= b1, by have only one common root. O

We observe that
n(f)| > 0 and deg(ged(B,)) > 0.
With the two equations above we see

0 < [n(f)] <3 — deg(ged(B,)) — 2
& 0< |n(f)| + deg(ged(B,)) < 1
& 0<deg(ged(B,)) < 1

Thus for a € R? we get deg(ged(B,)) = 1 and therefore theorem [5.5] from
[CS16] holds. This gives us

i) a is a smooth point of 82, of codimension 2 in H?
ii) a is smooth in R?, of codimension 1

i11) a belongs to the closure of two different V.

Therefore i) gives us with the implicit function theorem (Corollary 2.5) that
82 is a nonempty submanifold of H? of dimension two.
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3.2 The closure of P2

We want to determine P2. In fact we will see the following Lemma.

Lemma 3.4.
R2=P2 =8>
The proof resembles some of the key outcomes of [CS16].

Proof. First of all we are going to look at the set R?2. We notice that the
condition that all b € B, have a common root is equivalent to ged(deg(Bsy)) >
1. Thus

R* ={a € H* | deg(ged(B,)) > 1}
=0 € 32 | deg(ged(B,)) = 1}
= | {a € 3 [ b1(Xo) = 0 = by(No)}

AoESl
—g2

Now it remains to show that also P2 is equal to both sets. Therefore we want
to show that

i) P2cR?
ii) 82 C P2

The first point i) is a consequence of chapter five of [CS16]. The four con-
ditions [A-D] force a € P? to be in R2. The second point ii) follows directly
because any sym point ) is contained in the unit circle S*. Thus we obtain
equality throughout these sets. O]

This only holds true for the spectral genus two. For higher spectral genus
the conjecture of [CS16| gives that only 89 C RY holds and hence equality
cannot be proved.
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4 Whitham deformations

This chapter is mainly based on chapter 4 from|CS16]. We will now use the
so-called Whitham deformations to construct two vector fields with certain
conditions from (a,by,by) — (a,by,by). The vector (@,by,by) denotes the
tangent vector at ¢ = 0 and preserves the periods of ©,, and ©,. Since
the meromorphic differential forms %| 0O and %‘ +—0Op, have vanishing
periods and no residues there exist meromorphic functions ¢; and ¢, on the
Riemann surface X, that satisfy

d
digy = —| ©
dk dt - b
for k = 1,2. This gives
) 1ck(A
4k = —k( )
)

with ¢ € P2 and y = y/Aa(\). Together with the equation above we get the
Whitham equation
ON 'y Ot yA |

Using product and chain rule we get the following expression

ic,(N)y —ice (V)Y br(A)yA — be(A)yA

y? B (yA)?
here a dot (e.g. @) denotes the derivative with respect to t, evaluated at

t =0 and a prime (e.g. a’) denotes the derivative with respect to A. By the
definition of y we get

ZCZ()\) )\CL()\) — ZC]J)\)(%) bk)\\/m i bk<)\)(2)\2i$)}\))
Aa(X) - Nxa(h) :

This term can be transformed into
i\ ic(aN) +A(N) BN be(Na(d)

Aa(\) 20/MaN). MW 2 /Aa(n)

Multiplying both sides by 2v/Ma(\) yields

2ic) (N Aa(N) — icp(Na(N) — icgha’ (N) = 2b(N)a(X) — bra(N).
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Therefore for k = 1 we get

(2 ac) —acy — Md'cy)i = 2ab, — ab; (1)
and for kK =2
(2X\acy, — acy — Ad'cs)i = 2aby — abs,. (2)

These two equations are exactly equations [7] and [8] from [CS16|. Since
equation (1) and equation (2) are compatible we can calculate ¢y-equation
(1)-cy-equation (2), which gives us

ico2\ac) — icyacy — icoha’cy — ici 2 ach, + iciacy + iciAa’cy
= CQQCLi?l — ngbl — C12Gj)2 + Cldbg.
This expression can be simplified to
2(1@6302/\ — ’L.C,201>\ + Cli)g — Cgi)l) = C.L(Clbg — Cgbl).

Therefore both sides need to vanish at all roots of a. If @ does not vanish at
all roots of a, c1by — coby needs to vanish at the remaining ones. Additionally
equation (1) and equation (2) yield that ¢; and ¢y also vanish at the roots
that a and @ have in common. Thus we get the following expression

c1by — caby = Qa, (3)

where Q € P2. @ also satisfies the reality condition. We have seen how
starting with a given tangent vector (@, by, by) one can first use equation (1)
and equation (2) to get two polynomials c1, c; € P3 and then secondly solve
equation (3) for @ € P2. Our goal is now to reverse this process. To do this
we will proceed as follows.

1. Solve equation (3) with given (a, bi,by) € F*and Q € Pj for ¢1, ¢, € Py
2. Solve equation (1) and equation (2) with given (a, by, by, Q, ¢1,¢o) for

the tangent vector (a, by, by).

4.1 Uniqueness of solutions

First of all we are going to prove that we can indeed solve these equations
uniquely with polynomials that satisfy the reality condition. Secondly we
want to explicitly solve them given the values of ¢1(1), ca(1). We will be able
to derive certain conditions depending on these values such that we can solve
the equations (1)-(3) with unique solutions. The first ¢y, ¢, we are interested
in are such that ¢;(1) = 1 and (1) = 0, while the second ¢y, ¢o are such that
¢1(1) = 0 and ¢»(1) = 1. Additionally we want by, by to have a root at A = 1.
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Lemma 4.1. If the polynomials by, bs have a root at X =1, then Q) also has
a root at A =1, i.e. ged(B,) divides Q.

Proof. Assume by, by have a root at A = 1, then equation (3) evaluated at
A =1 gives us 0 = Q(1)a(l). So either Q) or a needs to have a root at A = 1.
Case 1: () has root of maximal order 2 at A = 1.

This case already implies that () has a root at A = 1 and is therefore fairly
trivial.

Case 2: a has aroot at A = 1.

Due to the distinctness of the roots of a the order of the root A = 1 is 1.
Therefore @’ does not have a root at A = 1. Evaluating equation (1) at A =1
then yields —a’(1)c1(1)i = 0. Since a’ cannot have a root at A = 1 ¢; needs to
have a root at A = 1. The same argumentation applied to equation (2) gives
us that also ¢y has to have a root at A = 1. Now the right side of equation
(3) has a root at A = 1 of order 2. Thus Qa also needs to have a root of
order 2 at A = 1. Since all roots of a only have order 1 () also needs to have
a root at A = 1.

In both cases () has a root at A = 1. O

Corollary 4.2. If either ¢y or ¢ has no root at A =1 a has no root at A = 1.

Proof. Assume a has a root at A\ = 1, then with the same argumentation as
in the proof of Lemma (4.1) we get due to equation (1) and (2) that ¢; and
c9 have to have a root at A = 1. This is a contradiction to the prequisite that
one of both has no root at A = 1 (in fact we want to have ¢y, co such that
either of them is one at A = 1). O

Thus a does not have a root at A = 1 in the cases we are interested in.

Lemma 4.3. If a,b; and by are such that by and by have only one common
root of first order and this root is at A = 1 and a(1) # 0 then there are unique
solutions of equation (1), (2) and (3) such that by and by vanish at X = 1.
They are uniquely defined through ci(1) and co(1).

Proof. If we set A =1 in equation (1) we get:

(2a(1)c} (1) — a(l)e1 (1) —d’'(1)er(1))i =0
< 2a(1) (1) = a(1)er (1) + a'(1)er (1)
(1) = Zea() +d(1a()
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And if we set A = 1 in equation (2) we get:

(2a()4(1) ~ a(1)ex(1) — ' (Des(1))i = 0
< 2a(1)ey(1) = a(1)ea(1) + a'(1)ez(1)
& G(1) = g (aea(d) +d/(eafD)
oy~ @) | dWe)

Since we are interested in special ¢y, co we can later explicitly calculate these
polynomials through these conditions. We will now see that the values of
Q'(1) and Q"(1) are defined by ¢;(1) and cp(1). To get this result we will
differentiate equation (3) with respect to lambda and set A =1

C/lbg + Clb; - Cgbl - Cgb/l = Q/CL + QCL/. (37)

Setting A = 1 gives us

¢ (Dba(1) + exbly(1) — ea(1)br(1) — ea(1)B, (1) = Q'(1)a(1) + Q(1)a' (1)
PUEORLEOAWT L (1)p(1) — e(1)H (1) = Q'(1)a(1)
@wyﬂ)_cmw%mlzfxwmu»

We also want to obtain the second derivative of Q at A = 1 that is Q"(1).
Therefore we differentiate (3’) with respect to A to get

by + 2¢iby + by — chby — 265b) — b = Q"a +2Q"d’ + Qad".  (3")

This expression evaluated at A = 1 together with b;(1) = 0,b5(1) = 0 and
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Lemma (4.1) (Q(1) = 0) gives us:
26105(1) + er (1)b5 (1) — 265 (1B (1) — eo(DB (1) = Q"(1)a(1) +2Q"(1)a' (1)

Ci(lgé(l)

(1) + ‘;((11; (1)) 6h(1) + er (1) = [ea(1) + =

— (P (1) = Q"(1)a(1) + 2 (1)a'(1)
QW)

‘1) ly ' ‘1) ly
1) + SO0 + K — |a) + ek
/! " a,<1) /

~ (V1) = Q(Wa(t) + 27 [ (5(1) — e(K()

=

" a‘/(l) / /!
Q' (Wa(t) = [a(1) = Tra]h1) + a0E0)

@(1) )

= [ean) = LB - emp)

=
Qll(l) —

en(1) = £ er (V)] a(1) + e (K1) = [ea(1) = EBea()]11(1) = 2(1)0(1)

Since @ is a polynomial of degree two and since we have three conditions on
(@ it is therefore uniquely defined through the values of ¢;(1) and c3(1). The
next step will be to show that equation (3) with the corresponding @ gives
us unique ¢; and c;. To do this we want to use the roots of b; and by that
both do not have in common. Since they can also have double roots we need
to look at all the possible cases, which are:

Case 1: b; and by have two other distinct roots

Case 2: b; has a double root other than one, by has two other distinct roots
Case 3: b; has two other distinct roots, by has a double root other than one
Case 4: b; has a double root other than one, by has a double root other than
one

Case 5: b; has a double root at one, by has two other distinct roots

Case 6: b; has two other distinct roots, b, hase a double root at one

Case 7: b; has a double root at one, by has a double root other than one
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Case 8: b; has a double root other than one, by has a double root at one

Case 1: Let by have two distinct roots at (517 and (1o and let by, have two
distinct roots at fs; and fas. Now let us look at equation (3) evaluated at
these roots. (3) evaluated at \ = (7 yields

01(511)52(511) = Q(ﬁn)a(ﬁn)
o Q(ﬁn)a(ﬂn)
01(511) = W

for A = 15 we get

C1 (512)52(512) = Q(ﬁm)a(@lz)

o Q(ﬁlQ)a<512)
01(512) = W

Together with the value of ¢;(1) and the derivative ¢|(1) we obtain four
conditions on ¢1(A):

I. (1)
I11. ¢1(Buy) = %
IV () = L)

Likewise we get the following four conditions for ¢y, where (51 and [B29 denote
the two distinct roots of bs:

L. e5(1)
II1. cy(Bo) = %
IV. ¢3(fan) = %

Because ¢; and ¢y are both polynomials of degree three they both have a
maximum of four different coefficients that need to be determined. Since we
found four conditions on each of these polynomials we can now solve them
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to get the desired coefficients. Since we already showed that @) is uniquley
defined by ¢;(1) and c¢y(1) the obtained solutions will also be unique. Thus
we obtain unique ¢; and cs.

Case 2: Let b; have a double root at (;; and by have two distinct roots
at [o1 and fas. Then the conditions on ¢y will not change. So we only have
to look at ¢;. Due to the fact that b; has a double root at ;1 the old condi-
tions IIT and IV are equal. Therefore we need to replace one of them through
a new condition. Following the previous reasoning it is intuitive to look at
the derivatives of (3) with respect to A evaluated at (1, which yields

1 (B11)b2(Br1) + c1(B11)b5(Bi1) — ¢ (B11)b1(Bi1) — ca(Brn)bi (Bin)
= Q'(Bu1)a(B1) + Q(B11)d (Bur)-

Since by has a double root at 817 we get by(f11) = 0 and b} (f11) = 0. Thus
the expression above simplifies to

03(511)52(511) + 01(511)5/2(511) = Q,(ﬁll)a(ﬁn) + Q(ﬂll)a,<5ll)-

This equation gives us a fourth equation to uniquely determine ¢;. The four
conditions for ¢; in this case are:

I. (1)
111 ¢ (Bn) = %ﬁf)ﬁn)

Iv. 03(511)52(511) + 01(511)5/2(511) = Q/(ﬁn)a(ﬁn) + Q(ﬁn)a/(ﬁn)

The conditions on ¢, remain the same and are therefore:

I. c(1)
I11. cy(Bo) = %
IV. ca(Bn) = %

Case 3: Let b; have two distinct roots at 517 and (12 and by have a double
root at (B5;. Then we get the converse conditions to case 2. Thus the con-
ditions on ¢; remain the same as in case 1 and the conditions on ¢y can be
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derived as the conditions for ¢; in case 2. Therefore we obtain the following
conditions on ¢y:

I o(1)
I11. ¢1(Buy) = %
IV. &1 (ra) = %

Taking the derivative of equation (3) with respect to A evaluated at A\ = (o
gives us

I. co(1)
k=80
IT1. c3(for) = %ﬁfm

IV. ¢y(B21)b1(Ba1) + ca(B21)bi (B21) = Q'(Ba1)a(B21) + Q(B21)a (Ba1).

Hence we again get that ¢; and ¢y can be uniquely defined.

Case 4: Let b; have a double root at ;; and let by have a double root
at [91. This is clearly a combination of case 2 and case 3. We can therefore
simply take the conditions on ¢; from case 2 and the conditions from case 3
on ¢y to get that both are uniquely defined. Thus our conditions on ¢, are

I. 01(1)
10 = 55 el
IT1. ¢1(Bi1) = %

IV. & (B11)b2(B11) + c1(B11)05(B11) = Q'(Bi1)a(Br) + Q(Bi1)a’ (B).

While the conditions on ¢y are:

I. co(1)
1. c3(fPor) = %

IV. &y (B21)b1(Ba1) + ca(B21)by(Ba1) = Q' (Ba1)a(Bar) + Q(Ba1)a (Ba1)
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Case 5: Let b; have a double root at A = 1 and a single root at A = ;.
While by has three distinct roots at A\ = 1, 891, B22. The conditions on ¢
remain the same, whereas the conditions on ¢; differ slightly. Thus we get

I e(1)
II1. ¢y(Bry) = %
IV. &/(1)ba(1) + e (1)Bh(1) = Q' (D)a(1) + Q(1)a'(1)
. I. e(1)
I1. ¢(1) = # ;;211))02(1)
II1. cy(Ba1) = %
IV. ca(Bn) = %

Case 6: Let by have a double root at A = 1 and a single root at A\ = [,;.
While b; has three distinct roots at A = 1, 811, f12. The conditions on ¢;
remain the same, whereas the conditions on ¢y differ slightly. Thus we get

I. Cl<1)
111 ¢ (Bn) = %ﬁf)ﬁn)
IV. ¢ (Br2) = %
and
I. cy(1)
IT1. c3(fBar) = %

IV. ¢5(1)bi (1) + c2(1)b (1) = Q' (1)a(1) + Q(1)a'(1).
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Case 7: Let b; have a double root at A = 1 and a single root at A\ = f;;.
While b, has a single root at A = 1 and a double root at A = f5;. This is a
combination of case (3) and (5). Thus we get

I. (1)
I1. (1) = Clél)-+ ;2&1101(1)
Q(Br11)a(Bu1)

II1. 01(611) =

b2(511)
IV eh(1)b3(1) + (V1) = Q (a(1) + Q(1)a'(1)
and
I. co(1)
1. c3(for) = %ﬁfm

IV. ¢y(B21)b1(Ba1) + ca(B21)bi (B21) = Q'(Ba1)a(B21) + Q(B21)d (Ba1).

Case 8: Let b; have a double root at 3;; and by have a double root at
A =1 and a single root at [35;. Since this combines case 2 and case 6 we get

I. (1)
4 =25 ¢ S0
IIT. ¢ (Pu) = %
IV. & (Bu)ba(Bur) + er(Bi)by(Bir) = Q' (Bi)a(Bur) + Q(Bu)d' (Bur)
and
I. co(1)
11 G = 0221) * ;a<(11)) c2(1)
IT1. cy(Bo1) = %

IV. ¢5(1)bi(1) + c2(1)b (1) = Q'(1)a(1) + Q(1)a'(1).
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Since by and by can only have exactly one common root due to Corollary (3.3)
and we require that this common root is at A = 1 we covered all possible
cases. And since all cases yield unique solutions for ¢; and ¢, we can always
obtain a unique solution. The next and final step to get the result that we
can uniquely solve equations (1),(2) and (3) for a, by and by is to simply solve
equations (1) and (2) for these polynomials with the derived polynomials ¢;

and co. We will start by determining a. Since a(\) = H§:1 |Z—j‘()\—77j)()\—ﬁj_1)
all we need to do is to find 7y, 7),. Since the complex conjugation commutes
with differentiation with respect to real variables this will immediately imply
ﬁ;l,ﬁ; " and therefore . We will first calculate the derivatives of a with

respect to A and with respect to t eveluated at ¢t = 0.

/() = AP (O = A =)= 75 + (= ) = m) (A7)

+ A =)A= A=)+ A =nm)A =5 (A=)

and
. _(ﬁlﬁQ + T72) [ |2] — ﬁ1ﬁ2<|77'1||772| + |771||772|) _ =1
a(/\) - <|771||1721)2 <<>‘ 771)<>‘ Ut )
=) =) + (O = 0O = ) = )

— 7 A=) = m2) (A — i) — (A — )N — 7 A — 735 1)
— 7y A=)\ = A =)

Equation (1) and (2) suggest now to evaluate both at the roots of a, which
are 1y,12,7; *, 75 . From the calculations above we get e.g. for A =,

mn __ L
a'(m) == (m — 00 ) (m =) (m — 03 ).
|771||772|
and
. mn ) _ _
a(m) =2 (=) (m — 30 (e — n2) (i — 75 )
|771HTI2|

= a(m) = —1ma(m)
likewise for 7,7, 'and 7, !

a(na) = — med’(n2)
a(mt) = -7, d (M)
(MY = — 1, d (7).
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By looking at @ one may realize that it suffices to calculate 7; and 75. To
obtain these one can use equation (1) or equation (2) both yield similar
results. We will evaluate the respective equation at either 1, or n,. Without
loss of generality we will use equation (1).

(2ma(m)ci(m) — alm)er(m) — ma (m)er(m))i =2a(n1)by(n1) — a(n1)by(n)
& —mad'(m)e(m)i = — a(n)bi(m)
d(??k)=<;7gka/(nk)

—ma'(ni)er(m)i =ma’ (n1)bi(n)

o= _m,a/(m)61 (1)1
a’(11)b1 (1)
. —hc (ﬁl)i
S =—
n bi(m)
With the same calculations one gets
—naa(n2)c1(n2)i = — a(n2)bi(n2)
)= el —1a’ (1)2)c1(n2)i =120’ (02) b1 (12)
iy = —772/61'(772)01 (172)i
a (772)51 (772)
. —mpcr ()i
&y =—
" b1(n2)

These calculations with equation (2) yield

. —mea(m)i
T ()
and
. —Maca(np)i
P )

This acutally provides a nice backcheck with equation (3), which eveluated
at ny yields

c1 (k) ba (k) — ca(ne)br(ne) =0
& c1(m)ba (k) =c2(mk) b1 (k)
ci(ne)  ca(nw)
om0 bl

Since we can now write a(\) down we automatically get by (\) from equation
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(1) and by()\) from equation (2). Which are as follows

(2Xac); — acy — Ad'cy)i = 2ab, — aby
@(2)@0’1 —acy — Md'c1)i + aby

=b
2a !

and
(2Xacy, — acy — Ad'cp)i = 2aby — by
(2Xacy — acy — Ad'c3)i + aby
<~ 2a

Since we uniquely determined ¢y, c2 and @ above we also get uniquely defined
b1, be. Thus we have finally proved Lemma (4.3).

Corollary 4.4. If ¢, vanishes at A =1 then so does ¢, whilst ¢] = 3 + 2(1)
fork=1,2andl # k.

Proof. Let without loss of generality ¢;(1) = 1 and ¢3(1) = 0. We will now
evaluate equation (1) and (2) at A = 1. Equation (1) yields

2a(1)c} (1) — a(1)er(1) — a'(1)er(1) = 0
& 2a(1)cy = a(1)er(1) + a'(1)ea(1)
a(1)=1, 1 a’(l
2"

(1) =
Equation (2) yields
2a(1)cy(1) —a(1)ca(l) — a'(1)ea(1) =0

<2a(1)dy(1) = a(1)ea(1) + a'(1)ca(1)
ea(1)=0

(1) =0.

]

It remains to show that ), c; and ¢, satisfy the reality condition. To do this
we will use the conditions obtained in the proof of Lemma (4.3). First of all
we will prove some basic facts about polynomials of degree three that satisfy
the reality condition.

Lemma 4.5. Let p € P2 therefore p is a polynomial of degree three that
satisfies the reality condition N>p(A=1) = p(\). Then p also satisfies:
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Proof. Since p satisfies the reality condition we know that it has the form
P3A? + P2 A + Dy + D3 with ps,ps € C

i) Thus p(1) = p3 + P2 + Dy + D3 = 2R(p3) + 2R(p20) € R.

ii) By differentiating p with respect to A we get p/'(\) = 3psA? + 2po X + D,
Thus

3 3 3 3 3
(1) — Sp(1) =3ps + 2p2 + Py — =P3 — =Pz — Py — =P
P'(1) = 5p(1) =3ps + 2p2 + Py — 5ps — 5P2 = 5P2 — 5P

=313 (p3) +iS(p2) € iR

iii) By differentiating p’ with respect to A\ we get p”(\) = 6psA + 2py. We
then observe that

p"(1) =6p; + 2p2 = 6R(ps) + 6iS(p3) + 2R (p2) + 2i(p2),
= iS(p"(1) =6iS(ps) + 2iS(ps)
P’ (1) =3p3 + 2p2 + Dy = 3R(p3) + 3iS(p3) + 3R(p2) + iS(p2)
p(1) =2R(p3) + 2R(p2)
= 2p/(1) = 3p(1) =6i(ps) + 2i(p2) = iS(p" (1))

Lemma 4.6. The polynomial Q) satisfies the reality condition.

Proof. From the conditions on () we get:

QM) =(1-XNQM)+(1- A)Q%(l)
:%(% +(Q"(1) = QM)A+ Q1) + %(1)
with
Q') c1 (1)bh( )a(—l)cz(l)b’l(l)
and
Q"(1) =

er(1) = £ e (V)] h(1) + e (VK1) = [ea(1) = £8ea(1)]11(1) = 2(1)0(1)
aD)
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The reality condition A\2Q(A~1) = Q()) is equivalent to

Q'(1) € iR
Q'(1)-Q"(1) eR

We observe that true to Lemma (4.5) if ¢; and ¢y satisfy the reality condition
¢1(1) and c2(1) both are real and therefore can be neglected. In fact we are
only interested in the cases ¢1(1) = 1,¢o(1) = 0 and ¢;(1) = 0, c2(1) = 1, thus
we can focus on the polynomials a, b; and by to check the reality conditions.
We immediately get that a(1) and a(1)? are real. Thus a(1),c;(1) and cy(1)
are real. Furthermore, we are in the case that b;(1) = 0 and bo(1) = 0. Since
the polynomials b; and b, satisfy the reality conditions Lemma (4.5) holds.

Especially (ii) becomes b;(1) € iR and b,(1) € iR. Thus % and 28 are

a(1)
real. Since the product of a real and an imaginary number is again imaginary
we obtain that Q'(1) = 21((11)) by(1) — 22((11)) b} (1) consists of two imaginary terms
and is therefore imaginary.

It remains to show that the imaginary part of Q'(1) — Q"(1) vanishes. First
of all we will use a(1)? as the common denominator of all terms. Thus we
get:

1)a(l
o + e
c2(1)a(l
o - 2 ap)

3 and

S

. c1(Da(l) ci1(1) e1(1)a(l) ca(1)a(l) e2(1
Since == ciy a0 el a()
soning above, it suffices to look at

a' (1)t (1) — a(1)bY(1) = a'(1)b5(1) + a(1)by(1).

Now we observe that for a(\) = as\* +az\® +as\? +az A+ a4, with a4, a3 € C
and ay € R

c2(Da(1)

are real due to the rea-
a(1)

a(1) = 2R(ay) + 2R(as) + as
and

a'(1) = 4R(aq) + 4iS(aq) + 4R(a3) + 2iS(as) + 2as
holds. Thus we get R(a'(1)) = 2a(1).

= d/(1) — 2a(1) € iR
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If we substitute i(0](1)) and i(b5(1)) through 26, (1) —3b1(1) and 20, (1) —
3b2(1) as described in Lemma (4.5) (iii) we obtain

a'(1)by (1) — a(1) (261 (1) = 3by (1) + R(BY(1))

— a'(1)b5(1) + a(1)(205(1) — 3by(1) + R(b5(1))
=0 (1)(a'(1) = 2a(1)) — a(1)(=3bs (1) + R(b7(1))

— by(1)(a'(1) = 2a(1)) + a(1)(=3b5(1) + R(b5(1)).

Since by (1) = 0 = by(1) we get

b (1)(a'(1) = 2a(1)) — a(1)R(b1 (1) = b5(1)(a’(1) = 2a(1)) + a(1)R(b5(1)).

Since b (1), (a’(1) —2a(1)),b5(1) and (a’(1) —2a(1)) are imaginary their prod-
uct is real and since a(1)R(b](1) and a(1)R(b5(1)) are real, the whole term
is real. Hence () satisfies the reality condition. O

It only remains now to show that ¢; and ¢, satisfy the reality conditions as
well. Since both are polynomials of degree three, which are uniquely defined
through four conditions it suffices to prove that A3c; (A1) and A3cy(A~1)
satisfy the corresponding four conditions as well. If this is the case the
polynomials have to be the same due to the unqiueness.

Lemma 4.7. If c,(\) satisfies the four conditions from the proof of Lemma
(4.8) then so does ,(N) :== Ncp (A1) for k =1,2.

Proof. Let ¢ for k = 1,2 be parametrized through

Ck(/\) = Ckg/\3 + Ckg)\Z + Ckl)\ + Cro
= & (\) = o\’ + A + T\ + G

The first condition is ¢x(1) € R. We have to show that this also implies
that ¢x(1) € R. Since cx(1) = cx3 + 2 + cr1 + o is real we know that
Z%(Ckg +Cro tCp1 + Cko) = 0. This implies that —i%(ckg +Cr2tCr1 + Cko) = 0,
which is (ks + ek + g1 + cro). Therefore we see that cx(1) = cpg + cra +
Ck1 + Cro = Cr3 + Cka + Ck1 + Cro = Cx(1). Hence the first condition satisfies
the reality condition.

The second condition refers to the derivative of ¢, at A = 1. We want
to show that
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with

5k = Agck(j\_l).

To do this we will parametrize ¢, again as follows

Cr = Ckg)\3 + Ckg)\Z + Ckl)\ + Ck0
A.(N) = 3ersA? + 20000 + Cpa
&.(\) = 3TN’ + 260\ + Cra.

U

Thus ¢,(1) = 3e,(1) + @’ll) . (1) becomes

1
3Cp3 + 2¢k2 + Cp1 = 5(%3 + cr2 + ck1 + cro) +

From the proof of Lemma (4.6) we remember that R(a'(1))

this we get:

1
k3 + 2ck2 + cp1 = §<Ck3 + Cra + Ck1 + Cro)

2a(1) +i3(a(1))
2a(1)

3
& 3cks + 20k + = 5(%3 + Cra + Ck1 + Cro)

iS(d'(1))
T(D(Ckg + Cra + Ck1 + Cro)
3 13(a’ (1
= §Ck3 + §Ck2 — §Ck1 — §Ck0 = %Ck@)

(cks + cra + cr1 + Cro)

(crs + ck2 + ck1 + Cro)-

2a(1). Apllying

Since ¢x(1),a(1) € R the right-hand side is imaginary hence we get ( %Ck{g +
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1 1 3 —
§Ck2 — ickl - §Ck0) = 0. Thus

ii‘s(;ckg + %cm - %Cm - gcko) = %01(1)
N gi%(ckg) + %is(cm) _ %i%(ckl) - gi\s(cko) _ %ck(l)
& - ;i%(ckg) — %z’%(cm) + %Z%(Cm) + gZ%(CkO) = _ZE\;(CCLL(/S))C’C(D
o gc_ngr %% — %C_m — %% = —%Ck(l)
& — 30 — 2651 — G + = 5 (Crz + Cr2 + Cr1 + Cro) = 2%2(5(/%)) ce(1)
& — 360 — 261 — Tn = —%&k(l) — (1) - Zi(j(%»ck(l)
alzoe) g g _%Ck(l) _ gzgicku) - ii(s(lg))cm)
2OZEO) s — omm —om = —5(l) = ;a((ll)) cx(1)
& =) = —zall) - fora)

) = o) + e

& 1) =¢q(1)
Thus the second condition satisfies the reality condition.
The third and fourth condition in the case that polynomial b, has distinct

roots can be seen from equation (3). Let § denote any root other than one
of the polynomial b. First of all we observe that

bk (ﬁ) 0 reahty condition B3W — 0= bk (Bil) _
We know that:

~Q(B)a(p)
“0) =206
. BQ(61)a(51)
Sop(B) = (5
3 ( Da(p1)
Bck(B) = ————=—
<~ k(8) = ( N
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We will now look at equation (3) and start with A = 37!, Thus b, vanishes
and we obtain

(3 )by 1 (F1) = QA D)a(5 )
QU a5 1)

S = —

bs—r(B71)

With both calculations together we get

a(B71) = B c(B)
&Bc(B71) = c(B).

Since this holds for both 8 = i1 and § = Bk the third and fourth condition
also satisfy the reality condition. Thus in this case the reality condition is
satisfied and c¢; and ¢y satisfy the reality condition due to uniqueness. It
remains to look at the case when any of the two polynomials b; or by has a
double root. Since these cases are just limit cases of the case treated above we
get a term fully dependend on polynomials that satisfy the reality condition.
Thus it satisfies the reality condition. Hence ¢; and ¢y satisfy the reality
condition in any of the eight cases from the proof of Lemma (4.3). O

4.2 Vector field V;

We now want to apply Lemma (4.3) for given ¢;(1),co(1). Let V4 denote the
vector field corresponding to the conditions ¢;(1) = 1 and c3(1) = 0. We just
proved additional conditions for (a, by, bs, @, ¢1,c2) such that we can solve
equations (1),(2) and (3) to obtain (a, b, by), which is exactly what we are
going to do. First of all a short overview of all conditions:

[y

0
0

all polynomials satisfy the reality condition

e S A o
O
—~
—_

c1, co satisfy the additional conditions from the proof of Lemma (4.3)
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From these conditions we can immediately see what the polynomials by, by, Q)
look like. That is

b1 = (/\ — 1)(()10)\2 + bll/\ + blg), Where blo, blla b12 S C

b2 = ()\ — 1)(()20)\2 -+ b21>\ + bgg), where bgo, bgl, b22 S C

Q= (A—1)(g\+ ¢1), where qo,¢1 € C.
The first step is now to find a () that satisfies all these conditions from Lemma
(4.3) to solve equation (3) for ¢y, co.

Q= —1)(gA+q1)

= @A + @A — @A — @

Hence we obtain
Q'(N) = 20\ + ¢1 — o
=Q'(1)=qw+a
Q"(N) =2qo
:>Q”(]_> = 2(]0

The conditions from the Lemma were:

I1.Q"(1) =
cr(1) — ‘;’((11)>01(1)]b’2(1) + e (1)bY(1) — [02(1) _d)
a(1)

Given ¢1(1) =1 and ¢3(1) = 0 we get

LQ(1) = %<(11))

a'(M) |3y I
I1.Q"(1) = [1 B a(ll)}bz(l) + b5 (1)

Thus we get

by(1)

a(1)

[1— 2] en(1) + 5(1)
a(1) '

Go+q1 =

2q0 =
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This yields

[1— L)+ b(1)
o= 2a(1)
and therefore
_ (1)
Q1 - CL(]_) QO
RO ol R
=>q1 = -
a(l) 2a(1)
265(1) — 1 - 25| s61) - 1 (1)
i 2a(1)
1+ 28| - p5(1)
= 2a(1) '

Hence we obtain Q as follows

Q) = (A = D@ + @)
1 - 2@Tp,(1) + (1 [1 + 20y (1) - (1)
2a(1) 2a(1) )

QM) = (A - ([

TRV + )N+ [+ S0 - 80)

/ NN, 1 "
Ly = (- AR );)a?(ll;bz(l) AL

Before we continue we want to assure that () satisfies the reality condition
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that is basically Lemma (4.6).

ooy e (M) s, dMB(A) (1), 05(1)
AT =A <2a(1))\ ~ 2a(1)? A +2a(1))\ +2a(1))\
a’,(l)bé(l) y—1 bIQI(]') 3y—1 bIZ(]') y—1 a/(l)bé(]') y—1
a2z Y T 20()) T 200)) T 2a()z 0
b3(1) v, b5(1) a'(1)by(1) | b5(1)
_Qa(l)/\ ©2a(1)  2a(1)? +2a(1)>
_by(1)  d/(M)by(1) | b5(1) | a(1)by(1), by(1)
“20) " 200)2 " 2a() T a2 0 1)’
b5(1) o @/ (W)b5(1) 5 B5(1) s
_2a(1))\ ~ 2a(1)? A +2a(1))\
@6 by(1) 1o a'(1)b5(1) (5 b5(1) 15 a'(1)by(1),  b5(1)
=2 20002 T 2a)” T e N e
by(1)  d/(1)by(1)  b3(1)
T 2() T 2a(1)? " 26(1)
=Q(A)

With this polyonmial of degree 2 we now want to solve equation (3) for
polynomials ¢y, ¢o. First of all we are going to use ¢;(1) = 1 on the conditions
found in the proof. We limit ourselves to the case where b; and by have two
distinct roots other than one. We did this because all cases led to rather long

terms. Thus these calculations only lead to an exemplary vector field. By
applying Corollary (4.4) we get

1. Cl(l) =1
I1.¢(1) :% ;;((11))
IIT. ¢1(Bu) = %

IV. ¢1(pr2) = %'
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The first condition already tells us that:

c1(A) =14+ (A= 1)(c1oA* + e\ + c12)
= (N\) = c10A? + e A + 19 + (A — 1)(2¢10A + ¢11)
= (1) = c1o + 11 + c12
and
c1(Bi1) = 1+ (B — 1) (1087 + c11Bi1 + cr2)
c1(Bi2) = 1+ (Brz — 1) (1087, + c11812 + c12)
Thus it remains to solve the remaining three conditions for the three coef-

ficients. First of all let us replace c¢; in equations II-IV with its definition.
This yields

II. cip+c11+c2 = % + ;;((11))
IIT. 1 + (511 — 1)(610631 + Cllﬁll + 012) = %
IV. 14 (Bra — 1)(cr08% + c11B12 + c12) = %

<~
1 d(1)
Il. cip+ci1+co==+ 2@(1
Q(B11)a(Bi1) — b2(B11)
ba(B11) (B — 1)
Q(ﬁlz)@(ﬁm) - 52(512)
ba(B12) (B2 — 1)

[\]
~—

I11. c1083 + c11Bin + 2 =

IV. 108t + c11Pia + c12 =




IIT—II:=1IIT. c;o(B3, — 1) + (B — 1) =

IV —I1:=1V'. c;o(f% — 1) +c11(Bra — 1) =

_ﬁ12_1 512_1

Q(Bu)a(Bi) —b2(Brr) 1 a'(1)

ba(B11) (B — 1) 2 2a(1)
Q(Pi2)a(Bi2) — ba(Brz) 1 a'(1)

ba(Br2)(Brz — 1) 2 2a(1)

Q(fr2)a(Bi2) — ba(B12) 1

B — 1111/ +IVEi= IV 610(512 a 1) a Bi1 — 1<612 B 1)610 B b2(512)(512 - 1) a 5 B
. (512 - 1)(@(511)(1(511) - 52(511)) i B2 —1 4 (512 - 1)6'(1)
(511 - 1)52(511)(511 - 1) 2(511 - 1) 2(311 - 1)CL(1)

s IV C10

(7 = 1)(Bu — 1) — (B2 — 1)(B7, — 1)

Q(Pr2)a(Bi2) — ba(Br2)

B —1

(512 - 1)(@(511)G(511) - 52(511))

ba(Br2)(Brz — 1)
Bi2 — 1

(B2 — 1)a’(1

(P11 — D)ba(Br1) (B — 1)

+5 -

(Bn—1)  2(Bu — 1a(

& e = b —1 [Q(ﬁu)a(ﬁlz) — by (Br2) _
OB - DBu D)= B DB 1)L b(B) (B — 1)
_ (512 - 1)(Q(611)a(511) - 52(511)) P2 — 1 (512 - l)a'(l
(/311 - 1)52(ﬁ11)(511 - 1) Q(ﬁn - 1) 2(511 - l)a(l
o1 Q(Bu)a(Pn) —ba(B) 1 d'(1) .
1w = e (Gt =1 2 g~ P~ Do)
1 d(1)
II. Cig2 = 5 + 2&(1) — C190 — C11

7e
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= C11 =

1 (Q(ﬁn)a(ﬁn) — ba(B11)
(f11 —1) ba(B11) (B — 1)
(Bu =B - 1)

1 d(1)

2 2a(1)

Q(brz)a(Biz2) — ba(Bi2) 1 d'(1)

(Bfa = 1)(Bir — 1) — (Bra — 1)(B7, —

1) [ ba(Bi2) (B2 — 1) 2 2a(1)

_ (Br2 — D(Q(Br)a(Bir) — ba(Bi1)) 4 bz — 1 4 (Brz — 1)a'(1) D
(Bi1 = D)b2(B11) (i1 — 1) 2(8u—1)  2(Bi1 — a(1)
= e = 1 + a'(1) _ S —1 [Q(ﬁlz)a(ﬁu) — ba(Br2) 1 a'(1)
2 2a(1) (B—D(Bu—1)— (B2 —1)(BH —1) b2 (Br2)(Brz — 1) 2 2a(1)
. (Br2 — D(Q(Br)a(Bir) — ba(Bi1)) Bz — 1 (Bra — 1)a'(1) }
(Bi1 = 1)b2(B11) (B — 1) 28 —1)  2(Bu — Da(1)
o <@<@n>a<ﬁn> “b(Bn) 1 d(1) (B — V(A — 1)
(B =1\ ba(B1)(fu — 1) 2 2(1) (B —1)(Bu—1)—(Brz— 1) — 1)
[Q(ﬁu)awm) — ba(Br2) _ 1 _ a'(1) . (812 — D(Q(Br)a(Bir) — ba(Bi1)) 4 bz —1 (Brz — 1)a'(1)
ba(B12) (P12 — 1) 2 2a(1) (Bi1 = D)b2(B11) (i1 — 1) 281 —1)  2(Bur — a(l)

)
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Q(Bm)a(ﬁlz) - b2<512)
ba(B12) (B2 — 1)
(B2 — Dd'(1)
2(Bu — 1a(1)
(Bu—D(BH —1)

(B = )(Bi1 = 1) = (Biz — 1)(B7 — 1
(B2 — D(Q(Bi1)a(Bu) — ba(Bun))
(Bi1 — 1)ba(Br1) (P11 — 1)
Q(ﬁm)a(ﬂlz) - 52(512)
ba(B12)(Brz — 1)
(B2 — 1)d'(1)
2(B11 — 1a(1)

B N (Bu —1)(BH — 1)

2 2a(l) (B —D(Bu—1)— (B — 1)(7 — 1)

(512 - 1)(@(511)@(511) - 52(511)) 1
(Bi1 — 1)b2(B11) (P11 — 1)

cl()\):1+(/\—1)(

(B2 — D(Q(B11)a(Bu) — ba(Bu1))
(Bi1 — 1)bo(Br1) (B — 1)
Q(ﬂn)a(ﬁn) - 52(511)
ba(f11)(Bur — 1)
Q(Br2)a(Br2) — ba(P12)
ba(B12)(Brz — 1)

(Bt = DB — 1) = (b2 = D(BH — 1)

2(B11 — 1)

)
(B2 — 1)d'(1)
2(ﬁ11 —1)a(1)

(Bt = D(Bur = 1) = (B2 = (B = 1)
(512 - 1)(@(511)a(ﬁ11) - 52(511))
(Bi1 — 1)ba(Br1) (B — 1)
Q(P11)a(bi1) — ba(Bu1)
ba(B11)(B1 — 1)
Q(Br2)a(Bi2) — ba(Br2) _

ba(B12)(Br2 — 1)

(B2 — 1)a'(1)
2(Bu — 1a(1)

2(Bi1 — 1)

9¢

SNOILLVINHOAHAd WVHLIHM ¥



4 WHITHAM DEFORMATIONS 37

Now we want to calculate co with the following conditions:
I.c(1)=0
I1. (1) =0
Q(Ba1)a(Bar)
II1. c5(Ba1) = W
Q(B22)a(fP22)
b1(Baz)
The first two conditions yield that ¢, has the form
ca(A) = (A — 1)%(c0) + c21)
=c3(Ba1) = (Ba1 — 1)*(c20821 + €21)
=c2(Ba2) = (Baz2 — 1)2(020522 + ca1).

Therefore it remains to solve condition 111 and IV for cyg and co;.

V. 02(522) =

II1. (o1 = 1)*(ca0fBo1 + €21) = %
IV. (B2 — 1)2(020522 +co1) = %ﬁi)ﬁn)
=4
_ Q(Ba1)a(Ba)
T (e e2) = 508 5oy — 17
Q(B22)a(Ba2)

IV- (emfin + en) = b1(B22)(Boz — 1)

Q(ﬁm)a(ﬁm) _ Q(ﬁm)a(ﬁm)
51(521)(521 - 1)2 bl(ﬁm)(ﬁm - 1)2
. _ Q(Ba1)a(B2) _ Q(Ba2)a(B22)

o1 (for — Pa2) = b1(B21)(Bar — 1)2  b1(Ba2)(Ba2 — 1)?
Q(ﬁm)a(ﬁm) Q(ﬁm)a(ﬁm)

~Co1 = —

(521 - /822>b1 (ﬁQl)(ﬂZl - 1)2 (BQI - 522)()1 (ﬁ22)(ﬁ22 - 1>2

Now IV gives us:

IIT — IV :=IIT'. ¢91PB91 — €91 P92 =

Cor — Q(B21)a(Ba) e
2 b (Bn) (B — 1)
_ Q(ﬁm)a(ﬁm)
T bi1(Ba1)(Bar — 1)?
— 522( Q(Pa)a(B) _ Q(B22)a(Ba2) )
(B21 — B22)b1(Pa1)(Bor — 1)2 (B — Pa2)b1(B22) (B2 — 1)?



Thus we also obtain ¢s:

iy 12 Q(Ba1)a(Pa1) B Q(B22)a(Ba2) Q(Ba1)a(Ba21)
CQ(A) _(>\ 1) <<</821 - ﬁ22>b1</621)</821 - 1)2 (/821 - /822)b1(ﬁ22)(/822 - 1)2>)\ N bl(/B21)(/821 - 1)2
_ 3 ( Q(Pa21)a(fa1) 3 Q(Ba2)a(Baa) )
- (/821 - B22)b1</621)(/621 - 1)2 (/821 - /622)b1(ﬁ22)(/622 - 1)2

Using the definition of () we get:

)
2a(1)(Ba1 — Ba2)bi(Ba1) (P21 — 1)2

e(A) =(A = 1)? <((521 Rl t 1)) B+ [1+ ST — (DalBa)
(B2 = 1)([1 — “8T85(1) + (1)

>522 + [1 P 11)} — by(1)a(Ba2) \
- a(l)(ﬁm — [22)by (522)(522 —1)2 )
(B21 — 1)([1 CRbL(1) + by (1 )521 + 1+ £ b(1) — B (1)a(Bn)

i
_622(%1 _ 1)<[1 B

(B2 — 1)([

( )b1(Ba1)(Ba1 — 1)
i((f))}b,ﬂl) + b5(1 ))521 +[1+ a((l))]b (1) = vy(1)a(Ba)
( )(/821 - ﬁ22>b1</621)(/821 - 1)2
SOTH (1) + B(1) ) B + [1+ SH](1) = B(1)a(B)
2a(1)(B21 — B22)b1(B22) (P22 — 1)? ))

8¢
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The remaining step to obtain V; is to solve equation (1) and (2) for @, by, b.
From Lemma (4.3) we can take the derivatives of n with respect to t eveluated
at t = 0. Which were

. _—77101(771)i
m=—7—>
bi(m)
ft e )i
' bu(m ")
_ —1pci ()i
M =—"
bi(12)
pot ()i
? bi(7;, ")

we can calculate || with chain rule
\ﬁk’ = 1k
In |

for k = 1,2. Since the derivation with respect to ¢, which is a real variable,
and the complex conjugation commute we get

= =mrer(mp)i
=7y =7, = — R for k=1, 2.

Now we can use the expression for @ from the proof of Lemma (4.3), which
was
: (11375 + Ty732) I ma — T (a2 + [ |72) -
O = el ? (==

iy hny . _ iy
(A=) (A — ))+|m||772|( A= A =n)A—7;")

- —1 __ . __ _
—7 A=A =)A= ") = A —m)A -7 HA =71
-1 __
—7y, A=n)A =)A= n2)).
Using the derived expressions for the derivatives of the absolute value and
the complex conjugation we get

a(\) =
(Zpertmliy, 7, =20 |y gy | — T (2257 2]+ | 220) (i 7] )
([m1]Im2])? T,
7_] ﬁ . _ _ ~—1 __
- |ml||7722| (== A=) A=) =7, A=n)A—m)(A—n")

— A =)A= DA =) =T (A =)A= — 1))
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Finally we plug in the derivatives of the roots of a with respect to ¢ to get a.

a(A) =
(R + gl — T 58 )+ o 5

(Imlm2l)?

71|72 M7 —mci(m)i 1 1
—a(\) + — — — Py
Ml » !annzl( b1 (1) A=m)A=m)A =)

—ijy er ()i _ —mpci(na)i
- W(/\ —n)A—m)A—1ny) — W()\ — )

A= a) =y — 2B )l - ).
b1(772 )

(6)

Since we can now write @(\) down we automatically get by()\) from equation
(1) and by(\) from equation (2). Which are as follows

(2Xacy, —acy — Ad'¢y)i = 2ab, — aby
(2X\ac) — acy — Ad'¢y)i + aby
=
2a

/ _ !/
(2Xac) —acy — Ad'cp)i by (7)

~ i)l = %a —2@

and

(2\acy — acy — Ad'cp)i = 2aby — by
(2Xady — acy — Ad'c2)i + aby
=
2a

= by

: 2 ach — acy — A’ b
o b= (2Xacy — acy — Aa 02)2 by (8)
2a 2a




2 —nzci(n2)i

(2Xac) — ac; — Ad'cy)i n by (%(177)1)%2 +h 7;,216177277)2 Y me] — 771772(|Zi|%771m)1|772| + [l 2]~ b1(n2)

i)l == )
2a 2a (Im[Imal)?
|l |m2] M7y , —mei(m)i ,_ =it (Y B
3 Ot Rl ) O IO =) - a0 - m) 4 - - )
— 11 ()0 - iy ey )i __
- A=)\ =AY =75 — A=)\ =)\ —
b1 (12) ( m)( o )( ) b (75 ) ( m)( o) 72))
j, —(2Aacy — acs — Ad'es)i | by (Zpamdimy 4 7y =R | — 77,70 (2 s | -+ [ |12 R
2 — -
2a 2a (Im[Ime])?
[ 7 —mei(m)i _ __ ny e (Y B
)+ - =0 - w0 =) - T O )0 - w7
—1cy(12)i 1 _—1 _772_101<772_1)i __1
— PR ) (A — A— — 2 R RO ) (A — A=)
by (ra) A=m)A=n)(A—175") R A =)A= (A —n2))
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4.3 Vector field V,

We want to proceed almost like in 4.1 to get another vector field, which we
will call V5. We will again limit ourselves on the case that b; and by have two
distinct roots other than one. Thus the obtained vector field is again only
exemplary. This time we want to have ¢;(1) = 0 and c»(1) = 1. Thus many
of the conditions from 4.1 simply switch to the other corresponding equation.
This gives us the following conditions:

. all polynomials satisfy the reality condition

e A o
O
—~
—_
I

. ¢1, Co satisfy the additional conditions from the proof of Lemma (4.3)
We already now that () has the form

Q(\) = (A = 1)(qA + qo) , where go,q1 € C.
We also know that

QL) =qp+a
and

Q" (1) = 2qo.

Now we want to repeat the procedure from the proof of Lemma 4.3, where
we differentiated equation (3) with respect to A and then evaluated it at 1.
Thus we get

_bu(1)
qO + QI - CL(]_)
and
[1— 2@ ]eu) + 1)
2q0 =
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The latter yields

-

Which in return gives us

v + v
2a(1)

qo =

g1 = Z;l((ll)> —q0
o bl((1)) - Z((ll))]bi(i) ()
a(l 2a(1
1+ 2@ - )
=@ = 2D

Therefore we can already write down () corresponding to V5.

Q) = (A= 1) (@A +aq1)
“]v ) + i)
2a(1) AT 2a(1)

QM) = (- 1)( -

Y (1) + b’l’(1)>>\+ 1+

=Q() = (A—1) (

(9)
2a(1)
1 — 4Dy — (1 — 1
jQ(A):(A_l)(AH)bl(lH(l N (1) — (1= NH(1) o0

2a(1)

For simplicity we also assume that b; has two additional distinct roots at 311
and at (1o and that by has two additional distinct roots at [y and at [as.
Thus we are in case 1 of the proof and get the following conditions on ¢;:

1. Cl(]_) =0
I1.4(1)=0
111 ¢ (Bn) = %ﬁf)ﬁn)

IV. c1(Br2) = ba(B12)
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By solving this system of equations for the coefficients of ¢; we obtain

c(A) =

2 Q(ﬁm)a(ﬁm) _ Q(ﬁm)a(ﬁm)
()\ - 1) ((<521 - 522)(521 - 1)2171(521) (521 - 522)(522 - 1)21)1(522)))\
4 Q(Baz)a(Ba2) _ 521( Q(B21)a(B21)

(Baz — 1)2b1 (B2 (B21 = Ba2) (P21 — 1)2b1(B21)
. Q(B22)a(Ba2) )
(Ba1 — B22)(Baz — 1)2b1(Ba2)””

(11)

Likewise we get the following four conditions for ¢y, where (51 and By9 denote
the two distinct roots of bs:

Ie(l)=1
I1.dy(1) = % n ;;((11;

II1. cy(Bay) = %

IV. ¢a(fan) = %

Solving these four conditions yields the following result for c,.



Ba1 — 1 [Q(ﬁm)a(ﬁﬂ) —b1(Ba2) 1 a'(1)

CQ(A):1*“‘1)((632—1)«321—1)—(/322—1></331—1> h) B —1) 2 2a00)

. (B2z — 1)(Q(Bar)a(Ba1) — ba(B21)) I fa2 — 1 i (Ba2 — 1)a’(1) ])\2 i A (Q(ﬁm)a(ﬂm) — b1 (Ba1)
(B21 — 1)b1(B21)(Bar — 1) 2(821 —1)  2(Bar — )a(1) (Ba1 — 1) b1(B21)(Ba1 — 1)

1 a'(1) _ (B = 1)(B5 — 1) [

2 2a(l) (B —1)(Bu—1)— (B2 — 1)(B5 — 1)
Q(B22)a(B22) — bi(Baz) _ 1 _ a'(1) . (Bag = 1)(Q(B21)a(Ba1) — b1(Ba1)) 4 Baz — 1 4 (Baz — 1)d’(1) D
b1(B22) (B2 — 1) 2 2a(1) (B21 — 1)b1(B21)(Ba1 — 1) 2(B21 = 1) 2(Ba1 — 1)a(1)

n 1 n a'(l) P — 1 [Q(ﬁm)a(ﬂm) —bi(B) 1 d(1)
2 2a(1) (B, —D)(Ba—1)— (B2 — D - DL ba(B2)(B2 — 1) 2 2a(1)
(522 — D)(Q(Ba1)a(Pa1) — bi(Ba1))

(Ba1r = )by (fa1)(Ba1 — 1)

Paz — 1 4 (B2g — 1)a'(1) _ 1
2(B21 — 1) 2(Ba — 1)a(l1) (Bar — 1)
(Q(ﬁm)a(ﬁm) —bi(Br) 1 d(1) (B = (B3 — 1)
b1(B21) (B — 1) 2 2a(1) (B —1)(Ba—1)— (B — (B4 — 1)
[Q(ﬁm)a(ﬁm) —bi(B2) 1 d(1) (B2 — D(Q(Bar)a(Ba1) — b1(Ba1)) L Paz — 1 L (822 — 1)a'(1) ])
b1(B22)(B22 — 1) 2 2a(l) (Bar — 1)b1(Ba1)(Bar — 1) 2(Ba1 = 1) 2(Bar — 1)a(1)
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For a we get

a(A) =
(—nlcl(m)i— +7 —nzcl(nz)i)| || |_— = (g—mcl(m)q |_|_| |77_2—TI201(772)2')
bilm) 12 T T (ne)  JTRITRE T 2 T ey 12T I [ ] i (o)
([mlm2])?
mmn —MnC 1 _ L
’771H772’a(>\) + AP (_ T 1(771) ()\ N ﬁl 1)()\ N 772)<)‘ — 7 1)

Ty [71{ |72 bi(m)

1 Y .
—i a(ny )i __1 —19¢1(n2)1
- (A= A— A — - (A=
) A=m)A=n)(A—ny") by (1) (A—m)
_ 1 ——1\ -
__ __ —Ty C1(N 1 __
O— =) = A o - )
b ()
(12)
with ¢; as listed above. Finally we can also calculate b, and 62, which are

; 2Xacy —acy — Ad'cy)i b
j = Bz aa At b (13)

and

. (2had, —acy — Ad'e)i b
j, — (20 “20; a@)uﬁa. (14)
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5 Commuting vector fields

Unfortunately the vector fields V; and V5 have a rather unwieldy form. To
see that they are well defined we have to show that they commute. That
means that their Lie bracket needs to vanish. However since these terms are
so unhandy the commutation in the most general case is too big of an effort.
Therefore we will restrain this chapter on the commutation in the space 7.

5.1 Rotation of the spectral parameter

In [5.3] of [CS16] it is shown that the rotation A — e*?)\ acts on the frame
bundle 32 by

ay(\) = a(ei‘p)\), biy(N) = bl(ew}\) and by, = bg(ei“’/\)

and preserves the spectral curves. Thus we can rotate A in a way that we

rotate m"llH"nz‘, which is also on S', to one.

5.2 Commutation in J

We need to divide the ¢; and ¢y in both vector fields by y to obtain ¢ from
chapter (4). With this small adaption we see that since a change in b; only
changes b; and not b, and vice versa these vector fields change p; and jp
uniquely at A = 1. Hence we get a mapping

0:8 —S' xS

This mapping is in fact a composition that maps a € 82 to the flows corre-
sponding to Vi and V5. That in return map again to S' x S!.

In [Hoel5| [6,7] it is shown that any a that has four pairwise distinct roots
and additionally has one as highest and also as lowest coefficient induces a
period lattice. Due to [CS16] [5.3] or (5.1) any a in 8% can be transformed
into an a, that has one as highest. Hence for any such a € 82 there ex-
ists a period lattice that can be uniquely defined by two generators. This
includes unique b; and by. Since the Witham deformations are continuous
deformations it is uniquely defined how b; and b, move along when ¢t changes.
Furthermore, we notice that T is locally bijective to 82. Since the derivative
of ¢ is invertible we obtain local (a, by, bg) with the corresponding i1, o that
belong to the generators of the lattice at A = 1. Thus ¢ is differentiable
and locally invertible. Thus by Schwarz’s Theorem the vector fields have to
commute in T.
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6 Cayley transform and Witham deformations

Cayley transformations are special Mobius transformations. We try to trans-
form the polynomial y to eventually get simpler expressions of the vector
fields V; and V5. Let y denote the transformed polynomial. We need to
reverse the mapping from definition (2.8), which is

x—1
Az) = T+
< Mx+1i) = (x—1)
& xA—x=—i—1i))
& x(A=1)=—i—iA
P s}
A—1
Then
y? = Aa(\) OV TR 52 ) 4 aVa(a), (15)
where
i)reR

it) a(xr) e RVx € R

i1i) the highest coefficient of a is one.

6.1 Whitham equation under Cayley transform

With the same argumentation as in section (4) we get

———d.
(a2

g(1 + 2?)

qu = 2m

and

. 2mick(z)
q= 5 (16)

Thus we can start with the Whitham equation

Or  Oty(l+a?)|,_,
0 2micy(x) 0 2miby

or  § ot y(1 + 22?)

t=0
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By differentiating with chain and product rule we get:

_, 2micj — §'2micy _ omibyi(1 + 22) — (1 + 22)2miby
y? g2(1 + 22)? t=0

2mici /(1 + 2?)a — Zwat(ai)a o e,

2/ (1+z2)a

=

(1+22)a
_ 2miby, (1 + 22)a2miby
- Va(l £ 22) N 2a(1 + 22)3y/a(1 + 22)
2mck ~ (2za+(1+ x?)a)micy,
B 2mbk mibra
a(l 4 22)3 N a’(1+ 22)3
Va3 +a2)3

& 201+ 2¥ad, — (2za + (1 + 22)d )ey, = 2bra — bra

Hence we get equations (1C) and (2C), which are the corresponding equations
to (1) and (2) under the Cayley transformation.

2(1 4 22)ac, — (2za + (1 + 2%)d')e; = 2bja — bya (1C)
2(1 + 2%)acy, — (2za + (1 + 2%)d')cy = 2bya — bya (2C)
The operation ¢y-(2C)-¢;-(1C) yields:
c22(1 4 %) ac, + co(2za + (14 2%)d")er — ¢12(1 + 2%)ad,
—c1(2za + (1 + 2%)d’)cy = 2biacy — cobia — 2c1boa + ciboi
=
2(1 4+ x?)ac,cy — 2(1 4+ x*)ache; — 2bace + 2c1bya = a(c1by — coby)

With the same reasoning regarding the vanishing at roots of a as in section
(4) we get
Clbg — 6261 = Q(I (30)

with deg(by) = deg(bs) = 2, deg(Q) = 1 and deg(a) = 4. One of the ¢ poly-
nomials has degree three, while the other one has degree two. Hence both
sides are of degree five.

Equation (16) yields that for ¢, with degree three the highest coefficient
Ck3 1S one.
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6.2 Vector field V;

By looking at equation (1C) in the case that ¢; has degree three one might
be tempted to think that the left-hand side has degree 8 while the right-hand
side only has degree 6. We will resolve these issues by simple calculations.
In this case we know:

deg(br) = deg(b) = 2 and deg(in) = deg(b) =
eg(a) =4 = deg(a’) = 3 and deg(a) = 3
eg(c1) =3 = deg(c)) =2
( 1

/

deg(co) =2 = deg(c,) =

QO

Thus deg(2(1 + 2°)ac}) = 8 and deg((2xa + (14 2*)a’)c1) = 8 while we only
get deg(bia) = 6. We will use the following parametrizations:

a(r) = agx* + azx® + axx® + a1z + ag

Cq (I’) = 013.1'3 + 012.1'2 + c1ix + ¢
We will simply look at the sum of coefficients of 2® which is

202404301302 — 2wagatesr® — v dagad e

= 6@40131'8 — 2@4013I8 — 4&46131’8 = 0.

Thus the right-hand side has maximal degree seven. But it needs to have
degree six therefore we will also look at the coefficients of z”.

202,04 20101 + 202 a3133c132% — 2ragxtienx? — 2xaszaeisa?

Beox? — 3xagr’eisa’

— 22 4ayx
= daycipx’ + 6a3013x7 — 2a4C191" — 2a3013x7 — dayeipn’ — 3a3013x7

= CL3013?[)7 — 2@40121‘7

So these coefficients do not vanish on their own. But we still require the left
side to have degree six. Thus we need

asciz — 2a4c12 =0

= a3C13 = 2a4C12
& o = a3Ci3
2(14
agl C1o = a32013
013::1 as

C12 = =
2
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In chapter four we mainly collected conditions to solve these three equations.
With the condition above we already found one. We will now gain another
condition through (2C). We are in the case that deg(c;) = 3 and deg(c2) = 2
and a has degree four. Therefore the left-hand side of (2C) has maximal
degree seven whereas the right-hand side only has degree six. Thus we need
to look at the coefficients of 27 on the left side. These are

20242420001 — 2xayrtcanr? — 2 dayx’ conr??
= 4(1,46221'7 — 2@4622[137 — 4CL4CQQ$7

= —2(14022ZE7.

Since we require the right-hand side to have degree six and a4y = 1 we can
conclude that

Co2 — 0.

We will now look at (3C) to already determine the two highest coefficients
of @), which has degree two. Let ) be parametrized through

Q(z) = @17 + qo.

Equation (3c) has degree five on both sides. Thus we want to compare the
coeffcients of #°. By equating the coefficients we gain

c13ba2 = qray

c13b22
= 1= —
(2]
ci13=1l=ay
q1 = baa.

Equating the coefficients of z* yields:

c13b21 + C12b22 + c22b12 = qraz + qo
azbay
2
azbay
2
azbay

C12=

Q
olS

c13b21 +

+ co2b12 = qras + qo

c22=0

= Cl3b21 +

= q1a3 + qo

=1
B by +

= q1a3 + qo

asbag

=b
Q1$22 b21 + 5

= basas + qo

a3bao
2

& qo = ba —
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Thus we already get an expression for (), which is

a3bag

. (17)

Q(SL’) = bQQI + b21 —

Now we want to solve equation (3C) for the polynomials ¢; and ¢y. Since we
want to equate the coefficients it is a good idea to recap the parametrization
of the polynomials a, @, by, bs, ¢; and cs.

a(z) = 2* + azr® + apr® + a1z + ag

Q(x) = bypw + by — af”é’”
bi(z) = bipz® + by + byg

by () = byga® + b1z + bag
ci(x) = 3x + 1z + ¢
c2(x) = corx + ¢

With these parametrizations equation (3C) becomes

asbao o asbay 3 asba 22
p 2 B
2 2 2
2 3 2
+ c11b20T + c10b20x” + c10b21% + c10b20 — 2101277 — 2101127 — ca1b10T

62223 —|—l)21SE —{—bgoﬂ? + — —I—Cubggl' +Cllb21x

2 5 4 3 2
— Copb12x” — C20b117 — C20b10 = baox” + bagaszx™ 4 bagasx” + bygaix

asbas asbao

b
+ bQQCLOx + (b21 — CL3222 )$4 —+ (b21 — )agx?’ —+ (b21 — )a2$2
b b
+ (b21 — a3222>a1I -+ (le — a3222)a0.

With equating the coefficients of 22, 2%, x and 2° we get the following system
of equations.

azb
2 _ <b21 . 3222)CL3
azb -
11. 3210 + c11b21 + c10ban — €a1b11 — c0b1a = bagay + (byy — 3222)a2
asb
I11. c11b99 + c10b21 — ca1b10 — Co0b11 = bagag + (bay — 3222)a1
agb
‘[V bQOCIO - b10620 = <b21 — 3 22)0/0

2
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This is equivalent to:

I. boscyy — byacay =99 ag — (boy — a3b22>a3 — byy — a3§21
I1. byycyy + bagcig — by — biacog = bosay + (byy — a3§22)a2 B a3§10
IT1. c11bao + crobar — carbio — c0b11 = bazag + (b2r — a3§22)a1
IV. byycip — brocao = (b1 — a?’sm)ao

Solutions to it are:
Ci1 = (agb%obmbm - agblobnbzobm - asb:fobm + a3b%0512b20
— asbiphs; — asasbiob3, + asbiobiibaobar + arasbiobi1bi, + asasbiobiabagbas
— arazbiobiabaibos + agazbiobiabyy — aoasbi b3, + aoasbiibisba by
— agazbiybagbas + 2b73baobar + 2a1b7b3, — 2b10b11b3g + 2a2b10bi1bagbas
+ 2a1b10bi2bs; + 2a9b}1ba1bas — 2ab11bi2by; + 2aobiybagbar)
/(2(b35b35 — b1ob11ba1bas — 2b19b12baobas + bigbiabs,
+ b1 1b20baz — bi1biabagbar + b75b3))

Ci0 = —(G?),b%obgz - nglobnbmbm - G?),blobubzobzz + agb%bmbm

=+ G3b§ob12b21 - a36%0621b22 — agbyoby1b12b20 + asblobnbgl + azbiobi12b20b21
+ asaszbiobi2ba1bas — 01613510512532 - a3b%1b20521 — a2a3b11012020b22

+ apasbibiaba, + a1azbiybogbay — agasbiabyrboy 4 2b3,bagbay — 25073,
— 2b10b11b20b21 + 2a2010b11b21022 — 2510512530 + 2a2010b12b20022

— 2a2b10blgb§1 + 2a0b10blgbg2 + 2bflb30 — 2a2b%1b20b22

+ 2a2011b12b20b21 + 2a1b11012b20b22 — 2a0b11b12021 022

— 2a1b35bapba1 — 2agbTybagbas + 2agbisby; )

/(2(530532 — b10b11021b22 — 2b19b12b20b22 + b1ob12531

+ b7 1b20baz — bi1biabagbar + b15b3))

Co1 = —(2b11b3, + 2a0b1abl; — 2b10blbar — agasbiobdy — asbiobizbd

+ 2a0b10b21 b2y + 2a0b11b20b3y — 2a1b10bagb3, — 2agb11b3,bay — 2a1b1abagb3,
+ a3b1obzob§1 + 2a1b12530522 - 2agbub§0b22 + 2agbmb§0621 - (l3bl1b§0b21
+ agbigbaobaz + azbi1b3gbas — 4agbi2bagbar b + 2a1b11bagba1 bao

+ agazbiibaib3y + agasbiabagbiy — arasbiibagbs, + azasbiobaobi,

- aoa3b12bglb22 - a2a3bl2b§ob22 - nglobmbmbm + a1a3b12b20b21b22)
/(2(630632 — b10b11b21b22 — 2b19b12b20b22 + b10b12b§1

+ b2 bagbag — b11b1abagbar + bisbsy))
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Coo = (2b12biy — 2apbiobiy — asbioby;, + 2b10bagbs, — 2b10b3gbaa — 2b11b30bo1
- aoasbnbgg + G1G3blob§2 + 2610511521532 + 2G0b12520532 - 2G1bnb2ob§2

+ 2a2b10bagbyy — 2a0b12by;bag + azbi1bagbs, — 2azb19b3gbas — azbiabigba

— a3b§0b21b22 - agbmeob%g + aiblobilbm + G?,bubgobm + azbiob11b20b22

+ 2a1 012020021 b2z + azbiobaobaibay + aoasbubmb%g - G1G3b12520532

- azasblobzlbgz + azasbnbzobgg - agbnbmbmbm)

/(2(b35b35 — b1ob11ba1bas — 2b19b12baobas + biobiabs,

+ b} 1b20baz — bi1brabagbar + bi5b3))

We notice that

big biy by O

0 b1z bix bio| _
byo ba1 by O

0 bay by Do

+ b1ob12b3; + bT1baobas — bi1biabaobar + biob3.

Resultant(by, by) = b3ob3s — biobi1ba1baa — 2b19b12bagbas

That is exactly one half times the denominator of c;1,cig, o1 and cog. It
therefore becomes 2 Resultant(by, by).

We also want to show a more sophisticated approach to solving (3C) for
c1 and cy. Therefore let them be parametrized through

c1(z) = (v + mo) + (132 + Y12)b1(x), with 13,712, 711 and 10 € R

and

ca(x) = (Y212 + v20) + (Y232 + Y22)b2 (), With o3, 722,721 and v € R.

To obtain these polynomials we will first solve for the polynomial of degree
one multiplied with b, for £ = 1,2. As above we will pursue the case that ¢;
has degree three while ¢, has degree two, which means respectively that it
has degree one. We will start with ¢;. After multiplying we obtain

c1(z) = Y13b122% + (1311 +712b12) 2 + (Y11 + V13610 +Y12011) T + Y10 + Y1210

Since the highest coefficient of ¢; has to be one we get

1

Mzbia =1 = vi3= b
12
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We also know that the second highest coefficient of ¢; is %} thus we obtain

a
M3bi1 + V12012 = 53

b a

~ b—i + Yi2b12 = 5
a3 b1y

S Y= —
2= op, B,

Now we also want to obtain ~v;; and ~59. To do this we will use the roots
P11 and Pia of by and plug these in equation (3C). Since both b; and by are
real polynomials of degree two we can easily calculate their roots with the
quadratic formula. Thus we get

By = —by1 + v/ bfl — 4b12b10

2b12
By = —bi1 — +/ b3, — 4bi12byg
12 2b12 9
By = —ba1 + / b§1 — 4baabag
21 2[)22 )
and
By = —bo1 — +/ b3, — 4baabag
22 Do .

For x = (17 we get

01(511)52(511) = Q(ﬁn)a(ﬁn)

< B+ Y0 = %- (18)
For x = (15 we get

01(512)52(512) = Q(Bm)a(ﬁH)

< Y1bi2 + Y0 = %- (19)

Thus it only remains to solve the system of equations (18) and (19) for 7,
and v10. By (18)-(19) we get

Q(ﬁn)a(ﬁn)bQ(ﬁlz) - Q(ﬂm)a(ﬁm)@(ﬁn)
(511 - 512)1)2(512)52(511) .

M1 = (20)
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Inserting (20) in (18) gives us

_ B11Q(B12)a(B12)ba(B11) — B12Q(Bi1)a(Bi1)ba(Bi2)
: (Bi1 — B12)ba(B12)ba(Bnr)
Thus we received ¢;. As we already know the denominator of these coeffi-

cients needs to contain the Resultant of b; and b,. And we can easily see
that this is true by calculating by(S12)b2(f11):

—by1 — /b, — 4bysbip\ 2 —by; — /0%, — 4bysb
(b22< 11 11 12 10) F by 11 11 12 10+b20)

. (21)

2019 2b12
—bi1 + v/ b3 — 4b1obig\ 2 —bi1 + b} — 4biabig

ba )+ +bao)
( 2 Sb1s 21 1o 20
Y biobd;  bigb3,  2b10baobaz  biibagbar b baobas  bigbiibaibos
= by + = - o + 2 - 2

bia b, bio bio by bis
B Res(bl, bg)
b

Thus we have the Resultant in the denominator. We will now use the same
procedure again to obtain co. We know that the degree of ¢; is one due to the
calculations on page 51. Thus the polynomial of degree one that is multiplied
by by needs to vanish. Hence v;3 = 715 = 0. It remains to solve for 7;; and
710. We will do this by inserting the roots 2; and fag of by in equation (3C).
For x = (51 we obtain

C2 (521)51 (521) = Q(ﬁm)a(ﬁm)

< YorPa + Y20 = %ﬁf)ﬁm) (22)
For x = (59 we obtain

62(522)[)1 (522) = Q(ﬁm)a(ﬁn)

& Vo222 + Y20 = %ﬁi)ﬁm). (23)

By (22)-(23) we receive

_ Q(ﬁZl)@<521)bl(622) - Q(ﬁm)@(ﬂm)bl(ﬁm) (24>
" (Bar — Pa2)b1 (Ba)b (B |

By inserting the expression from (24) in (22) we get

(
(
a0 = ,621Q(ﬁ22)a(ﬁ22)b1(621) - 22Q(621)a(521)51(522)

" (Ba1 — B22)b1(B22)b1 (B1) '

g (25)
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With the same calculations as above we can show that
b1(Ba2)b1(B21) = —5—=

Thus we already solved equation (3C) for @, c; and c;. Now we can commit
ourselves to find a, b, and by. We will start by creating a new equation (4C)
out of (1C) and (2C) by calculating by-(1C)—by-(2C). This gives us:

205 (1 + 2?)ac, — 2(2xa + (14 2)a’)(c1by — caby) — 261 (1 + 2%)ad),

= 21.)16Lb2 — 262@[)1

(§:C>)

205 (1 + 2?)ac, — 2(2xa + (14 2%)a')Qa — 2by (1 + z%)ad),
= 2(31ab2 — 262&1)1

2a
-~

by(1+ 22)¢, — (2za+ (1 + 22)d")Q — by (1 + 22)c), = biby — byby  (40)
We will now paramterize by as follows

by () = by + big + Ky, by (),
where 611, 1312 and kp, are real numbers and 62 through

by () = by + bog + Kp,ba(),

where 1521, 1522 and rp, are real numbers. We will undergo the same procedure
to determine these coefficients as we did for the polynomials ¢; and ¢o. Thus
we will start to determine 611 and 612 through the roots of b;. Inserting S,
in (4C) gives us

ba(B11) (1 + B51) (Br1) — 261161 (Bi1)be(Bi1) — (1 + B71)d (Bi1)Q(B11)
= 61(511)52(511)
=

511511 + 510 =

ba(B11) (1 + B2)¢y(B11) — 2B11e1(Bi1)ba(B11) — (1 + B2)d (811)Q(B11)  (26)
ba(B11) '

For (315 we get

611512 + 610 =
ba(B12) (1 + %) (Bi2) — 2B12¢1(B12)ba(Bi2) — (1 + Biy)d (B12)Q(Si2) (27)
ba(Br2) '
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Now (26)-(27) gives us

511(511 — bi2) =
ba(B11) (1 + B (Bi1) — 28111 (Bi1)ba(Bi1) — (1 + B7)d’ (B11)Q(B11)
ba(Br1)
b2 (B12) (1 + B75)ch (Br2) — 2B12¢1(B12)ba(Br2) — (14 75)ad’ (B12)Q(Pr2)
ba2(Br2) '

Hence we get

biy = [ba(Br2) (b2(B1r) (1 + B71)ch (Bur) — 2B11¢1(B11)ba(Bua)
— (1+ 83)d’ (811)Q(B11)) = b2(B11) (ba(Br2) (1 + )¢, (Bra)
— 261261 (B12)ba(Br2) — (1 + B75)d’ (B12)Q(B12))]
/[(Br1 — Br2)b2(B11)ba(B12)]-

Since we know that by(11)ba(S12)b3, = Res(by, by) and that ¢; is a polynomial

with Res(by,bs) in its denominator by, is an expression with Res(by, by)? i
its denominator. With b;; and (26) we will now obtain by, which is as follows

bio = [Br1ba(B11) (b2(Br2) (1 + BE) ) (Bi2) — 2B12¢1(Br2)ba(Br2)
— (1 + B1,)d (Br2)Q(B12)) — Bizba(Br2) (b2(B11) (1 + B51) 4 (B11)

- 251101(511)52(511) - (1 + 511) (511)@ 5 ))]/[(511 - 512)b2(511)b2(ﬁ12)]-
(29)

(28)

This expression can also be written with Res(by,by) in its denominator. It
remains now to determine the constant xp,. We will do this by using equation
(1C) and equating coefficients of x°. With the latest parametrization of ¢;
the left-hand side of (1C) becomes
2(1 4 %) (z* 4 azz® + asx® + a1x + ao) (Y11 + (113 + Y12) (2b12x + by1)
+ 13(b1o2® 4+ b1z + big)) — 2x(x! + azz® + axx® + a1z + ao) (Y@ + Yo
+ (7132 + Y12) (D122 4 bi1w + b)) — (1 + 22) (42 + 3asx® + 222 + a1)
(V12 4+ 10 + (Y137 + Y12) (b122* + b1z + big)).
Thus the coefficients of 2% on the left side are
4913012 + 2711 + 2712011 + 2713010 + 2713b10 + 203713011
+ 4azvi2b12 + 2a3713b11 + 4agy13bia + 2a2713b12 — 2711
— 2713b10 — 2712011 — 2a3713011 — 2a3712012 — 202713012
— 413012 — 4711 — 4713010 — 4712011 — 3az13bin
— 3azV12012 — 2a2713012
= —azv12b12 — 4v11 — 4713010 — 412011 — a3 V13011
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Due to the special parametrization of b; the coefficient on the right side is
Kp, b12. Thus we get
o — azy12b12 — 411 — 4713b10 — 4712011 — azy13011
b1 - .
b12

(30)

Therefore we calculated all coefficients of 61. Now we want to do the same
procedure once again to determine all coefficients of by. We will start with
by1 and by, which we will get through the roots of by. Inserting sy in (4C)
gives us

b1(B21) (1 + 83,)ch(Ba1) — 2B212(Ba1)b1(Ba1) — (1 + B21)a’ (B21)Q(B21)
= 52(521)1?1 (B21)
=

521521 + 620 =

b1 (Ba1) (1 + B2,)ch(Ba1) — 2B21¢2(B21)b1(Bar) — (14 B3,)a’(Ba1)Q(Bar)  (31)
b1(Ba1) '

For By we get

521522 + by =
b1(Ba2) (1 + 3,)ch(Baz) — 2Bazca(fa2)bi(Baz) — (1 + B835)a’ (Baz) Q(S22) (32)
b1(B22) '

Through (31)-(32) we obtain

b1 = [b1(Baz) (b1 (Ba1) (1 + B3,)ch(Ba1) — 2B21¢2(Ba1)b1(Bar)
— (14 82)d'(B21)Q(Ba1)) — br(Ba1) (01(Ba2) (1 + B3 ) 5 (Sa2)
— 2B22¢2(B22)b1(B22) — (1 4 B3,)d’ (B22)Q(Ba2))]

/1(Bar — Baz)b1(Ba21)b1(B22)].

With by; and (31) we will now obtain by, which is as follows

bao = [Ba1b1 (B21) (b1 (B22) (1 + B32)ch(Ba2) — 2Ba2¢1(S22) b1 (f22)
— (14 83,)a’(B22)Q(B22)) — B22b1(B22) (b1 (Bar) (1 + 53,)ch(Bor)
— 2B1¢2(Br1)b1 (Ba1) — (14 531)d' (B21)Q(821))]/[(Bor — Ba2)b1(Ba21)b1(B22)].
(34)
Now it remains to calculate r;,. We will equate the coefficients of 2% in

equation (2C). Due to the parametrization of ¢y = 912 + 729 the left-hand
side becomes

2(1 4+ %) (z* 4 azx® + apx® + a1z + ag)ye1 — 20(z* 4 azx® + agr? + arx

4 ag) (Vo1 + v20) — (1 + 2?) (42> + 3asx? + 2a92 + a1) (Y212 + Ya0).

(33)
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Thus the coefficients of x% are
27921 — 27921 — 421 = —4991.
The coefficient of 2% on the right-hand side are 2Kpybaa. Thus we get

—27
Rpy, = b22 .

(35)

The final step is to obtain a from either (1C) or (2C) since the solution of
by is much shorter we will use (2C) to solve for a. By subtracting bya and
dividing by —b, we get

2(1 + 2?)acy, — (2za + (1 + 22)a’ )y — 2baa
by '

(36)

a =
With the parametrizations of the polynomials we get:

2(1 + 2% ayer — (2xa + (1 + 2)d’) (Y1 + 720) — 2(62117 + 620 + Kp,0o)a
“b,

a =

In the way we determined the polynomials a, b, and by under the conditions
that deg(cs) = 2 we could now also determine them again in the same way
under the condition that deg(c;) = 2 that would lead to another vector field
Vs. In this case ¢; would actually have degree one as did ¢, in the previous
case. Therefore the terms for by would be longer. All the procedures used in
this chapter can be applied to the second case. The next task would be to
try simplifying these polynomials.
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7 Conclusion

At the end of this work we want to summarize the findings and observations
we obtained in this thesis and point to interesting topics that could be in-
vestigated in another thesis or even in research papers.

We have seen that the space 82 is a submanifold of the space of spectral
curves H? that describe constant mean curvature tori. To investigate this
submanifold we introduced infinitisemal Whitham deformations, which led
to tangent vector fields on the frame bundle F. We were able to prove that
given the values of ¢;(1) and ¢2(1) we can uniquely solve three equations for
these tangent vectors.

In a second step we calculated two explicit vector fields V; and V5. Un-
fortunately the formulas that describe these vector fields are rather long and
unwieldy. Thus further calculations were left out. Nevertheless we concluded
that the entries of i)l and 62 were linearly independent. Thus these vector
fields commute in T.

With these vector fields we could define a mapping ¢ : 82 — S' x SL. It
would be necessary to extend this mapping to boundary points of 82 to get
(@, by,by) in the boundary of T. It would then be possible to integrate these
vector fields.

In [KHS17| the corresponding solutions of the Sinh-Gordon equation are
calculated with the restrain that the highest coefficient of a is one. We gave
a rotation of A such that all the coefficients of a can be transformed to an a,,
with highest coefficient one.

An interesting step for future research would be to find reasoning for ¢ to
be a bijection. Thus any point on S! x S! would be in one to one and onto
correspondence to a spectral curve in 8.

At the end of this thesis we used Cayley transforms on the spectral pa-
rameter to transform it into a real variable. We obtained real polynomials
with shorter terms than in chapter four. Hence it was a success. But the
polynomials are still very long. Nevertheless one could try to calculate the
Lie bracket or use computer programs to simplify the polynomials in another
thesis.
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