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Abstract

The elliptic sinh-Gordon equation arises in the context of surface theory. We investigate
solutions of spectral genus two. These solutions are parametrized by a certain class of Poly-
nomial Killing fields, which can be regarded as periodic flows on complex matrix-valued
polynomials of degree three. The determinant is an integral of motion with respect to these
flows and the main part of this elaboration examines the corresponding isospectral sets in
dependence on the position of the determinant’s roots. Thereby, solutions of spectral genus
one and zero are investigated as well. The determinants with pairwise distinct zeroes gen-
erate lattices of periods. Finally, the mapping from the set of these determinants to the set
of equivalent classes of isomorphic lattices is continuously extended to those with several
roots.

Zusammenfassung

Die elliptische sinh-Gordon Gleichung entsteht im Kontext von Flachentheorie. Wir unter-
suchen Losungen vom sogenannten Spektralgeschlecht zwei. Diese Losungen werden durch
eine Klasse polynomialer Killingfelder parametrisiert, welche man als periodische Fliisse auf
komplexen Polynomen von Grad drei mit Matrixkoeffizienten auffassen kann. Deren Deter-
minante ist beziiglich dieser Fliisse ein Integral der Bewegung und das Hauptaugenmerk
meiner Ausarbeitung liegt auf der Untersuchung der resultierenden Isospektralmengen in
Abhidngigkeit von der Lage der Determinantennullstellen. Dabei werden auch Lésungen
von Spektralgeschlecht eins und null untersucht. Die Determinanten mit paarweise ver-
schiedenen Nullstellen induzieren Periodengitter. Zuletzt wird die Abbildung, welche diese
Determinanten auf die Aquivalenzklassenmenge isomorpher Gitter abbildet, auf solche mit
mehrfachen Nullstellen stetig fortgesetzt.
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1. INTRODUCTION RICARDO PENA HOEPNER

1 Introduction
The elliptic, nonlinear sinh-Gordon equation
Au +sinh(2u) =0

for twice partially differentiable functions u : R? — R has applications in the context of
surfaces of constant mean curvature. Due to its algebraic structure, there are infinite-type
as well as finite-type solutions. The finite-type class is parametrized in the following way:
For each nonnegative integer ¢ € Ny - the so-called spectral genus - there exists a family
of solutions whose complexity increases with g. The simplest case g = 0 corresponds only
to the constant zero solution (vacuum solution). The case ¢ = 1 can be expressed in terms
of elliptic functions and is well-known (as the Delaunay solution). In this thesis, solutions
of spectral genus g = 2 are investigated. Almost all of these solutions are doubly periodic
and the examination of the corresponding lattices of periods forms a crucial element of this
work.

Now a short overview of the following chapters is given.

The second chapter puts emphasis on various fundamental findings regarding both submani-
folds and orbits of ordinary differential equations. This will matter tremendously during the
analysis of solutions of the Lax equations on compact isospectral sets.

The third chapter deals with commutators of vector fields. We will figure out how a com-
mutator is defined and that it basically is a vector field itself. Furthermore, we will prove
a relationship between the commutator of two vector fields and the commutativity of the
respective local flows.

In the fourth chapter the set of potentials is introduced as the set on which the parametrization
of solutions will be defined. Moreover, we investigate the moduli space being the space of
corresponding determinant polynomials.

Chapter five examines Polynomial Killing fields which are defined on the potential set from
chapter four and parametrize solutions of the sinh-Gordon equation of spectral genus g = 2.
By means of chapters two and three, we are able to make clear statements on the behavior of
flows induced by the Lax equations.

In chapter six the isospectral sets are structurally analyzed in dependence on the roots” posi-
tion of the determinant polynomials from the moduli space. Most essentially, we will inves-
tigate whether the flows induced by the Lax equations act transitively on the isospectral sets.

The seventh chapter deals with the lattice of periods induced by particular determinant poly-
nomials. We understand what isomorphy of lattices means and start to analyze the mapping
which transfers such determinant polynomials on the set of equivalent classes of isomorphic
lattices by giving an intuition of the mapping’s behavior on the boundary of its domain.

Chapter eight summarizes the most important results and gives a short outlook on possible
future research topics.
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2 Preliminaries

In this chapter, the main tools of the upcoming analysis are presented. One of the most
important theorems of this thesis is the Implicit Function Theorem A.2, which forms a fun-
damental part of every Advanced Calculus lecture. Closely connected is the study of subman-
ifolds as spaces where - heuristically spoken - the Implicit Function Theorem is applicable.
The second part of this section quickly repeats basic results from the theory of ordinary dif-
ferential equations.

2.1 Submanifolds

The main parts of this chapter originate Kénigsberger [1]. We denote by R4 C R” the d-
dimensional subspace
R := {x € R" | x4 = --- = x, = 0}.

Furthermore, for the entire chapter we denote by V, W finite-dimensional, normed K-vector
spaces.

Definition 2.1 (Submanifold).

A nonempty set M C V is called d-dimensional differentiable submanifold of V if, given any
point a € M, there is a neighbourhood O C V of 4, an open set O’ C R" and a diffeomor-
phism ¢ : O — O’ such that

P(MNO)=RINO. (2.1)

Such a diffeomorphism ¢ is called a chart for M and the set {¢; }ic; of charts is called an atlas
for M if {O;}ies is a cover of M.

Obviously, the dimension d is uniquely determined since any diffeomorphism maintains di-
mensions. For the rest of this work, differentiable submanifold will be abbreviated submanifold.

Example 2.2.

The sphere S" ! is a (n — 1)-dimensional submanifold of R":

Let N = (0,...,0,1) be the north pole and S = (0,...,0,—1) the south pole. Consider the
stereographic projections ¢ : R" \ K — R}~ with K € {S, N}. Stereographic projections
are diffeomorphisms and thus, ¢y and ¢s are charts. Furthermore, S"~!\ N and §"~1\ S
form a cover of $" !, so {¢s, ¢ } is an atlas for 5" 1.

The next theorem characterizes submanifolds locally as solutions of certain equation sys-
tems.

Theorem 2.3.

A nonempty subset M of a n-dimensional normed vector space V is a d-dimensional submanifold
if and only if given any point a € M there is a neighbourhood O C V of a as well as (n — d)
continuously differentiable functions fi, ..., fy—q : O — R such that

(i) MNO={x€ O] fi(x)=---= fy_a(x) =0} and

(ii) the differentials dfi(a),...,df,_4(a) in a are linearly independent.
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Proof.
First, let M be a submanifold and a € M arbitrary. Consider the Cartesian components of
the mapping ¢ = (¢1,...,¢,) and define

fi = ¢a with k=1,...,n—d.

Then (i) follows by (2.1).

Since ¢ is a diffeomorphism, d¢(a) = (d¢i(a),...,d¢p,(a)) : V — R" is an isomorphism and
(ii) directly follows.

Conversely, assume the condition above is satisfied and select an arbitrary a € M. Notice
thatdfi(a),...,df,_4(a) € L(V,R) and dim(L(V,R)) = dim(V) dim(R) = n. By (ii) and
Basis Extension Theorem, there exist d linear maps Iy, ...,1l; € L(V,R) such that

11,. ey ld, df](ﬂ),. ey dfn,d(a)

form a basis of £(V,R). Consider the map

g:0—=R", x— (Ii(x),..., 1a(x), fi(x),..., fu_a(x)).

By construction,

dg(a): V=R, x> (Ih,...,15,df1(a),...,df,_4(a))(x)

is an isomorphism and we can apply the Inverse Function Theorem A.1 on g at the point a.
Thus, there is an open set U’ C O containing a such that the restriction

=g, U =0
with O’ := g(U’) is a diffeomorphism. Finally, (i) yields
pMNU) =RINO
and (2.1) is satisfied. q.e.d.

Definition 2.4.

x € O C V is called regular point of a differentiable map f : O — W when the differential
df(x) : V. — W is onto.

Furthermore, y € W is called reqular value of f when all x € f~!(y) are regular points or
when the pre-image is empty.

Corollary 2.5.
Let O C V be an open set, f : O — W a continuously differentiable map, c € W a reqular value and
M := f~Y(c) its level set. If M is nonempty, then M is a submanifold of V with dimension

dimM =dimV — dim W.

Proof.
We need to check the conditions of Theorem 2.3. Let a € M. Since a is a regular point, the
differential df (a) : V — W is a surjective and linear mapping which implies

dim(im(df(a))) = dim(W)
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and by the Rank Theorem we have

dim(V) = dim(ker(df(a))) + dim(im(df(a)))
= dim(ker(df(a))) + dim(W)

or simply dim(V) > dim(W). Let n := dimV and d := dim V — dim W > 0. Notice the fact
that dim V /ker(df(a)) = n — d and with the Fundamental Theorem on Homomorphisms
we obtain that there exists an isomorphism i : W — R"~“. Consider the mapping

F: VR x—iof(x)-C
with C := i(c). We define O := V and focus on the Cartesian components
F=(F,...,Fpq)

which are continuously differentiable. Furthermore,

MNV=M=F10)={xe€V|F(x)=--=F,_4(x) =0}
by construction. Last but not least, given any a € M the differential dF(a) = iodf(a) is
surjective, so the components dFj, ..., dF,_; are linearly independent. q.e.d.
Definition 2.6.

Let M C V be a nonempty subset. A vector v € V is called tangent vector of M in the point
a € M if there exists a continuously differentiable curve

a:(—ge) > M

withe > 0, «(0) = a and a/(0) = v.

The set of tangent vectors of M in the point a € M is called tangent cone of M in a and will be
denoted as T, M.

In addition, if T, M is a vector space, we call it tangent space.

Theorem 2.7.
Let M be a d-dimensional differentiable submanifold of V. Then given any arbitrary point a € M the
following statements hold:

(i) T,M is a R-vector space of dimension d.

(ii) If there is a continuously differentiable function f : O — W on an open set O C V and a
reqular value c € W with pre-image M = f~(c), then

T.M = kerdf(a).
In particular, when V. = R" and W = R",
T,M = {v e R"| f'(a)v=0}.
Proof.

For (i), consider first the simplest d-dimensional submanifold M = ]R(d) NO' for O ¢ R"
open and @ € M. Obviously,

T:(RENO') = RY (2.2)
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and therefore, (i) holds. Regarding the general case, take a chart ¢ : O — O’ with the notation
from Definition 2.1 and notice that ¢ establishes a one-to-one relationship between the curve
a:(—¢€e) = MNO of M and the curve & := ¢ o « of M. Making use of the chain rule gives

«'(0) = (d(a)) ™" &'(0)
and consequently with (2.2)
T,M = T,(M0) = (dg(a)) ™ Ty (R§NO') = (dg(a)) " RS,

This proves (i).
For (ii), consider a curve a : (—¢,€) — M and recognize the fact that by assumption, foa = ¢
and therefore, df(a)a’(0) = 0. Hence,

T.M C kerdf(a).

Since ¢ is a regular value, df(a) : V. — W maps surjectively and therefore with the help of
the Rank-Nullity Theorem as well as Corollary 2.5 and (i) we obtain

dimkerdf(a) = dim V — dim(im(df(a)))
=dimV —dimW
=dim M
=d
=dim T,M

and (ii) is proven. q.e.d.

2.2 Orbits of Ordinary Differential Equations

This subsection presents some useful facts which will be essential during our analysis of the
Lax equations. The proof of the Picard-Lindel6f Theorem is presented in its full length since
some arguments work analogously in the ensuing proposition. This proposition provides
information about the solution’s behaviour close to the maximal interval’s boundaries. Main
parts of the argumentation originate from Barreira et al. [6].

Theorem 2.8 (Picard-Lindelof).

Let f : D — IR" be a continuous function on an open set D C R x R" which is locally Lipschitz
continuous with respect to the second variable. Then for any point (to, xo) € D, there exists a unique
solution of the initial value problem

X'(t) = f(t x),
x(to) = X0
in some open interval containing t.

Proof.
Let C(a,b) be the set of all bounded continuous functions y : (a,b) — R". We need to find

6
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a uniquely defined function x € C(a,b) in an appropriate open interval (a,b) containing fo
such that

x(t) = xo + ttf(s,x(s))ds (2.3)

for every t € (a,b). As this will be done with Banach’s Fixed Point Theorem, we need to
construct a metric space (X, d) such that the transformation of the right hand side of (2.3)
maps X to itself and is a contraction. Choose constants a < ty < b and B > 0 such that the
compact set satisfies

K :=[a,b] x B(xo,B) C D.
Moreover, we define
X := {x € C(a,b) | x(t) € B(xo,B) fort € (a,b)} C C(a,b),
and show that X is a complete metric space with distance
d(x,y) = sup{|[x(t) —y(t)| : t € (a,b)}.

Take any Cauchy sequence (xi)ken in X. Since (C(a,b),d) is a complete metric space, it
converges to a function x € C(a,b) and even x € X holds because

lr(#) — xof| = lim i (#) — xol| < B.

As mentioned before, we want to apply Banach Fixed-Point Theorem on X. Consider the
continuous transformation

T =0+ [ fsx(s))ds
and notice ,
[T (x)(t) = xoll < |l /to f(s,x(s))ds|| < (b—a)M

with
M :=max{||f(t,x) | (t,x) € K||} < o0

by compactness of the set K and continuity of the function f. Thus, for b — a sufficiently
small we have (b —a)M < Band T(X) C X. Furthermore, given x,y € X, locally Lipschitz
continuity yields

ITC) () = T < /t: Lljx(s) =y(s)llds < (b —a)Ld(x,y),
where L is the Lipschitz constant for the compact set K. Therefore,
d(T(x), T(y)) < (b—a)Ld(x,y)
for all x,y € X and with b — a sufficiently small we have
(b—a)L <1

in addition to (b —a)M < B and T is a contraction in the complete metric space X. By Banach
Theorem, we conclude that T has a unique fixed point x € X. q-e.d.

7
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Proposition 2.9.

Let f : D — IR" be a continuous function on an open set D C R x R" which is locally Lipschitz
continuous with respect to the second variable. If a solution x(t) of the equation x'(t) = f(t,x) has
maximal interval (a,b) C R, then for each compact set K C D there exists ¢ > 0 such that

(t,x(t)) e D\K foreveryt € (a,a+¢)U(b—¢,Db)
(when a = —oo the first interval is empty and when b = oo so is the second).

Proof (Sketch).

We consider only the endpoint b since the argument for a is entirely analogous. We proceed
by contradiction, so we assume that for some compact set K C D there exists a sequence
(tp)pen in R with t, 1 b for p — oo and

(tp,x(ty)) € K forevery p € N.

Since K is a compact subset of R x R", any sequence in K has a convergent subsequence with
limit in K. In particular, there exists a subsequence (f,, )ren and a point (b, xg) € K such that

kh_g)lo(tpkf x(tpk)) = (b, xO)'

Take a, B > 0 such that the following compact set satisfies
Ky :=[b—a,b+a] x B(xg,B) C D

and define the finite real number

M = sup{[[f(£,2)] : (£,%) € Kyp} < co.
As in the proof of Picard-Lindeldf, there exist a, > 0 with

2Ma < B.

Moreover, for each k € IN we consider the compact set

Lii= [ty — 5ty + 5] X B (x(tpk), §>
and notice the fact that by construction Ly C K,p for sufficiently small p holds true. There-
fore,

2sup{|If(t )] s x € Li}s <am% < B
In complete analogy to the proof of Picard-Lindelof, one can show that there exists a unique
solution . .
yilty = 5tp+5) = R

of the initial value problem
y'(t) = f(ty)
y(tpk) = x(tpk)‘

Since t,, + 5 > b for p sufficiently large, this means we have found an extension of the
solution x to the interval (a,t,, + 5). This contradicts the fact that b is the right bound of the
maximal interval. q.e.d.
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Theorem 2.10 (Criterion for Global Solutions).
Let f : D — IR" be a continuous function on an open set D C IR" which is locally Lipschitz
continuous and consider the autonomous equation

X'(t) = f(x(t))- (2.4)
Then any solution of this equation whose orbit is contained in a compact subset of D is global.

Proof.
Let F : R x D — R" be the function F(t,x) = f(x). Then we can rewrite (2.4) in the form

x'(t) = F(t, x(t)).

By Picard-Lindel6f Theorem 2.8, there exists a unique solution of the respective initial value
problem in some open intervall (a,b) C R comprising ty. We want to figure out how this
maximal interval looks like. Given an orbit {x(t) |t € (a,b)} of a solution x(t) which is
contained in some compact set K C D and m € R consider the compact set

Ky :=[—m,m] x KC R x D.
From Proposition 2.9 follows that there exists ¢, > 0 such that
(t,x(t)) ¢ Ky, foreveryt e (a,a+em)N(b—ep,b).

Hence, for any given m € R we have found some t € (a,b) so that one of the following
scenarios holds true:

(@) t ¢ [—m,m]and x(t) € K
(ii) t € [-m,m] and x(t) ¢ K
(iii) t ¢ [-m,m] and x(t) & K.
But the cases (ii) and (iii) are impossible due to
{x(t)|t € (a,b)} CK.
Consequently, for each m € R there exists €, > 0 such that
t ¢ [—m,m] forallt € (a,a+en)N(b—epnb).

Regarding m — co we conclude thata = —co and b = co. q.e.d.
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3 Commutators of Vector Fields

In the upcoming chapters we will be confronted with some ordinary differential equations
of the form 5
u
i [E, F](x).

Therefore, we need to understand what the right hand side means and how a commutator
of vector fields is defined - is it a vector field itself and what properties does it have? All of
these questions will be answered in this section without using manifold terminology. The
main results are to a large extent extracted from Schmidt [8].

Definition 3.1.
A vector field on an open subset () C R" is a vector-valued map E : (2 — R". Given a vector
field E, a point xp € () and an open interval I, C R containing zero, a parametric curve

x: Ly = Q t=x(t) = (x1(8), ..., x4(1))

with Cartesian coordinates is called integral curve of E passing through xq € ) if it satisfies
x(0) = xp and if it is a solution of the autonomous system of differential equations

x'(t) = E(x(t)). (3.1)

A continuously differentiable vector field E : (3 — R" is Lipschitz continuous and therefore
induces for xg € () a uniquely defined maximal integral curve by Picard Lindelof 2.8 (in the
sense of I, being maximal). We can assign two objects to such a vector field:

i) The local flow ¢ of E is defined on

Wg .= U IxOX{X()}CIRXQ

x0€Q)
and describes maximal integral curves
¢r: Wg — R", ¢pp(t,x0) := x(t).
In particular, a local flow satisfies

%0E (1)) = E(9e(t,30)) 62)

When I, = R for all xg € ), thus Wg = R x (), the local flow is global.

ii) The first-order linear differential operator Lg : C'(Q) — C(Q) computes the directional
derivative along E:

(Lef)(x) = E(x) - Vf(x) = ZEi(x)aJ;if)-

n
i=1
A quick calculation shows that this operator satisfies the product rule

Le(fg) = (Lef)g + f(LEg).

11
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Two continuously differentiable vector fields E, F on {3 C R" have commuting local flows
¢k, ¢r if

Pe(s, ¢r(t, x)) = ¢p(t, Pe(s, X))
foralls,t € R, x € Qsuch that (t,x) € W, (s,¢p(t,x)) € Wgand (s, x) € WE, (t,¢£(s,x)) €
WE. Notice the fact that this set is always a neighbourhood of {0} x {0} x Q.
In order to measure the degree of non-commutativity between the local flows ¢r and ¢r we
look at a smooth function f on () and for appropriate s, t, x the difference is

Ag(s, t,x) == f(Pe(s, pr(t, x)) — f(Pr(t (s, x)).

Obviously, Ay is a differentiable function which equals zero whenever s = 0 or t = 0 and
consequently, at (s, t) = (0,0) the first partial derivatives with respect to s or t disappear.
This justifies having a closer look at second partial derivatives.

Lemma 3.2.
The mixed partial derivative of /\ ¢ with respect to s and t at (s, t) = (0,0) equals the commutator of
the corresponding differential operators applied on f:

2
8?85 Byl = (Lelef ~ LeLef) ().
Proof.
Calculation yields
9 9
S| Feelsr(tx)) = (VFgels prlt,0)) - S (s, 900,)))
s=0 s=0

= (Vf(¢e(s, ¢r(t, x))) - E(Pe(s, e (t, x))))

= Vf(¢r(t,x)) - E(¢e(t %))
= (Lef)(¢E(t, x)).
The third equation holds due to the fact that integral curves solve the system of ordinary

differential equations (3.2). For reasons of simplicity, we substitute the function Lgf by g
and obtain

s=0

(9 (t, x))

t=0

21 wen et ) = o

t=0

— (s(o(tx) - 220,

t=0

= (V&(¢r(t,x)) - F(Pr(t, x)))

t=0
= (Lrg)(¢r(t, x)) .
= (LrLef)(x).
In total, we obtain
a2
aras|_,_ J(Or(s r(h ) = (LeLef)(x).

12
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By Schwarz” Theorem, the mixed partial derivative of the other term can be calculated in
reverse order such that the calculation works accordingly. q-e.d.

With other words, we established a relationship between the (non-)commutativity of local
flows and above mentioned differential operators. In the following, we want to specify this
relationship.

Inspired by Lemma 3.2, we define the commutator of operators

[Lr,Lg] := LrLg — LgLp
which, at first sight, wrongly seems to be a second-order operator.

Lemma 3.3.
LrLg — LgLp is a first-order linear differential operator and satisfies the product rule.

Proof.
LetE = (Ey,...,E;) and F = (Fy, ..., F,) the Cartesian components of the vector fields E, F
on the open set (3 C R". Product rule yields

n aE a n aZf

n a n a
LFLEfZZ;FiaTCi (; ]ax] ) Z aTclier Z l ]axax]

When subtracting LgLr from this expression the last sum disappears by Schwarz’ Theorem
and we obtain

" oE; of

(rbe = Lebr)f = 1121 < ox, B 9%, > o

Thus, [Lf, Lg| equals a first-order differential operator L with G(x) = E’(x)F(x) — F'(x)E(x).
In particular, the commutator is linear and the product rule holds. q.e.d.

Remark 3.4.
More generally, one can quickly show by calculation that if any two differential operators
satisfy the product rule, the corresponding commutator also satisfies the product rule.

Definition 3.5.
The vector field
G:Q—R" x+— G(x) = E'(x)F(x) — F'(x)E(x)

with Lg = [Lf, Lg] is called commutator of the vector fields F and E and will be denoted
[E, F]. The operation [+, -] is called Lie Bracket.

Lemma 3.6 (Properties of the Lie Bracket).
Let E, F and D be sufficiently differentiable vector fields defined on an open subset (2 C R".
The Lie Bracket satisfies the following identities:

(a) Bilinearity: For a,b € R,

[aE + bF, D] = a[E, D] + b[F, D]
[D,aE + bF| = a|D,E] + b[D, F|

13
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(b) Antisymmetry:
[E,F] = —[F, E]

(c) Jacobi-ldentitiy:
[E, [F,D]] + [F,[D,E]] + [D, [E,F]] = 0.

Proof.

(a) and (b) are obvious consequences of the definition and can be proven quickly using lin-
earity of differentiation.

For Jacobi-Identity, the corresponding differential operators need to be taken into consider-
ation. Linearity of differentiation yields

Lesr+p=Lg+Lr+Lp,

so we are allowed to look at the single differential operators and add them afterwards. The
definition of the Lie Bracket results in
Lig,rp)) = [Le, Lir,pj] = [LE, LeLp — Lp L]
= LgLrLp — LeLpLr — LrLpLg + LpLrLg

and analogously,
Lirp,e) = LeLpLg — LeLgLp — LpLgLp + LELpLF
Lip e = LoLelr — LpLpLg — LELpLp + LeLgLp.

The sum of these three terms equals zero. Consequently, the differential operator and, re-
spectively, the vector field disappear. q.e.d.

Remark 3.7.
Lemma 3.6 demonstrates that the space of first order linear vector fields on an open subset
Q) C R together with the commutator [+, -] form a Lie Algebra.

Theorem 3.8.
Let E and F be continuously differentiable vector fields defined on an open subset (3 C R".
The local flows ¢r and ¢r commute if and only if the commutator [E, F| disappears.

Proof.

When the flows commute, A f equals zero for all (s,t,x) such that A 7 is well-defined. In
particular, the second mixed partial derivative with respect to s and t in (s, f) = (0,0) equals
zero as well as [Lr, Lg] by Lemma 3.2. By definition of the vector field commutator,

[E,F] =0

holds.
Conversely, assume that [E, F] disappears. We define for (s, x) € W and sulfficiently small
t € R the differentiable local flow

¢s 2 (t,x) = pe(=s, Pr(t, Pe(s, x))).

Notice that ¢ needs to be chosen small enough in order to obtain

(t,pe(s,x)) € Wpand (—s, ¢p(t, pe(s, x))) € WE.

14
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This is possible since

(0,¢£(s,x)) € Wg and (—s, ¢r(0,¢£(s, x))) € WE.

Any continuously differentiable local flow of this form belongs to a vector field, so denote
by Bs the vector field associated to ¢s. We want to determine what B, looks like by using the
fact that the flow ¢ solves (3.2). In our case, this means

oPs B
P (t2) = Belgu(t, ).

By setting t = 0 we obtain the explicit form using the chain rule

Bs(x) = %(t,x)

ot =0
)
= g (PE(—S,(PF(t/(PE(S/x)))
t=0

= 9h (s, prpe )| 2| el ge(s )
t=0 t=0
).

= ¢r(—s,PE(s, x)) F(¢E(s, x)

Here - and for the remaining part of the proof - ¢ denotes the derivative with respect to the
space coordinate.

Our next goal is to differentiate for a given x € () the map s — Bs(x). In doing so, it is
quite challenging to differentiate the part ¢ (—s, ¢£(s, x)) directly. An elegant bypass of this
problem is to employ the convenient property of

R" — R", w — ¢p(—s, ¢e(s, x))w

being a linear map. More precisely, we avoid the difficulties in calculation by differentiating
its inverse mapping and then use differentiation properties of linear mappings in order to
deduce the desired derivative. To find the inverse function, we look at ¢r(—s, ¢ (s, x)) = x,
differentiate both sides with respect to x and obtain using chain rule

PE(—s, Pe(s, X)) PE(s, x) = 1. (33)

Hence, the inverse function of ¢ (—s, ¢ (s, x)) must be ¢;(s, x). Applying Schwarz’ Theo-
rem, differentiation with respect to s yields

oy _ P _ P _ OE(ge(s, %)) _ o ,
(%) = 522 (5,0) = 552 (s, %) = =2 = = E(@e(s, 1)) (s, %).

Again, the third equality holds by (3.2) and the fourth by the chain rule.

As a quick excursion, we consider a linear mapping A = A(s) depending on s and its inverse
A~1L. Differentiation on both sides of AA~! = 1 leads to
d d

9 ~1 9 A1y
(5 AT + A5 AT =0

15
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and thus,

(%A) = —A(%A*l)A.

We apply this relationship on our case (3.3) and obtain

d / / / / /
7 V(=8 PE(s, X)) = —@p(=s, ¢e(s, X)) EX(PE(s, %)) (s, X) P (=5, PE(s, X))
= —¢p(—s, (s, X)) E'(PE(s, x)).
Then we can calculate the derivative of Bs with respect to s

%Bs(x) = —¢&(—s,¢e(s, X)) E'(¢E(s, x) ) F (¢ (s, x))
PE(—s, Pe(s, X)) F'(¢E(s, x) )E(¢e(s, x))
= —¢k(—s,9e(s, X)) [E, F](¢x (s, x))
=0.

The last equality is valid since by assumption the commutator [E, F| disappears. Thus, the
mapping s — Bs(x) remains constant for all x € Q). Setting s = 0 yields ¢y = ¢, so By = F
and consequently, B; equals F for all s. In particular, both local flows coincide for sufficiently
small s:

Pe(=s,-) o Pr(t,-) o Pe(s, ) = ¢s(t,-) = Pr(t, ).
We conclude by linking ¢£ (s, -) on both sides

Pr(t, ) o Ppe(s, ) = ¢e(s,-) o pe(t, ).
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4 Potentials

During the next two chapters we will become familiar with the mentioned spectral genus
g = 2 family of solutions of the sinh-Gordon equation.

Before we turn towards the parametrization of solutions, we first analyze properties of the
set it will be defined on by introducing algebraic data. This set will be the set of so-called po-
tentials. Potentials have interesting symmetry-features which will be a subject of discussion
throughout the following pages.

Definition 4.1 (Potentials).
The set of potentials is the following set of cubic polynomials with matrix-valued coeffi-

cients:
e (1) 2o (3 9

0 0\ .4
+<71 0>A

a,BeC,y EIRJ“}

where A € C is called the spectral parameter.

Every {, € P, can be compactly written as

B ah — &N —y L4 BA — A2
éA_<,Y/\_EA2+,Y—1A3 —DC/\—i—EC/\Z (41)
and satisfies the reality condition
PErPREPE aA — a2 YATL = BAT2 4 71N
1/1 oy BATT = A2 —aA 4 ar2
= =0 (4.2)
Sometimes it will be useful to write {, abstractly as < /<4C(()\}8) ff(l)&)) with complex poly-
nomials A(A), B(A), C(A) of maximal degree two. Then it follows due to the reality condition
AMBAATL) = —A(A)
A2B(A-1) = —C(A)
A2C(A-1) = —B(A).

Now we are interested in the determinant of {, € Ps:
det{) = —A*(A) — AB(A)C(A)
= =N (a =8P = M=y A= ) (= pA )
= —A%(a® — 20@A + &*A%) — A(BYA — BBA% + By 'A°
— PN+ BYAT = A =14 By A =A%)
=AM (=22 = By = PN+ (208 + BB+ 77+ 7)A
+ (=0 = By = pr)A+1]
=: Aa(A).

17
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By the Fundamental Theorem of Algebra, a(A) has four (possibly multiple) roots in C \ {0}.
Moreover, the highest and lowest coefficient equal one and therefore, the roots” product
equals one. This can quickly be verified if we consider Aq,A, A3, A4 € C to be the roots of
a(A), compute

a(A) =(A—=A1)(A—=A) (A = A3) (A — Ay)
and verify after explicitly calculating the products that the lowest coefficient equals
MAsAsAy = 1.
Notice that the polynomial a()) takes the following form
a(A) =AM+ + A+ @A+ 1 (4.3)
with

o = —&—py ' —py €C
a = 20a+PB+7 +7 % €R.

Apart from this structural symmetry, the polynomial a(A) bears even more nice features due
to the properties of 7). Consider the following calculation using reality condition of {,:

Aa(A) = det{y = det(—=A>7f 1) = A®det {5 = A°A-Ta(A1) = A%a(A1).

So the a(A) inherits the reality condition

a(A) = A*a(A-1). (4.4)

In particular, if A is a root of a(A) another root is given by A; .
It is obvious that, in general, a(A) assumes values in the complex plane. However, again by
taking advantage of the suitably structured (), we will demonstrate that

A2a(A) >0 forA e S?
holds. To do so, we point out some facts from Linear algebra.

Definition 4.2.
A square matrix A is called skew-Hermitian if its conjugate transpose equals its negative:

A= _A.

Consider A to be skew-Hermitian, a an eigenvector and A the respective eigenvalue. Without
loss of generality, we assume a'a = 1 (otherwise we could take ﬁ instead of a). Now we

conduct a simple calculation

= = _ _t —t _tx _
A=Afa=a'da=atha =d'Ala=a

i
=
AN
I
|
R
>
8
I
|
>

and infer that skew-Hermitian matrices have purely imaginary eigenvalues.
Now consider the very specific case of A being 2 x 2, skew-Hermitian and traceless. Since

18
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the trace equals the sum of its eigenvalues, there exists a real number k € R such that the

eigenvalues are
A =ik, Ay = —ik.

Consequently, the determinant is real and non-negative, because
det A = MAy = ik (—ik) = k> > 0.

Now we are prepared to demonstrate the assertion above.
Obviously,

Al = (ATI — GA2 —y IATE 4 BATE — A2
P AT - BAs 49 Ad —aA" + @Al

is two-by-two, traceless and, for A € S 1 also skew-Hermitian. Due to the previous precon-
siderations, det(A=27,) > 0 for A € S! follows directly. As a result, for A € S!

0 < det(A~37,) = A 3det(Z)) = A 2a(A)

holds. These properties are not only necessary for {5 € P, but even sufficient and fully
characterize a(A), as shown in the upcoming

Theorem 4.3.
The above features fully characterize the determinant-polynomials a(A). This means, the following
sets are actually the same:

My:={ac C4[A] | Aa(A) = det(Zy) fora gy € Pa}

= {a € C*A]|a(0) =1, A*a(A-1) = a(A), A2a(A) > 0for A € S1}.

Proof.

After the above findings, it remains to show D. To do so, given any a(A) from the lower
set, we need to find appropriate («,B,7) € C x C x RT, such that the respective {, € P,
satisfies det({)) = Aa(A). Since a(0) = 1 and A*a(A~1) = a(A) the polynomial a(A) is
uniquely defined by the two roots A1, A; € C, namely

a(A) = (A= M) (A= A2) (A=A H(A = A1), (4.5)
Notice that a(0) = 1 implies A;AA; 'A; ! = 1 and therefore

(MAH =00 (4.6)
MATE =AM (4.7)

holds. Choose & = 0. Then, given 8 and 7, the {, should finally look like

6= <AC(EA) BE)A))

B(A) = —yA+BA—7" (4.8)
C(A) = 7y IA2—BA+19. (4.9)

with
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Knowing the fact that in the end
Aa(A) = det(gy) = —AB(A)C(A)

must pertain, the idea is to define B and C by distributing the roots of a(A) in a suitable way
and by constructing y (and implicitly B) such that the polynomials take the forms (4.8) and

(4.9). Accordingly, we define
B(A) = —v(A-A)(A =AY
=A%+ (A +ATHA = yAAL Y,
YA = M) (A=A
= A= T+ AT A+ AL

c(A)

(4.11) is of the form (4.8) if and only if

y = (MA;h)72
‘B = ’7(}\1 +}\£1) = (/\1;\2)% + ()\1/_\2)7%.

(4.10)
(4.11)
(4.12)
(4.13)

(4.14)
(4.15)

Thus, it remains to examine first, whether these 5,y also make (4.13) look like (4.9) and

second, whether v € R*.
The first part is easily verified using (4.6), since

YA = A ) T = (A (A ) T =y

and

= (LA 2 (A2 A7)
= ()\27\1)% + ()\2}\1)7%
=p

hold. For the second part we need to apply the last property of a(A). It is favourable to

regard it in the explicit form
A2aA) =AM —amA+a—aA T+ A2 >0 forA e S!
with
a1 = A+ A+ A7+ A
ay = (MA2) "+ MAT F MATT AT+ AT+ A,

Define

and apply the last property using (4.7):
A2a(A) = —MA N —mAda — @A - A
= -MA'—mA ta—m
A2a(=A) = —MAT ;A o+ @A = A0

>

|

|

>

N

>1
N I\)'Lb—\‘
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Adding A~2a(A) and A~2a(—A) yields
(MA2) P+ AT+ AT+ A4 >0

which is equivalent to

1 1 1
11 >0.
Atz (Mmzrz e et ) =

Since the term in brackets is real and positive, we infer A;A; > 0 and due to a(0) = 1 both
roots are nonzero. As a result,

AMAz >0

1
)\1> (Al)tz)z
=(2) =(22) >o
T <)\2 |A2]2

is valid and in particular

NI

q.e.d.

Definition 4.4.
The set M, is called moduli space.

Figure 1: Example of an elementa € M. Roots
r1e'?, 1 'e!?, re719, 7, 1e~¢ marked as blue bul-
let points.

Lastly, a relationship between the roots of {, and the corresponding polynomial a(A) is es-
sential. Therefore, we state

Theorem 4.5.

Let ) € Py and det(y = Aa(A) witha(A) € My.

If A € Cis aroot of {), then A is a double root of a(A).
Conversely, if A € S'is a root of a(A), then A is a root of { .

Proof.
Consider
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witharoot A € C\ {0}. In particular, A is a root of each of its entries, so there are polynomials
A, B, € of maximal degree one such that

A(A) = (A-1HAQW)
B(A) = (A-A4)B(A)
CA) = (A=A)CQ).

Now the assertion immediately follows since
Aa(A) =detly = —(A — A)? [A(A) — AB(A)C(A)].

For the reverse direction, we first conduct certain preconsiderations. We consider for A, B €
C™*" the so-called Frobenius product (details in Horn et al. [11])

(A,B)g := tr(A'B)

which is an inner product of matrices. Obviously, the modified Frobenius product

(A,B) = (A, B = » tr(A'B)
2 2
stays an inner product and induces a norm
[Al =/ (A, A).

Furthermore, remember the fact that the determinant of any 2 x 2 matrix A can be expressed
by its trace in the following way

1
5 [tr(A)* —tr(A?)].

Consequently, when A is 2 x 2, traceless and skew-Hermitian, the modified Frobenius norm

becomes
1 - 1 1
I|A]] \/2 tr(AtA) \/2 tr(—A2) \/ 5 tr(A?)

:\/; [tr(A)2 — tr(A2)] = v/det A

det(A) =

whereby the second identity comes from the skew-Hermitian property and the fourth from
the assumption of A being traceless. Thus, we have shown that the determinant of 2 x 2,
traceless, skew-Hermitian matrices defines a norm (squared). We have already seen that

)\_%C;L is such a matrix when A € S! so
A3, = det(A2,) = A 2a(A)  for A € SV,
Now, let A € S! be a root of a(A). Then the above formula yields

7_3
IA2Z;]> =0

and therefore, by separating points property of norms, , also has the root A. q.e.d.
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5 Polynomial Killing Fields

Now we want to introduce solutions of the sinh-Gordon equation of spectral genus g = 2.
They are parametrized by flows on the set of potentials which are induced by a particular
system of ordinary differential equations, the Lax equations. These so-called Polynomial
Killing fields hold symmetry features with which we acquainted ourselves in the last chapter
and we will see that the determinant function remains constant on the flows.

Definition 5.1.
Polynomial Killing fields are maps {, : R? — Py, (x,y) — {)(x,y) which solve the Lax equa-
tions

0 0
ToDU@) 5=V 6)

with £,(0) = £ € P, and

Obviously, the Lax equations (5.1) are a system of autonomous ordinary differential equa-
tions. Intuitively, these equations are well-defined since the product of the A ~! coefficient of
U(Z)) and the A° coefficient of {, equals zero regardless of the multiplication order. There-
fore, the right hand side defines a polynomial of degree four at most. As the product of the
A coefficient of U(,) and the A® coefficient of { equals zero as well, we obtain third degree
polynomials. The same arguments hold for V((,).

We have already seen that any {), € P, consists of a uniquely defined triplet

€= (00)a€C, B=(01)p€C,v=(lr)y €ER".

Consequently, the prerequisite that () is a map satisfying some differential equations can be
boiled down to some other uniquely defined differential equations on the maps «, 8, y. More
precisely, a Polynomial Killing induces a triple of complex functions

a:R? = C, (x,y) = (Ca(x,1)),
B: R? — C, (x/]/) = (g)\(xry»ﬁ
7: R = R, (x,y) = (Calxy)),
that need to satisfy a preferably manageable system of autonomous ordinary differential

equations. As in their standard form the Lax equations are rather unwieldy, this approach
is often beneficial. In our next step we will discern, what this system of equations in «, 8, 7y
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concretely looks like. To achieve this, we need to calculate the commutators on the right
hand side of (5.1) and compare the entries with the structure of ;. We obtain

—y T+ BA = A T AT
YA — BA? + 7 1A3 —aA + aA? y+971A i &

2 >

0 -1
—y 2+ 30% — Jak + By JAB— jap—ay+ &y
1 i 12 1 -1 2 | A
—a0y — 2Ry A —pak + Yy —
n —%ae‘c%—%&%—}—ﬁ’y’l 2 %rxv%—%ﬁf’y 2
—saB+3aB—ay t+ay —Jar+ 182+ By — 2
~1 0 .3
+<;¢x'yl+éﬁc’yl —1))L
as well as
a—a
U(ZA)Cr =

> —7*1_)\*1 - aA — &A? —y 4 BA — yA?
Y+ A Lt YA — BAZ + 4 1A3 —aA + &A?
1 1
2

ay L+ ay
0 -1
(—')/2 + 102 — Jan+ Byt —Jap+ jaB+ay — Ec'yl>
sy + sy s02 — Jam+ By —y 2
—lam + 1a? + By — 472 —3 1
tlia_ 1-7 -1
sap — B+ ary

For the commutator’s computation, we can regard ¢, and U({,) as linear mappings due to
their two-by-two matrix form. The derivative of a linear mapping equals the mapping itself,
so Definition 3.5 boils down to a subtraction of the latter matrix from the first one:

[CA, U(CA)] = CaAU(Cr) — U(CA)CA
0 —&y ! —ay!
™)

Y+By—By =0 —ap+ap—2uy+2ay!
+< —ay — &y —’rz—ﬁ'r+5’y‘1+’y‘2>)‘
N < 1+ By =By +o7? ay +ay >/\2

—af+ap—2ay 2y =By 4Py -2

0 0\ .3

In complete analogy, we conduct the same calculation in order to obtain the right hand side
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commutator of (5.1):

. aA — a2 —7 71 BA — A2 I GV S
g/\V(C?\) =1 <,),/\ . BAZ + ,),*1)\3 —D(/\+5€/\2 —uda

(o )

+<’y_2+1(x2+ Tar + By —f«xﬁ—f(xﬁ-i-wy-l—:x'y )i/\

—Jay + ay %rx + Jar + By~ + 2

—tam — Fa%r — Byl — o2 %uc'y %Ec'y a2

|\ .5 f-2 1 A 1.~ iA
—sap—sap+ay t+ay —Jan—ia?—pBy—o72

and
L ST A — &A2 1 BA — A2
_ > YA+ aA —& T A BA—Y
V(Cr)CA 1<7_ ~1) _ath > <7A_/3A2+71A3 —aA + aA? )
_ (1 _%5‘7_1"'—%“7_1 i
0 -1
N Y2+ ia? 4+ lam+ Byt lap+lap—ay—ay! N
lay — lay To2 + lam+ By + 72
+ <1_%£m 1 %[-12 By 571_ v 1 _%1“,;+ %&71 2) ir2
aB+3aB—ayT —Rky —a& — &5 — By —
1 0\ ..3
A°.
i (—%m‘1+éﬁw‘l 1>l

In total, we obtain

[CA, V(ZA)] = CAV(Cr) — V(Ca)Ca

_ 0 5‘7_1 - Dcry_l i
—\0 0

n (—72 +BY By +7r —ap—ap+2ay+ 2@7—1> 0

—ay + @y Y —By+py -9
+< =Byl iprte @y — &y >M2
af—ap+2ayt+2my 4Pyt — Py — 2

0 0\ .4
+ (oc'y_l —ay ! 0) A%

By comparing the entries of the commutators with those from ) we have justified the fol-
lowing

Lemma 5.2.
Let ) be a Polynomial Killing field. Then the entries a, B : R> — C and v : R — R™ satisfy the
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modified Lax equations:

alx 2 5 -1 -2 a(x o -2 n~—1 2
3 = TRy =Br ay—l(v + By — By —7)
B _ _ B . _ _ 1
a——aﬁ+aﬁ—2a'y+2tx7 a]/—z(—oc[%—acﬁ+20c'y+2a'y )
gZI—m—M gzi(&v—m)-
Proof.
The assertion is a direct consequence of the above commutators” structure. q.e.d.
Remark 5.3.
Notice that
al——ac —ay=-2yR(a) e R
o YA =Ly
and
oY
Em =i(ay—ay) =273(x) €R

A first application of the modified Lax equations comes across when analysing the role of the
determinant polynomial a(A) with reference to the Lax equations. We will demonstrate that
a(A) is a so-called integral of motion, which means a constant quantity along the trajectories
of the Lax equations.

Lemma 5.4.
The determinant polynomial a(A) from (4.3) is an integral of motion with respect to the Lax equations.

Proof.
From (4.3), we recall that the coefficients of a(A) are

o = —a*—py ' — Py eC
am = 208+BB+7 +7 % €ER

We calculate the derivatives by inserting the Lax equations and conclude that the coefficients
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remain constant.
= gy el
= 2a(yB—7 2+ = pr!) — (—ap+ap—2uy+2ay )y
+ By A (—ay — &) — B(—ay —&y) — (—&B +ap —2&y +2a7 )y
= 2By + 28y > —2&Y* +2&By L +aByt — &Py ! 20 — 2&y 2
—apy = apy  FaPy + aPy +apy — apy + 229 - 2u
=0
da Jox d ~ 8
a =y T o
= —2a(i(—y 7~ Py + !37‘1 + )) — (i(—ap—ap+2ay +2ay""))y "
+ By 2 (i(ay — ay)) — Bi(Ry — ay)) — (@B + ap —2ay — 2077 "))y
= 2iafry 4 2iay " — 2iay® — 2iapy ! — 2ia + iafy ' +iapy Tt — 2iay 2
—inpy t +iapy ! —iaBy + iaBy + 2ix — infy — iapy + 2iky?
=0

Therefore, the coefficient i, of course remains constant as well.

04y ou ox 9P 2B

oy =25 A2+ -ft B 331

= 2&(7* + By — [37’1 - 7’2) +2u(y + By =By —7?)
+ B(—ap+ap — 2&y +2ay 1) + B(—ap + ap — 2y +2&y ")
+2y(—ay —ay) — 297 (—ay — &y)

= 289 +2aBy — 2&By Tt — 28y 2 4 2% 4 2aBy — 2apy !
— 2072 — RBP + aPp — 2aPy +2uapy " — app + app
—20By + 2&PBy ! — 209 — 2a% 4 20y 2 4 26y 2

=0

+ 2y B’Y 29~

%”; = 235@ +20¢g§ + gsﬁ + 535 273; — 27333
=2&(i(y 2+ By — By ' =) +2a(i(—y 2= Br+ By + 1Y)
+ B(i(aB + ap — 2y —2ay 1)) + B(i(—ap — ap +2ay + 2877 "))
+27(i (M —ay)) =297 (i(@y — ay))
= 2iay "% + 2By — 2iapy ' — 2ixy* — 2iay % — 2iapry
+ 2iafy ! + 2iay? + kPP + inBp — 2By — 2iapy ' — inpp
— &P + 2iafy + 2&py ! + 2iay® — 2iay? — 2iay > + 2iay >
= 0.
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The next issue to be solved is whether such a Polynomial Killing field exists at all. Inspired
by the Lax equations, we have a look at the continuously differentiable vector fields

E(Cy) := [Ca, U(CA)]
F(Ca) := [CA, V(CA)]-

As discussed in section 3, they induce local flows ¢r(x, {)), pr(y, {1) in P2, which satisfy the
respective parts of the Lax equations. Applying previous results, we obtain the following

Lemma 5.5.
The local flows ¢r(x) and ¢r(y) obtained by the Lax equations commute.

Proof.
According to Theorem 3.8 it suffices to show that the commutator of the vector fields E, F
disappears.

[E,F](¢r) = E'F(¢r) — F'E(G))
= [F(Ca), U(ZA)] + [Ca, U (TA) (F(Za)
—[E(Q1), V(ZA)] = (2, VI(TA)(E(C
)

— [ VL U] + [a, (g

0
— (g2, U(Z)), V(ED)] - [Q, V() ( é;A)]

= [[Cr, V(CA)], U(CA)] = [[Cr, U(GA)], V(2]

[ 5

- [gm [V(2A), U(Cr)] + aua(ygA) - av;f)\)}

The last equality is a quick calculation using the properties of the Lie bracket from Lemma
3.6. Jacobi-Identity and Antisymmetry yield

0= [0, [U(Ca), V(E)I] + [U(GA), [V(Cr), Call + [V(CA), [Ga, U(EA)]]
=[O, [U(CA), V(E)I] = [[V(Ca), Cal, U(EA)] = [[Ca, U(CA)], V(CA)]
= —[0r, [V(Ca), U(G)I] + [[GA, V(SA)], U(Z)] = [[Ca, U(SA)], V(SA)]-

Thus, it remains to prove the fact that the last expression equals zero. With the Lax equations
from Lemma 5.2 we can explicitly state the differentiation terms

_ 1(oa _ o0& _9r
UGy _ (0 G2, (2 (aﬁ aﬁ) 3y 0 0
0 0 0 AT+ 9y A Y —92 A
Y 5, 2 <—® + *) ay

%y
_ (0 iy M@)o
()

N (i(v‘z P+ 3B+B)(r=7") —iy (& — a) >
i (& —a) (V=9 +3B+B) (v =)
0 0
+(i’yl(tx—54 0 A
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0 0
+i(72—72+§(ﬁ+/3)(’7—71) —y(a+a) )
—y(a+a) Y=+ BB =)

. 0 0
T+ (—fy‘l(zx—kﬁc 0) A-

Combining both results in

_ <0 —7_1(“+5‘)> A1

U V(L) _ (0 2977,
TR R (AL

L <2(72 —7%) 2 )
2y 2(v=772)

. 0 0
+1 <2’yla 0) /\

Furthermore, [V ({)), U(Z))] needs to be calculated.

A e G A
V(CA)U(CA)— (,),_,Zyl}\ anra ) (’Y—l—’zY A &%a )
(=1 =yl
—1<0 1 >/\ !
+i<72 Y2+ (e + @) (a — &) —ya )
—y& v 2= (@ +a) (& —a))
(1o
"oy ta 1
(5 AT e S T A 4y
ueve = (, 420, e )i, et
(-1 vy
=i ( 0 1 >/\ 1
4 (—72 +972 4+ p((w+a) (e —a)) ya )
& —7 24— (@ +a) (@ —a))
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So the commutator equals

[V(Za), U(ZA)] = V(CA)U(Zr) — U(CA)V(Cr)

. 0 —2’)/7156 -1
_1(0 0 )A

All in all, we have demonstrated that

oU(Cr) 9V(Cr)

14 = :
and therefore,
[E,F] =0.
q.e.d.
Remark 5.6.
With other words, we have implicitly shown that the second partial derivatives commute
since

FE@) = (52 V@l + P55 0l = Sl v - 52

and analogously,

i P
EF(G) = 3ot

However this notation is rather symbolic because the expressions on the right hand side are

not well-defined yet (at this point we do not know if there exists a {) (x, y) that satisfies both
Lax equations).

Remark 5.7 (Link to sinh-Gordon equation).
Equation (5.3) is called Maurer-Cartan equation and we will quickly demonstrate that its va-
lidity is deduced from the sinh-Gordon equation. This motivates the analysis of potentials
and polynomial killing fields. We introduce a new coordinate
zZ:=x+1y
and express the x, y-coordinates in terms of z
i

1 _ -
x:E(z+z) y:—i(z—z).

The derivative with respect to the new coordinate z can then be specified using the chain

rule
5 1/9 .2 5 1/a .2
2 2 <ax _’ay) %z 2 <ax +Zay) : G4
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It is essential to define the following variable
u:=Invy & e =«
and to calculate the derivative of u with respect to the new coordinate z using

u 13y u 19y

Now we obtain with (5.4)

ou Ju

2z~ " 2z

Subsequently, we express the Maurer-Cartan equation in terms of # and derivatives of  with
respect to z,Z (which will be denoted u;, u; for reasons of simplicity). First, the commutator
can be computed with the help of (5.2):

o 2(e =) 2e M us AT+ 2etu,
[V(g)\)f u(g)\)] =1 (281414:Z _|_2e—uuz)\ z(e—Zu _ eZu) . (55)
For the derivative terms, we rewrite the matrices U({)), V(Zy)
a—0 —154-1 1 —uy—1 u
_ 5= =y AT =) L (pluz—uz) —eMAT —e
Uy <'y+’yl)t = ) <e” +e UA %(uZ — Uz)
a+a —15-1 1 —uy—1 u
iy are =Y AT H Y L (—(uatuz) —eTMAT e
Vi = <’r—v‘1A —t > - l( e —e A J(uz+u)
and use the formulas
0 o 0 o] (0 9
= — + — — = —1 — = =
ox dz 0z oy 0z 0z
in order to calculate
oU(Zx) _ < T(uzz — 2uz: + uzz) A te ™ (uy — uz) — e (uz — uz)>
dy e"(uz — uz) + Ae " (u; — uz) %(—uii + 22Uz, — Uzz)
aV(C/\) — —%(Mzz + 2usz, + Mzz) A*le*u(uz + I/lz-) + e”(ug + MZ)
ox e (uz + uy) + Ae " (uy + usz) 3 (uzz + 2uz; + 1) '
This yields
AV(Zr) oU(Gr) _ . —2us, 2A e "ys + 2¢tu, (5.6)
ox dy  \2e"uz+2Ae "u 2us, ’ ’

Hence, the Maurer-Cartan equation is satisfied if and only if (5.5) equals (5.6) which reduces
to the condition

Uz, = (67 —e*) & uz +sinh(2u) =0

1
& EAM +sinh(2u) =0
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where the last equivalence is due to

Pu  d*u

Auzﬁ“‘aiyz

= (uzz + 2uz, + MZZ) - (uzz —2uz + uzz) = 4usz,.

If we choose z/ = 1z (which implies 1z, = 4us,) and conduct the same computations, the
Maurer-Cartan equation finally turns into the sinh-Gordon equation

Au + sinh(2u) = 0.

In the next step we show that the local flows ¢r, ¢r are global. We already know that both
flows keep the determinant constant or, equivalently, that the flows stay in the starting
point’s levels set of the map

FiPr— My, Ty a(d). (5.7)

Instead of looking at the quite unmanageable mapping f itself, we will again benefit from
the one-to-one correspondence between P, and C x C x R*. Thus, we can interpret f as a

mapping

o
fiCxCxRt > CxRY, (B H(?) (5.8)

v 2
with ay, a; from (4.3). Due to this correspondence, we will not distinguish between these two

interpretations anymore as it will be clear from the context, which mapping is meant.

Definition 5.8.
Level sets of the function f from (5.8) are called isospectral sets.
Given any a4 € M, we denote the respective isospectral set by I(a).

Proposition 5.9.
Fixa = A* + a1A% + apA? + @A + 1 € My. Then I(a) is compact.

Proof.
By Heine-Borel, it is sufficient to show closedness and boundedness.
Let 771, 71 be the projections on the first and second coefficient. The functions

fl = 7'(10f, (“rﬁ/y)'_)alz_&z_ﬁ’y_l_lgry
fri=mof (a,p,7) =208+ pB+7"+797>
are continuous, so the pre-images of closed sets are closed and consequently,
I(a) = fi () N f3 ' (a2)

is closed. For boundedness, it suffices to prove that f, ' (a2) is bounded since the intersection
of a bounded set with any other set is bounded. By definition of f5,

fy'(a2) C B (0, \/E[E) X B (0,4/@2) x (0,/a2)

holds true and as the set on the right hand side is bounded, so is the one on the left hand
side. q.e.d.
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Corollary 5.10.

Given any initial value (xo, Bo, v0) € C X C x R the solutions of the modified Lax equations (5.2)
are global, i.e. well-defined for all (x,y) € R?, and bounded.

Therefore, given any () € P we obtain a continuous, commutative group action

¢(x,v)(Cr) = ¢r(y, ¢e(x,0n))  for (x,y) € R
Furthermore, when a € My and {, € I(a) then ¢(x,y) (L)) € 1(a) for all times (x,y) € R2.

Proof.
Let 9 be the element in P, that belongs to (ao, Bo, 70) € C x C x R and ag(A) € M, its
determinant polynomial. Obiously, the modified Lax equations (5.2) are of type

S0 BT) =5@BY) 5 8B7) = B

with functions
gh:CxCxR"—-CxCxR

continuously differentiable. In particular, these mappings are locally Lipschitz continuous.
Furthermore, any solution’s orbit is contained in I(ag), which is compact by Proposition 5.9.
All in all, we can apply Theorem 2.10 and the first part of the assertion is provided.

For the second part, we consider the Lax equations in its original form (5.1). With the first
part, the local flows from Lemma 5.5 become global and commute. Clearly,

$(0,0)(Cr) = Ca-

The (two-dimensional) flow property (or compatibility condition) is a simple calculation
using commutativity in the third line:

¢(x2,y2) (¢(x1, 1) (Gr)) = ¢r(y2, PE(x2, ¢(x1,41)(Ca)))
= ¢r(v2, ¢r (x2, Pr(y1, ¢e(x1,01))))
= ¢r(v2, or (y1, ¢E(x2, P£(x1,22))))
= ¢r(y1 + Y2, e (x1 + x2,02))
= ¢(x1 + x2,y1 + y2)(0n)-

It remains to show continuity of the map (x,y, (1) — ¢(x,y)({r). We can rewrite this map-
ping by splitting it up into several maps
idx¢ ¢
(%, 00) = (12,00 = (1ee(x,00)) = ¢r(y, 9e(x,0) = ¢(x,y)(En)-

All of these mappings are continuous, so the combination is continuous as well.
The last statement is a direct consequence of Lemma 5.4. q-e.d.

Remark 5.11.

We will often call the group action ¢(x,y)(ly) (two dimensional) flow although, strictly
speaking, a flow must have one-dimensional time paramter domain by definition - this is
here clearly not the case. Analogously, we will call the compatibility condition flow prop-
erty as already done above.
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6 Isospectral Sets

In the previous section we have already detected that the level sets of the function f from
(5.8) are compact. In this part, we will extend our analysis of the isospectral sets with respect
to structural features. First, we define the following subsets of M,

MY = {ac Ma|A2a(A) > 0for A € S} (6.1)
M} = {a € M, |a has four pairwise distinct roots}. (6.2)
We will first confine ourselves to isospectral sets which originate from determinant polyno-

mials a € M2. This very restricting scenario will be the basic starting point from which we
intend to gain similar results for determinant polynomials with differently positioned roots.

6.1 The classical case: 2(\) has four pairwise distinct roots

Take a € M3}. If there was a A € S! such that A"2a(A) = 0, then this A would be a root of 4.
By reality condition (4.4), this root must be double, which contradicts the definition of M%
Therefore,

Mic MYc M, (6.3)

holds. Obviously, these subsets are open because the roots of the elements of both subsets are
not located on the unit circle. Consequently, we can always move the roots within a certain
e-neighbourhood ensuring that the resulting 2 remains in the respective subset (Figure 2a).

Sl T Sl . T
//E\ [/ L4 \; ’/—\\\\I L ll
(\ e ! \\»,/ ( PY ;\\‘7//
T R — R
[: ) \} N
~_ - [\/ ° \;
(a) M% is open as well (b) M is not open. Red
as MY (completely anal- bullet points indicate the
ogous). roots of the counter ex-
ample.
Figure 2: e-neighbourhoods (dashed circles) of given roots (blue points).

Crucially, the set M itself is not open: Consider an a € M3 \ M), i.e. a determinant poly-
nomial having at least one double root on S'. Then any e-environment contains elements
absent M, namely the ones which result when pushing the roots away from the double
root towards opposite directions along S (Figure 2b).

A fairly useful result is provided in the following

Lemma 6.1.
Each of the three sets (6.3) is path-connected and the set M3 \ M} is one-dimensional.

35



SOLUTIONS OF THE SINH-GORDON EQUATION OF SPECTRAL GENUS TWO

Proof.

The set My is convex (so in particular path-connected) since all conditions on its elements
a are linear. This finding and analogous argumentation yield path-connectedness of the
set MJ. Nevertheless, it is not obvious to infer path- connectedness of M} from path-
connectedness of M only because of (6.3). In general, subsets of path-connected sets do
not necessarily need to be path-connected since subsets may consist of two disjunct sub-
sets. However, our setting allows this conclusion, because the complement ./\/lg \ ./\/l% has
co-dimension of at least two, i.e. is one-dimensional. Therefore, it is impossible that M%
looks like described above and thus, it inherits path-connectedness from M(Z).

In order to complete the proof, we demonstrate the second part of the assertion, namely
one-dimensionality of the set M3 \ MJ. Take an arbitrary element a € M9\ MJ. The
polynomial a has at least one double root A\yg € C. If Ay € S 1 then

Ag2a(Ag) =0

which contradicts a € Mg. Hence, Ay ¢ S'. But then, since A is a double root, the reality
condition (4.4) demands A, ! to be a double root of a as well, so

a(A) = (A= A0)?(A = Ag )%

Moreover, the condition a(0) = 1 is reflected in

) Ao N2 A
A/\12:1<:><0) =%cr11
(AoAg ™) ol Ao{ }

o Mo {-1,1,i,—i}

Aol
o Ao € (RUIR)\ {0}

Since Ay ¢ S! we obtain
Ao € (RUIR)\ {—1,1,—i,i,0}.

Assume, Ag = ir withr € R\ {-1,0,1} and 7\6 L=yl respectively. Then
A2a(A) = A2(A —ri)?(A —rLi)2
= A2(A2 = 2rid — ) (A* = 2r A — )
=AM (r+r 2@+ D+ (2 A2
If we insert A = 1 € S! into this formula, we obtain
—2+7r”+r?) <0
which contradicts the condition that 2 € M. Since r was arbitrary, we directly obtain
A € R\ {-1,0,1}
and therefore, Mg \ M% has dimension of at most one. q.e.d.

Proposition 6.2.
Leta € MJ.
Then the isospectral set 1(a) is a compact, two-dimensional submanifold of C x C x R¥.
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Proof.
Compactness has already been proven. For the main assertion, we want to apply Corollary
2.5, thus, we need to show that any 4 € M} is a regular value of the function f from (5.8).
This is the case if and only if given any a € M} all {, € I(a) are regular points, i.e. the
derivatives

df((a,8,7)):CxCxR" - CxR

map surjectively - which implies that they possess rank three.
Leta € M} and consider

[ = ad — aA? —y L4 BA — A2
AT \YA = BAZ 44 1A3 —a) + &2

A(A B(A
R N P

By Theorem 4.5 we know that {, has no roots (a root in {, leads to a double root in a which
is impossible by assumption). This fact will be the fundament of our argumentation. Instead
of looking at f in its original form, we rather consider the complexification

M —&*— By~ — By
sla) = —a2=pr—py (6.5)
a 208+ BB+ + 72
and calculate the Jacobian matrix

0 —2&8 —y ' -y (Br>-p)
Jp={-2« 0 — =y (Br*-p)|. (6.6)
% 2w B B 2y

We need to demonstrate that ;. has full rank. First assume a # 0. Then the Jacobian can be
transformed via Gaussian elimination into

2« 0 -y = (Br?-B)
= 0 -2a —y' —y (Br?-p)
o 0 u 1% W

Q

fo: C*xRT — C?> xRT,

= ™™ R

where

W=2(y—77°)+a 'a(By > = B) +a"'a(py - ).

If the Jacobian J;, had no full rank, then U = V = W = 0. But then ¢, had a root in a o
which contradicts the assumption a € MJ. Therefore, J¢. has full rank when a # 0.
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If « =0, A(A) = 0 and consequently, {, is off-diagonal and has a root if and only if the
polynomials B(A) and C(A) have a common root. This is the case if and only if the resultant
res(B, C) equals zero. This argumentation and the insight that ¢, has no root leads to the
conclusion that the resultant must be nonzero

res(B,C) # 0.

Nevertheless, let us explicitly calculate the resultant as the determinant of the Sylvester ma-
trix (details can be found in Brieskorn [9]):

-y B —' 0

_ a1
res(B,C) = det 'qu _g fj ,6

0o yv' —-B v
= (=P =By +BB) v (B P = BB )
=B+ B -V + )+ -2 (6.7)
£ 0.

The second equation is due to Laplace expansion with respect to the first column. Now we
focus again on the complexified Jacobian J.. Since a = 0, the first two columns of (6.6)
disappear and we complete by showing that the determinant of the remaining 3 x 3 matrix
is nonzero.

-t =y (By*—PB)
det]p = | —y -1 (By*—pB)
p B 2y )
=29 2(y =) = By(BYy 2= B) —By(By > —B) + By ' (By > —B)
+By ' (By P —B) -2 (v —77)
=29 =2y =By + BBy — By + BBy + BBY T — By
+BBY - B =297+ 2y
=207 (B + - BBP )+ + 7 —2)
= —2797 1 res(B, C).

Since the resultant is nonzero, so is the determinant of the Jacobian matrix and the assertion
is proved. With the second part of Corollary 2.5 and the original map f, we obtain that the
dimension of the submanifold equals

dimI(a) =5-3=2.
q.e.d.

Lemma 6.3.

Consider a € M2 and let 1(a) be its isospectral set. Fix a triplet (a, B,7y) € C x C x R™ such that
{x € I(a) is satisfied.

Then the right hand side terms of the Lax equations (5.1)

(162, U] S0, V(ED])
form a basis of the tangent space of I(a) in .
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Proof.

With Theorem 2.7 (i) and Proposition 6.2 we immediately obtain that T, (I(a)) is a two-
dimensional R-vector space. Instead of looking at the quite unmanageable terms [, U({))]
and [{), V(x)] we rather consider the right hand side terms of the modified Lax equations
(5.2). Since f from (5.8) and I(a) satisfy the assumptions of Theorem 2.7 (ii) we know

T, (I(a)) = kerdf(Cx),

so we are comfortably allowed to focus on the derivative’s kernel (which is explicitly calcu-
lable) rather than on the abstract tangent space. As in the proof of Proposition 6.2 we regard
the complexification f. from (6.5) instead of f. As seen in Lemma 5.2, the right hand side
terms [(), U(Zy)] and [, V()] correspond to

’r +py—By =72 'r +l37 Byt
Y4By —pr -7 ﬁ7+57*1+7
Ox i= | —aB+ap— 20c’y+2(x'y ooy =i —oc_ﬁ—oc_/%+20c'y+2wy
—ap + af —2&y + 2ay ! ap +aB —2ay — 2!

—Qy — &y ay —wuy

and the proof reduces to demonstrating the following two steps:

(a) oy and 9, € kerdf.((a,&,p,B,v)") and
(b) 9 and 9, are linearly independent.

The derivative df.((a,a, B, B,7)") is given by the Jacobian matrix (6.6) and we obtain

YABy =By =972
0 —2& —y' -y (Br*-p) YHBpy—pr -7
Jrox=|—-2¢ 0 —y =yt (B —af + & — 2ay + 2ay !
28 2w B B 2(y—v7%) —ap + af — 2&y + 2ay !
—ay —ay
—2&y? — 2aBy +2aBy t+ 28y 2 +afyt — &Py 4+ 20 — 2&y 2+
—2ay? — 20y + Zaﬁ'rl + 2047*2 +aBy — aBy + 2ay? — 2a+
+2892 + 2aBy — 28By ! — 2&y 2 + 20y + 2aBy — 2aBy ! — 202 — aBB + apBp—

+apy !t —apy T+ 28 =20y —apy — @By +afy +apy
—2aBy +2aBy ! — apB + apB — 2aBy + 2aBy ! — 2ay? — 2&? + 2ay "2 + 2&y 2

(¢

+apy — tx,B’y + Za’y — 20 — oc,By — 5&,37’1 + aBy + &Py )
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] TP HBY =By =
0 —-2a —y' -y (Br*-p) Y2 =By+ By T+
59y = U (By2—p)|i| —ap—ap+ 2y +2ay!
ap +aB —2ay — 2y !
ay —ay
2ay 2+ 2aBy —2apyt —2&yt +aBy L +apy ! — 20 — 2y 23—
=1 ( —2ay 2 — 2aBy + 2aBy ! + 2a9* + afy + aBy — 2ay? — 2a—
28y 72+ 2&By — 2aBy ' — 2&9? — 2ay ™2 — 2aBy + 2afy ! + 2a9? — a BB — apB+

—&By !t —afy Tt F2a+ 20y  Fapy Tt —apy ! — &y +aBy
+2aBy +2&By ' +aBp +aBB — 2&By — 2aPfy 1 +2&y? — 2uy? — 2ay 2 + 20y 2

y

Hence, part (a) is proven. For (b), we take the notation (6.4) from Proposition 6.2 and distin-
guish between the same two cases again. Thus, let first « # 0 and consider v,w € C such
that

—aBy — aBy +2ay* +2a +apyt —aBy ! —afy +apy )

vdy + wdy = 0. (6.8)

We need to demonstrate that v = w = 0. To do so, we explicitly focus on the system of five
equations (6.8). The equation of the last component looks like

—ayo —ayv +ixyw —ieyw = 0
& —a(v+iw) —a(v—iw) =0
& v—iw= —ak (v+iw). (6.9)

Analogously, the third equation from (6.8) provides (inserting (6.9) in the second implication)
— afo + apo — 2ayv + 2ay v — infw — i&fw + 2iayw + 2iky ‘w = 0
= (—ap+2ay ") (v +iw) + (&8 — 2ay) (v —iw) = 0
= —2a (—'y’l + Blaz™t) — 'y(oaic’l)z> (v+iw) =0
= (v+iw)B(aa™') =0 (6.10)
and the fourth
— aBo + apo — 2&yv + 20y o + iaBw + iafw — 2ixyw — 2iay 'w = 0
= (ap —2&y) (v +iw) + 2ay ! —ap) (v —iw) =0
= —2a (’y — Blaa™t) + 7_1(1x5c_1)2) (v+iw) =0
= (v+iw) Claa™ 1) =0 (6.11)

40



6. [SOSPECTRAL SETS RICARDO PENA HOEPNER

with B, C from (6.4). If B(a&~!) = C(a&~!) = 0 then ¢, has a root in aa~! which contra-
dicts the assumption a € MJ. Therefore, at least one of them must be nonzero (by reality
condition we even receive that both must be nonzero), so

v+iw =20
and by (6.9) also

v—1iw=0.
In total, we obtain

v=-((v+iw)+ (v—iw)) =0

N —

and

0T g

When « = 0, the last three entries of d, and By equal zero and we can conduct the same
approach as in the last part of the proof of Proposition 6.2: Consider the 2 x 2 matrix that
consists of the remaining nonzero parts of d, and d, and calculate its determinant. If it
happens to be nonzero, the vectors d, and d, are linearly independent.

det (vi By =Py = i 4By =By =) )
vHby=fr = i =By B+ )
=i((P+Br—Br = (2= Br+pr )
~( By =Br =P+ Br—Br 17D
=i (1= B+ By =By = BB+ BBy + B+ B BB - B
By By 11 By By T B BB B By
By + B — BB =P+t + B — By — 1)
=2 (B + B2 - BB(P +772) +t 07 - 2)
= 2ires(B,C).
The last equality is due to our results in (6.7). The remaining argumentation goes strictly in
line with Proposition 6.2: Since a € M} by assumption, we obtain that {, has no roots, which

is equivalent to res(B, C) # 0 since « = 0. Consequently, the determinant is nonzero and the
proof is finished. q.e.d.

Definition 6.4.

Given a topological space V and two arbitrary points x,y € V a path-component of V is an
equivalence class of V under the equivalence relation which makes x equivalent to y if there
is a path from x to y. Any path-component is contained in a connected component.

Remark 6.5.
Obviously, a connected component which is path connected is a path-component. This cri-
terion will be used in the following
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Lemma 6.6.
Leta € M3 and g, € I(a). Then the orbit of the global flow ¢ from Corollary 5.10

Ag, = A{p(xy) (1) | (x,y) € R?}

is a path-component in the isospectral set 1(a).

Proof.
Since IR? is path-connected and

¢g, - (x,y) = ¢(x:y)(CA)

is a continuous function, the sets A;, are path-connected. Thus, it remains to show that
these sets are connected components. By using the same argument we obtain connectedness
of the considered set, so the question now is whether the maximality condition is satisfied,
i.e. whether there is no connected set containing A;, . To do so, we demonstrate the fact that
Ag, is open and closed with respect to the subspace topology of I(a).

If openness is proven, we directly obtain closedness: Take any (), from the complement
I(a) \ Az, Then the respective orbit satisfies

AQ N Ag)\ =0
and remains in the complement I(a) \ Ag, because if there were x1, x2, 1,2 € R such that

¢(x1,y1) (1) = (x2,42)(Cn)
then

O = ¢(—=x1, —y1)(@(x1,11)(Cr))
= ¢(—x1, —y1)(P(x2,y2)(Cr))
= ¢(x2 — x1,¥2 — y1)(Cr)

which implies {, € A;, and contradicts the assumption. Thus, the complement can be

written as
I(Q) \ AC/\ = U Ag/\
Grel(a)\Ag,

and since the sets A; are open in I(a) by assumption, the entire complement is open in I(a)
as an infinite union of open sets. In particular, A;, is closed in I(a).

To complete the proof, we need to demonstrate openness of the sets A;, with respect to
the subspace topology of I(a). We look at the restriction of the function f from (5.8) on

u:= f1(Mml:

o
fi=fl;:UCCxCxR" = CxR", (,8) e (Zl>.
v 2
Take an arbitrary {, € Az, with ¢, (%,7) = {y and det{) = Aa(A). We need to demonstrate
that there exists a neighbourhood of {) in A7, which is open in I(a). Without loss of general-

ity, we can assume {, = {, and ¥ = § = 0 since A ¢, = Ag, (or use an appropriate coordinate
transfer). We define the space

X, = kerdf(()
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and as stated in the proof of Lemma 6.3 we know that
dim(X;, ) = dim(kerdf(g,)) = dim(T;, (I(a))) = 2.

By Basis Extension Theorem we obtain an orthogonal complement Y;, with dim(Y;, ) = 3
and X; MYz, = @ such that
Xp, @Yy, = R°.

Thus, we can consider U as a subset of X; @ Y7, and we denote the X; ,Y;, components of
Ca by Ca = ({x, Cy). As shown in the proof of Proposition 6.2, the determinant polynomial a
is a regular value, so {, € I(a) is a regular point, which means that, by construction of X,
and Y¢,, the partial derivative

dfy(Cr) 1 Yz, = C xR € L(Y,,R?)

is invertible and we can apply the Implicit Function Theorem A.2 in {,. Hence, there are
open sets U’ C X;, containing {x and U” C Y;, comprising {y as well as a continuously
differentiable function
g:u'—=u"
such that
0h = (G, 8y) € (U xU")N1(a) & f € U'and §y = g(Cx)-

Consider now the projected flow with respect to the Xz, -coordinate

9r, 1 RE = Xy, () = (¢g, (%))

and examine the conditions of the Inverse Function Theorem A.1 in the point (0,0):

4)5 = 7x o ¢z, where 7y is the projection with respect to the X -coordinate. The global flow
¢¢, is partially differentiable by assumption and the partial derivatives are continuous. Thus,
the flow is continuously differentiable as well as the projection (as a linear map between
finite dimensional vector spaces) and consequently, the entire function ([)? is continuously
differentiable. Furthermore, by Lemma 6.3 we know that the right hand side terms of the
Lax equations form a basis of Tz, (I(a)) = kerdf({,) = X;, and hence, the derivative

d;,(0,0) : R* = Xz, (x,y) = x (00, U(G)] +y[02, V(EW)]

is an isomorphism. In addition, the projection 7x is a linear map, so drtx({,) = 7x, and acts
on X; as the identity. Putting all together yields

g7 (0,0) = drtx(Za) o dgpy, (0,0) = 7tx o dgpg, (0,0) = depz, (0,0).
€X;

Since the right hand side is an isomorphism, so is the left hand side and all assumptions of
the Inverse Function Theorem are satisfied. We obtain an open neigbourhood Uy C R? from
(0,0) such that

O := ¢ (Up) C Xg,

contains {, and the restriction
X| .
¢§A ’uo . uo — O

43



SOLUTIONS OF THE SINH-GORDON EQUATION OF SPECTRAL GENUS TWO

is a diffeomorphism. By making Uy sufficiently small we can assume

ocu.
Then the set
QO:= Oo X U”
is open and consequently,

{90, (x,y) [ (x,y) € Uo} = QN I(a) (6.12)
is open with respect to the subspace topology of I(a) and a neigbourhood of {, that lies in
Az, q.e.d.
Remark 6.7.

At first glance, one could think that the usage of the Implicit Function Theorem in the last
proof was redundant and that it is possible to start directly with Inverse Function Theorem.
Unfortunately, this approach would be wrong, the proof needs to be conducted in its full
length. The last equality (6.12) is only guaranteed by the Implicit Function Theorem, because
in general, just ”C” holds true. Given any (x,y) € Uy there exists one unique ¢, (x,y) =
C)» = (Cx, {y) on the left hand side, whereas on the right hand side there might be another
element ¢, = ({x, %) besides {y with {y # ). The Implicit Function Theorem ensures
that any element on the right hand side is uniquely defined by its X, -coordinate, so it is
impossible that both {, and /) are contained at the same time.

Theorem 6.8.
Let a € M% with roots ()\1,)_\1_ 1Ay, /_\2_ 1) pairwise distinct. Then the flows ¢ act transitively on

I(a).

Proof.
Due to Lemma 6.6, the isospectral set I(a) consists of possibly several path-components of
the form

Az, = {0 y) = ol y) (1) | (x,y) € R}

with an appropriate {, € I(a). We need to demonstrate that, indeed, the entire isospectral
set is described by exactly one of these A;,. The proof of Lemma 6.6 has shown that Az, is
open and closed in I(a). By Proposition 5.9, the isospectral set I(a) is compact and therefore,
Ag, itself is compact as a closed subset of a compact set. Consequently, the restriction of the
corresponding flows a(¢(x,y)), B(¢(x,v)), v(¢(x,y)) on Az, have compact images thanks to
the continuity of the mappings. We focus on

4, An = R 90 y)(62) = 7(¢(x,y)(62))

with compact image
im('y\AgA) C R".

Compact subsets of R possess a maximum value, so there is at least one {} € A¢, such that

v(Z3) =2 7(5)) forallfy € Ag,.
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So far, we have demonstrated that every path-component of I(a) has a local maximum of
the continuous function

7‘1(5{) 10y — ')’(g/\)'

Hence, we are interested in finding local maxima of this map. The structure for the rest of the
proof is the following. We will see that there exists exactly one local maximum (which then
must be ;). Consequently, any two path-components of I(a) have at least {} as a common
element and therefore, must be identical and we have proven the assertion. To show this,
we first need to consider the critical points of y. Notice that

B 0 B(A) oy 9y
gA—</\C(A) 0> & g_@_o. (6.13)

This is a direct consequence of the respective modified Lax equations (5.2)

dy _ il
g——v(ﬂcﬂ) - = —iy(a — &)

and the form of the diagonal elements
A(N) = aA —aA? = A(a — &)

because
d d
A(A)=0forallAeC & a=0 o =T _g
ox oy
The last equivalence holds since the condition x + & = 0 implies « € iIRand a —a& = 0
means & € R such that in total « = 0. This relationship along with the reality condition (4.2)
restricts the set of local maxima candidates on four different elements of I(a): Either B has

both roots inside the unit circle or both outside or one inside and one outside (Figure 3). In

St St St St

(a) (b) (c) (d)

Figure 3: Possible off-diagonal elements in I(a) given the roots of the determi-
nant polynomial a. Blue ones belong to the upper right hand side entry B(A),
red ones to the lower left hand side entry C(A).

the last case, there are only two scenarios imaginable, since due to the reality condition both
roots must be part of different root groups (A;,A; 1), i =1,2.
Since y({}) > 0 for any ) € P, and the logarithm function is strictly monotonous we will
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consider log 7y than vy for reasons of simplicity in the upcoming computations. We calculate
the Hessian matrix H (log y) using the formulas of the modified Lax equations (5.2):

ilo =—a—0x
ox gY =
82

521087 =—(=2r 2+ (B+Pr—(B+B)r ' +27%)
=(r =1 20+ D)+ (B+B).

Analogously, the derivatives with respect to the y-component yield

aaylog'y =i(d —w)
0? i _itn2. R 1 _ A2y _ (a2 a1 _ 2
ayzlomzl(—zw +py =By =) —ily " +Br—Br —7 ))
=292+ (B+B)y— (B+B)Y ' —27°
= (=1 20+ - (B+B).
The mixed partial derivatives must be identical by Lemma 5.5, so we obtain
92
oxay

logy =i(—y >+ By—By '+ +7 = Br+Br ' —7")
=i(B-B)(r+17")

92 .= 1

ng? =i(B—B)v+1 ).

In order to figure out which elements of the four possibilites above define local maxima, we

need to know the definite quadratic form of the Hessian #(log ). Due to its favourable

symmetric, two-by-two form we know that both eigenvalues are real numbers. We will
determine their sign by examining the determinant and the trace:

det (H(log)) = 2 lomi logy — ( > log 7)?
ox ay oxdy
= (r =y (4 + 1 = (B+B) + (B— By +17)
=4(7" =7 ) 4B + 487 — 4BB(Y + 7). (6.14)

In the last equation we used that

(Y= v+ )= =722

and

(Y+v D2 B=BP = +2+7 ) (B —2BB+B)

= BP0 —2BBY* + B +2B° — 4BB + 287 + PPy T —2BBy T+ B
(v=7"D2B+B*=(—2+72)(B*+2BB+B)

= B2 +2BBY + By — 28> — 4B — 2B + By P+ 2By T+ B
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which yields

(Y+7 2B =B = (v =7 ) (B+P) =4p + 4B —4BB(V +7172).
The trace of the Hessian looks like

92 9
tr(H(logy)) = 55 logy + 87210557

=4(r 2 =), (6.15)

Both terms, the determinant and the trace, are quite unmanageable and besides, they do
not provide any information about the location of the roots of B(A). Therefore, we need to
substitute B and 7y by expressions that only depend on the roots A1, A,. Since the product of
the roots equals one, we immediately obtain

MAy € IR\ {0}
Thus, when writing A and A, in polar coordinates, they have the following form
)\1 = rleiq’ /\2 = Vze_iq)

where 1,72 € R, ¢ € [0,27]. We compare both representations of the off-diagonal entry
B(A)

B(A) = —yA*+BA — 7!
B(A) = —y(A = A1) (A = Ap)
= A2+ (M + M)A — YA,

and obtain
1 1
M =—1 o = =
YMA2 Y Y A, 20
as well as

A+ A .
B=vy(M+A) = 17172 ,/“M,/z 9.

Furthermore, we can compute some of the expressions which appear in the determinant
term:

52: 12q9+2+ "2 ,-i2¢
(e ) (e )
= f+2cos(2(p -I—f
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Now we insert our findings in the determinant (6.14) and the trace (6.15)

113

tr(H(log 1) =4 (rira -~ )

2
det (H(logy)) =4 [(1 - r1rz> +4+2 <:1 + :2> cos(2¢)—
2 2 N

1 r r
- < + 1’11’2) (1 +2 4 2cos(2(p)>]
rira rn. n
1 2 r r 1
=4 [(r + 1’11’2> +2 (1 22— - rlrz) cos(2¢)—

2 " nr

1 1
=4 <r + 111y — n_ ) ( + 11y — 2cos(2(p)> )
172

r1¥r2

M N

The determinant’s sign is defined by the components M and N. Since the function
+ + 1
g:R" - R", x+—=x+ p

satisfies
g(x) >2 forall x € R™

and additionally,
2cos(2¢) <2 forall ¢ € [0,27]

holds, we immediately receive
N = g(rir2) —2cos(2¢) >0

and the determinant’s sign only depends on M. The function g strictly decreases on (0, 1],
increases on [1, 00) and satisfies

g(x) =g(x™1) forallx € RT.
Now we analyze which values of M are assumed in each of the four cases from Figure 3.

Cases 1 and 2:
If the roots of B(A) are both outside or both inside the unit circle, then 1,7, > 1orry, 7, < 1
and consequently,

1
rra

| —

r1ta, r%, r% >1 or >1

1
X
7’1 T

NN
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holds. Therefore,

rra " rra r2
nry > —- = — and rry > —- ==
1’2 1Y) 1’1 r1
or
1 1
1 17 r 1 17 1)
SR TR e B .
rr = ] rr; = r
" 5}
Strict monotonicity of g yields
"
M=g(rrn)—g <r> >0
2

or )
5!
M=g <r1r2> J (r2> > 0.

This means that the determinant of the Hessian is positive in both cases which implies that
both eigenvalues of the Hessian have the same sign.

Cases 3 and 4:
If the roots of B(A) are outside and inside the unit circle, thenr; > 1> rp orr, > 1 > r; and

consequently, . .
r r
1>1,134<1, 5<1 or r—2>1,r%<1,r—2<1
1

2 1’1 5

holds. Therefore,

r1 r1 71 r1 1 1

— > —ri=rn and —> = =—

14 T2 1¥) ra 1’1 r1r2
or

|¥) 1) 2 1Y) 1 1

= > —r% =1 and => == =—

T 7 r T 1’2 r17r

Strict monotonicity of g yields

M=g(rmn)—g (2) <0

or

»
M=g(rrn)—g (é) <0.

This means that the determinant of the Hessian is negative in cases 3 and 4 which implies
that both eigenvalues have different signs and the Hessian is indefinite. It follows that these
two cases describe saddle points and can be excluded as extremum candidates.

Consequently, we focus on cases 1 and 2 and take the trace of the Hessian into consideration

tr (H(logy)) = 4&(r112)
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with 1
g:R+—>]R,xn—>x—;.

This function § is strictly increasing with

Jim g(x)= e and  limg(x) =0

and root in x = 1. Therefore, the trace is negative when B(A) has both roots inside the unit
circle. This implies that both eigenvalues are negative, so the Hessian is negative-definite
and this element maximizes y. Analogously, the other element in which B(A) has roots out-
side the unit circle minimizes 7. Since there are no other extremum-candidates left, we have
demonstrated that there is exactly one maximizing element {3 (shown in the first picture of
Figure 3) and with the above argumentation, we have proven the assertion. q.e.d.

Remark 6.9.
We can find the sinh-Gordon equation in the trace expression (6.15) by substituting
u:=In(7y).
This yields
Au + 8sinh(2u) =0

After a suitable change of coordinates (as conducted in the end of Remark 5.7) we obtain the
sinh-Gordon equation in its well-known form

Au + sinh(2u) = 0.

The last theorem is quite spectacular and entails the question whether it is possible to obtain
a similar result when a ¢ MJ. We will see that the answer is yes, although the rationale of
this assertion is not obvious at all at first glance. If 2 has at least one double root, we cannot
apply the Implicit Function Theorem and the entire argumentation of the last pages breaks
down. Consequently, we need a new or modified approach and we distinguish between the
only remaining scenarios.

a) a has exactly one double root on S'.
b) a has two double roots on S! (of course, the case that a has a quadruple root is included).

c) a has two different double roots which are swapped by the mapping A — A~1.

6.2 Case a): The polynomial a()) has exactly one double root on S!
In this case, the determinant polynomial is of shape
a(A) = (A = A1)*(A = A2) (A — A7)

with A; € S!. By Theorem 4.5 we immediately obtain that any {) € I(a) has the root A;.
This suggests to divide () by A1 with the hope of bringing  in a form which resembles the
standard case.
5 1
= A

CA (6.16)
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and

1

det ({)) = /\ma(/\)

= Ad(A). (6.17)
Unfortunately, (1) does in general not own any symmetry-property comparable to the ones
of Theorem 4.3. However, notice that {, is a matrix polynomial of degree two as well as the
respective determinant polynomial 4(A) is of degree two and has two different roots. This
motivates us to analyze Polynomial Killing Fields of spectral genus ¢ = 1, although yet it
remains unclear how a relationship to , could be established.

Definition 6.10 (Potentials).
The set of potentials is the following set of quadratic polynomials with matrix-valued coeffi-
cients:

pe e (08 (7 B (0 O)

Every ¢, € P; can be compactly written as

& €R,B eIR—}.

‘= i\ B+ BA
AT BA—BIAZ —iad
and satisfies the reality condition
amt o f —iRATL AT BTIATEY
ATCr=4 (B—l A A1 =6
The determinant equals
det(Ga) = &A%+ (B~ + BA)(BA+ BN
= 2224 A+ (B4 B 2)A2+ A3
=AM+ @+ +pHA+1)
= /\611 ()\)
where
a(A) = A2+ (@@ + B HAF1 (6.18)
and we state

Lemma 6.11.
The following sets are the same:

M = {a; € C*[A] | Aay(A) = det(Ey) fora &y € P1}
= {a; € C*[A]|a(0) =1, A%a(A-1) = a(A), A ta(A) > 0for A € St

Proof.
This proof can be conducted in complete analogy to Theorem 4.3 and will just be sketched.
For the forward implication, we use the reality condition of ¢, as it was done before and
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notice the fact that A~1&, is traceless and skew-Hermitian for A € S'. For the converse direc-
tion, we choose a# = 0 and by the first and second property of 4, the determinant polynomial
must be of the form
a(A) = (A=M)(A =27
with A; € R. We denote by B and AC the off-diagonal entries of our future ¢,, choose
B(A) = B(A— 1)
CA) =B (A=2A)
and check by comparison of the coefficients that
5 1
P=ivm
must hold. To prove 3 € R~ it suffices to demonstrate A; < 0. Since
Ata(A) = A — (A + A7) + A >0 forall A € S,
selecting A = i € S! yields
M+AT <0
which directly implies A; < 0 because A is a real, nonzero number. q.e.d.
Lemma 6.12.
Let ¢y € Py and det(E)) = Aay(A) with ap € M;.

If A € Cis aroot of & then A is a double root of the determinant polynomial a.
Conversely, if A € S is a root of a(A), then A is a root of &,.

Proof.
This proof is completely analogous to the one of Theorem 4.5 with A~!¢, being traceless and
skew-Hermitian for A € S?. q.e.d.

As before, we define
MY :={ae Mi|A1a(A) > 0for A € ST}
M1} := {a € M;|a has two distinct roots}

with
M} c MY c M.

In analogy to (5.8) we define the function
fi:RxRT = RT, ("‘) > &2 4+ B2+ B2 (6.19)

and notice the pleasant fact
a 2&
v (5) = (2 23p0) =0

& = 0 and there is A € C such that
AB+pBt=0and A1+ B=0
g C;\ =0.

This relationship tremendously facilitates the proof of the upcoming
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Theorem 6.13.
Let a € M. Then the isospectral set 1(a) is a compact, one-dimensional submanifold of R x R™.

Proof.
As in Proposition 6.2 we want to prove that a € M] is a regular value. Due to Lemma 6.12
any ¢, € I(a) has no roots at all and consequently, the above relation yields

dfi(r) #0 forall &y € I(a).

Therefore, the linear mapping df1(¢,) is of full rank one and by Corollary (2.5), I(a) is a
submanifold of dimension 2 — 1 = 1. Compactness can be proven analogously to the way it
was done in Proposition 5.9. q.e.d.

Definition 6.14.
Polynomial Killing fields are maps &, : R? — Py, (£,9) — &,(%,9) which solve the Lax equa-
tions

o m@) % =) (6:20)

with ¢, (0) = ¢, € Py and

As before, we are interested in finding a more explicit representation of the Lax equations:

(G, Ui(Gr)] = GAU1(Cr) — Un(Ca)Ca
= AT15E - ATIE
=0.

Furthermore,
_ iR Bl BAN . 0 BIAT B
EaVi(Gr) = <_B)‘_3_1/\2 A )z <_B+B_1A 0 )
_((FLHBPA=PPA+A?) (iap~! — iapA)
- Z< (i&BA—i&B*%Z) (—1+pA - 32A+/\2)>

e (b 2% i P i)
)

(=1 [5 2/\+ﬁ2/\+AZ (—iap~! +iapr)
‘Z< (—i&pA+iap1A2) (- 1—ﬁ2A+52A+A2>)
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holds and consequently, we obtain

[Gr, Vi(Ea)] = EaAVi(Ca) — Vi(8)Ea

o (2B2A—2B7A)  (2iaB - 2iaBA)
= <(2i&[§/\ —2iRB71A2) (2B2A —2B2A

)
(0 —2ap! 2i(f~% — B?) 20 0 0\ .,
(0 ) (o)t (g o)
which directly proves

Lemma 6.15.
Let &) be a Polynomial Killing field. Then the entries & : R> — R and B : R> — R~ satisfy the
modified Lax equations:

Q
>
Q
=
>

_— = _— = B2 — 2
p _ B _ i
Fram i

Hence, we obtain a one-dimensional local flow ¢(17)(Ex ).

Lemma 6.16.
The determinant polynomial a(A) from (6.18) is an integral of motion with respect to the Lax equa-
tions.

Proof.
Consider the coefficient z = &2 + % 4+ 72 and calculate the derivative using the modified
Lax equations

q.e.d.

If we combine Theorem 6.13 and Lemma 6.16 we directly obtain that the local flow ¢(7) is
global by means of Theorem 2.10.

Lemma 6.17.
Let a; € M3}, 1(ay) its isospectral set and fix a tuple (&, B) € R x R~ such that the corresponding
¢ satisfies ¢y € I(ay). Then the nonzero right hand side of the Lax equations

(81, V1(8A)]

forms a basis of the tangent space of 1(ay) in .

Proof.
With Theorem 2.7 (i) we immediately obtain that T, (I(a;)) is a one-dimensional R-vector
space because I(a;) is a one-dimensional submanifold. Since f; from (6.19) and I(a;) satisfy
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the assumptions of Theorem 2.7 (ii) we look at the kernel of df; rather than at the tangent
space itself and consider the right hand side terms of the modified Lax equations

5
dy = A .
28
It remains to prove that 9, € kerdf; ((&, B)!). Simple computation yields

A~ t "_2 _ A2 . R ) .
dfi((& B))ay = (23 _20;33> <2ﬁ 2&325 ) — 4Rp2 — 4ap? + 48p* — 4ap2 =0.
q.e.d.

In analogy to Lemma 6.6 we state

Lemma 6.18.
Let a € M} and &) € I(a). Then the orbit of the global flow ¢

Az, = {9(@) () [7 € R}

is a path-component in the isospectral set 1(a).

Proof.

The arguments seen in Lemma 6.6 hold true in this scenario as well. Again, the main work is
composed of proving openness of the set Az with respect to the subspace topology of I(a).
We consider the restriction of function f; from (6.19) on U := f; ' (M1):

A=Al UCRXR =R, (;) — &2+ B2+ B

Then we define vector spaces Xz, := kerdf;(¢,) and Y, via the Basis Extension Theorem
such that

Xé/\ ©® YC,\ =~ R,

Subsequently, we can apply the Implicit Function Theorem and the Inverse Function Theo-
rem to deduce the assertion. For details check Lemma 6.6. q.e.d.

Finally, we state the main result for spectral genus ¢ = 1:

Theorem 6.19.
Let a € M} with distinct roots A1, A{' € R. Then the flow ¢ acts transitively on I(a).

Proof.

Since things are less complex under these circumstances, we will present a new proof instead
of adapting the one from Theorem 6.8. First, we will show that I(a) is path-connected. Then
the assertion directly follows with Lemma 6.18. Again, we denote by

z=a2 4 P2+ p2
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the A-coefficient of the determinant polynomial a;(A) from (6.18). Notice that z > 2 since
p*+ B2 > 2 and &> > 0. The condition that & € R can be transformed into a requirement
for B via

B -z +1<0

L1 1
@(52—§z)2—1z2+1§0

@‘BZ—%ﬂg\/izz—l

where the last equivalence is valid due to the fact that z > 2. The last expression is equivalent

to

e |2 lp g 2, /1o

B~ < [2 12 1,2—i— 1z 1f.
In order to have f € R~ we infer

B e P, :=[v,w]

with constants v = v(z),w = w(z) € R, v < w. Thus, given any B € P, the above equiva-

lence yields two possible &:
b () =z P2 p2
ba(p) = —\z-p - B>

Since both mappings &1,&; : P, — R are continuous in 8 and as the graph of a continuous
mapping is path-connected, we have shown that the isospectral set consists of at most two
path-components. If we now choose 3 € 9P, we obtain &1() = &,(B) by construction, so
both graphs have a common element. Therefore, the isospectral set is path-connected.

7 1(as) o Je=3

Is
bl
Ny

\

\ -2

Figure 4: Level sets for z = 6,11
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Remark 6.20.
In this proof we have explicitly calculated the function ¢ whose existence is abstractly stated
in the Implicit Function Theorem.

Now we return to our initial problem. The interesting question is whether {, from (6.16) can
be associated - possibly after a certain transformation - with an element of ;. Moreover,
if the answer is yes, is this transformation stable on Polynomial Killing fields? With other
words, does a transformed Polynomial Killing field of spectral genus ¢ = 2 solve the (modi-
fied) Lax equations (6.20) of spectral genus ¢ = 1 and vice versa? For the first question, we
want to construct a continuous bijection of the form

R _ -1
o=l ) (% o) 621)

with suitable u, v, w € S! such that é’ A € P1. First, assume « # 0. Then the root satisfies
AM = an ' e St

and we denote the entries of ) in multiplicative form by comparing the coefficients with
(4.1) and using the relatity condition (4.2):

C(A) =71 ()\ — ocEc_l) ()\ — 'yzﬁax_1>

B(A) = —A%C(AT) = =A%~ (A7 = e !) (A7 — aa )
= =77 (1= A) (1-572)
= —y "aaan! (’y‘z(x_lﬁc - A) (d_lzx — /\)
() (1),

By construction, both entries coincide with the structure (4.1). Thereafter we can explicitly
compute

s Y, A& —y (A =~ 2aat)
b= (A o ) b= ()vy‘l (A —y?aat) —A&
and specify (6.21)
£ = u VA —w?y (A — y2aat)
A P \w oy A (A — PR —0&A

(0 uw?ylaa! UVR —uvw?y 0 0\ ,»
_(0 0 + —uvw2yka~!  —uva At uv*w=29~1 0 A

In order to obtain é A € P1, the following conditions must hold:

1_ .2 dz—1 _ .2

() uw?y laa = —uvPw 27! & wrRaT -0
(i) —uo w2y =uw?y laa! & vdowtra' = -1
(iii) —uvw?y = uvw2yan"! & whaal=-1
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(iv) uovr € iR

(v) —uvw?y € R™.

The values
_3
u=i(aa?) P =i(h) tes (6.22)
v=—an '=-1 €S8! (6.23)
1
w=(—aa")" = (—1y)i e S! (6.24)

are deduced by (i)-(iii). Furthermore, they satisfy equations (iv) and (v)

1
UoR = —i (&(x_1> "8 = —ila] € iR

Nl—=

—uvw?y =i (&(x_l)i (—Eux_1> % vy=—-y€R".

Hence, we conclude

s (0 —q71 —ila| —v 0 0\ .,
gA_<O ! >+< A () e

When a = 0 we conduct the same computations with an abstract A; € S! and find the same
u,v,w € S' as well as the same (, (but off-diagonal since a = 0).

The structure of the bijection (6.21) makes clear that {, has a root if and only if £, has a root.
By assumption and construction, @ 1 has no root and therefore, g 1 has no root either.

Now we want to check whether a Polynomial Killing field of spectral genus g = 2 is mapped
on a Polynomial Killing field of spectral genus ¢ = 1 under the transformation (6.21). For
reasons of simplicity, we show the reverse assertion, thus, we start from a Polynomial Killing
field ¢, (%,7) of spectral genus ¢ = 1 which has no roots and consider the inverse transfor-
mation

A _ w0 w 0
=u(A=N) ( 0 w) Co-1A (0 wl) (6.25)
T o 2 %A
_ (—i/\l_g/\Jri/\]_%) , T AP i pA
IAZPA —iAZ BN A
_ CRATIAZ 4+ RAIA BA2 = (Mp+ AT B A+ B!
g + (A B+MBHAZ - B & &
BN+ (A1 A DAZ — A AATIAZ —AAIA

0 3—1> <m/ 1 —BM - 1A1> —i/ Ay B 2 < 0 0) 3
= + /\ + A= A~ = /\ + P A
<0 0 —p —avA BA+ BN a4 -1 0
We receive an embedding Z from the two-dimensional set P; to the three-dimensional subset
Z(P1) C P, which is parametrised by (&, B, A1). From the form of (f A we can see Z as a
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& % /A
(1) () ()
A Y —p

We need to investigate the modified Lax equations from Lemma 5.2 of the transformed ¢,.
Unfortunately, the Lax equations of spectral genus g = 1 refer to coordinates (£, ) whereas
the equations of spectral genus ¢ = 2 consider coordinates (x,y). These coordinates are
generally not the same. Thus, converting the Lax equations of both spectral genus into each
other requires a change of coordinates. We will see that this change occurs with a rotation.
In order to make a transformed Polynomial Killing field from initial spectral genus ¢ = 1
comparable with one of spectral genus ¢ = 2, we translate the modified Lax equations from
Lemma 5.2, which are equations in &, 8,y with coordinates (x,y), into equations in &, B, A1
with coordinates (x, y) using the embedding Z.

The first transformation is fairly simple

a—’g :—a—’Y:(x'H—Ec’y: —ap(v/ A+ \/Z)

mapping

ox ox
For the other one, we consider
gi = —af+&p —2uy + 2ay !
= —av/Aa(=pAr = BN + &V A (—p = BIA) + 20/ M — 20 M B
= (v i) (Vi i) ap
as well as

9 dA, 8,3 8)\1 0B

o= o P e T P M
_ aa/:clﬁ a)”ﬁ +<\/>+\/>> <\/7+\/>>5c‘[§1

Combining both results yields

A1, OA1 5 g
LA
which implies (provided 8 # —1)
b
ox  ox
The case that 3 = —1 will be discussed after this analysis. Finally, we have
on _ o Byl q2
o =AY 137
=B = (—Br = IR+ (M — BB - B
=M (B p7%) + (13 B 2)
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as well as

o &N o o
x avik ox T VMgy T VMg

and consequently,
o s oA =
3= (F=57) (Va+VA)

holds. It remains to analyze the case in which = —1 in the calculation of %. Here we
cannot directly infer

o,

0x
so we stop examining this equation and focus on the derivative of a. With the same calcula-
tion, we obtain the equation

ME B+ - a2 U T

Multiplication of both sides with \/A; yields

Yl R G O R

The left hand side is real as it is the sum of a complex number and its complex conjugate and
thus, the right hand side must be real as well. For the next finding, we denote \/A; in polar
coordinates:

VAL =¢? = a\a/;Tl = aaxei(/’ = ie'? <aa¢>

x
= a\/)\l o 71'%0 a i‘P o a .
= VA o © 5= =1 a(p € iR.
Therefore, the right hand side is real if and only if
=0 or J Al: 1 %:
0x 2y/A; Ox
< &=0 or oM =0.
ox

In the first case, # = 0 and B = —1. But then, (f A has a root in A = 1 which is excluded by
assumption. This is why we conclude with the same result as for f # —1, namely

oA

W - 0.

Now we conduct the same computations in complete analogy with respect to the y-coordinate:

al;:—&yz—i(&y—av):i&A<\/71—m)-
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Furthermore, we have the equations
d
85 =1 (—oc,B —ap +2ay + 2&7’1)

= i (&v/M(BAr + A + &V A (BAr + ) — 2a/M B — 20V A B

and
0B O\, a;s oA 41 OB A,
ay~ ay oy Wﬁ Foyf
25 8/\1 A = —\ .. 54
——@ﬁ (\/ — VA ) iap + (\/)\1—\/)\1> iap
which implies
A1,  OA1 5
ETL T
So if B # —1 holds, then
o _
dy Iy
is valid. With an analogous argument as above, one can show that in case of = —1 we still
infer the same result. The last equation yields

?)10; =i (7‘2 +By—pByr ' - 72)
=i (B2 + (BM+ BB~ (Bl + B M)BT - )
=iM (B —p2) —i (B~ B7?)
as well as
ou &
ay VMo

5 =i (V= V) (8-,

All in all, we have proven the following

and therefore,

Lemma 6.21.

Let ay € M7 and &, (%,9) € 1(a1) a Polynomial Killing field of spectral genus one. If the transfor-
mation &, from (6.25) is a Polynomial Killing field of spectral genus two, then it satisfies the following
Lax equations (5.2)

% _ (52 (VA4 V) (- VE)
37’5 = _56,8(\//\714‘ \/71) g:][j:i&lg (\/7\»1—\//\71)

A g

o = a—ylzo.
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Theorem 6.22.

Consider a(A) € My which has exactly one double root on S'. Then the isospectral set I(a) is a

one-dimensional compact subset of C x C x R and the flows ¢ act transitively on I(a).

Proof.

It suffices to prove that the transformation (6.25) defines a one-to-one relationship between
the flows ¢ and the flow ¢ up to rotations in the coordinates. Then the claim directly follows
with our spectral g = 1 analysis, in particular with Theorem 6.19. Due to our preconsider-
ations, it remains to demonstrate that the Lax equations from Lemma 6.21 with respect to
the coordinates (x, y) are obtained by a rotation of the Lax equations from Lemma 6.15 with
respect to the coordinates (%, 7). This means, we show that there exists a ¢ € [0,27] such

(cos(go) sin(q))) % _ g%
—sin(¢p) cos(g) 7; ﬁ

that

and

<cos<¢> sin(qo)) 2\ _ (%
—sin(¢) cos(¢) 9% %® )

Remember from Lemma 6.15 that

QU
>

=0

4
™ =

=0

QJ‘QJ
=

Fri 2(872 - B
B . 4
9 2&pB.

From (6.27) we obtain the equations

sin(g) = 5 (VA + Vi) = —R(/A)

cos(g)

i = cos(g) +isin(g) = S(v/A1) — iR(V/A1)

Therefore, ¢ is the angle of the complex number iy/A; and in particular, ¢ only depends on
A1. We need to check whether ¢ satisfies the equations (6.26).

. o
sin(g) 55

o0&
cos(¢) a—yA

— (VA VR 257 - )
iz (VA - V) 2B - )

1 =
—15 (\/ /\1 —V )\1) = %(\/ )Ll)
In order to understand, how ¢ is exactly described, we use the following formula

= iv/A1.

o
© ox
an

_@_

(6.26)

(6.27)

It results that the coordinates (x,y) are obtained by a rotation of the coordinates (%,7)
about the angle ¢ and hence, the transformation (6.25) is stable on Polynomial Killing fields.

q.e.d.
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6.3 Case b): The polynomial a(1) has two double roots on S!

Theorem 6.23.
Consider a(\) € My with two double roots Ay, Ay € S* (possibly A1 = Aj). Then the isospectral
set I(a) consists of one point.

Proof.
We use the same technique as in the previous subsection. The determinant polynomial a(A)
must be of shape

a(A) = (A =A1)* (A = Az)*

and furthermore,

MA=1 = A=A
= A= j:/_\l

Therefore, {, € I(a) has two roots A1, £A; which implies that « = 0 and {, is off-diagonal.
In analogy to the previous discussions of the transformation (6.21) we know that the off-
diagonal entries of () must be

B(A) = =y (A= A1) (A —77%A)
C(A) =71 (A= A1) (A —~*A1).

Consequently, in order to satisfy the above conditions,
y=1€R" and A=A
must hold and S is uniquely given by
B = A1+ A =2R(N).

Hence, , € I(a) is uniquely defined by

€A=[<8 _01)+((1’ 8>A] (A=A A = 1y).

q.e.d.

6.4 Case c): The polynomial a(A) has two distinct double roots absent S'!

Let a(A) € M, with two distinct double roots (A1, A} 1) absent the unit circle. Then the
isospectral set I(a) falls into two disjunct subsets

I(a) = {Cxr € I(a) | Ca, #0}U{Cr € I(a) |y, =0} .

Ka L,

Notice the fact that we can apply the same argumentation as in the proof of Lemma 6.1 and
conclude that
A€ R\ {-1,0,1}.
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Thus, we can immediately indicate the determinant polynomial
a(A) = (A= A)P(A = A

Without loss of generality, we will assume A; to be inside the unit circle for the rest of the
chapter, so

A e (=1,1)\ {0}

(otherwise switch notation). i
First, we consider {, € L. By Theorem 4.5 and the reality condition (4.2), ¢, has single roots
A1, A7 ! and is hence - in analogy to case b) - uniquely defined as

0h = [(8 _01> + (2 8) A} (A=A (A =AY, (6.28)

In particular, L, is a singleton. Now, we focus on Kj:

Lemma 6.24.
Let a(A) € My with two distinct double roots (A, Al’l), A € R\ {—1,0,1}. Then the set K, is a
two-dimensional submanifold of C x C x R™.

Proof.

All ) € K, have no roots and one can demonstrate in complete analogy to the proof of
Proposition 6.2 that all elements of K, are regular points. The only changing detail consists
of the domain of the function f

U:=JK. = J(I(a) \ La).

This domain is an open set since the L, is a singleton and the union is conducted over all
a having the features assumed in the Lemma. The claim directly follows from Corollary
2.5. q.e.d.

Remark 6.25.
Notice that K; is not a compact set due to the above structure of the compact isospectral set

I(a).

Theorem 6.26.
Let a(A) € My with two distinct double roots (/\1,/\1’1), A € R\ {—1,0,1}. The flows ¢(x,y)
act transitively on both parts K,, L, of the isospectral set 1(a).

Proof.
We need to verify that ¢ remains in the part of the isospectral set it originated from:

iLreK, = ¢(x,y)(Z)) €K, forall (x,y) € R

This statement holds true because the pointwise view on Lax equations (5.1) makes clear
that whenever {, has a root in A, the right hand side of the Lax equations equal zero in A
and hence ¢(x,y)(Z,) has a root A for all times. In particular, if {, € K, and ¢(x,y)(Z)) ¢ K
we have ¢(x,y)({)) € L, and so

Gr = ¢(=x,—y) (¢(x,y)(C1)) € La
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follows with the above argumentation. However, this contradicts the assumption. Conse-
quently, the flow ¢ remains in the singleton L, for all times if and only if its starting point is
in L, so the flow ¢ acts transitively on L,. For (), € K, we can conduct the same proofs as in
Lemma 6.3 and Lemma 6.6 due to the favourable fact that {, is rootless in order to receive
that the sets

Mz :={p(x,y)(22) | (x,y) € R*} with{, € K,

define path-components in K,. By lack of compactness of K, we consider the closure Wg
instead of M itself. Since I(a) is compact, the closure M, either equals the set M itself or

E:MgULu.

The set M; is compact as a closed subset of the compact I(a). The rest of the proof leans
on the one from Theorem 6.8. The only deviation can be found in the number of possible
critical points, as there are only three different off-diagonal elements in I(a): The first with
B(A) having a double root inside the unit circle, the second with B(A) having a double root
outside the unit circle and the last with B(A) having mixed roots. The latter element corre-
sponds to {, from (6.28), is located in L, and is a saddle point. In particular, the arguments
and computations of Theorem 6.8 show that there exists one unique maximizing element
which is contained in every M; and does not equal {,, so

Ch € Mg
and we conclude that K; consists of exactly one path-component of the form M. q.e.d.

Remark 6.27.

This is the shortest proof we have developed using the results of the previous sections. How-
ever, there is another possibility to prove the above theorem with a very nice geometric ar-
gument. Starting from the point that the sets M; form path-components of K;, it remains to
prove that K, is path-connected in order to demonstrate the assertion. However, we prove
the path-connectedness of I(a) and gain path-connectedness of K, from the result that K, is a
two-dimensional submanifold, as the subtraction of one element ({, € L,) from I(a) cannot
destroy path-connectedness of the remaining two-dimensional set.

This will be done in two steps. First, one can show that given any element {, € I(a) there
is a continuous path in I(a) connecting () and an off-diagonal element by taking the con-
vex combination of the diagonal entries - the continuity condition makes the choice of the
off-diagonal entries unique. As mentioned above, there are only three types of off-diagonal
elements in I(a). Therefore, it remains to prove in the second step that these off-diagonal
elements are path-connected. In fact, the elements with B(A) having a double root either in-
side or outside the unit circle are path-connected to the third type of mixed roots {, from L,.
This is the interesting part. There exists a diagonal entry A(A)" with resulting off-diagonal
entries B, C’ such that B'C’ has a double root on S', a single root inside and a single root
outside the unit circle. The resulting ) is called bifurcation point. Given the off-diagonal {,
with B(A) having both roots inside the unit circle, one can construct a continuous path in
I(a) to ) as in the first step. At the bifurcation point, we switch the affiliation of the double
root from B’C’ such that the root that once belonged to B; now belongs to C; and vice versa.
Then we move the same root-path backwards (causing a new element-path!) and end up
in ) € L, by construction (Figure 5). When (, is off-diagonal with B(A) having both roots
outside the unit circle, C(A) has both inside and we conduct the same analogue argument.
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o .
(a) Initial situation (b) Movement towards
bifurcation point
3\
R — R
(c) Movement from bi- (d) Final situation

furcation point

Figure 5: Path-connectedness of off-diagonal elements. Bullet
points of the same color belong to the same off-diagonal entry.

We sum up this section by stating

Corollary 6.28.
Let a € M.

1. If a has four pairwise distinct roots, the isospectral sets I(a) are two-dimensional compact
submanifolds of C x C x R™. The flows ¢(x,y)({r) for given £, € I(a) act transitively on
the isospectral sets, i.e.

I(a) = {$p(x,y)(C2) | (x,y) € R*}.

2. If a has one double root on St and two distinct single roots, the isospectral sets I(a) are one-
dimensional compact subsets of C x C x R™. The flows ¢(x,y) (L)) for given () € 1(a) again
act transitively on the isospectral sets.

3. If a has two double roots on S, the isospectral set consists of one single element and the flows
¢(x,y)(Cr) for given {, € I(a) remain constant, i.e. they act transitively in a trivial way.

4. If a has two double roots Ay, A" absent S', the isospectral set falls into two distinct subsets

I(a) = {Cr € I(a) [Zn, # 0} U{ln € I(a) | Ca, = (5.1 = 0}

K, L,
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where K, is a two-dimensional submanifold of C x C x R and L, is a singleton.
On both parts of the level set the flows ¢(x,y)(Cx) act transitively for given () € I(a).
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7 Lattices of Periods

In the last section, we have determined the analytic properties of the isospectral sets in de-
pendence on the position of determinant polynomials” roots. In the classical case as well as
in cases a) and b) (i.e. whenever a has no double roots absent the unit circle) the orbits

I(a) = {$p(x,y)(C2) | (x,y) € R?*}

are compact. We now focus on these determinant polynomials for the rest of this elaboration
and define

M, := {a € M5 | ahas no double root absent S'}.

First of all, we define for given a ¢ Mvz and initial value {, € I(a) the set

= {xy) e R p(x)(62) = O} (7.1)
The upcoming lemma states its algebraic structure.

Lemma 7.1.
Let a € My. The set I'z C R? from (7.1) is an additive, abelian subgroup of R?.

In particular, 7 is a normal subgroup and R?/ I'z is well-defined.

Proof.
Given (x1,y1), (x2,¥2) € I', the flow property (compare Remark 5.11) of ¢ yields

¢(x1+x2,y1 +¥2)(0r) = p(x1,11) (P(x2,42)(C1)) = p(x1,41)(0a) = Ca

and therefore,
(x1 +x2,y1 +y2) € I¢.

Furthermore, when (x,y) € I', the additive inverse (—x, —y) is also contained in I'; due to

$(=x,=y)(C1) = ¢(=x, —y) (¢(x, y)(Cr)) = Ca-

Commutativity is obviously inherited from RR?. q.e.d.

Now we want to understand that for fixed a € M, the subgroup I7 is independent of the
choice of the initial value {) € I(a) due to the flow property of ¢ (which is a consequence of
the commutativity of the flows ¢, ¢r as seen in Corollary 5.10) and hence, the index '{’ can
be omitted. To see this, let {,, {y € I(a). We need to demonstrate

We prove that any element of the left hand side is also contained in the right hand side
(the reverse direction runs analogously). Thus, we consider (x,y) € I'; and notice that by
transitivity of ¢, there is an element (a,b) € R? such that

¢(a,0)({r) = Ca.
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A quick computation yields

Cn=¢(=a,-b)(%))
= ¢(=a, =) (¢(x,¥)(C1))
= ¢(—a,=b)(p(x,y)(9(a,b)(£2)))
= ¢(—a,—b)(¢(a,0)(¢(x,¥)(£2)))
= ¢(x,y)(Cn)
which implies
(x,y) € TS

and applying the above argumentation we can denote I'" = I'; for any () € I(a).

From now on we will focus on a € M}, i.e. on determinant polynomials with four pairwise
distinct roots. We will find out later that I'* defines a lattice under this assumption. However,
we need to clarify the concept of discrete subgroups in order to come to this conclusion.

Definition 7.2.
A subgroup I' C R" is called discrete if there exists an open set U C R" containing zero such
that

unt = {0}.
Lemma 7.3.
Let a € MJ. The factor group R? /T is compact and the subgroup T* C R? from (7.1) is discrete.
Proof.

We consider the mapping
g7 :R*/T" — I(a),
[(x, y)] = ¢(x,y)(Cr)

where [(x,y)] = (x,y) + I'? is the equivalence class of (x,y). This map is well-defined since
all elements (x +4a,y + b) € [(x,y)] with (a,b) € T satisfy

¢(x+a,y+b)(0n) = ¢(x,y) (@2, b)(Cr)) = ¢(x,y)(Er)

due to the flow property. We will first prove that g; is a bijection. Due to transitivity of the
flow ¢ we immediately obtain surjectivity. For injectivity, we consider two elements

[(x1,y1)], [(x2,42)] € R*/T*

with
¢(x1,1)(C0) = ¢(x2,42)(C1)
and apply the flow property on the difference:

P(x1 — x2,y1 — ¥2)(0r) = p(—x2, —y2) (¢(x1,¥1)(Ca)) = Ca

Therefore, (x1 — x2,y1 — y2) € I'” and since (x1,y1) = (x2,y2) + (X1 — X2, Y1 — Y2) We con-
clude

[(x1,11)] = [(x2,y2)] -
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In the next step, we will demonstrate with the help of the Inverse Function Theorem A.1
that ¢, is not only a bijection but also a local diffeomorphism and therefore, a global diffeo-
morphism. In order to confirm the assertions, we are comfortably allowed to consider the
mapping

¢ (x,y) = ¢(x,y)(Ca)
instead of g; because any element of R? /I is a subset of R?. As in the proof of Lemma 6.6,
we directly obtain for any arbitrary (x,y) € R? with {, = ¢(x,y)({,) that

d(pg(x,y) : ]R2 — TgA(I(IZ))
(%,7) = %[r, U(CA)] +710r, V(EA)]

is an isomorphism. Hence, there exists an open neighbourhood Uy C R?/T* of [(x,y)] such
that Vy := g;(Up) C I(a) is an open neighbourhood of { and the restriction gduo is a diffeo-
morphism. Since differentiability is a local property, we herewith receive diffeomorphy of
the entire mapping g;. In particular, g; owns a continuous inverse and consequently, com-
pactness of I(a) requires R? /T to be compact as well. Lastly, the application of the Inverse
Function Theorem A.1 on the specific element (0,0) € R2 yields the first claim, because two
diffeomorph open neighbourhoods (0,0) € U C R?and {, € V = ¢, (U) exist. In particular,
the presence of two distinct elements in U which are mapped to {, is impossible and thus,

unr®=4{(0,0)}.
q.e.d.

The following lemma states an interesting characterization of discrete subgroups in R".

Lemma 7.4 (Schmidt [8]).
The following statements are equivalent for a subgroup T # {0} of R":

i) T is discrete.
ii) All bounded subsets of R" contain at most a finite number of elements in T'.
iii) There exists an element in T\ {0} of minimal length.
iv) The intersection of I and any linear subspace B of R" is a discrete subgroup of B.

v) Given w € T'\ {0} the set T N Rw is a discrete subgroup of Rw.
IfT SZ Rw, there exists an element in T’ \ Rw with minimal distance to Rw.

vi) There is a finite number of linearly independent elements wy, ..., wy € I generating T'.

Proof.

This proof originates Schmidt [8].

Let I' # {0} be a discrete subgroup of R”. Then there exists a number ¢ > 0 such that
B(0,¢) N T = {0}. In particular, the difference of any two elements in I’ is either zero or has
a length bigger than e. This implies for arbitrary x € R” that the ball B(x, §) contains at
most one element of I'. Consequently, if we consider any bounded subset A C R", then the
closure A is compact and owns a finite subcover of §-balls. Hence, ii) follows from i).

Furthermore, leta € T # {0}. Obviously, there exists a bounded subset containing both zero

71



SOLUTIONS OF THE SINH-GORDON EQUATION OF SPECTRAL GENUS TWO

and a. Due to ii) this subset possesses a finite number of elements in I' \ {0}, one of which is
of shortest length, and iii) is proven.

Conversely, if there exists an element in '\ {0} of minimal length, there is an € > 0 such that
B(0,e) NI = {0} and i) follows from iii).

As the intersection of an open neighbourhood of zero in IR” and any linear subspace B yields
an open neighbourhood of zero in B, iv) follows from i). In reverse, iv) implies i) since R" is
a linear subspace of R".

Giveni)-iv) we consider w € I'\ {0}. Clearly, Rw is a linear subspace, so the first statement of
v) follows from iv). Furthermore, if I’ §Z Rw, for every x € Rw there exists an integer n € Z
such that x — nw € B(0, ||w]|). Analogously, we can identify any element from I' N (R” \ Rw)
whose distance to Rw is smaller than § > 0 with an element from I in B(0, ¢ + ||w||) having
the same distance to Rw. Therefore, we immediately obtain with ii) (applied on the bounded
set B(0,0 + ||w||) with appropriate § > 0) the existence of an element in I' \ (Rw) having
minimal distance to Rw. Conversely, if v) holds true and w € T\ {0} there exists an ¢ > 0
such that all elements from (I \ {0}) N Rw and T \ Rw have lengths bigger than . This
implies i).

Under the assumptions i)-v), we proof vi) inductively. Let w; be the shortest element of
I'\ {0}. Then T NRw; = Zw; holds because otherwise, there would exist a shorter element
in Rw;. We consider the orthogonal projection on the orthogonal complement of Rcw,

(wyx)

P:R" - R" x+— P(x) =x—
(wy, w1)

The kernel of P; obviously equals Rw;. Due to v), the image P;(T') is a discrete subgroup
of R" and I' = Zw; @ P;(T'). We continue inductively and obtain linearly independent
elements wj, ..., wy € I which generate I'. Conversely, if vi) holds true, there exist linearly
independent mappings I, ..., I,, on R" such that

w=h(w)w + - +Ily(w)w, forallweT.
Since the mappings Iy, .. ., l,; are bounded on bounded sets, we obtain ii). q-e.d.

The last two lemmata are quite powerful because they precisely describe the subgroup I'?
for a € Mj. Due to Lemma 7.4, the only discrete subgroups of IR? (and therefore candidates
for I'?) are the following ones:

i) I = {0}. In this case R?>/T" = R?, which contradicts the compactness condition of
Lemma 7.3. Therefore, this scenario is impossible.

ii) I'" = wZ,i.e. I'" is cyclic. Here, R?2/T* 2 R x S! and the compactness condition is hurt
again. This is also not feasible.

iii) I'* = w1Z + wyrZ, where wy, w; are linearly independent vectors of R2.
In this case,
RZ /rﬂ ~ (81)2

is a compact torus.

Thus, we have proven that I' is a so-called lattice.
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Definition 7.5.
Given n linearly independent vectors wy,...,w, € R" the (full-rank) lattice generated by

them is defined as the set ;
{ Zakwk ]ak € Z}
k=1

Furthermore, the set {}}_; rxwy |0 < ry < 1} is called fundamental region of the lattice.

w1

wr

Figure 6: Example of a lattice in R? with generators
w1, wy and shaded fundamental region.

To sum up, we have proven the following

Proposition 7.6.
Let a € M. Then the set

"= {(xy) € R?[p(x,y)(02) = (1}

does not depend on the choice of {) € 1(a) and defines a lattice in R2. In particular, there exist two
linearly independent generators wy,wy € R? such that

I'=wZ+ w”Z.

7.1 Isomorphy of Lattices
In the last subsection we have seen that any a € M} induces a lattice
I'" = WiZ + wiZ

where wf, wj are complex, linearly independent generators. Of course, the choice of these
generators is not uniquely defined, so there might exist several different pairs of complex
numbers which all define the same lattice (Figure 7).

In order to make them unique up to sign, we consider for a given determinant polynomial
a € M} a pair of generators (wf, w}) where w? € I'”\ {0} has minimal length and w4 €
I\ (w{Z) is also of shortest length. Such a pair exists indeed according to Lemma 7.4.
From now on, we will call this essential condition on the generators minimality condition.

Definition 7.7.

A rotation-dilation is a linear mapping C — C consisting of the composition of a rotation and
the multiplication with a real number (dilation).

More precisely, a rotation-dilation maps w — aw for a givena € C\ {0}.
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Y

wa wr

Figure 7: Example of two different pairs of genera-
tors (w1, wz), (w}, wy) producing the same lattice in R?.
(w1, wy) satisfies minimality condition.

Definition 7.8.
Let I,T’ C R? be two lattices. We call them isomorphic if they originate from one another
through a rotation-dilation.

By means of the rotation-dilation
1
W= —w
w1

we can map the generator wf to @{ = 1 and wj to @3. We can assume
S(@3) >0 (7.2)

otherwise we consider —@j instead of @j3. This means, I' is isomorphic to a lattice which is
generated by @ = 1 and some complex number in the upper half-plane. But we can even
specify its location. As wj has at least the same length as w{ by assumption,

@3]l = floi] =1 (7.3)
so @5 is outside the unit circle.
Moreover, if |R(@4)| > 3 held true we could add a suitable integer multiple of 1 to @3 with
the consequence that ]?R(d)g) | < % and the imaginary part would remain unchanged. Hence,
total length could be reduced which contradicts the minimality condition. Therefore,

|R(@

) < =. (7.4)

NS
N| —

Putting (7.2), (7.3) and (7.4) together yields the following

Proposition 7.9.
Let a € M} and T" be the induced lattice with shortest generators (w4, w3) satisfying minimality
condition. Then T' is isomorphic to a lattice whose generators are (1, T*) with

™ e N = {T eH' |||t > 1, IR(7)| < ;}

Remark 7.10.
If two lattices are isomorphic they result from each other via a rotation-dilation as defined
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above. But crucially, this does not necessarily imply that both pairs of generators are ob-
tained by a rotation-dilation as well. This statement holds only true if we make the impor-
tant restriction on pairs of shortest lengths (minimality condition). In general, two lattices
are isomorphic if and only if their generators can be obtained by a Moebius transformation
from each other (Freitag, Busam [2], Proposition V.7.4). Notice that rotation-dilations are
contained in the set of Moebius transformations.

Therefore, one can also prove Proposition 7.9 considering an arbitrary pair of I'” generators
(w],ws) using the theory of Moebius transformations. This was proven, for instance, in
Freitag, Busam [2], Propostion V.8.7.

Definition 7.11.
The set N\ is called modular figure and is sketched in Figure 8. It is a fundamental region for
the so called modular group SL(2,Z).

Remark 7.12.

The reference to the modular group SL(2,Z) comes from the fact that any element from
SL(2,Z) is in one-to-one correspondence with a Moebius transformation which transfers
generators of lattices into each other. For details, check Freitag, Busam [2], chapter V.7.

&l

1
1
1
1
1
1
1
1
1
1
1
1
1
1
Pis N
1
1
1
1
1
1
1
1
1

Figure 8: The set .

If we identify for appropriate x,y € R the following elements of N}

1 . 1 .
I
—x+ivl—-x ~ x+ivl—x
with each other, then the space N parametrizes the equivalent classes of isomorphic lattices.
Hence, we can identify a determinant polynomial a € M} with an element from N; due to
Proposition 7.9. To be more precise, the following mapping is well defined:

g: M= M (7.5)
a— T
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Notation 1.
For the rest of this elaboration we denote

M3 = {a € My | a has two double roots on S*}.

From now on, we discuss the following claims:

1. The mapping g is uniquely continuously extendable on M3 and on M, \ (M3 U M3)
(the set of polynomials a having exactly one double root on S?).

2. The mapping g is surjective on this continuation.

We note that -
My = M3UMEU (Mz\ (MJUM3)).

Before we get started, we need to familiarize ourselves with the concepts of frames and
monodromies since they will build the fundament of the above mentioned continuation. The
eigenvalues of the monodromies contain information about the periods which will enable us
to explicitly calculate the generators (whose existence is so far just abstractly proven) on the
continuation.

7.2 Frames and Monodromies

Throughout this subsection we assume a € M3 and we have already seen that I'* from (7.1)
defines a lattice in IR?. The double periodicity of the flows ¢ is reflected in the coefficients
(a, B,7)(x,y) and therefore, the resulting U({,), V({)) are doubly periodic as well:

U((x,y) + w1) = U(x,y) = U((x,y) + @2)
V((xy) +w1) =V(xy) = V((xy) +w2).

We now focus on the following system of ordinary differential equations

oF, oF,

—~=F —=FV F =1 7.
The naturally arising question is whether there exists a kind of fundamental solution F,
which is unique and solves both equations as well as the initial condition. The answer is yes
as both equations satisfy the assumptions of Picard-Lindel6f Theorem 2.8 and the Maurer-
Cartan equation (5.3) forms an integrability condition. More precisely, we solve

oFA(0,y)

T = FA(0,y)V(0,y)
with initial condition

F\(0,0) = 1.
Then, for fixed 1o we solve
9FA(x,y0) = Fy(x, y0)U(x, y0)
ox
with initial condition
F/\(O, yo)
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Thus, we have defined a mapping F) (x, y). Obviously,

B _ ()

holds true for all x,y. Due to the Maurer-Cartan equation (5.3) we have

92F) (x,y) _ 92F) (x,v)

oxy oyx
which leads to
0 (9Fx(xy) _Ph R, oV
ox < Ay Fry)Vixy) ) = dydx  Ox V-ha
d oV
= @(PAU) ~RUV - Fi3
_ 0F, d oV
JdF), (x,
= (P F Vi) ) Ul

Inserting the value x = 0 yields the initial condition

IR0 y) F(0,y)V(0,y) = F(0,y)V(0,y) — F(0,)V(0,y) = 0.

%y
By Picard-Lindelof, this solution equals zero for all values x, y and we conclude
oF, (x,
L) o)V ().

Moreover, we define
M = F(w;), i =1,2 (7.7)

and consider ' ‘
B o= (My) 'R((xy) +wi), i=1,2

which solves the following initial value problem:

aaljf = (M) 'R ((x,y) + w)U((x,y) +w;) = FiU(x,y)
aal;i = (M) 'R ((x,y) + wn) V((x,y) + w;) = ELV(x,y)
Fi(0,0) =1

By uniqueness of the fundamental solution F,, we immediately obtain F, = Fi, i=1,2and
conclude

Ex((x,y) +wi) = MyFA(x,y), i = 1,2 (7.8)
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Definition 7.13.
The fundamental solution Fy from (7.6) is called frame and the matrices M}, M3 from (7.7)
monodromies.

For reasons of simplicity, we will switch from real two-dimensional to complex notation and
rather write z = x + iy instead of (x, y) for the rest of this chapter.
First, we want to point out several pleasant features of these monodromies.

Lemma 7.14. '
The monodromies M, i = 1,2 and the initial value of a Polynomial Killing field {3 := {,(0,0)
commute pairwise.

Proof.
Let us recall condition (7.8):

Fi(z+wi) = MiF\(z) forallz € C

Fy(z+wy) = M3F\(z) forallz € C.
If we insert z = wy in the first equation and z = w; in the second, we receive

MiM3 = M}F)(w2) = Fy(wy + w2) = MiFy(w1) = M3M,
which implies
(M}, M3] = 0.
For the commutators [Ma, CR], i = 1,2 we need to understand that
Ga(xy) = F'G R (7.9)
holds true. Then a quick computation yields
33 = 0a(wi) = By (w33 Fa(wi) = (M) 123 My

which implies ‘
M, 23] =0,i=1,2.

Thus, it remains to verify (7.9). We define
5/\ = F)\_lggFA.

From F~'F = 1, one can quickly demonstrate that F —1 satisfies the following differential
equations
—1 -1
oF _ _yr! oF

_ -1
o T VE L (7.10)

Now we calculate the derivatives of {,

aé)\_aFilo -1 08F_~ 5 [F

ox - ox gAF+P g}\ax _gAu_uC)\_ [g/\ru]

r _ (5

@ - [g/\/ V]
Furthermore, {,(0,0) = 3 is valid. Due to uniqueness of the solutions of the Lax equations
(according to Picard-Lindeldf) {, = ¢, must be valid and (7.9) is justified. q.e.d.
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Lemma 7.15.
The monodromies (7.7) satisfy det(M}) =1

Proof.
Applying Theorem A.3 one can show that a fundamental solution of a differential equation
F'(t) = A(t)F(t), F(0) = 1 with continuous mapping t — A(t) satisfies det(F(0)) = 1 and

jtdet(l-“(t)) = tr(A(t)) det(F(t))

N jt In(det(F())) = tr(A(1))

= In(det(F(t))) = /Ottr(A(s))ds
= det(F(t)) = exp </0ttr(A(s))ds> :

In our specific case, we have either t = x and A = U for givenyort = yand A = V for
given x. Since U and V are both traceless, the fundamental solutions of each of the equations
(7.6) have determinant one. Consequently, from the discussion after (7.6) referring to the
construction of the frame F,, the assertion follows immediately. q-e.d.

Remark 7.16.
In accordance with the latter lemma, we will denote the eigenvalues of the matrices M}, i =

1,2
i,

)\/ T e

59

Furthermore, the eigenvalues of ¢, will be denoted v, —v, (recall the fact that tr({,) = 0).
We can put v, in concrete terms:

0 =det({y —vil) = % ((tr(Gr —val))* — tr((Cn —1al)?))

1

=5 (41/2 — (204 —2uy tr(Za) + tr(Ci)))

1
=i - 5 tr(g3)
= 1/)2L - det(CA).
Thus, we receive v3 = det({)) = Aa(A), so
vy = £4/Aa(A).

Lemma 7.17.
Let a € MJ and A an arbitrary root of a. Then the eigenvalues of the monodromies satisfy

ph =1, fori=1,2.
Proof.

Let ) € I(a). Then {j has eigenvalues v; = 0 and the Jordan normal form is

_ 01
IR
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(Theoretically, another candidate for | would be the matrix with zero entries, but then (3
would equal zero, so A would be a root for {, and hence, a double root for a which is impos-
sible by assumption.)

Due to Lemma 7.14

0=[M;, ;] =Q '[M;,3;]Q =[Q'MQ, ]

is valid and if we denote Q! M%Q — (ch Z

—c a—d
= (v ")
which implies ¢ = 0 and a = d. In particular, we have proven that there exist numbers «;, B;

Q 'MiQ=al+p] © M =Q(al+p])Q " =all+pil;.

) , the above equation becomes

Lemma 7.15 yields
1= det(My) = det(Q(al + B;])Q") = det(a;l + B;]) = a7

and thus, a; = £1. Then we directly obtain with det(Mé\) =1and tr(Mé\) = 20; = £2 the
assertion. q.e.d.

It will turn out that the figure In(y},) is of particular interest for us. With its help we will
find out that when a has multiple roots on the unit circle S', we obtain a lattice structure on
a certain subset. In addition, we can then define the following polynomials b;(A):

J iy
ﬁln(m) =

i=1,2. (7.11)

At this point, the benefit of the polynomials b; remains unclear and we cannot even see that
b; are indeed polynomials.

7.3 Example: The Vacuum Solution

As an example, we will explicitly compute the frame, monodromies, its eigenvalues and the
polynomials b; for the vacuum solution u = 0. The symbol = indicates that the respective
figure is constant in z (or, alternatively, in (x,y)). As in Remark 5.7 we define

u:=Iny=0
and infer 3
—_71/[: :u:
X = aZ_O vy=e"=1

This means, we are in the setting of case b), in which the determinant polynomial a has
two double roots on S! (the spectral genus ¢ = 0 case). We notice that f is a real number
(not necessarily zero) which also remains constant in (x, y) (or z). In particular, the resulting
{) remains constant (as already shown in case b)). For calculating the frame F,, one could
conduct the procedure which was explained in the discussion of (7.6). Unfortunately, this
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method turns out to have considerably complex terms and calculations, so we are interested
in an alternative way exploiting the simple form of u. With the common formulas we can

compute
n=( T 0) el )

Thus, the system of ordinary differential equations (7.6) is autonomous. Formula (5.5) from
Remark 5.7 yields

2P =) 2eMusA T 4 2eMu,\
Va Un] =i (26”1/{2 +2e7Mu A 2(e 2 — M) =0

and consequently, the matrices U), V) can be diagonalized simultaneously. Having calcu-
lated the diagonalizing matrix P as well as the respective diagonal matrices we can quickly
conclude what the frame F, looks like by taking advantage of the autonomy of the differen-
tial equations. Therefore, we first focus on the computation of P.

For the upcoming calculations, we substitute k := VA

Eigenvalues and eigenvectors of U,:
For the eigenvalues § and —é we consider the characteristic equation

det(Uy —61) =*+A+A"14+2=0

S72 = +iy/(1+A)(1+A71) = £y /A 1+ A)? = ik + k7).

The eigenspace of 6, := i(k+ k) will be denoted EY and results from

(U — 51)0; = (—i(k+k‘1) —(1 +k—2)) o —0

and infer

1+k2 —i(k+ k1)
1+k —i(k+k1) B
:>< 0 0 11 =0

-t (()

The eigenspace of &, := —i(k+ k~!) will be denoted EY and follows from

1+Kk i(k+k1) B
( 0 0 02 =0

=)

Eigenvalues and eigenvectors of V:
For the eigenvalues € and —e¢, we analogously infer

€12 = +i/(1- V)1 - A1) = £(k~ k).
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The eigenspace of €1 := k! — k will be denoted E{ and emerge from
_ (kT =k i -k
(V)L e]l)wl = ( 1(1 . k2) —(kil . k) w = 0

(i(l 6k2) —(k; — k)> w1 =0

=)

~1 — k) will be denoted EY! and results from

The eigenspace of €5 := —(k
i(1—k%) (k'—k) _
< 0 0 Wy = 0
= EY = i
2 = k .
All in all, we obtain
BB EY - E

and hence, the simultaneously diagonalizing matrix P is of shape
(1 i (=i k!
P'_<k k) P _2<i k1>'

The emerging diagonal matrices are

U oy (61 0\ _ [i(k+k7h) 0
AT=P uAP_(o 52>_< 0 —i(k+ k1)

AV = PV, P = (€02 601> _ (—(k_s —k) (klo_ k)) '

Now we can directly specify the frame F, using theory of ordinary differential equations
as the the system (7.6) is autonomous. The generated complicated matrix exponent will be

tremendously simplified due to simultaneous diagonalization:

F(x,y) = exp(xUy +yV))F(0,0) = Pexp(xAu + yAV)P’1
<eix(k+k1)+y(klk) 0 > i

0 efix(k+k*1)fy(k’lfk)
k) —k Usin(x(k+ k1) — iy(k! —k)))
k ) '

cos(x(k+k=1) —iy(k~t —
cos(x(k+k=1) —iy(k~! — k)

- (k sin(x(k+k~1) —iy(k~' — k)

Alternatively, in z, Z-coordinates, we have:

pikz+ik 1z 0 »
< 0 p—ikz—ik7'z P (7.12)
[ cos(kz+k71z) —k7lsin(kz+k"'2) 7.13)
~ \ksin(kz + k12) cos(kz + k12) ' '

F(z)=P
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Importantly, any z € C defines a period due to u = 0. Therefore, the expression of the frame
(7.13) also defines the monodromies. Clearly, their eigenvalues can be found in the diagonal
matrix of (7.12), which means

o . 7]_
z _ elkZ+lk z =

1 In(p3) = ikz + ik~ 'z. (7.14)

For the polynomials b,(A), we need to specify the derivative of In(y3) with respect to A as
well as the eigenvalues v of {,. The derivative is a simple computation (with k = v/A)

—In(u3) = iz — iz.
ax M) = T

We have already proven in Remark 7.16 that v = /Aa(A) and by means of formula (4.3) we
obtain (recalling that § is real)

Aa(A)

_f\/)fl 2BA3 + (B2 +2)A2 —2BA + 1

= VA (A2 = BA+1)2

= VA(AZ = BA+1).
Putting all together with formula (7.11) yields
a z
bz(A) = Avy N In(p3)

1 . 1 .
= AWA (A2 =BA+1) <2\/XZZ_2 zz>

VA3
= 21’(;@ —BA+1) (zA —2)
= ”2()‘) i(zA —2).
Remark 7.18.
We see that b,(0) = —1iz, i.e. the evaluation of b at the point A = 0 equals the complex

conjugate of the period multiplied by some factor. This statment also holds true for b of
other spectral genus and demonstrates the value of the polynomial b.

Furthermore, one can prove that b satisfies a reality condition. In the case of the vacuum
solution, this can be verified quickly with the above explicit expression for b:

A1) = A3 (—ii AT (21 — z)>

A3 <—§i A4a(A)(ZA 71 — z))
=b(A).

Remark 7.19.
We deliberately avoided any terminology referring to lattices throughout the analysis of the
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vacuum solution. The reason is that we have proven the lattice property of I'” only for
ac M% In the situation of the vacuum solution, a has two double points on & L and thus,
we know from our findings in case b):

I = {(x,y) € R [ p(x,y)(01) = {2} = R

This is clearly no lattice as any complex number z € C defines a period. However, we
will see that we can associate a lattice to determinant polynomials with multiple roots on
81, namely the limit of lattices belonging to polynomials of M3. This is highly non-trivial
because it is not clear that the limit of lattices is well-defined and that it is indeed at lattice
itself. This problem is investigated in the remaining chapter.

7.4 Limits of Lattices: The polynomial 2(1) has two double roots on S'.

We return to our interesting mapping

g: M%—)Nl

a— T’
from (7.5). As mentioned before, we have the following goals:

1. The mapping ¢ is uniquely continuously extendable on M3 and on M, \ (M) U M3)
(the set of polynomials a having exactly one double root on S?).

2. The mapping g is surjective on this continuation.

The main work behind these numbers will consist of the association of an appropriate lattice
to determinant polynomials having multiple roots on the unit sphere. We will analyze the
cases a € M3 and M; \ (M9 U M3) separately. For a € M3 we have noticed in the analysis
of the vacuum solution that the first point is highly non-trivial due to the apparent lack of a
lattice structure (I = R? = C). We face the same problem when a has exactly one double
root on S'. However, we will find out that the set of M% period-limits forms a uniquely
defined lattice and we will explicitly state the continuation of g in this situation. This is
sufficient to prove 1. and 2. for a € M3. For M, \ (M9 U M3) we will use common findings
from elliptic theory and merely give a numerical intuition that 2. holds true.

Sticking to this plan, we first consider a € M3. The idea is to approximate a by a sequence
(an)nen € M3 and transfer well-known properties of the sequence to its limit with the help
of the quantity In(y},). In this way, we will understand how the set of period limits explicitly
looks like.

Lemma 7.20.
Let a € M5 and (ay)pen € M3 be a sequence converging against a with bounded associated se-
quence of periods (w!', wi') meN. Then there exists a subsequence (an)men € M3 with the following
properties:

i) The associated sequence of periods (w?', wh')meN converges.

ii) The associated sequence of monodromies (M., ) meN converges.

iii) The associated sequence of eigenvalues () meN converges.
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Proof.

For reasons of clarity, we will omit the index A during this proof, although a great part of the
mentioned quantities do still depend on A.

Due to boundedness of the associated sequence of periods (w!", w}')eN, there exists a sub-
sequence indexed by k € N such that (wf, w!)en converges. The limit is denoted by
(w1, w2). Now we choose for every a; an arbitrary, but fixed initial value {§ € I(a;) and con-
sider the sequence (X)ren. Since convergence implies boundedness, the sequence (ax)ken
must be bounded, in particular the polynomial-coefficients must be bounded and therefore -
in analogy to the compactness proof of Proposition 5.9 - the sequence (&, Bk, Yk ) ke must be
bounded. Hence, there exists a convergent subsequence indexed by I € IN. To sum up, so far
we have found a subsequence (a;);en € M3 such that the associated sequence (w}, wh)en
converges against (w1, w;) and (})1en converges against {o € I(a).

In the next step, we focus on the sequence ({');cn of Polynomial Killing fields that results
from the sequence of initial values (});cn. In order to prove its convergence, we check the
conditions of Arzela-Ascoli Theorem A .4:

1. By assumption, the sequence of periods is bounded, so there exists a real number R > 0
such that
|w!|| < Rforalll €N, i=1,2.

We shift the center of the fundamental region’s parallelogram to zero and determine
its maximal expansion:

lwr + @l _ Jlen | wall

<
2 - 2 T 2 - R
w1 —wa|| _ lwr] | wo
< < R.
2 - 2 T 2 -

Therefore, we can regard ({');cn as a sequence in C(K, R?) where K = B(0, R), because
all fundamental regions of I' are contained in K.

2. Let (x,y) € K be fixed. In complete analogy to the above argumentation, the con-
vergence of (a;)jeNn € M% implies boundedness of the polynomial coefficients inde-
pendent of the choice of sequence and hence, uniformly boundedness of the sequence
(ar(x,y), Bi(x,y),71(x,¥))1en With upper bound independent of ! or (x,y). In particu-
lar, the sequence (Z'(x,y));en is bounded.

3. For equicontinuity, we apply the same argumentation as in 2. and infer that the right
hand side of the Lax equations (5.1) is uniformly bounded, i.e. the partial derivatives
of ¢!, I € N are uniformly bounded. With help of the Boundedness Theorem one can
prove that any upper bound of the derivatives is a Lipschitz constant on the convex set
B(0, K) and furthermore, the Lipschitz constant is common (due to uniformly bound-
edness). Consequently, the sequence ({')cn is equicontinuous in all points (x,y) € K.

Arzela-Ascoli provides a subsequence (a,,)men € M3 indexed by m € IN such that all pre-
viously associated sequences converge as well as the sequence of Polynomial Killing fields
({™)men- Its limit will be denoted by {(x,y) and solves the Lax equations due to the Vari-
ation of Parameters A.5 applied in x- and y-direction. This implies the convergence of the
respective entries

(am (%, y), B (%, Y), vm(x, ) = (a(x,y), B(x,y),v(x,y)) for m — oo
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and these, in turn, entail for the right hand side matrices of the Lax equations (5.1)
u®—u and V" =V form — co.

Thanks to the powerful Variation of Parameters Theorem A.5, the solutions of the equations

m m
CL. F'u OF _ F"V F™0,0)=1 (7.15)
ox ay
depend continuously on the right hand sides on compact sets. By regarding K = B(0, R) as
in 1. of Arzela-Ascoli, we infer for the frames

F™(x,y) — F(x,y) form — oo.
This implies convergence of the monodromies

nyg;oM; = lim F"(w]") = F(w;) = M fori=1,2.

The second equality might be a bit confusing at first glance as we consider two sequences at
once, but it holds true due to the following observation: Let a,, be an arbitrary sequence in R?
and b, another one which converges against b € R?. Then they have the same limit b if and
only if the sequence b, — a, converges against zero since we can denote a, = b, + (a, — by).
In our case, we have a, = F"(w!") and b, = F"(w;) with limit b = F(w;) so we need to verify
that F" (w!") — F"(w;) converges against zero. This holds true as (F"),,cn is equicontinuous
(by completely analogous argumentation as conducted in the third part of Arzela-Ascoli
Theorem application above). Finally, we have

pul, — ut for m — oco.
q.e.d.

The previous lemma is quite powerful. Given a € M3 with roots Ag, Ay € S!, there can
always be found a sequence (a,),cn € M3 converging against a (Figure 9).

31

M

oW

Figure 9: MJ1-sequence (gray) converging
against a given element of M3 (black).

In accordance with Lemma 7.20, there is a subsequence such that the periods (w!", w4 )men
converge with limit (w1, wy) and the associated sequence of (A-dependent) monodromy
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eigenvalues (j!,)men converge against y). From the latter property and Lemma 7.17 we
can infer after inserting for A the respective roots

Hh =+ i=1,2
i, =%1,i=1,2

which implies

In(p} ) €inZ,i=1,2.

In(yy ) €inZ, i=1,2.
At this point the quantity In( yi\o) displays its importance. Due to our computations in (7.14),
we precisely know what it looks like and conclude with k = /A

ikw; + ik~ '@; € inZ
ik"'wj + ika; € inZ, j=1,2.

The limits of periods satisfy two simple conditions defining a lattice and both conditions
are generated by the figure In(y), ). More precisely, even though there is no lattice struc-

ture given when a € M3, we have proven - under the condition of 4, inducing a bounded
sequence of periods - that the set of limits of periods is contained in the following lattice

M={weClkw+k'wenZ k'w+tkwecnzZ}cI"=C

with k = y/A¢ and Ag being a double root of a. It remains to demonstrate that the set of
limits of periods is not only contained in but really equals . Moreover, the boundedness
hypothesis needs to be eliminated. However, we will refer to Hauswirth et al. [7] at this
point so that we can see this as a

Fact 1.
For given a € M, we define k := /A and focus on a sliced set G consisting of the unit ball
{k € C||k| < 1} with extracted line segments connecting k* and (k*)~! with a((k*)?) = 0.

i) v2 = Aa(A) defines a holomorphic function k — vy on G which is unique up to sign.

ii) The expression ¥ can be integrated as a quotient of holomorphic functions. We define

Avy
(O ok — o [P0

on G and the condition h(—k) = —h(k) specifies the integration constant.
iii) vy and k as well as the polynomial b(k?) are continuously extendable on the roots of a.
iv) h(k) is continuously extendable on the roots of a.

A complex number w is a period if and only if h(k*) € inZ for all k* satisfying a((k*)?) = 0
(Hauswirth et al. [7], Corollary 5.9, Definition 5.10).
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Remark 7.21.
In our case, we have

b(k?) . Y . o .
hj(k) = Z/kvkdk = /z(w]- — k%@))dk = ikw; + ik '@; + const. j=1,2.

The condition h;(—k) = —h(k) implies const. = 0. Furthermore, the polynomial a has two
double roots Ag and A, 1 on 8! and therefore, we define ki :=+vApand k; := kl—,{.Hence, the
requirement 1 (k*) € inZ leads to (abbreviating k = k7)

ikw; + ik~ '@; € inZ
ik'w; + ika; € inZ, j=1,2.
asin [

Remark 7.22.
The function In(j,) can be considered as the extension of the function .

Before we start to focus on the mapping g again, we compute the generators (w1, wz) of .
We need to solve the following system of equations:

kwq + k_ld)l =7
k’lwl + k(Dl =0
kw, + k_la_)z =0

kila)z + kw, = .

The solutions are
T
k—k=3
T

W2 =1 1 k2w; = Ajtw.

wy = (7.16)

Obviously, these computations are only valid for Ag ¢ {—1,1}, i.e. when a has no quadruple
roots but two distinct double roots on S'. Now we can define the mapping g from (7.5)
on M3 by taking I'* rather than I into consideration and proceed as usual: We take two
generators of [ satisfying minimality condition, transfer the shortest to one via rotation-
dilation and define 7 as the remaining generator in A.
We will now examine how 77 concretely looks like. If the generators w1, w> from (7.16) satisfy
minimality condition, i.e. if they are of shortest length, we transfer any of them to one via
rotation-dilation (since both w; and w, have the same length), for example wy. In this case
we obtain

T"=-—"—=)€S 1

w2

However, this 77 does only result when the generators wj, w; from (7.16) satisfy the mini-
mality condition. We will now transform this condition into a restriction on A by having a
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closer look at Figure 7. Minimality condition is satisfied if and only if

sl  flews —wnll = (1 = Ag)ewnl] = I[1 = Aoll 2]
S 1< (R(1-20) + (3(1-Ag))?
S 12 (1-R(A)+ (S(A))?
S 1<1-2R(0) + R(00)? + (S(h))?
o 1<2-2R(A)
o mmwé%
and analogously,
lwsll < lleos +cwrl] = 1(1 4+ Ao)ewall = [[1+ Aol o2

o —%gmm@

Hence, w and w; satisfy minimality condition if and only if |R(A¢)| < 3 and in this case,
we obtain
T = Ao € Sl.

When |R(Ag)| > % either wy — w; or wy + w; is a shorter generator and needs to be trans-
ferred to 1 via rotation-dilation.

If wy — wy is the shortest generator, we consider the generators (w1, ws — w1) (of course,
one could also regard (wy, w2 — wq)) and execute the respective rotation-dilation carrying
wy — wq to 1. Then, we obtain

w1
p_ W@ Ao
wy — W1 1—% 1—)\0.

In order to substantiate the geometrical location of T, we substitute % = Ay = €¢ and
compute

.Y (1 —e'?)
U T T T (1) (1—c 9
1—e (1—¢?)(1—e?)
elr —1

T 2—elr—eie
_ cos(@) +isin(¢p) —
 2(1—cos(g))
1 . sin(g)
=21 2(1—cos(¢))
This means that 7* has real part of —1 and the absolute value of the imaginary part explodes
when ¢ approaches 0 or 27t (Figure 10 (a)). With other words,

15(7%)| — o0 when R(Ao) 1 1.

89



SOLUTIONS OF THE SINH-GORDON EQUATION OF SPECTRAL GENUS TWO

If w1 + wy is the shortest generator, we demonstrate analogously

. wi % Ao 1 . sin(e)

Twitwr 941 1+ 2 2(T+cos(p))

and conclude that 77 has real part § in this case as well as exploding absolute imaginary part
whenever ¢ approaches 7t or —7t (Figure 10 (b)) or alternatively,

|S(1%)| — oo when R(Ag) | —1.

B Bl
: | 2t 2 ‘
l 3 1
i -1 i E s
— ﬁ Lo - — ? 777777777777777 ] o ﬁ 3
2 2
(a) The function _sine) (b) The function sin(g)

2(1—cos(¢)) " 2(1+cos(g))

Figure 10: Plot of the imaginary values of 7% in dependence of ¢.

Finally, we will make some symmetry observations. We are allowed to restrict
AeS'NHT

instead of Ag € S! with H* := {w € C|3(w) > 0} because if we consider A; € S'NH~
with corresponding 71 and A, := A; € S' NHT with 1, then one can verify with the above
formulas for 7 that

T =1
holds. In particular, the mapping A¢ — 7“ is invariant under complex conjugation (which
implies axis-symmetry to the real line) and the restriction is justified. Furthermore, the case
of a € M3 owning quadruple roots is excluded since +1 ¢ H™.

Remark 7.23.
Additionally, we could even restrict

AoESlﬂQl

where Q! := {w € C|R(w) > 0, S(w) > 0} is the first quadrant of the complex plane
because if we consider A; € S! N Q? from the third quadrant with corresponding 7; and
Ay = —Aq € ST N Q! with » then one can verify with the above formulas for 7* that

M =—-"T7

holds. In particular, the mapping A¢ ++ 7 is invariant under sign changes (which implies
point-symmetry to zero) and the restriction is justified.
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To sum up, we have explicitly calculated the continuous extension of M3-lattices to polyno-
mials having two double roots on S*:

Theorem 7.24.
Leta € /\/l% with double roots Ay, Ay € S' and Ay € S NH™. For the associated lattice of period
limits
M"={weClkw+k'wenZ k'w+koc nz}
with k = /g at least one of the generator pairs (w1, wy), (w1, wy — wy) and (w1, wy + wy) satisfies
minimality condition whereby
s T

- m W) = 77— = k_z(Ul - Aala]l.

w1 K3 _ k-1

Furthermore, the mapping ¢ from (7.5) can be extended on M3:

g: M% — 8/\/ 1
a1
where
/\0 fOT’ ‘%(AQ)‘ S %
™= 2 for R(Ao) > 1
A
e for R(Ao) < —3
as shown in Figure 11.
R
M
i i : 0 R
Figure 11: Roots Ag € S' NH™ and resulting
T% are sketched in the same color.

Remark 7.25.
Due to our preconsiderations, the continuation on M3 of the mapping g from Theorem 7.24
is obviously surjective on dN;.

Remark 7.26.
Heuristically spoken, the case in which a has a quadruple root corresponds to the limit of
the above mapping g where the absolute imaginary part equals infinity.
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7.5 Limits of Lattices: The polynomial a(A) has one double root on S'.

We remember from Figure 1 that a is under the assumptions of this subsection uniquely
defined by a radius r > 0 and an angle ¢:

a(A) = (A —re'?) (A —r1e?) (A — e 1?)2,

Similar to the previous subsection, we are interested in explicitly calculating the generators
of the continuously extended lattice in this M5 \ (M3 U M3) case. To do so, we need to
figure out how In(y ) looks like. It is well known, that In(y} ) can be expressed by a simple
function. Therefore, we make the following ansatz:

_ai(l—e?)y,

ln(‘u}\) - A()\ . efi(p) S R

where
12 = Aa(A).

Obviously, we have by construction

ln<y11fei4’) = ln(yiflei‘l’) = O

as v equals zero for these A values. Before we calculate the period w; by making use of the
polynomial b we specify the parameter «, which is (up to sign) uniquely defined by r and ¢.
The condition

ln(yg,,-q,) =imn
from Fact 1 boils down to
2 = a2 (1 — e %) (e7I? — re'?) (e7 — rLel?)
= a%e'?(1 —2e7'% 4729 (e7 2P —y — y~1 4 £%¥)
= a?(e"? — 2+ e ) (e —r — 1L 4 £%9)
= a? (2cos(@) —2) (2cos(2¢) — (r +r7 1))

<0 <0

and therefore,
s
e v/ (2cos(p) —2)(2cos(2¢) — (r +r1)) €R. (7.17)

In order to compute the polynomial b(A), we need to derive In(u} ) with respect to A:

9 In(ul) = wi(l— e ) (a+A%)  wi(1—e P)uy (A —e 0+ A)
YT T A=) AZ(A— e i9)2
Cai(l—e®) (a+ A% 2220 —e7)
Y A—e i (A —ei9)2

The derivative of a with respect to A equals

da

51 = A= e A =TT (A1) (A= eT)2 £ 2(A = 1) (A =) (A = )
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and hence,
A% : : / : /
% = (A=re?) (A =1 ) (A —e ) + AA —r L) (A — e '?)
—e
+ AN = re'®) (A —e7'P) 4 20 (A — re'?) (A — r~1el?)
=503 — (B¢ +4(r L+ 1)e?)A2 + (2(r L 4 1) 4+ 3eH)A —€?

as well as

2a(2\ — e7'?) i ; 1

e = 22A = e (A (A= r o)

=4A% — (4(r L 1)e? + 207N+ (4679 +2(r 7 7)) — 2679,

Thus, we conclude

J 1y wi(l—=e) s o i ip
ﬁln(y/\)—W(/\ —e AT — PN 4 €'7)
which implies
d
b1 ()\) = AV)\ﬁln(y}L)

= —%a(e’iq’ —1)(A3 — e 1PA2 — QHPA 4 £l¥),

Remark 7.27.
Again, the polynomial b; satisfies the reality condition

A3b (A1) = A3%oc(ei“” —1)(A3 = PA72 — e 2907 L o7 1?) = Py (A).

Finally, as we have seen in Remark 7.18, the period w; can be obtained from b; via

This means

wy =a(l—e %) = e~ (e'2 — e’i%) = 2ine % sin(g) (7.18)

with « from (7.17).

For the second period w», the approach is more difficult. It uses theory of elliptic functions,
computations become more complex as well as less explicit. The upcoming concepts origi-
nate from Kilian et al. [12] (p.7ff.). As stated in this paper, we can make the following ansatz

In(p3) = s1In(py) + s2f (A)

where 51, s, are appropriate coefficients and f is a particular elliptic function which has been
investigated in Kilian et al. [12]. The coefficients s1,s, can be computed immediately in
accordance with the conditions from Fact 1

. !
7t = ln(tugei(/’) = ln(ﬂzfle"‘(’) =952
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as ‘ |
f(rlel?) = f(re'?) =1
and hence,
0L In(pyip) = spimm+imf(e?) =5y = —f(e77),
Putting all together yields

In(p3) = —f(e™)In(p}) +inf(A). (7.19)

In order to calculate the polynomial by (A1), we consider the derivative of f with respect to A
as stated in Kilian et al. [12], p.9:

of 2 —rK'(A+A7)

- = — (7.20)
JA 47t0iA

The functions E, K are complete elliptic integrals

! dx T[] —p2y2
K(r) ::/0 Ty E) ::/0 o dx
with derivatives
K'=K()=K(1-7) E=E@r=EVi )

for 0 < r < 1. Unfortunately, the coordinates A and A do not coincide and thus, neither do 7
and v,. From the mentioned paper it becomes clear that

A=e%A & A=e A (7.21)

Furthermore, the relationship (Kilian et al. [12], p.7)

92 = }L(ﬁ A=)
- —gﬁfl(x — 1A=
= —ie_i‘m_l(/\ —re'?) (A —r~1el?)
yields
1/% =AA— rei"’)()x — r’leiq’)(}\ — e’i“")2
_ _%eigoAZ()\ _emi9)2¢2
and hence,
vy = \2/1‘;6”2))\(/\ —e )Y & D= —i\z/;e_ig)\_l()\ — e )71y, (7.22)
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Finally, with
of _of A _9f i
OA  9AdA  09A
we obtain from (7.20) with inserted transformations (7.21) and (7.22)
g _ efi(P ZEI . T’K/(e_i(P)\ + eiw/\—l)
oA ZNWE*Z%(P()\ — e—iﬁ")—lv/\.

Now we can compute the polynomial b, (A) with (7.19)

0
bo(A) = Avy o1 In(u3)

= —f(e7 )by (A) + imAvy e ? 2E' — K/ ("N + €l?A7 )
271\/re 32 (A — e~i9) 1y,

= —F(e )by (M) + %e*“f’ (\[E’elg"’()\ — e A — rK'e 1P (A — e ) (e PN + elml)A>
r

= —f(e7 )by (A) + %e—f% (\Z/E’(eim — DA = VIK' (A3 —e7 P72 4 2P\ — el’fﬂ) :
r

Remark 7.28.
One can quickly check that b, (A) satisfies the reality condition

)\3 bz(/_\fl) = bz()\)

if and only if
f(e'?) = f(e79)

i.e. f(e~'?) is a real number (which is true due to the analysis of Kilian et al.[12]).

Due to

we conclude
wy = —f(e7)wy — /rKe 2. (7.23)

The periods w1, w> from (7.18) and (7.23) can be transferred continuously into the ones from
(7.16) for r — 1. Therefore, we are allowed to denote 7“ as the following quotient:

=22 = _£(e7i9) — \frKle Ty
w1
i . K
= —f(e z(p) +1——0
2uasin(¥)
In particular, we obtain R(7?) = —f (e7'%) as well as 3(1%) = VK

T 2asin($)°

We need to specify the elliptic function f on the unit sphere and thus, the real part, in order
to investigate the behaviour of 7%. As it turns out to be very complicated to express this
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function in terms of (7, A) coordinates, we want to figure out which new coordinates might
be suitable and transform the problem into these new coordinates. We start again with the
common formula from Kilian et al. [12], p.7:

72 = i(ﬁ—r)(ffl —7)
= A YA -r)A-rh

The set of all (A, 7) satisfying this equation defines an elliptic curve C/T. We are interested
in constituting this relationship in the following form

(P')? =4P° — 2P — g3
where ¢» = ¢»(7) and g3 = g3(r) do only depend on r. Hence, we compute
~\2 PN A
(i4\/r*117)\) —4AA—r)(A—r
=4(A3 — (r+r HAZ4+ 1)

Therefore, we can state

as well as
poi-leer 720
P = i4Vr-1DA. (7.25)

From theory of elliptic functions (Freitag et al.[2]) we know that there exists a biholomorphic
mapping

C*/T = C,z— (P,P).
It will turn out to be beneficial to calculate with the coordinates (7, z) rather than (r, A). Thus,
we now want to transfer the old coordinates to the new ones before calculating f.

We consider the double root A\g = e~¢ of the determinant polynomial a. We have already

seen in (7.21) that
}\0 = g_iqpe_i(P = e_Zi(/’

and with (7.24) we infer

m(r,z) :==P(z) + %(r +r7l) = e,
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This gives us a relationship between r,z and ¢. We now want to express the imaginary part

of 7% in terms of (r,z). Using the addition theorem 1 — cos(¢) = 2sin?(¥) we can simplify
2 ¢
2u sin (f) = 7sin(z)
2/ \/(2cos(p) —2)(2cos(29) — (r+r71))
B 27 sin($)
—4sin?({)(2cos(29) — (r +r1))
s

which leads to

@
oy
I

VK (1)~ 2c05(29)
— %\/;K/\/((T’ + 1’71) _ 8721'41 _ eZi(p)

_1
m(r,z)’

_ :(\/?K’\/((w%rl) —m(r,z) -

For the real part, we now focus on the elliptic function f. The Weierstrass P-function P is
doubly periodic with half-periods w, w’ € C. We define

7i=C(w) 7= ()
where ( is the Weierstrass’ Zeta function. Due to elliptic theory, f must be of shape
f(rz) = a(f(z) +E(z+ @) + Bz + 7
for appropriate &, B, v € C as well as satisfy the following conditions:
1. f(r,—z) = —f(r,z)forallz € C
2. f(r,z+2w) — f(r,z) =2forallz € C
3. f(r,z+2w') — f(r,z) =0forallz € C.

These properties make the parameters a, 8, 7y unique. To see this, we make use of the follow-
ing

Fact 2.
The Weierstrass” Zeta function has the following characteristics:

e [t is an odd function of its arqument, i.e. {(—z) = —{(z).
o ((z+2w)=1{(z)+2naswellas {(z +2w') = {(z) + 27’
1

o It satisfies Legendre’s relation: nw' — n'w = 5.

For details, check Bateman [13], p. 329.
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Hence, condition 1 yields

0= f

<

,—z)+ f(r,z)

—z+ W) +{(z+ ) +2y
—z—w +20')+(z+ ")) + 2y
~{(z+ )+ 27"+ {(z+ ') + 27

which implies

Furthermore, condition 2 transforms into

f(r,z+2w) — f(r,z)

a(l(z42w) +{(z+ 2w+ ') —{(z) = L(z+ ') + 2Bw
a(l(z)+2n+C(z+ ') +2n —{(z) = L(z+ ")) +2Bw
= 4an + 2pw

2

and analogously, condition 3 yields

0=f(r,z+2w") — f(r,z)
= 4oy’ +2Bw'.

Thus, we need to solve the following system of equations

/

T = A
1 =2an + Bw
0 =2ay"+ Buw'.
The solution is
w’ 2y’ W'
T PT T 7T
because the third equation enforces g = —2%7/, so the second turns into
an’ « ;o inw
1 :Zmy—ZUaJ :25(17w —n'w) = o

due to Legendre’s relation. Putting all together yields

!/

Fr2) = (5@ + e+ ) o) — 2L

17T

/
Z.

Finally, we have seen that we are only interested in evaluating the function f at the unit
sphere, i.e in the quantity f(e~'?), with respect to (r, ) coordinates. This condition needs to
be transfomed into (7, z) coordinates as well. The idea is to regard the unit sphere as a fixed
point set of a particular antiholomorphic involution in (A, v) and then express the involution

as well as the corresponding fixed point set in terms of z.
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Definition 7.29.
Given a domain A, an involution is a function j : A — A which is its own inverse: j o j = id.

From elliptic theory we know I' = Z2w + Z2w' where w € R and «w’ € iR are half-periods.
We transfer involutions on the spectral genus ¢ = 1 curve (in (A, v) coordinates) to the torus
(with z coordinates):

=AA=r)A—r1) =) < C/T.
We know z = 0 corresponds to (A, v) = (o0, c0).
e First, we consider the antiholomorphic involution
jr(Av)—= (A7) & jizez

We investigate its fixed points both in the coordinates (A, v) and z. On the curve the
fixed points are characterized by the conditions A, v € R which are equivalent to

Ae0,r Ulr, o).
Thus, the fixed point set corresponds to the lines
[:=1[0,r"Y II:=][r o0l
On the torus, the fixed points satisfy

mod I' _ _ modT
= Z =

& z—z2 = 0 & zeRU(W+R)

because w € R and w’ € iR. Due to the fact that z = 0 corresponds to (oo, ), the roots
of the curve satisfy

(r,0),(00,00) €1 (0,0),(r %,0) € II.

e Now we consider the holomorphic involution
k:(Av)—= A LA o kizeztd
which transforms the following roots into each other

(r,0) < (r71,0)
(0,0) <> (00, 00).

Hence, the respective lines I and II are transformed into each other.
e Finally, the composition of j, k yields the following antiholomorphic involution
L:(Av) = ALA72%0) & iz it
Its fixed points on the curve are characterized by the conditions

A=Alaerest
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as well as

A =17
S A2 = |v)?
SAT22 = AT2A )P = v

This equation holds true for all A € St due to the following argumentation: As a(A) =
(A —7)(A —r71) is an element of M; we have A=2v2 = A7 1g(A) > 0 for A € S!
and hence, the left and the right hand sides are nonnegative real numbers of the same
length. In particular, they must be identical, because

0< A 22— )| < A 22 = |v]?| =0.

Therefore, the set of fixed points equals the unit sphere in A. A fixed point in z coordi-
nates satisfies
7z Al

_ modI
> z—z = W
/

modl“glo 3w
2 2

= iQ(z) =
and hence, the fixed point set of the torus equals I1I U IV where

!/ /
I := (R + %) IV := (R + 3%).

Due to this analysis of involutions we have figured out to which set in z coordinates the unit
sphere in A coordinates corresponds:
1. w' 3w .
S'inA « (IR+7)U(1R+T)1nZ.

Figure 12 summarizes the above findings.

(w+w',r 1)

(w',0) I1
(0,0) (w.7) I
(—',0) 11

(w—aw',r 1)

Figure 12: Fixed point sets I,II,111,IV on the torus
C/T of the involutions j and / in z coordinates with cor-
responding A values, denoted (z, A).
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All in all, we obtain for z € C with $(z) € {%

R(1") =

. w' / / 277/
—f(r,z) = —E(C(Z) +lz+w')—1")+ i’
()= K ) e

where m(r,z) = P(z) + 3(r +r~1) = e~%%. We conduct a parametric plot of T* using Math-
ematica in Figure 13. Its algorithm can be found in section B.

ra
[#]

‘i

= ISRy . 161, I S, Y

Figure 13: Parametric plots of T for increasing r > 1.

Figure 13 suggests that 77 is continuously moving upwards in A with increasing r and the
described arc will be successively compressed until it resembles a horizontal line. Hereby, we
should not forget that 7* is the quotient of the two shortest generators and the ¢-thresholds
(or z-thresholds) at which 7 turns into a vertical line (probably in dependence on r) are
missed to be figured out. Finally, we conclude that ¢ maps M \ (M3 U M3) surjectively on

Ni.
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8 Conclusion

In this section we will outline the most important findings of this work and conclude by
suggesting possible future research.

We have seen that every continuously differentiable vector field defines a local flow. The
commutator of two vector fields is a vector field itself and disappears if and only if the cor-

responding local flows commute.

All potentials {4 € P, satisfy the reality condition A3 th /i = —Cx which is bequested on

the determinant polynomial a(A) = A*a(A~1). Furthermore, every root of {, is a double root
of a(A) and every root of a(A) from the unit sphere must be double and is also a root of ;.

Polynomial Killing fields are maps g, : R?> — P, which solve the Lax equations

Tomu@) 5=Vl

These equations can be transformed into a system of ordinary differential equations in de-
pendence on the matrix entries of the potentials. Crucially, the determinant polynomial
forms an integral of motion with respect to the resulting flows. This implies the globality of
these flows as their orbits are contained in compact isospectral sets.

If the determinant polynomial a has four pairwise distinct roots, the isospectral sets are two-
dimensional compact submanifolds and the flows act transitively on them. If a has at least
one double point on S! we can divide a by this root and reduce the situation to the spectral
genus ¢ = 1 or ¢ = 0 case. Hence, the flows act transitively on the isospectral sets as well.
When a has two double roots absent the unit sphere, the isospectral set falls into a singleton
and a non-compact set and on both parts the flows act transitively.

If a has four pairwise distinct roots, it induces a lattice

I = {(x,y) € R?|¢p(x,y)(Cr) = 0a}

which is isomorphic to a lattice with generators (1, 7") where 77 is contained in the fun-
damental region N of the SL(2,Z) group. The mapping ¢ which transfers such an a to
the generator T# can be continuously extended on those a having multiple roots on the unit
sphere. In this context, we have shown that the limit of M2 — lattices is well-defined and is
a lattice itself.

When a has two double roots on S!, ¢ maps surjectively on dN;. Furthermore, we have
seen a numerical motivation that the mapping is probably surjective on N7 when 4 has one
double root on S!. This has to be verified analytically. To do so, the minimality condition
needs to be transformed into conditions in the new coordinate z.

Having done this, one could probably obtain surjectivity of the original mapping ¢ on M3
(without boundary). As it is already surjective on the boundary, an application of the
Whitham deformation may lead to this conclusion.
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A Basic Theorems

Theorem A.1 (Inverse Function Theorem).

Let V, W finite-dimensional, normed K-vector spaces, U C V an open subset and f : U — W a
continuously differentiable mapping. If the differential df (xo) € L(V,W) in xo € U is invertible,
then there is an open subset U' C U containing xo such that O := f(U') C W contains f(xo) and
the restriction

f } 'E u —o
is a diffeomorphism.
Proof.
The inverse function is constructed using Banach Fixed-Point Theorem and the Boundedness
Theorem. Details can be studied in Konigsberger [1]. q.e.d.

Theorem A.2 (Implicit Function Theorem).

Let V,W, Z be finite-dimensional, normed K-vector spaces with dimV = dim W. Furthermore,
let U C Z x V be an open subset containing an element (ag, bo) and f : U — W a continuously
differentiable function with f(ag, by) = co € W. When the linear mapping %(ao, bo) € L(V,W)
is invertible, then there exist open sets U' C Z containing ag, U"” C V containing by as well as a
continuously differentiable mapping

g:u —-u
such that
f(a,g(a)) =co foralla e U’
With other words, given co € W, all solutions (a,b) € U’ x U" of the equation f(a,b) = cy are
contained in the graph of the function g:
f(a,b) =co, (a,b) eU' xU" & b=g(a),acl.

Proof.
Consider the mapping
F:U—ZxW, (ab)w (a,f(ab))

and apply the Inverse Function Theorem A.1. For details, check Kénigsberger [1]. q.e.d.

Theorem A.3 (Trace and Determinant of Fundamental Solutions).
Let A : I — K"*" be a continuous mapping from the open interval I to K-valued n x n matrices.
Then the fundamental solution

F:1— K"" with ill; = A(t)F(t) and F(tg) =1

also satisfies

;tdet(F(t)) — tr(A()) det(F(£)) with det(F(to)) = 1.

In particular, det(F(t)) has no roots on I and F(t) is invertible for all t € I.
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Proof.

Statement and proof of this theorem originate from Schmidt [10]. The determinant

det : K"*" — K is a polynomial in the respective matrix” entries and therefore analytic. One
calculates the derivative of a matrix B in direction of the matrix AB and uses the chain rule
for F. For details, check Schmidt [10], p.23. q.e.d.

Theorem A.4 (Arzela-Ascoli).
Let K be a compact metric space and V be a finite-dimensional Banach space. A sequence (fy)neN in
C(K, V) owns a convergent subsequence if

i) for any x € K the sequence (fu(x))nen is bounded and

ii) for any x € K the sequence (fn)neN is equicontinuous, i.e. for any x € K and any ¢ > 0 there
exists an & > 0 such that

x" € B(x,0) CK = fu(x') € B(fu(x),e) CV foralln € N.

Proof.

Statement and proof of this theorem originate from Schmidt [10]. First, one proves that
the sequence (f,)nenN is even equicontinuous on K. Afterwards, a subsequence (g,)neN is
constructed inductively which turns out to be Cauchy and hence, convergent. For details,
check Schmidt [10], p.23. q.e.d.

Theorem A.5 (Variation of Parameters).
Let [, B] C R be a compact interval and V a Banach space. Then the mapping

C(la, Bl L(V)) x C([w, B, V) x [o, p] x V = C([, B, V)
(A,b,i’o,uo) — U

with u being the unique solution of the initial value problem
u'(t) = A(H)u(t) + b(t) with u(ty) = uo

is continuous. The restriction of this mapping on fixed to depends analytically from A, b and ug. For
each (A,b,ty) € C([a,B], L(V)) x C([a, B], V) X [a, B] the respective restriction of the mapping
is an affine isomorphism from uy € V to the set of solutions of the differential equation u'(t) =
A(t)u(t) +b(t).

Proof.

Statement and proof of this theorem originate from Schmidt [10]. Instead of considering the
abstract solution u one denotes its integral form and modifies the above mapping respec-
tively. This mapping turns out to be Lipschitz for fixed equation parameters which is the
basis for all claims in the statement. For details, check Schmidt [10], p.16. q.e.d.
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B Mathematica Algorithm of Figure 13

g2[r]:=4/3% (r+1/r)"2—4

g3[r]:=1/3* g2[r](r + 1/r) —4/27 x (r + 1/r)"3
period|r_]:=WeierstrassHalfPeriods[{g2[r], 83[r] }].{1, 0}
periodplr_]:=WeierstrassHalfPeriods[{g2[r], g3[r] }].{0, 1}
eta[r_|:=WeierstrassZeta[period|r], {g2[r], £3[r]}]
etap|r_]:=WeierstrassZeta[periodp[r], {g2[r], g3[r]}]
beta[r_]:= — 2 x eta[r] / (Pix I)

betap|r_]:= — 2  etaplr] / (Pi* I)

alphalr_]:=period[r] / (Pi* I)

alphap|r_]:=periodp|r] / (Pi )

flez )=

alpha[r|*

(WeierstrassZeta[z, {g2[r], g3[r] }]+

WeierstrassZeta|z + period|[r], {g2[r], g3[r]}] — eta[r]) + beta[r] * z

fplr-,2.J:=
alphap|r]*

(WeierstrassZeta[z, {g2[r], g3[r] }]+

WeierstrassZeta(z + periodp|r|, {g2[r], g3[r]}] — etap[r]) + betap[r] * z

Realteil[r_, z_|:= — f[r, 2]
Realteilp[r_, z_|:= — fp[r, Z]
Realteiltau[r_, z_|:=Re[Realteil[r, 1/2 x period|r] + z]]

Realteiltaup|r_, z_|:=Re[Realteilp|r, z + 1/2 * periodp|r]]]
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mlr_, z.):=WeierstrassP(z, {g2[r], g3[r]}] + 1/3  (r + 1/7)
Kplr_|:=EllipticK[Sqrt[1 — 2]

Imaginarteil[r_, z_]:=(1/Pi) * Kp[r] * Sqrt[r] * Sqrt[r + 1/r — m[r,z] — 1/ (m]r,2])]
Imaginarteiltau[r_, z_|:=Re[Imaginarteil[r, 1/2 * period[r] + z]]
Imaginarteiltaup|r_, z_|:=Re[Imaginarteil[r, z + 1/2 * periodp|[r]]]
Plot[Realteiltau|z]

ParametricPlot[{ { Realteiltaup[0.01, z], Imaginarteiltaup[0.01, z },
{Realteiltaup[0.02, z], Imaginarteiltaup[0.02, z] },
{Realteiltaup[0.03, z], Imaginarteiltaup[0.03, z] },
{Realteiltaup[0.05, z], Imaginarteiltaup[0.05, z] },
{Realteiltaup[0.1, z], Imaginarteiltaup[0.1, z },

{Realteiltaup[0.2, z], Imaginarteiltaup[0.2, z| },

{Realteiltaup[0.4, z], Imaginarteiltaup[0.4, z| },

{Realteiltau[0.9, z], Imaginarteiltau[0.9, z] },

{Realteiltau[0.9999, z], Imaginarteiltau[0.9999, z| } }, {z, —4,4},
PlotRange — {{-1.1,1.1},{—.1,2.3}},

Epilog — {Dashed, Line[{{0.5,0}, {0.5,2.3} }], Line[{{—0.5,0}, { —0.5,2.3} }],
Line[{{1,0}, {1,2.3}}], Line[{{—1,0}, {-1,2.3} }]}]
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