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Abstract. The aim of this thesis is to give answers to the questions raised by the direct and
the inverse problem of Fermi curves of the time-independent two-dimensional double-periodic
Schrodinger operator with finite type potential. Generally, the potential can be associated with a
complex curve — the Fermi curve — and a line bundle corresponding to the eigenfunctions on this
curve. Throughout this work, it is assumed that the potential is of finite type. In this scenario,
the associated curve is a Riemann surface and the line bundle corresponds to a divisor on this
curve. The advantage of Fermi curves of finite type is that their properties are easier to analyze
than the general kind. Usually, the set of finite type potentials is dense in the set of all potentials
that lead to a Schrodinger operator. Therefore, it can be expected that the properties of Fermi
curves of finite type transfer to the general case.

The direct problem is concerned with the properties of a Fermi curve with given finite type
potential. The inverse problem comprises three aspects: the reconstruction of a unique potential
from some given data, the determination of the isospectral set for a given potential and the
construction of the moduli space, i.e. the space which contains all possible potentials which belong
to a Schrodinger operator.

In the investigation of the direct problem, it is first shown that the Fermi curve is a one-dimensional
variety in C? and the asymptotic behavior of this curve is studied. Moreover, an important sym-
metry of the Fermi curve is analyzed which is expressed in terms of a holomorphic involution on
this curve. It will become visible that only non-special divisors on the Fermi curve which have
a certain behavior under this involution are divisors corresponding to a double-periodic finite
type potential. During this procedure, a regular operator-valued 1-form is constructed which is
necessary to show that the divisor has the mentioned behavior under the involution. This behavior
can be correlated with the geometry of the Fermi curve by showing that the divisor can obey the
restrictions induced by the involution if and only if the latter has exactly two fixed points.

In the second part of this work, the inverse problem is analyzed. Hereby, we first illustrate which
kind of data defines a finite type potential uniquely. One datum of particular interest is — among
others — a compact Riemann surface with two marked points at infinity and another such datum
is a divisor. Both, the Riemann surface and the divisor, must be equipped with the symmetry
induced by the holomorphic involution. Only then can the given data yield the normalization of
a Fermi curve corresponding to the two-dimensional double-periodic Schrédinger operator with
unique finite type potential. Later in this thesis, it is illustrated that the isospectral set of a given
Fermi curve is parametrized by the Prym variety. This is the subset of the Jacobian variety whose
elements are antilinear under a holomorphic involution which is induced by the symmetry of the
Fermi curve. The main emphasis here is on real-valued potentials. When focusing on this case,
the Fermi curve is additionally equipped with a second symmetry in terms of an antiholomorphic
involution. The results from [Natanzon, [2004] are used to explain the structure of the real Prym
variety. This structure is analyzed with help of both types of involutions. The thesis concludes with

a discussion of whether the connected components of the real Prym variety contain special divisors.

iii






Zusammenfassung Ziel dieser Arbeit ist es, die Fragen, welche durch das direkte und das
inverse Problem von Fermikurven endlichen Typs des zeitunabhéingingen, zweidimensionalen,
doppelperiodischen Schrodingeroperators aufgeworfen werden, zu beantworten. Im Allgemeinen
kann ein Potential einer komplexen Kurve — der Fermikurve — und einem Linienbtiindel, welches
den Eigenfunktionen auf dieser Kurve entspricht, zugeordnet werden. In dieser Arbeit wird
angenommen, dass das betrachtet Potential von endlichem Typ ist. In diesem Fall ist die zu
dem Potential gehorige Kurve eine Riemannsche Flache und das Eigenbiindel kann durch einen
Divisor auf dieser Kurve charakterisiert werden. Der Vorteil von Fermikurven endlichen Typs
ist, dass deren Eigenschaften einfacher zu analysieren sind als die Eigenschaften im Allgemeinen.
Normalerweise liegt die Menge der Potentiale endlichen Typs dicht in der Menge aller Potentiale,
die zu einem Schrodingeroperator gehoren. Daher ist zu erwarten, dass sich Eigenschaften der
Fermikurven endlichen Typs auf den allgemeinen Fall iibertragen. Das direkte Problem befasst
sich mit den Eigenschaften einer Fermikurve zu gegebem Potential endlichen Typs. Das inverse
Problem umfasst drei Aspekte: die Rekonstruktion eines eindeutigen Potentials aus gegebenen
Daten, der Bestimmung der Isospektralmenge fiir ein gegebenes Potential und der Konstruktion
des Modulraums. In der Untersuchung des direkten Problems wird zunéchst gezeigt, dass die
Fermikurve eine eindimensionale Varietit in C? ist und das asymptotische Verhalten dieser Kurve
wird untersucht. Auflerdem wird eine Symmetrie der Fermikurve gezeigt, welche durch eine
holomorphe Involution ausgedriickt wird. Es wird gezeigt, dass nur nicht-spezielle Divisoren,
welche eine bestimmtes Verhalten unter dieser Involution haben, zu einem doppelperiodischen
Potential endlichen Typs gehoren. In Zuge dieser Betrachtungen wird eine regulére, operatorw-
ertige 1-Form konsturiert. Mit Hilfe dieser kann gezeigt wrden, dass der Divisor das erwahnte
Verhalten unter der Involution hat. Dieses Verhalten wird zu der Geometrie der Fermikurve in
Bezug gesetzt: es wirdindem gezeigt, dass der Divisor nur genau dann die durch die Involution
vorgegebene Symmetrie erfillt, wenn die Involution genau zwei Fixpunkte hat. Im zweiten Teil
dieser Arbeit wird das inverse Problem betrachtet. Hierbei leiten wir zunéchst die Daten her,
welche eine Fermikurve endlichen Typs eindeutig charakterisieren, Ein Datum von besonderem
Interesse ist eine kompakte Riemannsche Flache mit zwei ausgezeichneten Punkten bei Unendlich
und ein anderes Datum ist ein Divisor. Sowohl die Riemannsche Fléche als auch der Divisor
miissen einer Symmetrie geniigen, welche durch die holomorphe Involution induziert ist. Nur
dann koénnen die gegebenen Daten die Normalisierung einer Fermikurve eines zweidimensionalen,
doppelperiodischen Schrédingeroperators mit einem Potential endlichen Typs sein. Es wird gezeigt,
dass die Prymvarietét die Isospektralmenge einer gegebenen Fermikurve parametrisiert. Dies ist die
Teilmenge der Jacobivarietat, deren Elemente antilinear unter einer holomorphen Involution sind,
welche der Symmetrie der Fermikurve entspringt. Der Schwerpunkt liegt hierbei auf reellwertigen
Potentialen. In diesem Fall geniigt die Fermikurve zusétzlich einer zweiten Symmetrie, welche
durch eine antiholomorphe Involution ausgedriickt wird. Ergebnisse aus |[Natanzon, |2004] werden
verwendet, um die Struktur der reellen Prymvarietit zu erldutern.

Diese Struktur wird mit Hilfe beider Involutionen untersucht. Die Arbeit endet mit einer Diskussion,

ob die Zusammenhangskomponenten der reellen Prymvarietit spezielle Divisoren enthalten.
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Introduction

The Schrodinger equation is one of the fundamental equations in quantum mechanics. It was
postulated for the first time by Erwin Schrédinger in 1926. This thesis analyzes the direct and
the inverse problem of the two-dimensional time-independent Schrédinger operator — A +u with
double-periodic finite type potential u for a fixed energy level. A more elaborate explanation of
what is meant by this will be given later in the introduction.

The inverse problem is of particular interest in physics which, as an empirical science, verifies
theoretical statements with help of data obtained from measurements. In order to describe the
inverse problem, it is necessary to know sufficient information about the structure of this data.
This can be done by considering the direct problem. In other words, considering the direct problem
can be seen as dealing with the question: “What shall I observe or measure to be able to determine
what phenomenom it is?”

In this work, the eigenvalue problem of the time-independent two-dimensional Schrédinger operator
— A +u with finite potential u € C(R?/I) is taken into account, where I is a two-dimensional,

positively orientated geometric lattice in R2. For (x,%y) € R2, the corresponding equation reads as

(_ A +u(iﬁ,y))¢(9«“a y) = )\w(%y), (0'1)

where A is the Laplace differential operator. Furthermore, the eigenfunctions v are restricted to
functions that are quasiperiodic with respect to the same lattice I'. That means for all (z,y) € R?
and all v € I'; there holds

U((z,y) +7) = 2 Emthwly (g y), (0.2)

2m(krzt+k2y) one can — encoded in the domain of the operator — note the parameter

In the phase e
k = (k1,ko) € C%. Then the set of all k£ € C? for which a non-trivial ¢ that obeys with A =0
as well as exists is called the Fermi curve F(u) of the potential u. F(u) is a variety in C?
which is invariant under translation by the dual lattice I™ of I'. Due to this invariance, the actual
Fermi curve F(u)/I™ C C?/I'* can be found.

This thesis gives answers to questions which are raised by the so-called direct problem of the Fermi
curves for Schrodinger operators with finite type potential as well as some aspects of the inverse
problem.

The question that arises is: “What defines the property of a potential to be of finite type?”

The free Fermi curve F(0)/I™*, i.e. the Fermi curve with zero-potential, consists of two complex

planes which intersect each other in infinitely many discrete double points & indexed by v € I'*.
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Introduction

All of these double points resolve in the normalization. This normalization — consisting of two
copies of C — can be compactified by adding two points Q at infinity. Additionally, we will see
that the Fermi curve F'(u)/I"™* converges to F(0)/I"* asymptotically. We want to determine in
which cases the normalization of F(u)/I™* has two open ends as the normalization of F'(0)/I™* so
that we can also compactify it by adding two points QT at infinity. Herefore, we consider the
asymptotics of F(u)/I'* C C?/I'*. Because I'* is a real two-dimensional lattice, it suffices to
consider the asymptotics for large imaginary part of [k] € F(u)/I™*. This is what we mean if we
say ‘far outside’ It will turn out that one has to distinguish between two parts ‘far outside’: small
open neighborhoods of the double points & and a remainder which is bounded away from these
open neighborhoods. The Fermi curve contained in this remainder is a one-dimensional manifold
which means that this part is topologically the same as the free Fermi curve. We also want to
know how F'(u)/I™ looks like inside of these open neighborhoods ‘far outside’. There are two
different cases: either F'(u)/I'™* has a double point which is close to kF and the normalization
of F'(u)/I'* locally consists of two sheets or F'(u)/I"™* has a handle and the normalization locally
consists of only one sheet. In order to compactify the normalization of F'(u)/I™ — as it is possible
in the free case — F'(u)/I™* may only have finitely many handles. In this case, it is biholomorphic
to the normalization of F(0)/I™ in all parts ‘far outside’. Therefore, one property of a Fermi
curve of finite type is that in all small open neighborhoods of kF, the Fermi curve has only double
points which means the corresponding normalization has two open ends, and therefore can be
compactified. A second important property is that the lift of the eigenfunction to this compactified
normalization is a meromorphic function.

The general philosophy behind the restriction to finite type potentials is twofold: On the one hand,
one assumes that the class of finite type potentials is dense in the set of all potentials. On the
other hand, the class of finite type potentials is easier to handle than the general case because one
needs much less analysis. This allows to study some phenomenons regarding the Fermi curves of
finite type and the associated line bundle which should also hold in the general case, yet are easier
to analyze.

We want to point out that we only consider finite type potentials for one fixed energy level A = 0.
In [Feldman et al. [1992], it is shown that besides trivial examples, there exists no real-valued
potential such that the curve corresponding to all energy levels, i.e. the Bloch variety, can be
compactified.

By the direct problem, we mean that we assume that a certain potential u is known, and therefore
we can employ the following approach: We study the asymptotic behavior of this curve for large
|| Im(k)|| as explained above and deduce some more properties concerning the geometric structure
of Fermi curves of finite type. Most important, we show the classical trisection of the Fermi curve
which was first shown in [Krichever] [1995] and can — for real valued potentials — also be found
in |Feldman et al., 2000, Sections 2.5 and 3.18]: A compact part which may contain arbitrary

singularities, and a part ‘far outside’ that decays again into two distinct parts: separated from the



Introduction

small open neighborhoods of the double points k;—L, the Fermi curve is a one-dimensional manifold
and in the neighborhoods of these double points, the two different shapes of the Fermi curve as
described above can occur.

The Fermi curve contains all parameters k which allow us to find a non-trivial solution of
with A = 0 obeing . Hence, it can be seen as kind of a ‘spectrum’ of fixed energy levels.
Accordingly, it is a natural question to ask: “How does the eigenspace behave at particular values
of this ‘spectrum’?” This eigenspace defines a line bundle on the Fermi curve. On Riemann
surfaces, each line bundle uniquely defines a divisor. However, the Fermi curve is a singular curve:
In this case, the line bundle can be associated with a so-called generalized divisor on the Fermi
curve. Generalized divisors are finitely generated subsheaves of the germs of the meromorphic
functions on F(u)/I'™*. A generalized divisor on a Riemann surface is always associated with a
classical divisor, so this is one appropriate possibility to define an analogon to divisors for singular
curves. The generalized divisor used in this thesis can be seen as the pole divisor of the normalized
eigenfunctions in the regular part of the Fermi curve.

We then define regular finite type potentials. These are finite type potentials for which we can use a
unique classical divisor instead of a generalized divisor. For these potentials, we also deduce several
properties which have to holds for the divisor of a normalized eigenfunction. Among others, we
explore a connection between a symmetry of the Fermi curve and the divisor which will be useful
when regarding the questions of the inverse problem. This symmetry of F'(u)/I™ is given in terms
of a holomorphic involution ¢ acting on the Fermi curve. The connection is expressed in terms of a
linear equivalence D +0(D) ~ K + Q% + Q~, where K is the canonical divisor on the compactified
normalization of F(u)/I"* and Q% are the two points which are added to the normalization such
that the latter is compact. These points are fixed points of the holomorphic involution. One
central part of this work is to show that the above linear equivalence can hold if and only if o
has exactly the two fixed points Q™ and Q. Besides that we show some additional properties of
D and analyze which extra conditions come into play if we assume that the given potential u is
real-valued. We also show that there are two meromorphic differentials with prescribed poles at Q+
which take the periodicity conditions with respect to I" into account. All this will be explained in
more detail during the outline of this work hereinafter. After we have gathered enough information
in the direct problem, we address ourselves to the inverse problem.

In the inverse problem, the approach works just the other way around. Here, we assume that
so-called spectral data — a compact Riemann surface X with two marked points together with a
divisor D, a holomorphic involution ¢ and two meromorphic differentials with prescribed poles
and periods — is given and show under which conditions this data describes the normalization of a
Fermi curve corresponding to a unique potential u. We will see that we need to assume that the
divisor D obeys the above linear equivalence to be able to reconstruct a unique potential and a
unique eigenfunction of the Schrédinger operator corresponding to the given data. The inverse

problem classically decays into two distinct questions:

xi



Introduction

1. The isospectral problem: A fixed potential ug is given and one asks: “How to determine
all potentials u such that F(u) = F(up)?” This question can be answered by finding a
description of all possible ways to deform the divisor corresponding to ug so that the deformed
divisor on the same Fermi curve is still a divisor corresponding to an eigenfunction of the

Schrédinger operator.

2. The moduli problem: A Fermi curve F'(u) is given and one asks: “How to describe all
possible deformations of this curve such that the resulting curve is still a Fermi curve to a

possibly different potential u than the given one?”

In this work, we give a first hint on how to answer the questions raised by the isospectral problem
for regular finite type potentials in the sense that we show that the so-called isospectral set —
mapped to the Jacobian of a given Fermi curve — is parametrized by the so-called Prym variety.
This is the subset of the Jacobian which is antisymmetric under o. We focus on real-valued
potentials and construct the real part of the Prym variety in analogy to |[Natanzon) 2004].

For our setting, the answer to the questions raised by the moduli problem is an application of
the deformation theory from the so-far unpublished paper [Carberry and Schmidt], 2017]. We
have explained the structure of this deformation theory in Appendix [C] to give a more complete
picture of the inverse problem, even though these are not results we worked out. As soon as
[Carberry and Schmidt} |2017] is published, we refer the reader to this paper for the corresponding
proofs. Additionally to the results from |[Carberry and Schmidt, 2017], we explain one convenient
possibility how to apply this theory on finite type Fermi curves and add some minor details which

are important for the scenario considered in this work.

The main focus of this work is divided up into two parts: Part [ comprises Chapters [2] to [4] and
answers the question raised by the direct problem as far as it is necessary for this work. Part
envolves with the inverse problem and consists of Chapters [5] and [6]

Chapter (1| gives a brief introduction of the two-dimensional Schréodinger equation with periodic
potential as it is used in this work. We introduce two equivalent formulations of the quasiperi-
odicity condition of the Schrédinger operator: the formulation mentioned above, in which the
eigenfunctions have to be quasiperiodic with respect to I as in and another formulation,
where the eigenfunctions are double-periodic with respect to I'. To obtain double-periodicity of
the eigenfunctions, one has to modify the Laplacian as Ay, := A + 4wk, V) — 472k?. Then the
Schrédinger operator reads as — A +u. Both formulations are used in this work: The advantage
of the first formulation is that it can also be formulated for parameters [k] € C?/I'* so that we
can consider the eigenfunctions as objects defined on all of F'(u)/I™*. This can be exploited later
in this work to define finite potentials u in such a way that the Fermi curve F'(u)/I™ can uniquely
be associated to another curve which can be compactified by adding two points Q™ and Q~ at

infinity — remember that the Fermi curve itself is generically not compactifiable.
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Introduction

The second formulation is useful for the determination of the asymptotic behavior of the Schrédinger
equation: The periodicity of the eigenfunctions with respect to I" enables us to apply Fourier
transformation to the Schrédinger operator — Ap +u. The Fourier transform of the modified
Laplacian depends on elements of the dual lattice ™. Translating k£ in some direction in which
the dual lattice is involved yields a way to gain insight into the behavior of the operator if the
imaginary part of k becomes infinitely large. Because of the translation invariance of F'(u) under
the real two-dimensional lattice I'*, it suffices to consider the asymptotics only for large imaginary
values of k. Afterwards, we define the Fermi curve of a Schrédinger operator as the set of points
[k] € €%/I'* for which [k] is a possible parameter for the Schrédinger operator with fixed potential
u such that the kernel of this operator is non-empty. In the same breath, we also introduce the
Bloch variety of a Schrédinger operator. This is the set of points ([k],\) € C?/I"* x C for which A
is an eigenvalue for the Schrodinger operator and k is a possible parameter for this eigenvalue with
1 Z 0. It will become obvious at the end of Chapter [2| and the beginning of Section why we
also consider this curve. We then show with help of the spectral projection that the Fermi curve is
a variety in C2/I'™* and that the Bloch variety is a variety in C2/I"™* x C. After this first glance at
which kind of object the Fermi curve is, we show the well-known fact that it has some symmetries
in terms of involutions. The first involution, which we call o, holds for all Fermi curves and can
be seen as mirroring the Fermi curve at the origin of C2. The second involution, named 7y, only
exists on Fermi curves associated to real-valued potentials. It acts on F(u) as k — —k. Both of
these symmetries turn out to be important in the remainder of this work. This is followed by a
brief discussion of two concrete examples of Fermi curves which we can determine explicitly: Fermi
curves with zero potential and Fermi curves with constant potential. Hereby, we orientate us on
[Feldman et al., 2000, Chapter 3.16]. The Fermi curve with zero potential becomes crucial when
considering the asymptotics of an arbitrary Fermi curve F'(u) because it turns out that all Fermi
curves are converging to the free Fermi curve for large imaginary value of k. Moreover, we see in
this discussion that the free Fermi curve has the form of two complex planes which intersect each
other at infinitely many discrete double points. This already gives a broad hint that we have to
consider two different cases for the asymptotics: the part of the Fermi curve which is contained in
small open neighborhoods of these double points as well as the rest of the Fermi curve. Equipped
with the knowledge about the scenario we are in, we finish the first chapter by reformulating the
two questions raised by the inverse problem to illuminate them a bit more with respect to the
additional knowledge we have achieved in the first chapter.

In Chapter 2, we give an explicit analysis of the asymptotics for large imaginary values of k. We
first show some basic results concerning the regularity properties of the resolvent and consider
the behavior of the resolvent with help of Fourier transformation for large imaginary values of k.
The key to more insight into the asymptotic behaviour of the Fermi curve is a decomposition of
the Schrodinger operator in terms of its Fourier series for the asymptotic case. Away from the

Fermi curve, the resolvent is a regular operator which is not defined on the Fermi curve itself.
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However, the so-called reduced resolvent is also defined on the Fermi curve. This is the part of
the resolvent which describes the complement of the eigenvalues of the Fermi curve. We will see
that asymptotically, all but maximal two small eigenvalues are bounded away from zero. The
part of the resolvent corresponding to these two small eigenvalues is spanned by either one or
two Fourier modi of the corresponding Fourier series. It turns out that it suffices to consider the
one- respectively two-dimensional eigenspaces of these small eigenvalues — parametrized by k —
to describe the Fermi curve. We will see that in the generic case — i.e. away from the double
points kF — the eigenspace on the free Fermi curve is one-dimensional and the eigenspace at k*
is spanned by the two eigenfunctions correponding to the sheets of the free Fermi curve which
intersect in kF. For large || Im(k)||, the eigenspace of an arbitrary Fermi curve can be decomposed
in the eigenspace of the free Schrédinger equation and an error which describes the deviation from
a Fermi curve with continuous potential to the free Fermi curve. We are be able to show that
this error tends to zero in the limit of ||Im(k)|| — oco. This way to describe the asymptotics is
orientated on the methods used in [Klauer, 2011} Section 4.5] to describe the zero set which locally
and asymptotically describes the Fermi curve inside of small open neighborhoods of k € F/(0)/I™*.
A similar way to show the asymptotic behavior of the Fermi curve can also be found in |Feldman
et al, |2000, Sections 3.16 and 3.17]. Transferring these asymptotics to the Fermi curve in C2?/I'™*
finally enables us to describe the partition of the Fermi curve into three parts: The first part is
compact and an one-dimensional variety in C?/I'*. The second part ‘far outside’ looks like two
complex planes, where out of each plane a huge hole and infinitely many small holes are cut out.
The third part is contained in the infinitely many small holes that are cut out of the second part.
It comprises the parts of F(u)/I"™* which are contained in small open neighborhoods of k* ‘far
outside’. We show that inside each of these small open neighborhoods, the Fermi curve might
either have an ordinary double point or a handle if || Im k|| is sufficiently large. In the wake of
this, we also make some statements about the number of connected components of the regular
parts of the Fermi curve and the Bloch variety as well as about the set of points contained in
these varieties which are branch points with respect to specific coverings or which correspond to
eigenvalues of higher order. These are necessary tools hereinafter to define finite type potentials
and to describe the line bundle on Fermi curves of finite type.

Chapter [3]is concerned with the eigenfunctions 1) of the Schrédinger operator with eigenvalue A = 0.
In Section |3.1] we take into account that the Fermi curve is a singular curve and introduce so-called
generalized divisors, see |Hartshorne], [1986]. These are subsheaves of the sheaf of meromorphic
functions on the Fermi curve which are finitely generated submodules of the holomorphic functions
on the Fermi curve. This definition constitutes one possibility to generalize the concept of divisors
which is well-known on Riemann surfaces. We oriented this part of the thesis on the results in [Klein
et al.,[2016]. Hereby, we also introduce regular differential forms on a singular curve X — defined as
in [Serre, 1988, Chapter IV §3] or [Rosenlicht] [1952] — as those meromorphic differential forms on

X whose products with all functions which are holomorphic in some neighborhood of any point of
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X have no residues at this point. These are the natural generalization of holomorphic differential
forms on Riemann surfaces for complex curves. Afterwards, a more tangible characterization for
such n-forms is given for hypersurfaces of dimension n. This is used frequently in the remainder of
this work and is taken from [Schmidt], 2002].

Equipped with the concept of generalized divisors on singular curves, we are able to define a
generalized divisor corresponding to a unique, normalized eigenfunction of the Schrédinger equation
in Section At regular points of the Fermi curve, this corresponds to the pole divisor of the
unique eigenfunction which is normalized to 1 at the origin (z,y) = (0,0).

In Section we take a close look at the spectral projection on the Bloch variety. It is possible
to construct another projection from the spectral projection which can be restricted to the Fermi
curve. The latter is kind of a ‘modified spectral projection’ that enables us to show that there
exists a regular projection-valued 1-form w on the Fermi curve. The regularity of this 1-form is the
main ingredient to show in the next chapter that the linear equivalence D + (D) ~ K + Q" + Q™
holds for a divisor D which can be associated to the generalized divisor if u is a regular finite-type
potential. The existence of a similar 1-form is also shown in [Krichever} (1989, Chapter III] for
orthogonal lattices under the assumption that the Fermi curve is a Riemann surface.

The first task in Chapter [4]is to define finite type potentials. We motivate this by showing that the
normalization of the free Fermi curve F'(0)/I™ can be compactified by adding two points at infinity.
Afterwards we define finite type potentials as potentials of such type that the normalization of
F(u)/T* can also be compactified by adding two points @ at infinity and that the lift of the
normalized eigenfunction to the normalization is a meromorphic function with finitely many poles.
In the course of this, we take another uniquely defined one-sheeted covering of the Fermi curve
into account. This is defined in [Klein et al. 2016] and denoted as the middleding of a singular
curve. It is the most desingularized one-sheeted covering of F'(u)/I™ such that the lift of the
generalized divisor on the Fermi curve to this covering is still a generalized divisor. It turns
out that the property of a potential to be of finite type can be characterized with help of this
one-sheeted covering: finite type potentials are just the potentials for which the middleding can
be compactified. To show that the latter characterization is a feasible definition of finite type
potentials, the regular 1-form defined from the modified spectral projection comes into play for the
first time. Moreover, we show that the regular 1-form on F(u)/I™* can be lifted to a regular 1-form
w on the middleding. After that, regular finite type potentials are defined as those potentials
u for which the middleding and the normalization of F'(u)/I"™* coincide. This allows to exploit
the advantages of both of these one-sheeted coverings of the Fermi curve: The normalization is
a Riemann surface, whereas the middleding is in general a singular curve. However, the sheaf
generated by the normalized eigenfunction does generically not define a generalized divisor on the
normalization, because it is not a finitely generated submodule of the holomorphic functions of
the normalization. It can be shown that the lift to the middleding of the generalized divisor on

F(u)/I™* corresponding to the normalized eigenfunction is again a generalized divisor. Therefore,
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if the middleding and the normalization are the same one-sheeted covering, this lift can uniquely
be associated to a classical divisor. Moreover, we are able to exploit the regularity properties we
have shown before for the lift of the differential w to the middleding. Defining the generalized
divisor and deducing the definition for finite type potentials is one of the main tasks of this work.
We explore the properties of the eigendivisor D on the normalization of a Fermi curve which
corresponds to the Schrodinger operator with regular finite type potential. The first step in Section
is to show a relation already known, compare for example [Novikov and Veselov, 1984, [Veselov,
1984, |Novikov and Veselov, |1986], for which we could not find an explicit proof in the literature.
This property correlates the involution o, i.e. the geometric structure of the Fermi curve, with the
eigendivisor: the linear equivalence D + (D) ~ K + Q + Q~ which we have already mentioned
above. In [Novikov and Veselov, [1984], it is remarked that I. R. Shafarevich and V. V. Shokurov
indicated that the linear equivalence shown in Section can hold if and only if the involution o
has exactly two fixed points. This is shown in Section which is another central aspekt of this
work. To do so, one first has to take the quotient X, of X by the holomorphic involution ¢ into
account. This quotient space is a compact Riemann surface and 7, : X — X, is a two-sheeted
covering. We utilize this covering to construct a cycle basis of H(X,Z) with respect to the
symmetries induced by o out of a given cycle basis of H1(X,,Z). Secondly, we consider the images
of divisors D obeying D + (D) ~ K + Q% + Q~ under the Abel map into the Jacobi variety of
X. In Appendix [A] we give some more information relevant to the theory in the background of
the results presented here and also provide a brief introduction how our results can be seen in the
more general context which was given in [Mumford, [1971] about the Prym variety of a Riemann
surface which is equipped with a holomorphic involution. After that, we show in Section [£.2.3]
that another symmetry for the divisors holds for real-valued potentials. In Section we show
that the divisor of a finite type potential is non-special. Non-speciality is a property that assures
that the preimage in the set of positive divisors of degree g of a point = € Jac(X) under the
Abel map is unique. Hereby, we use a slightly modified version in the definition of non-speciality
which also takes the marked points QT into account. The reason to use this modified version
becomes obvious in Chapter [5] The last step in the observations on the eigendivisor in Section
then shows that the properties of the eigendivisor we have mentioned above still hold if we
normalize the eigenfunctions with respect to an arbitrary (z,y) € R2. This is done with help of
the Krichever construction [Krichever, 1977], a method to define a double-periodic flow in R? on
the normalization from a given Mittag Leffler distribution which appears again in Chapter 5] Last
but not least, we show in Section that for every potential u, we can define two meromorphic
differentials on X from the parameter k and the lattice I" as d(J1k1 + A2k2) and d(§1k1 + Y2k2).
These differentials are uniquely defined by their poles on the compactified normalization X of
F(u)/I™* and their periods with respect to Hy(X,Z). We will see that these differential forms are
holomorphic on X \ {QT,Q~} and have poles of second order at Q*. Moreover, it will become

visible that the integrals of these 1-forms over elements of H;(X,Z) are integer. These differentials
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enable us in the inverse problem to define a map X — C? so that the image of this map just equals
the Fermi curve.

The second part of the work is about the inverse problem. In Chapter [5] we assume that a rather
abstract set of data is given. From this, we reconstruct a unique potential of the Schréodinger
operator and its eigenfunctions in terms of Baker-Akhiezer functions [Krichever} 1977]. For the
more general case of a two-dimensional periodic Schrédinger operator with magnetic field, the
existence of a unique Baker Akhiezer function is shown in terms of #-functions in |[Dubrovin,
1981]. The set of data comprises a compact Riemann surface with two marked points Q™ and Q~
together with two meromorphic differentials with prescribed pole behavior at Q™ and Q~ and
prescribed periods with respect to the first homology group of X, a holomorphic involution ¢ and
a divisor D which obeys D + o(D) ~ K + Q" + Q. Getting insight into which role this linear
equivalence plays in the reconstruction of the eigenfunction and the potential is another important
part of this work. We show that it is this linear equivalence which allows the reconstruction of
a unique Baker-Akhiezer function ¢ and a unique potential v so that v is an eigenfunction of
— A +u with double-periodic v with respect to some 2-dimensional lattice I" C R? which is also
encoded in the given spectral data. Without this restriction on the divisor, the reconstructed
operator would additionally contain a magnet field. Moreover, the complex analytic properties of
the given differentials make it possible to tinker a unique map k : X — C? such that the image
of this map equals the Fermi curve. Afterwards, we show that it is possible to reconstruct these
functions uniquely from the given data. We also state a restriction on the divisors in the spectral
data such that the reconstructed potential is real-valued.

The second part of the inverse problem in Chapter [f] answers some of the questions raised by
the isospectral problem. We show that the isospectral set is parametrized by the so-called Prym
variety corresponding to the normalization of a given Fermi curve with regular finite type potential.
Hereby, the focus is on real-valued potentials. One of the main parts of this work is to explain the
structure of the Prym variety for real-valued potentials. This work was done in order to be able
to use statements from |[Natanzon, [2004], which were not proven with the necessary rigor in the
original manuscript. Our results of this can be found in Section [6.2] and the basis used for the
results shown there can be found in Appendix [B]l Since we consider these rather as ‘tools’ in the
background to fully understand the structure of the real Prym variety and because large parts of
the corresponding results in [Natanzon, [2004] were more or less correct — despite not being worked
out entirely — we attached these in the appendix.

Section starts with the definition of so-called real curves (X, 7) as compact Riemann surfaces
which are endowed with an antiholomorphic involution 7. After characterizing the different types
of such real curves, we take a close look at the properties of holomorphic differential forms which
obey a certain transformation behavior with respect to the additional real structure. Hereby, we
make some existence statements which need the results from Appendix [B} There, a 1-1-connection

between real Fuchsian groups and the existence of real spinors is shown. A real Fuchsian group is
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a Fuchsian group with an additional structure corresponding to the antiholomorphic involution
of X and real spinors are spinors which obey certain properties on the fixed point sets of 7 on
X. The existence statements on holomorphic differential forms with certain properties on these
fixed point sets shown in Section then derive from the existence theorems on the real spinors
introduced in Appendix [B] Section [6.2.3]is concerned with giving complete proofs of the assertions
on M-curves from [Natanzon| [2004] because there large parts were missing. M-curves are real
curves on which the fixed point set of the antiholomorphic involution has the maximal number of
connected components.

In Section we introduce the real part of the Jacobian variety as it was proposed in [Natanzon,
2004], characterize the connected components of the real part of the Prym variety and deter-
mine which connected component contains only non-singular divisors. Hereby, we noted that in
[Natanzon) 2004] an additional transformation behavior of the lattice to define the Jacobian as C9
modulo this lattice is overlooked. Moreover, it is the main effort in this Section to understand
the characterization of the connected components of the real Jacobian since the corresponding
arguments are missing in [Natanzon, 2004].

Finally, we describe in Section the real parts of the Prym variety. The results on their
structure can be deduced from the foregoing section by considering the quotient X, of a real curve
(X, 7) with holomorphic involution ¢ as a real curve. To this we can apply the results from the
previous parts of Section Lifting the objects on X, obtained from these results to X makes
it possible to describe the real part of the Prym variety of X. To describe whether a connected
component of the real Prym variety contains images of non-special divisors obeying the linear
equivalence, a property called positive or negative definiteness is defined in [Natanzon, |2004]. We
modified it in a way that it fits to the setup and explain in detail why this modified definition is
necessary. This definition is then used to gain clarity about the existence of non-singular connected
components of the real Prym variety.

Concluding, we can say that this thesis considers many different aspects of the questions raised by
both, the direct and the inverse problem of finite type Fermi curves of the Schrédinger operator.
In the part about the direct problem all questions could be answered. Even though many results
of this part are considered as known in the common literature, we could not find any sources
which gather all this knowledge. For example in the second part of Chapter [2] beginning with
Section some properties of the Fermi curve are presented rather detailed, which are necessary
for the rest of this work but for which we could not find the corresponding proofs. Moreover, we
also could not find a motivation why finite type potentials are assumed to exist and hope that the
discussion about the line bundle on the singular Fermi curve in Chapter [5] answers this question.
Also the way the Baker Akhiezer functions are determined in the literature we know uses more
complicated tools which are avoided in this work. In Chapter [5, we only use basic knowledge
on Riemann surface theory together with the Krichever construction [Krichever, |1977] to show

that a unique potential can be constructed from some given spectral data. Moreover, we could
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not find other sources than [Natanzon, [2004] to describe the real part of the Prym variety which
parametrizes the isospectral set. We hope that the way we presented this topic provides all the
necessary details to bring clarity in the properties of the real Prym variety of a finite type Fermi

curve and enables further research on the isospectral set for real-valued finite type potentials.
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1. The Schrodinger equation and Fermi

curves

1.1. The operators

The initial point of this work is the eigenvalue problem of the time-independent, two dimensional

Schrodinger operator — A +wu. This reads as

(_ A +u(a:,y))¢(:n, y) = )‘w(l'vy)? (11)

where (z,y) € R? and A = 92 + 85 is the usual Laplace differential operator. Furthermore, we
consider the potential u to be double-periodic and continuous and the solution ¢ to be quasiperiodic
with respect to the same non-degenerate, positively orientated geometric lattice I" € R?. This

lattice shall be generated by 4 and ¥, where det(%,%) # 0. Then I' is the discrete set

I'={y=mjy+ny | m,necZ}.

Without loss of generality, we assume that I” is spanned by 4 := (}) and ¥ into an arbitrary

direction linearly independent from 4. All other choices of generators (9,%) of I" only differ from

this choice by a linear transformation. So for all (x,y) € R? and all v € I" one has

u((z,y) +7) = u(z,y) (1.2)

and
P((2,y) +7) = 2™ EN (2, y), (1.3)

where k € C? is some boundary condition and (-,-) is the complex bilinear dot product which is
defined as

((55), (32)) = (z1y1 + way2) with (§}),(52) € C2.

As usual, we will denote equation together with and as the two-dimensional
Schrodinger equation. The corresponding operator is the same as the one considered in [Klauer),
2011]. To keep this work self-contained, we will now introduce the used notation and objects.

Due to the quasiperiodicity, we take (z,y) € R? out of a fundamental domain of R?/I" which is

defined as follows.



1. The Schrodinger equation and Fermi curves

Definition 1.1 (Fundamental Domain). Let 4,% be a basis of I" and p be an arbitrary point in
R2. Then the fundamental domain is the cell representing the action of I on R? by

A= {(z,y) €R? | (z,y) = p+t7 + s with (¢,s) € [0,1]%}. (1.4)

If we pick out an element of A to investigate the behavior of some functions nearby or at this
element, we always assume that the base point p is chosen in such a way that the picked out

element is in the interior of A.

In this work, we consider continuous potentials u € C(R?/I') := C(R?/I’,C) and assume that the
eigenfunctions 1 are contained in L?(A, C). Hereby, L?(A, C) is the Banach space of L?-functions

15 = ([ 152 an) " <

where du denotes the Lebesgue measure. Likewise L?(R2/I,C) is defined, where the integral

which map from A to C with

in the norm is also taken over some fundamental domain A. We do not distinguish between
measurable functions and equivalence classes with respect to the kernel of || - ||2. Furthermore,
we write L?(A) := L%(A, C) as well as L?(R?/I") := L*(R?/I’,C). We assume that the potential
u is either non-constant in both directions of I' or constant. The case of a potential which is
non-constant in one direction can be reduced to the 1-dimensional Schrédinger operator.

The scalar A € C in (1.1) is the eigenvalue of — A +u with respect to an eigenfunction ¥ () # 0.
For fixed boundary condition k& € C?, the set of all possible eigenvalues ) in equation is called
the spectrum of — A +u. Obviously, this set depends on k.

We denote by (-, -) the bilinear form which is for f, g € L?(A) respectively f,g € L?(R?/I") defined

as

(f.9)= /Afgdu. (1.5)

To obtain that — A +wu is a closed, unbounded operator, one has to consider — A +u as an operator
which depends on k since the domain on which this operator is closed depends on k. In other
words: by varying k one obtains a family of differential operators with different domains. In
[Klauer}, 2011, Section 3.1] is shown a way how to obtain a family of differential operators which is
equivalent to the two-dimensional Schréodinger equation and which also varies for different k, but
for which the domain remains the same, i.e. a way to modify the Schrédinger operator such that
an eigenfunction ¢y of the modified operator is also periodic with respect to I'. More precisely,
one can formulate the whole problem described above by , and equivalently on
R?/I" by considering

(= Dg )by = A, (1.6)
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where

Ay = Vi = A+ 41V, k) — 47°k? (1.7)

with Vi := V+2mk. The last equality sign in follows since k does not depend on (z,y) € R?,
and therefore (k, V) = (V, k). It is furthermore shown in |[Klauer, 2011}, Propositions 3.1.6 and
3.17] that for all k € C?, the operator A\, is formally a normal operator which maps the space of
I'-periodic functions to itself. The last statement holds since differential operators are local and
Ay, does not depend on (z,y) € R2.

Note that the eigenfunction v (k, A, (x,7)) depends on k € C?, A € C as well as on (x,y) € A.
For brevity, we omit the dependencies on the parameters which are either not important for the
respective considerations or for which it is clear from the context which values are taken into
account. We write for example (k) if we are only interested in the dependence of this function
on k for arbitrary (x,y) and A or if it is clear which values (z,y) and A are taken into account.
Likewise, we write ¢(z,y), (), ¥(k,\) or ¥(k,(z,y)). In case that we are not interested in
any of the dependencies on k, (z,y) and A we just write 1. Analogous notation is used for the
eigenfunction v in the formulation of .

The next Lemma shows that the two mentioned formulations are indeed equivalent. It is partly
shown in [Klauer} 2011, Theorem 3.1.10, Lemma 4.2.2 and Proposition 4.2.4]:

Lemma 1.2. Fquations (1.1)), (1.2) and (1.3) are fulfilled by k, X\, ¥ and w if and only if for
(z,y) € R? holds

(_ Dy, +u(x7y))1/}k(xay) = )‘wk(xa y)?

where Yy (x,y) = efQﬂL(k’(Z)WJ(k‘, (z,y)). Furthermore, ¥r((x,y) +v) = Yr(z,y) for ally € I' and
Yrtw(T,y) = e_2m<”’(y)>wk(w,y) for all k € T*.

T

Proof. Basically, the proof uses that AeQm(k’(y)>w(x,y) — 2melk(y)) Ay Y(x,y) and that the

2me(k,)

multiplication with e is bijective. The first equality follows by direct calculations. Therefore,

Mp(k, (2,y)) = (= A +ulz,y)P(k, (2,9))
(= & tua, y)e?™ D) 728Gy k, (2,)
=i (z,y)
= 20 () (A + ulz, y) (. )
& M2, y) = (Dk +ulz,y) ez, y).

The periodicity of 1, with respect to I" follows immediately from the quasiperiodicity (1.3) of
with k € C%:

Ve(@,y) +7) = e 2B ((2, ) + ) = e 2 E WD e 20 B0 (ke (2, 9) + 7))

=e2me(k M) (K, (z,y))

_ e_2m<k’($)>¢(kv (2,9)) = Yr(z,y).
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To see the quasiperiodicity with respect to I'™*, we use modified Wirtinger operators. In analogy
to ([1.7]), we modify the Wirtinger operators 9 := %(&E +10y) and 0= %(&D —10y) by adding

boundary conditions k € C? as
O =0+ W(Lkl + /{?2) and ék =0 + W(Lkl — kg). (1.8)

Then for all k € C2, there holds

- 1
00 = 1 (O + 10y + 21 (k1 + k2)) (02 — 10y) + 27 (thy — k2))

1
=3 (02 + 02 — Am* (k7 + k3) + Amu(k10y + k20,)) (1.9)

1 1
=18 4m?k? + 4mu(k, V) = 10k
For k € C2? and k € I'™* it is

6727”,(&,(;5))8}662#4&,(5)) _ 67271%(&,(5))66271%(&,(5)) + 7T(Lk1 + k2)
= On(tk1 + ko) + w(tky + k2) = Okax

T

and likewise Opy, = 6727”“’(y)>5k627”<ﬁ’(5)>. Taking these two results together yields that
Ak—l—n _ 6—27rb(m7(:yt)> Ay 627TL<H,(§)>

and thus Yx(k + &, (z,y)) = €—2m<&(§)>wk(k7 (2,9)). -

Corollary 1.3. For u € C(R?*/I'), let k € C? be such that there exists a mnon-trivial ¢ € L?(A)
which solves (— A +u)(k) = Mp(k) and obeys (1.3). Then for every k € I'*, there exists a non-
trivial 1 (k + k) € L?(A) which solves (— A +u)(k + k) = Mp(k + k) and it is P(k + k) = (k).

Proof. The operator — /A +u with boundary value k equals the operator — A +u with boundary
value k+ k and k € I'* since (k,vy) € Z for all v € I" and k € I'*. Therefore, the domains of these
two operators coincide. More precisely, Lemma yields that

T

Wk + k, (2,9) = ™ E D)y (@, y) = 22 () gy (2 y) = 200Dy (k, (2,1)).

d

From now on, we denote both formulations described above as the Schrédinger equation. We term
these viewpoints in the same way as it is done in the unpublished paper [Schmidt, 2002, Chapter
2] for the Dirac operator with periodic potentials. Corresponding to the two formulations of the

Schrédinger equation introduced above, the eigenfunctions can be characterized in two different
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ways. For this we first note that we can also find a one-dimensional representation of I" with help

of the dual lattice I™ of I". This is defined by the scalar product representation of the linear forms
I'*:={k €R? | (k,7) € ZforallyecI'}.

The generators of the dual lattice I™* are denoted by # and . With the generators 4 = (§) and ¥

of I', we define them as

1 ¥ 1 1 -4 0
Ri=———F— ’Y? = < and F:= —/———— :YQ =1\ (1.10)
Y172 — Y271 \—" —% Y12 =271 \ M1 ko

since the choice (%,%) = (k,¥) = 1 and (&,%) = (k,9) = 0 is natural for the generators of I'* in
our eyes. So I'* is also a two-dimensional real lattice. Hereby, 4192 — 921 = ¥2 # 0 holds because
I' is a two-dimensional lattice. For an arbitrary k € C2, a one-dimensional representation of I” is
given by the map v — €27 ¢ €\ {0} in GL(C) with k € C2. The representations for k # k’

are equal if k — k' € I'* since then one has

—(k—k' /
e2mulkyy) — 2mulk—(k—k)yy) — 2mu(k'y)

So the set of all one-dimensional representations of I" can be identified with C?/I"*. Let [k] € C?/I"*
be the equivalence class defined by {k € C* | 3x € I'" : k = k+ r}. Then every [k] € C?/T'*
induces a line bundle on the torus R?/I" with cocycles e2itk:(3)) whose sections are functions
b on R? which fulfill the same quasiperiodicity condition on the boundary of A as the
eigenfunctions of the Schrédinger operator ((1.1) with I'-periodic potential .

Definition 1.4. The formulation of Schrodinger equation (I.1)) with u € C(R?/I") and quasiperi-
odicity of the eigenfunctions (1.3) we denote as the fundamental domain formulation.

Note that this formulation of the Schroédinger equation is invariant under translations
of k — k + kK, where kK € I'*: For k € I'* and v € I" one has e2™ktm7) = 27k 5o the
quasiperiodicity condition does not change under this shift and also neither the Schrodinger
equation (|1.1]) nor the periodicity of the potential are effected by it. The periodicity of the
eigenfunctions with respect to I'™* is shown in Corollary Ergo, one can consider equivalence
classes [k] € C?/I'* where [k] = [K'] if and only if k—k’ € I'*. As before, we omit the dependency on
[k] of the eigenfunctions and write v instead of ¥ ([k]) if it is not necessary to take this dependency
into account.

The other viewpoint, i.e. considering — A +u with eigenfunctions that are periodic with respect to
I', has the advantage that the eigenfunctions ¢ are in some sense ‘global’ since they exist on the
whole torus R?/I". In this formulation, Lemma shows that the eigenfunctions are quasiperiodic
with respect to I'™* and periodic with respect to I'.



1. The Schrodinger equation and Fermi curves

Definition 1.5. The functions 6727”<k’(g)> are global, non-vanishing sections on the torus R?/I"
of the line bundle at [k] € C?/I'*. Since a line bundle is trivial if and only if it has a nowhere
vanishing section, these functions are called trivializations. One can describe the sections v by
Y = e_2m<k’($)>¢ which are usual functions multiplied with these trivializations. However, in
general e2mlk,(y)) # 2k (y)) for ke I * so the trivializations are different for each k € C?

and the sections have to obey the following quasiperiodicity condition with respect to I'™*:
Gnll+ 5, (2,9)) = 2D gk, (2,9)) for e T

It is shown in Lemmal[L.2]that ¢ (k, (z, y)) obeys these two conditions. We will use the trivialization
formulation when the asymptotic behavior of the Fermi curve is considered, i.e. for k € C? with
large imaginary value. In the other parts of this work the fundamental domain formulation is used.
This is because then it is possible to consider the Fermi curve as a subset of C2/I'*.

Later on, we will also make use of the transpose of the Schrédinger operators of — A +u and
— A +u. Therefore, this operator is introduced here. Obviously, — Ay, +u : L2(R?/I") — L?*(R?/T)
as well as — A 4u : L?(A) — L%(A) are linear and bounded operators for v € C(R?/TI",C). The
dual space of L?(R2?/TI") is again L*(R?/I') and the dual space of L?(A) is L?(A). Then the
adjoint or transposed operator (— Ay +u)? : L2(R%/I") — L*(R2?/T") of — A +u is defined as
follows: We consider for every g € L?(R?/I, C) the map

L*R*/T) = C, f (g, (— L +u)f).

This map defines a continuous, linear functional on L?(IR?/I"). So by the Riesz-Fischer Theorem
[Reed and Simon, (1980, Theorem I1.4], for every g € L?(R?/I), there exists a unique element
h € L?>(R?/T") such that for all f € L?(R2/TI)

(g, (= Ax+u)f) = (h, f)-

Then (— Ag +u)Tg = h defines the transposed Schrédinger operator. Likewise the transposed
operator (— A +u)? of — A 4w is defined with the only difference that for fixed k, the dual
space of {e(k,) € LX(A) | (k, (z +y) +7) = B0k, (2,9))} is given by {p € L2(A) |
or(k, (z+y)+7) = e_2m<k’(:§)><p(k, (x,y))} since then the product i) is periodic with respect to
I', and so one can apply partial integration to obtain (Ve(k,-),v(k,-)) = —(e(k,-), Vio(k,-)).

Next, the exact form of (— Ay +u)” is determined.

Lemma 1.6. The transpose of the Schrédinger operator (1.6)) equals — A _g +u with eigenfunction
@k If Yy is in the kernel of — Ay +u, then 1_y is in the kernel of (A +u)T.

Proof. At first, we note that u(z,y) € C, so u!(z,y) = u(x,y). The same holds for A € C.

To determine the transposed operator of — Ap +u consider first the transposed operator of
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Vi =V +2mk. For ¢ € L2 (R?/I') and ¢y, € L2(R?/T) it is

(Vior, Yr) = /A(V + 2mik) oy - Y dp = /A k- (=V + 2mik) oy dp.

The second equality sign follows by partial integration, where the term evaluated at the boundary
of A is zero since 1), and ¢, are assumed to be periodic on R? with respect to the lattice I". So

V{ := —V + 2mik. This implies for the transposed Laplacian with boundary conditions

AL = (V2 =VEF .V = (=V + 2mik) (—=V + 2mik)
= A —4mik -V — 4nk? = Ay,

Let (— YAVA +u)¢k(l€}, ) = 0. Then (— ANk —i—u)I/Jk(—k, ) =0. ]

1.2. The Bloch variety and the Fermi curve

Definition 1.7. For the Schrodinger equation ((1.6)), the Bloch variety of the Schrédinger operator
— Ap +u is defined as

B(u)/I'™* := {([k],\) € C*/T* x C | (k,)\) € B(u)}, (1.11)
where
B(u) := {(k,\) € C? x C | There is a 1, € L*(R?/T") \ {0} such that (— Ay +u)p = Ay }.

B(w) is invariant under translations by x € I'* as we will see below in Lemma So strictly
speaking, the Bloch variety is defined as in (L.11)). However, both B(u) and B(u)/I"™* are denoted
as the Bloch variety. If it is not clear from the context which version is used, this will be mentioned
explicitly. The subset of one eigenvalue A in is

Fy(u) := {k € C* | Thereis a ¢y € L*(R?/I')\ {0} such that (— Ay +u)i = A }.

F(u) is called the Fermi curve to the eigenvalue A. Since changing the fixed value A\ by adding
a constant only changes the potential u by subtracting a constant, we consider the Fermi curve
belonging to A = 0 in the sequel and call it F'(u). In case we are only interested in [k] € C? /I,
F(u)/I'* is considered which is the actual Fermi curve. Both, F(u) and F(u)/I™, are denoted as

the Fermi curve. We point out which one is meant if necessary.

The following Lemma is taken from [Klauer, |2011, Lemma 4.3.1]. It justifies why it is possible to
consider B(u)/I™ respectively F'(u)/I™. Since the proof is so short and essential, the basic steps

are repeated here.
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Lemma 1.8. For all u € L*(R/I") and for all k € I'*, the Bloch variety B(u) and the Fermi

curve F(u) are invariant under transformations k — k + k.

Sketch of the proof. Let k € B(u). Then there exists an eigenfunction 1, € L2(R%/I") with ¢, #Z 0

xX
and an eigenvalue A € C such that ((1.6) holds. Multiplying (|1.6) from the left side by e 2t (y))
yields

x T T

_6—271'L<H,(§)> Ay e27rL(/i,(y))6—271'L</i,($)>wk + u(d),y)e_QﬂL<H’(y)>¢k _ )\6_2ﬂb<m(y)>¢k~

Due to (1.9)), this yields that the transformation k — k +  induces nothing but a transformation
of the eigenfunction and does not influence the Bloch variety B(u). Obviously, the same arguments
apply for F(u). O

Next, we show that for u € C(R2?/I’,C), the resolvent
Res(\, k,u) := (= Ap +u — \) 71 (1.12)

of the Schrodinger operator — A, +u is a compact operator from L?(R?/I") to L2(R?/I"). The
set of compact operators on a Banach space V to a Banach space W are denote as C(V, W) and
for V.= W as K(V). To show this, some basics about Fourier transformation is used. Hereby,
let (2(I'*) := ¢*(I'*, C) be the space of all square summable sequences with values in C. More

precisely, let w be the space of all sequences in C. Then

C(I) o= {(z)rer- €w | D |ag]? < oo}
rel™

which is a Banach space when it is equipped with |[(z5)nenlle2(r) == Y021 |z,|2. The two spaces
L*(R?/I') and ¢2(I'*) can be related. An examples which enlightens this connection is given by
the map

R? > C, z+e2minm)

for k € C2. If k € I'*, then this function is periodic with respect to I" and one can consider it as a
function on R2/I". With the fundamental domain A of R?/I", we define the Fourier transform as

F:L2(R2/T) — (X(I™), [~ (KH Voll( 7y /A e~ 2mUR) £ (1) dw).

We call f := F(f). Vice versa, the Fourier Inversion Theorem [Reed and Simon, 1975, Theorem

IX.1] yields that the inverse Fourier transform for sequences in ¢£2(I'*) is defined as

F L) - AR, fe <x Y i) f(@) :

kel™
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where F~1(f)(z) is called the Fourier series of f. Furthermore, deriving a function in L*(R?/I")

~

is a multiplication operator in ¢2(I"*), i.e. for a multi-index « one has dof = (2mek)f.

Definition 1.9. We denote by F : L2(R?/I") — (*(I'*) the Fourier transform and by F~1 :
2(I*) — L*(R?/I) the inverse Fourier transform. Let O : L*(R?/I') — L*(R?/I') be an

operator. We then define the Fourier transform O of O as
O: (") = 2(I™),  ty = FOF ().
Vice versa, for O : £2(I™*) — (2(I'*), the inverse Fourier transform O is defined as
O: L*R?*/T") — LA*R?/I"), b — F HOF(¢y)).

The Fourier transform will be very useful in the first two chapters of this work. We first use it

here to show the following theorem.

Theorem 1.10. Let ug € C(R2?/I',C). For every ¢ > 0 and every open bounded subset K € C2,
there exists a A > 0 such that (k,u) — (= O +u + X)7! defines a map K x Be(ug, || - ||oo) —
K(L*(R2/I)) which is holomorphic in k and u. Furthermore, there also exists an open bounded
subset W containing \g such that the map

Ao (A= Ap4u)t

is a boundedly invertible and holomorphic for (\,u,k) € W x U x K.

Proof. 1t is
(= Dp+u4+ Nt = (= A +A) A u(— A +0)H 7L

For f € L?(R?/I), one has due to Parseval’s identity [Reed and Simon), [1980, Theorem I1.6]

o\ 1/2
) o (1.13)

Since ||(k + #)2|| — oo for ||k|| — oo and k € K, the infimum of Re(k + x2) for k € I'* and k € K
exists. We choose A € R such that

f (%)

(= A +>‘>_1f||L2(]R2/F) = [(= D +N) " flle ey = ( Z Nt dn(h+ )

rel™

A > — inf 47 Re(k + k)%
kel™
keK

Then A + 47 Re(k + k)% > 0 for all k € I'*. Using again Parseval’s identity yields

1
< .
= A+ infueps(4n(k + k)?) 1z re /)

<o

(= 2% +X) 7 fll 2wz,
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Choosing A additionally in such a way that A > — inlf* 47 Re(k + k)2 + ¢ gives then
hek
1

¢+ 4r|| Im(k + k)?||

(= Ak +>\)71f”L2(R2/F) < £l 222/ < Cil”f”L?(]R?/F)-

Together with Holder’s inequality we obtain from this that

(= Dk +X) " fllzemesry = lullpme/royll(— 26 +X) 7 Fllz2we) )
< cll(= 2k +X) " Fllzmesry < 12wz r)-

Accordingly, by Neumann’s Theorem (1 + u(— Ag +A)~1)~! converges and thus

(= Ak 4u+ X" Fllrzwesry < ClF 2wz r)-

So for A sufficiently large, (— Ak +u + A)~! is a bounded operator from L?(R?/I") to L?*(R?/I").
The compactness of this operator can be shown as follows: Fourier transforming (— Ay +\) 71,
compare Definition [I.9] yields that

1

(— Ak +)\)_1 = Z m

rel™
is a multiplication operator which can be written as the limit of finite range operators which
is compact, compare [Reed and Simon, 1980, Theorem VI.13]. Since F~! is bounded and the
composition of a compact operator with a bounded operator is again compact, (— Ay +A)~! is a
compact operator. Because the operator (1 4+ u(— Ay +A)~!)~! is bounded, the same arguments

apply to (— Ay +u + A)~! and show that this is also a compact operator. To see that the map
K x B.(ug) — K(L*(R?/I)), (k,u) — (— Ap 4+u+ \)7!

is holomorphic in u € B.(up), the Neumann series is used again. We have seen before that
(1 +u(— Ak +X)"H 7t =30 (u(— Ak +X) 7)™ converges for our choice of A. So
e}
(= Dk +u+X) "= (=D )M+ u(= 2+ =D (= AN T H=u(= A ) TH™
n=0
(1.14)
The last term can be read as the Taylor series of (— Ag +A + u)~! with respect to u at ug = 0
and thus this operator is holomorphic in . Holomorphy in k& can also be seen in equation (|{1.14]):
By definition of Ay in (|1.7)), this is a holomorphic operator in k. So it follows from (|1.13)) that
(— A +X)~1is for A > 0 sufficiently large holomorphic in k since — Ay +\ is the uniform limit

of functions holomorphic in k. Because the inverse Fourier transform is complex linear, also

10



1.2. The Bloch variety and the Fermi curve

— ANg Hu = J’:_l(—lg\k—{—)\) is holomorphic. So (— Ay +A) " (u(— Ak +A)~1)" is holomorphic in
k for each n € INy, and therefore the right hand side of is the uniform limit of functions
holomorphic in k& which is holomorphic in k. Due to the Riesz-Schauder Theorem [Reed and Simon,
1980, Theorem VI.15], the spectrum of (Ag + A — u)~! contains at most the accumulation point

zero. The other points are eigenvalues of finite order. Therefore, the set
S(k,u) :={Ae C\{\o} | (Ao —A)"!is in the spectrum of (A\g — Ag +u)"'}

is discrete. For A € C\ (S(k,u)U{)\o}), the value (Ag—A)~! is in the resolvent set of (Ag—Ag+u) L.
So (Mg — A)7' — (Mg — A +u)~ ! is boundedly invertible. Moreover,

Mo =Nt ho—LAp +u) ! ((/\0 “ NP =M= A+ u)71>_1 =
=((Mo=N""=(o—Lr+u) ") (A= N(Xo— Lk + U))il =
=(Mo—Dp+u—(Ro= N ==Ly +u) "

For this reason, the map (u, k, \) — (A— Ay +u) ! is defined on {(u, k,\) € Ux K x B-(Ag) | A &
S(k,u)U{Ao}} and the eigenvalue )\ is an isolated pole of the resolvent map (1.12). Consequently,
for A\ sufficiently large, there exists an open neighborhood W of A\g such that for all A € W the
above considerations we have made for A\g also hold for A. Holomorphy in A\ one sees with help of
the resolvent equation for fixed (ko,up) and by using the continuity of the resolvent Res in A on
B:(\o), i.e.

Res()\, ko, uO) - Res(,u, ko, UO) = ()\ - M)RQS(A, ko, UJO)RQS(/L’ ko, uO)‘ [

Next, we want to show that the Bloch variety can be considered as a two-dimensional subvariety
of C? and the Fermi curve as a subvariety of C2. The following definitions and statements are
taken from |Gunning and Rossi, 1965, Chapter II].

Definition 1.11 (|Gunning and Rossi, (1965, Definition I1.1]). Let U be a domain in C2. V C U
is a holomorphic subvariety if for every z € U, there is a neighborhood U, of z and finitely many

functions fi, ..., fi, which are holomorphic on U, such that
VU, ={z €U, | filz)=-= fu(z) =0}

Theorem 1.12 (|Gunning and Rossi, |1965, Theorem I1.3]). Let F' be a collection of functions
which are holomorphic on an open set U C C". Then V(F):={x €U | f(x) =0 for all f € F}

is a subvariety of U.

Definition 1.13. A holomorphic variety is a second-countable Hausdorff topological space V' for

which there exists a covering by open subsets V,, and homeomorphisms F,, : V, - W, between

11



1. The Schrodinger equation and Fermi curves

the subsets V, C V and holomorphic subvarieties W, of open sets U, C C™ such that for each

nonempty intersection V,, N Vg, the decomposition
FaoFy': Fy(VaNV3) = Fa(Va N V3)

is a biholomorphic map.

Since these are the only kind of varieties considered in this work, the add-on holomorphic is
left away in the sequel. To show that B(u) is a variety consisting of subvarieties in C® and
that F(u) is a variety consisting of subvarieties in €2, the fact that the resolvent is a compact
operator on L?(R?/T") is used. From this we deduce a representation for the Bloch variety B(u)
as well as for the Fermi curve F(u) as zero sets of functions which are holomorphic in (k, \)
respectively holomorphic in k. The base to show this is the next theorem which can also be found
in [Klauer, 2011, Theorem 4.1.3]. However, the fact that F(u) is a variety in C? is essential for
the considerations in this work. Accordingly, the proof given in [Klauer} 2011, Theorem 4.1.3] is
repeated here, where some details are emphasized differently since a different viewpoint than the

one in [Klauer, 2011] is necessary in the sequel.

Theorem 1.14. [[Klauer, |2011], Theorem. 4.1.8] Let ug € C(R?/I',C), ko € C? and \o € C?
such that (ug, ko, Ao) € (uo, B(uo)), i.e. there exists a 1y, € L*(R?/I") which is not identically zero
such that

(= D +uo)br = Aoty

Then there are open neighborhoods U C C(R?/T"), K C C? and B:(\¢) C C with ¢ > 0 of ug, ko
and Ng such that for all (u,k,\) € U x K x B:(\g), there exists a finite-dimensional subspace
X(u, k) of L*(R?/I") independent of \ which is invariant under the Schridinger operator (— Ay, +u)
with dim X (u, k) = dim X (ug, ko). Furthermore, the intersection of the graph of the map u — B(u)
with U x K x Bs(A\g) is the zero locus of the determinant

(u,k, A) = det(A + Ag, — w)| s p)-

This map is holomorphic in k, A and wu.

Proof. Tt follows from Theorem m that there are bounded open neighborhoods U C C(R?/I") of
up and K C C? of kg such that there exists a fixed A\; > 0 for which the resolvent (A; 4+ Ay —u)~!
is contained in K(L?(R2/T")) for all (u,k) € U x K. Moreover, the proof of this theorem gives
that )¢ is an isolated pole of the resolvent (A — Ag, +up) !, Let € > 0 be so small that B.(\o)
contains no other eigenvalue of — Ay, +up. The Nagumo Theorem [Nagumo and Yamaguchi, (1993|
Article 22] yields that

- 21

Puo (ko) 1= —— ﬁ£|:€(AO F 6t Ay — o) de

12



1.2. The Bloch variety and the Fermi curve

is a projector on the generalized eigenspaces corresponding to Ag of the Schrédinger operator
— Ay, +uo which is invariant under this operator. The derivation of this generalized eigenprojection
can for example be found in [Katol |1980, Section II.1.4]. It projects on the sum of the eigenspaces
belonging to the sheets meeting in (kg, Ag). This situation is roughly depicted in Figure as a
projection from €3 to R? for two sheets meeting at (ko, \o) with fixed potential ug. Moreover, it is

\/\/

A

Bs()\o){)“— ><
_/

T T k

ko

K

Figure 1.1.: Sketch of an example: two different sheets around (ko, Ao, up) running together,
where the picture in €3 is projected to R? and neglected the open neighborhood of
Uug-

known from Theorem that the resolvent is compact if A is not an eigenvalue of — Ay, +up and
that the eigenvalues of — Ay, +ug are discrete. So for a closed curve around A\g € Spec(— Ay, +uo)
with sufficiently small diameter such that this curve contains no eigenvalue of — Ay, +ug, also
P, (ko) is compact and the image X (ug, ko) of Py, (ko) is finite-dimensional. Therefore, one can
choose a basis fi, ..., fm of X(ug, ko) C L?(R?/I"). Likewise one can define the spectral projection
Pg;(ko) for the transposed operator (— A +ug)? for A9, where the image of this projection is
called X7 (ug, ko) € L?(R?/I"). By the same arguments as for — A_j 4u, one can choose a basis
g1, - -, gm of the corresponding space X7 (ug, ko). We choose g1, ..., gm such that they yield a
dual basis of f1,..., fm, i.e. such that (gi, f;)) = d;j. P (ko) is the transposed operator of P, (ko).
Since Py, (ko) is a projection on X(uo, ko), one has Py, (ko)|x(ug,ko) = L 5(ug,ko)- SO

(gi, £3) = 93> Puo (ko) f5) = (i Puy (ko) f5) = (Prtc (kos M) s> Pug (ko) £3)

and the matrix <<<Pu0(kO)Tgi) Py, (ko) f; »)Z:l is regular. Moreover, the map (— Ay, +uo) Py, (ko) :
Y(ug, ko) — X(uog, ko) is linear and X(ug, ko) is finite-dimensional. Accordingly, the invariance of
Py, (ko) under — Ay, 4+uo yields that there exists a matrix (A;;(uo, ko, )\0)%:1 of — Ay, +up such
that for all [, =1,...,m

m

(g1, (Mo — Dy +uo) fi) =D Aijlars f:)-

Jj=1

13



1. The Schrodinger equation and Fermi curves

However, this matrix is build with respect to fixed ug, kg and Ag, so it does not depend on k, u
or \. In the next step, this will be changed by constructing a matrix from this which depends
holomorphically on k and A and continuously on u. To do so, remember first that by Theorem
1.10] one can choose a bounded, open neighborhood K of ky and a bounded open neighborhood U
of ug such that the resolvent is holomorphic with respect to & and u on these neighborhoods for
all Ao which are in the resolvent set of — Ay, +ug. Let moreover € > 0 be so small that B.(\)
contains no other eigenvalue of — Ay +u . Then for all (u,k) € U x K, the same arguments as

above apply to the operators

Pk =5 Ooté-dirula

2mL

These P,(k, A\g) are also projectors which are invariant under (— Ay 4+u) and of constant rank and
they map onto finite-dimensional subspaces X (u, k).

Let us choose K and & > 0 such that (K x9B:(\g))NB(u) = 0 for all w € U. Additionally, we choose
K x B.()\p) sufficiently small such that also the matrix defined by (((( (k)T i, u(k)fj)>)i7j:1m7m)
is regular, i.e. the determinant, which is a continuous map in A, does not equal zero. We denote
the finite-dimensional subspace X'(u, k) in the neighborhood K x B:(\g) of (ko, \g) as the space
which is spanned by P, (k) f; for i = 1,...,m. We have chosen K and ¢ > 0 such that K x 9B (o),
i.e. the paths of integration over the resolvent for k € K and u € U, does not intersect any
singularity of the resolvent. Thus, by Theorem m P, (k) is holomorphic in k € K and u € U
since the resolvent is holomorphic. Because the finite-dimensional subspaces X (u, k) are invariant
under A + Ay — u, one can represent A + Ay — u in the basis of X'(u, k) given by (Py,(k)fi)i",
and the corresponding dual basis is given by (Pu(k)Tgi):;- This yields a matrix representation
A(u, k,\) of A+ Ay — u which is holomorphic in k and w. For all [,i =1,...,m, there holds

(P (R)gt, (A — B+ W) Pu(k) ) = 3 Ay (ks NPT ()i, Palk) ),
7=1

where A;; are the entries of the matrix A(u, k, ). The matrix A(u, k, \) defined like this is singular
if and only if the triple (u, k, \) is in the graph of u — B(u) since then A — A + v = 0. Because
((PT(k,N)gi, Pu(k)f; ))i%—1 is regular, this implies that det(A(u, k, A)) = 0 if and only if the triple
(u, k,\) is in the graph of u — B(u). Furthermore, det(A(u, k, \)) is obviously holomorphic in
A € B.(\p) and also holomorphic in £ € K and u € U since A(u, k, ) is . O

So it is possible to find local matrix representations for the operator A + A, — u on the Bloch
variety as well as for the Schrodinger operator — A; +u on the Fermi curve. From now on, saying
“the Bloch variety can locally be considered as the zero set of a holomorphic function” shall
mean that for fixed v € C(R?/I"), there exists a (ko, \g) € B(u) and a small open neighborhood
Uk, % B=(Xg) C €? x C containing (ko, \g) so that on this open neighborhood, the representation

of the Bloch variety as in the the above proof holds. Likewise we also speak of local considerations

14



1.2. The Bloch variety and the Fermi curve

on B(u)/I'™* or on the Fermi curve F'(u)/I™* respectively F(u).

The next two Corollaries follows immediately from Theorem [1.12

Corollary 1.15. B(u) and F(u) are holomorphic varieties in the sense of Definition [1.13, where
B(u) is locally defined as a holomorphic subvariety of C3 and F(u) is locally defined as a holomor-
phic subvariety of C? in the sense of Definition m

Proof. That B(u) is a holomorphic subvariety of C3 and F(u) a holomorphic subvariety of C?
follows directly from the proof of Theorem [1.14] since both can be represented locally as the zero
set of a holomorphic function in (k,\) € C3 respectively in k € C2. We show that B(u) is also a
holomorphic variety. The proof for F(u) then follows by setting A = 0. Let V, W C C? be open
subsets such that B(u)NVNW # (. Let (ko, Ao) be a point in this intersection set. Then the spectral
projection at this point again yields a matrix A(u,k, \) such that det(A(u,k,A)) = 0 describes
B(u) on this intersection set. If dim X'(ug, ko) is smaller than the corresponding dimensions on
U and V, the spectral projection only projects on the sheets of B(u) contained in a small open
neighborhood of (kg, Ag) contained in U N V. Restricting the definition of the spectral projection
on U as well as of the spectral projection V' on X(ug, ko) yields that these spectral projections,
via which we have defined A(u,k,\), coincide on this eventually smaller subspace since it is in
both case defined through the basis elements which span X(ug, kg). For this reason, the zero sets

describing B(u) on U respectively V' coincide on U N V. O

Corollary 1.16. Under the assumptions in Theorem [1.1]}, the operator A\ + A, — u can locally
around (ko, Xo), i.e. for (k,\) € K x B:(\g), be represented as an m xm-matriz A(u, k, \) depending
holomorphically on k and X\, where m is the dimension of the generalized eigenspace at (ko,ug).
The transposed Schrodinger operator (A + A_y, — u)T introduced in Lemma can locally around

(—ko, Ao) be represented as the m x m-matriz AT (u, k, \).

Proof. The first part of the corollary is clear from the proof of Theorem The second part is
also easy to see by simple linear algebra. We use the notation from the proof of Theorem [I.14] By

the same arguments as in the foregoing proof, one has
m
A+ 2Lk +u)g = Biyg;
j=1

where g1, ..., gm is the basis of X7 (u, k). This leads to a matrix B(u, k,\) with coefficients B;;.

However, we also know that

for i,l = 1,...,m. Therefore, B(u,k,\) = AT (u, k, \). O
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1. The Schrodinger equation and Fermi curves

1.3. Involutions

In this section, some symmetry of the Fermi curve are shown which will be crucial in this work.
More precisely, it is shown that there is a holomorphic involution o on F'(u). This involution
will turn out to be a very important property of the Fermi curve for the remainder of this work.
Furthermore, in case that the potential u is real-valued, the reality condition can be expressed
in terms of an antiholomorphic involution 71 on F'(u). That means a Fermi curve with complex-
valued potential has one involution and a Fermi curve with real-valued potential three since the

composition of the 7 and o is also an involution. This will be important in Section [6.2

Lemma 1.17. (a) For u € C(R?/I,C), one has (— Ay, +u)T = — Ay +u which induces a
holomorphic involution o : C* — C?, k — —k such that F(u) is invariant under o. If vy is in
the kernel of — Ay +u, then a*iy is an element in the kernel of (— A_j, +u)T.

(b) Foru € C(R?/I',R), there are two antiholomorphic involutions 11 : C* — C2, k v —k and
791 C2 — C2, k — k such that the Fermi curve is invariant under these involutions.

(i) If ¢y is an element in the kernel of — Ay, 4+u, then {4y is an element in the kernel of
— A_j +u. This involution is indicated by (— Ag +u) =— A_j +u.

(it) The hermitian Schrédinger operator (— Ay +u)* = — Ag +u induces the involution
T i=0oT =T 00. If Yy is an element in the kernel of — A +u, then ¢ = 5y is an

element in the kernel of — Ay, +u.

(iii) If the antiholomorphic involution 11 : C? — C? leaves F(u) invariant and additionally
iy = c(k)Yy for all oy, which are in the kernel of — Ay, +u with k € F(u) and c(k) # 0,

then u is real-valued.

Proof. (a) At first, we note that u(z,y) € C, so u’(x,y) = u(x,y), and therefore also F(u) =
F(uT). Tt is shown in Lemma that AL = A, so (= A +u)T leads to the same Fermi
curve as — Ay +u only with different boundary values for the eigenfunctions. Applying o to

the Schrodinger equation yields that
0= 0" (D + i) = (Ak +u) o™y, = (A + u)e(k)

with (k) # 0. So o*ty(k, ") = c(k)by(—k, -).

(b) For determining the complex conjugated operator, consider
W:V+2ﬂbk:V+27TEZV—27TLE:V_E
Therefore, the complex conjugate of the Laplacian with boundary condition is

A=V -Ve=V_ -V = (V—2mik) - (V = 2mik) = A — 4mikV — dxk” = A_.
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This implies for the Schrédinger operator that Ay +u = A_z +u. So for real-valued u, the
Fermi curve is invariant under the antiholomorphic involution 7 : k — —k. Combining both
involutions o and 71 yields a third involution 79 = 0 o7 = 71 0 0 with 7o(k) = k. This
corresponds to the hermitian operator (— A +u)* which is determined by

Dy = (=Y = 2mik)(—=V — 27ik) = A + 4rik -V — 47k’ = A

Since F(u) is invariant under 7 and o, it is also invariant under 7.

(i) Let v be an element in the kernel of — Ay +u. Then
(= Dk +u)in) = (= A_g +u) Y.
(ii) Let ¢, be an element in the kernel of — Ay +u. Then
75 (= &g +u) ) = (= Af +u)m39y.

(iii) Let now F(u) be invariant under 71 : k — —k and assume that for i, € ker(— Ay +u)
with k € F(u) holds 7{¢ = ¥x. Then (— Ay +u)yy, = 0 yields

0=11((—= &k +u)tp) = (= A_j +u)rivp = c(k)(— A_g +u)bp = c(k)(— Ag +u)iy.

Thus 1y, is an eigenfunction of — Ay +u and — A +u for all k € F(u). So u = u.

1.4. Two examples

We give two explicit examples of Fermi curves: the Fermi curve with zero potential and Fermi
curves with constant potential. The first one will be very important in the sequel since it turns out
in Chapter [2| that all Fermi curves are ‘asymptotically free’, i.e. converge to F(0) for || Im(k)| — oc.

1.4.1. The Free Fermi Curve

In [Klauer, 2011, Theorem 4.2.5], an explicit representation of the free Fermi curve F'(0)/I™ in
terms of (ki,k2) € C is given.

Lemma 1.18 ([Klauer, 2011, Theorem 4.2.5]). The free Fermi curve can be written as F(0) =
R+ I'™*, where

R:={keC® |k =0={keC?| (k + tko) (k1 — tko) = 0}, (1.15)
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1. The Schrodinger equation and Fermi curves

provided that the pairs of distinct points (k, , k) with

vy

1
k= 5(:&1/1 + o, —vy £ 1) (1.16)

v

are identified to double points for allv € I'*\ {0}. R is a system of representatives for the quotient
F(0)/I*.

Sketch of the proof. The equality F'(0) = R + I'* follows by Fourier transforming Agt, = 0 with
A, = 40,0y, as in (1.8)), i.e. for all v € I'*, there has to hold

(w1 + k1) = (2 + ko)) (w1 + k) + (va + ko)) i (v) = 0.

Since 1 Z 0, there always exists a v € I'* such that ¢y (v) # 0. So F(0) C R + I'*. Conversely,
let kK € R 4+ I'*. Then there exists a v € I'* such that

(k1 + Vl) — L(kg + VQ) =0 or (k}1 + Vl) + L(kg + Vg) =0.

Let 15 be a function whose Fourier transform is given by 1/3(/1) = §yy. Then vy solves — Ap o, =0
and thus also R + I'* C F(0).

The fact that k" and &, need to be identified for each v € I'* can be seen by answering the
question when the difference of two elements k, k € F(0) is contained in the dual lattice I™*. This
is also done in [Klauer, 2011, Proof of Theorem 4.2.5], but since this fact is essential for the picture
of F(0)/I'*, this step is outlined here as well. So let k, k € F(0) such that k — k € I'*. Then there
are the two possibilities k = k1 + tko and k=ky+ikyork=Fk +ikoand k = ky F tks. In the
first case it follows from k — k = v € I'* that k = k since v = v, 1wy = 0 with 11,9 € R can only
hold for 11 = 15 = 0. In the second case it is (k1 + l~€1) — ke F l~€2) = 0. Using v = k — k leads to

k1+12:1:2k1—/£1+/%1:2k:1—ul and k2+%2:2k2—k2+/~£2:2k2—l/2:0

and hence
2k1 —v1 —wo =0 and v; —(2ky — 1) = 0.

These lines intersect only in the double points as in (.16) with k = k} and k =k, for v e I'*. O

We use the notation for F'(0) as it is also done in [Feldman et al.; 2000} §16], i.e. F'(0) is represented

as the union

FO)= | (Re(v) UR-(v) (117)
vel™
of infinitely many straight lines
Ra(v) = {(k1,k2) € C* | (k1 + 1) + t(ka + 10) = 0} (1.18)

18



1.4. Two examples

with v € I'*. Then R = R4(0) UR_(0). For brevity, we set R+ := R+(0). As we have seen in
the foregoing prove, it is R4 (v) NRL(v) =0 for v, € I'* with v # 0 and v # v and

Ry NR-(v) = {kf}, RoOR4(w) = {ky ), Ry NR_(—v) = {kT,}, Ra(—v) N R_ = {k7, ).

and the map k — k 4+ v maps R4 (—v) NR_ to R4+ NR_(v). Since only a finite number of the
line pairs R (v) and R_(v) can intersect any bounded subset of C2, the union in (T.17) is locally
finite.

Lemma 1.19. The eigenspaces of the free Schridinger operator —/\ respectively its transpose

—AT are 1-dimensional on
R\A{kE | vel \{0}}.

There, the eigenfunction of —A mormalized such that ¥%,(0,0) = 1 is given by ¥ (k, (z,y)) =
x
20 (y)) and the eigenfunction of —AT normalized as ©%;(0,0) = 1 is given by % (k, (z,y)) =
x
e~ 2k (y ) I all double points kX, the eigenspaces of /N respectively AT are 2-dimensional with

"L/JO(]{I, (.T,y)) € span ((327rL<k,(£))7 627rb<k:tu,(£)>)

respectively
xT T
(,00(]{2, (x7y)) € span (6727n<k,(y))’ 6*27”<ki’/’(y)>) )

Proof. Let 9°(z,y) # 0 be the eigenfunction of the free Schrédinger operator (I.1)) with quasiperi-
odicity ([L.3]). This can be calculated with help of the Fourier series of the eigenfunction w,g (z,9)

which is periodic in R? with respect to I:

Wa,y) = EGD @,y = 3 m b (). (1.19)
KEl™
Let now k € C? be fixed and let x € I'*. Then — A ¢°(k, (x,y)) = 0 with 9" (k) # 0 reads in the

Fourier space as

Z 4772(k + Ii)2€27n(k+ﬁ’(§j)>1[}2(/ﬁ}) =0.

KEL™*
This equation can only hold if (k + /1)2122(5) = 0 for all k € I'*. Since the eigenfunction is not
identically zero, (k + k)2 has to vanish for at least one x € I'*. Hence, for an arbitrary x € I'*,
we want to find a k € C? such that (k + x)? = 0. Without loss of generality, let k = 0. Then
for all other " € I'* \ {0} also k + &’ is a solution since the Fermi curve F(0) is invariant under
translation by k € I'*, compare Lemma An element k is contained in the zero set of k? if and
only if k% + k3 = 0. This yields exactly two solutions of ki, where k; = —tky correspond to R
and k1 = tky to R_. In order to determine the solution ¥°(k) from this, it is necessary to know
whether other coefficients ¢0(x) for x € I'*\ {0} in are not necessarily equal to zero. That
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1. The Schrodinger equation and Fermi curves

means for k chosen in such a way that k%2 = 0, we have to answer the question if there is another
# # 0 such that (k + k)% = 0 holds with the same k and x € I'*\ {0}. By Lemma it is clear
that such a second solution can only exist in the double points k7 at which R intersects R (k).
At those points,

0z, ) € spam (FR(0)F (0D, F)ermikava))

and at all non-double points on R, the eigenfunction is given by ¥° = 122(0)62T“<k">. For the
normalized eigenfunction vy (k) the zeroth Fourier coefficient is @2 = 1. Also at k = 0, where R
and R_ intersect, the eigenspace is one-dimensional since there the eigenfunctions belonging to k
such that k1 = tko and the eigenfunction belonging to k& such that k1 = —tko both become 1.

The same argumentation yields the assertions on the dual eigenfunction () on R as mentioned

above. O

It is clear from the foregoing that the free Fermi curve F'(0) can locally be represented as a
unique one- or two-sheeted Weierstrass covering, compare |de Jong and Pfister, 2012, Weierstafl
Preparation Theorem 2.3.4]. Weierstrafl coverings are local coverings F(u) — C, (k1,k2) — k1
such that locally around (ko 1,k02) € F(u) the Fermi curve can be represented as the zero set
of a polynomial in ko with coefficients that are holomorphic in k;, highest coefficient equal to
one and all lower coefficients vanishing at k1 = ko,1. The degree of this polynomial equals the
number of sheets which meet in (ko 1, ko2). Even though this covering is obvious for F'(0), it is
given here explicitly since it will used in the sequel to compare F(u) with F'(0) asymptotically
by considering the local Weierstral coverings of F'(u). Lemma yields that for ky € F'(0) and
U C C? an open subset around kg, F'(0) N U can be parametrized by setting z; = ko1 — k1 and
29 = ko2 — ka. Then F(0) can locally on an open subset U = Uy x Uy C C? containing exactly
one double point kF be represented as fo(z1,22) := (koq — 21)% + (ko2 — 29)2 = 0. If U does not
contain a double point, it can either be represented as f (21, 22) := (ko1 — 21) — t(ko2 — 22) = 0
or as fo (#1,22) := (ko — 21) + t(ko2 — z2) = 0. All of these local descriptions of course coincide
with the local representations of F(0) as the zero set of det Ag(z1,22), where Ay is the 1 x 1-
respectively 2 x 2-matrix as introduced in the proof of Theorem since this representation is

unique by the Weierstrafl Preparation Theorem [de Jong and Pfister, [2012, Theorem 3.2.4].

1.4.2. Fermi curves with constant potential

In [Klauer, 2011, Theorem 4.4.1] it is furthermore shown that also for constant potentials there is
an explicit formula to determine F(47%ug). Note that for z € C?, the norm ||z|| := /2121 + T2

is used.

Lemma 1.20 ([Klauer} 2011, Theorem 4.4.1]). Let 4w%ug be a constant potential and

R(Uo) = {k‘ € C? | (k?g — Lkl)(kig + Lkil) +ug = 0}
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1.4. Two examples

Then F(4m%ug) = R(ug) + I'* and the set R(ug) is a system of representatives for F(4m2ug) /I
provided that the pairs of distinct points (k;, (uo), k;} (ug)) given by

1 4, 4u
EF(ug) := 5 <:|:I/1 + w1+ W, —wy |1+ W + 1/2) (1.20)

are identified to double points for allv € I'*\ {0} and provided that the constant potential does
not cause any double points to coincide. In particular, R(ug) is a continuous deformation of R
such that the deformation of a double points kX of R is still a double point ki (ug). Furthermore,
for every e > 0, there exists a 6 > 0 such that for v € I’} one has ||k — ki (uo)| < e.

Proof. Fourier transforming the Schrodinger operator with constant potential leads to
F(47T2uQ) = {k e ? ’ Ik e I'™: ((kz + HQ) — L(kl + /ﬂ))((kg + IQQ) + L(kl + /11)) + ug = 0}.

Therefore, as in the proof of Lemma F(4m%ug) = R(up) + I'*. Also as in the case with zero
potential, the double points of F(47%ug) must lie on F'(47%ug) and differ only by the corresponding
element of I'* \ {0}, i.e.

(ki (u0))* +uo =0, (ky (u0))* +uo =0, ky (ug) — k;f (ug) = v. (1.21)

Inserting the last equation into the second one to eliminate &k, and then subtracting the first
equation from this yields |v||? + 2(v, k) = 0. Assuming ;1 # 0 and denoting k; (uo) = (k1, k2)
leads to k1 = —ﬁ”l/”2 — t2ko. By inserting this into the first equation in (1.21) one gets

2
||’/||2 2 ”V||4 ||V||2V2 2
—_— —k: k =0« ko k k2 =0
(21/1 + o | + k5 4+ uo 41/% + V1 + 5 + k3 + uo

2
Viu 14
10_|_H H

o k2 ks +
2 [[v]|? 4

=0,

and therefore

2 2 2 1 4
k%:—wi\/lh—uy‘—V1u0:2<—y2:|:w1 1+ u0>

2 44 v v]|2
So
st 2 (e )
HVH2 1/% ) 4ug
EZIE R R P
“a (i)
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1. The Schrodinger equation and Fermi curves

Then

1 4du 4du
k, (uo) =k} (uo) + v = 3 (—1/1 + gy /14 HV‘% ,—Vo vy /1 + ||V||02> + (v1, 1)

1 4U0 4’LLO
=—|vi Loyl 4+ —5,0 =11y 1—|—>.
2 ( Voo llvl? [v]|?

If 1 = 0, we may assume 5 # 0 since v # 0 and analogous calculations give another set of

double points. Still, it suffices to consider only one of these two sets of solutions: Denote these
four points as kljf (up)+, where the second index = is representing the sign in front of the square
root. The dual lattice I™ is invariant under transforming v — —v and this transformation maps
kF(uo)+ — k%, (uo)s. So the entire set of solutions is contained in and the choice of the
sign in front of the terms of the square roots is arbitrary. Since ug is constant, /1 + 244 — 1 for

Il

v — oo and thus also ||kF — kF (ug)|| — 0. O

Note that the eigenfunctions of — A, +47%uq are the same as the eigenfunctions of —/\; with the

only difference that the eigenspace now becomes two-dimensional at the double points kF (4m%ug).

1.5. The direct and the inverse problem

Before we go on with the main parts of this work, we want to recall the following: In the title
of this work we promised to consider parts of the so-called inverse problem of the Schrodinger
equation (|1.1). Taking a look at the map F': u +— F(u), the inverse problem wants to answer the

following two questions:

1. The isospectral problem: Considering the set of potentials belonging to a Fermi curve F'(u)
with fixed potential u one asks how the fiber F~!(F(u)) can be parametrized. In other
words, the question is how to change certain properties of the eigenfunctions on F'(u)/I™

such that the transformed eigenfunctions are still belonging to F'(u)/I™.

2. The moduli problem: Here is asked what values of F'(u) are possible and how these values are
parametrized when the potential u changes. In other words, one question is which complex
curves obeyed with what kind of ‘data’ describe Fermi curves for some potential u. And
another question is how these curves can be deformed such that they still are Fermi curves

for some other potential u.

In order to answer what kind of information we have about the Fermi curve such that we can
assume the right properties of the given data later on, the so-called direct problem is considered
first in this work. Hereby, we assume that a potential u is given and deduce as many properties of
F(u)/I'" and the corresponding divisor from this as will be necessary to find answers for some
questions raised by the inverse problem. Therefore, the direct problem is considered in Part [[] and

then partly answers to the question raised by the inverse problem are given in Part [}
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Part 1.

The direct problem for finite type

potentials
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2. Asymptotic freeness

Our aim in this chapter is to understand the asymptotic behavior of the Fermi curve F(u) for
| Im(k)|| — oo. We will deduce that the Fermi curve F(u)/I™* can be divided in three different
parts: one compact part and one part ‘far outside’, where the part ‘far outside’ is divided into
so-called excluded domains, i.e. the parts of the Fermi curve which are contained in small open
neighborhoods of the double points of the free Fermi curve, and a rest which can be shown to
be a one-dimensional manifold. This was first observed in [Krichever, 1995, Theorem 3.3|. For
real-valued potentials v € L2(R?/I',R), this is also explained very detailed in [Feldman et al.|
2000, Chapter 3, §17 and §18]. In [Feldman et al.l 2000, Chapter 2, §5 and Chapter 3, §16 — §18],
one can also find the general procedure and an analogous analysis for Heat curves, i.e. curves
corresponding to the heat equation with periodic potential.

For the Fermi curves of the two-dimensional periodic Schrédinger equation, only the asymptotics
for || Im(k)|| — oo are of interest since I'* is a real two-dimensional lattice and F'(u) is periodic
with respect to I, see Lemma To do so, k is taken from a compact subset in C? and translate
it into the direction of the double points kF of F(0) in for v € I'* and |[v|| — oo. We
will see that the approach k — k + k¥ makes sense for two reasons: First of all, it follows from
Lemma that k € F(0) implies k + kf € F(0) for all v € I'*. Secondly, ||v|| = 2| Im(k, )| =
2|| Im(k;, +£)|| = 2| Im(k;)|| for all v,k € I'* and we know from Lemma [1.8|that F(u) is invariant
under translations of k € I'*. Ergo, it suffices to consider the translations for v with k = 0 and
the asymptotic behavior of the Fermi curve for translations of k into the direction of k; or k;
with [|v|| — oo yields the full asymptotics of the Fermi curve. We now define the compact subsets
of C? containing k and which will be translated in the direction of the double points. It would
be convenient to include the invariance of F(u) under translations of dual lattice vectors v € I'*.
However, this alone is not sufficient because C2/I'* is not compact. Nevertheless, the proof of
Lemma shows that at least F'(0) is also invariant under translations by the double points k.

This motivates the next definition.

Definition 2.1. We denote the lattice generated by v and k, with v € I'* as I'¢;. We define A¢
as a fixed fundamental domain of C?/I§; such that (0,0) is in the interior of Ag.

The lattice I has four real directions, so C? /I is compact and hence also Ag is. Since kf —k;, = v,

it does not matter whether & or k;; is used in this definition and the above definition yields the
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2. Asymptotic freeness

lattice generated by all dual lattice vectors v and all double points k. Moreover,

C’= | (s+k, +A0).

Krvel™

For brevity, when considering F'(u) ‘far outside’, we define

C3? .= {k € C? | || Im(k)| > \25—1} (2.1)

for some small § > 0. This set contains translations of k£ € A¢ by x and kF with v,x € I'* and
|v|| > 6~ since ||kF|| = %”I/” To gather the double points ‘far outside’, we define for all § > 0

If={ver*||v|>d6"'h
Furthermore, we set for € > 0
¢ =1k € A¢,| dist(k, F(0)) > e}.

Then Ag is a closed subset of a compact set, hence also compact. To make notation easier in the

sequel, we define for ky € C? and some subset M C C?
ko+ M :={ko+k | ke M}.

To show that the Fermi curve F(u) with u € C(R?/I") is ‘asymptotically free’ in the sense indicated
above, an approach which is proposed in [Klauer], [2011] for the excluded domains is used. We
transfer these results also on the remaining part of F(u) N C? for § > 0 sufficiently small. In
[Klauer, 2011], another way to see the asymptotic freeness on this part of the Fermi curve is
indicated: it is suggested implicitly that the asymptotic freeness of the resolvent of the Schrodinger
operator yields the full asymptotics for F'(u) bounded away from small open balls around the
double points kF with v € I'*. This argument we do not understand. The problem which might
occur in our eyes is that one would have to use the asymptotic freeness of (— Ay +u)~! to estimate
the spectral projection of — Ay +u for A = 0 and compare it to the spectral projection of —/A\ for
A = 0. More precisely, to define the spectral projection and estimate it with help of Theorem [2.5
([Klauer, 2011, Theorem 4.3.8]) as suggested in [Klauer, 2011], we think that one has to use the
formulation of the spectral projection of both operators as in the proof of Theorem [I.14] This is
defined by integrating the resolvent A~! respectively (A —u)~! over a small circle around A = 0
such that no other eigenvalues of A1 respectively (A — u)~! are contained in the interior of this
circle. This ‘separation’ of the eigenvalues is necessary since otherwise, the projection is not unique.

However, the eigenvalues for the free Schrédinger operator can be described as a covering over
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2.1. Preliminaries for the asymptotics

k and then read as A(k + k) = (k+ k + k)2 with x € I'* and k € A¢. So for ||[v]| — oo, all
-1

(k+rtkiE)
eigenvalues asymptotically accumulate around zero and hence estimating the eigenprojections by

eigenvalues of A converge to zero since they depend on k + k. We think that all these
estimating the integrands under the integral of the spectral projections is not an option. So in
a certain sense, the Schréodinger operators considered here have ‘too much’ of this property ‘to
separate the eigenvalues’ since they become distant from each other so fast that all eigenvalues of
the resolvent converge too fast to zero. Therefore, we do not see how the technique proposed in
[Klauer, |2011] can be applied to show the asymptotic freeness of F'(u) away from the excluded
domains.

To come over these difficulties, another method will be used which is proposed in [Schmidt, |2002]
for the Dirac operator and transferred to the asymptotics of the Fermi curve of the Schrédinger
operator in the excluded domains in [Klauer] |2011, Section 4]. Hereby, the excluded domains
denote some small open neighborhoods of k with v € I'} and 6 > 0 sufficiently small. We use this
approach to show also away from the excluded domains, F'(u) behaves asymptotically free. For the
excluded domains the results from [Klauer} 2011] are directly transferred. For the remaining part,
we make small adjustments. Therefore, some results from [Klauer, 2011] are necessary. These are
summarized in the following section to keep this work self-contained and if necessary extend in the

appropriate way such that it can be use for our purposes later on.

2.1. Preliminaries for the asymptotics

For Banach spaces X and Y, B(X,Y) denotes the space of all bounded operators from X to Y.
Furthermore, the Sobolev space of L2-integrable functions which are once weakly differentiable is

considered. This is defined as
WI2(R/T) = {f € L*(B/I,C) | V]a| < 13 . € LX(R*/1,C)
Vi e C°(R?*/T) : /fawdu: (—U“'/fa%du},

where « is some multi-index and 9°f := £, is the weak derivative of f. W12(R?/I") is equipped

with the norm
I fllwremz ry == I fll 2w/ ry + 102 fll 2wz ry + 10y fllL2(m2 /1)
Lemma 2.2. Let k € C?\ F(0). Then the map defined by
K — B(L*(R?/T"),W"4(R?/T)), kw -

is holomorphic.
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2. Asymptotic freeness

W(Rz/]—‘) = H : ”leQ(F*)' USil’lg
Parseval’s identity [Reed and Simon), (1980, Theorem II.6] and partial integration, where we take
into account that f € L?(R?/I") is periodic with respect to I', we obtain

Proof. We denote the Fourier transform of the W!2-norm as || - ||

7 rasrey = [, 10aF 2+ 10,012 + 111
=5 [ IFADE+ (BRI + 111
= 2 I PO+ 4m%0) = I

1,2(=
rel™ W )

Let K be any compact subset of C?\ F(0) and k¥ € K. Then Fourier-transforming yields

| = 28 flwrame ) = 1= A g ge ey
1 fw) [ -
KR
_ Ik 1_4 2 2
Vol(A) <K§* —47r2(k+/$)2 ( ||| ))

< o ifl

= \inf |k+x|2 " inf |k+ L2(R2/T)
rel™ kel™
keK keK

with some constants ¢,é € R*. Since we can find a compact subset K for any k € C?\ F(0),
the image —A ;' is a bounded operator from L2(R?/I") to W'2(R?/I"). Holomorphy of the map
k— —A,;l follows as in the proof of Theorem O

The next Lemma will be used frequently to show the asymptotic freeness of F'(u). It can also
be found in [Klauer, 2011, Lemma 4.3.3]. However, the value of the infimum given there is not
determined correctly in [Klauer, [2011] and the corresponding calculations are missing. Therefore,

now a more precise proof how to determine this infimum is given.

Lemma 2.3. Let K C C?\ F(0) be a compact set. Then for k,v € I'*, one has

lim inf
vl —oo kEL*
keK

|(k +k + ED)?| = .
Proof. Let (vn)nen be a sequence in I'™* such that lim,,_, ||vy|| = co. Consider for fixed v,

A B [ Al

and choose k, € I'"* and k,, € K as vectors such that f attains its infimum. The set K is compact,
I'* is discrete and f is continuous with lim 0 f(K, kn) = 00. So these vectors exist. Since the

infimum of f over k € I'* is bigger or equal than the infimum of f over x € R?, we extend the
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2.1. Preliminaries for the asymptotics

domain of k € I'* to k € R2. Due to (kF)? = 0 it is with kn1 = an + tby, and ky o = ¢, + tdy,
where ay,, by, cn, d, € R for all n € N,

Kn1 n an + tby, n 1 tup1 + Wpo
Kn,2 cn + tdy 2 —Llln1 + Un,2

2
¢]<Hn+kn+k;)]]2_‘

1 2 1 2 1 2 1 2
= (ﬁn,l +ap, - n,l) +(bn + = n,2> +<’fn,2 +cop - n,2> +(dn -3 n,l)
2 2 2 2
1 1
= ’?121,1 + a% + Zufl,l + 2ankn,1 £ Kn,1Vp1 £ anp1 + bi + bpln2 + nybz +
2 2 1 2 2 2
+ Kpo+Cp + ZVH,Q + 2¢pkn2 £ Vnokn2 £ Unacy +dy, — dpvp 1 + 41/”’1,
Thus,
1
8/-61 f("ina kn) = 2(Ff/n,l + an) =+ Un,1 = 0 & Rp1 = —0n + 5 n,1,
1
8@f(f<dn, kn) = 2("%,2 + Cn) + Un,2 = 0 & Rn2 = —Cn + §Vn,2

20
and Hess(f)(k, ky) = <0 2) for all k € R?. So the infimum is attained for k, = — Re(k, + ki )

and for n — oo we get
F(#ns k) = [ TR + k5 )P = [ Tm (ko) [|* 4+ 2(Tm(kn), Im (kg ) + [[vn|* — oo

The boundedness of the imaginary part of k,, € K assures that the behavior of the infimum over

kn € I'* and k, € K also goes to infinity for n — oo. O

Note that the operator —A, 41+ is depending on v € I'™". So we consider this as a sequence of
operators parametrized by v € I'*. Thereby, we want to show that certain estimates hold for such
sequences of operators for all v € I'y with ¢ > 0 sufficiently small, i.e. for large imaginary part of

the boundary value.

Lemma 2.4. [Klauer, 2011, Lemma 4.3.7] Let uw € C(R2/I"). Then for all sufficiently small
£,€> 0 there is a 6(¢,€) > 0 such that for all k € Ag and v € Iy the operator uls; =+ exists and
is bounded from L*(R?/I") to L*(R?/I") with

-1 ~
ooyl <&

Proof. Let kg € Ag. Due to Theorem there exists a neighborhood K of kg such that the
resolvent A,;l exists for all k € K and is bounded on L?(R?/I"*,C). We choose K in such a way
that dist(K, F(0)) > §. Since F(0) C C? is invariant under translations by double points k7 for
all k € I'*, this also holds for k € {kX +k | ke K}.
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2. Asymptotic freeness

For f € L}(R?/I") and k € I'*, one has due to Parseval’s identity [Reed and Simon), 1980, Theorem
I1.6], Holder’s inequality [Reed and Simon, (1975, Proposition 1X.4.2] and ||u|| < c(u)

[[u Al:ik; fllzmez/ry < c(u)| Al:ik; fllrz@ez/ry = c(u)||u A,:iky— Fllez(rey

~ 2\ 1/2
= c(u) < Z G >

S | —Am (b + ki + k)2
1/2
C(U,K) r 2
inf [(k + &y + )2 (Z 17 ()] )
Kel™

vel™*
keK

k) g
T inf [(k+ ky + )2 EPREDD
rel™
keK

where ¢(u, K) € R* is some constant depending on w and the neighborhood K of k.
We know from Lemma that for all € > 0, there exists a dx > 0 depending on K and ¢ such
that for all v € I'y one has
-1
K)( inf k+kF)? 2,
c(u, )( ;«}Iell“* |(k+k+E)) |) < €&
keK

So the operator norm of uAl;lk,l on K is smaller than €. One can repeat this procedure for all
k € Ag to obtain the same results for different sets K corresponding to the different k. Since Ag
is compact, it can be covered by finitely many of such K. Choosing ¢ as the minimum of all g

from a finite covering of Ag yields the desired result. O

The proof of the following Theorem is completely analogous to the proof of [Klauer, 2011, Theorem
4.3.8], where it is shown for a wider class of potentials. Nevertheless, we repeat the proof here

since we believe it is crucial for the steps hereinafter.

Theorem 2.5. Let u € C(R?/I"). Then for all sufficiently small €,& > 0, there exists a §(¢,&) > 0
such that for all k € Ag and all v € I'y, the operators A;ik_ and (Ak+k; — )~ exist and are
bounded from L?(R?/I") to L*(R?/I") with

| — ) = ALl <& (2.2)

Proof. It is shown in Lemma that the resolvent Al;iku‘ exists and is bounded from L?(R?/I")
to L>(R2/T") for k + k;,; € €2\ F(0). By Lemma [2.4) we know that for sufficient small 0 < ¢’ < ¢,
there is a ¢’ > 0 such that for all £ € AL and all v € I, the operator uA;ikV_ exists and is
bounded on L?*(R?/I") with

HuA,:ik;H <é.
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2.2. Matrix decomposition of the Schrédinger operator.

For a fixed and sufficiently small ¢’ > 0, (1 —u/\, e )~! can be expressed by its Neumann series,
compare [Reed and Simon, 1980, Corollary in V1.3, formula (VI.2)] and thus

[ k+k—” <| Ak—&-k (uAk:—&l-k )L <l Ak+k— ==

Lemma yields that Ak -
Furthermore, F(0) is invariant under translations by the double points k, . So by Lemma

the right hand side of the above inequality is smaller than ¢ for all k € A and all v € I, for

is uniformly bounded in k for all v € I'* since Ag is compact.

sufficiently small ¢’ such that £ < €. O

The foregoing considerations yield immediately that F'(u) N (Dg has to be contained in a small

e-tube around F(0) N C2 for ¢ > 0 sufficiently small. More precisely:

Corollary 2.6.

Let w € C(R2/T"). Then for all € > 0, there is a 6(c) > 0 such that for all k + kX € F(u) with
ke Ac and v € I'§ one has

dist(k + k=, F(0)) = dist(k, F(0)) = min ||k — k|| < e.
keF(0)

Proof. Tt is shown in Lemma [2.2| that for £ € Ag and for all v € I'*, the free resolvent —A ot ! -
is a regular operator. Due to Theorem for all ¢ > 0, there exists a ¢’ > 0 such that
holds for k € AL and v € I7,. So for ¢’ > 0 small enough, also (— A —u)"lis a
regular operator for k € Ag. Hence, the set of singularities of (— A, kS +u)~! is contained in
{ke @ |k=k, +k and k' € Ac\ AZ}. This yields that for v € I'}; and k € A, all values of
k + k, € C? that are describing the Fermi curve F(u) are contained in an e-tube around F(0).
Let (6')~! < ||v|| = 2||Im(k; )| for all v € I}};. Choosing § := 4§’ yields || Im(k; )| > 6~! for all

v € I, and therefore the assertion. ]

2.2. Matrix decomposition of the Schrodinger operator.

To see the asymptotic freeness of F'(u), we will adapt the technique used in [Klauer] 2011} Section
4.5] — which is used there to describe F(u) in the excluded domains — for all parts of F(u) N C% with
0 > 0 sufficiently small. Therefore, we repeat the whole theory for both cases and cite in which
part of [Klauer, |2011] the appropriate results for the excluded domains are shown. The following
definitions correspond to the decomposition of L?(R?/I") as given in [Klauer, 2011, Definition
4.5.1] for the excluded domains.

Definition 2.7 (|Klauer, 2011, Definition 4.5.1]). Let Ey be the one-dimensional complex Banach
space generated by ¥° := 1 and for all v € I'*, let E, be the two-dimensional complex Banach
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2. Asymptotic freeness

627rL(k,:i:1/>

space generated by the Fourier modi %" := and ¥°. Then the canonical projections

mo : L*(R?/I") — Ej, Y ¢(0)yY
m i L2(R?/I) = Eyv,, )~ 6090 + ()™

are both bounded linear operators, and therefore also 73 = (1 — ) and 7, := (1 — 7,) are

bounded and linear. We define Ej- := Im(7y ) and E%, := Im(r1,). If it makes no or only minor

differences whether we consider Ey or E.,, we write E respectively E+ and 7 respectively 7.

With this definitions, L?(R?/I") = Eq @ Ejy as well as L?(R?/I") = E4, ® E+,,. Since we are going
to consider some operators on these subspaces or images under these operators restricted to these

subspaces, the following decomposition of linear operators on L?(R?/I") is very useful.

Definition 2.8 (|Klauer, [2011, Definition 4.5.3]). Let T : L?(R?/I") — L?(R?/I) be a linear

operator. We define the linear operators
A:=7T|g: E— E, B:=7T|p. : Bt - F,
C:=7'T|p: E— E* D :=n'T|p : B+ - EL.
We call the operator A the restriction of T to E and the operator D the restriction of T to E*,

even though it is actually the restriction projected to the respective space.

With respect to the decomposition L?(R?/I") = E @ E*, the operator T can be represented as

A B
T = .
C D
We have seen in Lemma that for k 4+ kX € F(0) \ {kf | v € I'*} with k € Ag, the kernel

of Akar

of the resolvent A kE 4k 1S contained in Ey and the singular support of A;il is contained in F,,.

;. consists of Ey and that the kernel of A, + consists of E4,, i.e. the singular support

Accordingly, the free resolvent restricted to Ef, respectively EOL is a regular operator which we
denote as the reduced resolvent. We will concretize this in Proposition which is for F1, also
shown in [Klauer} 2011, Proposition 4.5.4].

Before we start with this, we introduce the way how we choose k in the asymptotics hereinafter. We
want to consider the asymptotics of F'(u) in small, neighborhoods of F'(0) and distinguish between
the parts of the Fermi curve ‘far outside’ which are close to the double points kf € F(0) and the
part ‘far outside’ which is bounded away from these double points. Therefore, it is necessary to

define open sets around the free Fermi curve such that for § > 0 sufficiently small F(u) N C% is
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2.2. Matrix decomposition of the Schrédinger operator.

contained in them and such that the local considerations hold for all v with v € I'y. We define

B.(k7.)°:=C*\ |J B.(kf+v).

Kr,vel™

Then the set {k € C? | k € F(u) N Bo(kE.)°} is the set of all points on F(u) which are e-far away
from the double points k;F of F/(0). We again consider translations of small open neighborhoods
of kg € R by kit for ||v|| — co. To apply the decomposition of the resolvent of the Schrodinger
operator into a singular and a regular part away from the excluded domains, it is necessary to
ensure that we consider only neighborhoods of such kg € R\ {k;5 | v € I'*} which contain no parts
of R(k) for k € I'* \ {0}. In this case, the kernel of the Schrédinger operator in this neighborhood
consist only of Ej.

Using again the norm || - || which is indicated by the hermitian scalar product for elements of €2,

the following proposition holds.

Proposition 2.9. Let k € Ry N B.(kE.)¢. Then for all k € R+(v), there holds
I = K[l >[Ik = k57| > min {[lk — k[ 1k = K|}
and for all k € Ry (v), there holds
Ik = k|| = [lv]| = min{||x]| | & € ™\ {0}}.

Proof. A normal vector of R (v) is given by (!) and a normal vector of R_(v) is given by (1)

and with respect to the hermitian scalar product - it is

<1><_1> =1-14¢-(—)=0.

So R+ (v) and R_ (k) are both affine hyperplanes of C? which are perpendicular to each other. So
R+ and R (v) are parallel to each other and the minimal distance between two affine hyperplanes
which are parallel is the distance measured orthogonally, it is dist(R+, R+(v)) = ||v| for all v € I'™*
and for every k € Ry N Be(k}. )¢, there exists a k € R4 (v) such that

Ik — k|l = dist(R+, Re(v)) = |[v].
For the second case, let k € Ry N B.(kf.)¢ and k € R_(v) with v € I'* \ {0}. Then

k1 + tko = 0 and (/231 +V1) —L(I:?Q‘i‘VQ) =0
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2. Asymptotic freeness

and hence ky = tk; and ky = —L(l;?l + 11 — w2). So the triangle inequality yields

Hk‘ — ];ZH = |k1 — ];71| + ‘kQ — ];32| = ‘kl — /;71‘ + ‘Lkl —i—L(/;?l + v — LVQ)‘
= ‘kl - %1‘ + ‘k‘l —i—]:)l + v — Ll/g’

1
> |2]{31 —+ 11 — LVQ’ =2 k‘l — 5(—1/1 + LVQ) = 2“{11 — k:1|

Together with |k; — k:;rll = |ko — k:j2| and Ry NR_(v) = {k}}, we obtain

min [k~ k| = [k &

kER_(v)
Analogous calculations yield for k € R_ N B.(k})¢ and k € R (v) that ming ez ) (1k — k||) =
Ik — k.|| and taking these two equalities together yields the assertion. O

Remark 2.10. This Lemma together with Corollary [2.6] motivates the following setting which we
will use to formulate the asymptotics. Let € > 0 be chosen such that 4¢ is smaller than one quarter
of the minimal distance of the generators of the lattice I'¢; from Definition and such that
the Fermi curve F(u) is contained in an e-tube around F'(0). The last choice is possible due to
Corollary We then consider By (0) = {k € C? | ||k| < 4e}. For § > 0 sufficiently small and
v € I'}, we denote the sets kI + By.(0) as excluded domains.

To describe the asymptotics bounded away from the double points k', we choose kg € RN Buz (kT )°.
Then due to Proposition ko is bounded away by 4¢ from kF, thus Ba. (k) does not intersect
an e-tube around R(v) for v € I'f. That means by considering k + kX with k € B (kg), one
considers indeed only the part of the Fermi curve which is e-close to F'(0) and bounded away by
2¢ from k. Why we are choosing 4¢ and 2¢ instead of the seemingly more natural choice € and
2e will be explained later in Remark

Part (b) of the following proposition is shown in [Klauer} 2011, Proposition 4.5.4].

Proposition 2.11. (a) Let ¢ > 0 and ko € RN By (k% ). Then for all k € Bac(ko), the resolvent
of the free Schridinger operator as an operator on L2(R?/I") has the Ey ® Eg -decomposition

as in Definition [2.8
AL = So(k + k) 0
etk 0 Ro(k+kE))’
where Ry is the reduced resolvent of the free Schrédinger operator. The reduced resolvent

Ro(k + k) is holomorphic and bounded in k € Ba.(ko), i.e. for the operator norm, there holds

sup sup  ||Ro(k + kD) < oo.
kGBQS(kO) VGF*\{O}
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2.2. Matrix decomposition of the Schrédinger operator.

With respect to the basis 1° of Ey, the singular part of the free Schrordinger operator reads as

! k2.

So(k) = — 71—

(b) Let € > 0 be smaller than half of the distance between the generators of I'i.. Then the resolvent
of the free Schrédinger operator as an operator on L*(R?/I") has for all v € I'*\ {0} and
k € Bz(0) the Ex, ® Et,-decomposition as in Deﬁm’tion

ktki 0 Riy(k+kE))’

where Ry, is the reduced resolvent of the free Schrodinger operator. For k € Bz(0) and v € I'*,
Ry, (k+ kVi) s holomorphic and bounded, i.e. for the operator norm, there holds

sup  sup ||Ra,(k+ED)| < oc.
ke B:(0) veI'*\{0}

With respect to the basis ¥°, 9™ of E+,, the singular part of the free Schrédinger operator

reads as .
— 472 k2 0 )

0 —4n%(k +v)?

Siu(k) = (

Note that £ is chosen in such a way that it holds for 8¢ and thus also for 4¢ with € as in Remark
These two cases will be necessary hereinafter.

Proof. Let k € €2 be a pole of k — A, !, i.e. there exists a & € I'"* such that k € R(x). Then due
to Lemma [1.18
/;:2 + Ro = L(lzll + /11) or /232 + Ko = —L(];q + 111). (2.3)

Furthermore, we already know that the Fourier transform of A,;l is a diagonal operator with
—m on the diagonals with k € I'* and with some bijection between I'* and IN to sort the
diagonal entries.

(a) Let k = kg € Byc(kE.)¢. Then also ko + ki € By (kE.)°N for all v € I'*. Without loss of
generality, let kg € R and ko € RT. Then kg fulfills exactly one of the conditions in (2.3)
with k = 0, since I'* is discrete. Thus, for k € Ba.(ko) C Ba-(kr+)¢, also only the equation in

(2.3)) with k = 0 which holds for kg can equal zero. Therefore, Al;i + becomes only singular

k
on Ey and is regular when it is restricted to Ef. The form of Sy is given by the Fourier

transform of the resolvent restricted to Fy and maps 1[}0 to —mﬁjo.

(b) Let now k = ki for some v € I'*. Then one of the equalities in (2.3) holds for x = 0 and
the other one for kK = v as can be seen in the proof of Lemma So for any other pole
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2. Asymptotic freeness

k = kF + k of the resolvent with k € B.(0), the corresponding equality in (2.3) can also only
hold for either the same k or 0 since 1™ is discrete. The rest of the argumentation is analogous
to (i) with the only difference that in the neighborhood of k;f, the free Schrédinger operator is

singular on F4,,.

The estimate of the norm follows in both cases as in Lemma [2.2] The only difference is that
now also k € F(0) is allowed since only the regular part of the free Schrodinger operator is

considered. O

Remark 2.12. For abbreviation, one can also write the above statements as
At = S(k) + R(k),

where S(k) := 7 Ay |p and R(k) := 7+ A, |5. If we want to point out whether we consider
these operators in a neighborhood of k£ or in the neighborhood of a regular point of F(0), we put
an index +v respectively 0 to the corresponding operators S and R. No index shall imply that the
assertions hold for both variants. We also neglect the dependence of S and R on k as long as it is

not necessary for the asymptotics.

For the reduced resolvent, the same statements as we have seen in Section @ for k € Ag can be
shown for all k € Ag, so especially also for k € F(0) since the reduced resolvent is regular on F'(0).
Therefore, the following Lemma is obvious to expect. Part (b) is shown in [Klauer, 2011, Lemma
4.5.9].

Lemma 2.13. (a) For all € > 0 as in Remark there is a 0(¢) > 0 such that for all
k € Bac(ko), all ko € RN Byc(k¥.)® and all v € Tf

inf |(k+k+ED)? >e L.
k€B25(k0)
rer™\{0}

(b) For all € > 0 which are smaller than half of the distance between the generators of I'¢,, there is
a 0(&) > 0 such that for allv € Iy

kelgio) (k4 k + EE)?| > et
keI \{0, 40}
Proof. The proof of both statements is more or less analogous to the proof of Lemma In case
(a), there is only exactly one zero of & + |(k + k + k;F)2|. Without loss of generality, we assume
again that x = 0 and due to the choice of ¢, this zero does not coincide with any double point k.
However, k = 0 is excluded from the infimum. The same holds in a neighborhood of the double
points kI with the only difference that in this case, the only zeros of & — |(k + k + kX)?| are given
by k € {0, £r} which are also excluded from the infimum, and therefore (b) holds. O
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2.2. Matrix decomposition of the Schrédinger operator.

We also need an analogon to Lemma [2.4] for the reduced resolvent, but in stronger norms and also
for reversed order of potential and Laplacian. First of all, note that W2(R2?/I") ¢ L?(R2/I").
Thus, the direct composition of L?(R?/I") in Definition [2.8] transfers also on W12(R?/I") and we
also denote this composition as W'2(R?/I',C) = E + E*+.

Lemma 2.14. (a) For alle > 0 as in Remark and all w € C(R2/I), there is a 6(s,u) >
0 such that for all k € Ba:(ko) with kg € RN B45(k‘}t*)C and all v € Iy, the operator
o (O 2ul gL ) is in B(L*(R*/T), W"(R?/I)) with

I (A sl < e

(b) For alle >0 as in Remark and all w € C(R?/I"), there exists a §(e,u) > 0 such that for
all k € By (0) and all v € I, the operator Wi‘,/(A;ik}MEiu) is in B(L?>(R?/I"), W12(R?/T))
with

Im (AL sulp )l < &

Proof. Proposition 2.11] yields that

1 -1 _ -1 1

The multiplication operator u : L?(R?/I") — L?(R?/T") is bounded since u € C(R?/I"). Moreover,
it follows as in Lemma that — A, 4+ [p1 € B(L*(R?/I'), WY2(R?/I')). Hence, for § > 0
sufficiently small, the restriction of A, LgEu to E(J)- is bounded for k € By (ko) respectively the
restriction to Ef, is bounded for k € B4.(0). As in the proof of Lemma there holds in the

case of (a) for the operator norm

& &

1 A-1
— A < +
=m0 S bl s — e T r R R
keI \{0} REl™\{0}
keK keK

with some constants ¢,é € R*. For § > 0 sufficiently small and v € I'f, the term on the right
hand side is smaller than . Analogously the case (b) is shown. The only difference is that the
infimum in « is taken over I"\ {0, £v}.

The estimate of the norm is also shown as the estimate in Lemma since for 1 € L?(R?/I'),
there holds

lm A wbllwnzesry < AL« lwregeyny I wdll2we -

So by Lemma [2.13] there exists a § > 0 depending only on u and e such that || — A]:ikiuH <e O

Lemma 2.15 ([Schmidt, 2002, Lemma 3.21]). Let E be a Banach space, F' a closed subspace of
E andT : E — F a bounded linear operator. Then the operator 1y — T is boundedly invertible if
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2. Asymptotic freeness

and only if 1p — T'|F is boundedly invertible, where 1 and 1 denote the identity in E and F,
respectively. Furthermore, if (1p — T|p)~! exists, then

(]lE *T)_l =1+ (]lF *T|F)_1T.

Proof. Let (15 —T)~! exist and be bounded. Since the codomain of T'is F, one has (1z—T)F C F.
Let z € E'\ F and assume that (1g —T)x € F. Then x — Tx € F and Tx € F, so also x € F.
Thus, one also has (1g —T)(E\ F) C (E'\ F). Next, ee want to deduce F' C (1 —T')F. Suppose
that there exists a g € F' such that there is no f € F with (1g — T')f = ¢g. Due to the surjectivity
of (g —T), it follows that there exits an f € E \ F such that (1g —T')f = g which shows that
g € E\ F. By the same means, also E\ F C (1g —T)(E \ F), and therefore (1g — T)F = F and
(1g —T)(E\ F) = E\ F. So the inverse of 1 — T exists and is given by (1 — T)~!|p. It is
bounded since (1g — T)~! is bounded.

Conversely, let (1r — T'|p)~! exist and be bounded on F. Since (1g)|p = 1p and T : E — F, one
has (1g —T)|r = 1r — T|F and accordingly (1g — T)(1p — T|p)~™' = 1p. Since T : E — F, this
equality yields

(g —T)Ag+ (Ap —T|p) ' T) =1 T+ (1g - T)Ar - T|p) " 'T =15,
and so 1g + (1g — T|r)"'T is a right inverse of 1z — T. T : E — F implies
T(p—T)=Tlp —TT = 13T — T|pT = (1p — T|p)T,
solg+ (1p —T|p)" T is also a left inverse of 1z — T. Hence,

(]lE+(]lF—T|F)_1T)(]lE—T) = ]lE—T+(]1F—T|F)_1T(]lE—T)
=1p—T+ (1p —T|r) ' (1r — T|r)T
=1g—-T+T=1pg.

O]

We show now that formally, one has a decomposition of (A + u)~! similar to the decomposition of

A~ given in Remark

Proposition 2.16. Formally, it is
(Ap—u) t=0—-Ru) 'R+ (1 —Ru)"S(u) (1 -—uR)™ ", (2.4)

where

S(u) := (]l — Su(l — Ru)_l)_1 S.
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2.2. Matrix decomposition of the Schrédinger operator.

R and S are to be understood as operators acting on L?>(R?/I") and not as operators acting on E~+
respectively on E. Formally shall indicate two things: First of all, that the above equality holds
whenever the operators on both sides of the equality exist and are bounded. Secondly, that the sets
of functions in L*(R?/I") for which they are unbounded coincide.

Proof. 1t is A,;l =S + R, see Proposition Moreover,
R —uR) ™ = ((1—uR)R) " = (R ' —uw) ' =(R'(1-Ru)  =(1-Ru 'R

So
At =R+ S~ Su(l—uR)"'R+ Su(l —uR)™'R
= (]1 — Su(l — Ru)_1> R+ S (]1 +uR(1 — uR)_l) .

Using Neumann series one gets that

1+uR(1—-uR)'=1+uR i(uR)” = i(uR)” =(1—-uR)!
n=0 n=0

and hence A, ! = (1 — Su(1 — Ru)™') R+ S(1 — uR)~!. So formally, it is
(]1 — Su(l — Ru)*l)_l At =R+ (]1 — Su(l — Ru)*1>_1 S(1 —uR)™!

The left hand side of this equation equals (1 — Ru)(Ay — u)~! since

(1 = Su(l - Ru)™") " = (1 - Ru) (1 — Ru)~* (1 = Su(l — Ru)™") "
— (1 — Ru) (1 — Su(l — Ru)"")(1 — Ru)) " o)
= (1 — Ru) (1 — Su— Ru)™!
(1 — Ru) (]l At )
and (A —u)™! = (1 — Aptu)"tAL Y. Taking all of this together finally yields the desired
decomposition of (Ag —u)~ 1. O

The first part of (b) in the next proposition is also shown in [Klauer, [2011}, Proposition 4.5.15].

Proposition 2.17. (a) For all ¢ > 0 as in Remark and all u € C(R2?/I"), there is a
5(e,u) > 0 such that for all k € Bac (ko) with ko € R N Be(kE.)¢ and all v € T}, the operators

Tou (]1 — R(k + kf)u)71 and (1 — R(k + kX)u)™?

0

exist and are bounded.
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2. Asymptotic freeness

(b) For all € as in Remark and all u € C(R?/T), there is a 6(g,u) > 0 such that for all
k € B4c(0) and all v € Iy, the operators

T+,U (]1 — R(k + l{:f)u)71 ) and (1 — R(k + kX )u)™!

Eiy

exist and are bounded.

Proof. By Lemma we know that for every € > 0 under the given conditions in (a) respectively
(b), there exists a d(e,u) > 0 such that for all k € By, (ko) respectively k € B4 (0) and v € I'y the

operator
1
T (Ry ) |

is bounded by € > 0. For sufficiently small € > 0, the Neumann Theorem yields that
1p. — Rk + k5 )u|ge

is invertible. By Lemma this implies that in this case 1 — R(k-+kZ)u is invertible on L2(R2?/I").
So the operator u(1 — R(k + kX)u)~! exists and is bounded from L?(R2/I") to L?(R?/I") and the

same is true for the restriction mg(u(1 — Ru)~!)|g of this operator to E. O

We want to get the explicit form of a matrix such that the zero set of the determinant of this
matrix locally equals the values of F(u) for some u € C(R?/I'). Again, part (b) of the next
theorem can be found in [Klauer, 2011, Theorem 4.5.19].

Theorem 2.18. (a) For alle > 0 as in Remark[2.1( and all w € C(R?/I"), there is a d(e,u) > 0
such that for all k € Bac(ko) with ko € R N Be(k£.)¢ and all v € T, the Fermi curve can
locally on kX + Bo. (ko) be described as the zero set of the in k holomorphic mapping

ks det (—4n?(k + k) + Ao(k + ki u)) |

where
Ao(k + k:f, u) == mou (1 — RU)_I |-

(b) For alle >0 as in Remark and all u € C(R?/T'), there is a 6(g,u) > 0 such that for all
k € Buc(0) and all v € T}, the Fermi curve can locally on ki + By:(0) be described as the zero
set of the in k holomorphic mapping

—472(k + kF)? 0
k> det v + Apy(k+ kS u) ),
(( 0 amkrkpe) T )

where
Ay (k+ kf, u) = meu (1 — Ru)_1 |Ey, -
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2.2. Matrix decomposition of the Schrédinger operator.

Proof. In the setting of (a), it is for k € Ba.(ko) and v € Iy

1

+
Sﬂ(k+ku) = —47T2(k+k‘1:/t)2

and in the setting of (b), since kF & v = kJ, one has for k € By (0) that

-1

—4r?(k + kF)? 0
Siy<k+kf>=< k) )

0 —4m?(k + kF)?

Combining the results of Proposition and Proposition yields that k € F(u) for generic
u € C(R?/TI") if and only if the operator in the decomposition has a pole. The reduced
resolvent R is regular and unequal to zero and it is shown in Proposition [2.17] that the same holds
for (1 — Ru)~!. Analogous argumentation as in the proof of this Proposition yields that also
(1 —uR)~! is regular and unequal to zero. More precisely, for all € > 0, there exists a § > 0 such
that (1 — R(k+ kF)u)~! and (1 —uR(k + kF))~! are regular for v € I} and the respective choices
of k. So all terms but S(u) in the decomposition are regular and unequal to zero for 6 > 0
sufficiently small. This implies together with Lemma that k € F(u) \ F(47200) if and only if
S(u) restricted to E

(Lp — S(k + k5)A(k + iy (0),w) ™ Sk + 5)|

has a pole or equivalently if
det(S(k + E5)™1 — A(k + kX, u)) = 0.

To see that the same holds for £ € F'(0), note that as in the proof of Proposition it is due to
equation (2.5

(A —u) = (1 - A;k}u)—m—l

kK kt+kE

— (1 - Ru)™" (1 - Su(l — Ru)™") "' (R+9)

which is a meromorphic operator in k. It is shown in Proposition that for § > 0 sufficiently
small (1 — R(k + kF)u)~! is regular and bounded for all v € I'}. R+ S is an operator of block
diagonal form with zeros on the off diagonals, so (R+S)~! = R™1+S~!. Hence, for k € F(u)\ F(0)
and for k € F(u) N F(0), all poles of (A, .+ — u)~! are contained in

(1= Sut — Ru)™) " (R+8) = (R+ )~ (1 — Su(1 — Ru)™)) "'
= ((R +8) P —(R+S5)"1Su (1l - Ru)_1>_1 = (Rfl + 87— (1 - Ru)*1>_1 .

The last equality holds due to R7'S = 0 and S™'S = 1g, so (R + S)"!(u) = mu. The last
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2. Asymptotic freeness

expression of these equalities can only have a pole if (R + S)~! — mu(1 — Ru)~! = 0. Because
Im(R™') ¢ E+ and Im (S~ — mu(1 — Ru)) C E, this can only hold for functions contained in the
kernel of R. So for k € F(0) and v € I}, all poles of (A, ;+ — u)~! are contained in the set of

poles of (S7! — ru(1 — Ru)_l)_1 or equivalently, are contained in

{keC?|det(S™" — Au, k + k) =0} .

O
Note that an arbitrary potential u € C(R?/I") can be represented as
1 1
u(e,y) = —— > awe™ ) —urtag 4 3 alrem ),
n(A) . #A) =
where g := #()()A). This is also done in [Klauer} [2011, Section 4.4] to obtain stronger asymptotics

for F'(u) which are not necessary for this work. However, this decomposition is necessary for the

next Lemma. Part (b) of it is a modified version from [Klauer}, 2011][Lemma 4.5.21].

Lemma 2.19. (a) For alle >0 as in Remark and all w € C(R?/I), there is a §(s,u) > 0
such that for all k € Bac(ko) with ko € RN B-(kE.)¢ and all v € T, there holds

o] =& < [ Ao(k + k5, u)|| < |ao| +¢

in the usual operator norm.

+ +
(b) Let Ar,(k + kF,u) = <Z((:IZ;Z)) 2((1;;1];13) For all € > 0 as in Remark [2.10| and all

u € C(R?/I), there is a 6(g,u) > 0 such that for all k € Byz(0) and all v € I}, there holds

a0l — & <llalk + k5", W, ld(k + k' w) | < laol +e
Io(k + k5w, etk + &y, w)| < e.

in the usual operator norm.

Proof. Again, the proof of (a) and (b) is analogous up to different open subsets Ba. (ko) respectively
By-(0). Therefore, let k € Ba-(ko) for (a) and k € By (0) in the setting of (b). One has

Ak + kX u) = mu(l — R(k + k5D)u) g,

where the second part converges to the identity due to Lemma [2.14] So the norm of the whole

operator converges to ||rul|. In case (a), this implies

lim A(k+ kX, u) = lim mou(l — R(k+ kT)u) ™t = mou = 0.

l[vl|—o0 [l =00
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2.2. Matrix decomposition of the Schrédinger operator.

In the case of (b), one also has that for ||v|| — oo, A(k + kF,u) converges to m+,u, where

fo a(v)e2™ v (y)) a0
Tou= | ami(—w(2)) . — | for ||v]] = o0
w(—v)e \y Qo 0 ao

T 1/2
because ﬁ (fT(&(:lzy)eZ’”(i”v(y)>)2dA) — 0 for ||v]| = oo. O
More precisely, for all € > 0, there exists a § > 0 such that (1—R(k+kF)u)~! and (1—uR(k+kF))™?

are regular for v € I'y and the respective choices of k.

Lemma 2.20. (a) For alle >0 as in Remark and all u € C(R?/I), there is a §(s,u) > 0
such that for all k € Bac (ko) with ko € RﬂBs(kliu)c and allv € T}, the matriz Ay, (k+ ki, u)
s continuously differentiable in k and

_ 0
lim Hak.Ao(k +kEu)|| =0

[[v[|—o0

uniformly in k.

(b) Foralle >0 as in Remark; and all u € C(R?/I'), there is a 6(g,u) > 0 such that for all
k € Byc(0) and all v € T}, the matriz Ay, (k + k=, u) is continuously differentiable in k and

P
lim || = As, (k+ kS u ” =0
||u||aooH8k 1 )

uniformly in k.

Proof. By Proposition A(k + kF,u) exists and is holomorphic in k for k € By.(ko) in the
case of (a) and k € By (0) in the case of (b) and v € I'; with § > 0 sufficiently small. Then

3} d 3}

%U =0 and %R == R% Ak—‘—kyi |EJ_R
We abbreviate C' := 8% A= |pr and denote the derivative with respect to k with a prime.
The components of the Fourier transform of C' are given by —8m2(k; + k‘ljfl + k;) for i € {1,2} and

hence the Fourier transform of RC' is uniformly bounded. Then

(u(l — Ru)™ ) = u((1 — Ru)™") = —u(1 — Ru)"'(1 — Ru)'(1 — Ru)™"

u(l — Ru) 'R'u(l — Ru)™! = u(1 — Ru) "' RCRu(1 — Ru)™!

and since WL(AH,F) = Ak+ki7TJ‘

(%.A(k‘ + k¥ u) = —7u(1l — Ru) ' RCRu(1 — Ru) " !|g.
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2. Asymptotic freeness

By Lemmata and the norm of Ru vanishes uniformly for ||v| — oo and the norms of

the remaining operators are uniformly bounded. So the assertion follows.

Corollary 2.21. (a) For alle > 0 as in Remark[2.10, all € > 0 and all u € C(R?/T), there is a
5(e,&,u) > 0 such that for all k € Ba- (ko) with ko € R 0 B-(kE.)¢ and all v € T}, there holds

|det(S™H(k + kX + A(k + kX, u))) — det(S7L(k + kD)) < &

O]

(b) For alle >0 as in Remark all € >0 and all u € C(R?/I), there exists a 6(g,&,u) > 0

such that for all k € Ba:(0) and all v € Iy, there holds
|det(S™H(k + kX + A(k + kX, u))) — det(S7L(k + kD)) < &
Proof. For (a), one has

||

lim |det(S™'(k + kX)) 4+ A(k + kX, u)) — det(S7H(k 4+ kT))| =

= hm —_— T =
vj—o0 Ivj—oo |42 (k + ki)

since g is constant and ||k + k|| — oo for v — co. For (b), the same holds since

lim | det(S7 (k+ k) + Ak + kX, u)) — det(S™Hk + £k5))| =

[[vl| =00

5

= lim =
Ivl—oo 1674 (k + kiF)2(k + kJ)2||

d

Let > 0 be sufficiently small such that the statements from Theorem can be applied to
describe F'(u) N €C%. We denote the locally defined holomorphic functions determined in Theorem
whose zero sets describe F(u) on kI + Bac (ko) respectively kX + By.(0) with ¢ and kg as in

Remark and v € Iy, as follows: On ki + Ba(ko), let
o = det(STH(k+ k) and ft = det(STH(K 4 k) + Ak + k)
with S and A as in Theorem [2.1§|(a) and on By (k) let
foe = det(S™H(k + k) and fis = det(STH(k + k) + Ak + Ky))

with S and A being the 2 x 2-matrices constructed in Theorem b).

Lemma 2.22. For all u € C(R%/T"), all multi-indices o = (a1, ) with o € Ny, all e > 0 as
defined in Remark and all £ > 0, there exists a 6(¢,&, o, u) > 0 such that for all k + kX with
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2.2. Matrix decomposition of the Schrédinger operator.

k € Bac(ko) and kg € RN By (I'*)¢ and all v € T, there holds
(e — £ )+ ) <
and for k € By (0) and all v € I, one has
0°(7t — O (K + k)| < &. (2.6

Proof. 1t follows from the proof of Corollary that for 6 > 0 sufficiently small, the zero sets of
the holomorphic functions fl(c)o+k§ and f“ ik respectively foi and f“ are e-close to each other on
k* + Ba.(ko) respectively kX + By-(0). Corollary - yields “that (0 rorkE ~ Th +ki)(k + kN <&
respectively |( lgo+k;§ — ;:OM;_L)(I@ + kF)| < & for k4 kF on these neighborhoods. Cauchys integral
inequality [Gunning and Rossi, [1965, I.A.2] then implies for local coordinates (21, z2) € k4 Bac (ko)
centered at kg and any multi-index «

a! u . cal

af pu 0 0
0% (s — Flpa) (e 22)| < RN (o) ) 2y it~ o) (21, 2) < S5

Since 2¢ is fixed for all v € I'* and f]SO Lt 88 well as f;;ﬁki are holomorphic on k,ﬂt + Bae(ko), this
yields the assertion away from the double points. Analogously, the claim for k& € By.(0) follows.
Note that the convergence of the derivatives is not uniform in k, i.e. for each higher derivative one

might need a smaller (e, a). O

Finally, we can also deduce the following asymptotics for the eigenfunctions of the Schrodinger

operator from the considerations in this section.

Lemma 2.23. (a) For alle >0 as in Remark: and all w € C(R?/I), there is a d(g,u) > 0
such that for all k € Bac (ko) with ko € RN Bo(k£.)¢ and v € T}, there holds

1 x (2, 9) = D(0)) lwr2mery < eld(0)]-

(b) For alle >0 as in Remark[2.1] and all u € C(R?/T), there is a §(¢,u) > 0 such that for all
k € B4:(0) and all v € T}, there holds

g 4 (2,9) = $(0) = SIS ET o oy < e (1(0)] + ()] -
Proof. By formally considering

A

ekt —U= Ak+k§ (1 - A;ik}u), (2.7)

one sees that formally (1 — Al;ik} u) maps the eigenspace of Ak-i-k} —u to the eigenspace of Ak-s—k}'
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2. Asymptotic freeness

Writing this with respect to the partition £ @ E* as in Definition yields

M—A"" u) = TF(]lfS(k‘+/{7f/t)u)E *WS(k?+kl:j:)U|EJ_ _ A B
it ) = ~m Rk + kFulp w1 - R(k+ kD)) \C D)

Then there is a ¥ € E such that for wk+kyi in the eigenspace of Ak+k§ — u, one has due to (2.7
smoftn) - (2 2) () ()
Vpnt |t C D) \tpyplpe 0

ka.;_kg:’E + D¢k+k}‘El =0 < wk+k§’El = _D_lcwk+k3:’E-

and hence

For a given i, + = $(0) + Vpyptlps, it s
D'C:E— EY, §(0) =yt |

We want to show that for ¢, ,,+ € L3(R2/T), it is Dilekﬂ_kui € WI2(R?/I'). We have seen
in Lemma that Ru|g : L2(R?/I") — W12(R?/I'). Furthermore, Lemma yields that for
¢ > 0 sufficiently small || Ay, + ullwr2re/ry < 1. Thus, the Neumann series 3732 (A, +u)"
converges and (1 — Akﬂcfu)_l : WH2(R2/I') — WH2(R?/T) exists. This shows that D~1C :
L?(R%/I') — WY2(R?/I'). This operator obeys

ID=te| < [IDTHIC].

Proposition applies to R(k + kF)u and hence also to the corresponding restrictions to F and
E*+. Therefore, with k € Ba. (ko) for (a) respectively k € B4.(0) for (b), one gets

lim D7) = lim (L1 = R+ k5 Julp ) w Rk + kuls| = 0.

vl =00 lvll—
Moreover, in the case of (a)
¢k+k§ - ¢(0) = wark} ‘Ei
and in the case of (b)

Uy i —1(0) — P(v)e*™ W) = VpnlpL-

Due to [[¢, ,+|pell = [D71CY[p|| < [D7'C|||¢h), 42 £, the assertion follows from the above

considerations. O
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2.3. Asymptotic freeness of F'(u)/I"™*

2.3. Asymptotic freeness of F(u)/I'*

In the rest of this work, we want to associate a compact curve to the Fermi curve. This is only
possible if we consider F'(u)/I™*. Therefore, it is necessary to formulate the asymptotics for this
case. Further, we also want to determine the number of connected components of the regular part
R(F(u)/I™) of F(u)/I™ and show that this part is complex one-dimensional. Thereby, we use the

following definitions.

Definition 2.24 ([Gunning, 1990, Definition F.]). A point in a holomorphic variety V' at which V'
is a complex manifold is called a regular point of V. A point that is not regular is called a singular
point of V. The set of all regular points comprises the regular part (V) C V of V while the set
of all singular points comprises the singular part S(V) =V \R(V) C V.

Definition 2.25 (|Gunning, 1990, Definition G.1]). The dimension of a holomorphic variety V is
the dimension of the complex manifold R(V).

The question of the number of connected components cannot be answered for F'(u) since already
the part where F'(0) is a complex one-dimensional manifold consists of infinitely many connected
components, see Section In Lemma we have seen that F'(u) is invariant under translations
by elements of the dual lattice I'™*. So it would be convenient to consider F'(u)/I"™* instead of F'(u)
to formulate the asymptotics. We know from Corollary and the chosen covering of F'(u) in
Remark that the asymptotic behavior of F'(u) bounded away from the excluded domains can

be considered in

1
Uts = {ke®2 [y ko] <, | T k] > = and Ik — kE| >25VueF*\{O}}.

The condition |k; =+ tka| < € in the definition of Z/{:a means that all elements L{:a are close to the
free Fermi curve, the condition || Im(k)| > ﬁ reflects that one considers the asymptotics, i.e. the
behavior of F'(u)NC%, and the condition ||k —kF|| > 2 ensures that all elements of Z/{ji; are staying
away from the double points k. With R as in , we know from Section that for every
k€ R\ {kF | v e I'*}, the I'*-orbit of k contains exactly one point in R(x) \ {kFX +r | v € I'*}
for every x € I'* and in particular intersects R only in k. So for € as in Remark the open
sets L{K_f(s also intersect any I™*-orbit of k£ at most once. A sketch of this situation, projected to C,
can also be seen in Figure Hence, we may consider L{;Ea as subsets of C2/I'*.

Because F'(u) is translation invariant under I'*, see Lemma we can consider the asymptotics
for F'(u)/I™*. When we consider the quotient, we often write k = (k1, k2) instead of [k] respectively
(k,\) instead of ([k], ). We mean by this that we consider a representant of the corresponding
equivalence class and if we compare two such elements, we also take the representants corresponding
to the same translation x € I'*. Usually, in the asymptotics, we consider the equivalence class

which is contained in an Z/laid around R.
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2. Asymptotic freeness

Figure 2.1.: Intersection of F'(0) and U, 5 with respect to the lattice 4Z ® 47 with the real plane
spanned by (1,0) and (0,:) and for § sufficiently small. All double points k* are
excluded from U s which is indicated by the small circles around them.

A problem that occurs is that even if F'(u) is e-close to F'(0) far outside, one does not know what
the Fermi curve F(u) looks like in an e-neighborhood of k. Interpreting the potential u as a
perturbation of the zero potential, we will show in Theorem that a double point kf € F(u)
may decay into two separate branch points on F(u) with respect to the covering (k1, k2) — ki.
Furthermore, the two-dimensional eigenspace of the two points constituting the double point may
decay into two one-dimensional eigenspaces. Therefore, we define the excluded domains more

precisely as before.

Definition 2.26. For given ¢ > 0 and every v € Iy with §(¢) > 0 sufficiently small, we call the

compact subset

1
ey = {kz € C? | |ky £ itko| < e, || Imk| > 75 and ||k — kX[ < 25}
of €2 an excluded domain for the double point kX of F(0)/I"*. We call the compact subset ¢, N F(u)
a handle of F(u) around the double point k7 if the regular part of this subset is connected.

To describe the parts of F'(u)/I™* at which the eigenspace has more than one dimension, the next

definition is necessary.

Definition 2.27. The eigenvalues of the Schrodinger operator at which the corresponding gener-

alized eigenspace has more than one dimension are called degenerated eigenvalues.

We want to determine the number of connected components of the regular part of F'(u)/I™ and
show with help of this that generically, the eigenspace the Schrodinger operator is one-dimensional
on F'(u) respectively F'(u)/I™*. As already mentioned, the first question can only be answered for

the quotient.
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2.3. Asymptotic freeness of F'(u)/I"™*

Theorem 2.28. Let u € C(R?/T).

(a) F(u)/I'* is a one-dimensional variety in C2/I'* and for e > 0 as in Remark and § >0

sufficiently small, F(u)/I"™ ﬁZ/{s; is a one-dimensional connected manifold.

(b) The regular part of the Fermi curve F(u)/I'™* has at most two connected components. Each

component contains one of the two sets F(u)/I"™* muj5.

(c) The set of singularities and branch points of the covering m1 : F(u) — C, (k1, k2) — k1 as well

as of the covering ma : F(u) — C, (ki,k2) — ko of F(u)/I™ is discrete.

(d) The set of k € F(u)/I'™* such that A\ =0 is a degenerated eigenvalue of — A +u contains only

discrete points.

Proof. (a) We know already from Lemma that F(0) is a one-dimensional subvariety of C?

and from Corollary that F(u) is a holomorphic variety in C? which is due to Lemma
invariant under translations by elements of I'*. So F(u)/I'* is a subvariety of C?/I"*. Hence,
it is necessary to show that F'(u)/I"* is one-dimensional. Due to Corollary for every € > 0
we can choose § > 0 sufficiently small such that F(u)/I™* N C2 is contained in an e-tube around
F(0)/I*. Theorem [2.1§ (a) yields that for § > 0 sufficiently small and v € I'y, the values of
k € Bac(ko) N F(u)/I™* are described by the solution set of

it e (B Ey) = det(Sy ' + Ao) (k + Ky ) = 0.

Lemma implies that d.Ag/0k1(k + k;F) vanishes for ||v|| — oo and direct calculation yields
that 0S5t /0k1(k + kF) = —8m%(k; + k}l) Using the chain rule and taking into account that
|k;—L2] = Z|lv|| = oo for ||v| = oo yields that the partial derivative 8fl(c)0+k3: /Oks does not
vanish on any of the open balls kF + Us. (ko) with € and ko defined as in Remark and 6 > 0
sufficiently small. By the Implicit Function Theorem for several complex variables |de Jong and
Pfister], [2012, Theorem 3.3.1], the zero set F(u)/I'* N (ki + Ba:(ko)) can be represented as a
holomorphic function ko (k). Thus, both sets F'(u)/I™* mug; are one-dimensional holomorphic
subvarieties of C2. This induces that F(u)/I'* is a one-dimensional holomorphic variety in
all of C?/I'* since the alternative would be that there are parts of F(u)/I"* where it is a
two-dimensional submanifold. However, this would imply that there is an open set U C C2/I'*
on which the zero set of the holomorphic function describing F'(u)/I™ on U is identically zero.
Since F'(u)/I™* is a variety, see Corollary on all nonempty intersections of open sets V, W
of C?/I"* where VNW N F(u)/I'™* # 0, the local zero sets describing F(u)/I'™* coincide. Then
on all nonempty intersections of open sets with U, the Fermi curve would also be identical to
the open set intersected with U. Successively continuing like that would yield that F'(u)/I™ is
all of C2/I'* which contradicts the fact that F(u)/I™* N L{fé is a one-dimensional holomorphic

variety. Determining also the derivative with respect to k1 on kX 4 Ba. (ko) under the same
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2. Asymptotic freeness

(c)

50

conditions as above shows that also this derivatives vanishes nowhere on F'(u)/I™* ﬂl/lgié. Thus,

F(u)/I"* is a one-dimensional manifold on those sets.

Since F(u)/I'* is a variety in C?/I"*, we can locally consider the Weierstral coverings
7T7;IF(U)—>C, (kl,k‘g)f—)ki

for i = 1,2. Both of these mappings are, due to the Open Mapping Theorem |Conway, [1978|,
Theorem 7.5], either open or constant on a connected component of SR(F'(u)). If both of these
maps are constant on one connected component of R(F'(u)), then this connected component
consists only of one point and is a O-dimensional variety. This contradicts (a), where we
have seen that F'(u) is a one-dimensional variety. So without loss of generality, let m; be
open on R(F(u)). Then the branch points of this covering are discrete on R(F'(u)). Let
(ko,1,ko2) € F(u) be an arbitrary point of the Fermi curve. We connect ky; € C with an
arbitrary point k(; € C by a continuous path y(t) : [0, 1] — C with v(0) = ko1 and (1) = kg ;.
Due to the openness of 71 and the lifting property of paths, compare [Miranda, 1995, Section
II1.4], we can lift this path to a continuous path k(t) = (k1(t), k2(k1(t))) € F(u) such that
the lifted path in F'(u) is also connected. We have seen in (b) that the singularities of F'(u)
as well as the branch points of 7 are discrete, so we can choose v in such a way that the
lifted path passes neither singularities of F'(u) nor branch points of 7. Moreover, the union
Uver=\ ry k*r + Ac is compact. So Corollar yields that for every € > 0, there exists a
§ > 0 such that for & € Ac as in Definition the value of || Im(k + k)| with v € I'*\ I’}

attains it maximum M. Let v be chosen in such a way that
|k (1) > max {2, M
m max { ——, .
' V26

Then || Im(k(1))]] > ﬁ, so k(1) € (F(u) N C2)/I"*. Furthermore, it follows from Corollary
that there exists some x € I'* such that |(k1(1) + 1) £ ¢(k2(1) + k2)| < €. Furthermore,
for ¢ > 0 sufficiently small, we can choose ~ in such a way that for all lifted values k(t) of k()
contained in 7 holds that ||k — k;f|| > 2¢, because the points k lie discrete in C2/I'*. Then
k(1) € k + L{j’é for some k € I'" and the corresponding equivalence class [(k(1)] € F(u)/I™* is
either contained in F(u)/I™ N L{:(s or in F(u)/I™ NU_4. Both options are possible because
Lemma implies that none of these two sets is empty. Since F'(u)/I™* is a one-dimensional
holomorphic variety, the regular parts of F'(u)/I™* are connected, see [Gunning, 1990, Theorem
E.19]. The path v we constructed is continuous, starts at (ki,k2) € F(u) and connects
this point with the part of the Fermi curve which is contained in x + U :5 for some k € I'*.

Therefore, the number of connected components of the regular part is at most two.

Due to |Gunning), 1990, Theorem E.17], the part where F'(u)/I™ is not regular consists only
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of discrete points. Let k = (k1,k2) € F(u) N C%. Due to the asymptotic freeness of F(u)/I™,
we can assume without loss of generality that |k £ tka| < € on R(F(u)) NU, :5. So neither
nor o is a constant map on R(F (u)/I™*) N Ugi,(s. Therefore, by (b) and the Open Mapping
Theorem [Conway, [1978, Theorem 7.5], they are open on both of the maximal two connected
components of R(F(u)/I"™*). Hence, the number of branch points of these coverings is discrete,
because 0, /0k; with i = 1,2 can only vanish at discrete points on R(F'(u)/I™).

For fixed u € C(R?/I"), we know from Corollary that the Bloch variety B(u) is a variety
in €. So due to Lemma[L.§ B(u)/I'* is a variety in C3/I"*. It follows from Theorem [I.14]
that B(u)/I™* can locally, on a small open set U C C? which intersects B(u), be described
by the zero set of the characteristic polynomial of an n x n-matrix A(k) which depends
holomorphically on k, i.e. by the set of points such that det(A(k) — A1) = 0. Hereby, n is
the range of the eigenprojection of the Schrédinger operator on U as defined in the proof of
Theorem The values k such that X is degenerated on B(u)/I™ can be detected by the
solutions of the zero set of the discriminant D of the characteristic polynomial which is defined

as

D(det(A(k) — AL)) == [[(Ai(k) — Aj(k))>. (2.8)

1<j

The discriminant is a polynomial in the coefficients of the polynomial det(A(k) — A1) and can
be written as the sum of the elementar-symmetric functions over the sheets of the covering
over A in terms of k, compare [Forster, 1981, Section 8.1]. So D(det A(k) — A1) is holomorphic
in k and A. Thus, the set of (k, ) such that D(det(A(k) — A1)) = 0 defines a subvariety of C3.
Restricting these holomorphic function on B(u)/I™ to A = 0 yields a subvariety on F(u)/I™.
If we can find an open subset U C F'(u)/I™™ on one of the maximal two connected components
F(u)/I'* such that D(det(A(k) — A\1))|y = 0, this would yield that D(det(A(k) — A1)) =0
on all of the connected component. However, due to (a) and the proof of Theorem m
F(u)/T™ N Z/{Eij can be represented as the zero set of the characteristically polynomial of an
1 x 1-matrix. So the eigenspace is one-dimensional on F'(u) N Z/{Eiﬁ and thus the discriminant

cannot vanish identically on each of the maximal two connected components of F'(u)/I"™*.
O

Corollary 2.29. Let u € C(R?/I).

(a) B(u)/T* is a two-dimensional variety in C3/I'*.

(b) The regular part of the Bloch variety B(u)/I™* has at most two connected components.

(c) The set of ([k],\) € B(u)/I'* such that X\ is a degenerated eigenvalues of — ANy +u s a

subvariety of codimension 1.
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Proof. (a) We know from Corollary that B(u) is a variety in C3 and from Lemma that
it is invariant under translations by x € I'*. So B(u)/I'* is a variety in C3/I'*. In the proof
of Theorem is shown that B(u)/I'™* can locally be represented as the zero set of one
holomorphic function. Since considering the zero set of only one function can the reduce the
dimension of a variety in C? at most by one, compare [Gunning), 1990, Theorem G.5], the
dimension of B(u)/I™* cannot be less than two. B(u)/I™ can also not be a three-dimensional

variety since this would imply that F'(u)/I™ is a two-dimensional variety.

(b) Since B(u)/I'* is a variety in C3/I'*, the map B(u)/I™* — X is — due to the Open Mapping
Theorem |Conway, (1978, Theorem 7.5] — either constant or open. If this map is constant, then
B(u)/I'* = F(u)/I'*. This contradicts the fact that F'(u)/I™ is a two-dimensional variety as
shown in Theorem [2.28|(a) and B(u)/I"™* a three-dimensional variety as shown in (a). Thus,
every path in C containing A can be lifted to a path on B(u)/I™*. So for A # N, two Fermi
curves F)(u)/I'* and Fy (u)/I"™* with A # X are connected. In Theorem [2.28|(b) it is shown
that R(F(u)/™*) has at most two connected components. The same also holds for the regular
part of the translated Fermi curves F)(u)/I™ and thus S3(B(u)/I™*) has at most two connected

components.

(c) We have seen in Theorem [2.28(d) that the subvariety of the degenerated eigenvalues has
codimension one on F(u)/I'™*. Since F'(u)/I™* is a subset of B(u)/I"*, this implies that the
codimension of the subvariety of degenerated eigenvalues on B(u)/I™ is bigger or equal to
one. However, if it was two, then also the codimension on F'(u)/I™* of this subvariety would
be two which contradicts the statement in Theorem [2.28|(d).

O

The results of the previous section are now very helpful to gain insight into the fact that for
0 > 0 sufficiently small, F'(u) N C% can locally be represented as a Weierstrass covering of maximal
degree two. This means that there is a covering F(u) N C2 — C, (ki1,k2) + k1 such that locally
around (ko.1,ko2) € F(u) N C%, there is a Weierstral polynomial in ko of degree one or two with
holomorphic coefficients a;(k1) such that the highest coefficient is equal to one and all lower
coefficients vanish at ko ; and the zero set of this polynomial coincides locally with F(u), see
[de Jong and Pfister} 2012, Weierstraf§ Preparation Theorem 3.2.4]. It is clear from the above
considerations that the degree of the Weierstrafl polynomial on F'(u) N I/Is,:é equals one. For 6 > 0
sufficiently small, it remains to analyze the Weierstrafl polynomial of F'(u) inside of the excluded
domains ¢, with v € I'y. We already know from Section that the degree of the polynomial
representing F(0) at kX with v € I'* equals two.

Remark 2.30. To ensure that we can find Weierstral coverings of both parts of F'(u)/I™, the part
contained in the excluded domains and the part bounded away from these, we consider coverings
over ki of F(u) N C? which can be realized by choosing neighborhoods B (ko 1) := {k1 € C |
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|k1 — ko1| < e} with ko = (ko,1, ko,2) and € chosen as in Remark 0 > 0 sufficiently small and
v € I'y. We know already from Theorem (a) that in this case F'(u) N Z/l:(; can be represented
by a one-sheeted Weierstrafl covering over k1 on ki + Be(ko1). Because F(0)/I'* is described by
planes in this area, for fixed k; € kfl + B.(ko,1), the minimal distance between (k1, k2) € F(u)/I™*
and (k1, ko) € F(0)/T* is given by |ky — ko| < &. Then (ki,k2) € kF 4+ B.(ko1) x Be(koz2). Let
v € I'f with § > 0 small. To describe F(u) also in the neighborhoods of kX by Weierstrafl
coverings, note that we have chosen € > 0 such that 8¢ is smaller than half of the distance
between the generators of I, as in Definition Therefore, we can transfer the asymptotics
in the excluded domains with 4e-balls around & also on larger excluded domains with radius
8c. We consider ki + k1 with k; € By (0). Since £ > 0 is chosen such that F(u) is contained in
an e-neighborhood of F(0) and the two sheets R* and RT(v) intersect in k, this ensures that
the Weierstraf8 covering in the neighborhood of the kF yields values kF + (ky, ko) € F(u) such
that (ki,k2) € B4€(k,f1) X B45(k,f2). By this choice, all open neighborhoods in which we describe
(F(u) N C3%)/I'* by Weierstraf coverings overlap. We denote the polynomials which we obtain to
describe F(u) in local coordinates (21, 29) centered at k in analogy to by Pz; and pZVi'

In order to tell more about the correspondence of the number of branch points of this covering in

open neighborhoods of €2, the following definitions are necessary:
Definition 2.31. The discriminant of
p(Z1, 22) = Z% + a(zl)ZQ + b(zl) =0

with is defined as
Dy(21) == a(z1)? — 4b(z1).

Since for a Weierstrafl polynomial p the coefficients a and b are holomorphic in 21, also D), is.
Definition 2.32. We call a point (2,1, 20,2) of the zero set defined by
p(21,29) := 25 + a(z1)ze + b(21) = 0

on an open polydisc U := Uy x Uy of C* with a,b € O(U;) an ordinary branch point of the

Weierstrafl covering over z; if

0 0
872(20,1, z0,2) # 0, and 87;;(20,1, 20,2) =0
and an ordinary double point of this covering if
0 0
872(20’1’ 20,2) =0, 872(20’1’ 202) =0 and D"(z01) # 0.
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There is also another way to characterize the branch and double points of a locally two-sheeted

Weierstrafl covering which uses the discriminant.

Lemma 2.33. (a) The Weierstrafy covering over zo defined by p =0 as in Deﬁm’tion has an
ordinary branch point at (201, 202) € {z € C? | p(z) = 0} if and only if

Dp(2071> =0 and D;(Zo71> 75 0.

(b) The Weierstrafs covering over z1 defined by p =0 as in Deﬁnition has an ordinary double
point at (201, 202) € {z € C* | p(z) =0} if and only if

Dp(ZOJ) = O, D;(ZOJ) =0 and Dg(ZOJ) 75 0.

Proof. Let (201,202) € {z € C* | p(z) = 0}. First of all, Dy(201) = 0 if and only if p has a
zero of higher order in 2z at (29,1,20,2), i.e. if (%’2(20,1,20,2) = 0: Dp(z0,1) = 0 is equivalent to

a(201)? = 4b(20.1). Inserting this into p yields that zgo = —@ is a zero of second order of p.
Conversely, p has only one zero of second order at zp2 = —@. Furthermore,
0
87,:;(20’1’ 202) = 2202+ a(201),
Ip _ /
87(20,1, 202) = a'(20,1)20,2 + V' (20,1),
21
0?p
552 (201, 70.2) = a"(z01)z02 + " (20,1,
1
D;)(ZOJ) = —2a'(z0.1)a(z0,1) + 4b'(20,1),
Dp(201) = —2a"(201)a(z0,1) — 2(a’(20,1))% + 46" (20,1)-

We need to show that % # 0 < Dy(20,1) # 0 for Dy(201) = p(20,1,20,2) = 88—;;(2071,2072) =0.

. 0 a(zo,1
Since a—zp;(zg,l, 2p,2) = 0 one has zp 2 = —%. Hence,

0
a—z <zo,1, &(220,1)> — a’(zo,l)a(z;’l) +0'(20,1) #0

=4 DII,(ZQJ) = —2a'(z0,1)a(z0,1) + 4b,(20,1) #0.

d

With this at hand, we can describe F(u) N C% for § > 0 in the neighborhood of the double points

more precisely.
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2.3. Asymptotic freeness of F'(u)/I"™*

Theorem 2.34. For e > 0 as in Remark and u € C(R?/I'), there exists a §(e,u) > 0 such
that for all k1 € B4(0) and all v € Iy the part of F(u)N ((kfl + B46(0)(0)) X (kfz + B4€(0)>> is
a complex curve consisting of two sheets with respect to the covering (ki,k2) — k1 and for every
v e Iy, each open set (14:3[1 + B4:(0)) x (kfg + B4:(0)) contains either two branch points of this

covering or a double point kX (u).

Proof. Note that we are considering neighborhoods of k¥ € F(0) with v € I'f and § > 0 sufficiently
small. In case that F'(u) N e, decays into two sheets, we abuse of the common notation in the
sense that we define the product of the two Weierstrafl polynomials — which are both linear in ks
in this neighborhood — as the Weierstrafl polynomial of F'(u) in the excluded domain.

To see that the number of sheets of F'(u) considered as a covering ky(k1) over k,fl + ki with
ki1 € B:1(0) is two, remember that we have seen in Theorem that

det S (k + ki) = 167 ((k + k5)%) ((k+ K +v)?) =0 (2.9)

describes the free Fermi curve in a neighborhood of kX for these k; and for every v € I 5 with
0 > 0 sufficiently small. This is equivalent to one of the four factors in this product being equal to
zero. At kit is

(k2 + Ky + u(ky + k) =0 and (ke + ki + v2 — t(ky + kyy +11)) =0,
(ko + ki — (b + kiyy)) # 0 and (kg + kiry + v+ (ky + ki +11)) #0

and at k, this is just the other way around. Hence, the factors unequal to zero in the product
(2.9) can be assumed to be approximately constant for k,fl + k1 with k1 € B.1(0), and so equation
yields exactly two solutions of ko (k1) for k1 € (ki[1 + B,,(0))\ {kfl} which are of multiplicity
one and one solution at kil with multiplicity two. For kF + k with k € B.(0), Lemma yields

for ||v|| — oo

+ + A
Ak + k) — (a(u,k‘—kk,/) b(u,k+k,,)> R (uo o))

c(u, k+ k) d(u,k + kF) 0 o

where a, b, ¢, d are holomorphic in k. So for § > 0 sufficiently small and klfl + k1 with k; € B.1(0),

fu can approximately be described by the zero set of

kRS 4
det(STL(k + k) + A(u, k + kE)) ~ det <( + k) + o 0 )

0 (k+kEf+v)?+1

We get from this equation that asymptotically
((k+k7)* + o) ((k + kif +v)* + 11g) = 0.

Using again the assumption that on (k:1+B45(0)) X (k:2+B4E (0)) it is k2+klj:2 +u(k1 —i—k:l) ~c #0
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and ko + kIQ + vy — (k1 + k:l + 1) &= cg # 0 as well as kg + kuz — (k1 + kjl) ~ 0 and
ko + kIQ + o+ (ks + k;l + 11) = 0 and vice versa for k,, one gets two solutions ko (k1) + ]{:;‘:’2
counted with multiplicity for every k,fl + k1 with k1 € By(0). So the covering is locally two
sheeted.

As shown for the one-sheeted part of F'(u) N I/I s these solutions are for all v € I'{ contained in
k:if2 + B.(0). They can either coincide a discrete number of times or not at all, so the number of
intersection points of these two sheets is discrete or empty in k + (B4-(0) x B4.(0)). Note that
here, the open balls are one-dimensional balls around each component of (klfl, kl%)

To see that the number of branch points of the local Weierstrafl covering of F(u)/I™ in the
neighborhood of these double points equals two, we first show that F'(0) has an ordinary double
point at kF for v € I'* and consider without loss of generality &;: choosing local coordinates
(zu,1,202) = (kzj1 — ki, k:;2 — k2) on (kjl + B4:(0)) x (k:;r2 + B4-(0)) yields that on these open
neighborhoods

pﬁ;(zu,l, 2p2) = ((kv1 — zu1) + e(ku2 — 20,2)) (kv1 — 201) +v1 — ((kv2 — 202) +12))

= (kv1 — 201)* + (ko1 — 201) (1 — ) + (kya — 202) (2 + 1) + (kyo — 2,9)%,

and therefore

8p2j
8,21,,2

3p2j
az,,,l

= Q(kil —2y1) + vy —we  and = 2(]4:372 — 2y2) + Vo + L.
So (8p2+/8z,,1)(z,,1,z,,2) = (apgi/az,,Q)(z,,l,zyg) = 0 if and only if (2,,1,2,2) = (0,0). For

the second derivative of the discriminant of p) . holds D” (0) = 2 # 0. Therefore, Lemma
kl/i

2.33|(b) yields that every k is an ordinary double point of F(0). The definition of the open
neighborhoods of kg and k" in Remark ensures that k5! 4 B4.(0) contains only points k;
such that both coverings (k1, k2) — ki of F'(0) and F'(u) restricted to ki € v, := k‘,fl + 0By(0) are
contained in R(F(u)) respectively R(F'(0)). Next, we consider the difference of the zero-counting
integrals of the discriminants D, : (2, 1) and D O(ki)(z,, 1) inside of 7, to determine the number of

branch points. For brevity, we set Dy by S = D, and D, 0, = Dg. The discriminants D, and Dy

k
are polynomials in the coefficients of the Weierstrafl polynomlal Dl ut and pki and D), and Dj

derivatives of those. Therefore, all these four functions are holomorphic in z, ;. Since F'(0) has an

ordinary double point at all k&, the value of the zero counting integral is

D/

zp1) dzy1 = 2.
Yv D0< 1) ’1

Furthermore,

D;, Dy
—*(21)dz —/*(2 1) dz
‘/YV D 14 14 ,YDO V. V.

u
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2.3. Asymptotic freeness of F'(u)/I"™*

It is

D4 Do = DyDullse < [ D, Do — Do Dol + [[DgDo — Do Dullo
= |1 Dollso 107 = Dollco + [[Dlsc [ Do = Diullos-

Due to the first part of this proof, for all &” > 0 there exists a 6" > 0 such that ||Dy — Dy||oc < &”
as well as ||Df — D; ||oc < €” for (2,1, 202) € v with v € I'j;,. Moreover, neither Dy nor D, is
identically zero on +,, both are holomorphic in z,; and v, is compact. So there exists a ¢ > 0
such that || DDy, ||cc > ¢ and || Dy, ||c as well as || Dyly, ||oc are bounded. Thus, for v € Iy,

‘f

0 v

/

D D
G dzun = [ ) da
Yo U T

D! Dy — D,D,

DaD. dzy1 < é(c,y,u)e”

(2,1)

e}

Since the values of each of these zero-counting integrals are integer, for 6 > 0 sufficiently small,
this integral must equal. Hence, the number of branch points of F'(u) and F(0) coincides in the
neighborhood of the double point ki with v € I'j,. Since ki is the only branch point of F(0) and
counted with multiplicity two, F'(u) has in each excluded domain around &} either two branch
points of the covering (ki1, ko) + k1 or a double point & (u). Due to Corollary and since the
two sheets R* and RT (v) meet in k;, these two solutions of ks are contained in k:ljf2 + B4 2(0). O

Taking all the above together finally leads us to the following Theorem which summarizes all

results concerning the asymptotics of F'(u)/I™.
Theorem 2.35 (Trisection of F(u)/I'™*). Let u € C(R?/I) be fized.
(a) For all e > 0 as in Remark and all uw € C(R?/T), there exists a § > 0 such that the two

open sets F(u)/I™ ﬂZ/{s’% are isomorphic to connected one-dimensional complex submanifolds
of C2/I'*. These submanifolds look like two real planes from which one huge hole and infinitely
many small holes are cut out. The eigenspaces of — A +u over F(u)/I™ ﬂbli; are purely

one-dimensional.

b) The relative complement of (F(w)/I* NUT) U (F(u)/T* NU5) decomposes into two different
€,0 €,0

parts:

(i) A compact set contained in

. 1
{ke@?/r (k)] < m}

(i) Infinitely many small excluded domains e, indexed by I't = {v € I'* | ||kE| > (v/26)71}.

The excluded domain e, is contained in

(ke | |k—kfll <2} ={keC | |[k—k| <2}
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2. Asymptotic freeness

and connects the small disc around k} excluded from F(u)/I™* N I/{:& with the small
disc around k,, excluded from F(u)/I™ NU_s. The eigenspaces of — Ay +u over these

excluded domains has at most two dimensions.
Proof. We can summarize the foregoing considerations as follows:

(a) That F (u)ﬁl/lgi; is a one-dimensional manifold is the statement of Theorem W(a) and that the
eigenspace of the Schrédinger operator over these parts of the Fermi curve is one-dimensional
follows from Lemma [2.23|(a). The second statement also follows from Theorem together
with Theorem [2.34] since they imply that — Ay +u can be represented as a 1 x 1-matrix on

U Ei(; and thus has a one-dimensional eigenspace.

(b) (i) The fundamental domain Ag¢ is compact and I'* \ I’y contains for any ¢ > 0 only a
finite set of points. Due to the definition of €3 in (2.1), the set (C?\ C3)/I™* is for any
& > 0 the union of finitely many compact sets and thus compact. Since the Fermi curve
F(u)/I'* is closed, (F(u) N (C*\ €3%))/I"* is compact.
(ii) That also follows from Theorems and since they imply that — A, +u can
be represented as a 2 x 2-matrix on each ¢, and thus has at most a two-dimensional

eigenspace.
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The meaning of this chapter is two-fold. The Fermi curve F(u)/I™ is not a Riemann surface, but
a singular curve. Hereby, we call one-dimensional singular complex analytic spaces X’ in the sense
of |[de Jong and Pfister, 2012, Definition 6.1.36] singular curves in the sequel. Moreover, we keep in
mind that we can understand all one-sheeted coverings of F'(u)/I™ as desingularizations F'(u)/I™.
Then the ‘most desingularized’ one-sheeted covering is the normalization of F'(u)/I™. Because
F(u)/I'* is a one-dimensional variety in C2/I'*, the normalization is a Riemann surface and thus
all singular points of F'(u)/I"™ are resolved on the normalization. Furthermore, the Fermi curve
F(u)/I'™* is, as a variety, a topological space. So we can consider the sheaves of functions on small
open neighborhoods of every [k] € F(u)/I'™*. In the first section of this chapter, we define the
normalization of F'(u)/I™, introduce the sheaf of holomorphic functions on F(u)/I'™* and define
regular differentials on F'(u)/I™ which can be understood as the analogon for singular curves to
the holomorphic differentials on a Riemann surface. These are defined as in [Serrel |1988, Chapter
IV §3] or in [Rosenlicht} [1952].

On singular curves, one cannot define divisors as the ‘classical’ divisors are defined on Riemann
surfaces. Nevertheless, we want to be able to consider an object on F'(u)/I™ which can — on
the regular part of F'(u)/I"™* — be understood at the pole divisor of the eigenfunction when the
latter is normalized in an appropriate way. This is the first meaning of this chapter and will be
introduced in the second section in terms of a generalized divisor on F'(u)/I™*. Generalized divisors
are finitely generated subsheaves of the meromorphic functions. We will consider the subsheaf of
the meromorphic functions which is generated by normalized the eigenfunction of — A +u and
show that this defines a so-called generalized divisor on F'(u)/I™.

The second meaning of this chapter is to construct a regular operator-valued 1-form on the Fermi
curve. The construction of this 1-form is done in two steps: First, we consider the spectral
projection of the Schrédinger operator on the Bloch variety and show that this defines a regular
operator-valued 2-form on B(u)/I™*. However, it will not be possible to restrict this 2-form to
a regular-valued 1-form on the Fermi curve because it is defined with respect to the covering
(k,\) — k. So in a second step we will introduce another projection and deduce from the first step
that this defines a regular 2-form on B(u)/I™ with respect to the covering (k, A) — (k1, ). Note
that for local considerations, it does not make a difference whether we consider (k, \) € B(u) or
([k],\) € B(u)/I'™* because I'* is discrete. We will see that the latter 2-form can be restricted to
F(u)/I'™* by setting A = 0 and obtain the desired regular operator-valued 1-form on the Fermi
curve. This 1-form will be crucial to show in Section that the eigendivisor of the Schrédinger
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operator with a so-called regular finite type potential has to obey a certain symmetry with respect
to the holomorphic involution ¢ introduced in Section This symmetry is very important in
the whole remainder of this work. We will go into this in more detail in Chapter [4.2] after we have
introduced regular finite potentials w.

From now on we assume more regularity on the eigenfunctions, i.e. we define
Ci(4) = {f € C®(R%,C) | Yy € I : f((z,y) +7) = ™ * f(a,y)}

and assume that ¢ ([k]) € C&?(A) and ¢([k]) € C[ofk](A). This is no obstruction since we will see
in the inverse problem in Chapter [5] that the reconstruction of the eigenfunctions out of some given
data yields indeed elements of this space and we can also apply the results of the foregoing sections
since C*®(A) C L*(4A). Note that fg € L*>(R?/I') for f € CiZjy(4) and g € Cj3(A). Hence,
(0yf,g) = —(f,0yg). Analogously, we assume that the eigenfunctions of — A, +u are elements
of C*®°(R?/I',C). In the inverse problem in Chapter [5| we will see that even more regularity holds

for the eigenfunctions corresponding to regular finite type potentials.

3.1. The Fermi curve as a singular curve

As a first step to define finite type potentials in the following chapter, the normalization 7 :
X°(u) — F(u)/I'™ is necessary, where X°(u) is a Riemann surface and 7 is a one-sheeted covering
over F(u)/I'*. For brevity, we set X' = X'(u) := F(u)/I'* and X° := X°(u) in all of this chapter
and we omit the dependency of w if it is clear from the context which Fermi curve we consider. By
abuse of notation, we sometimes denote the elements of X° by k and the elements of X’ by &’
instead of by [k] and [k'], respectively.

Corollary together with Theorem [2.28 (a) and (c) yields that X'(u) is a one-dimensional
variety in C2/I"™* with two open ends and hence at any point k' € X’(u), a germ of an analytic space
as defined in [de Jong and Pfister, 2012, Definition 3.4.2 (a)]. So the existence of the normalization
X° follows by [de Jong and Pfister} 2012, Theorem 4.4.8]. The direct image m.Oxo of the sheaf of
holomorphic functions Oxo on X°(u) equals Oy which is the sheaf of locally bounded functions
on X'(u), compare [de Jong and Pfister, 2012, Theorem 4.4.15 and proof of Theorem 4.4.8]:

@X’ = W*OXO, @X’Jc’ = @ Oong.
ker—1[{k'}]

We identify the meromorphic functions My, on X'(u) with the meromorphic functions M xo
on X°(u) via f — fom asin [Klein et al [2016, Section 2.1] and denote them by the same
symbol. This induces an isomorphism of sheaves M x/ ~ m, M xo. It is shown in [Klein et al.l 2016}
Proposition 2.1] that the set S of non-regular points of X'(u) is given by the set of k' € X'(u)
for which O/ /O # 0 and that this is a discrete subvariety of X’(u). These non-regular points
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3.1. The Fermi curve as a singular curve

we call the singularities of X’(u), because they coincide with X'(u) \ R(X'(u)). Since X'(u)
is a one-dimensional variety in €C2/I'*, the normalization space X°(u) is smooth, i.e. has no
singularities, compare |de Jong and Pfister} 2012, Corollary 4.4.10]. Moreover, the one-sheeted
covering 7 : X°(u) \ 771[S] — X'(u) \ S is biholomorphic. Together with some statements shown

in the foregoing chapter, we obtain the following Lemma.

Lemma 3.1. Let u € C(R?/I") and let X'(u) be the corresponding Fermi curve. Then there exists
a covering 7 : X°(u) — X'(u), where X°(u) is a Riemann surface, the image of w is X'(u) and
is biholomorphic on X°(u) \ S. The covering (X°(u),m) is called the normalization of X'(u).

(i) For u =0, the singularities are exactly the double points {kI | v € I'*} of X'(0).

(i) For & > 0 sufficiently small, the singularities SN C2 of X'(u) are contained in the excluded
domains ¢, around kX as introduced in Deﬁnitionfor allv € I'y. These singularities

are only double points.
(iii) The singularities in X'(u) N (C?\ C3)/I"* may be of higher order, but are discrete.

Proof. The existence and smoothness of the normalization for X’(u) was already justified above.
Equation (T.15)) yields that the double points & are the only non-regular points of X’(0). Theorems
2.2§(b) and are just the statement in (ii) and Theorem b(i) together with the fact that

the set of singularities is a discrete set in X'(u) yields (iii). O

On singular curves X', we define generalized divisors as in [Klein et al., 2016, Definition 3.1] or
[Hartshornel [1986} §1].

Definition 3.2. [Klein et al., [2016, Definition 3.1] A generalized divisor on a singular curve X'
is a finitely generated subsheaf S of the sheaf of meromorphic functions M on X’. The support
supp S of a generalized divisor § is the set of all ¥’ € X’ such that Sy # Oy,. Two generalized
divisors S and &’ are linear equivalent if there exists an f € M such that f-S=§'.

For a generalized divisor S with finite support on a singular curve X', we define the degree as it is
done in [Klein et al., 2016, Definition 3.5]:

Definition 3.3. Let S’ be any generalized divisor with finite support containing S and Ox-. Then
deg(S) := dim H*(X',8'/Ox/) — dim H*(X',S'/S).

Since the support of S is discrete, see [Klein et al., |2016, Proposition 3.3], there exists for each
k' € supp S a generalized divisor S(k’) such that supp S(k’) = {k'} and S(k' ) = Spr. We call
deg;/(S) := deg(S(k')) the degree of S at k. In a sufficiently small open neighborhood of a regular
point of X’ a generator of maximal pole order respectively minimal zero order alone suffices to

generate S, compare [Klein et all 2016, § 6]. In particular on R(X’), a generalized divisor S
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3. The eigenfunctions

equals Op for some classical divisor D. Furthermore, the regular differential forms on X’ are

defined as follows.

Definition 3.4 ([Klein et al., [2016, Definition 6.1]). Let X’ be a complex one-dimensional curve
with normalization 7 : X — X’. Then a meromorphic differential form w on X’ is regular at
ke X'it
Z Resy(7*(f - w)) =0 for all f € Ox p,
kem=1[{k'}]
where the residue Resy, is defined as in |Forster) 1981, §9.9] We say that w is a regular 1-form if it

is regular at every k' € X'. £2x/ is the sheaf of regular differential forms on X'.

Every global meromorphic function f which does not vanish identically on a connected com-
ponent of X’ has an inverse meromorphic function. For such an f, the map g — ¢ - df is an
isomorphism from the sheaf of meromorphic functions onto the sheaf of meromorphic 1-forms
and thus identifies finitely generated O x/-submodules of the sheaf of meromorphic 1-forms with
generalized divisors on X’. The degree of such a submodule is defined as the degree of the
corresponding generalized divisor, compare [Klein et al., 2016| Section 6]. The arithmetic genus
of X’ is defined as ¢’ := dim H'(X',Ox/), the geometric genus as ¢ := dim H'(X,Ox) and §
as S weg O with 6 := dim(Oy/Op) as defined in [Klein et al., 2016, Proposition 2.1(a)]. We
remark that &, > 0 is equivalent to &' € S: if & € S, then Oy # Oy, s0 §i > 0 and conversely,
for 8 = 0 one has Op = O, so k' ¢ S. Moreover, is shown in [Klein et al., 2016, Lemma
5.1(b)] that the arithmetic and the geometric genus of X’ are correlated by ¢’ = g + ¢. For the
degree of the regular 1-forms it is shown in [Klein et al.; 2016, Corollary 6.6] that deg(2%) = 2¢’ —2.

Definition 3.5 ([Hartshorne, 2013, Section 5, page 109]). Let (X', Ox/) be a ringed space. A
sheaf of modules S over Ox- is said to be locally free if for every point ¥’ € X', there is an open
neighborhood U C X’ of k¥’ such that the restriction S|y is a free sheaf of modules over Ox|y,
i.e. it is isomorphic to the direct sum of a set ¢(X’) of finitely many copies of the structure sheaf
Ox/|y. If X’ is connected and ¢(X’) consists of n elements, then n does not depend on the point

k" and is called the rank of the locally free sheaf.

For hypersurfaces, one can show that the sheaf of regular differential forms is locally free. The two
main ingredients for this proof are that a hypersurface is the zero set of only one holomorphic
function R and that one can describe the curve locally by Weierstrafl coverings. More precisely,
the following Lemma — taken from [Schmidt, 2002, Lemma 2.20] — yields that on a hypersurface in

C™*!, the regular differential form

1
= dzy A A don
YT OR92 O :
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3.1. The Fermi curve as a singular curve

locally generates all regular differential forms since all regular forms can be represented as f - w
with f being holomorphic. Hence, the regular forms are an invertible sheaf, i.e. a sheaf which is —
as a module — locally free of rank 1 in the sense of Definition [3.5] This means in particular that
every stalk over a point on X of this sheaf is, as a vector space, isomorphic to the stalk of the
holomorphic functions at this point. We decided to give the proof of the Lemma because the proof
which can be found in [Schmidt} 2002] is rather short.

Lemma 3.6. [Schmidt, |2002, Lemma 2.20] Let R(z1, ..., 2n+1) be a holomorphic function on some
open subset U C C"T' whose partial derivative OR/0z, is not identically zero on the connected
components of the subvariety of U defined by the equation R(z1,...,zn+1) = 0. Therefore, this
subvariety can locally be considered as a covering space over Z := (202, ..., 2n+1) € C". On every

open subset V. C C™ where such a local representation of the subvariety in C"*1 exists, we define
O:={(21,--,2n11) €CXV | R(21,...,2n41) = 0}.

We assume in the sequel that V is always chosen in such a way that it contains at least one connected
component of O. The following conditions on a meromorphic function f on this subvariety are

equivalent:
(i) fe€ Op.

(ii) Let us consider the subvariety as a covering space over Z € C". Then for all g € Op, the
local sum of gf /(OR/0z1) over all sheets of this covering contained in O which contain an

arbitrary element of this subvariety is a holomorphic function.

Proof. Since the statement of the Lemma is a local statement, it suffices to show that for all
20 := (20,1, -, 20n+1) = (20,1, 20) € O, there exists a ball B.(Z) C V such that the lemma holds
on the restriction of the WeierstraB covering O — V to the preimage O of B:(%p). In particular,
one can choose B.(Zp) small enough such that all connected components of the preimage of Z
consists only of one point in O. Since the holomorphic functions on the connected components are
independent, we can assume that o= B (%) only consists of the one point zy over Zj. Let us
choose some element zy of the subvariety O. Due to the Weierstra$ Preparation Theorem [de Jong

and Pfister, 2012, Theorem 3.2.4], locally, there exists a Weierstrafl polynomial
d—1 '
Qlz1)(2) = 2{ + Y awi(?)=
i=0
with respect to z; whose coefficients ¢; are holomorphic functions depending on B.(Zy) such that
R =@ - u, where u is a locally holomorphic unit. Moreover, the degree d of ) equals the number

of all sheets of O considered as a covering space over 2 € B.(%) which contain the element (21, %)

of O. In a neighborhood of zp, condition (ii) is equivalent to an analogous condition, where R is
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3. The eigenfunctions

replaced by Q. Let @ be an arbitrary polynomial in z; of degree d with leading coefficient 1 whose
coefficients are complex numbers and let pq, ..., pg be the zeros of (). Assume that the values of
an arbitrary polynomial g in z; with complex-valued coefficients and of degree less than d are
given in these zeros, i.e. (p;, g(p;)) for i = 1,...,d. Then the Lagrange interpolation [Romanl| 2007,
page 248] is given by

d

d .
g(z1) = Zg(pi)&(zl), where (;(z1) := H A1 _p]..

=1

This leads to

ZaQ (pi /82 H( l_pj)

J#i

if at least deg(g) zeros of @ are pairwise different since

0Q d d
o (21) = Z H (21 _pj)7 so ——(pi) = H (pi _p])7
0z p 0 =i
J# J#i
In particular, the sum
d
9
; 8Q/821 (pl)

is equal to the coefficient of the monomial szl in g(z1). We conclude that we can also apply
Lagrange interpolation as above if the coefficients of Q) are holomorphic functions depending on 2
such that the discriminant of () does not vanish identically because in this case all zeros of the
polynomial are still pairwise different. Due to the Weierstral Division Theorem [de Jong and
Pfister, 2012, Theorem 3.2.3], each meromorphic function on the subvariety which is defined by the
zero set of () can be written locally as a polynomial with respect to z; of degree smaller or equal
to d — 1 whose coeflicients are meromorphic functions depending on Z. Hence, the local sum of
this function over all sheets of the subvariety considered as a covering space over Z € B.(Zy) which
contain zg is locally a holomorphic function if and only if the coefficient of z‘ffl of the polynomial

is locally holomorphic. With this at hand, we show that (i) and (ii) are equivalent.

(1)=(ii): Let

f(Zl,Z) :Zlilfl(g)—l_" +fd(2)a
g(Zl, 2) = Z(liilgl(z) +oeee gd(g)a
Q(z1,2) = 2{ + 2 '@ (2) + - + qu(2)

be holomorphic functions on € x B.(Zp). That means all coefficients of each of these functions
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3.1. The Fermi curve as a singular curve

(ii)=(@{): Let ¥, e %(é)/f@(i) be holomorphic on B(Zy) for every g € Op. Inserting g = 2}

are holomorphic in Z on B.(Zy). Note that f(z1,2) - g(21, 2) has degree 2d — 2. To consider
(f - 9)(21,2) on O, we have do divide it by Q. Due to the normalization of Q, it is

(f - 9)(z1,2) = (51(2)2] " 4 -+ sg-2()21 + 89-1(2)Q(21,2) +11(2)2f "+ +7a(2),

where s1(2)272 + -+ 4+ 5,_1(2) and 71(2)2¢71 + -+ 4 r4(Z) are polynomials in z; whose

coefficients are linear combinations of the coefficients of f(z1, 2), g(z1,2) and Q(z1, 2) and

thus holomorphic on B.(%). Since we consider f - g on O, i.e. Q(z1,%) = 0, one has .
(f - Dlo(e1,2) = 207 r1(2) + -+ ra(2).

Due to the above considerations,

ri(2) = g1
~ 3R/82’1

sheets of O

(2)

is holomorphic on B.(%).

0

leads to
(9 )21, 2) = f(z1,2) = 27 A1) + - + fa(2).

Then f1(2) = #fam, and therefore, fi is holomorphic on B.(%). For g = 2} one gets

(g )(21,2) = 21f(21,2) = 20 f1(2) + - + fa(E) 21

Moreover,

(9 N21,2) = fu(2) - Q(a1,2) = AL Ai(3) + 217 fal8) + - + 21 fa(B)-
— [i(3) - (A + @@ + -+ a(2)
=271 (f2(8) — h(B)@(2) + 2972(fs(2) — (D) @(2) + ...
o+ 21 (fa(2) — [1(8)ga-1(2) + f1(2)qa(Z).

Hence, f2(2) — fi(Z2)q(2) = #fam. Since ¢ and f; are holomorphic on B.(Z2), also fo is
holomorphic on B.(%). Repeating this procedure for g = z{ with £ € {2,...,d — 1} finally
yields that all coefficients of f are holomorphic on B:(Zp), so f is holomorphic on C x Bc(Z).

O

This Lemma shows that on n-dimensional varieties O, the regular n-forms are defined as those

meromorphic n-forms whose products with the holomorphic functions in Op have no residue in
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3. The eigenfunctions

some neighborhood of any point of O. So Definition [3.4] of regular 1-forms on a one-dimensional
variety coincides with the conditions given in Lemma for w = f dz1. Let the subvariety O of
U C € be a hypersurface, defined as in Lemma and let not only 9R/0z1 # 0, but also some
other derivative 0R/0z; # 0 for j =2,...,n+ 1 on a connected components of O. Then one can
consider this subvariety locally either as a covering space over (zg,...,2z,+1) € C" or as a covering
space over (21,...,%j—1,%j41,---,2nt1) € C". Due to (OR/0z1)dz1 + ... + (OR/0zp41)d2n41 = 0,
it is

(_1)j+1

dZQ/\.../\dZnJ,_l:W
J

1
m le/\.../\de_l/\de_H/\.../\dzn_H. (31)

So Lemma [3.6] yields that an n-form

o f(Zl,...,Zn+1)
- 8R(2’1, ey Zn+1)/821
_ (_1)]' f(z1,- 0 Zng1)
8R(21,...72’n+1)/62j

w dza A ... Adzpyr =

dzg A ... /\de71 /\d2j+1 A ANdzpg

on a hypersurface is regular in the sense of Definition [3.4] if and only if f satisfies one of the
equivalent conditions (i) or (ii) from Lemma either for z; or the analogous condition to (ii)

with 2 replaced by z;.

3.2. The eigendivisor

Let u € C(R?/I") be fixed. We now want to introduce a generalized divisor which corresponds to
the pole divisor of a normalized eigenfunction in the smooth case. Remember that 7 : X° — X' is
the covering map defined in Lemma (3.1

Since we now talk in the language of germs, it will be convenient to indicate the eigenfunctions
with an index k', where k¥’ € X’ denotes the point at which the stalk of a germ is considered. So
far, we indicated the eigenfunctions ¢, of the Schrédinger equation in the formulation with
help of the trivializations as in Definition with an index &’ in order to distinguish them from
the eigenfunctions 1 in the formulation in Definition [1.4] on the fundamental domain A. In this
section, we only consider the formulation of the fundamental domain, and therefore, we want to
point out that the index k" in this section is used to indicate the corresponding germ at k' € X'.
We choose the fundamental domain A in in such a way that it always contains (x,y) = (0,0).
To define a generalized divisor on the subvariety X’ which corresponds to the pole divisor of
a normalized eigenfunction in the smooth case, we normalize the locally defined, holomorphic

eigenfunction ¢ on X° as

I (e (@) = L0 (3.2
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3.2. The eigendivisor

and consider for every ¢ € L?(A)
(3.3)

For every ¢ € L?(A), the latter defines a meromorphic function which is globally defined on X°.

This induces a germ in M and motivates the following definition:

Definition 3.7. We define the generalized divisor S as the subsheaf which is generated by the
meromorphic functions in (3.3) with any & € L?(A). The corresponding germs at k' € X' we
denote by Sj.

From [Klein et al., [2016], Section 2.1], we know that an open neighborhood of k¥’ € S is defined as
the disjoint union of the elements k € 7~ 1[{k’}]. So for k¥’ € S, one has

Mxip= X Mxowk
ker—1[{k'}]

and for the germ of a holomorphic function 1 € Ox ;s holds that the values of 7*1) coincide at all
k € m~[{Kk'}]. In particular, the covering 7 : X° — X is locally biholomorphic on X°\ 7 1[S].
So let k' € R(X’). The eigenfunction 1) can be chosen holomorphic on any sufficiently small open
neighborhood of k' and is, as an eigenfunction of the Schrodinger operator, not identically zero.
So we can always find a & € L?(A) such that Sy is generated by (i%o@))k, with &€ € L?(A). Then
Si # Oy if and only if (K, (0,0)) = 0. For k¥’ € S, let 7 *[{k'}] = {k1,...,kn} with n € IN.

Moreover, let Oy be a small open neighborhood of &’ and let 7=[O/] consist of open sets O,

with i = 1,...,n such that each Oy, is a small open neighborhood of k; € 7= 1[{k’}]. We always
choose Oy sufficiently small such that Oy, N Oy; = () for i # j. Then Ok, U ... UOy, is an open
neighborhood of 7= 1[{k’}]. In this case,

Ylo, 1 O U ... U0y, — L*(A).

For every ¢ € L?(A), the germ (&f&wgg)k/ is contained in M xo(y) g, X+ X Mxo(y) k, and % o
is generated by *
(& (k) (& v(k))

)
¥(k, (0,0))

Nevertheless, the germ of the generalized divisor S from Definition at k' contains the germ of

)
00 0,00y, |

the holomorphic functions of this point, as it is shown in the next proposition.
Proposition 3.8. O C Sy for all k' € X'.

Proof. Let (§,)new be a sequence of smooth functions with supp (§,) C B1(0,0) and [ & dA =1
for all n € IN. For n > 0 sufficiently large, this defines a sequence with &, € L?(A) which converges

67



3. The eigenfunctions

to the d-function. Because we have assumed for every k' € X'(u) that the eigenfunction ¢(k’, ) is
continuous on R?, it is

i [0, B(FL ) — s 6, 0,0))] = Tim (0, (K, )) — 0l (0,0)) [ €| 0.
Now let k' € X'(u) with 7='[{k'}] = k1,...,k, and Oy be a simply connected, small open
neighborhood of &’ such that 771[Oy/] is the disjoint union of small disks O, ..., Oy, where Oy,
contains k; fori =1,...,n.
It follows from the Cauchy Integral Formula that the bounded holomorphic functions on 7~ 1[0}/]
are closed in the Banach space C(m1[Op],C). Let Op,, denote the holomorphic functions
on Ok. The codimension of Op,, is finite in (’)(_)k, because O has finite codimension in Oy,
compare [Klein et all [2016, Proposition 2.1(a)]. Therefore, Op,, is closed in C(7~'[u], C). So
{m*f | f €00, } C O is a closed set in C(m71[Ow],C). Let So,, be the set of all sections of S
on Op. Then Sp,, € Spr. By definition of S, it is ¢(0,0)Spr € Oy In the neighborhood of every
element in 7= 1[{k'}], there is a generator of ¥(0,0)Sy Z 0. So the generators of 1(0,0)S; are a
finitely generated submodule of the meromorphic function over the ring Ox ;. This corresponds to
a divisor D of finite degree on X. Then D is positive since it is generated by holomorphic functions.
So the codimension of the above submodule in the stalk of the holomorphic functions equals the
degree of all points of D contained in 7= ![{k’}] and thus is finite. Because d < 0o, 1(0,0)Sy
has finite codimension in 7.Op. So ¥(0,0)Sk has finite codimension in Ox, and therefore also in
Oy, compare |Klein et al., 2016, Proposition 2.1(a)]. Then the closedness of Op,, yields that also
¥(0,0)So,, is closed.
For every n € IN, it follows from the definition of S that (&, ) € ¥(0,0)Sp,, and we have seen
above that ({&,,v))nen converges in ¢(0,0)So,, to 1(0,0). Therefore, 1(0,0)Op,, € ¥(0,0)So,, -
Because this holds for arbitrarily small Oy defined as above and every element of the germ Oy is
defined on such a small open neighborhood, this yields that 1(0,0)Ox C 1(0,0)Sk. Since (0, 0)
is — as a meromorphic function in k¥’ — invertible, this yields that O C Sy for all k¥’ € X'. O

We have already seen that Sy has only one generator for £’ € 93(X’). One might think that S/
has infinitely many generators for &’ € S because Sy contains all functions of the form ﬁl&wim

with & € L?(A). However, the next Lemma shows that Sy is also finitely generated for all &' € S.
Lemma 3.9. The divisor S as in Definition is a finitely generated submodule of M over O.

Proof. Tt remains to show that Sy is also finitely generated for &’ € S. We normalize the
eigenfunction ¢ in such a way that ¢|o,, : O, U ... UOy, — L*(A) is a holomorphic function
which has no zeros in L2(A). Then for every & € L2(A), (€, ¢) € Op. Let 1)(0) be the
zeroth Fourier coefficient of 1. We know from Lemma [2.23] that for every ¢ > 0, there exists
a § > 0 such that for & € 9(X’) N €2, there holds [¢(k, (0,0)) — (0)| < e with ©(0) # 0,
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wherefore (-, (0,0)) #Z 0 on both of the maximal two connected components of R(X’). So for

every & € L?(A), 5}%01@) is a submodule of the submodule of the meromorphic functions over O

which is generated by m@k/. Therefore, also S is a submodule of the latter submodule. For

k' € S, we can decompose Ox j as
Oxr = Oxrpr & Oxr [ Ox o

Accordingly, the number of generators of O X/ is at most 1+ dy < oo, compare [Klein et al., 2016,

Proposition 2.1(a) and Lemma 5.1(a)]. So m

From this follows that the sheaf Sy is also finitely generated: Due to Proposition [3.8] O C Sy.

If there exists a & € L%(A) such that (gf(lo’%%))k/ ¢ Oy, then we take (%(10’%;))]6/ as an additional
()

generator of Spr. Successively continuing like this, we can find additional generators <7)k;' of

Oy is a finitely generated submodule of Oy.

(0,0)
Sir. However, Sy is a submodule of a module of at most d; + 1 dimensions, so S/ cannot contain

more that 0y + 1 generators. O

Corollary 3.10. Let ST be the generalized divisor which is generated by the normalized eigen-
function of the transposed Schridinger operator. This is defined analogously to S in Definition 3.7
Then ST = 0*S. For u € C(R?/I',R) one has 7{S = S.

Proof. For the transposed Schrédinger operator, we let ST be the generalized divisor generated by
(on(-), &) with € € L?(A) and dual normalized eigenfunction defined as

Then this is a direct consequence of Lemma |1.17(a) and (b). O

3.3. The Spectral Projection

We have already seen in Theorem [I.14] that the spectral projection of — A+u gives us insight why it
is possible to represent B(u)/I™* respectively F'(u)/I™* locally as the zero set of the characteristical
polynomial of a matrix. Now, we want to take a different viewpoint on the spectral projection,
i.e. we want to consider it as a meromorphic function on B(u)/I"™* and deduce from this another
projection Py which can be restricted to F'(u)/I™*. This second projection will be very helpful in
various ways for the following considerations concerning the eigenfunctions. As already mentioned
at the beginning of this section, the most important result is that it will help us to correlate the
eigendivisor of the Schrodinger operator with the eigenfunction of its transposed.

For the Dirac operator, an analogous construction of this modified projection together with its
properties is shown in [Schmidt} 2002, Chapter 2.4]. In this section, we transfer these results to
the Schrodinger operator with some modifications. Therefore, the Schrédinger equation with

eigenfunctions which are quasiperiodic with respect to I" and periodic with respect to I'™* as in
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Definition [[1] is considered.

In the neighborhood of a regular point ([k],\) € B(u)/I™*, there exist meromorphic functions
P([k], A) and ¢([k], ) from B(u)/I"™* to Ci (4, €) respectively C2,(A, C) which map ([k], \) onto
an eigenfunction of the Schrédinger operator — A +u with eigenvalue A and boundary condition [k]
respectively onto an eigenfunction of the transposed Schrédinger operator (—A+u)” with eigenvalue
A and boundary condition [—k]. Due to Corollary (C), the set of degenerated eigenvalues
on B(u)/I'* has codimension one. So generically, the eigenspaces for a certain eigenvalue are
one-dimensional on B(u)/I"™ and the above maps are unique up to multiplication by some invertible
function which is meromorphic in ([k], ). The images of these mappings, i.e. the eigenfunctions of
— A +u and (— A +u)T, will also be denoted by v([k], \) and ¢([k], \), respectively. Sometimes
we omit A for clarity of notation if A is fixed. If we want to point out the dependency of the image
of these functions on (z,y) € A, then we write ¥([k], (z,v)), ¥([k], A, (x,y)) or only ¢ (x,y) when
it is clear at which point ([k],\) € B(u)/I™* we consider these images. Sometimes we leave all
arguments away. Then it is made clear before to which values these functions belong.

With this notation, we will take a look at the spectral projection mentioned above which is defined

as a meromorphic function on B(u)/I™* with values in the finite rank operators on L?(A) by

P(E]LA) < x «9”(”“]’”(’*» (KN, (3.4)

This definition does not depend on the normalization of the functions v and ¢, i.e. let f and g be

non-vanishing, meromorphic functions in ([k], A), then

{ge(k], A), x)
{ge([K], A), fo (K] A))

Hence, we can assume that locally in ([k], \), the functions ¢ and ¢ in P([k],\) are always

normalized in such a way that they have neither poles nor zeros and such that the enumerator of
P([k], A) has also neither poles nor zeros. The second assumption is justified by the non-degeneracy
of the L?-scalar product. However, the denominator of P can vanish. To see that, consider the

holomorphic covering
B(u)/T'* — {[k] € C*/I'* | 3X € C such that ([k],\) € B(u)/I"*}, ([k],\) — [k]. (3.5)

We have seen in Corollary c) that the degenerated eigenvalues A are generically discrete. So
this covering is well-defined. The next Lemma shows that the denominator of P can only vanish
at the branch points of B(u)/I™ with respect to this covering, i.e. at the points where A is a

degenerated eigenvalue. Therefore, P is a well defined global meromorphic function on B(u)/I™.

Lemma 3.11. The poles of P are contained in the branching divisor of B(u)/I™ with respect to
the covering (3.5). Hereby, the branching divisor contains all branch points of this covering as well

as the singularities of B(u)/I"™*. In particular, all reqular branch points of this covering are poles
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of P.

Proof. Due to Corollary (c), the denominator of P does not vanish identically on any of
the maximal two connected components of B(u)/I™*. This is since for ([ko], Ag) such that Ag is
non-degenerate, P = P and it follows from the proof of Theorem that the rank of P equals
the number of sheets meeting in the neighborhood of ([ko], Ag). In this case, the rank is one, and
therefore P has no zero. If X is not a degenerated eigenvalue, then we can normalize v, ¢ in
such a way that {p([k], A), ¥ ([k],\)) # 0. So if the denominator of P vanishes, then only at the
degenerate eigenvalues.

To see that P can indeed have a pole which is contained in the branching divisor of B(u)/I™
with respect to the covering in , we first remember that the preimage with respect to this
covering may contain several points of B(u)/I™. More precisely, due to the Weierstrafl Preparation
Theorem [de Jong and Pfister], 2012, Theorem 3.2.4], there are locally finitely many values A(k)
over each k. Only at a degenerated eigenvalue A, the corresponding sheets meet and those are
precisely the ramification points of the covering and the singularities of B(u)/I'™*. Let
([ko], A\) € B(u)/I'* be contained in the branching divisor. Without loss of generality, we assume
that the preimage of [ko] € C2/I'* with respect to the covering contains only one point
([ko], Ao), i-e. Ao = 7 1[{[ko]}] and that two sheets corresponding to the eigenvalues \; and \;
meet in this point. Since these are only local considerations, it follows as in the proof of Lemma
that this is no obstruction. For k — ko and hence \;([k]) and X;([k]) converging to Ag, two
different cases for the eigenfunctions can occur: either the two eigenfunctions ¥ ([k], A;(k)) and
([k], \j(k)) are linearly independent for k — kg or they are linearly dependent. If they are linearly
dependent, then also ¢([k], \;) and o([k], A;) are linearly dependent for k — kg since we can locally
represent the Schrodinger operator as a matrix and the transposed Schrodinger operator as the
transposed matrix of the first one, see Corollary For brevity, we can even assume that the
eigenfunctions become equal for k — kg, which can be reached by normalizing the eigenfunctions.
From this we want to deduce that the denominator of P vanishes at ([ko], Ao). Let us consider a
small neighborhood U C C2?/I'* of [ko] such that no other sheets than the sheets corresponding
to A\; and A; are contained in the preimage of U with respect to the covering and such that
the preimage of [kg] is also the only intersection point of the two sheets contained in U. Then
Xi([k]) # A ([k]) for [k] € U \ {[ko]} and with A([k]) being the local matrix representation of the
Schrodinger operator with fixed potential w introduced in Theorem one has for [k] € U\ {[ko]}

(Oa(IR]) = A (IRD @ (k] Ai), o ([K], Ag) ) =
= (AT (kD ([k]x), (k] A7) = (k] o), A(RDw([K], A1) = 0. (3.6)

Ergo, (([k]X\i), ¥ ([k], Aj)) = 0 for k € U\ {[ko]}. Since the eigenfunctions ¢ ([k], \;) and ¢([k], \;)

are holomorphic in k, so in particular continuous, we can extend (p([k], \i), ¥ ([k], A;))) by zero to
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[ko]. Thus, the denominator of P vanishes at [ko], and so P has a pole at ([ko], Ao)-
O

Note that in the above proof, linear independence of the eigenfunctions at the considered point
([ko], A([ko])) would yield that this point is a singularity of B(u)/I™*. Because if B(u)/I™* is smooth
at this point, then we can normalize the eigenfunction in such a way that they are holomorphic and
then the limit considered in this proof would be continuous which would contradict the assumed
linear independence.

The following Lemma is shown in |[Schmidt, 2002, Lemma 2.21] for the Dirac operator. In this
Lemma is, among others, shown that the operator-valued 1-form P dkj A dks is regular on B(u)/I™*.
Later on, we also want to show that another operator-valued 1-form is regular on B(u)/I™

respectively F'(u)/I™*. Therefore, the following definition is necessary.

Definition 3.12. We call an operator-valued 1 form P dk; from L?(A) to the finite rank operators
on L?(A) regular on a subvariety X if for all x, & € L?(A), there holds that (&, P(x)) dk; is regular
on X. Analogously, regular operator valued two-forms P dk; A dke or P dky A d\ are defined.

Note that evaluating P for different y # 0 does not influence the poles or zeros of this map on
B(u)/I'™* since x is constant in k and A. For the spectral projection in (3.4)), this yields that we

want to show that the form

(K, A, x)
{p([K], A), (K A))

is a regular 2-form on B(u)/I™* with x,& € L?(A).

(& P([K], (X)) dky A dkz = (& (K], A)) dky A dky

Lemma 3.13. The function P has the following properties:
(i) The values of P are projections of rank one on R(B(u)/I™).

(ii) If ([k], \) and ([k], ') are two different elements of the B(u)/I™* such that A\ # X', then

P([k], N) o P([k],\) = 0 = P([k],\) o P([k], \'). (3.7)

(#ii) The local sum of the projection P over all sheets of the WeierstrafS covering over [k] which
contain an element ([k],\) € B(u)/I'* is a holomorphic function in a neighborhood of
[k] € C%/I'*. The values of this function are projections whose rank is equal to the number of
sheets over which that sum is taken. The value of this local sum of P over all sheets containing
([k], A) is equal to the generalized spectral projection P([k],\) as defined in Theoremm
of the Schrodinger operator — A +u with boundary condition [k] which projects onto the

generalized eigenspace associated with \.

(iv) The projection-valued form P dky A\ dks is regular.
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Proof. (i) Assume that P([k], \) has no pole. Then P?([k], \) also has no pole and so, by Lemma

(iii)

one has on R(B(u)/I™)

The image of P([k], \) is spanned by v ([k], A) if A is a non-degenerated eigenvalue. At the
set of points ([k], A) € B(u)/I"* such that X is a degenerated eigenvalue, Lemma shows
that P is not defined. So P2 = P and P is a projection of rank one on R(B(u)/I™).

Let Ao be an r-fold eigenvalue at ([ko], Ao) € B(u)/I™* and let again A([k]) be the matrix-
valued, holomorphic function which represents the Schrodinger operator on an open neigh-
borhood U of kg € €2. Due to Corollary (c), A([k]) has generically pairwise different
eigenvalues. So we can assume that A([k]) is an r X r-matrix with pairwise different eigen-
values A1,..., A, on U \ {ko}. Then the eigenfunctions 1 ([k], \1),...,¥([k], \r) span an
r-dimensional vector space for k € U\ {ko} and the eigenfunctions ¢([k], A1), ..., @([k], A) of
AT ([K]) yield the dual basis. Analogous calculations as in show that for all 1 <i # j <,
it is P([k], \i) o P([k], Aj) = 0 = P([k], ;) o P([k], \i). So holds at all ([k], A) at which
the meromorphic function P([k],\) is defined and thus on all of U. Since we have seen in
Corollary 2.29(c) that the set of points ([k], \) € B(u)/I"* such that X is non-degenerate is
open and dense, we conclude that holds on all of B(u)/I"™.

We use again that B(u)/I'* is locally an r-sheeted Weierstrafl covering over [ko] € C?/I"*

and define the generalized eigenprojection as in the proof of Theorem [1.14
. T
PN = 37 PR A)-
i=1

We will now use the same notation as in the proof of this theorem. Let )y be a fixed,
non-degenerated eigenvalue of — A +u with boundary condition [ko], i.e. ([ko], Ao) € B(u)/I"™.
Let moreover K be a small open neighborhood of [kg] and let B.(\g) be a neighborhood of
Ao which is so small that no other sheets of B(u)/I™ are contained in K x B:(\g). Then
the generalized eigenspace and the ‘common’ eigenspace coincide, and so there is only one
projection in the above sum and P([k], \) = P([k], A) for all ([k],\) € K x B.(\o).

For \g a degenerated eigenvalue of A([k]), i.e. at a zero of order r of det(A([k]) — A1), the
neighborhoods K and B (o) can be chosen so small that ([ko], Ao) is the only branch point
in K x B:(Ao) and such that only the r sheets colliding at the branch point corresponding to
Ao are contained inside of K x B:(Ag). At the branch point Ay with respect to the covering

(13.5), the image of P is r-dimensional. Furthermore, Theorem yields that P is locally
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holomorphic in k£ away from the branch point. It is also shown in the proof of Theorem [1.14]
that the dimension of the image of P stays the same in the neighborhood of the branch point

and is spanned by the images of "7 P([k], \;). By continuity, P([k], \) = >_i_; P([k], \;) is
holomorphic in K and the rank of P equals 7.

(iv) Let the local holomorphic covering of B(u)/I™ be r-sheeted over ([ko], o) € B(u)/I™*.
Then the Weierstral Preparation Theorem [de Jong and Pfister, 2012, Theorem 3.2.4] yields
that we can consider det(A([k]) — A1) as a polynomial of degree r in A with coefficients which
are holomorphic on an open subset of [ko], where the leading coefficient is equal to 1 and all
other coefficients vanish at [ko]. By the Weierstral Division Theorem [de Jong and Pfister
2012, Theorem 3.2.3], every holomorphic function f on B(u)/I"™* can locally be represented

as

where the coefficients a;([k]) are holomorphic functions on an open subset of [ko] € C2/I"*.
With this, we show next that for x € C°°(A, C) and locally around [ko] € C?/I'*, the sum
over the sheets of this covering of P(x) times any holomorphic function is a holomorphic
function on some open subset of [k] € C?/I'* with values in the finite rank operators in
C>®(A,C). Because of (= A +u)P; = Pj, P} = Pj and f:l P; =1 one has, using the local
matrix representation of — Ay +u as in the proof of The(]);em and leaving the argument

([k], A) of the projections as well as the evaluation of P at x away,

B f(H.2) = Y PN = Y B Y k)N = 33 as( k) Bx
j=1 =1 =0 j=1i=0
= Y S a BB == 3 Y (k) (- A +u) PN =
j=1i=0 j=1i=0
= S AP = = S as WA Y Py = 3 A a( (k)
Jj=114=0 i=0 J=:1IL 1=0

Therefore, locally, the whole sum over the sheets is holomorphic and stays holomorphic in
[k when considering tEGUNA (€, (K], A)) for & € C(A, €) instead of P(x). So by
Lemma [3.6, P dki A dks is regular in sense of Definition [3.12

O

Until now, we considered the Bloch variety as a covering space over ([(k1,k2)], A) — [(k1, k2)]. We
now explain why it follows from Theorem that we can also consider the covering ([k1, k2], A) —

(k1,\) € C2%. Since I'* is discrete, we can consider B(u)/I'* locally as B(u), and therefore we can
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write ([k1, k2], A) — (k1,A) € C2. In the proof of this theorem, it is shown that B(u)/I™* is locally
described by the zero set of

{([K,\) € C2/T* x C | det(A([k]) — A1) = 0}.

Let us denote this locally defined function as f([k], \) := det(A([k])—AL). Due to (3.1), dkiA dks =
g ]f //gk’; dA\ N dky = % dA N\ dk1, where the last equality sign holds due to the implicit function
Theorem [de Jong and Pfister, 2012, Theorem 3.3.1] and the branch points of the covering
([k], A) = ka([k1], A) are exactly those points for which 0ko/0k1 = 0 and Oka/IX = 0. We know
from Corollary and that these are discrete. At all other points ([ko], \o) € B(u)/T™*,
both partial derivatives 0f/0\ and Of/0ks are not identically zero. So we may consider the

subvariety B(u)/I™ in a small open neighborhood of these point either as a covering space over
[(k1,k2)] € C?/T* or as a covering space over (k1,\) € C x C. Hence, ([k1, k2], \) > (k1, ) € C?
is indeed a covering.

From this we will now start to construct a projection Py which is related to this second covering and
has all the properties we wish for to get a regular form on B(u)/I™* as covering over ([k], A) — (k1, \)

such that we can restrict it to A = 0 to obtain a regular form on F(u)/I™.

Lemma 3.14. Let 1([k],\) be an eigenfunction of the Schrodinger operator — /A +u corresponding
to an element ([k], \) € B(u)/I™* and let p([k'], \) be an eigenfunction of the transposed Schridinger
operator (— A +u)T corresponding to another element ([k'],\) € B(u)/I"*. Then there holds:

(i) For fized ([k],\), ([K'],\) € B(u)/I"*, the 1-form

w = ((@yp (K, ) (1K1, 2) = ([, A)( m)) da —
— (% Y (K], A) = @ (K], ) (D9 ([K], 1)) ) dy
on R? is closed, where ¥([k], \) = ¥([k], A, (z,y)) and o([K'],\)) = o([K'], \, (z,)).

(i) If k1 = kK mod Z, then for all p = (z,y)T € R? one has

/p+(6) o — $0yp([K], 2), (K], ) — (e (K], A), 9y ([K], A (3.8)

V2|

(ii) If additionally to ky = k| mod Z it is [k] # [K'] for [k],[K'] € C?/T*, then fp ((1]) =0.
Proof. (i) For all (z,y) € A, it is
(= & +u)p([k],A) = Mp([k], A) and (= A +u)To([K],A) = Ap((K], ).

For clarity, we will omit the dependence of ¥ on ([k], A) as well as the dependence of ¢ on
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(i)

(iii)
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([£'], A) in the notation in the rest of this proof. Then w is closed because

dw = (30 + By pdytb — Bypdyt — @Oyt — PDsth — Dy pOyt) + Dupdut) + Do) dy A da
= (8%90 + 85(,01/} — wﬁw + 851/1) dy Ndx = (App — p A ) dy A dx
=(u— N (pY — ) dy Adx = 0.

The closedness of w and applying Stokes’ Theorem yields that for p # p’ € R?, there holds

B p+(3) p'+(3) P p
0—/}7 w + p+((1)) w+/z)l+((1))w+/}7,w

So by the quasiperiodicity of i and ¢ with respect to I' together with the preliminary
e—27rik’1 . e2miky — 1,

p/ p/ p/-‘r((l)) p/-‘r((l)
/pw:/p Oyt —eyyda = [ @upv—gaprdo= [

Hence,

() ) ) ) vl ()
/pw “:/z»:(;) w+/p,+0w+/p “:/p:<§>“’ / “’+/+ >0 //+0 @

so this integral does not depend on the base point p. Let 7 : [0,1], t — t§. Then dy = Fodt

and so

+(3) 1 p+(§)+(®)
/p ’ (@;sm/) - ‘Payd}) dr = / /p o (8y90¢ - ¢3y¢) dx A dt
p

0 Jp+y(t)
{0y, ¥) — (o, Oy
Y2 '

1
= /A Dy — pOyp) d A dy =

The last statement follows immediately from the independence of the integral from the base

point shown in (ii) together with the quasiperiodicity of the eigenfunctions. Due to the first,

it is
p+(3) p+i+(§)
[ v = popyar= [ 00 - w00 do (39)
p p+y
and due to the second,
o () pH(§)+7
k) [T a0 — poydr = 70 000 — o0y da
p P

Both of these equations can only hold simultaneously for [k] # [k'] if the integrals on both
sides of (3.9)) vanish.
U
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Motivated by the fact that the integral in (3.8) does not depend on the base point p, we define
another bilinear form which is “weighted“ by the derivatives of the eigenfunctions ¢ ([k], \) and
©([K'], A) in y-direction on Cf)fk](A, C) x Cg3(4, C) for two functions f and g the bilinear form

(f,9)o == (0yf, 9) = (f,9yg) = 2(0yf, 9) = —2(/, Dyg)

where (-, ) is the complex bilinear form introduced in (L.5). This bilinear form will be helpful to
obtain a regular 1-form on the Fermi curve. Similarly this is done in |[Krichever, 1989, Chapter
3], where the reconstruction of a potential from given data is shown for the two-dimensional
Schrédinger operators in terms of 6-functions.

Let Py be the map from B(u)/I'* into the finite rank operators on L?*(A) which is defined by

2{0ye([k]; A), X))
(o ([K], A), (K], M) Do

Again, it is easy to see that the definition of Py does not depend on the normalization of the ¢ and

Py([k], M) (x) = P([K], A)-

¢ on B(u)/I™ since multiplication of ¢ or ¢ with a non-vanishing function which is meromorphic
in ([k], A) cancels out in the operator Pj.

Now, we give reason why Py is meromorphic on B(u)/I™*. Pjy is invariant under translation of
k by k € I'* since ¥ and ¢ are invariant under these translations. Note that ¢ and ¢ as well
as their derivatives in the direction of y are asymptotically free, compare Lemma We will
show in the proof of Lemma that for every ¢ > 0, the difference between (pn,¥n)s and
<(e_2m<k’(§)>, e2m<k’(5)>»a on R(F(u)/I'™* N C%) becomes smaller than this ¢ if § > 0 is sufficiently
small. Hereby, the index N indicates the eigenfunctions which are normalized in such a way
that their values at (x,y) = (0,0) are equal to one. Furthermore, it is also shown in the proof
of this theorem that (¢°([k]),¥°([k]))o # O for || Im(k)|| — oco. Since we know from Corollary
2.29(b) that B(u)/I™ has at most two connected components which each contain one open end
of B(u)/I'*, we can deduce from this that (¢, ¥n)s does not vanish identically on any of the
maximal two connected components of B(u)/I™*. Because Py is independent of the normalization
of ¢ and ¢, this shows that Py defines a meromorphic function on B(u)/I"™*. We now show how
the denominators of Py and P are correlated. This is the key ingredient to deduce from the
regularity of P dk; A dko that also Pydk; A d) is a regular operator-valued 2-form on B(u)/I™ in

the following lemma.

Proposition 3.15. Let ) = ¢([k], \) be an eigenfunction of —/A+u corresponding to the eigenvalue
A\ with quasiperiodicity [k] and let o := o([k],\) be an eigenfunction of (— A 4+u)T corresponding

to the same eigenvalue with quasiperiodicity [—k]. Then

oA

2mfe. o = 5

{50} (3.10)
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Proof. We consider the Schrodinger operator S := — Ay +u as in (1.6) and its transpose
ST = (= Mg +u)T = — A_j 4w as in (1.6). Taking formally the derivatives of Sy, and S{ into the
direction of ko yields

05k _ 4110, + 872ky = dmi(—0y — 2miks),
Oky

oSt 2

87]{;2 = 47Tbay + s kQ = 4'/TL(ay — 277Lk2).

Furthermore, it is shown in Lemma [1.2] that the eigenfunctions ¢ := ¢ ([k], ) of — A +u = X\ with
boundary condition [k] and ¢ := ¢([k],\) of (— A +u)T = X with boundary condition [—k] differ
from the eigenfunctlons Yy := r(X) of Sk and ¢ == ¢k (\) of S} by multiplication with a phase,
Le. oy = e 2k () ¥ and @ = 2™k (y )>gp Therefore,

Oyth, = —2mikoe™ 2me(ks(y )) P +e —2muhy(y N Oyt and Oypy = 2 ikqe?™ ks (y )>g0 + g2k (§)>8yg0.

So with (pr, i) = (. ¥) it is

;mg,;«@,w» Qibg,j«sok,wk» = ((amoe ) + (e o)

A (ErR R A S )
e ([ Geeroon) = (520 sol + o G {ten 52)
42 (Et BRI RS A )
= ([ o oG v+ o e 255 4))
.

627”<k’(§)>8yg0 e 27Tl,<k(y)>1/]>>_<< 2mu(k ( )>SD e —2mu(k ( ) y¢>>

O]

Even though Pj is not a spectral projection anymore, similar properties can be shown. In addition,
this new projection can be used to define a regular 1-form Py dk; on the Fermi curve F(u)/I™,
because on the Bloch variety, it is defined with respect of the covering B(u) + C2, (k,\) — (k1, \).
This can be restricted to A = 0.
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Lemma 3.16. The function Py has the following properties
(i) The values of Py are projections of rank 1 on R(B(u)/I™).

(ii) If ([k],\) and ([K'],\) are two different elements of B(u)/I™* such that ki =k} mod Z, then

Py([k], A) o Po([K'], A) = 0= Py([k'], A) o Py([k], A).

(iii) Locally, the Bloch variety is a finite-sheeted covering over (ki,\) € C2. The local sum Py of
Py over all sheets which contain an element ([k],\) € B(u)/I"* is a holomorphic function
on some open subset of (k1,\) € C? with values in the finite rank projections on C*®(A,C).
Moreover, the rank of any of these projections is equal to the number of sheets over which the

sum is taken.

(iv) The 2-form Py dki A d)\ is a regular form on B(u)/I™* and the 1-form Py dki is a regular
1-form on F(u)/I™.

(v) For all elements ([k], \) € B(u)/I™*, there exists a unique projection Py([k], \) which locally
adds all values of Py([k], \) over all sheets of B(u)/I"™* that contain ([k], ).
Let ([k], N), ([K'],A) € B(u)/T*. If ([k], ) # ([K'], \) and k1 =k} mod Z, then

(vi) If x is an eigenfunction of — A\ +u with boundary condition [k] corresponding to ([k],\) €
B(u)/I'*, then the range of Py contains x.

Proof. (i) This is shown the same way as Lemma |3.13((i).

(ii) This follows from Lemma [3.14] (i) and (iii) since there, it is shown that for ([k],\), ([k'],\) €
B(u)/I'™* with [k] # [K'] and k1 = k] mod Z, one has {p([k], \), ¥ ([k'],\))s = 0.

(iii) and (iv) We will deduce the regularity of Py dk; A d\ on B(u)/I'™* from the regularity of
P dky A dkg shown in Lemma So using ((3.10))

P[], \) dky A diss = %P([l@], ) dly A dA = % - (&f(y’;]’ 12()[’]“']» Sy (0 N by 1

0 <<907 >>
_ B[k, A) dky A dA
a 2 G (K1, ), () A)o 1
{e,-)

V(K] N ([k], N) dky A dA.

— 2 (K], ), o ([ N )a
(3.11)
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To see that

_ 2(0yp([k], A), )
Py dky A dX = (<<p([k],)\),w([k],)\)»w([k]’)\) dley A dX (3.12)

is regular, note that the only difference between the expression on the right hand side of
and on the right hand side of are the enumerators of the fractions. So the next
step is to show that deriving ¢ into the direction of y does not change the pole order of
¢ on B(u)/I'*. Therefore, remember that the regularity of Pdk; A dks does not depend
on the normalization of the eigenfunction of (— A +u)? with boundary condition [k]. Let
©([k], (x,y)) be an eigenfunction of — A 4u for fixed A with the same boundary condition
normalized in such a way that it is locally holomorphic and nowhere zero in ([k], A), but at
an isolated point ([ko], \) € B(u)/I™* has a zero at (z,y) = (0,0), i.e. ¥([ko], (0,0)) = 0. We

then normalize this eigenfunction as

on( (z,y)) =

Then the denominator of ¢ ([k]) does not depend on (z,y). Since pn([k]) € C*°(A), deriving
©n([k]) into the direction of y can only cause zeros in the enumerator of pn([k], (z,y)) which
can either reduce the pole order of pn([k]) or generate new zeros compared to the zeros
©n([k]). These additional zeros could only influence the regularity of the form on the right
hand side of - if ( ) is a singularity of B(u)/I™ or a branch point with respect to the
covering in Due to Lemma ( i), we can deduce from the regularity of P dki A dko
that for a locally holomorphlc function g, also the sum of gm«w([lﬂ), &) over all
sheets of the covering is holomorphic. Choosing g € Op(,),r+ such that the zero order
of g equals the difference of the zero order of dy¢([k], A) minus the zero order of ¢([k], ) at
these points shows that also these additional zeros do not influence the regularity of the form
on the right hand side of (3.12). Hence, Py dk; A dX is regular on B(u)/I"™*.

So again due to Lemma [3.6[(ii), the values of the local sum of Py over all sheets of B(u)/I'™*
which contain ([k], \) is holomorphic. The rank of this sum over the projections is equal to the
number of sheets of the covering ([k], \) — [k] over which the sum is taken: Formally, every
sheet of B(u)/I™ over [k] has a contribution to the image of the sum over Py([k], ). However,
a sheet does not appear in the sum if all of its values are in the kernel of Py([k], ). And
we have seen in Lemma that this is the case for [k] # [k'] with k; = k] mod Z, i.e. for
([¥'], A) not on the same sheet as ([k], ). Then {p([k'], A),¥([k],A))) = 0. Due to Theorem
2.28{(d), the values of [k] such that A\ = 0 is a degenerated eigenvalue for ([k],0) € B(u)/I"™*
are discrete. So we can restrict Pydk; A dks to F( )/I"* by setting A = 0 and show the
regularity of Py dk; as follows: Due to Theorem ( ) and Corollary . w)/I™ is a
one-dimensional variety in C? and B(u)/I"* a two-dimensional variety in C3, i.e. both are

locally defined as the zero set of one holomorphic function. So by Lemma [3.6(i), the regularity
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of Pydki A d) on B(u)/I'™* yields that (&, Py([k], A\)(x)) is holomorphic for all x, & € L2(A).
Then also the restriction of this function to A = 0 is holomorphic and thus applying again
Lemma [3.6{ii) yields that Py dk; is regular on F(u)/I"™*.

This property follows immediately from (iii).

For the proof of the last statement, let x be an eigenfunction of the Schrédinger operator
— A +u corresponding to ([k],\) € B(u)/I™ and ¢ := ¢([k'],\') be an eigenfunction of
the transposed Schrédinger operator (— A +u)? corresponding to ([K'], \') € B(u)/I"* with
ki =k} mod Z and X # X. Consider

& = (8ypx — dyx) dx — (DppXx — pIrX) dy

on R?. Similar calculations as the ones in the proof of Lemma [3.14(i) yield that the exterior

derivative is given by

d[(8ypx — pOyx) dx — (Dudpth, — Xx0uX)dy] = (A = N )px dz A dy.

This shows that @ is not closed for X\ # \'. Applying Stokes Formula leads to

p+( p+(§)+ 7 P
w = w = w + w + w.
oot = fyao= [ o= [ Vo [0 [0 o
o r+(b) (b Joes

With the quasiperiodicity of ¢ and x in mind, we get for the first and third term on the
right hand side of this sum that

+ +( 1
/’p K o= _eQTrL<k’—k,’vy> /’p (O) .
p+(§)+7 P

Taking additionally k1 = k] mod Z into account, the second and fourth term of this sum

are related by

This relation is equivalent to

el 0 = Tl 0
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3. The eigenfunctions

Using the equality (¢, ¥)s = %mé%((cp, W) with ¢ := ¢([k'], \') from Proposition one
sees that this is equivalent to

1 {e.xho _ 2| ¥a| {o,x)
N =X{e, ) 1—exp2mi(k’ — k. 5)) 22 (o, 9)

So finally, we obtain with d\ = 22 dk; that

1 "o/ !
N oFL )00 A = e

P([K'], X) (x) k.

The subvariety {(k{,\') € C? | ([K'],\) € B(u)/T"*} can locally be considered as a covering
space over kj € C or over X' € C. The residue of the right hand side is the value of the local
sum of P(x) over all sheets which contain (k1,A) of the subvariety considered as a covering
over kj € C since it adds up all the values X over ki and the residue of the left hand side is
the value of the local sum of Py(x) over all sheets which contain (k1,A) of the subvariety
considered as a covering over N € C since it adds up all the values k; over A\. Then the
restrictions of the sheets of B(u)/I'*, considered as a covering space over [k] € C2/I'*, to
the subvariety k1 = constant are locally different and also the restriction of the sheets of
B(u)/I'* considered as a covering space over (ki, ) with k; = constant are locally different.
Hence, the residue of the right hand side is equal to P([k], \)(x) and the residue of the left
hand side is equal to Py([k], \)(x). This proves (vi) because we have seen in Lemma (Vi)
that y is in the range of P([k], \) if it is an eigenfunction of — A 4u corresponding to ([k], A).
So it is also in the range of Py([k], A).

O

Corollary 3.17. For every x, & € L2(A), the form o) (&, ) dky is regular on F(u)/I™*.

<<<P’¢»a

Proof. This follows exactly by the same means as it is shown in the foregoing proof that Py dk; is

a regular operator-valued one-form on F'(u)/I™. O
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4. Fermi curves of finite type

As the title of this work suggests, we want to consider so-called ‘finite type’ potentials u €
C(R?/I'). These are potentials such that the normalization X°(u) of X’(u), see Lemma
can be compactified and such that normalized eigenfunctions of the Schrodinger operator can be
lifted to a meromorphic function on this compactified normalization. The second condition we
will formulate with help of the so-called middleding which we introduce in Definition this is
the unique 1-sheeted covering of X’ which is the desingularization of X’ such that the germs of
holomorphic functions on this middleding are defined as the maximal subring of Ox which acts on
the divisor S. It will turn out that a compactifiable middleding leads to the second condition for
a potential to be of finite type. We then will show that the lift to the middleding of the regular
operator-valued 1-form Py dkq, constructed in the foregoing section, is also regular on the latter.
After that, we define another class of so-called regular finite type potentials. For these, the
middleding and the normalization coincide. Because the normalization of F'(u)/I™ is a Riemann
surface, we will be able to define a classical divisor D as in |[Forster] 1981} Definition 16.1] on the
normalization from the generalized divisor S. For regular finite type potentials, the lift of Py dk; to
the normalization is a holomorphic 1-form. In the remainder of this chapter, we then consider only
Fermi curves with regular finite type potentials and show several properties of the corresponding
divisor D. One central point in this work is that we deduce a connection between the fixed points
of the holomorphic involution ¢ on X, which will turn out to be exactly the two points added
to compactify the normalization X°, and the divisor D in terms of a linear equivalence. More
precisely, we show that D + o(D) ~ K + Q% + Q~, where K is the canonical divisor on X and
Q* are two points which can be added to compactify X° for finite type potentials as we will see
hereinafter. That this property holds for the divisor of the normalized eigenfunction is well-known
in the common literature, compare for example [Novikov and Veselov, 1984, |Veselov, 1984 Novikov
and Veselov, 1986], but we could not find a proof of it. We will also show that such a linear
equivalence can hold if and only if the involution ¢ has exactly two fixed points. It is mentioned
in [Novikov and Veselov, [1984] that I. R. Shafarevich and V. V. Shokurov pointed out that this
relation should hold. For real-valued potentials, we show that the action of 7 on D has to leave D
invariant. After exploiting the symmetries of the Fermi curve, we also show that the divisor D is
non-special and that also all other divisors obtained from normalizing the eigenfunctions to 1 at

another point (z,y) € R? then (0,0) also leads to a non-special divisor.
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4. Fermi curves of finite type

4.1. Finite type potentials

The normalization X°(0) of X’(0) can be compactified. As before, we consider without loss of
generality the representant R of X’(0) as defined in equation (1.15) with the pairs of distinct
points (k' k;) for v € I'* identified. It has been shown in Theorem that kF is an ordinary
double point for all v € I'* and that these ordinary double points are the only singular points of
F(0)/I'*. Then R(R) = R\ {kf | v € I'*} consists of the two connected components R+ and R~
as in equation with the corresponding double points k| respectively k;, taken out. Since
R\ {kf | v € I'*} is the product of two linear equations in k; and ks which are each irreducible,

X°(0) has the two connected components

X°(0) = (XT)°0(X7)°,

(X+)O::{<_tt> te@} and (X—)°;:{<3> SGC}

with two different parameters s,¢ and (X1)° N (X ~)° = (). This is the usual desingularization of

where

double points of singular curves as for example formulated in [de Jong and Pfister, 2012, Example
4.7.7 (2)]. Hence, a small open neighborhood of a double point kF on R decays into two disjoint
open discs on the normalization X°(0) and each of the two components (X*)° of the normalization

is isomorphic to C. Covering each of these components with two open sets
U =Cand Uy = (C\{0}) U{Q™},

where

¢
Ot = lim and Q= lim [ ° ),
[t|—o00 \ 1t |s|—o00 \ —ts

yields that the usual one-point compactification [Munkres|, 2000, § 29, page 185] of each of these
components is given by the local charts t; = ¢ on U1+, ty = % on U2+ and sy =son U, s2 = % on
Uy, where t5 and so map U3 homeomorphically to the punctured open disc {z € C\ {0} | |z| < 1}.
The respective transition functions ffj :C\ {0} — C\ {0} with 4,5 € {1,2} and i # j are defined
as

+ _ 1t _ 1 1 - -1
fla=tioty”, foy=taoty, fig=s105y, [fy; =508 "

We extend the homeomorphisms ty and s to U U{Q*} — {z € C | |z| < 1} such that t2(Q1) = 0
and s2(Q~) = 0. The new compact Riemann surface X (0) := X°(0) U{Q*, Q™ }, defined as the
union of a complex atlas of X°(0) with the coordinate charts ty and sy defined on Ui U {Q*},

is compact. We denote the corresponding compactified connected components of X (0) with
Xt :=(X"°u{Q"}and X~ :=(X")°U{Q }.
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4.1. Finite type potentials

In Theorem [2.34] it is shown that for § > 0 sufficiently small, the only singularities that can
occur in X’ N (C%/I'*) are double points k;f(u) which are contained in the excluded domains
e, of sz It is not possible to compactify the Fermi curve X’: Theorem implies that the
geometric genus of X’ will in general be infinite since each handle which contains two branch
points contributes by one to the arithmetic genus of X’ and there will in general be infinitely many
excluded domains containing two branch points accumulating in the two open ends of X’. More
precisely, the arithmetic genus of X’ is constant under small deformations, compare [Grauert et al.,
1994, Theorem I11.4.7(c)], and is defined as g, = g4 + 0, where 0 := > cgd,. So every time a
double point is replaced by a handle, the d-invariant is 6 — 1, and so the geometric genus g4 of the

former curve gains one in comparison to the latter curve. This motivates the following definition.

Definition 4.1. A potential u € C(R2?/TI") is a compact curve potential if there exists a § > 0
such that for all v in I} every excluded domain ¢, contains a double point & (u) of X’(u) and the
normalization of the excluded domain ¢, decomposes into two connected components U, and U, .
With 7 : X° — X’ as defined in Lemma each of these components is a disc which is contained
in 7 1[(C3/T™) \Mi;] around one of the two points in 7~ [{k(u) | v € I}}] with e > 0 as in
Remark and Uf NU, = 0.

Lemma 4.2. For every potential u € C(R?/I"), the normalization X°(u) of the Fermi curve X'
can be compactified if and only if u is a compact curve potential as in Definition[{.1. We call the
compactified curve X (u).

Proof. In order to compactify X°(u) by the same means as it is done for X°(0), the two components
of X'(u) N C%/I'* which lie in a e-neighborhood of X’(0) for § > 0 sufficiently small, compare
Corollary also need to be separated. This is only possible if all branch points of X’(u) which
are contained in X'(u) N (C3/I™*) \U:d, are discrete ordinary double points which is just Definition
of compact curve potentials. On the other hand, for u not being a compact curve potential,
infinitely many branch points do not collide into a double point of X’ and the normalization of an
open set around these branch points consists only of one connected component. Thus, it is not
possible to find a § > 0 such that X°(u) N C2/I"* is biholomorphic to X°(0) N C3/I™*. O

The involutions o : X’ — X’ and 71 : X’ — X’ as defined in Lemma can be lifted to X° and
later on analogously also on all other coverings of X’. We will also denote these involutions by o

and 7. They can be extended to all of X:

Corollary 4.3. The involution o : X' — X' induced by o in Lemma[1.17(a) can be extended to
an involution on X which leaves QF invariant. The involution T : X° — X° induced by T in
Lemma[1.17(b) can also be extended to X and acts on QF as 1 (QF) = Q7.

Proof. 1t is o(k) = —k and 71 (k) = —k. On X (0) that means that if k¥ € R*, then —k € R* and
—k € RF. This also holds for k € Uy, where Uy C (X)) is a small open neighborhoods of Q%
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4. Fermi curves of finite type

since X is asymptotically free. Since both involutions are continuous in k, we can extend these

involutions over QF and the assertion follows. O

It would be convenient if we would find an analogous condition such that the Fermi curve X’ can
be compactified. Unfortunately this is not possible since infinitely many of the excluded domains
‘far outside’ might contain handles. So we seek for a unique one-sheeted covering 7y : M°(u) — X'
such that M°(u) can be compactified by adding two points QT and @~ and such that there
exists a generalized divisor Sy on M°(u) with (mar)«Sy = S, where S as in Definition and
QT ¢ suppSys. Such a covering corresponding to (X’,S) is given by the so-called middelding
which is introduced in |Klein et al., 2016, Definition 4.2].

Definition 4.4. For a generalized divisor S on a singular one-dimensional curve X', let mps :

M° — X’ be the unique one-sheeted covering such that
(ma)«Ome ={f € mOxo | f-ge S forall ge S},

where O)o is the sheaf of regular functions on M°. We call M° the middleding of X'.

It is shown in [Klein et all) 2016, Lemma 4.1] that this covering is unique and that there exists a
unique generalized divisor Sy; which obeys (7y7)«Sy = S. Hereby, Sy is the Opo-module which
is generated by the pullbacks of some choice of local generators of S. Since X° — M° — X' are
coverings, the asymptotic freeness of X’ transfers also to M°. So if M° is compactifiable, then it
can also only be compactified by adding two points for || Im(k)|| — oo as it is done for X°. We
will also denote these points by QT and . With this, we can now give the full definition of
finite type potentials.

Definition 4.5. We call a potential u € C(R?/I") of finite type if the corresponding middleding
M?°(u) can be compactified by adding two smooth points Q1 and Q~ at infinity. The compactified
curve is denoted as M. The corresponding sheaf of holomorphic functions on M is denoted by

Opr. We call a finite type potential u regular if M (u) equals X (u).

Note that every finite type potential is in particular also a compact curve potential in the sense of
Definition .11

Remark 4.6. In general, it is not clear whether the middleding M corresponding to S equals the
middleding corresponding to ¢*S. For a regular finite type potential u both middledings equal the

normalization of X'(u) since o : X'(u) — X'(u), so they are also the same.

The definition of a finite type potential is equivalent to the existence of a one-sheeted covering
7 : X — X' which can be compactified by adding two points QT and Q~ at infinity and on which
exists a sheaf S which is a finitely generated submodule of M such that 7,8 = S: Assuming
Definition holds, then 7y : M° — X’ is this covering. Vice versa, let @ : X — X’ be such a
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4.1. Finite type potentials

one-sheeted covering. Since X can be compactified by adding two points @ and Q~, X N (Cg /")
is biholomorphic to X° N (C2/I*) for § > 0 sufficiently small. Because #.S = S and M° is the
covering of X’ such that Ope is the maximal subsheaf of Oxo acting on S, M° covers X, so also
M?° can be compactified. Furthermore, Q% are defined in such a way that they are contained in
the regular part of the compactified middleding M.

In the rest of this section, we assume that « is a finite type potential in the sense of Definition
and we often consider the eigenfunctions on small open neighborhoods Uy of QT on X respectively
M and especially in the excluded domains contained in Uy. So we now introduce some notation
for these cases. For a finite type potential and § > 0 sufficiently small, M°NC2/I™* ~ X° N C%/T™*
and all singularities in X’ N C%/I"* are double points k (u) with v € I’y which are desingularized
in X° as well as in M°. So we make no difference in the notation for the objects on and subsets
of M and X in this case. We denote the two points in 7~ 1[{kF(u)}] € X° N C2/I'* respectively
ot (kL (u)}] € M° N C%/T* as k1 and k, . Further, we define an open neighborhood U, of
k*(u) on X’ such that U, contains no other double point then k;f(u). The two preimages of U,
under 7 respectively 7y, we denote as Ul and U, . These are smooth open neighborhoods of
k. + respectively k, _ which contain no preimages of other double points. The following Lemma

motivates the definition of finite type potentials.

Lemma 4.7. Let u € C(R%/I") be a compact curve potential in the sense of Definition . Then

the following three statements are equivalent:
(i) u is a finite type potential in sense of Definition .

(ii) There exists a § > 0 such that the eigenspaces corresponding to the Schrodinger equation
(T6) are two dimensional at all double points ki (u) with v € I},

(iii) The meromorphic function (&,1%N) on X' as defined in (3.3) can for every ¢ € L*(A) be
lifted to a meromorphic function in k on X.

To see the equivalence, the following two helping Lemmata are necessary which we show first:

Lemma 4.8. The 1-forms

(o, XD
{0, ¥)a

ria(E Po(0)) dhy and m( <<5,w>>) dky (4.1)

are regular on M° for all x, & € L%(A).

Proof. We only have to show this for ¥’ € S. So let k' € S with 7= [{k'}] = {k1,...,ks}. Due to
Lemma Py dky is regular on X'. So at k¥’ € S, where J sheets of X’ meet, there holds for all
f €Ox and x,& € L2(A)

L = e xda
Res7* (f - (&, Pa)))pw = D _Res|( f (o, 9o

=1

<<s,w>>) 0,

kj

87



4. Fermi curves of finite type

where the index k; means that we are considering the sheaf generated by the above function
at k; € 7 '(k') on X°. Furthermore, since Py is independent of the normalization of the
eigenfunctions, we can evaluate this operator-valued 1-form with the germs at &’ of the normalized
eigenfunction vy s such that (&, ¢¥n ) € Spr. By Lemma S is a finitely generated submodule
of the meromorphic functions over Ox:. For [ = 1,..., L, we choose & € L?(A) such that the
L <8 4+ 1 < 0o generators at k' are given by (&, ¥n ). Let f € ((mar)«Onre )iy Definition [4.4]
of the middleding M° yields that f{&, ) is an element of S and thus can be represented as

Zlel(fl«gla,(vbN»)k’ with f; € Ogr. So

(ff%xw«awNﬁ

L (o, x)o
©, %N o - (z - Hfl«ﬁlﬂﬁzv)))

K — (o, YN )o .

The regularity of Py dk; on X’ yields that

. {2, x Do _
Res7 (fl«%wN»a((&,@bN»)k/ =0

for I =1,..., L. Hence, for all f € (mp7)«Opre one has

(e xDa
Rese* (1200 e uny) =0
«80, 1/)N >> K/
Let 7, : X — M° be the covering such that 7y o7, = w. The existence of this covering is shown
in [Klein et al., 2016, Proof of Lemma 4.1]. Recall that k' € S with 7= [{k'}] = {k1,...,k;} C X.
Let further 7, [{k'}] contain a point k& € M°, where (7),) " [{k}] = {k1,..., km} with 1 <m < J.
To see that then also holds

Res ((he)" (FU€, mhi PaC0Di) = 3 Res (£ (€, Polx N, =0

7j=1

for all f € O, 1, we use the fact that ((7ar)«Onre);, contains an element g such that 73,9 = f at
k1,..., ks but vanishes at all other preimages of k’. So we can use g to separate the points which
are separated on M° but identified on X’. Then

ZRes (fmie& PaOOD, —ZRes (€. PaOONk, = Res iy (9((&, Po(X)))w = 0.

7=1

Thus, we have shown that 73, Py dk1 is a regular 1-form on M® in sense of Definition

The proof for the regularity of 7}, ( <«“DX (¢, <p>)) dk; follows analogously. Also this form has

no zeros, because Py dky contains no zeros and the only difference between the two forms in
(4.1) are the enumerators, which is for 7}, («%f%?a (&, go))) dky given by (¢, x)) and for Py dk; by

{9y, x)- O
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4.1. Finite type potentials

In what follows next, we will make a few considerations for germs in small neighborhoods of the

preimage of the double points. Therefore, we denote these points as

7 ks (W)Y] = (ko -}

and consider the eigenfunctions pulled back to small open neighborhoods of these points for v € I'y
and 0 > 0 sufficiently small. To gain clarity, we make no difference between the germs as well
as the pullback of the germs of the eigenfunction at kF(u) and denote the germs 1 N kE () and
Y N () respectively ¢ Nk (u) and 7% N (u) 88 1y and p+. We also omit the dependence on
v € Iy and point out that these assertions shall always hold for every v € I'y.

Lemma 4.9. For § > 0 sufficiently small, the pullback of the generalized eigenprojection m* Py
to X° has a pole at both points ky + = n~(kyx(u)) with v € I} if and only if the values of the
eigenfunctions at these two points are linearly dependent. In this case, these poles are each of first

order.

Proof. We assume that 1 (kF (u)) and v_ (ki (u)) are linearly dependent for all v € I'}. As in the
proof of Lemma follows that then also ¢ (kf(u)) and ¢_ (kF(u)) are linearly dependent. So

(o4 (kv 1), Uy (kvg)ho = o (k) (k- ))o = e{ox (kv +), Y= (kv ) )o-

With the covering (ki, k2) +— k1, the two values ki € UF \ {ky +} are the preimages of k, k" € U,
with the same k; and different values ko and k). Let ¢ and ¢ be the eigenfunction and the
transposed eigenfunction belonging to k = (k1, k2) and ¢ and ¢_ be the eigenfunction and the
transposed eigenfunction belonging to &' = (k1, k}). Because ¢ € C’Eﬁ(A) and ¢_ € C[O_Ok](A) for
every k € X (u), Lemma [3.16{ii) yields that

2(0yp—, 1) 2(p—, v+ Do
(o v-Do (o v-Do

So due to continuity, {p_,%.)s = 0 on all of UF. Evaluating Py(k)(¢_) yields that also

{(o+,1%-)o = 0. Since 7* Py does not depend on the normalization of the eigenfunctions, we

0= Py(k)(¢b4) = Yy = Yy

can renormalize ¥+ and ¢4 in this operator such that they are holomorphic functions in kL on
U* C X. Neither deriving ¥+ respectively ¢4 into the direction of y nor integrating over A
influences the holomorphy in &, so {4, 1+ )s is a holomorphic function in k4 € U;F. Thus also
for ky € UF \ {ky+}, there holds

(pr(ks), x(ke)ho = T (px, v )o(ks) = (px(k), Y=(k))o = 0,

where k = m(ky) € U, \ [{kf(u)}]. Then continuous continuation of {p(k+),=(ks))s to
kX (u) yields that for ¢, and v)_ being linearly dependent at kf(u), the denominator of 7* P, at
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4. Fermi curves of finite type

7~ (kF (u)) equals zero. Because the é-invariant at a double point equals 1, see [Klein et al. 2016
Example 2.5(1)], this pole can only be of first order.

Now assume on the other hand that 14 and ¢ _ are linearly independent. As in the proof of Lemma
, then also ¢4 and ¢_ are linearly independent at ki (u), wherefore Opo, . = Oxo -
Since u is a compact curve potential, this yields that Uf C M is an open neighborhood of
ky+ € myf [{k(u)}] which contains no branch point with respect to the Weierstra§ covering
(k1,k2) — kq for v € I'{ and 6 > 0 sufficiently small. More precisely, it follows from Theorem
that the only singularities and branch points on X’ N (Dg /I'* are either two branch points
or one double point which are contained in the handles indexed with v for v € I'y. Because u is
a compact curve potential, all these singularities are double points and hence U} C X contains
no branch points for all v € Iy, so dk1 # 0 on these open sets. We then use Lemma : Since
i Py dky is regular on M°, 74, Py it is holomorphic on U,f UU, . Accordingly, since dk; has no
Z€ero on U,/i, there are also no poles of m3,P5 on these open sets. For a finite type potential, there
exists a § > 0 such that M° N C%/I'* is locally biholomorphic to X°N €2/I'*. This implies that
also m* Py has no pole at 7~ [{kF(u)}]. O

In the next proof, we will often consider objects which are either defined on U or on U, . For
brevity, we write ¢ for ¢+ as well as ¢ for ¢+ when no difference between these functions is

necessary.

Proof of Lemma[{.7. To see that (i) = (ii), we use again that u is a finite type potential and
choose v € I'y with 0 > 0 sufficiently small. In [Klein et al. 2016, Example 2.5.1], it is shown
that the subring O+, on X'N(C3/I*) of @k}(u) = Ok, , X Oy, _ is given by all elements of
the form (f4, f-) with fi(ky) = f-(k-). Then ((mar)+Om)yz () = Oy (,,)> and therefore contains
the functions (1,0) and (0, 1) which take different values at the two points &, + over kX (u) on M.
Since k(u) is an ordinary double point, Sk;: (w) contains two elements 1, and ¥_. Assume that
these are linearly dependent at kF(u). Then due to the normalization of the eigenfunctions, it is
Vo (ky (), (0,0)) = v (k5 (u), (0,0)), s0 ¥y (ky7, (w,y)) = ¥—(ky (u), (z,y)) for all (z,y) € A and
hence also (&, 14 (kE(u))) = (&, ¢—(kEF(u)), ) for all ¢ € L2(A). Then (1,0)S and (0,1)S are not
contained in § which contradicts Definition [4.4] of the middleding.

Vice versa, we show that —(i) implies —(ii), i.e. we deduce from M°(u) not being compactifiable that
there exists a § > 0 such that the eigenfunctions ¢, and +_ at k*(u) are linearly dependent for all
v € I'f. Since M°(u) cannot be compactified, there are infinitely many points in M°(u) N C2/I™*
such that at these points, the germs of the holomorphic functions of M°(u) do not equal the germs
of holomorphic functions of X°(u) at the corresponding preimages of these points. These points
are contained in {my; [{k(u)}] | v € I}}. So linear independence of the eigenfunctions at these
points would yield that ((mar)+Onr),+ () = @kst (u) for all v € Iy which contradicts the assumption
that M°(u) cannot be compactified. Consequently, the eigenfunctions are linearly dependent.

Now (i) implies (iii) as follows: Since M°(u) can be compactified, the arithmetic genus gas,q of M is
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4.1. Finite type potentials

finite. Ergo, deg(Sys) = deg(c*Sar) < oo, compare [Klein et al., 2016, Lemma 5.1(b)]. This implies

that also the support of the generalized divisor generated by w7}, (5}5(%0))%) and the support of

the generalized divisor generated by 73}, (ﬁf((o)og)w are finite for each fixed ¢ € L?(A). Since there
exists a covering 7r§\4 : X — M such that mps 0 7er[| xo = m and X is smooth, there exists a classical
divisor D on X such that m),(D) equals the generalized divisor generated by 77}, («5( dz( ))>)>> and
by the definition of S, D corresponds to the pole divisor of 7*¢y. Since deg(Sy) < oo, also
deg(D) < oc.

Next we show that —(ii) implies —(iii). So let ¥4 (k, +) and ¢_(k, +) be linearly dependent for all
v which are contained in a subset A C I’y which consists of infinitely many points. We have seen
in the proof of Lemma [4.9 that then {p(kF(u)), ¥ (kL (u)))s has a zero of first order for all v € A.
Thus, also the zeros at the two points &, 1 in the preimage 7~ ![{k (u)}] are each of first order
for every v € I'y. We now want to deduce from this with Rouchet’s Theorem for meromorphic
functions [Moskowitz, 2002, Theorem 4.3.1] that {¢(-), ¢ (+))s must have a pole of first order in
each of the two preimages of the excluded domains e, intersected with X' (u) for every v € A.
Remember that we can represent (ki,k2) € X(u) as the Weierstral covering (ki, k2(k1)) for
ki € Bac(ky,+,1) if we choose € > 0 as in Remark The same is done in the proof of Theorem
2.34] For brevity, we define B, := Buyc(k, +1) and 0B, := 0Byc(ky +,1). Also remember that the
two elements in 7% N EE (u) respectively 7@ Nk (u) BT€ denoted by 9 respectively . In the sequel
of this proof, we will only evaluate them at (k1,k2) € X (u) with k1 € B,. In the proof of Theorem
is given reason why for k; € dB,, the values (ki,k2(k1)) € R(X'(u)). One has for every
k € X(u) that

eQTrL(k:,( Z )) H _

g2k, H Vol(A).

Choosing ¢ as in Remark [2.10] assures by Theorem [2.34] that there is a (5( ) > 0 such that for
all v € I} and ks = (ke keo(key)) with kiq € 9B, the functions (e 2™#(y)) e2mk(y))y,
and (¢, 1) have neither poles nor zeros. Since the only branch points of X’(u) N C2/I"™* — C,
(k1, ko) — ki are contained inside of B,, the holomorphic function (¢, ) is not equal to zero for
(k1,k1(k2)) € X(u) with ky € OB, see Lemma Let k1 € 0B, and k = (k1,ko(k1)) € X (u).

We want to estimate

o py — (om0, () |

and then apply Rouchet’s Theorem to this expression to count the poles of (p, 1)y for k1 € B,,.
Note that for k1 € 0B, we have shown in (4.2]) that

)

' (o2 (o), 2t ) /A 0, (72 () 2tk (§)) — e2mth (5D, (27 0(5)))

1

=4m|ka| Vol(A). )
4.2
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4. Fermi curves of finite type

Remember that || || = ||| .2(a) and that the eigenfunctions ¢ and its duals ¢ from the fundamental
domain-formulation of the Schrédinger equation in Definition and the eigenfunction v and its
duals @, from the trivialization-formulation of the Schrodinger equation in Definition [I.5 only differ
by a phase of length ‘eﬂm(h(iw‘ = 1. Note moreover that for the normalized eigenfunction ¢y (k)
holds that the zeroth Fourier coefficient ¢)(0) = 1. So by Lemma (a), it is for k = (k1, k1(k2))
with k1 € B,

o= G0 = o~ 1) as wellas [ — 2G| = gy~ 1),
For the derivative with respect to y it is for k1 € 0B, and k = (ki, ka2(k1))

10y (¥ = DI =

(i)

= 2rlky) 9y (v — 62m<k7<£)>)H,

- 62m<k’(5)>H T

From the asymptotic freeness in Lemma [2.23(a) of the eigenfunctions v, and ¢y in the formulation
of Definition |[1.5{in W2(IR2/I") shown in Lemma [2.23(a) follows that on S(X (u)), there holds

)

Hw N 627TL<]€,(Z)>

9, (v — (3D H < HuJ _ 2l () H < &Vol(A),
W12(A,C)

All these estimates also transfer to 1) and ¢ evaluated at the corresponding k on the normalization

because (X’ (u)) is isomorphic to 7 [R(X'(u))] C X(u). For brevity, we set in the next

calculation v := e2mk.(y)) and o = e 2mk(3)) as well as ¥ = (k) and ¢ := @(k) with

k = (k1,k2(k1)) and k; € OB,,. Using the quasiperiodicity of the eigenfunctions and its duals ,

we obtain by partial integration, where we take the periodicity of 1 - ¢ on A into account, that

ol = [y, ) = (@, 040 ) — (Bysp0, Yo ) + (w0, Bytbo))|

|
= 2[{3yp, ) = (By0, to))]
= 2[(0y(# = #0), ¥) = (Dypo, o — ¥)
= 2[(0y(# = #0), ¥ — Yo + (0y(® = po), Yo)) = (Fypo, Po — ¥)
< 2(1{8y (¢ = #0), ¥ = o)l + [{(¢ — o), Dytho | + [(dyspo, Yo — ¥)I)
< 2(/19y (¢ = o)l = toll + [l — wolll|ytboll + [|9yollll¢ = woll) -

Due to the above considerations, it is

18y (& = o)l (& = o) || < 2[R 2|2 VoL(A).

Since ||Oygo|| = 27|k2|Vol(A), one has

(e — wo)ll|Oywoll < 27|k 2

gVol(A)
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4.1. Finite type potentials

and analogously
10y eollll (¥ — tho) | < 27|kt 2[EVOI(A).

So altogether, we obtain for k = (k1, ko(k1)) with k1 € B, that

{0 ¥)o — (w0, Yo)a| < 4nVol(A) (|k+2]E(E + 2)) < dr|ka 1| Vol(A)

for £ > 0 sufficiently small. By Rouchet’s Theorem for meromorphic functions, the differences
of the number of poles and the number of zeros of (,1¥)s and (o, ®o)o for k1 € B, and
k = (ki1,ka(k1)) € X (u) coincide. Because (o, o)) has neither poles nor zeros on B, and (¢, ¥)a
has one zero on each of the two open subsets on X (u) corresponding to k; € B,, the latter has also
a pole of first order in each of the sets corresponding to k1 € B,. Let us denote this pole by k,’j7i.

Since deriving ¢ and ¢ into the direction of y does not generate new poles in k for k € X°(u),

compare the proof of Lemma [3.16(iii) and (iv), for every v € A one of the germs of ( \C20) )k;
v, +

W(-,(0,0))
and (w(«_i’gzg)))ky ) has a pole of first order at some v € L?(A) at k‘;/,i with k;,u,i,l € B,.
Now remember that the germs of S are generated by w«(%(’) 0»)) and &00’?), where the zero sets

of {-,9) and (¢,-) both have codimension 1 in L?(A) since v, ¢ # 0. That means that the
complement set of their zeros in L2(A) is an open and dense subset of L?(A) for each v € T}. So
if (K, 1, (0,0)) = 0 respectively ¢(k;, 4, (0,0)) = 0, the germs of S have poles on an open and
dense subset of L2(A). As I'* is countable, also A is. For each v € A, the set of poles of either
(& N (k1)) or {en (K, 1),£) is an open and dense subset of A. Then by Baire’s Theorem [Reed
and Simon, (1980, Theorem III.8], also the intersection of these open and dense subsets over all
v € A is open and dense. Hence, there exists an & € L%(A) such that either (&g, ¥n) or {pn, &)
has a pole for all v € A. So either (&, 7Y ) or (7*¢n, &) has infinitely many poles on Uy UU_,
where Uy C 93(X) are open neighborhoods of QF, respectively. Since 15 = 0*py, the number of
poles of these functions coincides and thus there exists a & € L?(A) such that neither (£, ¥n)

nor (¢n, &) can be lifted to a meromorphic function on the compact Riemann surface X. O

For a finite type potential u, the biholomorphy of X N (Dg /I and M N Cg /I for § > 0 sufficiently

small yields the following Lemma.

Corollary 4.10. For a finite type potential u, there are small open neighborhoods Us of QT on
M as well as on X such that for all k € Uy \ {QF}, there holds

H%Ua (,y)) - 62“““’(5”” <&
W12(R2/I)

Proof. We show this only for M (u) since the proof for X (u) follows analogously by replacing 7y,
with 7. Recall that for ¢y (k) holds that the zeroth Fourier coefficient ¢)(0) = 1. Due to Lemma
2.23|(a), the above assertion already holds on U s with & > 0 as in Remark so it only has
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4. Fermi curves of finite type

to be shown in the excluded domains ¢, N X (u) around kf with v € I} and 6(¢) > 0 sufficiently
small.
Since u is a finite type potential, the equivalence of (i) and (iii) in Lemma [4.7] yields that m*yy (k) is
holomorphic for k = (k1, ko(k1)) and k1 € B,,. So also W*@DN—EQ”L(’“’(;)) is holomorphic for k1 € B,
and all v € I'{. Lemma together with Remark yields that for all (kq, ka(k1)) € X (u) NC32
with k1 € B, and v € I}, it is

e?m<h<§)>” <

A

This also holds for the pullback of these functions to M N7~ [R(X (u))] ~ R(X(u)). So let § > 0
be chosen so small that the above estimate of the eigenfunctions holds for k1 € dB,. This yields

wav _ €2m<k,(§)>H <

e2m<k’(:yc)>‘ dp = eVol(A).

that the modulus H@ZJN — eQm(k’(g»H cannot archive its maximum in k; inside of the open set
B, but that this maximum must be contained in dB,. On 0B,, this modulus is smaller then
eVol(A). Since B, defined as in the foregoing proof, is biholomorphic to an open subset of C,
the maximum modulus Theorem [Conwayl, 1978, Theorem 1.1] can be applied. This yields that
the above estimate of the eigenfunction holds for all k1 € B, and for every v € I'y. The maps
k— €2m(k,(§)> and k +— (k) are bounded and unequal to zero for k = (k1, ko(k1)) with k1 € B,,.
By Lemma (a) also the partial derivatives 0,9 n and Jyt¥)n can be estimated analogously:
These are also holomorphic and have no zeros for k1 € 9B, so the above estimate also holds for

HQ/)N - 62m<k7(5)>HW172(R2/F) with another ¢. ]

Of course, the same assertions also hold for the eigenfunction of the transposed Schrodinger

operator.

Corollary 4.11. For a finite type potential u, the support of the generalized divisor Sy on M
which obeys (mpr)«Sy = S consists of finitely many points. The marked points Q* on M(u) are

not contained in supp Sys-

Proof. Since S is a generalized divisor on X, its support contains only discrete points, see [Klein
et al., [2016, Proposition 3.3]. Due to Lemma (iii), we can choose small open neighborhoods U
of QF such that Sy; N Uy = 0. Hence, supp Sy is contained in a compact subset of M and thus
consists of finitely many points. The second assertion holds because the above Lemma yields that

there exists open neighborhoods U of Q* on M on which [(0,0) — 1] < €, and so by continuity,
it s (@, (0,0)) £0. n

4.2. Properties of the divisor for regular finite type potentials

From now on, we assume that u € C(R?/TI) is a regular finite type potential. That means X equals

M and thus the 1-form 7* Py dk; is, by Lemma 4.8 a holomorphic 1-form on the normalization X°.
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4.2. Properties of the divisor for regular finite type potentials

For these potentials, the generalized divisor Sp; can be identified with a classical positive divisor
D on X of finite degree as it is done in [Klein et al 2016, § 6]. The action of the involutions
on these divisor is then denoted as 0*Sy; = o(D) and 7Sy = 71(D). Hereby, the involution o
extends to an involution on the divisors on X by a( > opex a(p)p) = Y pex a(p)o(p) which we
also denote as o and the same holds for 7. So the degree of a divisor is conserved under these
involutions. We will now summarize some more properties of the eigenfunctions. These will be
necessary in Chapter [f| to show that the unique function which we reconstruct out of some given
data equals the unique normalized eigenfunction of the Schrodinger operator corresponding to a

reconstructed unique potential u.

4.2.1. A linear equivalence

Next, we want to deduce from the holomorphy of 7* Py dk; on X (u) which we have seen in Lemma

[4.8 that for the pole divisor D of the normalized eigenfunction holds
D+o(D)=K+Q"+Q7,

where K is the canonical divisor on X and Q¥ are the two distinguished points added to compactify
X° as it is done at the beginning of Section [ Therefore, it is necessary to show the following

proposition:

Proposition 4.12. Let u be a reqular finite type potential. Then w := m dky s a holo-

morphic 1-Form on X°.

Proof. Lemma [4.8] yields together with the fact that X° is a Riemann surface that

(k) x)

m«& (k) dky

is a holomorphic 1-form on X° for all x, ¢ € L?(A). Since this is independent of the normalization
of the eigenfunctions, we can assume that for all kg € X° and all k contained in a small open
neighborhood Uy, C X° of ko, the germs v, and ¢y, are elements of Oxo 1, without zeros on Uy, .
Since the L2-scalar product is non-degenerate, we can always find x, ¢ € L%(A) such that {(¢x,, x)
and (&, 1, ) are unequal to zero and holomorphic for k € Uy,: Since ¢, holomorphic on Uy,, also
¢k X is and since integration over A does not influence this holomorphy, also {¢x,, x)) is holomorphic
and unequal to zero on Uy,. The same holds for (&, 1k, ). Thus, (ke X)), (&5 1k, )~ € Oxo k,
and due to Lemma (i), m dk; is holomorphic in a small neighborhood of k. Note that
on X°, the divisor D coincides with the zeros of (-, (0,0)) and the divisor ¢(D) coincides with
the zeros of ¢(-, (0,0)). Since v, and ¢y, are normalized in such a way that they have no poles on
Uk,, also 1(0,0)g, and ¢(0, 0)x, are holomorphic on Uy,. Consequently, Lemma the biliniarity
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4. Fermi curves of finite type

of (-,-)s and the independence of 1(0,0)g, and ¢(0,0)x, from (z,y) € A together yield that

1 1 1
0,0),2(0,0) 1, = -
VOO0 O o, T ™ e (s i) — (Byrer o)) Konsor vl

is holomorphic on Uy, for every ky € X°. So the assertion follows. O

From this, we can now deduce the well-known linear equivalence for regular finite type potentials.
We show it here so explicitly since it is mentioned often in the common literature, see e.g. [Novikov:
and Veselov, 1984] and [Novikov and Veselov, [1986], but we could not find the explicit proof of this
statement. Hereby, K is the canonical divisor of degree 2g — 2, i.e. the divisor of a meromorphic

1-form on X, compare for example |Forster, 1981, § 16.2].

Lemma 4.13. For a regular finite type potential u, the pole divisor D on the compactified

normalization X is positive and of degree g, where g is the genus of X, and fulfills
D+oD)~K+Q"+Q . (4.3)

Proof. It follows from Theorem (c) that the covering k1 : X° — C is a multivalued holomorphic
map on X whose values over a point in X° only differ by elements of Z. So dk; is a meromorphic
1-form on X which is holomorphic and single-valued on X° and vanishes only at the branch points
of the above covering. Only at QT and Q~ can be poles of dk;. We first show that

K~ (dky) = Z —2Q" —2Q~, (4.4)

where Z is the zero divisor of dk; on X. The linear equivalence in holds since dk; is a
meromorphic differential on the compact Riemann surface X. The equality sign in follows by
determining the pole divisor of dk; which can only be contained in Q™ and Q~. That dk; has
poles of second order at both of these points is a consequence of the asymptotic freeness of X: In
a neighborhood UL of QF, X can be represented by a local coordinates zy : Ux — C centered at
Q7F, so the asymptotic freeness yields that the value of k& on an open neighborhood Uy containing
Q7 is given by ki(z4) = i and ko(z4) = ZF + 3072 ajzijﬂ, where the power series of kg only
contains uneven powers of z4 because o : X — X, k — —Fk leaves QT invariant, so the local
coordinates have to be uneven in zy. Hence, dki(z+) = —é, and so dki has a pole of second

order at both points Q™ and Q. Furthermore, we claim that

(1 N\ ) L
O_<<<‘PN7¢N>>8> Z+D+aD)+Q"+Q, (4.5)

where the linear equivalence in (4.5) holds since the divisor of a meromorphic function on a

compact Riemann surface is linear equivalent to the zero-divisor. The equality sign we show in
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4.2. Properties of the divisor for regular finite type potentials

three steps: first we consider this meromorphic function only on X°. Then the holomorphy of
m dky on X°, shown in Lemma yields immediately that the zeros of (¢, N )o must
be contained in Z. To see that even equality holds, note that by the same argumentation how to
separate the points on M (u) in the proof of Lemma the same properties which hold for Py on
F(u)/I™* shown in Lemma also hold for 73, Ps. Since u is a regular finite type potential, it is
X (u) = M(u). We consider the covering X (u) — C, k — k;. Then analogous argumentation as in

the proof of Lemma [3.16((iii) yields that if  sheets of this covering meet at a point k of X (u) with

() MLk} = k1, ..., ky, then o
®, X
2 <<<so,w>>>kj o

j=1

is holomorphic and and of rank r, i.e. unequal to zero since the image contains at least one direction
of the eigenspace of — A +u. Since X (u) is smooth, this sum can only contain more than one
summand if the considered point k is a branch point of the above covering. In this case, we can
always find a local coordinate z centered at k = (ki1, k2) € X (u) and a local coordinate w centered
at k1 such that w = 2". So we can read this as a special case of Lemma and therefore, Py dky
is holomorphic with Py dk; = 0 if and only if the expression in equals zero. So Py dk; has no
zeros on X (u). So if dk; has a zero of order n at some k € X (u), also (¢, 1))y has to vanish of
order n, and therefore, the zero divisor of {p,1)s equals Z.

Next, we argue why the zeros of this function are just the poles of the normalized eigenfunctions.
Lemma [I.17|(a) yields that for the normalized eigenfunctions, there holds ¢ = o*¢n. So (D) is
the divisor of ¢ which is defined in the same manner as D, only that it refers to the eigenfunction
of the transposed Schrodinger equation with the same potential. Accordingly, we want to show

that
((Oyon, YN Do) xe = —Z + D+ o(D), (4.7)

where ¥ and N both have no zeros in k since they map k to an eigenfunction of the Schrodinger
operator respectively its transpose. We have already seen in the proof of Lemma [1.7] that
{en,vn)o = 2(8yen,1¥n) and it is shown in the proof of Lemma [3.16{(iii) and (iv) that deriving
N into the direction of y cannot cause new poles at k € X°. So only new zeros can occur. We
have seen above that these are contained in Z, and therefore, also dk; equals zero there of the

same order. So these new zeros do not influence the poles (¢, ¥n)s on X°. Since

e(+ (2, )
90( B (0’ 0))

the denominator of these functions does not depend on (z,y) € A, so the same argumentation

e (s (2,y) = and YN (-, (2,y)) =

why deriving into the direction of y cannot cause new poles also yields that the poles on X° of
the whole integrand dy¢ NN are not influenced by integrating over A. Since for each k, there
always exist x,& € L2(A) such that (&, ), (p, x) # 0, the divisor D coincides on X° with the
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4. Fermi curves of finite type

zero divisor of (-, (0,0)) and o(D) coincides on X° with the zero divisor of ¢(-, (0,0)). So the
pole divisor of {(¢n,¥n)s on X coincides with D + o(D) and equation holds.

Due to Corollary (N, ¥n)o has a pole at Q* if and only if (%, %% )s has a pole at Q=,
where QF are the two points added at infinity to compactify X (0)°. In the calculations in

we have seen that

+4m Vol(A) 4w Vol(A)
1 = =

(&%, ¥ ) = —4me Vol(A)ky = 4 Vol(A)k
Z+ Z+

)

where now z. is a local coordinate on X (0) centered at Q*. So (%, 1% ) has a pole of first
order at each Q* and Q~ and thus also {pn, ¥y ) has simple poles at Q and Q~. Combining

this with (4.7) shows that (4.5 holds and finally combining (4.4)) with (4.5)) yields
0~K+2Q74+2Q  —D—-0(D)- Q" —Q & D+o(D)~K+Q"+Q".

The degree is invariant under o, so deg(D) = deg(o(D)) and deg(K) = 2g — 2, wherefore
deg(D) = W =g. O

4.2.2. A connection between the holomorphic involution and the pole divisor

In [Novikov and Veselov, [1984] is remarked without proof that I. R. Shafarevich and V. V. Shokurov
pointed out that D + o(D) ~ K + Q% + Q™ can hold if and only if Q* and Q~ are the only fixed
points of 0. To prove this assertion, we basically use the results reflecting the connection between
the Jabobian variety and the Prym variety as defined in which is shown in [Mumford, [1974].
A more detailed reflection of the Prym variety, leaned on the results in [Mumford}, [1974], can be
found in Appendix [A] Since we are mainly using the ideas shown there and not the whole concept,

we will explain in this section how this connection involves here.

A two-sheeted covering

We first define another Riemann surface X, such that 7, : X — X, defines a two-sheeted covering.

Definition 4.14. For k,k € X let k ~, k := (k= kV k = o(k)) and define X, := X/ ~,.

In Lemma it is shown that X, is also a compact Riemann surface. Let 7, : X — X, be
the canonical two-sheeted covering map which is holomorphic, compare [Miranday, 1995, Theorem
I11.3.4]. Due to the construction of X, the fixed points of o coincide with the ramification points

of 7.

Definition 4.15. We denote the set of ramification points of m, on X by rr, and define the
ramification divisor of m, on X as R, := > kern, k. The set of branch points of 7, on X, we

define as by, = 7, [rz,].
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4.2. Properties of the divisor for regular finite type potentials

The map 7, is locally biholomorphic on X \ 7, see [Forster, 1981} Corollary 1.2.5]. In general, the
ramification divisor is defined as Rr, := > pex (multy(m,) — 1) - k, where the multiplicity multy (7 )
of m, in k denotes the number of sheets which meet in k, compare |[Mirandal (1995, Definition
I1.4.2]. Since multg(m,) =1 for k € X \ 7, and multy(n,) = 2 for k € 7, this coincides with the

definition above.

Definition 4.16. We define the pullback of a point k, € X, as

ke 1= Z multy (7, ) k.
ke{ms ! [{ko}]}

The pullback of a divisor D ="y cx, a(ks)ko on X, is defined as 75D := >y cx, a(ks)m}iko.

Since 7, is a non-constant holomorphic map between two Riemann surfaces, every meromorphic
1-form on X, can be pulled back to a meromorphic 1-form w := 7w, on X, compare for example
[Mirandal, 1995| Section IV.2.].

Lemma 4.17. Let X, X, and 7w, be given as above and let w, be a non-constant meromorphic

1-form on X, .
(i) The divisor of miw, on X is given by (1iwy,) = mi(ws) + Ra,.

(ii) Let g, be the genus of X,. Then there exists a divisor K on X with deg(K) = 29, — 2 such
that (1*wy) = K 4+ 0(K) + Rx, where 1,(K) is the canonical divisor of Xg.

Proof. (i) Due to [Miranday, (1995, Lemma IV.2.6], there holds for k£ € X that
ordg(mywe) = (1 + ord,, ) (we))multy (7)) — 1

with ordg (7w, ) as defined in [Mirandal|1995, Section IV.1.9]. Inserting this into the definition

of (Tiws) = Y gex (ordg(miw)) yields the assertion as follows:

(Thws) = Z (ordg(mhw))k = Z ((1 +ord, (wy)) - multg(my) — 1) k

keX kex
= Z ordy, () (we) - multy (75 )k + Z (multy(7my) — 1)k
keX keX

= Z Z ordy, (we) - multy (7, )k + Ry,
ko €Xo ke [{ko}]

= Z ordy, (w) Z multy (75 )k + Ry, = Z ordy, (w)mrks + Rn,
ko €Xo kens ! [{ka}] ko€Xo

=7, (w)+ Ry, .
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4. Fermi curves of finite type

(ii) One has deg K, = deg(wy) = 29, — 2, where K, is the canonical divisor on X,. Let k, € X,
be a point in the support of (w,) as defined in [Miranda, 1995, Section V.1]. For k, & b, one
has 7%k, = k + o(k) with k # o(k) € X and for k, € by, it is ik, = 2k with k € rr_ . For
ko & b, , let one of the pulled back points in 7%k, be the contribution to K and for k, € br, s
the pulled back point is counted with multiplicity one in K. Then 7*(K,) = K + o(K) and
the claim follows from (i).

O]

Now, we are going to construct a symplectic cycle basis of Hi(X,Z) from a symplectic cycle
basis of Hi(X,,Z). The notation and the basic ideas for the construction of the cycles in this
section is based on [Adler et al., [2010, Section 5.2.4]. The holomorphic map o : X — X induces a

homomorpism of H;(X,7Z) which we denote as
oy :Hl(X,Z)%Hl(X,Z), Y = oy (48)

Let g, be the genus of X; and A5 1,...,A5,4,, Bo1,- .., Bsg, be representatives of a symplectic
basis of Hi(X,,Z), i.e.

Ag,i * Amg = Ba,i * Bg’g =0 and Agyi * Bg’g = (5ig, (49)

where * is the intersection product between two cycles. From Riemann surface theory, it is known
that such a basis exists, compare e.g. [Mirandal, 1995, Section VIII.4]. Due to Hurwitz’s Formula
[Miranda, 1995, Theorem I1.4.16], one knows that that #b., = 2n is even for the two sheeted
covering 7, : X — X, and that the genus g of X is given by g = 29, + n — 1. Hence, a basis of
H(X,Z) consists of 4g, + 2n — 2 cycles. The aim is to construct a symplectic basis of H;(X,Z)
which we denote as A;, 04 A;, B;, 03 B; and C}, D; which has the following two properties: First of
all, the only non-trivial pairwise intersections between elements of the basis of Hi(X,Z) must be
given by

Aix Bi = o4AjxoyB; = Cj« Dj = 1. (4.10)

Secondly, the involution oy has to map A; to o4 A; and vice versa, B; to oy B; and vice versa and
has to act on C; and D; as 0yC; = —C; and o3D; = —D;. In the rest of this subsection, let
i,0e{l,...,90} and j,k € {1,...,n — 1} as long as not pointed out differently. The difference in
the notation of the cycles indicates the origin of these basis elements: the A- and B-cycles on X
will be constructed via lifting a certain symplectic cycle basis of H'(X,,Z) via 7, and the C- and
D-cycles originate from the branch points of 7.

We will start by constructing the C- and D-cycles. A sketch of the idea how to do this is shown for
n=3and g, =0in Figure. We connect the points in by, pairwise by paths s; for j =1,...,n.
The set of points corresponding to a path s; : [0, 1] — X, we denote by [s;] := {s;(t) | t € [0, 1]}
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4.2. Properties of the divisor for regular finite type potentials

and use the same notation for any other path considered as a set of points in X or X,. Let [s;]°
be the corresponding set with ¢ € (0,1). The paths s; are constructed in such a way that every
branch point is connected with exactly one other branch point and such that s N's; = () for
k # j. This is possible because the branch points lie discrete on X,: suppose the first two branch
points are connected by s; such that s; contains no other branch point. Then one can find a small
open tubular neighborhood N(sy) of s; in X, with boundary ON(s1) in X, isomorphic to S*. To
see that X, \ [s1] is path connected, let v be a path in X, which intersects 9N (s1) in the two
points p1,p2 € X,. Then there is a path 4 such that ¥|x_\n(s,) = V[x,\~N(s;) @and such that the
points p; and pe are connected via a part of ON(s1). Hence, X, \ [s1] is path connected. Like
that one can gradually choose s2,...5s,. To find a path s; not intersecting s, ...s;_1, consider
Xo \ ([s1]U---U][sj—1]) which is path connected and repeat the above procedure until all branch
points are sorted into pairs. The preimage of s; under 7, yields two paths in X which both
connect the preimage of the connected two branch points. These preimages are ramification points
of m, and we denote them as bjl and b?. A suitable linear combination of the two paths on X then
defines a cycle Cj for j = 1,...,n. Since 7, is unbranched on X \ 7, i.e. a homeomorphism, and
since 7, (1, ] = by, C [s1]U-+U[sn], 7, Xs \ ([s1] U+ U[sp])] consists of two disjoint connected
manifolds whose boundaries both are equal to 7, [s;]U---Un, [s,] and o interchanges those
manifolds. We call them M and o[M]. Since the n C-cycles are the boundary of M respectively
o[M], they are homologous to another, i.e. C, = — ?:_11 C;. So this construction yields maximal
n — 1 C-cycles which are not homologous to each other. These n cycles we orientate as the
boundary of the Riemann surface M. We will see later on that, due to the intersection numbers,
the cycles C1, ..., C,—1 are not homologous to each other. By construction, each cycle C; contains
the two ramification points b} and b?- of m, and no other ramification points.

The next step is to construct n — 1 D-cycles such that one has Cj x Dy, = d;,. We will see that it is
possible to connect ﬂg(bjz) with Wg(bjl-H) by a path ¢; for j =1,...,n — 1 such that t; N ¢, = 0 for
J # k. Since X, \ ([s1]U---U[sy]) is path connected, also X, \ ([s1]° U [s2]° U [s3] U---U[sy]) is
path connected. So one can connect b? with b} with a path ¢; in X, not intersecting s, ..., s, and
the path s; 4+ t; + s2 in X, contains no loop. As above, one can chose a small open neighborhood
N([s1] U [t1] U [s2]) with boundary isomorphic to S1. Therefore, X, \ ([s1]U---U[s,] U [t1]) is path
connected. Repeating this procedure shows that X, \ ([s1]U---U[s,] U [t1]U---U[t;]) remains
path connected and that anzl(sm + tm) + sj4+1 contains no loop for j =1,...,n — 1. This yields
the desired n — 1 paths t; in X,. Lifting these paths via 7, yields each n — 1 paths on M and
n — 1 paths on o[M]. The paths on M and o[M] which result from the lift of ¢; both start at b2
and end in b} i+1- Hence, identifying these end points with each other yields a cycle on X which we
denote as D We orientate D such that C; *D =1and Cj1 *D =—1forje{l,...,n—1}
Due to the construction of Dj, one has C; * Dj =0 for ¢ & {j,j + 1}. Defining D; := Zf:_jl D;
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4. Fermi curves of finite type

(b) Example taken from |Adler et al., 2010, Fig-

(a) A sketch of the idea how to construct the ure 5.1] of how a cycle basis on X and X,

C-cycles for n = 3 and g, = 0. could look like for g, = 2 and 7, having two
branch points on X.

Figure 4.1.: About constructing the cycle basis of H; X, Z out of H,(X,,Z).

yields for k& < j that

n—1 n—1
Cj*Dj:Cj*ZDl:Cj*Dj:L Ck*Dj:Ck*ZDlZO,

I=j =3

n—1 _ " .
Cj*Dk:Cj*ZDl:Cj*(DijDj,l):l*l:O

=k

and hence n — 1 cycles which obey Cj x D;j = d;;. Two cycles cannot be homologous to each other
if the intersection number of each one of those cycles with a third cycle is not equal. Consequently,
Ci x D;j = 6y; implies that the above construction yields 2n — 2 cycles C; and D; which are not
homologous to each other. To construct the missing 4g, cycles, we choose a symplectic cycle basis
Asi, By of Hi(Xs,7Z) such that they intersect none of the paths sq,...,s, and t1,...,t,—;. This
is possible since all of these paths in X, are connected, and therefore can be contracted to a point.
On the preimage of X, \ {U?;ll([sj] U [tj]) U [sp]}, the map m, is a homeomorphism. So each of
the cycles in Hi(X,,Z) is lifted to one cycle in M and one cycle in o[M] via 7, and those two
cycles are interchanged by o. Thus, lifting the whole basis yields 4¢, cycles on X, where we denote
the 2g, cycles lifted to M as A; and B; and the corresponding cycles lifted to o[M] as oy A; and
o3 B;. By the universal lifting property of paths, see Lemma @ these cycles obey the desired

transformation behavior under oy. Since M and o[M] are disjoint, the intersection number of
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4.2. Properties of the divisor for regular finite type potentials

the lifted cycles on X stays the same as the intersection number of the corresponding cycles on
X, if two cycles are lifted to the same sheet M respectively o[M] or equals zero if they are lifted
to different sheets. Furthermore, the construction of these cycles ensures that the lifted A- and
B-cycles do not intersect any of the C- and D-cycles on X. Hence, A;, 04 A;, B;, 04B;, C; and D
are in total 4g, + 2n — 2 cycles which obey condition (4.10). So by Hurwitz Formula [Mirandal,
1995, Theorem I1.4.16], they represent a symplectic basis of H;(X,Z) and the A- and C-cycles are
disjoint. That the C- and D-cycles constructed like this have the desired transformation behavior

under oy is shown in the next lemma.
Lemma 4.18. For C;,D; € H(X,Z) as defined above one has 04C; = —C; and o4D; = —Dj.

Proof. Every cycle C; is the preimage of a path in X, and X, is invariant under o. So o[C}] = [C}]
and the two points b} and b? stay fixed. Therefore, 04C; = £C;. Since 0 commutes, the two lifts
of the path s; in X, i.e. b]l and b? are the only fixed points of o on Cj, one has 03C; = —Cj.
Since D; also consists of the two lifts of ¢; which are interchanged by o, it follows by the same

means that also oy D; = —Dj. O

Decomposition of Hy(X,Z)

With help of the Abel map Ab one can identify the elements of Hy(X,Z) with a lattice in C9 such
that Jac(X) ~ €9/ A, compare |[Mirandal, (1995, Section VIIL.2]. To do so, let wy, ..., w, € HY(X, 2)
be a basis of the g = 29, + n — 1 holomorphic differential forms on X which are normalized with

respect to the A-, oy A- and C-cycles, i.e.

J

]{ we = i, j{ Wy, +e = big, j{ W2g,+k = Ojk (4.11)
A; O'ﬁAZ' C;

and all other integrals over one of the A- and C-cycles with another element of the basis of H°(X, £2)
are equal to zero. Furthermore, note that the construction of the A-cycles yields o*w; = wgy, i
and that Lemma implies 0wy, +j = —wag,+j. We define

1 _
wi = i(wz twg,+i) and w4 =wg, 4 (4.12)

Direct calculation shows that these differential forms also yield a basis of H%(X, {2), compare the
proof of Lemma [A.7] and Proposition For a path « in X, we define the vectors

g gdo got+n—1
2, = (/wk> , _QJ' = </w2‘> , Q; = (/wk_) . (4.13)
Y k=1 v k=1 vy k=1
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4. Fermi curves of finite type

and the following lattices generated over Z as

1:17"'790
j=1,...,n—1
- + + .
A+ T <QAZ+O'uAZ’ QBi-i-O'uBi)Z:lv---vgo' (414)
A_ = <“QAi—0uAi’ QBi_guBia Qq» QDj>i_:1,m,gu
j=1,....n—1
Furthermore, the map
1
5(1}1 - ,Ugo'+1)
3( )
V1 5(V1 + Vg, 41 L )
. +n—1 . . 5\Vg, — V2g
&:C9 = C% Y% , N : @ ’ 7
V2g,+1
1 o
Vg §(Ug0 + Uzgg)
V2g,4+n—1

is obviously linear and bijective. Hence, @ is a vector space isomorphism.

Lemma 4.19. For every path v on X, one has
_ Ot - _ ot -
D(2) =027 002, = Q%(“Hrrfw) & Q%(V—UW)'

Proof. The first equality follows from the definitions of ¢ and the differential forms in (4.12]):

%(f’y w1 — WgaJrl)

b
&
o

D=

(Jy w1 + wg,41)

(f'y Wy, — Wag,)
(ffy wgc + (4)290) f'y w2ga+1

f7 W2g,+n—1

5=
(S
s}
[N
N

fy w1
+ .
v %1
= : ® -
v wgo'
_l’_ —
fv Yoo ol Woe+1
v Ygotn—1
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4.2. Properties of the divisor for regular finite type potentials

Simcew,j:U*w,;F fork=1,...,9, and w, = —0*w, for k=1,...,9, +n — 1 one has

1
/w,j:2</w,j+o*w,j>:/l wi
gl v (v+o37)

2

_ 1 / . _> / _
W, = < W, —o0 W = w
[Y ‘ 2< 7 : Y=o ¥

2

as well as

which implies the second equality. O

Corollary 4.20. The generators of & 1(Ay @® A_) span a basis of CI over R, the generators of

Ay span a basis of C9 over R and the generators of A_ span a basis of C9°T"~1 over R.

Proof. Since Jac(X) = C9/A is a complex torus, the generators of A given in (4.14]) are a basis of
CY9 over R, compare for example [Lange and Birkenhake, 1992, Section II.2]. Basis transformation
yields that £24,15,4,, 24,—0,4,,2B,+0,B:> 2B;—0,B; , {2c; and 2p, are also a basis of C? over R.

Since @ is a vector space isomorphism with

SZS(QAH-UuAi) - jS—i-aﬁAi ®0, QS(‘QAi—UuAi) =0@ Q"Zi_gﬂAi’
¢(03i+0u3i) = Qgi—i-oﬁBi ®0, ¢<0Bi_UnBi) =0@ Ql;i—(anﬂ

the generators of @ (A, © A_) yield a basis of €9 over R. Since @ is an isomorphism, the

generators of A are a basis of C9° and the generators of A_ of C9% "~ gver R. O

In the sequel, we will apply @ and ¢! to lattices. Note that we abuse the notation to gain clarity
in the sense that ®(A) denotes the lattice in €9 @ C9+"~! spanned by the image of the generators
of A under @ and analogously for #~! applied to lattices.

Lemma 4.21. (a) AL ® 0=&(A)N(C% @0) and 0 & A_ = H(A) N (0@ CItn—1),

(b) ®(A) decomposes as
PN =(Ar A )+ M (4.15)

with

go X b 9o o b B
M= { Z (%QXiJFUuAi + §Q§¢+Uu31‘> @Z (%QAZ‘*%AZ' + é‘QBifauBZ)
i=1 =1

a;, b; € {0,1}}.
(¢c) M (Ay @A) = {0}

Proof. Obviously, A4 @ 0 is contained in @¢(A) N (C9% & 0). To see that $(A) N (C% & 0) is also a
subset of A4 @ 0, note that for every v € A, there exist coefficients a;, as.;, b;, by, cj, d; € Z such
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4. Fermi curves of finite type

that
9o

V=i, + a5if20,4, + bif2B, + boif26,, + ¢; 20, + d;2p,.
i=1
The generators of Ay and A_ are linearly independent, compare Corollary [£.20] So the second
equality in Lemma shows that @(y) € C9 @ 0 can only hold if ¢; = d; = 0, a; = a,, and

bi = by,. So for such -, it is

8(7) = 20,27

2

= aigji—i-(fﬁAi + biQEH'UuBi ®0e A+ @ 0.

Ot
(A1‘+O‘uAl‘) + 2b20% (Bi+o’ﬁBi) @ O

The equality 0 ® A_ = &(A) N (0 @ C7T"~1) follows in the same manner. So (a) holds.

To get insight into (b), we will show that for the set of cosets one has

B(A)/(Ar © A) = {B(N) + (A ® A_) [A € 4}
={PN)+ (AL @A) | X € M}.

The lattice A is a finitely generated abelian group, so also ¢(A), A4 and A_ are finitely generated
abelian groups and #(24) C Ay & A_ C $(A), where the second inclusion is obvious and the first
inclusion holds since any element 22, of 24 can be decomposed as 22, = 2(%(97 +825,7)+ %(Q7 -
QUW)). Therefore, ®(A)/(AL © A_) C &(A)/P(2A) and the set of the (A : 24) = 229 elements
contained in @(A)/P(24) is the maximal set of points which are not contained in A, @ A_,
but in @(A). One has ¢(£2¢;), P(2p,;,) € AL © A C ®&(A). Therefore, all points in M are
linear combinations of @(£24,), ?(£25,4,), P(2p,) and ({25, p,) with coefficients in {0, 1}. Since
04, = Qisroyts — Doyars it 35 [B(24,)] = [8(2,4,)] and [B(25,)] = [B(20,,)] in B(A)/(As 5 A_)

and thus o
M {> aid(24,) + bid(2p,)

i=1
Furthermore, ¢(£24,) = %(@(QAinLauAi)+¢(9Ai—onz4i))- Due to Corollary these representations
of &(£24,) as vectors in CY in the basis given by the generators of Ay & A_ is unique, i.e. D(£24,) &
A © A_ and by the same means ({25, 4,), D(2B,), ?(2:5,) ¢ A+ ® A_. The linear independence
of the generators of A then yields equality in (4.16). Hence, (®(A) : AL & A_) = 229, and so A
can be seen as finitely many copies of A4 & A_ translated by the points in M. Finally, the linear

ai,bi € {0,1}}. (4.16)

independence of the generators of A, and A_ and the definition of M imply (c). O]

Remark 4.22. In [Mumford, [1974], it is shown that Jac(X,) ~ €% /A, and that the Prym variety
Prym(X,o) can be identified with C%*"~1/A_. Furthermore, it is also shown that the direct
sum Jac(X,) @ Prym(X, o) is only isogenous to Jac(X), but that the quotient of this direct sum

divided by a finite set of points is isomorphic to Jac(X). The explicit calculations in Lemmata
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4.2. Properties of the divisor for regular finite type potentials

[4.19) and [£:21] are mirroring this connection and the finite set of points which are divided out of the
direct sum in [Mumford, |1974, Section 2, Data II| are exactly the points in M. This is illustrated
more detailed in Appendix [A] from on Lemma [AT]]

The fixed points of o and the linear equivalence

Theorem 4.23. Let X be a Riemann surface of genus g, K be a canonical divisor on X, 0 : X — X
be a holomorphic involution and QT,Q~ € X be fized points of o. Then there exists a divisor D
of degree g on X which solves

D+o(D)~K+Qt+Q~ (4.17)

if and only if o has exactly the two fized points QT and Q.

Proof. Assume that o has more fixed points than Q" and Q—, i.e. n > 1, and that holds. Due
to Lemma there exists a divisor K of degree 2g, —2 on X such that K = K +o(K)+ R, and
hence equation yields D—K+4o0(D—K) ~ R, +QT+Q~. We sort the 2n ramification points
in r;_ into pairs as it is done in the construction of the C-cycles and denote the two fixed points on
Cp, as Q1 and Q. Then equation readsas D— K +o(D—K) ~ Z;lz_ll(b]l +05)+2QT+2Q7.

With D:=D - K — Z;L llbj1 Q' — Q~ this is equivalent to

D +0o(D) + ”f(b; — %) ~0. (4.18)
j=1

Furthermore, deg(D + o(D) + P 1(b1 b?)) = 0 and deg(y 7= 1(b1 b%)) = 0 since 3= 1(b1 b?)
contains the same number of points counted with multiplicity 1 as counted with multiplicity —1.
Since deg acts linear on divisors and is invariant under o, this yields deg(D) = 0. So counted
without multiplicity, there are as many points with positive sign as with negative sign in D,
ie. D=t _1(pL, —p2). Let vy : [0,1] = X be a path with 7,,(0) = p’. and 7,,(1) = p2,. Then
04Ym : [0,1] = X isa path with 047,,,(0) = o(pL,) and o4y (1) = o(p2,). We define v5 = 25 _1
and oyyp = Zfin:l 04Ym- Analogously, let yg ; be defined as the paths yg; : [0,1] — X such
that vg;(0) = bjl and g ;(1) = b?. Then, due to the construction of the C-cycles, one has
YR,j — 04VR,; = C;. We define yg := Z?;ll YRj- Set v :=yp +oyyp + g and let wy,...,w, be a
canonical basis of H%(X, £2) normalized with respect to the A- and C-cycles as in . Again,
we use the identification Jac(X) = CY9/A via the Abel map Ab with the basis of holomorphic
1-forms on X normalized as in . Due to , the linear equivalence can also be expressed

as

Ab(D+U Z —b2):0 mod A.

This equation can only hold if 2, € A. Due to Lemma we can split £2, € C9 uniquely
by considering &(£2,) = 2 @ 02 and because of the decomposition of A in [@.15), 2, € A is
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4. Fermi curves of finite type

equivalent to 2 @ 2 € (AL © A_) + M as defined in Lemma . So we want to show that
!2;“ @ (27 is not contained in any of the translated copies of Ay & A_ if n > 1. Since it will turn
out that it is 2, which leads to this assertion, we determine the explicit form of {27. For every
w™ € HY(X, £2) such that oc*w™ = —w™, one has

/ w_:/ w_—i—/ U*w_:/ w_—/ w- =0
Yp+oEYH D Rbs} D 05}

as well as
2/ w_:/ w_—/ a*w_:/ w_—/ w_:/ w_:%w_,
YR,i TR,i YR,i YR,i O4YR,i YR,i —O4YR,i CL
ie w =14, w. So
VR, 2 JC;

go+n—1 1 n—1 go+n—1 1 - got+n—1 1 n—1
! v k=1 2 kz::l o k=1 2 z:: Ck k=1 2 kz::l C

Due to the definition of {27, in [@13), it is 27 = 5 Ly Qc, - I 27 @ Q7 would be contained in
one of the translated copies of /1+ @® A_, then 27 would be contained in the second component of
the direct sum in one of the translated copies of A_ introduced in Lemma This is not possible
since the generators of Ay @ A_ are linearly independent and only integer linear combinations of
C-cycles are contained in all translated lattices. Therefore, {2, € A for n > 1. If n <1, then there
are no C-cycles in H;(X,Z) and equation reads as D + o(D) ~ 0. So equation can
only hold if n < 1. Since Q@+ and Q™ are fixed points of ¢ it is n = 1.

Let now @+ and Q™ be the only fixed points of . Then Lemmayields that there exists a divisor
K on X with deg(K) = 29, — 2 such that K = K +0(K)+Qt + Q. Define D := K +QT + Q.
The Hurwitz Formula [Miranda), 1995, Theorem I1.4.16] for n = 1 yields deg(D) = 2¢, = g and
one has

D+o(D)=K+o(K)+2Q" +2Q  ~K+Q"+Q".

4.2.3. A divisor condition for real regular finite type potentials

If the potential u is real-valued, then there is an antiholomorphic involution 7y : X’ — X', k +— —F,
see Lemma (b) From this one can deduce a ‘realness’ condition on the divisor.

Lemma 4.24. Let u € C(R?/I,R) be a real-valued reqular finite type potential, X' the corre-
sponding Fermi curve and D the corresponding divisor of ¥y on the normalization X. Then

(D) =D.

Proof. Let u € C(R?/I',R) be a regular finite type potential and 1 x(-) the eigenfunction of
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4.2. Properties of the divisor for regular finite type potentials

— A +u normalized as ¥ ;(0,0) = 1, i.e. we consider the formulation of the Schrédinger equation
we called trivialization in Definition Then (— A +u)n i = 0 yields

(11 (= A +u)Yng) =0 & (=15 + u)Tl*ﬁNk) =0 & (— L% Jru)Tl*@EMk = 0.

Due to the normalization of the eigenfunctions, it is 7} 1/;N7k = YN k. So Lemma yields

mon(k) =71 (€2m<k’<§)>¢N,k) =17 (Q_QME’(;)@N,k)

_ 627TL<k,(§)>TiFQZN7k _ 627TL<]€?(§)>¢N7]€ = wN(k)
and thus 7 (D) = D. )

4.2.4. Non-speciality of the eigendivisor

Usually, a divisor is called special if dim H'(X, Op) > 0 and non-special otherwise. The Riemann
Roch Theorem [Forster, 1981, § 16.10] yields that for a divisor of degree g, it is

dim H°(X,0p) = 1+ dim H'(X, Op).

So the divisors of degree g which are special and belong to a normalized eigenfunction cannot
be uniquely assigned to an element of H%(X,Op) since then dim H°(X,Op) > 1. So it will be a
crucial assumption in the inverse problem that the considered given divisor is non-special in a

certain sense.

Definition 4.25. We call a positive divisor D of degree g on X non-special if
dim H'(X,0p_g+) = 0.

To show that this modification also holds in our case, the following two Lemmata are necessary.
These are direct consequences of Serre Duality [Forster, |1981, §17.9] and the Riemann Roch
Theorem [Forster, |1981, § 16.10]. These Lemmata are also necessary to show that our modified
version of non-speciality holds for the divisor D. The first Lemma has also been shown for the
more general case of singular curves and generalized divisors in [Klein et al. 2016, Lemma 8.1].
However, the proof for the case of classical divisors on a Riemann surface is much shorter, so we

formulate it here anyway.
Lemma 4.26. Let D' > D be two divisors on X. Then H'(X,Op) = 0 implies H*(X,Op/) = 0.

Proof. This follows immediately from Serre Duality [Forster, 1981}, §17.9]. Let D, D’ be divisors
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on a Riemann surface X such that D’ > D. Then

HY(X,0p) ~ HY(X,O0x_p),

=0 = =0

where K is the canonical divisor on X. Because of —D’ < —D, there holds H*(X,Ox_p/) C
H%(X,0k_p), so H(X,Ok_p/) = 0. Using Serre Duality [Forster, 1981, 17.6] again then yields
HY(X,O_p) ~ HYX,Op). O

Lemma 4.27. For every positive divisor D of degree g on X, the following equivalences hold:
dim H(X,0p_o+) =0 & dim H(X,0p) =0 and suppD C X \ {Q*}.

Proof. Let dim H°(X, Op_g+) =0. If Q7T € supp D holds, then D > 0 implies D — Q% > 0 which
contradicts dim H? (X, Op_g+) =0. So QT ¢ supp D. One has deg D = ¢, so due to the Riemann
Roch Theorem [Forster) (1981, § 16.10], it is dim H'(X,Op_g+) = 0. Then Lemma yields
that dim H'(X,Op) = 0 since D > D — Q*.

Conversely, let dim H'(X,0Op) = 0 and supp D C X \ {Q*}. Again, the Riemann Roch Theorem
[Forster}, [1981, § 16.10] for deg(D) = g and dim H'(X,Op) = 0 yields that dim H°(X,0p) = 1.
Since D > 0,1 € H(X, Op), and therefore 1 generates H(X, Op). Because dim H*(X,Op_g+) <
dim H°(X,Op), it is 1 € H'(X,0p_g+) if dim H*(X,0p_g+) #0. Let 1 € dim H(X, Op_g+).
Then Q% must be contained in D since otherwise the corresponding section would not be generated
by 1. This contradicts the assumption that Q% ¢ supp D, so H°(X, Op_g+) = 0. O

We know from Lemma that deg(D) = g < oco. From the finiteness of the degree of the divisor
and with help of the asymptotic behavior of 1, on X, we show in the next Theorem that the pole

divisor of the normalized eigenfunctions is non-special.

Lemma 4.28. Let the compactified Fermi curve X be a Riemann surface of genus g with two
marked points QT # Q™ at infinity and let D be the pole divisor of the normalized eigenfunction
Yk on X with supp D C X \{Q1,Q}. Then

dim H'(X,0p) =0, dimH'(X,0p ¢+)=0 and dimH'(X,0p o-) =0.

Proof. To show this, we use the Wirtinger operators 0 = %(8:5 + 10y) and d= %(833 — 10y) again.
The divisor D is positive and of degree g, where ¢ is the genus of X and D is defined in such a
way that ¥ (-, (7,y)) € H(X,Op) for all (x,y) € A. As in the proof of Lemma let Uy C X
be small disjoint open neighborhoods of QF, respectively, with local coordinates z+ : Uy — C
centered at Q*. Then the holomorphic involution ¢ acts on Uy as o : 24+ — —z+, see Lemma

Therefore, the images of the local coordinates have to be point-symmetric around 0 € C? and
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4.2. Properties of the divisor for regular finite type potentials

together with the asymptotic freeness of X, we can choose z+ such that

k(zy) = < - —|— me 2J+1> and k(z_) = (1, A ia_vjzng) : (4.19)

7=0
Since Y (k, (2,9)) = ™ F () (2, y) it is

2mix 27Ty

+ — 4 2my - Z a4 ]Zi ) %Z)N,k(zi)(l‘a Y)-

24 s

¥ (k(2£), (z,y)) = exp (

So the Leibnitz rule yields for the partial derivatives on Uy

— 4Tl 4 z 27TL
e 2R CD(0) 9,n (R(2s), (w,y)) = Z¢N,k(zi)(xay) + O UN o(20) (25 Y)

and

— 4Tl 4 z 2
2Dy ) g (k(z4), (2, )= <¢ + 2m Zai 2y > VN k(z2) (T Y) + OyN (z) (@, ).

7=0

From this, we obtain for the Wirtinger operators 0 and 0 applied to 1 x(k,-) on Uy, that

6_2m<k(z+)’(y>>3¢N(/€(z+), (z,9)) = <—7r > a+,jZJ2rj+1> VN k(z4) (T Y) + OUN k(2 (T, Y)
=0

and

e 2 G (0 Gy ((2y), (2, y) = (2” + Wza+]z+ ) UN k(o) (@5 Y) + OUN k() (2, 9):

24 =0

On U_, we obtain

DDy ((2-), (2,) = (2” —wZa—ﬂ“) Ny T 0N (@,9)

zZ_ =0

and
e 2mikGz):(y)) N (k(2-), (z,y)) = (Wza—,jzz‘ﬂrl) UN (=) (2, Y) + OUN k(s (2, 9).
=0

Hence, 0y has an additional pole of first order at Q1 and 9y has an additional pole of
first order at Q~. Let £ € L?(A) be such that (&,¢n) # 0. If 9yn has an additional pole at
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4. Fermi curves of finite type

Q*, then also (&,0¢n) has an additional pole at QF in comparison to (£, ¢n) and the same
holds for similar expressions of this form. So (&, dvn) with € € L?(A) such that (&, 9n) # 0
has an additional pole at @~ in comparison to (&, ¢ n). Analogously as it is shown for d,¢pn
in the proof of Lemma deriving ¥y in the direction of %(:L’ + 1y) does not generate new
poles in k € X°. So for & € L2(A) chosen as above, there holds for the corresponding divisors

({& 00N D), ((&, 09N ) > =D — Q™ — Q" and (&, 0w ) as well as (€, din)) generate sections in
Op+g-+q+ which are not contained in Op since supp D C X°. Because all other elements with

poles of first order at Q1 and Q™ can be obtained by a linear combinations of (£, 9y ) and

dim H(X,0p - 1o+) = dim H(X,Op) + 2.

The second derivatives of 00, 0%y and 9*1hx can be determined analogously. Again, using
the Leibnitz rule yields that 9%¢x has a pole of second order at QF, 8%y has a pole of second

order at (Q~. For the mixed derivative, we obtain on U,

2

mu(k(z z 3 1 2 L . j

) 0dy (k(24), (2,)) =72 () +<Z++Za+,jz?ﬂ“> UN kG (0 9)+
=0

Zy
1 DR 2j+1 3
+m| — 4+ —+ Z aJr,jZJrJJr YN k(zy) (T, y)+
Z4 =+ 50

1 L 2j+1
+m | — = —+ ) ag 2 0

2
(o) o0
o .
=72 2LZCL+’J’Z+j + Za+,jz2j+l wN,k(z.t,.)(xvy)—i_
=0 j=0
= 2j+1 | 5
+ 7L LZ(Z+7jZ_’L]+ alZ)N,k(z+)(xvy)
=0

2 - '

+ e < —t Z a+,j2-2k]+1) N k(=) (2,)
Zt j=0

+ 00N k(=) (2, Y)-

Analogous calculations on U_ show that (£, 00 n) € O p+o++0- and hence this second derivative
does not generate a new section compared to the sections of the first derivatives. So the second
derivatives generate sections in H°(X,Op ag+2g-) with 8%y, 0%y & HO(X, Optgt+o-) and
all additional poles of second order can be generated by linear combinations of (£, 9%y ) and

(&,0*YN). So

dim H*(X,Op_sg+_9g-) = dim H*(X,0p_g+_g-) +2 = dim H(X, Op) + 4.
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4.2. Properties of the divisor for regular finite type potentials

Continuing this procedure for n € IN yields that the n-th derivatives always generate two
functions (&,0™py) and (&,0"pn) which are contained in H(X,Op ,g+ing-) but which
are not contained in H%(X, Op+4(n—1)Q++(n—1)@-) since these derivative always have an extra
pole at Q* respectively Q~ of one order higher than the derivatives of order n — 1. With
k+1 =mn and k,I € IN, direct calculations show that for the mixed derivatives, there holds
okl € HO(X, OD+(n-1)@++(n—1)@-) since they behave similar as the mixed derivative for n = 2.
Thus, dim H°(X, Op, o1 o) = dim H°(X,0p)+2n. Due to deg(D+nQT +nQ~) = deg(D)+2n,
the Riemann Roch Theorem [Forster, (1981, Theorem 16.9] yields for every n € IN

dim HI(X’ OD+nQ++nQ—) = dim HO(Xa OD+nQ++nQ—) - deg(D + TZQ+ + nQ_) +9-— 1
= dim H°(X,Op) + 2n — deg(D) — 2n +g — 1
= dim H' (X, Op).

Since g < oo, there exists an n € IN such that deg(D + nQ% +nQ~) > 2g — 2. Then Serre
Duality [Forster| 1981} 17.6] implies for this n that dim H'(X, Op,,0+ng-) = 0, and therefore
dim H'(X,Op) = 0.

Finally, by Lemmafollows that dim H°(X, Op_g+) = 0. Since deg(D—Q%) = g—1, we obtain
by the Riemann Roch Theorem [Forster, 1981, Theorem 16.9] that dim H*(X,0p_g+) =0. O

4.2.5. Translations of the divisor

The divisor D is defined by the divisor S which is induced by the subsheaf of the meromorphic
functions on X° that is generated by the pullback (&, n)), whereby ¥y is normalized at (z,y) =
(0,0) as Y (k, (z,y)) = 1 for each k € X°. So we consider the germ ¢, € Oy for every k € X°
and define D C X° as the pole divisor of (gfow()»))k with (&, ¢)r # 0. Likewise we can define for
every (r,y) € A the subsheaf Op, .y of the meromorphic functions whose germ is at each k € X°

(56, (120

where £ € L2(A) is again chosen in such a way that (&, ) # 0. We say that D(z,y) is a translation
of the divisor D.

We now want to describe these translations as the tensor product of Op with a double-periodic

generated by

flow Ly (z,y). To construct this flow, we use a presentation of elements of H!(X,O) by Mittag
Leffler distributions with support in Q™ and @~ which is known as the Krichever construction
[Krichever} 1977]. This is presented here as in [Klein et al., 2016, Chapter §].
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4. Fermi curves of finite type

Definition 4.29. Let H be the algebra of germs of functions which are holomorphic in a punctured

open neighborhood of 0 € C
H :={(U,h) | U CC open with 0 € U and h: U \ {0} — C is holomorphic/ ~},

where

(U,h) ~(U',W) & 3V CUNU such that 0 € V and h|y\ oy = 7’|y (0}

Furthermore, we define the following subset of H:

Hg o = {(U,h) € H | h extends holomorphically to CP'\ {0} with h(co) =0
and h has a pole at 0}.

Let X be a compact Riemann surface with two marked points Q" # Q~ and let z, respectively
z_ be local coordinates such that 2z, (Q*) =0 and z_(Q~) = 0. For any (hy,h_) € H?, we choose
disjoint open neighborhoods U, respectively U_ of Q% respectively @~ such that 2% hy is defined
on Uy \ {QT}. With the open set X° C X the set Y = {X°,U,,U_} is an open covering of X.
Since the only non-empty intersections of sets in this covering are X° N Uy = Ux \ {QF}, zihs
are holomorphic on these intersections and thus define an element of the cochain group C*(U, O),
compare [Forster} 1981, Section 12.1]. Since X° N U4 NU- = @ it is C?*(U,O) = 0, and so (h4,h_)
defines a cocycle which induces an element in H'(U, O), see [Forster, (1981, Definition 12.2]. Since
X° and Uy are open and not compact, U is a Leray cover, compare [Forster, [1981, S.93 and
Theorem 26.1], and therefore H'(U,0) = H'(X,O). Each element (hy,h_) € (Hg, ...)? defines a
Mittag-Leffler distribution on X, compare [Forster, |1981, Sections 18.1 to 18.3]. A solution is a
meromorphic function f on X such that f — 23 h4 is holomorphic on Uyt and f is holomorphic
on X° ie. f and z}hy have the same principal parts on Ux. It is shown in [Klein et al. 2016/,
Lemma 7.2] that a Mittag-Leffler distribution (h4,h_) € (Hg,.)* has a solution if and only if for
all w € HY(X, £2), there holds

Resg+ 21 hiw 4+ Resg-2"h_w = 0.

Moreover, it is shown in [Klein et al., [2016, Chapter 7] that (hi,h_) € (Hg,.)? defines a
one-parameter group of cocyles 2% exp(2mithy) via the exponential map exp : H(X,0) —
H'(X,0*) = Pic(X), where t € R. For given ¢t € R, these cocycles map the holomorphic functions
on X° to holomorphic functions on Uy \ {Q*}. We construct a holomorphic line bundle on X
whose local sections define a one parameter family £ (¢) on X with cocycles 2% exp(2mithy) out of
these cocycles, see [Forster) 1981, Theorem 26.16]. For the trivial line bundle on X° together with
this cocycles on Uy \ {QF}, it is shown in [Forster} 1981, Theorem 29.16] that this line bundle has a

global meromorphic section and thus £, (¢) can be identified with a divisor. One-parameter family
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4.2. Properties of the divisor for regular finite type potentials

means that Lp,(t +t") = L (t) @ Lp(t') for ¢, € R, where ® denotes the product in Pic(X). Since
Ly(0) = O = 1pjc(x), Ln(t) stays in the unit component Pico(X) of Pic(X) which is the group of
isomorphy classes of bundles of degree 0. It is also shown in [Klein et al., 2016, Chapter 7] that every
one-parameter group in Pico(X) is obtained this way. Due to [Klein et al., 2016, Lemma 7.3 (ii)],
an element (hy,h_) € (Hg, ) induces a periodic flow with period T' > 0, i.e. L£4(T) = Lpio(x), if
and only if the Mittag-Lefler distribution can be solved by means of a multivalued function f
whose values over a point differ by an element of TZ, i.e. |. ., df € TZ for all v € Hy(X,Z). This
method of constructing flows on X is called the Krichever construction. Our next aim is to transfer
these results to two different Mittag-Lefler distributions with support in Q" and Q~ to construct
a flow Ly (x,y) which is double periodic with respect to the two dimensional lattice I' C R? that
corresponds to the periodicity of the Schrédinger operator — A +u with u € C(R?/I"). Let 4 and
% be the generators of I'. We will deduce two linearly independent elements i and & in (Hg io)?
from local representations of the Fermi curve as a tuple (Hg ;.)* X (Hgie)

Fermi curve on Uy respectively U_ asymptotically as in (4.19]). Since we are only concerned with

2 which represent the

the Mittag Leffler distributions, i.e. with the pole behavior at QT of these representations, we

consider . )
L L
hy =R, hY)=|—,—— dh_:=m"h)=—,—].
v ) = () ana o= ) = ()
With this we define h := (hy,h_) and h := (h4, h_) with
s N ko I ot
b= (oA = B2 =gy = B
1o i3 51+ 0 (4.21)
5 . 1= ¥ . 1 2
h-‘r = <h+77> = ) h- = (h—77> = :
Z4 Z_

Each of the elements fz, h e (];[ﬁ_nite)2 induce a line bundle £; and L, respectively, such that
for the periods 7' =1 and T = 1, there holds L; (1) = L; (1) = Ipje(x). Tensorating these flows
together yields a double-periodic flow which we can express in terms of (x,y) € R? instead of
in (£,1) € R?: With (z,y) := 4 + ¥ it is t = (&,(})) and £ = (&, (§)), where # and & are the
generators of the dual lattice as defined in . Thus
haf bt = (3l 30E) F (el +5af) = (he, ()
Z4 Z4

and we can interpret the two flows generated by h and h also as flows in (z,y) € R? with periods
4 and §. We abbreviate Ly(z,y) := Lj(z,y) ® Lj(z,y) for (x,y) € R: As Lp(t) defines a
one-parameter group on Pic’(X) for flows which are periodic in one direction, this defines a two-
parameter group on Pic’(X) via £, ((x,y) + (2 +y')) = Li(z,y) @ Li(2',y) for (z,y), (2',y') € R2.
The corresponding cocycles have the form szeQ”(thtJ“yh?t) and Ly () = Lpie(x) for all y € I.
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4. Fermi curves of finite type

Transferring [Klein et al., [2016, Lemma 7.3] to double-periodic flows immediately yields the

following Lemma:

Lemma 4.30. The two linearly independent elements B,iL € (Hﬁm.te)2 which are defined as in
equation induce a double-periodic flow with respect to a non-degenerated lattice I' C R? with
generators 4 and ¥ if and only if the Mittag-Leffler distribution can be solved by means of two
meromorphic functions ¢ := (k,4) and ¢ := (k,¥) whose values over a point differ by an element
of 7, i.e. one has

/déeZ and /déeZ for all v € Hi(X,Z).
2l 2l

Hereby, it is k = ¢k + ¢k, where & and K are generators of I'* defined in (L.10]) which are dual to
the generators 4 and v of I'.

For fixed (z,y) € R?, we consider £;,(z,y) as a sheaf on X which is at Q* generated by

ool (5).)

and on X° by Oxo.. With that we can show the following proposition about the translated divisors
D(z,y).

Proposition 4.31. Let X be a compact Riemann surface of genus g, QF two marked points on
X and let D(x,y) be the positive divisor as defined in (4.20]), where D = D(0,0). Then

OD(J:,y) ~0p® Eh(iU, y)

with Lp(x,y) as defined above.

Proof. We claim that the isomorphism is given by

HY(X, Obay) — HY(X,0p ® Lip(z,y)), fr zi(k,(ac,y))f (4.22)
with inverse map

H(X,0p @ Ly(z,y)) = HY(X,Op(zy), fr Mf. (4.23)

One has to show this for every germ at k € X. Hereby, we consider the two cases k = Q%
and k # QF. At first, we show that the map (4.22) is a homomorphism between the given
spaces. Therefore, note that due to the definition of D and D(z,y) none of these divisors has
a contribution at Q*. So we have to show that maps Og+ to (O ® Lp(z,y))o=. Let
f e H (X, Og+). Since the germ g+ € Op= is a not normalized eigenfunction of — A +u and
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4.2. Properties of the divisor for regular finite type potentials

the eigenfunctions are asymptotically free, compare Lemma or Corollary $(0,0)q+ is
the product of the exponential factor 27 exp(2m<< Z; ), (9))) = 1 with a non-vanishing element
of Og+ and thus in Og=. Likewise the germ v(z,y)o=+ is the product of the exponential factor
z% exp(2m(( Zz ), (y))) with a non-vanishing element of Og=. So ¥ (z,y)g+ € (O ® Li(,y))g+

and thus also (f : ﬁ((gé’g)))Qi € Og= ® Ly(z,y).

Let now k € X° and € € L?(A) be chosen such that (£,4) # 0. We have already seen before
that such an £ exists because the zero set of (-, 1) has codimension one in L?(A). Then O Dk s
generated by (ﬁo@))k and Op(g ),k is generated by (%)k We assume that the germ (0, 0)
has a zero of order n and ¥ (x,y); a zero of order m at k. Then at k it is

is holomorphic for n =m
has a pole of order n — m for n > m

has a zero or order m — n for n < m.

Since Ly (7,y)x = Ok, we have to show that the map in (4.22) maps Op(, ) to Op. For every
section f € HY(X, Ob(ay)), it is (f) = —D(x,y). So fi either has a pole of order < —m, is
holomorphic or has has a zero of arbitrary finite order at k. We denote this order with p > —m,
where p < 0 if fi has a pole at k of order p > —m, p = 0 if fi is holomorphic and p > 0 for f;

having a zero of order p. In any of the three cases one has p > —m, so

(- 358), e

and p+m —n > —n. Therefore, f},- :iz %g; € Op and the map in (4.22) is indeed a homomorphism

from HO(X,Op(y.y)) to HY(X,0p @ Ly(z,y)).
By the same means one sees that the map in (4.23)) is a homomorphism from H%(X, Op ® Ly (x,y))

¥(0,0)
P(z,y)

contains the factor z} exp (—27TL <( ZZ ), (y )>), and therefore maps an element of (O ® Ly,(x,y))o=

to HO(X, O D(x,y)), Where the only differences in the proof are the considerations at Q*. Now

to OQi .

Obviously, ( g((gg)) ﬁ((gég)) )k =1 for all £ € X, so these two mappings are inverse to each other. [J

The next theorem summarizes the results from this section for the divisor D.

Theorem 4.32. Let u be a reqular finite type potential, X be the compactified normalization of
X'(u) with two marked points Q*, D C X° the divisor as in Definition 3.7 and D(z,y) C X° the
translated divisor as defined in , o : X — X the holomorphic involution from Lemma (a)
which acts on X as o(k) = —k and Ly(x,y) the sheaf as defined above. Then there holds:

(i) D(x,y) is positive and of degree g.

117



4. Fermi curves of finite type

(ii) D(x,y) + o(D(z,y)) ~ K+ Q" + Q~, where K is the canonical divisor on X.
(iii) HY(X,Op(zy)—q+) = 0.

(iv) Op(ay) = Op ® Ln(z,y).
If w is real-valued, there holds additionally 7 (D(z,y)) = D(x,y).

Proof. By definition, D(z,y) is positive. Since we can translate D(x,y) into the origin by
considering the coordinates (z —xo, y — o) instead of (z,y), there also holds D(z,y)+o(D(z,y)) ~
K + QT + Q™ as it is shown for D in Lemma and D(z,y) is is of degree g which yields (i)
and (ii). The same argument also yields (iii) and the realness-condition. Statement (iv) is just the
statement of Proposition O

4.3. Two meromorphic differentials of second kind

We will now show that for a regular finite type potential u, there exist two Abelian differentials
of second kind on the compactified normalization X (u) which have poles of second order at Q"
and @~ and are holomorphic on X°(u). Therefore, we first remember the ‘coordinate change’
which we have already used in the Kritchever construction in the foregoing section, compare
Lemma We want to use coordinates which depend on the lattice I". On X°(u), we define the
maps ¢ : k +— (k,y) with v € I'. These are multivalued holomorphic functions from X°(u) to C,

ie. cy(k+ 1) =cy(k)+ Z for k € F(u). We define
¢ X°() = €, ke (k,4) and &: X°(u) = C, ke (k,7),

where 4 and ¥ are the generators of I'. Then for every v € I', ¢y can be generated by a linear
combination of these two functions. On X°(0), the components of k at QT are related by
ki + tho =0 and at Q~ by ki — tks = 0. Let Uy be a neighborhood of QT which consists only of
smooth points of X (u). Then the asymptotic freeness yields that ki ~ Fike for k = (ki, ko) € Ux.
Hence, each of the two components of k has a pole of first order at Q* and a pole of first order at
Q. Choosing local coordinates z; resp. z_ in a neighborhood U of QF such that z4(Q¥*) =0,
we can find local representations hl in kj-direction and h3 in ko-direction of X (u) on Uy \ {Q*},
similar as it is done in the proof of Lemma [£.28] such that

71 _ « 72 _ 2i+1
Zphi(z4) = Z» 2y hi(zy) = —Z + Z;EOC@'ZJ )
2l (2 ):i 2*h2 (2 ):L—i— OOE d; 2%

YT 2z’ - Z_ e

i=1
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4.3. Two meromorphic differentials of second kind

With this notation, one has on Uy respectively U_ that

25 hl . Zhl
Zhy = <z£h?—:> respectively z"h_ = <z* hg) ,

SO
eluy = (#1ht,d) and ¢y, = (zLht, 7).

Since k1 and ks are locally holomorphic on X°(u) also ¢ and ¢ are locally holomorphic on X°(u).

The principal parts of ¢ respectively ¢ on U, can be represented as % respectively %
and on U_ as “j% respectively 71:% We deduce from this that dé and d¢ are two abelian
differentials of second kind which are holomorphic on X°(u) with poles of second order at Q7

more precisely on Uy

. A1+ 2 | o= s x It S
dély, = <w + Zcmi) dzy aswellas dcly, = (W + Zcézi) dzy,
i=1 i=1

= = i=1

A A o0 v v (o)
dély_ = (712L72 + Za@z’_) dz— aswellas d¢ly. = (W + Zc%zi) dz_.
i=1

Furthermore, the multivaluedness of ¢ and ¢ on X (u) yields that they generate differential forms

over Z such that
/dé, /dé € Z for all closed curves v € Hi(X,Z),
¥ ¥

i.e. for all v € I" one has that d(k,~y) is an integer linear combination of dé¢ and d¢, so f7 d(k,v) € Z
for all v € I'. Furthermore, the definition of these 1-forms yields immediately that the involution
o:X(u) = X(u), k+— —k acts as 0* dé = — dé and o* dé = — dé . Moreover, for u € C(R?/I',R),
the involutions 7 : X(u) — X(u), k — —Fk respectively 7 : X(u) — X(u), k — k act as

71 dé = —dé and 7§ dé = — dé respectively 75 dé = dé and 75 dé = d¢.
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Part 1II.

The inverse problem for finite type

potentials
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5. Reconstruction of the eigenfunctions and

the potential

In the direct problem, we have so far deduced some properties that hold for the Fermi curve X'(u)
and the pole divisor D of the pullback of normalized eigenfunction of — A +u on X’(u) to the
normalization X°(u) for a regular finite type potential u. Conversely, we now assume that some
so-called spectral data is given — which reflect the properties shown in the direct problem — to
reconstruct a unique potential u € C(C? /I, C) and a unique normalized function ¢ € C ﬁa (A, C) for
every k € X°(u) which lies in the kernel of the Schrodinger operator with potential u. Therefore,
we introduce first the necessary spectral data. Let X be a compact Riemann surface of genus

g < oo with the following properties:
(F1) On X, there are two marked points Q1 and Q.

(F2) (i) There exist two multivalued functions ¢ and ¢ on X which are holomorphic on X° :=
X\ {Q",Q}. The differentials dé¢ and dé¢ are meromorphic differentials of second kind
with double poles at @, linear independent principal parts over R and with vanishing
residues. Additionally, there are disjoint, small open neighborhoods Uy of Q* such that

in local coordinates on these neighborhoods centered at QF, it is on U

R 1 5 b X, § b
dély, = R dély, = ) Za+,jz+ and dé|y_ = ) Za §Z
+ 25 j=1 - j=1
(ii) fv d¢ € Z and [, d¢ € Z for all closed curves v € Hi(X,Z).
(F3) On X, there exists a holomorphic involution o with exactly two fixed points Q* and o*¢ = —¢

as well as o*¢ = —¢.

We have shown in the direct problem that 93(.X) consist of at most two connected components and
that every connected component contains one of the marked points Q* and Q~. This property is
implicitly contained the above conditions. Because if there would be a connected component on
which the differentials dé and d¢ have no poles, then the anti-derivatives (¢, ¢) would be holomorphic
function on this connected component. X is assumed to be compact, this would yield that (¢, ¢) are
constant and thus the differentials dé and d¢ would be identically zero. However, this contradicts
condition (F2)(ii). Therefore, every connected component of R(X) must contain either Q* or Q.

So the number of connected components of SR(X) is at most two.

123



5. Reconstruction of the eigenfunctions and the potential

Next, we want to define a double periodic flow £}, (z,y) on X for (z,y) € R from the given data
(X,Q",Q,dé,d¢, o), similar as it was done in Section

Therefore, note first that for b € C\ {0} as in condition (F2)(i), we can set b = §; — t¥2 with
42 # 0 because otherwise the principal parts of dé and dé would be linearly dependent over R.
Moreover, condition (F3) yields that there are only even powers in the representation of dé and d¢
in (F2)(i). In case that one searches for a real-valued potential v € C(C?/I',R), additionally a

reality condition for u is necessary. This can be expressed as follows:

(R1) On X, there is an antiholomorphic involution 7 with 71 (Q%) = QF and 77¢ = —¢ as well as
THE = —¢.

We now show that the periodicity conditions on dé and d¢ in (F2)(ii) induce a real 2-dimensional

T

T2

2-dimensional subgroup of the Picard group corresponding to the translations of (x,y) € R? by

R?/I". As in Section we define an open covering of X by X°:= X \ {Q",Q} and the two

small open neighborhoods U of Q*. The only non-empty intersections of each two sets in this

lattice I" with linear independent generators 4 = (}) and ¥ = ( ) and we introduce the real

covering are U} := U1 \ {Q",Q}. We define a cocycle on X via its transition functions on U} .
These are for any (£,{) € R? given by 2™+ compare [Forster, 1981, Theorem 29.16]. We
set (z,y) := t4 + ¥ and k := &¢ + i¢, whereby 4 = () and ¥ = (z; ) Hereby, 41 and 9 are
defined in condition (F2)(ii). Due to %2 # 0, these two vectors are obviously linearly independent.

Let I' be the lattice generated by 4 and 5. Then the corresponding dual lattice I'* as in (|1.10))
1
is generated by & = (_ a1 > and £ = (Wg) With this we obtain from the definition of & that
2

72
k1 = R1C+ k1€ = ¢ and kg = RoC + Kol = —%é + ,y%é So in the local coordinates from condition
(F2)(i), it is

1
dkl’Ui =3 (5.1)
s
and
H 1 L (1 Fhe & ; L X Ga o
dkslvy =~ +— | —5—+ D G257 | =F5 + = 2 (5.2)
- 72 Z:Qt 2 Zi ]z:l JF zi ]221 Y2

which shows that on the neighborhoods Uy, dk; and dks are correlated as dki|y,. ~ Fudka|u, -

Moreover, direct calculation yields that

errL(féJrfé) — 627TL<kI,(ay:)>. (53)
For all (z,y) € R?, we denote the locally free sheaf of rank 1 on X which is defined by this
cocycles as Ly (z,y). If (z,y) € I', ie. (f,{) € Z2, then this transition function extends to a
global non-vanishing holomorphic function on X°. Due to condition (F1)(ii) and Lemma the
corresponding sheaf is equal to Ox in this case.

So far we have only given properties on the curve X. To make sure that there exists a unique
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potential u and a unique normalized eigenfunction vy, more information is necessary. Therefore,

we consider in addition a divisor D on X with the following properties:
(D1) D is a positive divisor.

(D2) D+ o0(D) ~ K + Q% + Q, where K is the canonical divisor on X.
(D3) For all (z,y) € R? it is dim H*(X,Op_g= @ Ly(x,y)) = 0.

Note that due to the Riemann Roch Theorem [Forster, 1981, § 16.10] and Lemma the
condition dim H(X, O p—o+) = 0 immediately yields that QT ¢ supp D. Furthermore, condition
(D2) yields that deg D = g and due to Theorem the genus of X must be even. The reality

condition for the divisor D reads as
(R2) m (D) =D.

Definition 5.1. Let (X,Q",Q7,d¢, d¢, 0, D) obey conditions (F1) to (F3) as well as (D1) to
(D3). We denote this set as spectral data if we seek for a complex potential u. If we seek for a
real-valued potential u, this spectral data is given by the set (X,Q",Q 7,8, ¢ 0,7, D) and this
data additionally has to obey (R1) and (R2).

Due to the next lemma, the demand that D is a positive divisor is actually obsolete: the choice of
the representant D in H'(X, O p—q=+) depends only on the isomorphy class of D and the lemma
shows that if there exists a divisor which obeys (D3), then there always exists a unique divisor D

with the properties in (D1) as well.

Lemma 5.2. Every divisor D of degree g satisfying
dim H'(X,0p_g+) =0 and dimH'(X,0p ¢g-) =0

is linearly equivalent to a unique positive divisor D with dim H X, (’)5) =0 and supplN) C X°.

Proof. For a divisor D with dim H'(X,Op_g+) = 0, there holds due to Lemma M that
dim H'(X,Op) = 0. Since deg D = g, the Riemann Roch Theorem [Forster, 1981, § 16.10] yields
that dim H°(X,Op) = 1. Therefore, there exists a function f € Op, unique up to multiplication
by ¢ € €\ {0} such that (f) + D > 0 and such that (f) ~ D — D. So D ~ (f) + D > 0 is unique
and because of deg(f) =0, it is deg D= g. Then Lemma m yields that supp D € X° and the

assertion follows. ]

The theory presented now can most likely also be formulated for the more general case of a compact
complex curve X' together with a generalized divisor S to reconstruct a finite type potential u
instead of a regular finite type potential. Most of the corresponding proofs necessary for the more

general construction in a slightly different setting can be found in [Klein et al. 2016, Chapter 8].
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5. Reconstruction of the eigenfunctions and the potential

However, we have shown the condition D + (D) ~ K + Q" 4+ Q™ only under the assumption that
u is a regular finite type potential and not for the generalized divisors Sy; on the middleding of
the Fermi curve corresponding to a finite type potential. So we restrict ourselves to reconstruction
of regular finite type potentials and refer the reader to [Klein et al., 2016, Chapter 8| to get insight
into the first part of the reconstruction of a Schrédinger operator with probably magnetic field
and without this linear equivalence for the divisors. Our next aim is to show the following theorem

in several steps.

Theorem 5.3. If for a compact Riemann surface X conditions (F1) to (F3) hold and additionally,
there exists a divisor D such that conditions (D1) to (D3) hold, then there ezists a unique, real-
analytic regular finite type potential u : R?/I" — C such that the compactified normalization X (u)
of the corresponding Fermi curve X'(u) equals X and such that the pole divisor of the pullback of
the corresponding unique normalized eigenfunction Yy of — A +u as in to X equals D. The
reconstructed eigenfunction also obeys the quasiperiodicity condition in with respect to I'. If
additionally properties (R1) and (R2) hold, then the corresponding potential u is real-valued.

To do so, we show that the given spectral data defines a unique Baker-Akhiezer function |Akhiezer,
1961] which we define next. Hereby, the double-periodic flow Ly (x,y) will yield the quasiperiodicity
of the reconstructed Baker-Akhiezer function. Hereinafter, we show that the Baker-Akhiezer
function is just the seeked normalized eigenfunction corresponding to a real-analytic potential
u: R%2/I" — C. We also deduce this potential u from the given spectral data. Baker-Akhiezer
functions combine the two equivalent concepts divisors and cocycles to describe line bundles on
Riemann surfaces. They describe sections of families of line bundles, see [Dubrovin et al., |1990}
Chapter 2, §2]. Baker-Akhiezer functions for general complex curves have been constructed in [Klein
et al. 2016, Chapter 8]. Let now (X,Q",Q,d¢,d¢, o, D) be given spectral data as in Definition
For non-special divisors in the sense of Lemma i.e. with dim H'(X,Op_g+) = 0, one can
show that the value of the Baker-Akhiezer function at Q* determines the eigenfunction uniquely.

To see this, the next lemma is necessary.

Lemma 5.4. Let X be a compact Riemann surface of genus g, QF two marked points on X and

D a divisor on X of degree g such that supp D C X°. Then the linear map
H(X,0p) = C, [~ f(QF) (5-4)

s an isomorphism if and only if
HY(X,0p _g+) =0.

Proof. Let the mapping in (5.4) be an isomorphism. Then its kernel has to be zero. The
kernel equals H°(X,Op_g+) since (f) > —D + QF yields f(QF) = 0. Because deg (D — QF) =
g — 1, the Riemann Roch Theorem [Forster} 1981, § 16.10] implies that dim H°(X, Op_g+) =

126



dim HY(X,0p_g+). Hence, H*(X,Op_g+) = 0 holds if and only if H(X,0p_g+) = 0. So
HY(X,0p_g+) =0.

Conversely, let H'(X, Op_g+) = 0. Then also HO(X, Op_g+) = 0, and so the map in (5.4) is
injective. Because of dim H!(X,Op_g+) = 0, Lemma yields that dim H'(X,Op) = 0 and so,
by the Riemann-Roch Theorem [Forster, 1981, § 16.10] , dim H°(X, Op) = 1. Therefore, the map

in (5.4) is an isomorphism of one-dimensional vector spaces. O

This lemma justifies the modified non-speciality from Definition Motivated by this, we define
the set of parameters T" which belong to special divisors in the above sense as T := T U T,

where
T = {(z,y) € C? | dim H' (X, Op_g+ @ Ly(x,y)) # 0}.

Hereby, we extend the sheaf £ (x,y) defined above from (x,7) € R? to (x,y) € C2. We can apply
[Klein et al., 2016, Theorem 8.6] with n = 2 to see that T and T~ are subvarieties of C? in the
sense of Definition m Hence, also T is a subvariety of C?, and so the complement of T is open
and dense in C?. The set T describes the set of parameters for which the Baker-Akhiezer function
with pole divisor D is not uniquely defined since in this case dim H°(X, Op ® Ly (z,y)) > 1, see
Lemma As already mentioned in Section we consider Lp(x,y) as a sheaf on X for
fixed (x,y) € C?. The same cocycles with variable (z,y) € C? induce a sheaf £, on X x C?
and we consider Op ® L}, as a sheaf on X x C?. From [Klein et all, [2016, Lemma 8.5] it follows
that one can consider Op ® L}, as a deformation of Op on X for every (x,7) € C2. So one can
use the theory of deformations of sheaves to control the dependence of the cohomology groups
HY(X,0p ® Ly(x,y)) for (x,y) € C*\ T. The dimension of these spaces does not change for
(z,y) € T, see |[Grauert et all 1994, Theorem I11.4.7]. We will see in Corollary that the two
sets T and T~ as defined above coincide if the divisor D obeys (D2).

Definition 5.5. For ¢ € C\ {0}, a Baker-Akhiezer function is a function
Y X°x (C*\T) — C,

with the following properties:

(i) For (z,y) € C?\ T, the map k + 1 (k, (z,y)) is a holomorphic section of Op on X°.

(ii) For (z,y) € C*\ T, the map

Ui = C, k= ok, (z,y)) - exp (=2me (kv , ()

extends to a holomorphic function on U, with value ¢ : C2/I" — C at Q*, where c is

holomorphic and not identically zero and the map

U* = C, ke k, (x,y))- exp(=2m(klu_,(y)))
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5. Reconstruction of the eigenfunctions and the potential

extends to a holomorphic function on U_.

Hereby, 9 is a holomorphic section in Op ® Ly, so especially holomorphic in (x,y) € C?\ T, and
therefore real-analytic when restricted to (x,y) € R?\ (T|g2). Also c is real analytic in this case.
In the above definition, one could also normalize the map k — 9 (k, (z,y)) at Q~ instead of at Q.
The standard normalization for Baker-Akhiezer functions on complex curves with two marked
points is to determine the values of the Baker-Akhiezer function at both of these points, whereby
the degree of the given divisor is g + 1, compare [Klein et al., [2016, Chapter 8]. Then the set
T comprises the points (z,y) € C? such that dim H!(X, Op_g+—g-) # 0. In this work, due to
the degree g of the divisor and the periodic flow in two directions, it suffices to normalize the
Baker-Akhiezer function at one of these two points to obtain the desired isomorphism in Lemma
[6.4 which is the only difference in the proof of the existence of a unique eigenfunction. We will
see in the sequel that in our case, condition (D2) enforces that the value of the Baker-Akhiezer
function at Q™ is determined by the value at Q. Theorem [Klein et al., 2016, Theorem 8.8]
transfers to our situation, where n = 1 is the number of marked points on X and L = 2 the

number of linear independent directions of the considered linear flow L.

Theorem 5.6. Let (X, Q*,de, de, o, D) be given spectral data. Then for every holomorphic
c: €% = C which is not identically zero, there exists one and only one Baker-Akhiezer function v
such that exp (2w (k, () v(QT, (z,y)) = c(z,y) and Y(z,y) € HY(X° x (C2\T),Op @ L(z,v)),
where k is defined by the anti-derivatives of the Mittag Leffler distributions in and .

Besides a different definition of T' and a different isomorphism indicated by Lemma [5.4] our
situation concerning the above Theorem is identical to the situation in [Klein et al., [2016] and
the proof of [Klein et al., 2016, Theorem 8.8] to obtain the existence of a unique Baker-Akhiezer
function corresponding to given spectral data applies here. So we only show where the proof in
our case differs from the proof in [Klein et al., [2016, Theorem 8.8]. The rest transfers identically

to our situation and can be found in [Klein et al., 2016].

Proof of Theorem[5.6. An element of H(X, £, (,y)) is given by a triple of holomorphic functions
(Yo, ¥4, ) with g, v+ € HO(Ux,Op,) and 1y € H°(X°, Oxo) such that on Ut

S R (1 N

Consequently, for (x,y) € C*\ T, an element v of H*(X,Op ® Ly(z,y)) is given by functions
Yo € H°(X°,0p) and ¢+ € HO(Uy, Oy, ) such that on Ux \ {Q*} again (5.5) holds.
By Lemma the map

HO(X70D®£h(xay)) _>Ca ¢’—>¢(Q+)

128



is an isomorphism for (z,y) € C?\ T. Therefore, there exists a unique element ) € H*(X,Op ®
Ly (z,y)) which is mapped to ¥(Q™) by the above isomorphism. Then 1 := 1) is the unique
function with the properties of the Baker-Akhiezer function ¢ given in Definition [5.5] The
holomorphy of v in (x,y) € C?\ T now follows analogously as shown in the proof of [Klein et al.|
2016, Theorem 8.8]. O

Condition (ii) in Definition yields that the unique Baker-Akhiezer function obeys the quasiperi-
odicity condition (|1.3|) if we chose the normalization ¢(x,y) in the right way:

Proposition 5.7. Let ¢ € Op ® Ly be a Baker-Akhiezer function which is normalized with a
holomorphic function c: C2/I" — C. Then for all v € I' and (z,y) € C*>\ T, there holds

b(k, (@,y) +7) = ™Yk, (2, 9)).

and there exists a holomorphic function 1 which is periodic with respect to I' such that

xT ~

Gk, (,9)) = ™ E )G (2, ).

Proof. 1t follows from [Klein et al. 2016, Lemma 7.3(ii)] that £, () induces the trivial flow for all
v € I'. Then the definition of the Baker-Akhiezer function yields that ¥ ((z,y)+v) = g(k,v)¥(x,y),
where g : X(u) x I' = C can be interpreted as the change of the normalization of the unique
function v (z,y). This is since g(k, )y (z,y) obeys the same conditions as 1) in Definition and
due to Theorem ¢ is unique. Because of (ii) in Definition this normalization is given
by exp (27 (k,~)) and thus 1 (k, -) is quasiperiodic with respect to I'. Defining ¢ at k € X° as
Pk, (z,y)) = exp (=27 (k, (§))) 9 for all (z,) € C2\ T yields then for all v € I' that

Y(k, (x,y) +7) = exp (=2me (k, (y) + 7)) Y (k, (z,y) +7) =
= exp (=2 (k, (§))) ¢ (k, (z,y)) = d(k, (2,y)).

O]

Since we are later on only interested in reconstruction of Baker-Akhiezer functions which obey the
quasiperiodicity condition we have just shown for I'-periodic normalization, we assume from now

on that ¢(x,y) is a holomorphic function which is periodic on €? with respect to I

Proposition 5.8. Let X be a Riemann surface with two marked points Q and D, D be positive
divisors of degree g with support in X° which obey D +D ~ K +Qt + Q. Then

dim H(X,0p_q+) =0 & dim H(X,0p_5s) = 0.
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5. Reconstruction of the eigenfunctions and the potential

Proof. Tt is deg D = g, so the Riemann Roch Theorem [Forster, 1981}, § 16.10] and Serre Duality
[Forster], 1981} §17.9] yield

dim H(X,0p_g+) =0 & dimH'(X,0p_g+) =0 < dmH'(X,0x_p.g+) =0
=4 dimHl(X,OK_D+Qi+Q1_Q$) =0 & dlmHl(X,OD7Q¢) =0
& dim H(X,0p_g¢) = 0.

g

To see how condition (D2) involves in the reconstruction of the Schrédinger operator, we introduce

a Schrodinger operator with magnetic field
H = —408 + A*(z, )0 + A*(2,)8 + u(z, ), (5.6)

where @ and O are again the Wirtinger operators. We want to deduce an analytic potential
u: C?\ T — C which is double-periodic with respect to the lattice I" as well as a vector valued
magnetic field (A%, A%) with A* A% : C?\ T — C? such that ¢ lies in the kernel of H. It will
turn out that the magnetic field is zero for divisors which obey the linear equivalence in (D2) and
constant c¢. Moreover, we show that w is periodic with respect to I" if the chosen normalization at
Q™ is periodic with respect to I

A first step is to see the influence of the normalization of ¥ at Q@ on H and why we could also
have chosen a normalization at Q~ in Definition So let Hvy = 0, where 1) is normalized at Q"
as Y(QT, (z,y)) = ¢y (x,y). Direct calculations yield for an analytic function f : C?> — C that

(400 + A20 + A%0 + @) (fvb) = —4 (fOD) — DOf1p — DO — Of ) +
+ A7 (0f + fOU) + A7 (Df v + fOU) + ifo.

Inserting

ofo, 90
2

A7 = A7 4 401In(f), A% := A® +40In(f), @ :=u — A*0In(f) — A*0In(f) — 8
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into this equation yields

(—400 + A0+ A0 + @) (f¢) = —4 (99 — 9017 — 0f 9 — Df o)) +
+ (A% +48In(f)) (O + fOU) +
+ (A7 +40m(f)) (0fv + fOu) +

+ u—AZ(‘Bln(f)—A’E@ln(f)—Saigf /}Z()f¢

+ (A%0f + A20f + 4 afOf +mdfof)) v+
+4(dIn(f) v +dn(f) fO) -

(Azaln( f)+ A*9In(f) + 6?6]” ) Jo

and since 01n(f) = 8ff as well as dIn(f) = af , this is equivalent to

(—400 + A*0 + A*0 + @) (fv) = f (—400 + A*0 + A0 +u) ¥ (5.7)

So however one normalizes ) at QV, there is always an element f1 normalized differently at
Q1 which lies in the kernel of an operator H with possibly different potential and different
magnetic field and H is obtained by gauging with f as in equation . In particular, one can
change the normalization at QT by considering f = ?(x Y) where fQT, (x,y)) = ¢y (z,y) is the

(z,y)°
normalization fi at Q*. Likewise one can also normalize f1) at Q= as fy(Q~, (z,y)) = é_(z,y)
and then f = % In the proof of the next Theorem it will become clear how one

can determine the value ¥(Q7, (z,y)) out of ¥(Q%, (z,y)) if the corresponding divisor fulfills
D+o(D)~ K+ Q"+ Q. It will moreover turn out that one has to choose the normalization as
periodic with respect to I" to obtain an operator which is periodic with respect to I". This will be

made more precise in the proof of part (a) of the following Theorem.

Theorem 5.9. Let (X,Q%,Q~,dé¢,dé, o, D) be given spectral data as in Deﬁnitz’on obeying all
conditions but (D2) and (D3). Let z+ be local coordinates centered at QF and let the corresponding

Mittag-Leffler distribution induced by dé and dé be given by a local parametrization of X in a
neighborhood of QF, that is

k

Ui:<+,—+2a+’]z+ > and k
J

For every (z,y) € C2\ T, let Yn(k,(z,y)) be the unique Baker-Akhiezer function associated to
this data as in Theorem with holomorphic ¢ : C* — C and ¢ 0. Then there exists an analytic
function u : C2\ T — C and a magnetic field (A%, A7) : C*\ T — C? such that ¥ lies in the
kernel of and D is the pole divisor of V. Furthermore, there holds:
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5. Reconstruction of the eigenfunctions and the potential

(a) (A%, A%) = (0,0) if and only if (D2) holds and c is constant.
(b) If additionally to (D2) also (R1) and (R2) hold, then the potential u is real-valued.

Proof. With 19 =1 and ¥4 defined as in the proof of Theorem [5.6] one has

T;ZJ0|U:T: = exp (27TL <k‘

vr (5))) - ¥+

Thereby, the representation of k on Uy is a consequence of the principal parts of ¢ and ¢ given by
the pole behavior of dé and d¢, compare and . Due to (F3), only the uneven powers of
z4 occur in the power set in a neighborhood of Q*. To determine 9, 9y and 9y at Q and
Q~, note that with the triple (¢, v, ,v_) € H*(Op ® L), it is on U}

(y))) 0 = mu(ky + tho)s + O,
L(50)) 0 = muky — tha)hs + Oy,
§))) 000 = =7 (ki + k3) s + me(ky + tka) Ot
+ (kg — tko)OvYs + 00U

exp (—2me (k
exp (—2me (k
exp (—2me (k, (

In the following calculations, we ignore the fact that i does not exist at Q*. This abuse of
notation is justified by the fact that we are only interested in the poles at Q* and the constants
in front of them when evaluating the above derivatives at QT to find out the right values for
the magnetic field (4%, A%) and the potential u of the corresponding operator H such that u is
holomorphic on C2? \ T' and periodic with respect to I". This is done in such a way that the terms
with poles which occur in 9+ are canceled out by the right choice of A* and A?. We know that
Y+ (z,y) is holomorphic on Uy for every (z,) € C?\ T, i.e. we can write these functions as power

series -
Pi(z,y) =D s j(x,y)2
§=0
on the corresponding neighborhoods, where 14 ; € C>(C?/I',C) due to Proposition In the

following calculations, we omit the dependence of 1 on (z,y) and the dependence of k|U1 on

z+ and z_,respectively. Inserting k’Ui into the above derivatives and evaluating the obtained

132



expressions at QT i.e. setting z, = 0, yields formally

exp (=2m (k, () (Z ay 27 ) V4 + 00Uy
= exp (—2m(k, () 0v(QT) = 0ty o,
exp (=2 (k, () O = m < ‘Hzaﬂ ]H) by + 0y

+

= e (<2m (5 (5)) 90(Q") = 2m 224 +¢+,1) v,

2
exp (=2me (k, (y))) 004 = — ° <1_2F ( + Zaﬂ 2”1) ) Uy

:2L2ﬁ0a+,jzij+( = Oa+jzij+1)

- <Z a4 ]Z_Zﬁ+1> oy

2 _
<Z Lzaﬂ 20+ ) MYy + 00,
040

Z4

S exp (—=2m (K, () 00B(QF) = — 2%y otbs o + 2 (

Analogously one obtains at )~

?/)Z—_,o + 7/1—,1> +0Y_

exp (2 {k, () OB(Q" >—2m(
exp (—2m1 (k. (5))) 39(Q) = B,

&ﬁ*” + éw_,1> + 00_ .

exp (—2me (k, (§))) 000(Q™) = 2m%1a_ oth— o + 2me <

Let now

A*(z,y) :=40In(¢_o)(w,y) and A7 :=40In(yo)(z,y).

+ anﬁl) + 58?1)4,’0.
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5. Reconstruction of the eigenfunctions and the potential

Then
exp (=2 (k, (§))) (400 — A0 — A%0) p(Q") =
= —8772La+,0¢+,0 + 8w ( O+0 + 0Y4 1 ) + 4004 o—

—491In(p_ 0)Oh1 0 — 8mdIn(2hy o) (w+ Dy 1) + 4904 o

= —8m%1ay gy 0 + 8Ty 1 + 400, o—
—40In(_ 0)0h1 0 — 8T In(thy )by 1 + 404 o

and

exp (—2m (k, (5))) (400 — A*9 — A*9) ¥(Q™) =
Mp_

,0

= 8nta_ oY— o+ 8me + Oy 1) + 4581[),,0—

— 8mdIn(1h_ ) (7’[’ Y4y 1> + 400 g — 40 In(hy 0)0V_

= 87r2ba,,0¢,70 + 8T 1 + 400 _ o—
— 8md ln(’lﬁ,’o)ﬂ),’l + 481#,70 — 40 ln(w+70)51/1,70.

We define
u(z, Y)Y = (400 — A*(2,y)0 — A*(z,y)0) . (5.9)

Then by definition of u(z,y), A%(z,y) and A*(z,y), ¢ is in the kernel of H. Moreover, due to the
above calculations, exp (27 (k, (3 ))) u(x,y)1 is holomorphic on Uy for (x,y) € C?\ T: we have
given reason above that the dimensions of the cohomology groups are constant under deformations of
Op by tensorating it with Lp,(z, y) for (z,y) € C*\T. Therefore, dim H*(X,Op_g+ ®Lp(x,y)) =0
and dim H*(X,0p_g- @ Lp(z,y)) = 0 for all (z,y) € C*>\ T. Accordingly, Lemma yields
that 19 + # 0. Since the right hand side of multiplied with exp(—2m¢(k, (3 ))) is holomorphic
on Uy, the same holds for the left hand side of (5.9). So exp(—2m(k, (§)))u(z,y)|v, has no
pole. Furthermore, ui)(z,y) € H(X°,Op ® L,(z,y)) for (x,y) € C?\ T since deriving ¢ into
the direction of (z £ ty) does not change the pole order of ¥ in k which can be seen by the same
means as it is shown for the normalized eigenfunction in the proof of Lemma Hence, ui is a
Baker-Akhiezer function with a different normalization then ¢ at Q* which is uniquely determined
by Theorem Furthermore, Proposition [5.7] yields that 1 ¢ are periodic with respect to I" on
C?\ T for periodic c. Thus, also A% and A? as in are periodic with respect to I', wherefore

finally also u is.

(a) We know from the direct problem, more precisely from Lemma that for the divisor

134



D corresponding to the Schrédinger operator without magnetic field, the linear equivalence
D+ 0o(D)~ K+ Q" +Q holds.

Let now D be a positive divisor which obeys D+0(D) ~ K+ Q" + Q™ and let 1) be the Baker-
Akhiezer function, unique up to normalization at Q@ and solving with pole divisor D.
Since D +0(D) ~ K+ Q%" + Q™ holds, there exists a 1-form with divisor D +0(D) - Q1 —Q~
which is holomorphic on X° and has 2¢g zeroes and poles of first order at Q™ and Q. Hence,
the Residue Theorem yields that Resg+(w) + Resg-(w) = 0. Condition (F2)(i), Property (ii)
of the Baker-Akhiezer function and Proposition together yield, as in the proof of Lemma
[4.13] that such a 1-form is given by

Yz, y)ory(z,y) .,
(AR P

with ¢(x,y) # 0. Since o(k) = —k due to condition (F3), the exponential factors in ¢ and o*¢)

have the same absolute value but opposite signs. So taking into account that o(Q¥) = Q7,

one has with o (Q%) = (Q%)

T Y(QF )z, Y)Y (QF) (2, y) = o™i oo =i

and hence
0 = Resg+(w) + Resg-(w) = chi,o + 0—1/13,0,

where ¢y € C are constants depending on the evaluated integral over the fundamental domain
{(o*1b,v)s, and therefore are independent from (x,y) € C2. So if we normalize ¢ at Q' as
D(QT, (z,y)) = 1 for all (z,y) € C?, then also

Ct
Yoo== C*@M,o

is constant. Here, we can choose the sign of ¢_ ¢ arbitrary since 9_ ¢ is constant in (z,y), so
the choice of the sign of 1_ ¢ at one fixed (z,y) € C*\ T fixes this choice for all (z,y) € C*\T.
Hence, if 1 is normalized as constant at QT, it is also constant at @~ and vice versa. Since
40 is a constant functions on the compact surface C2/I', it is dIn(p+) = 5ln(g0i,o) =0.
So the corresponding operator H has zero magnetic field (A%, A*)(z,y) = (0,0), and therefore
corresponds to the Schrodinger operator .

Vice versa, let A(z,y) = 0 for all (z,y) € €?\ T. This implies also that 1, o and _ o are
constant. More precisely, we can interpret C?/I" via C? ~ C as the one-dimensional torus, i.e

a compact Riemann surface and

I
Yo

dlntp_g = =0 & _o=0.
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5. Reconstruction of the eigenfunctions and the potential

So 9_ o is a double-periodic, holomorphic function on a compact Riemann surface and thus

constant. We have seen above that 1_ ¢ is constant if and only if 1 o is, so also ¢ o is constant.

(b) To see that 71 (D) = D implies that u(z,y) € R for all (x,y) € C2\ T, note that 7{1) = zfg

since 71 (Q1) = Q, so 719 is the eigenfunction such that ¢_ g = 1 and v the eigenfunction
normalized as 14 o = 1. Due to the above considerations on gauging the eigenfunctions and the

operator, these eigenfunctions are both unique and differ only by the constant %

TfHTl*?Z} = %H@b, i.e. ker Tff_f = ker H. If ¥ is known, also u is known since then Ay = up.
Since 1 is not identically to zero on U if normalized as ¥(Q*, (z,y)) = 1, ¥ # 0, so

. Therefore,

AT Ay
T U= = =1

R
and thus u = u.
O

Note that the potential u is only real-valued due to both symmetries on the divisor D + o(D) ~
K+Q"+Q and 11(Q") = Q. Assuming (D2) does not hold, then — as we have seen in the
discussion about gauging ¢ to obtain an eigenfunction with another normalization — 71" applied to

1 normalized at QT only equals ng; ¥ with 1) a Baker-Akhiezer function normalized at Q. The
o

above proof shows that for divisors D obeying the linear equivalence in (D2) one has that . is

constant.
From now on, we choose the normalization ¢ = 1 in Theorem [5.6] In that case, the above proof
yields that the two sets T and T~ coincide.

Corollary 5.10. Let (X,Q",Q,d¢,d¢, o, D) be spectral data as in Deﬁnition and c=1 in

Definition[5.5. Then
HO(X, OD—Q+) =0 & HO(X, OD—Q*) = 0.

Proof. Note that HY(X,0p_g+) C H*(X,0p). H(X,0p_g+) =0 and dim H*(X,Op) = 1 can
hold if and only if all elements in H°(X, Op) are unequal to zero at QF. In the foregoing proof,

it is shown that this implies that this element is also unequal to zero at Q~. So the assertion
follows. O

In Part [I, we considered a normalization of the eigenfunction to obtain its uniqueness which
on the first view might differ from the normalization ¢ = 1. However, it follows that the Baker-
Akhiezer function tinkered above with normalization ¢ = 1 is just the same as a Baker-Akhiezer
function not normalized at Q* but as ¥(k, (0,0)) = 1.
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Corollary 5.11. Let (X,dé¢,dé,Q",Q,0,D) be given spectral data. Then the Baker-Akhiezer
function (Yo, V4,1_) is normalized with ¢ = 1 if and only if ¥(k, (0,0)) = 1.

Proof. That ¢ = 1 for ¢(k,(0,0)) = 1 is obvious. Conversely, let ¢ = 1. Due to Lemma
dim H°(X,0p) = 1. So the normalization of the Baker-Akhiezer function at Q" as 1o = 1

yields that the Baker-Akhiezer function is identically to 1 in k for (z,y) = (0,0). Therefore, also
Y—0

o, = 1 since this expression does not depend on (z,y) € C?\ T and the assertion follows. [

Taking all the above together, Theorem follows because the Baker-Akhiezer function is unique.

Proof of Theorem [5.3. We have seen in Theorems [5.6 and [5.9] that normalizing the Baker-Akhiezer
function at QT as equal to one yields for given spectral data (X,Q",Q~,dé,d¢,o, D) and for
every k € X° a unique real-analytic function (k) : R? \ T — C. Since we assumed (D3) holds, it
is T'= (). In Proposition it is shown that ¢ (k) obeys (L.3). From Theorem follows the
existence of a unique real-analytic potential u : R?/I" — C such that (— A +u)y = 0. Also from
Theorem we obtain that if conditions (R1) and (R2) hold, then w is real-valued.

It follows from Theorem [2.28(b) and Section [4] that X (u) obeys (F1) and Lemma [1.17] yields that
(F3) holds for ¢ = (k,4) and ¢ = (k,¥). Furthermore, in Section is shown that the Mittag
Leffler distributions we used to generate the double-periodic flow correspond to the lattice I" with
respect to which u is periodic and which obey (F2). Moreover, the differentials in condition (F2),
which are uniquely defined by their periods and their pole behavior at Q*, enable us to reconstruct
amap (¢,¢) : X — C? whose image in C? equals the Fermi curve X’(u) and X is the normalization
of X'(u). Points which are separated on X are then again identified under the map (¢,¢). The
structure sheaf Ox might contain more functions then the holomorphic function on the Fermi
curve. The latter are precisely the holomorphic functions which are generated by ¢ and ¢.

The conditions on the divisor which make the Baker-Akhiezer function unique are also all fulfilled
by the pole divisor of the normalized eigenfunction of — A +u pulled back to the normalization
if u is a regular finite type potential, compare Theorem That (R1) and (R2) hold for u
real-valued we have seen in Lemmata (b) and Moreover, the Baker-Akhiezer function
corresponding to some given spectral data is unique and also the normalization of the unique
eigenfunction ¢ in the direct problem as ¥ (k, (0,0)) = 1 coincides with the chosen normalization
of the Baker-Akhiezer function. So due to Corollary Theorem follows. O
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6. The isospectral set for regular finite type

potentials

Formally, the isospectral set in our setting is the set of regular finite type potentials u which
yield the same Fermi curve. We know from the results in Chapter [5| that on a fixed Fermi curve,
these potentials can be identified with the pole divisors of the corresponding eigenfunction. So we
consider here the isospectral set as the set of divisors D which lead to the same Fermi curve. Our
intuition tells us that for fixed genus g, small deformations of the divisor D from given spectral
data (X,Q",Q7,¢,¢,0,D) as in Definition will also yield spectral data which is a solution of
the inverse problem of the Schrédinger operator with a different potential @. So the aim of the
inverse problem would be to ‘move’ the divisor D — interpreted as an element in a translation of
the Jacobian variety — to a different divisor D. The questions that arise are how to parameterize
such translations and in which cases all translated divisors are non-special. In this work, we
will only give partly answers to these questions in the sense that we show that the Prym variety
parametrizes the isospectral set and that the latter is an open set in the Prym variety. Hereby, the

focus is on real-valued potential.

6.1. Complex potential

Lemma 6.1. The set of divisors of degree 0 which obey D' = —c(D’) acts transitively on the set
of positive divisors D obeying D +o(D) ~ K + Q" + Q.

Proof. Let D and D’ both be divisors obeying (4.17)). Since o acts linearly on divisors, taking the
difference of these two equations yields that D — D’ 4+ o(D — D') ~ 0, and therefore o(D — D') =
(D -D"). 0

Note that the Prym variety Prym(X, o) consists of the equivalence classes of the images of this
group of divisors under the Abel map. We are mainly interested in non-special divisors D of degree
g obeying . So let D be such a divisor and let D’ be another non-special divisor of degree g
such that (D — D) = —(D — D'), i.e. D — D' is the preimage of an element in the Prym variety
under the Abel map. Then these two relations define D’ uniquely as a positive non-special divisor
of degree g. Therefore, the isospectral set for complex-valued potentials has only one connected
component which is parametrized by the Prym variety. Since the Prym variety is isomorphic to a
complex torus C9/2 /A_, compare Definition one immediately obtains the following corollary.

Corollary 6.2. The isospectral set for a Fermi curve X 1is contained in a complex torus of

dimension g/2.
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6. The isospectral set for regular finite type potentials

Hereby, we use that Prym(X, o) can be embedded into Jac(X). Actually one can embed 29/2
differently translated Prym varieties int CY, compare Lemma However, these are all
translations via elements in A with Jac(X) ~ C9/A. So there is only one Prym variety embedded
into Jac(X).

Lemma 6.3. Let X be a compact Riemann surface endowed with a holomorphic involution o
and let QT € X be exactly the fized points of o. Then the set of all positive divisors D of degree
g on X which obey D + o(D) ~ K + Q" + Q™ and dim H'(X,Op_g+ ® Ly(x,y)) = 0 for all
(x,y) € R%, where Ly (x,y) is defined in under , is open in the set of all positive divisors
obeying D+ o(D) ~ K + Q" + Q™.

Proof. Let D be a divisor as given in the theorem and let P be the set of divisors D of degree 0
such that D + a(f)) ~ 0. The proof of the above theorem is done in two steps. For the first step,
let

My:={DeP|dimH (X 0p,p5_o:)=0}.

Due to |Farkas and Kra), 2012, Proposition II1.6.5], the image of the set of divisors such that
dim H'(X, Op_g+) # 0 under the Abel map is a subvariety in the Jacobian variety of X and
its complement is open and dense in Jac(X). So also the restriction of this open set to the
Prym variety is open. Since the Abel map is continuous and maps P into Prym(X, o), this
yields that M; is an open set in P. Proposition implies that for each (z,y) € R?, it is
dim H'(X,0p @ Lp(z,y)) = dim H'(X,O0p). So for every fixed (z,y) € R?, also {D € M; |
dim H'(X, Opip_g=® Ly(xz,y)) = 0} is an open set in P. In the second step we deduce from
the first step that also

My:={DeP|dmH (X,0p,p ot ®Ln(z,y)) =0 forall (z,y) € R?}
is open. To do so, we define the map
F:PxR?/I' - P, Dx(xy) v~ D(z,y),

where D(z,y) is the divisor D such that Op, , is isomorphic to Op ® Lp(z,y). Let D € Ma.
We show that also a small open neighborhood of D is contained in Ms. In [Klein et al., 2016,
Lemma 8.5, it is shown that the complexification of Lj,(x,y) defines a sheaf on X x €? which
is flat with respect to the map X x C?> — C2. Therefore, F is continuous and we have seen in
the first step that M is open. So for every (x,y) € R?/I", there exists an open neighborhood
U € R2?/T of (z,y) and an open neighborhood V' C P of D such that F[V x U] C M;. Because
R? /I is compact, we find finitely many (x,%) € R?/I" such that the union of the corresponding
open neighborhoods U yields a finite covering U of R?/I". For each of these finitely many U, there
exists an open neighborhood V' C P of D such that F[V x U] C M. Intersecting all these finitely

many open sets V with each other yields an open set V which contains D. So M, is open. O
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6.2. Real potentials

6.2. Real potentials

The aim of this chapter is to define the real parts of the Prym variety of a Riemann surface X
with two marked points QF, holomorphic involution ¢ and antiholomorphic involution 7 such
that Too = ogo7, 0(QF) = QF and 7(QF) = QF. The isospectral set of a regular finite type
potential u is parametrized by the real Prym variety. We also want to describe the connected
components of this real Prym variety and analyze whether there are connected components which
obtain only non-singular divisors in the sense of Definition Due to Lemma these are
just the positive divisors of degree g with support away from Q1 and Q.

The whole section and Appendix [B|are elaborations of parts of [Natanzon| 2004, Chapter 1 and 2].
We decided not just to cite the results given there, but to work them out completely because it
turned out that in [Natanzon) 2004], many proofs either contain mistakes or are not fully worked
out so that we are not able to understand the argumentations given there, even though the final
results are — up to small modifications — usually correct.

In order to define the real Prym variety, we consider real curves. These are pairs of a compact
Riemann surfaces X and an antiholomorphic involution 7 on X. We will see that the fixed point
set of 7 on X consists of simple closed contours which are called ovals in the sequel. To introduce
the real Prym variety on a real curve, a certain ‘toolbox’, taken from [Natanzon, [2004, Chapters 1
and 2], is necessary. This can be found in Appendix [B| This toolbox contains a short introduction
to so-called real Arf functions and spinor bundles on real curves. The Arf functions used here are
functions from Hi(X,Zs2) to Zs which assign a sign to the ovals of a real curve (X, 7). Real spinor
bundles are bundles which square is the cotangent bundle and real spinors are sections of this
bundle. They are used here to show the existence of holomorphic differential forms with certain
properties on the ovals of a real curve. In Appendix [Bl a 1-to-1 correspondence between these
two objects is established with help of the real Fuchsian groups. These are Fuchsian groups with
an additional antiholomorphic structure. This connection can be used to show the existence of
spinors which induce a certain orientation on the ovals. A square of such a real spinor then is a
holomorphic real differential on the real curve (X, 7), i.e. a 1-form with a certain behavior under
the pullback of 7 to the space of 1-forms on X.

The first task of this chapter is to take a a closer look at real curves (X, 7) and how they are
being constructed, whereby we introduce the topological type of a real curve min order to classify
the different kinds of real curves which can occur. After that, we take a closer look at the real
differential forms. The existence and non-existence theorems shown there will afterwards be very
useful to describe the real part of the Prym variety. We define the realness-condition on these
1-forms with different sign than it can be found in |[Natanzon| 2004]. This is done because the way
we define it is later on also used in [Natanzon| 2004] to consider the real parts of the Jacobian
variety. Moreover, the two last proofs in the section about real M-curves — which are compact

Riemann surfaces of genus g with the maximal number of g+ 1 ovals — are not at all understandable
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6. The isospectral set for regular finite type potentials

for us in [Natanzon, 2004] and large parts of the necessary argumentation is missing in our eyes. A
request to the author about some detail there remained unanswered. So we try to fill in these holes
here. After that, we define the real part of the Jacobian variety. Also here, some mistakes are
made in the corresponding section in [Natanzon, 2004]. For example the action of the involution
on a so-called real basis of Hy(X,Z) is wrong. Also large parts to show the precise form of the
real Jacobian variety are missing and what can be found in [Natanzon, 2004] is more the sketch of
the proof structure. So we try to complete the missing steps here, where we take the changes due
to the different behavior of the real basis of H;(X,Z) into account. Finally, we take these results
to present the real part of the Prym variety. Also in this part, we made many changes compared
to the results which can be found in [Natanzon, 2004]. We give proofs of statements which are
made but not shown in [Natanzon| 2004], as for example on the existence of a certain two-sheeted
covering which is necessary to construct real curves (X, 7) which are equipped with a holomorphic
involution. We define clearly how a symplectic basis of a real curve with holomorphic involution
should look like and show that such a basis always exists. Finally, in [Natanzon) 2004] a definition
for positive respectively negative definiteness of certain types of meromorphic differentials on the
ovals of a real curve with involution is made which in our eyes does not make sense. Therefore,
we adjust the definition of this definiteness and argue why we think that our definition of this
definiteness comprises what is actually meant in |[Natanzon) 2004]. We will see that with this
new definition, the remaining results from [Natanzon) 2004] on the real Prym variety carry over.
Finally, we will be able to show some assertions on the structure of the Prym variety of a real curve
with holomorphic involution as well as on the possibility of the existence of connected components

in this Prym variety which contain only non-special divisors.

6.2.1. The topological type of real curves

At first, we take a closer look at the so-called real curves, i.e. compact Riemann surfaces X with

an antiholomorphic involution 7. These are defined as follows:

Definition 6.4. A real curve is a pair X = (X, 7), where X is a compact Riemann surface of
genus g and 7 : X — X is an antiholomorphic involution. The set of fixed points X7 C X of this

involution is the set of real points or the real part of the curve X.

We identify two real curves X; = (Xi,71) and X9 = (X3, 72) if there is a biholomorphic map
¥ X1 — X9 such that ¢ o7y = 1 0 1. We call curves such that this holds biholomorphically

equivalent. We will not distinguish between curves which are biholomorphically equivalent.

Definition 6.5. Two real curves (X1, 7) and (X2, 72) are said to be topologically equivalent if

there is a homeomorphism ¢ : X; — X5 such that o ¢ = ¢ o 7y.

To characterize these curves, the following datum which can be found in |[Natanzon, 2004, Section

2.1] is necessary:
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6.2. Real potentials

Definition 6.6. A real curve X is said to be separating if X \ X7 is not connected. Otherwise X

is said to be non-separating. We define

{0 if the curve X is non-seperating,

1 if the curve X is seperating.

The topological type of X is given by the triple (g, k,¢), where g is the genus of X and k = k(X) is

the number of connected components of X7.

It will turn out that the data (g,k,¢) is sufficient to describe a real curve up to topological
equivalence. Closed paths on X without self-intersections we call simple closed contours in the
sequel and smooth simple closed contours denote simple closed contours which are isomorphic to
St

The Uniformization Theorem for simply connected Riemann surfaces, compare e.g. [Forster) 1981,
Theorem 27.9], yields that every compact simply connected Riemann surface X with genus g > 2
is biholomorphically equivalent to a surface of the form H/A, where H := {z € C | Im(z) > 0} is
the upper half plane and A is a discrete group that acts without fixed points on H. The standard
metric of constant curvature on H, compare e.g. [Dieck, [2000, Section 1.6], induces a metric of
constant curvature on X = #H /A by the quotient metric. All real curves can be constructed as in
the two following examples of real curves. Hereby, we explain more detailed than it can be found
in [Natanzon, 2004, Example 2.1.1] how these curves are constructed and cite [Natanzon, 2004,
Example 2.1.2]. However, both examples are essential for the further understanding. To keep this

work self-contained, we represent both.

Ezample 6.7. [Natanzon), 2004, Example 2.1.1] Let X be a compact Riemann surface with
boundary of genus g with k connected boundary components which are each a one-dimensional
compact manifold, and therefore are isomorphic to S'. We call them boundary cycles. Let X T be

equipped with the structure of a Riemann surface given by the atlas of holomorphic charts
{(Ui,zi)}, )(Jr = UU” 2t UZ — H,

where | JU; is an open covering of X . This atlas is chosen in such a way that the boundary
components of X+ are mapped to R. Moreover, let X~ be the Riemann surface with boundary
which is obtained by considering the local charts z; : U; — ¢H. Then there exists a unique
antiholomorphic map 7 : X+ — X~ such that 7*z; = z;. Moreover, XU X~ is a topological
space. From this we want to define a real curve Xj as the surface X := Xt UX ™/ ~, where ~
means that we identify the boundary components of X and X~ via 7 as indicated in Figure
. To do so, we use the quotient topology induced by the map XTUX~ — XTUX ™/ ~.
Let U; C X* be open. Then 7[U; N 0X 1] = 7[U;] N 0X ~, where 7[U;] C X~ is also open. The
open sets on X are given by (U; UT[U;])/ ~— C, where we use the local charts z; : U; — H and
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6. The isospectral set for regular finite type potentials

z;i : T|U;] — «H. This map is a homeomorphism and yields an atlas on X such that X is a compact
Riemann surface without boundary. The identified boundaries X are fixed points of 7 on X.
This set of fixed points we denote by X7. Due to the selections of the charts at the beginning
of this example, it is z;(p) € R for p € X7, i.e. z;(p) = Z;(p). Because 7 is an antiholomorphic
involution on X, the constructed Riemann surface (X, 7) is a real curve of type (29 + k — 1,k,1).
The complex structure of the Riemann surface of X induces a unique metric of constant sectional
curvature on X. The lift of 7 to the universal covering H of X is an antiholomorphic M&bius
transformation. Because the metric on H is invariant under this metric, also 7 is an isometry with

respect to the metric on X.

Xt
identified via 7 ¢ ¢ ¢
-
(a) Tinkering a real curve of topological type (b) Tinkering a real curve of topological type
(8,3,1) (8,3,0), i.e. and m = 2

Figure 6.1.: Examples of the constructions of real curves for g =k =3 and (a) e =1, (b) e = 0.

Ezample 6.8. [Natanzon, 2004, Example 2.1.2] Repeating the construction of Example we take
the Riemann surfaces with boundary X and X~ and the antiholomorphic map 7: X+ — X .
The boundary X consists of simple closed contours ci,...,c;. Let 0 < m < k. For i < m, we
identify the contours ¢; and 7[¢;] by means of the map 7 as in Example For ¢ > m, let us
consider fixed-point-free isometries 7; : ¢; — ¢; such that 7'12 = 1. In this case, we identify the
simple closed contours ¢; and 7[c;] by means of the map 7o 7; as indicated in Figure For these
simple closed contours, local coordinates can be found similarly as in Example [6.7] by considering
77z instead of z as a local coordinate on X ~. This yields simple closed contours on the tinkered
curve which are invariant under 7 but no ovals. We again obtain a real curve X = (X, 7) of genus
2G4+ k — 1, but in this case X7 = [J*, ¢;. So X is a curve of topological type (29 + k — 1,m,0).

We show next that any real curve is topologically equivalent to one of the curves in Examples [6.7]
and Therefore, the following Lemma |[Natanzon, 2004, Lemma 2.1.1] is necessary. The proof
in [Natanzon) 2004] is complete and we only give it here to for self-containedness because we will

frequently use its result in the sequel.
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6.2. Real potentials

Lemma 6.9 ([Natanzon| 2004, Lemma 2.1.1]). The set X™ of real points of a real curve X = (X, 1)

decomposes into pairwise disjoint smooth simple closed contours which are all geodesics on X.

Proof. As already mentioned, the complex structure of the surface X induces a metric of constant
curvature and 7 is an isometry with respect to this metric. If p € X7, then the involution
drp : T, X — T, X of the tangent plane T, X is the reflection with respect to a direction v € 7, X.
We denote by ¢ C X the geodesic [Jost) 2006, Definition 1.4.2] that passes through p in the
direction of the line v. All its points are fixed under 7 and in a small open neighborhood of p,
there are no other fixed points of 7. Thus, by |Jost, |2006, Corollary 1.4.2], each of the points
p € X7 belongs to exactly one maximal geodesic £ C X7, i.e. a geodesic with maximal domain,
without self-intersections. Since X is compact, it follows that each of these geodesics is a smooth

simple closed contour. ]

Definition 6.10. The pairwise disjoint smooth simple closed contours in X7 are called ovals.

The proof of the next Theorem [Natanzon| 2004, Theorem 2.1.1] is given here completely since in
[Natanzon, 2004], the existence of the desired homeomorphism as well as the topological equivalence

is not shown explicitly.

Theorem 6.11 ([Natanzon, 2004, Theorem 2.1.1.]). Let (X,7) be a real curve of type (g,k,1).
Then1 <k <g+1,k=g+1 mod 2 and (X, 7) is topologically equivalent to the curve (Xgx, T4 1)
of Example where § = %(g +1-—k).

Proof. By Lemma the set X \ X7 decomposes into two surfaces X and X~ of genus § with &
boundary cycles such that 7[X*] = X~. Hence, g = 2§+k—1, and therefore k < g+1 with equality
if and only if § = 0 and k = g+ 1. Let us consider a homeomorphism ¢4 : (Xt UX7) = X+ with
bi|x7: X7 — 0X T, where X is defined as in Example This homeomorphism exists because
the genus and the number of connected components of the boundary of X+ and X are the same.
We set

o+ (p) forpe XTUXT,

¢o: X = Xgp, prHr
Tk © ¢4(p) forpe X~

Then one has for p € X that 7(p) € X, so

(60 7)(p) = (150 0 D4 0 7°)(p) = (T © ¢+)(P) = (T3 © 9)(P)

and for p € X~ it is 7(p) € X, and therefore

(@o7)(p) = (5 0 7)(P) = (171 © D+ 0 T)() = (T56 © B)(P).

The points p € X7 are mapped to 9X+, which yields the ovals of X 5,k S0 ¢ realizes the desired

topological equivalence between X and Xj . ]
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6. The isospectral set for regular finite type potentials

Now, we want to give the same characterization by its topological type for non-separating curves.
Until the end of this characterization, let Y be a compact Riemann surface of genus g with an
even number of n boundary cycles and let 7 : Y — Y be an antiholomorphic involution without
fixed points such that we can sort the n boundary cycles into pairs which are interchanged by
7. For a real curve of type (g,k,0), we can interpret ¥ as X \ X7. In [Natanzon, 2004], it is
neither assumed that Y has to be compact nor that the number of boundary components has to
be even and that these boundary components have to obey the above symmetry with respect to 7.
However, we think that these assumptions are necessary to show the next Lemma. Both of them
are also no obstructions in the sequel since we will apply the next Lemma only to curves with these

properties. To formulate the next Lemma, we additionally the following definition is necessary.
Definition 6.12. (a) A simple closed contour v C Y is called invariant if 7[y] = .

(b) A system A = (y1,...,7vm) of pairwise disjoint, invariant simple closed contours is said to be

complete if the set Y \ A is disconnected.

If A is complete, then Y\ A consists of two surfaces Y and Y~ which are both of genus %(g—m+ 1)
with each m + & boundary cycles and 7[Y "] = Y. The proof of the following Lemma extends
the statements compared to what can be found in [Natanzon, 2004] in such a way that we show
besides the existence of a complete system of simple closed contours on Y that these are smooth
and contained in the interior of Y. Moreover, we also extend the arguments for the proof of the

existence in comparison to [Natanzon) 2004].

Lemma 6.13 (|Natanzon, 2004, Lemma 2.1.2]). There is a complete system formed by g + 1

invariant smooth simple closed contours which are contained in Y°.

Proof. We show this assertion in three steps. At first we show that there always exists at least
one invariant contour v C Y such that vy N dY = (. We then show that for g > 0, there is an
invariant contour ¥ C Y such that Y\ 4 is connected. These two facts can then be used to prove
the assertion in the last step.

To see that there always exists at least one invariant contour -, let d be the standard metric of
constant curvature on Y. Since Y is a compact Riemann surface with boundary, the continuous
function f: Y — R, p— d(p,7(p)) attains its minimum on Y at pp. Then there exists a path ¢
of shortest length which connects pg and 7(pg). because 7 has no fixed points on Y, there holds
7[f] # ¢. Assume that ¢ N 7[¢] # (). Then there exist at least two points p; and 7(p1) which are
contained in £ as well as in 73/ since 7 has no fixed points on Y. This yields that the geodesics
¢ and 7y¢ connect p; and 7(p1) with f(p1) < f(po) which contradicts the assumption that pg is
the minimum of f. Therefore, the geodesics ¢ and 7[¢] do not intersect each other. By definition,
v = £+ 7yl is a closed contour which is invariant under 7. Next, we want to gain insight why

7 is smooth. Let v¢(p) be the direction of the geodesic at p € ¢ which is contained in 7, X and
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2 4 2
po V°© |2]? > || VeR+y2 >yl 7(po)

Figure 6.2.: Sketch why the geodesics £ and 73/ cannot meet at py with an angle smaller than ,
where the geodesics are linearized for clarity of the sketch.

let vr,¢(p) be the direction of the geodesic at 7(p) € 74¢ contained in Ty X. Then the angle «
between vy(po) and vr,¢(po) is the same as the angle between v, (7(po)) and vre(7(po)) since 7 is a
conformal map. Moreover, a € [0, 7]. Assume that o < 7 as indicated in Figure Then there
exists a vector field contained in 7T'X which is attached orthogonally to £ and 73¢. On the vector
v of this vector field attached at pp, one can find a point p; on v with d(po,p1) < € for e > 0
sufficiently small. The point 7(p;) then lies on the corresponding vector ¥ attached at 7(pp) and
obeys d(7(po), 7(p1)) = d(po, p1) since 7 is an isometry. Then there is a small path x, orthogonally
attached to v, which connects p; and £ and a small path y which connects p; with a point on 74/.
Likewise T4y connects 7(p1) with £ and 732 connects 7(p;) with 74¢. By the triangle inequality, the
length of x is shorter than the length of the segment of ¢ which lies between py and the intersection
point of py and z and also the length of y is smaller then the segment of 74/ which lies between
the 7(po) and the intersection point of y with 73¢. So the length of ¢ connecting py and 7(po) is
larger than the distance between p; and 7(p;) which are connected via x, the part of £ which lies
between the intersection points of z with ¢ and y with ¢ and then via y. Thus, o« < 7 contradicts
the assumption that pp minimizes f, and so a = 7w which implies that v = £ U o3¢ is a smooth
simple closed contour.

If Y = () this shows the assertion of the first step. So assume that dY contains at least two
boundary cycles. We claim that this simple closed contour does not intersect the boundary
components of Y. So assume that py,7(pyg) € Y such that f attains its minimum at py. By
the construction of Y, the points py and 7(pg) must lay on different boundary cycles which are
interchanged by 7. Let again ¢ be the unique geodesic connecting py and 7(pg). As before, the
angle a between vy(po) and vr,¢(po) must lie between 0 and 7, whereby a € (0, 7) is not possible
by the same argumentation as above. Assume that o = 7. Since the boundary cycles are simple
closed contours and geodesics, this would imply that ¢ is contained in the boundary contour which
contains pg. This contradicts the fact that pg and 7(pg) lie on different boundary cycles. So m = 0
and we can find a point p; contained in ¢ with d(po,p1) < € such that 7(p1) € 73¢. Let ? be the
geodesic connecting p; and 7(p1). Then ¢ C ¢ and the length of ¢ is 2¢ shorter than the length of
¢. This contradicts again the assumption that py minimizes f, and so vy N Y = 0.

To show the second step, let v C Y be the contour constructed in step one. For Y \ v connected
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7(p)

Figure 6.3.: Origin of ¢ depicted as in |[Natanzon, 2004, Figure 2.1.1].

there is nothing to show. So let Y\ v be disconnected. Then Y \ v =Y T UY ™, where Y and
Y~ are surfaces of positive genus and 7[Y "] = Y. By construction, v is invariant under 7 but
not an oval of 7. So for p € 7, one has p # 7(p) € 4. Let us join points p and 7(p) by a curve
¢ C Y without self-intersections and such that Y \ £ is connected. This is depicted — as in
[Natanzon, 2004} Figure 2.1.1] — in Figure Then 4 = ¢ 4 7[¢] is an invariant contour and
Y \ 74 is connected. Furthermore, we can choose this curve in such a way that it intersects the
boundary cycle orthogonally. So 4 is a smooth simple closed curve. To see that there always
exists a complete system A consisting of g + 1 invariant smooth simple closed contours, let 41 be
the smooth simple closed contour constructed in the second step. The surface Y \ 47 is of genus
g—1. If g—1 > 0, one can again apply the assertion from the second step and continue like this
successively until the genus of Y\ 41, ..., 7, equals zero. Then one applies the first step which

yields the assertion. O

The proof of the following Theorem is not given. The only difference to the proof of Theorem
is that, in addition to X7, a complete system A of smooth simple closed contours of X \ X”
is considered such that X \ (X7 U A) decomposes into two surfaces X+ and X~. Also the
homeomorphism between an arbitrary real curve of type (g, k,0) and the corresponding model
curve in Example is defined analogously as in the proof of Theorem In |[Natanzon) 2004}
proof of Theorem 2.1.2], it is not shown that this yields the desired topological equivalence, but
the calculations are the same as the calculations used to show the topological equivalence in the
proof of Theorem for a real curve of type (g, k,¢) and the corresponding model curve from
Example 6.7

Theorem 6.14 ([Natanzon, 2004, Theorem 2.1.2]). Let (X, 7) be a real curve of topological type
(g,m,0). Then for any m < k < g+ 1 with k = g+ 1 mod 2, the curve (X, 7) is topologically
equivalent to the curve (ngk, Tglk) in Example where § = %(g +1-—k).

The results of Examples and as well as of Theorems and are summarized in the

following corollary.
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Corollary 6.15 ([Natanzon, 2004, Corollary 2.1.1]). Real algebraic curves are topologically equiv-
alent if and only if they have the same topological type. A set (g,k,e) is a topological type of a
real algebraic curve if and only if eithere =1, 1 <k<g+landk=g+1 mod 2 ore=0 and
0<k<g.

6.2.2. Holomorphic differentials on real curves

From now on, we assume that the ovals of a real curve (X, 7) of type (g, k,¢) are endowed with
an orientation. For e = 1, this orientation is induced by an orientation of one of the connected
components of the set X \ X7 and for ¢ = 0, it is the orientation induced by X \ X7. This we call

the original orientation of an oval.

Definition 6.16. A local chart z : U — C in a neighborhood of a real point py € X7 is a real
local chart if T[U] = U and z(7(p)) = z(p). A real chart agrees with the orientation of the set X7
if z sends an oriented segment ¢ = U N X7 into the segment z[¢] C R oriented by increasing order

of the real numbers.

In deviation from [Natanzon, [2004], let 7* : 2(X) — 2(X) be the pullback of 7 to the space of
1-forms on X. The map 7" in [Natanzon) 2004] is defined slightly different, but we believe that it
shall also just denote the pullback of 7 there since it is applied like that in [Natanzon, 2004]. With
this pullback, we are able to define a real differential, whereby we made the opposite sign choice in
the action of 7* on w as in [Natanzon), 2004]. The choice in [Natanzon, 2004] seems to be more
natural on the first sight. However, our choice turns out to be more convenient in the sequel of
this chapter and is also the one used in |[Natanzon| 2004]. It is the involution corresponding to
7:X — X, p— —p as it will be used hereinafter when we consider real curves with an additional

involution ¢ in Section [6.2.5]

Definition 6.17. (a) A differential w is said to be a real differential if T*w = —w. In a real chart,

this yields for w = f(z)dz that f(z) = —f(z). In particular, f(z(p)) € !R for p € X".

(b) The sign of the value —¢f(z(p)) € R with p € X7 is the same for all real charts that agree
with the orientation of the set X7. It is called the sign of the differential w at a point p € X7.

(c) A real differential w is positive (non-negative, non-positive, negative, respectively) on an oval

¢ C X7 if —w is positive (non-negative, non-positive, negative, respectively) at any point of c.

In this definition, we have changed the condition for realness of a holomorphic differential in
such a way that 7*w = —®. In the next proof we will frequently use that a spinor can induce an
orientation on the ovals of a real curve (X, 7), compare Definition We will also make use of
the statements and the notation used in Theorems [B.42] and [B.43]
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Lemma 6.18 (|[Natanzon, 2004, Lemma 2.6.1]). Let n be a real spinor on the curve (X, T) as in
Definition . Then w = —un? is a real differential that is non-negative on the oval ¢ C X7 if the
orientation generated by n coincides original one and non-positive on the oval ¢ if the orientation

generated by n is opposite to the original one.

Proof. If the spinor 7 is described by a function f o z in a local real chart z : U — C which
agrees with the orientation of an oval ¢ C X7. Let z be centered at p € c. Then there is an open
neighborhood of p € ¢ on which w = —¢(f? o z)dz. If additionally the orientation of the oval c is
generated by 7, then it follows from Lemma that fozo7T = fozand f? is non-negative on c,

so also ¢(—¢f?) is non-negative. A change of the orientation of the oval changes the sign of f2. [

Theorem 6.19 ([Natanzon, 2004, Theorem 2.6.1]). Let (X, 7) be a real curve of type (g,k,e) with
ovals ¢1,...,c, where k = ky + k_ + kg. For e = 0, let additionally ko < g and for e =1, let
additionally k4 - k— # 0. Then there is a real differential on (X, T) that is non-negative on c; for
i < ki, non-positive on ¢; for ky <1 < ki +k_ and has zeros on ¢; for i > ki + k_ such that the

sum of the orders of the zeros restricted to each one of these ovals divided by two is odd.

In |[Natanzon, 2004], no obstruction for the sum of the orders of zeros is shown. However, this is

necessary hereinafter. So we added it in the next theorem.

Proof. We use Theorems [B:42] and [B:43| to deduce that there exists a real spinor n which has zeros
ON Ck, 4k_+1,---,Ck and generates on any other oval ¢; an orientation that coincides with that of
X7 for i < ky and is opposite to the orientation of X7 for k; < i < ki + k_. To ensure that the
ovals ¢, 4x_+4; With i =1,... ko have a zero such that the sum of the orders of the zeros on this
oval divided by two is odd, the corresponding values «; in these Theorems must equal 1. Then the
sum of the orders of the zeros of 7 on one such oval is odd. Since w = —n?, the assertion follows.
Let us consider € = 0. We can always obtain Zle a; =g+ 1 mod 2 since kg < g. So either k4
or k_ is unequal to zero and the ovals ¢; with 1 < i < k; + k_ might also contain elements with
o; = 1. Choosing k1 < m < k4 + kg in Theorem yields the desired spinor 7.

For € = 1, the assumptions in Theorem also hold since k4 - k_— # 0 implies that there always
exist two ovals of opposite orientation, without loss of generality ¢; and c¢g, on which we can set
a1 = ap = 0. As for € = 0, the other conditions on aj, ..., a; can always be fulfilled since the
maximal number of ovals of X is g+ 1 and ky,k_— > 1, kg < g. Choosing k1 < m < ki + kg in
Theorem yields the desired spinor 5. Applying Lemma the differential w = —n? has
the desired properties. O
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6.2.3. Real M-curves

Now we take a closer look at real curves which have the maximal possible number of ovals.

Obviously, such a curve is of separating type, and so € = 1.
Definition 6.20. A real M-curve is a real curve of type (g,g + 1,1).

On such curves, the real differentials have some additional properties which we will study now in

more detail.

Lemma 6.21 (|[Natanzon, 2004, Lemma 2.6.1]). Let c1,...,cq41 be ovals of an M-curve of genus
gandlet 1 < a<n < p < g+ 1. Then there is a real differential w that is positive on cq,

non-negative on ci, ..., cy, negative on cg and non-positive on Cpyi,...,Cqt1-

Proof. By Theorem there is a real spinor 7 that generates the orientation of X on cy,. .., ¢y,
generates the opposite orientation of Xt on ¢p41,...,¢,41 and has zeros on the ovals ¢; with
i # «, . It is shown in [Atiyah) |1971, Lemma 3.2] that the total number of zeros of a spinor
is g — 1. Hence, 1 has no zeros on ¢, and cg. Therefore, by Lemma @ the real differential
w = —un? satisfies all hypotheses of the lemma. O

This immediately yields the following assertion.

Lemma 6.22 (|[Natanzon, 2004, Lemma 2.6.2]). Let c1,...,cq11 be the ovals of an M-curve (X, 1)
of genus g and let 1 <n < g+ 1. Then there is a real differential w that is positive on cy,...,cy

and negative on Cpi1,...,Cq41-

Proof. Let 1 <n < g+ 1. Then by Lemma there exists for each (7, 7) with ¢ € {1,...,n} and

je{n+1,...,9+1} areal differentials w; ; on X which is non-negative on ¢, ..., ¢,, non-positive
on Cp4i,...,Cg+1, Positive on ¢; and negative on ¢;. Adding up these differentials yields the
assertion. O

The next Lemma is concerned with hyperelliptic M-curves. These are curves which are defined by

X° = {(x,y) € € | y = \/h(@)},

where h(z) = 32?2@ — ;) and ag < -+ < aggyo are real numbers. We compactify X° in

such a way that there are two smooth points over oo and the covering X — CP!, (z,y) — = is
unbranched over co. The compactification of X° we denote as X. This Lemma will be helpful
to show that any real differential is positive on an oval of an M-curve and negative on another
one. For this Lemma, we give a very precise proof in comparison to |Natanzon, 2004]. The
reason for this is two-fold: First of all, the set of ovals given in [Natanzon, 2004] with the choice
T*w = @ is just complementary to the set of ovals of a hyperelliptic curve we consider. It is claimed

implicitly in [Natanzon| 2004] that these are given by the points (z,y) € X corresponding to
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x € (—00,a1)U (ag,a3) U- - U (agg+2,00). However, the latter would imply that there are ovals
which are no simple closed curves. So the main modification compared to [Natanzon, [2004] is that,
as explained above, we have changed the action of 7% on real differentials w. With this choice,
the proof works out. Hereby, we find another reason why to change the definition of realness
for a holomorphic differential. The second reason why we give this proof so precise compared to
[Natanzon, 2004] is that we do not understand the argumentation given there easily without this

additional information.

Lemma 6.23 ([Natanzon), 2004, Lemma 2.6.3]). Let oy < --- < ag42 be real numbers, let
h(z) = lziTz@ — ), let X be the hyperelliptic curve corresponding to y> = h(z) and let
7: X — X be the antiholomorphic involution generated by the correspondence (x,y) — (T, —Y).
Then (X, T) is a real M-curve of genus g each of whose real differentials is positive on one of the

ovals and negative on another one.

Proof. The set
X = {(x,y) € € | y = /h(z)}

describes a real hyperelliptic curve of genus g, compare [Farkas and Kra, [2012, Section I11.7.4].
Let X be the compactification of X° such that there are two smooth points over oo and the
covering X — CP!, (z,y) ~ x is unbranched over co. This is defined as a ramified double cover of
CP! = CU {oo}, where the branch points of X — CP! are at the zeros aq, ..., ang42 of h. There
exists a holomorphic involution X — X, (x,y) — (z,—y) on X. Since the coefficients of h are real,
(z,y) € X implies (z,y) € X,so7: X — X, (x,y) — (z,—y) is an antiholomorphic involution
on X. The fixed points of the antiholomorphic involution 7 are called the ovals of such a curve.
These are precisely the points (z,7) € X such that y?> = h(z) has a solution in (R, i.e. h(z) € R
and h(z) <0 for z € R. Since h(z) is a polynomial of even degree in x, one has for x € R that
lim, 100 h(x) = 00, so h(z) < 0 for = € [agi—1, 9] withi=1,...,9g+ 1. So X has g+ 1 ovals
¢; of 7 corresponding to the segments [ag;—1, ;] for i =1,...,9g+ 1. Let X7 = Ufill ¢;. Since
the two sheets of X are only connected via these ovals, X \ X7 consists of two oriented Riemann
surfaces Xt and X~ with boundary components ci, ..., cg1 which are interchanged by 7. By
[Farkas and Kra, 2012, Corollary II1.7.5.1], any holomorphic differential is of the form f (:L’)%‘T,
where f(z) is a polynomial of degree at most g — 1, so the differential
dx
wy = f (x)?,
where f is a polynomial with real coefficients and of degree at most g — 1 is also regular on (X, 7).

For y € (R and =z € R, 7 acts as 7(z,y) = (z,—y) = (z,y). Taking also the realness of the
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Al >0 hlg <0 Al >0 hlg <0 hlg >0
ay B Qo B2 s 3 (g R

Figure 6.4.: For ¢ = 2: Sketch of the four zeros «; of h and the three zeros f3; of i/ as well
as the areas in which Re(h) > 0 and in which Re(h) < 0 and the curves of
M = {(z,h(z)) € C?} starting at 3; on which h(x) € R.

coefficients of f into account we see that

9

y Ty -y oy

(f(@) _f) ) f(=)

and so we obtain

Twp =1 (f(x) da:) — MdT(x) = _de = —0y.
y () y
Thus, wy is a real differential. We will deduce the sign of —ww; on the ovals by considering w := %’:

and then multiplying it with the corresponding f. To determine the sign of —iw on the ovals, we
have to consider the sign of vy = t1/h(x) on these ovals. Therefore, we consider another compact
variety defined by

M° = {(z,h(z)) € C*}

and compactify the curve M° in such a way that we add one smooth point over x = co. The

derivative I’ is a polynomial of degree 2g + 1 with 2g + 1 zeros 3; € R such that fori =1,...,g+1

i1 < fai—1 < az;

with h(8;) < 0 for ¢ odd and h(fB;) > 0 for ¢ even. Since a; are zeros of first order of h it is
h'(cw) #0. So a; # B for i =1,...,2g+2and j=1,...,2¢9 + 1. The points j; are the branch
points of the covering (x,h(x)) — x. At these points, one has a local coordinate z; centered at ;
such that one can describe M on a small open neighborhood U; of 5; by y = zi? . So on U; one has

zfh(x) € R if and only if the image of z; is contained in R or ¢tR. For brevity, we write z; € R
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Figure 6.5.: For g = 2: The 49 = 8 curves meeting at co on which h € R.

respectively z; € tR. Accordingly, we know that at each f;, there start four one-dimensional curves
on which h € R. The two curves corresponding to z; € R are contained in the real axis and one of
the other curves corresponding to z; € R is contained in the upper half plane H and the other
one in the lower half plane {z € C | Im(z) < 0}. This is depicted in Figure In total, this
yields 4¢g curves on which h € R, whereby two of these are contained in the real line and at each 5;

with ¢ € {1,...,2g — 1}, there start two curves which are not contained in the real line. The set
R:={(z,h(z)) | h(z) € RU{oco}}

is a real, one-dimensional subvariety of M. Furthermore, compactifying M at co by the usual
one-point compactification as in [Munkres, 2000, § 29, page 185], there is a local coordinate z
centered at oo such that z(oco) = 0 and such that on a small open neighborhood U of 0o, one can
describe M by y = 229. Hence, there are 4g one-dimensional curves starting at oo on which h(z)
is real: 2¢g different choices for z € R and 2g different choices for z € (IR, so the sign of h varies on
two neighbored curves, see Figure for g = 2. Since h € R" for real # < a1 and real = > a2,

two of these curves originating at oo correspond to x € R. The set
R:={(z,h(x))e M | h(z) e RU{o0}} C M

is a real, one-dimensional compact subvariety of M. To see that the 4g curves, out of which each
two that are not contained in the real line are starting at each [5;, are connected to the 4g curves
starting at oo, first note that the only points in which the real subvariety R has a branch point
are the points at © = (;, so the curves starting at 8; which are not contained in R can intersect R

only at one of the points 3; with ¢ € {1,...,2n — 1}. We assume that a curve which starts at ;
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has a second intersection point 5; with ¢ # j on R. Without loss of generality, let this be the curve
contained in H. Then 7 — j = 0 mod 2 since the sign of A on the curve starting at [3; is opposite
to the sign of h on the curve starting at 5;+1. So we can assume without loss of generality that the
second intersection point is in S;12. Then the curves contained in ‘H starting at §;41 cannot cross
the curve connecting f; and S92 since h(x) € R and h(z) # 0 on both curves, whereby h(z) > 0
and h(x) < 0 cannot hold simultaneously. Hence, the curve starting at 8;4; has to remain in the
part of ‘H enclosed by R and the curve connecting 3; and ;2. Then the curve starting at B;41
must have an open end. This contradicts the definition of R as a subvariety of M: since M is
compact, R is as well. The same holds for the curves starting at §; contained in the lower half
plane. So the assignment of the 4¢ curves starting at infinity to the 4¢g curves out of which 49 — 2
are starting at (§; is unique. This yields in total g simple closed contours intersecting at infinity,
where one corresponds to the real line and the others are each crossing the real line in exactly one
of the B;. The sign of Im(v/h) changes when crossing a curve contained in R with 2 € R, because
then vh € R*, so the imaginary part of v/h has a zero. These are all the simple closed curves
which intersect the real line at a; with i € {1,...,g — 1}. When crossing a simple closed curve
containing fg;_1 for i € {1,..., g}, the real part of v/h changes its sign because h € R~ on this
curve. Since (y; is contained in the complement of the ovals of 7 on the real line, the imaginary
part of y has opposite signs on two neighboring segments corresponding to ovals of 7. Because on
these curves, y is purely imaginary, the sign of vy is also opposite on these neighboring ovals and
hence also —ww has opposite signs on each two neighboring ovals.

Let us now consider an arbitrary holomorphic 1-form on X given by wy = %dw. Then deg(f) <
g — 1 assures that there have to be at least two ovals on which f # 0.

We assume without loss of generality that f > 0 and —w > 0 on the oval ¢; corresponding to
[a1,a2]. If f > 0 on the neighboring oval ¢, corresponding to [a3, oy, then —wwy > 0 on ¢; and
—wwy <0 on cy.

If f has a zero on the oval corresponding to [as, ayl, then the sign of —ww on [as, ag] is equal to
the sign of —ww on [a1, as], but the sign of f changed and accordingly —uwwy has opposite signs on
c1 and c3. Successively repeating this procedure while assuming that every of the i — 2 ovals in
between ¢ and ¢; contains at least one zero (since an even number of zeros has the same effect
as no zero), one sees that the number of times that —w changed sign from ¢; to ¢; is i and the
maximal number of zeros of f is ¢ — 1. Hence, the sign of —wwy on c; and ¢; is opposite to each

other and the assumption follows. ]

In the version of the proof of the following Theorem in [Natanzon, 2004], it is claimed but not
shown that two sets which are defined there are open respectively closed. Because we think that

this is one of the crucial steps in the following proof, we worked this part out.

Theorem 6.24 ([Natanzon, 2004, Theorem 2.6.2]). For any real differential w on an M-curve,

there is an oval on which this differential is positive and an oval on which it is negative.
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Proof. Let M be the set of all M-curves of genus g with an ordered set of ovals c1,...,cs41. We
define two bundles over M: a fiber bundle f:F— M , where the fiber over each point of M is
just the corresponding M-curve, i.e. f~1(X,7) = (X, 7), and a vector bundle e : E — M which
fibers (X, 7) consists of all real differentials on (X, 7). We take a basis of e~ !(X, 7) which is
formed by differentials w; = w;(X, 7) such that fcl, wj = 0;; for 4, j < g. Then there exists a unique
flat connection on e such that the sections w; are parallel for i = 1,...,¢g. Let us introduce the

following classification of real differentials:

o A real differential is called a differential of type A if each of the ovals contains at least one
points at which the differential is non-positive. The set of M-curves that admit a differential
of type A is called M4,

o A real differential is called a differential of type B if each of the ovals contains at least one
point at which the differential is negative. The set of M-curves that admit a differential of
type B is called MPB.

We first show that M4 is a closed set in M. Therefore, we choose a sequence (X, Ty )nen of curves
in M“ which converges in M. We denote the limit of this sequence by (X, 7) and the corresponding
ovals by ¢; with ¢ = 1,..., g+ 1. This yields a sequence wy, := >>%_; a; nwj », of real differentials
of type A. To see that this sequence also converges to a differential of type A, we normalize the
coefficients «; , € C such that ||(a1y,...,a4n)|] = 1. Then the sequence (a1, ..., %gn)neN is
bounded and thus — by the Bolzano Weierstral Theorem — contains a convergent subsequence
(wm)men. This subsequence converges to w # 0. Next, we consider the sequence of real curves
(X, Tm) corresponding to wy,. To see that each oval ¢; C X contains a point p; such that w is
non-positive at p;, note that the set of ovals is ordered on each X, with m € IN. This defines
also a convergent sequence of ovals (¢;m)men with ¢ = 1,...g + 1 in the fibers of f. Since
(X, Tm) € M A for all n € IN, there exists a point p; ., on each oval ¢; ,,, such that the differential
Wy, 18 non-positive at the points. On every curve X,,, seen as a fiber of f at (X,,, 7n) € ]T/f, the

set of ovals {¢1m,...,Cq+1,m} IS a compact subset. So the set of ovals

U (cm U Ucgrm)Uer U~ Uega
melN

is also compact in F. Therefore, the sequence (pim,...,Pg+1,m)meN contains a convergent
subsequence which we endow with the same index. The limit of this sequence is contained in the
ovals of (X, 7). Since f is a proper map, this also defines a convergent subsequences of points in
the ovals of (X, ) € M. So w is non-positive at the points p; € ¢; for . =1,...¢9+ 1 and thus
(X, 7) is a real curve of type A.

Similarly, we show that M? is open: Let (X, 7) C MPB be a fixed M-curve in M. We have to show

that any curve which is arbitrarily close to (X, 7) in M is also an element of MB. Let (X, 7) be
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6.2. Real potentials

such an M-curve in M. We denote the set of ordered ovals of (X,7) as {é1,. .., ¢g+1}. These are
again just the fixed points of 7 in the fiber (X, 7) over M. Since (X,7) € M5, there exists a the
real holomorphic differential w on X which is positive at p; € ¢; fori =1,...,9+ 1. We can write

w= Zle a;w;, where w; are the elements of the basis of holomorphic differential forms normalized
with respect to ci, ..., cq4. Next, we show that there exists a real holomorphic differential & and a
set of points {p;,...,Dg+1} with p; € & on X such that @ is positive at these points. Consider
@ =37 | ajw;, where the coefficients «; are the same as the coefficients of w. This defines a real
holomorphic differential & on (X, 7). Then & defines a smooth 1-form wp on F. Moreover, T
induces an antiholomorphic involution 77 on F. Then the set of all fixed points of 77 such that
wp is positive is an open set in the fixed point set of 7 in F'. Therefore, for all real curves (f( )
in a small open neighborhood of (X, 7), the restriction of wg to X is a differential form of type B
and thus the set M7 is open.

Obviously, MB ¢ MA. If MA ¢ MPB, then M* is an open and closed set in M. Since it is shown
in [Natanzon, 2004, Theorem 2.2.1] that M is connected, this yields that M4 contains either all
M-curves of fixed genus g or none. Using the example of the hyperelliptic curve from Lemma [6.23
vields that M \ M4 # () and thus M4 = () and the assertion follows. So we show that M4 c M5,
Let (X,7) € M4 and let w be a differential of type A on (X, 7). Because we can decompose
X\ X7 into two parts X and X~ such that the boundary of these parts is given by c1,...,cg11

and this boundary is homologous to zero, it is

g+1

Z%w:&
i=1"¢

It follows that the differential is negative at least at one point of X7. Let ¢ be an oval containing
such a point. By Lemma [6.22] there is a real differential v that is positive on ¢ and negative on
the other ovals. Then for sufficiently small €, the differential w 4 v is negative on at least one
point of ¢ and since v is negative on the remaining ovals and w non-positive on these, w + &7 is
negative on these ovals for arbitrary € > 0. So w + €7 is a differential of type B for sufficiently
small £ > 0. Thus, M* = M?% is an open and closed set in M. ]

In the classification of the connected components of the real Prym variety, the following theorem
is necessary. Though this is shown in [Natanzon, |2004], we again do not understand the proof
given there due to its shortness and moreover found several small mistakes, e.g. in the formula for
the genus of that curve or several sign switches in the definition of some involution necessary in

that proof. Therefore, we try to give the full picture here.

Theorem 6.25 ([Natanzon, 2004, Theorem 2.6.3]). Let 1 <k <g+1, k =g+ 1 mod 2 and
k>0>k— % for k even and k >0 >k — % for k odd. Then there exists a real curve of type

(g, k,1) with ovals c1, ..., c such that any real differential which is non-negative on ¢y, . .., cy must
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6. The isospectral set for regular finite type potentials

be positive on one of the ovals ¢y, ..., c, and negative on another.

Proof. For brevity, we set po(z) := [[i2;(z — a;) and pg(x) := [[}2;(x — 5;). Let us consider the

Riemann surface X° which is the normalization of the zero set {(x,y) € C? | f(z,y) = 0}, where

f(@,y) =" — 207 (pa(z) — ps(2)) + (Pa(z) + ps(z))* =0,

withay < <a, <[ <--<Bm€R,n>0and n,m=0 mod 2. Solving the above equation
for y? yields

v (x) = palx) = ps(x) £ \/(Pa() — p3(@))? = (p3() + pa(2))?

= pal®) = ps(@) £ 20 /pa(@ps(@) = (Vpal®) £ 1/p5(@)

So the surface X° is obtained by considering the normalization of the set

{(a:,y) e C? |y = j:\/pa(:r:) + L\/pg(:(}) ory = j:\/pa(ar) T L\/pg(x)} ) (6.1)

This surface defines a four-sheeted covering of X — C, (z,y) — z. At x = oo, the terms of z of

highest power in f(z,y) approximate y, i.e.

y ~ £2™? £ 12™/? respectively y ~ F2'/? + 1™/,

where m,n > 2 are even. So in a small open neighborhood U of 0o, z : U — C with z = % is a local
coordinate of X centered at x = co. Then X° can be compactified such that the compactification X
has four different smooth points over x = oo and the covering X + CP!, (z,y) +— z is unbranched
at these points.

We want to determine the branch points of this covering together with their order, compare
Definition [2.32] Because this definition is given for a polynomial f of second degree in y, we here
also have to assure that the second derivative of f into the direction of y is unequal to zero. So it

is necessary to take the following partial derivatives of f into account:

%um:@&Ammm—mmx
O (0,) = 20201, () — o (2)) + 2(ple) + (@) (Bh(a) + P (a),
o2 f

g, (@) = 12y* — 4(pa() — ps(x)).

For oy, # B1,i=1,...,nand j = 1,...,m it is pa(B)), ps(ai), P (B5), P (i), (i), ps(B5) # 0,
whereby the formulas for the derivatives hold since p.,pg are polynomials which have only zeros

of first order, so the interval between each two neighbored zeros of p, respectively pg contains a
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6.2. Real potentials

Qg1 4 QOp = ﬁl 1 B2
X2 . /—»'\ .
Qp—1 2 Qp = ﬁl 3 52

2 1
X; ® ® ®
3047,,_1 Qpn = Bl 52

4 3

X, ®

@ L d
o \\a”r/ 52

Figure 6.6.: Depicting the cuts between «,,_1, a,, = 1 and (2 on all four sheets X1,..., X4 to
determine the winding number of (ay,,0) as 2.

zero of the derivative and there are no other zeros. Therefore, one has

g‘; (ai,iL pﬁ(aﬂ) = 4( pg(m)))s — 4\/]%]35(%) =0,

S (1 2/pa() =1 (Vral5))” ~ 4ValB)pa(8) =0
gi(amib\/M) _ {417[3( )p%( ;) # 0,

App(ai)pl (i) # 0,

of Pa(B;)Pa(B;) #
== (B £VPa(B))) =

o (P 2(0) { o (8,05 (5;) #
2

gé (i £14/ps(0i)) = —8ps(as) #0,
2

8 5 25 (05 % V/pa(B)) = 8a(8y) #0,

whereby the degree of 0f /0y shows that df/0y has no other zeros then the one above.

Let o, # f1. Over an interval of the form = € [ag;—1, ag;] respectively [B2i—1, 52i], each two sheets
of the four sheets meet. Accordingly, the covering X — CP!, (x,%) + z has two branch points of
order one at each x = o for i = 1,...,n and each z = 3; for j = 1,...m. So the total branching

order is b = 2n + 2m.
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6. The isospectral set for regular finite type potentials

Let now oy, = f1. Due to y(ay,) = pa(an) = pg(B1) = 0, one has

of of

%(an,()) =0 and 8—@/(@”,0) =0

and the point on X corresponding to x = «, is a singularity of X in which all four sheets meet.
By determining the winding number around «, = (1, we show next that the corresponding point
on the normalization is a ramification point of order one. For this, take a look at Figure To
determine the winding number, we cut X at z € [ay,—1, @] and x € [B1, B2]. We then encircle

an = B1 once. Let us denote the four sheets of X with all branching lines cut out by X,..., Xy,

whereby
Xy = {(@,y) € € | y=/pa(2) + 1y/ps(2) }
Xz = {(2,9) € € | y = —/pale) = y/ps(a) }
Xy i={(@.y) € € | y = V/pa(@) = 1y/ps(0) } .
Xyi={(@.y) € C | y= —/pa(@) + 1y/ps() | .

The cut in [a,—1, @] connects X; with Xy and Xy with X3 while the cut in [, 82] connects
X1 with X3 and X5 with X4. We consider a simple closed curve as depicted in Figure and
count how often it has to wind around the singularity until it closes. Without loss of generality,
we assume that this circle starts on X; at the point indicated by 4 and ends on X; at the point
indicated by 1, continues on X3 at the point indicated by 1 to the point indicated by 2, then
continues on Xy at the point indicated by 2 and ending at the point indicated by 3, further
continues on Xy, starting at the point indicated by 3 and ending at the point indicated by 4 back
to the starting point indicated by 4 on X;. So the winding number around (a,,0) = (51, 0) equals
two. Accordingly, the branching order at this point is one. So the total branching order of the
covering X — CP', (x,y) — X is b = 2(n — 1) + 2m. Due to the Riemann-Hurwitz Formula
[Forster}, 1981, Theorem 17.4], it is

2n+2m —8 for « ,
2 —2=b—8= n#
2n +2m — 10 for a,, = 1,

and so the genus of X is given by

{n+m—3 for a,, < By,
g:

n+m-—4 for o, = Sy,

where g > 0 since n,m > 2. The coefficients of p, and pg are real and (z,y) — (x,—y) is an
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(B2, y1(B2))

(an—la Y1 (an—l))

(Oén;.o) = (51,0) (an-1,92(n-1))

(52, 92(52))

Figure 6.7.: Schematic sketch in a local coordinate in C of the four cuts meeting in (o, 0) =
(B1,0). The cut between (ap—1,y1(an—1)) and (an—1, y2(an—1)) (red line) yields the
oval over [a,—1, ay).

involution of X. Thus, also the antiholomorphic map
T:X_>X7 (xay)H('ia_gL

defines an involution on X. The connected components of the fixed point set of 7 in X are exactly
the ovals for which z € R and y € «R. This is the case for p, < 0 and pg > 0, i.e. the ovals are
corresponding to the intervals [ag;—1, ;] for i = 1,...,n/2. If ay # B, then there are n ovals
on X. For a; = ,, each two contours on X corresponding to [cg; 1, ] fori =1,...,5 —1
yield n — 2 ovals. However, it is necessary to take a closer look on the form of X over the interval
[an—1,apn]: At a1, only the sign of p, changes while at a,,, p, and pg are equal to zero, so
all four sheets meet in this point. Following the gluing structure as indicated in Figure [6.6] one
sees that this yields precisely one oval on X over [a;,—1, ay], compare Figure So the total
number of ovals in this case equals n — 1. Furthermore, 7 interchanges the sheets given by X;
and X4 as well as the sheets given by Xy and X3 since :l:\/pa(ai) + L\/pﬂ(ai) = 1y/pg(a;) and
+1/palai) — 1y/pslai) = —1y/pala).

We denote the set of ovals of X by X7. Then X \ X™ = (X; U X3)° U (X2 U X4)° with (X; U
X3)° N (XaU Xy)° =0. So (X,7) is a real curve of separating type and the topological type of

(X, 7) equals (g, k, 1), where

n—1 for a,, = F1.

. {n for a,, < By,

On X, we define the correspondence

73: X — X, (x,:l:\/pa(x) + L\/p,g(x)) — (l‘yi\/Pa(l’) + L\/Pﬁ(x))
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6. The isospectral set for regular finite type potentials

which maps X7 to X3 and X5 to X4. By the definition of X in (6.1)), we see that this map defines
an involution which commutes with 7. The involution 73 pairwise transposes the ovals for o, < 31

and preserves exactly the oval corresponding to [au,—1, @] for a,, = 81 and transposes the other

ones. Let us number the ovals ci, ..., ¢ such that 73(¢c;] = cjq1-; for i = 1,... ,% in the case
an # Prand fori=1,..., % in the case a,, = 1, whereby then 73(c;] = ¢;. We assume that
there is a real differential w that is non-negative on the ovals c1, ..., ¢, with £ > 5 and is positive

or non-negative on the other ovals. Then there is no oval on which the differential w + Taw is
negative. The involution 7 induces an antiholomorphic involution 7 : X — X on the surface
X =X/ ~,
M-curve of genus (n/2) — 1. Since w + Tjw is invariant under 7, the differential w + 75w induces
a real differential on the curve (X, 7) that is negative on no oval. This contradicts Theorem

which says that any holomorphic real differential is always negative on one oval and positive on

where p,q € X obey p ~,5 ¢ if and only if p = ¢ or p = 73(¢). Then (X,7) is an

another one. Thus, we have shown that there is no such differential w on X. ]

Remark 6.26. On X as in the foregoing theorem, one can also define another correspondence

Ta: X — X, (:L',:l:\/pa(ac) + L\/pﬁ(l‘)) — (x,:F\/pa(a:) + L\/pﬁ(l'))

which commutes with 7 as well as 75. The involution 7, preserves each of the ovals. This is also
indicated in the proof given in [Natanzon) 2004]. Because we cannot see where this is necessary
for the proof, we remark it here to describe the full symmetry of X.

6.2.4. The Jacobian variety of a real curve

Let X be a compact Riemann surface of genus g and
{AzaBZ |Z = 1779} € Hl(X7Z)

a symplectic homology basis as in (4.9)), i.e for the intersection numbers of the elements of this
basis holds
Ai*Aj = BZ‘*B]‘ =0 and AZ‘*B]‘ = (5”

Let wi,...,wy be a basis of the space of holomorphic differentials on X which is in this section

normalized as

f wj = 2mL0;. (6.2)
ak

In this case, the matrix B = (Bkj)i,j:p given by By; = §, wj, is symmetric and has negative-
definite real part Re(B) = (Re Bkj)jg p—1, compare [Farkas and Kral, 2012, Proposition I11.2.8].
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6.2. Real potentials

Therefore, one can define a f-function 6 : C9 — C by

0(z) =0(z| B)= > exp {;(BN,N) + <N,z>},

NeZ9

compare |Farkas and Kral 2012, Section VI.1.1 with 7 = B]. As in Section let A be the

group generated over Z by the vectors
24, =2m(0k1, . .. ,6kg)T and 2p, := (B, .., Bkg)T fork=1,...,g

such that Jac(X) = C9/A. Let @ : C9 — Jac(X) be the natural projection. In the rest of this
section, we use some notation which is for example introduced in [Farkas and Kra, [2012, Sections
I11.11.8 and IIT.11.9]. Let Sy be the set of all positive divisors of degree k. Since X is compact, Sk
is a complex compact manifold, see [Farkas and Kra, 2012, Section III1.11.9]. We further define

S;:={D¢€ S, | dim H°(X,0p) > r + 1}.
Due to the Riemann-Roch Theorem, dim H°(X, Op)—dim H'(X,Op) = deg D—g+1. Accordingly,

Sg = Sy, SO ={D €S, | dimH(X,0p) > 1},
Sy ={D €S, | dimH'(X,0p) > 1}, Sy ={D€ Sy_1 | dimH'(X,0p) > 2},
Sg \ S; ={DeS, | dimH'(X,0p) =0}, 58,1 \ Sglf1 ={D €S, | dimH(X,0p) =1}.

As already done in Section we can use the Abel map to map Sy — Jac(X). Since this map
is not independent of the choice of a basepoint ¢ € X unless k = 0, compare [Miranda, (1995, p.
250], and we will hereinafter use that we can choose ¢ € X7, we introduce this map a bit more
detailed than before: For arbitrary p,q € X, let 7, denote a fixed path starting at ¢ and ending
at p. We then fix a path which connects each point of a divisor D = >, p; with ¢ and denote it
by Yg¢p := Y_i Vgp;- Let us choose a point ¢ on X as base point of the map ﬁ)q : S — €Y which
maps a divisor D = Zle p; € Sk to

o= (o) (21 %)

This map is not unique on €Y since it depends on the chosen paths 7g,,. However, if two different

qap;

paths vy, and 44, both start at ¢ and end at p;, then g, — Y4p, € H1(X, Z), where the chosen
basis of H1(X,Z) corresponds to the basis elements of A in C9. Let again @ : C9 — Jac(X) = C9/A
be the natural projection. With this, the Abel map Ab, : Sy — Jac(X) is uniquely defined as

k

Aby(D) ::@(Lqul,...,Lqug) :@(; (qupiwl"”’/wqpiwg» € Jac(X).

1
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6. The isospectral set for regular finite type potentials

By the Jacobi Inversion Theorem, Ab,(S,) = Jac(X) and the Abel map Ab, is invertible at a
generic point D € Sy \ S;, see for example [Farkas and Kra), 2012, Proposition I11.11.11 (a) and
Proposition I11.11.12].

We further define W,, := Ab,[S,] C Jac(X). Then W;,, C W, for all n € Ny since Aby(D) =
Aby (D + q) for every divisor D € W,,. Furthermore, we define W, as the set of points in Jac(X)
which are images of divisors D € S,, with dim H°(X,Op) > r + 1 and set W,, :== W?. Then

W, = {Aby(D) | D € Sy and dim H'(X,0p) > 1},

Wy \ W, = {Aby(D) | D € Sy and dim H'(X,0p) = 0},
W,—1={Aby(D) | D € S;_; and dim H'(X,0Op) > 1},
W, 1 = {Aby(D) | D € Sy_1 and dim H'(X,0p) > 2},

Wy—1 \ W} = {Aby(D) | D € Sy and dim H'(X,Op) = 1}.

For n < g, W, is an irreducible subvariety of W, = Jac(X) of dimension n, see |Farkas and
Kral, 2012, IT11.11.13]. Furthermore, it follows for example from [Farkas and Kral 2012, Propotion
I11.6.5] that Wy \ ng is open and dense in W, and for n < g, the set of singularities of W, is
a subvariety of W,, which equals W}, compare [Farkas and Kra, 2012, Proposition I11.11.11(c)].
Hence, W, \ Wl is also for n < g open and dense in W,,. The projection ®(K,) to Jac(X) of the

vector (Kc}, ..., K§) € €Y with components

. 2w+ By 1 P
Kj=—7—" - — ]{ <we(p)/ w-)
e 2 QWL; ar g

is called the vector of Riemann constants, see |[Farkas and Kray, 2012, Theorem VI.2.4]. It is shown
in [Farkas and Kra, 2012, Theorem VI.3.1] that the set (0) = Ab,[Sy—1] + K, C Jac(X) coincides

with the image of the set of zeros of the #-function in Jac(X) and is called the #-divisor.

Definition 6.27. A subset X' C Jac(X) is said to be singular if X' N Wy_1 # 0. Otherwise, X' is

called non-singular.

Recall that due to Ab,(¢q) = 0, every divisor D such that ¢ € supp D implies that Ab,(D) C Wy_;.
So Wy_1 C Wy. In this case, we write D = D+ge Sg—1 + q with De Sg—1. Therefore, a subset
XY C Jac(X) is also-called singular if X' N Aby[S;—1 + ¢] # (0. That means that X' 4 K, contains a
zero of the f-function if and only if X' is singular. Because the elements of W,_; are exactly the
image of the special divisors in S, under Abg, see |[Farkas and Kral, 2012, Proposition II1.11.11(c)],
a subset of Jac(X) is called singular if it contains elements = € Jac(X) which is the image of a
divisor D such that dim H'(X,Op) > 1. After these preliminaries, we start now to introduce the
objects necessary to describe the real part of the Jacobian variety.

Let (X, 7) be a real curve such that X7 # () and choose the base point of the Abel map as ¢ € X7.
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6.2. Real potentials

Figure 6.8.: Sketch of the construction of a real homology basis for a curve X of type (2,1,0),
whereby the A-cycles are depicted red and the B-cycles blue.

We define a symplectic basis {4;,B; | i =1,...,g} of H1(X,Z) that agrees with 7.

Definition 6.28. For curves of type (g, k,0), a basis {4;,B; | i=1,...,g} of H1(X,Z) is called

real homology basis if its elements have the following properties:

(a) T[4;] = A; for i = 1,...,9, 7[Bi] = —B; fori = 1,...,k — 1 and 7[B;] = —B; + A; for
i=k,...,g.

(b) The oval containing the point ¢ is homologous to 3°7_, A;.

For curves of type (g, k,1), a basis {4;,B; | i =1,...,g} of Hi(X,Z) is called real homology basis

if its elements have the following properties:

(a) T[4;] = A, 7[B;] = —B; for i = 1,...,k — 1, 7[Ai] = Aiyxm and 7[B;] = —Bjiy, for i =
k,...,k+m—1,7[A;] = Ai_p, and 7[B;] = —B;_, for i = k+m, ..., g, where m := $(g+1—k).

(b) The oval containing the point ¢ is homologous to Zi-:ll A;.

We show next that such a real homology basis exists for every possible topological type (g, k,¢) of
a real curve (X, 7). Hereby, we extended the proof given in [Natanzon) 2004] by also showing this

assertion for € = 1.

Lemma 6.29 ([Natanzon, 2004, Lemma 2.8.1]). For every real curve of admissible type (g,k,¢),

a real homology basis exists.

Proof. Let (X, ) be a real curve of type (g, k,0). Then by Lemma there is a set of pairwise
disjoint simple closed contours cg, c1, ..., ¢y such that 7[c;] = ¢;, X7 = S5 ¢ and X \ (20 i)

decomposes into two disjoint sets X and X . Let us number the contours such that ¢ € ¢
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6. The isospectral set for regular finite type potentials

and define A; = [¢;] € H(X,Z) for i = 1,...,9. So let v; C X join ¢ € ¢y and a point
pi € ¢i. Weset By := [y, —7yy) € H(X,Z) fori =1,...,k—1and for i = k,...,g, we set
B; == [vi + ri — 7] € Hi(X,Z), where r; C ¢; joins p; and 7(p;). Similar as in the proof of
Lemma, , this yields a basis of Hy(X,Z). By definition, these cycles obey condition (a) for
¢ = 0. Since the boundary of X is homologous to zero, the oval ¢y containing ¢ is homologous to
29: ¢;, so the same holds for the corresponding equivalence classes A;.

'Zl:ﬁe case (g,k,1) can be treated similarly. Let again g € ¢y. Then for i = 1,...,k — 1, the
cycles A; € Hi(X,Z) are the equivalence classes of ovals ¢1,...,cx_1 of 7 and the cycles B; are
constructed in exactly the same manner as for ¢ = 0. Furthermore, X \ X7 decomposes into
two disjoint compact Riemann surfaces X+ and X~ with boundary Z?;g c;j, whereby each is of
genus m = (g + 1 —k)/2 and 7[X "] = X, compare Example Each of these two surfaces
has a symplectic cycle basis given by {A], B, C;r |li=1,...,mand j=1,...,k—1} for X
and {A4;, B, C; |i=1,...,mand j=1,...,k — 1} for X, where the C-cycles correspond to
the boundary components of X' respectively X~. We enumerate the A- and B-cycles of this
basis in such a way that 7(A]) = A7 and 7(B;") = B;. The A- and B-cycles of these bases
can be interpreted as elements of a real symplectic basis of Hi(X,Z): We set Ap_14; 1= A;r,
Bi_14; = Bi+, Ap—14m+i = A; and Bp_i4mq; = B; for i = 1,...,m. These elements obey
the relations for a symplectic basis: obviously, it is A; x B; = d; ; and all other intersections are
zero. Moreover, this basis obeys by definition property (a) in Definition and the boundary of
X7 equals Zi‘:ol ¢;. S0 ¢g is homologous to Zf;ll ¢;. Thus, the same holds for the corresponding

equivalence classes in Hy(X,Z). O

From now on, we will make no notation difference anymore whether we consider the equivalence
classes of paths in H;(X,Z) or the paths as representants of an equivalence class and write A4;, B;
respectively C; for both. Furthermore, we assume in the rest of this section that all considered
homology bases are real. To express how complex conjugation acts on {24, and 2, for e = 1, it is

convenient to define the g x g-matrix

L1y (k-1 0 0
M = 0 0 ]lmxm ’ (6'3)
0 1 xm 0

where m = %(g + 1 — k). We will see on the action of 7* on the basis of the holomorphic
differential forms normalized as in that this is necessary. This is not mentioned in |[Natanzon,
2004]. Therefore, we modified and extended the version of the following lemma in comparison to
[Natanzon, [2004].

Lemma 6.30 (Extension of [Natanzon, 2004, Lemma 2.8.2]). Let (X,7) be a real curve of
type (g, k,e), {Ai,B; | i =1,...,9} a real basis of Hi(X,Z) and let wi,...,wy be the basis of
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6.2. Real potentials

holomorphic differential forms on (X, T) which are normalized with respect to Ay, ..., Agy as in

62).

(a) For e =0, there holds T*w; = —wj as well as ﬁA]. =04, forj=1,...,9 and

g =

J

25, forj=1,...,k—1,
Qp, —0Qa; forj=k,...,g

(b) For e =1, one has with m = (g +1— k) that

—Wwj forj=1,...,k—1,

Tw]: —w]er fOTj:k,,k+m_1a

—Wj—m forj=k+m,...,g,

—M - 024, forg=1,... k-1,
Da. =Ny, = M- Qq,,,, forj=k,. .. k+m—1,
M- Q4,_,, forj=k+m,....g
and
M - Q2p, forg=1,...)k—1,
ﬁBj: M'QBHm

M-Qp,_, forj=k+m,...qg.

forj=k,....k+m—1,

Proof. We first show the transformation behavior of the 1-forms which follows immediately from
the fact that the chosen basis of Hi(X,Z) is real: Since 7 and w; are both antiholomorphic,
T*@w; is a holomorphic 1- form and can be written as a linear combination of the chosen basis of

holomorphic 1-forms as
g
.
T Wj = Z clwi,
I=1

where ¢; € C. Fore =0 with¢,j=1,...,gand fore=1withj=1,....k—landi=1,...,g, it

f T*@iZ% @Z‘Z% wz‘:—Qﬂ'L(gij‘:—% Wi,
Aj Ty A Aj Aj

J J J J

1S

socg=0forl#jandcj=—1. Fore=1,j=k,...,g+m—1andi=1,...,g, one has

j{ T*@i = ‘74 (DZ’ = j{ w; = _27”5(j+m),i = —% Wi,
Aj TyA; A

Jj+m Ajtm
so ¢g =0 for [ # j 4+ m and ¢j4,, = —1. Analogously one obtains fore =1 and j =k +m,...,g
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6. The isospectral set for regular finite type potentials

that ¢; = 0 for [ # j —m and c¢j_,, = —1. So the asserted action of 7* on w; follows.
Obviously, because 24, = 2mel), where el is the j-th unit vector (0,...,0,1,0,...,0) in CY, it
is ﬁAj = —{24, for ¢ = 0. Likewise we obtain fore =1 and j =1,...,k — 1, that
k—1
. - 35,4]- Wilj=1
= (b0, 7@) = | il | = =M 2.

1=
k+m—1
- fAj Wilj=g

g g

24, = (fAj @i) =

— * =,
1 (anAj T w’)

1=

where the first equality holds since applying 74 to the path of integration and 7* on the differential

form simultaneously leaves the value of the integral invariant. For j =k,... k+m — 1, it is
k—1
9 ~ g iliza
— - B ' -
_QA]‘ - (fA]- T*wi)izl = — fA]’+m wi|i=k+m = M- QA,j+7n'
k+m—1
- fA Wi |2:1?L

j+m

Analogously ﬁAj =—M -2y, , for j=k+m,...,g. Furthermore,

o ——\ ¢ g g
o ()~ ()~ ()
B; i=1 B i=1 7y Bj i=1

So the transformation behavior of a real symplectic cycle basis of H;(X,Z) yields for e = 0 and

j=1,... k-1
o g g
o (f =)~ (=)o
—B; i=1 B; i=1
and for j=k,...,¢g
o g g
QB], = (7{ —wi> = (% wj —j{ wi> = QBj — QAj.
—Bj+A4; i=1 B; Aj i=1

For ¢ = 1, the transformation behavior of a real symplectic cycle basis of H;(X,Z) gives for
j=1,...,k—1 that

k—1 k—1
$ B, ~Wiliz1 fBj Wi |i=1
e} k -1
QBJ = f,Bj _wi"_m |7,i_’<75n = fBj Wi ‘i']szrm = M ’ QB]"
k —
f_Bj ~Wiem [y fBj wi i
Because of 7(Bj) = Bj_p, itisfor j =k,...,k+m —1
k—1 k—1
f_BHm —wi [i=; fBj+m wi =
5. _ k+m—1 | _ _
2B, = §7Bj+m —Witm limg - §Bj+m Wi ‘Zg:k+m =M- g,
ktm—1
ffBHm —Wi—m |g:k+m fBj+m w; ;25"
andﬁBj:M-Qijmforj:k:—i-m,...,g. O
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6.2. Real potentials

We denote the natural involution S; — Sy implied by 7 also by 7. This is defined at the beginning
of Section For both, e = 0 and € = 1, we consider an involution 7g : C9 — CY which is defined
by its action on the basis {24,025, | i =1,...,g} of the space R ~ €Y. For ¢ = 0, we define

this involution via the RR-linear map

_ ) _ —{2p; forj=1,...,k—1,
QAjH—QAj:QAj forj=1,...,9, QB],»—>—QBJ,: '
—p;, + 824, forj=k,. ...g
(6.4)
and for € = 1 by the R-linear map
24, forj=1,....k—1,
Qa; = —M - 04, = Ra;y, forj=k,....;k+m—1,
Qa;_,, forj=k+m,....,g,
(6.5)

—{2p; forj=1,....k—1,
-QBJ- — —M 'ﬁBj = _QBJ-
—B.

J—m

m forj=k,. .. k+m—1,

forj=k+4+m,...,q,

where the last equality as well as the property that mg : C¢ — CY is an antiholomorphic involution
follows from M? = 1.

Proposition 6.31. Let (X,7) be a real curve of genus g and D € Sy. Then there exists an
unique anttholomorphic involution T : Jac(X) — Jac(X) such that Aby(7(D)) = Tr(Abg(D)) for
D e S,. Let x € Jac(X). Then for e = 0, this map is given by Tr(z) = —Z and for e =1 by
() =—M - I.

Proof. 1t is

A\BQ(T(D)) = Z (an’qu wi)g']:l - Z (I’qu T*wi)jzl '

peD ¢ peD

Hence, Lemma [6.30(a) implies for € = 0 that

Aby(r(D)) = Y (=T, wi)_ = —Aby(D).

Yap
peD

For e =1, Lemma b) yields

Roy(r(0) =3 | - wr

Witm [ | = =M - Aby(D).
peD

qap

_qup Wi—m ’?:k+m

So the involution 7r on €7 is defined as claimed, but it still depends on the chosen path ~,,. In
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6. The isospectral set for regular finite type potentials

(6.4) and (6.5)), we have seen that Tr[A] C A, so Tr : C9 — CY induces an involution on Jac(X)
which we also denote by 7 : Jac(X) — Jac(X). O

Definition 6.32. The real part or real points Jacr(X) of the Jacobian variety Jac(X) of the

curve (X, 7) is defined as the set of fixed points of the involution 7 on Jac(X).

Theorem 6.33 ([Natanzon, 2004, Theorem 2.8.1]). The real part Jacr(X) of the Jacobian variety
of a real curve (X,7) of type (g,k,e) with k > 0 decomposes into 281 real tori of the form
&(Tr + 9), where

1k71
= 52;5j03j7 5j c {0,1}, (66)
J:
Tr = (R fore =0 and fore =1
Tk ={(z1,...,29) €C? |z €R for 1 <j<k—1, zj=—xj4m fork<j<k+m-—1}.

Such a torus is non-singular in sense of Definition [6 if and only ife =1, k = g+ 1 and
0y =---=04=1

In the proof of this theorem given in [Natanzon, 2004], most steps shown here are completely
missing. Neither the exact form of the real tori TR is shown there nor an argumentation why there
is only one possibility for a non-singular torus is given in a way that we understand it. So we

extended that proof in hope that these steps are now more comprehensible.

Proof. The fixed points of 7 on Jac(X) are a submanifold of real dimension g, compare [Schneps|
2003, Lemma 3.5]. Let € = 0. Then the fixed points of 7r are spanned by the basis elements §24;
since TR leaves (tRRY invariant. Due to 7(¢) = ¢ and Lemma a), it is

g g

(f’qu wi + fTﬁ’qu wi’)i:l - (f”/qp (wi + T*wi)>j:1 - (f7qp (wi o wz)) ; < TR'

i=1

Recall that the ovals of (X, 7) are given by {c1,...,cr} and that these are representants of the
A-cycles Ay, ..., Ax. One sees in the construction of the B-cycles of a real homology basis as in
the proof of Lemma that there is a p’ € ¢; such that Bj = vgy — myygy for j=1,...,k — 1.

Since

g g g
(/ wi> —Re</ wi> +LIH1</ w,;)
Vap’ i=1 Vap’ i=1 Vap’ i=1
and
Re (] N 1 I +7 : 1 w-\9
© ( Yap’ wl)i:l o 5 ( Yap’ Wi Vap' )i:l 5 ( Tﬁ'yqp T wz)i:l
1 g 1 g 1
=3 (f’yqp/ i fqup ) 19 (f'yqp/ mey(qp’) @ ),:1 - 5931"
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6.2. Real potentials

it is (f7 ) wz>g_1 = IQB +TRr. To see that the same holds for arbitrary p € ¢; with j =0,...,k—1,
let p,p’ € ¢; and 7,y be one of the two paths on ¢; connecting p and p’. Then Re( f wi)le =0
because 7 = 1 on ¢; and thus Lemma W( a) yields that w;|., = —wj|e; for i =1,. ..,g. Again,
due to Lemmj 6.30| (a), one has (fqu w,)f:l € %QBJ. + TR for arbitrary p € ¢; with j =1,...,k—1
and (f,ypq wi>i:1 € Tr for j = 0.

The determination of the fixed point set of 7 in the case ¢ = 1 follows also directly from the

definition of Tr: since TR leaves {24, invariant for ¢ = 1,...,k — 1 and maps the j-th coordinate to
the negative and complex conjugate of the (j + k)-th coordinate for j = k,...,k+m — 1, TR is
given as above. For € = 1, Lemma b) gives for a fixed path g, that

g g
(/ wi + wi,> =</ wi+7’*wz‘) =
Yap T§Yap i=1 Yap i=1
k-1 k-1
qup Wi |z:1 qup Wi — Wi |i:1
_ k4+m—1 k4+m—1
fyqp — Witm |l k = fyqp Wi — Wit+m |¢:k €Tr
= _ . k+m—1
f’qu Wi = Wi—m ’i:k—&-m f’YqP Wi ™ Witm [k
Due to the action of 7 on the A-cycles shown in Lemma W(b), it is wi|la; = —wila; for
J=1. k=1L wila, = —Wiym|a; fori=k,....k+m—Tand wi|a; = —Wi—mla, fori =k+m,...,g.
g
/ . . g _ . .
Hence, for p,p’ € a; with j =0,...,k —1, (pr wi)?_; =04 Tr. So also in this case (qup wl-)i:l

does not depend on the chosen point p € ¢; and for arbitrary p € c;j, it is

N (k=1
1 1 (f’qu i thqu z) i=1
g LN 1 _ k+m-1 |
(f%zp wi)izl ) (f%ﬁ wit ITW’ T w’)izl 9 (qup Wi = fﬂwqp me) i=k N
_ g9
(qup i fTqu v m) i=k+m
~ k—1
(f’YqP wi + f*Tﬁ’qu wi + fTﬁ’qu (wi o wi) ) i=1
1 _ k4+m—1 .
- 5 (f’YqP wi + f*TWqP wi + f"'ﬂ (wi a wH—m)) ’i:k N
_ g
(I'qu wi + f_ﬂi"/ qp wi + fTﬁ’Y ( wi_m)> i=k+m
~ k—1
fTﬁ’qu (w'l - wl) ’Lil

1 1 - k+m—1
§QB]- + 5 fT}j'qu(wi - w1+m) i:];n ’

_f'ru ((.Ui - (DZJFm) ?ilzn_l

Yap
S0 again (qup wi>j:1 = %QBJ. + Tr. We define for 6; € {0,1} and j =1,...,k—1

Rs:={De€Sy;| 7D =D and deg(DNe¢;)=06; mod?2 for j=1,...,k—1}.
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6. The isospectral set for regular finite type potentials

We show next that z € @(Tr + ) if and only if x = Aby(D) with D € Rs5. Let x = Aby(D)
with D € Rs. Every divisor D € Rs can contain two different kinds of points: either points
contained in the ovals ¢; for i =0,...,k — 1 or points on X \ X7. The equality 7(D) = D implies
that p € DN (X \ X7) if and only if 7(p) € DN (X \ X7). Accordingly, every divisor D can be
decomposed as

D=D+7(D)+ D'

k—1
where D' = DN 3" ¢; and supp(D), supp(7(D)) € (X \ X7). It follows from the above calculations
i=0

that x € &(Tr + 9) since for p € D N ¢y, it is (f,yqp wi)g , € TR, and so

1=

g D g
/ w; + wi> + Z (/ wi) mod A € ¢(Tr + 9),
Yap T4 Yap i=1 peD’ q i=1

c€Tr €d+Tr

=3 (

peD

which shows that Ab,[Rs] C @(Tr + 0).

To see that the other inclusion also holds, we show that Abg|gr, : Rs — @(Tw + 0) is surjective.
This is done in two steps. Remember that the compactness of X yields that S is also a compact,
complex manifold, compare [Farkas and Kra, 2012, Section II1.11.9]. Every closed subset of a
compact set is compact and Ab, is continuous, so the image of any closed subset of S, is also
closed in Jac(X). Moreover, the compactness of S, yields that the restriction of Ab, to Sy is a
closed map. So to see that the image of Rs under Ab, is closed in @(TR + 0), it is necessary to
show that Rs is a closed subset of S;: For this purpose, let (Dy)nen be a sequence such that
D,, € Rs for every n € IN which converges in S,. Since there are only finitely many ovals and
the support of D, is also finite for every n € IN, there are only finitely many possibilities for
the distribution of the divisor points on D, N ¢; such that §; does not change. So we can find
a convergent subsequence (D, )men of (Dp)new such that the number of divisor points on all
ovals is constant. So §; remains constant on all D,, with m € IN. Furthermore, the limit of
this subsequence restricted to ¢;, i.e. the limit of (D,, N ¢;)men, is contained in ¢; because the
ovals are compact. Accordingly, J; also remains constant in the limit of this sequence. Since 7
is continuous on X, and so also continuous on Sy, compare [Farkas and Kral |2012, Proposition
II1.11.9], 7(D) = 7(limy—00 D) = limyy—00 7(Dyy) = lim D,,, = D. So Rs is compact, and
therefore closed in S,.

Secondly, we show that Abg[RsN(Sg\ S;)] is dense in (TR +6) N (Wy'\ ng) Note that W\ ng is
open and dense in W, = Jac(X). We use this to show that also Jacg(X) := Jacg(X)N (Wy \ W)
is non-empty and dense in Jacy(X). Moreover, we exploit that ng equals the zeros of the
f-divisor on Jac(X). Due to [Schneps| 2003, Lemma 3.5], Jacg(X) is a non-empty, connected real
submanifold of Jac(X). Let us assume that 0(x + K;)|jacy(x) = 0. By [Farkas and Kra, 2012,

Theorem VI.3.1], the values z are then contained in Wy_;, and therefore describe the special
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6.2. Real potentials

divisors. Since 6 : Jac(X) — C is holomorphic, see [Farkas and Kra), 2012, VI.2.3], it can be
represented as a Taylor series, where all coefficients vanish identically in every open neighborhood
in Jacg(X) around any point p € Jacg(X). Taking open neighborhoods of p € Jacgr(X) in
Jac(X) yields that also all Taylor coefficients of # vanish on this open neighborhood of p. Hence,
also the restriction of # to this open neighborhood in Jac(X) is identically zero. Then, by the
identical principle for holomorphic functions in several variables, § = 0 on Jac(X). However,
0 # 0 on Jac(X) and thus 6 does also not vanish on any connected component of Jacg(X). So
the set Jacg(X) is open and dense in Jacg(X) and there exist non-special points in &(Tg + &)
for every admissible 6. Furthermore, Abg| S,\S Sy \ S; — Wy \ ng is an isomorphism, and
therefore injective, see [Farkas and Kral [2012, Proposition II1.11.11(c)]. This yields that also
Abq‘Rm(Sg\S;) is injective. Let z € B(Tg + 6) := D(Tr +6) N (W \ ng) Then there exists exactly
one element D € S, \ S; such that Ab,(D) = z. Furthermore, the injectivity of Abq\Rém(Sg\S;)
implies 7(D) = D for € ®(Tg + §) and Aby(D) = x. Due to the definition of § in (6.6), one has

= = =
™(0) = T]R<2 Z _QBj5j) =3 ZTR(QBj)5j =3 Z 2p,6j = -0 =35 mod A.
j=1 j=1 j=1

Altogether we see that D € Rs; N (S, \ S;). Thus, &(Tr + &) C Aby[Rs N (S, \ S;)} and ¢(Tr + 9)
equals the closure Abg[Rs N (Sg \ S1)] of Aby[Rs N (S, \ S,)], where

Abg[R5 01 (Sg \ S5)] = Aby[Rs 11 (Sg \ S5)] = Aby[Rs).

Next, we show that only for k = g + 1, the torus Tr + ¢ with § = (1,...,1) is non-singular. To do
so, we first prove that Rs N Sy—1 = 0 if and only if Aby[Rs] N Aby[Sg—1] = 0.

The first step of this is to show that Abg[Rs) N Wy_1 = 0 if and only if Rs N (Sy—1 + ¢) = 0: Note
that Abg(¢) = 0 implies Abg[RsN (Sg—1+¢q)] C Abg[Rs]NWy_1. In particular, Abg[Rs]NWy_1 =0
implies Rs N (Sg—1 +q) = 0.

To see that the other implication also holds, we show the surjectivity of the map Abg|g,n Sy_14q)
Rs N (Sg—1 + q) = Abg[Rs] N Wy_1. This implies that Abg[Rs N (Sy—1 + q)] D Aby[Rs] N Wy_1,
wherefore emptiness of R5N(Sg—1+¢) implies that also Aby[Rs]NWy_1 = (). As in the proof of the
surjectivity of Aby|gr; : Rs — ®(Tr + 0) above, one sees that Rs N (Sy—1 + q) is a closed subset of
the compact set Rs and hence also compact. So the image of Rs N (Sg—1 + ¢) under the continuous
map Ab, is compact, and therefore closed in Aby[Rs] N W,_1. We use that the set of singularities
of W,_1 is — as a subvariety of Jac(X) — given by W,_; and Ab,| Sy-1\SL, is an isomorphism to
Wy_1\ ng_l, compare |[Farkas and Kra, [2012, Proposition I11.11.11(c)]. Hence, the set of points
x € W,_1 with preimage D + ¢ € S;_1 + ¢ under Ab, such that dim H*(X,Op) = 1 is open and
dense in W,_; and again, the injectivity of Abq,qu\S;,l yields that also Abq,Rm(Sg_l\S;,l) is
injective. Now, let # = 7(x) € Abg[Rs N (Wy—1\ Wy_)]. Due to the isomorphy of ;1\ ],
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6. The isospectral set for regular finite type potentials

and Wy_1 \ ng_l via Abg, there exists a divisor D = Abq_l(a:) € (Sg—1\ Sgl_l) + ¢g. Since
Aby(D) = 2 = Tr(x) = Aby(7(D)), the injectivity of Aby on Sy_1 \ S§_; yields 7(D) = D, and so
7(Sg—1 + q) C Sg—1 + q. Furthermore, D € R; N (Sy—1 + q) implies that 7(D) € Rs N (Sg—1 + q).
Due to the closeness of Aby[Rs N (Sy—1 + q)] in Aby[Rs]NWy_1 and since Aby[Rs]N(Wy—1\ ng_l)
is dense in Wy_1, it follows as in the step before that Aby[Rs| N Wy_1 C Abg[Rs N (Sg—1 + q)].
Thus, Abg|rsn(s,_,+q) 15 surjective to Ab,[Rs] N W;_1. Altogether we see that Ry(S;—1 +q) =0
implies that Aby[Rs] N Wy—1 = 0.

Finally, we show that Rs N (Sy—1 + ¢) = 0 if and only if

k—1
Z 0; > g—1,
i=1

ie. if and only if k = g+ 1and 6; = --- = 0, = 1. That RsNSy—1 =0 for k = g+ 1 and
01 = --- =04 = 1 is obvious because in this case all divisor points are contained in ci,...,cq4. This
means that ¢ ¢ D, and so D ¢ S;_1 + ¢. On the other hand, let Rs N (Sy—1 + ¢) = 0. Then no
divisor in Ry contains q. To avoid the existence of such a divisor in R via linear equivalence,
for all divisors in Rs must hold supp D € Z?;il ¢;. This is only ensured for £ = g + 1 and
0 =--=04=1 O

6.2.5. Prym varieties of real curves

From now on, we consider real curves which are additionally equipped with a holomorphic involution.
The next two definitions can be found at the beginning of [Natanzon, 2004, Section 9.1], whereas
the two next Lemmata and the corollary afterwards are implicitly claimed to be valid, but not

shown.

Definition 6.34. A real curve with involution (X, 11, 0) is a compact Riemann surface X of genus
2g with an antiholomorphic involution 7 and a holomorphic involution ¢ such that 71 oo =0 om
and such that o has exactly two fixed points Q1 and Q= with 7 (Q") = Q~. We set 75 := 11 0 0.

Let X be a real curve with involution (X, 7,0) of genus 2g as in Definition We assume
that among the ovals of the involution 7; with ¢ € {1,2}, there are r; ovals that are invariant
with respect to o and 2t; ovals that are pairwise transposed by o. These are the only cases that
can occur since otherwise (X, 7) is not invariant under o. Let X, be the quotient surface as in
Definition and 7, : X — X, be the corresponding two-sheeted covering. Then 7 induces
an involution on X, as follows: The involutions 7 and ¢ commute. Let p,q € X with p ~, ¢,
i.e. either p = ¢ or p = o(q). Then 71(p) is either 71(q) or 11(0(q)) = o(m1(q)). Hence, also

7(p) ~o 7(q), wherefore 7 induces an involution 7, on X,.

Lemma 6.35. For a real curve with involution (X,11,0) of genus 2g, the curve (X,,7,) is a

real curve of type (g,k,€), where k = t; + r1 + ta + ro. The preimage of the set X1» under the
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two-sheeted covering m, : X — X, coincides with X™ U X™. This preimage decomposes X into

two parts if and only if e = 1.

Proof. The surface X, is a Riemann surface of genus g since o has exactly two fixed points on
X, compare Proposition [ATT] and Lemma [I.13] By definition, X, is invariant under o and for
i € {1,2}, each pair of the 2¢; ovals on X — which are interchanged by 7; — are mapped to one
oval of 7, on X, and the r; ovals of 7; are each mapped to one oval of 7, on X,. So X, has
t1 + to + 71 + ro ovals in total and (X,,7,) is a real curve of topological type (g, k, €).

It remains to show that € = 1 if and only if X™ U X™ decomposes X into two parts. Let ¢ = 1.
Then X, \ X7 consists of two disjoint sets which are interchanged by 7,. Each of these components
has a preimage in X. Assume that the intersection of these preimages is not empty, i.e. that
X\ (X™UX7™) does not compose into two parts. Then there exists an element in X \ (X™ U X™2)
which is contained in the intersection of the preimage of these two sets. The covering X — X,
maps each point in X to exactly one point in X,. Accordingly, this element is mapped to one
element on X, which has to be in both connected disjoint components of X, \ X77. This contradicts
e=1

Conversely, let X \ (X™ U X™) consist of two open connected components X and X~ with
QT € Xt and Q~ € X~. Then o : X* — X* does not interchange those components, and so 7,
maps them to disjoints sets X} and X, where X™ U X™ is mapped to X7 under this map. So
e=1. O

Definition 6.36. The set (g,¢,t1,71,t2,72) is the topological type of the real curve with involution
(X, T1, J).

As in Examples and one can construct models of real curves with involution (X, 7y,0) of a
certain topological type and show that all real curves with involution of this type are topological
equivalent to that model if the genus of X is bigger or equal to four. So our next aim is to consider
the construction given in |[Natanzon| 2004, Example 2.9.1]. Therefore, a certain two-sheeted
covering 7 : X — X is necessary, where X and X are Riemann surfaces and the genus of X is
bigger or equal to two. Recall that every Riemann surface of genus g > 2 has the upper half space
H as universal covering with a group of deck transformations A such that X = H /A. Furthermore,
there is an isomorphism between A and 71 (X, q), compare [Hatcher], 2002, Proposition 1.40]. For

a more precise explanation, see Appendix

Lemma 6.37. Let X be a compact Riemann surface of genus g with boundary which consists of the
simple closed contours ci,...,cy,d1,...,dr. Then there exists a two-sheeted covering m: X — X
such that the genus of X is 2g and the preimages of each of the boundary components c1,...,cy
consist of each two simple closed contours on which the covering is one-sheeted and the preimages of
each of the dy, ..., dy, consist of each one simple closed contour on which the covering is two-sheeted
if and only if L =0 mod 2.
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Proof. Let
{ai,bi,Cj,dg | i:1,...,g,j:1,...,J,521,...,L}

be a set of generators of the fundamental group G := m; (X ,G) with ¢ € dy. This basis is chosen
such that the representatives a;, b; correspond to the cycles which originate from the genus ¢ of X

and c;, dy correspond to the boundary cycles of X. We first show that
{aij,dva; tdyt by, dib; tdy Y e dicjdy tdmdy, | i=1,...,9,§=1,....,J,mn=1,...,L}

generates a normal subgroup H of G with (G : H) = 2. Then this subgroup generates a
covering 7 : X — X, see [Hatcher, 2002, Theorem 1.38]. Hereby, let 7 : X — X be a map
taking the basepoint ¢ € X of H;(X,q) to the basepoint § € X of H{(X,G). Then 7 induces
a homomorphism 7, : m(X,q) — 71(X, §), defined by composing loops f : I — X based at ¢
with 7, that is 7. [f] = [7 o f]. A more detailed description on this homomorphism can be found
in [Hatcher, 2002, Chapter 1 — Induced Homomorphisms, page 34]. Then 7,71 (X, q) = H with
q € 7 '[{g}], compare [Hatcher, 2002, Theorem 1.38]. We can deduce two things if we have shown
that the index of H in G equals two: First of all, it implies that the covering & generated by H is
two-sheeted, compare |[Hatcher, 2002, Proposition 1.32]. Secondly, it implies that H is normal. To
see the last assertion, let G be a group and H be a subgroup of G with index 2 and let g be any
element of G. If g € H, then gH = H = Hg. If g € H, then the two left cosets are given by H and
gH and the two right cosets are given by H and Hg. Since (G: H) =2and g ¢ H, i.e. gH # H as
well as Hg # H, one has gH = Hg. Thus, the left and right cosets of H coincide, so H is normal.
Therefore, the associated covering 7 : X — X is a normal covering, i.e. for each p € X and each
pair of lifts p,p’ € X of p, there is a deck transformation in A carrying p to p’. Then the group of
deck transformations of X on H is isomorphic to G/H, compare |[Hatcher, [2002, Proposition 1.39].
In other words, normality implies that the choice of this subgroup is independent from the choice
of ¢ since usually, as ¢ varies over the fiber 7~ '[{g}], the set of subgroups 7. (X, q) C 71 (X, q) is
exactly one conjugacy class of H, see [Lee, 2010, Theorem 11.19], and the only subgroup conjugate
to a normal subgroup H is H itself.

G fulfills equation , ie. 19, ail)z-ai_llyi_1 H}Ll c; HeL:1 dy = 1. Because H is a subgroup of G,
it has to be compatible with this relation. Moreover, remember that H # G. Assume that L =1
mod 2. This yields that for m € {1,... 1}, it is

g J L
dm = [ aibia; o7 [[ ¢ [ de-dm € H
i=1 j=1 ‘=1

since the product of all d-factors can be decomposed into products of the form d;d; € H with
i,j € {1,...,L}. In that case, H is a subgroup of G containing all generators of G, and therefore
equal to GG. This contradicts the assumption that H # G. Conversely, | = 0 mod 2 implies
that equation applied to H contains an uneven number of factors of d,, and thus d,, is not
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6.2. Real potentials

contained in H for m =1,...,L. So H is a subgroup of G which does not equal G if and only if
£ =0 mod 2.

This can now be used to show that (G : H) = 2 since d; € G\ H. We claim that HUd1H = G. To
see this, we first show that H U dyH is a group. Therefore, we only have to show that H U d; H is
closed. Note that all generators of d; ' Hdy are contained in H: since dya;d; * = (dya; 'dyt) ™' € H
and d?,d;? € H, also d; 'a;d; € H and dfldlagldfldl = a;l € H forie {1,...,g}. Analogously
Ay idy, dy dibdy Ydy € H for i € {1,...,g} and dy'cjdy, dy dicjdytdy € H for j € {1,...,J}.
Finally, d{'dnd,di = (dpdy)~'d?,(dpndy) € H for m,n € {1,...,L}, and so d{'Hd; C H.
Repeating these observations the other way around yields that also all generators of H can
be written as elements of dle dy1, wherefore dle di1 = H. We use this equality to show the
closedness of H U dH: It is hdih' = dldl_lhdlh € diH and dihdih = dlhdl_ld%h’. Accordingly,
for all h,h’ € H, one has

hh' ¢ HC HUdH, dihdih € HCc HUdH,
hdih' € dH ¢ HUd H, dih'hediHC HUdH,

whereby H U dyH is a group. This group contains all generators of G because dy € H U d H,
and so also d,;! = di(dd1)™! € diH for m = 2,...1. So HUd;H is a subgroup of G which
contains all generators of G, i.e. HUd H = G. Since H NdyH = (), this yields (G : H) = 2. The
preimage of the basepoint § € dy of m (X ,4) contains two elements ¢, g2 which are connected by
di which is not contained in H, and therefore does not correspond to a loop on X. Furthermore,
H contains the elements a; and dlaidfl. These correspond to the two elements in 1 (X) which
cover a; € m1(X). The same holds for the preimages of b; and ¢; under 7. The elements dy for
£=1,...1 are not contained in H, so each preimage of these under 7 yields a path which is not

closed in X. However, d% is contained in H, so the covering over dy is two-sheeted. O

Corollary 6.38. Let X be a compact Riemann surface of genus g with boundary consisting of the
simple closed contours ci,...,cy,dq,...,dy and a marked point Q which is not contained in the
boundary. Then there exists a two-sheeted covering 7 : X — X with ezactly one ramification point
in X such that the genus of X is 2g and the preimages of each of the ci,...,cy consist of each
two simple closed contours on which the covering is one-sheeted and the preimages of each of the
di,...,dy consist of each one simple closed contour on which the covering is two-sheeted if and
only if M =1 mod 2.

Proof. Let D be a small closed disc containing @ which does not intersect X and let z : D — C be
a local coordinate centered at Q+. Then the surface X \ D° has J + M + 1 boundary components,
where the new boundary component is just 0D. This means that we are exactly in the situation of
Lemma if we set L = M + 1 in the notation of the Lemma. So there is a two sheeted covering
X — X such that the preimage of D on X consists of one simple closed contour. We glue the
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6. The isospectral set for regular finite type potentials

disc D into the preimage of the boundary component D and use z? : D — C as local coordinate
on this disc. This runs twice through the boundary of 9D, and therefore also is a chart describing
the preimage of 0D — remember that we have seen in the proof of the foregoing Lemma that the
boundary contours with one preimage in X are covered twice by this preimage. Moreover, the
choice of the local chart yields that Q is a simple branch point on X of the covering X — X, and

therefore the preimage of Q) with respect to this covering is a simple ramification point on X. O

Ezample 6.39 ([Natanzon, 2004, Example 2.9.1]). Let (X, 7) be a real curve of type (g, k,1) and
let k =ty 4+ r1 4+ to + ro, where r; + 79 =1 mod 2. Let us consider a connected component X+
of the set X \ X7. This is a compact Riemann surface with boundary X+ = UF_;¢;. Due to
Corollary there exists a two-sheeted covering 7, : X+ — X* with a unique ramification
point QT € XT which is two-sheeted on the 71 + r9 boundary contours ci,...,cr1r, € OXT
and one-sheeted on the other boundary contours ¢, yry41,...,cj, where k=11 4719+ 2t + 2to.
Using the construction of Example l we can tinker a real curve (X, ) such that X7 = 25:1 ¢
decomposes X into X and X~ = #[X*]. The covering 74 induces a two-sheeted covering
#:X — X such that #o7 = 7o my. Let o : X — X be the involution which is defined by the
transposition of the two sheets of this covering. This involution commutes with 7 and has exactly
the two fixed points QT and Q~ = 7#(QT). As it is done in Example we cut the surface X
along the contours ¢ y1,...,¢r 4y and ¢pjyryq2641, - - -, ¢, and paste these boundary contours
back together in accordance with the map o o7. On the surface X obtained like this, the involution
7 induces an involution 71 : X — X that commutes with . We set 75 := o o 71. It follows from
the construction of (X, 71,0) that this is a real curve with involution of type (g, 1,¢1,71,t2,72).
Ezample 6.40 ([Natanzon, 2004, Example 2.9.2]). Let (X, 7) be a real curve of type (g, k,0) and let
k=1t +r1+t2+re, where r1 + 72 =1 mod 2. Using Lemma we construct a set of pairwise
disjoint simple closed contours cy, ..., cg41 such that 7[¢;] = ¢; and X7 = Zle ¢;. Let us consider
a connected component X of the set X \ JF] ¢; and a two-sheeted covering my : Xt — X+
with a single ramification point QT € X that is two-sheeted on the contours ci, ..., c¢q 4, and
one-sheeted on the other contours ¢, 4ry41, .- ., Cry+ry+2t,+2t, Which again exists due to Corollary
@ Using the construction of Example we form a real curve (X, 7) such that X \ Zf;rll ¢
decomposes X into Xt and X~ = #[X*] with X7 = Ei-%:l ci, where k = 11 4+ ro + 2t + 21s.
Repeating the cuts and pastings together described in Examples [6.8 and [6.39], we obtain a real
curve with involution (X, 7y, 0) of type (g,0,t1,71,t2,72).

The topological equivalence of real curves with involutions follows from the topological equivalence
of the real curves X, shown in Theorems [6.11] and [6.14] The proof of the following lemma is

missing in [Natanzon, [2004].

Lemma 6.41 ([Natanzon|, 2004, Lemmata 2.9.1 and 2.9.2]). The construction of Example
produces all real curves with involution of type (g,1,t1,7r1,t2,72). The construction of Example
produces all real curves with involution of type (g,0,t1,7r1,t2,72).
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Proof. Lemma yields that for every real curve with involution, the quotient (X,,7,) is a real
curve of topological type (g, k, ), where k = t1 + 11 4+ t2 + 2 and we know from Theorems and
[6.14] that the topological type of X, determines this curve uniquely up to topological equivalence.
So let X, be a real curve of type (g, k,1). Then X}, whereby X, \ X7° = X U X, is a Riemann
surface with boundary which obeys the preliminaries of Corollary [6.38] We use the notation of
this Corollary. Hereby, all pairs (J, M) € INy x IN with M odd are admissible. Then J = t; + ¢y
and M = r{ +r2. So we can apply the construction of a real curve with involution from one of the
two foregoing examples and choose whether one of the boundary components is covered by one or
by two cycles. Repeating the construction as in Example first yields a curve X which has
L 4 2M ovals of 7. Then there are finitely many combinations such that we can — by the same
construction as in Example [6.39] - cut an arbitrary number of these ovals open again and identify
the generated boundary contours via 7 = 0 o 71. So we can achieve all admissible combinations of
topological types. Lifting the homomorphism between the curve (X,, 7, ) of a certain topological
type and the model curve in Example [6.7] to a homomorphism between X and the model space by
appropriate combination with ¢ and the respective covering maps from Corollary yields that
also all real curves with involution of one admissible topological type are topologically equivalent.

The proof for € = 0 is analogous. O

For the rest of this section, let (X, 71, 0) be a real curve with involution of type (g, ¢, t1,71, t2,72).
A symplectic basis {A;,044;, Bij,04B8; | i = 1,...,g} of H{(X,Z) is said to be symmetric if oy
maps A; to o4A; and B; to oyB; fori=1,...,g. Let k =t; + 71 +t2 +ry and m = %(g+1 — k).

Definition 6.42. A symplectic, symmetric basis of Hq(X,Z) of a real curve with involution
(X, 71,0) of type (g,€,t1,71,t2,72) is a symmetric real basis if its generators {A;, 04A;, B;, 04 B; |
i=1,...,g9} obey for e =0

Ty A = Aj, Ti403A; = oy A; fori=1,...,¢,
TlﬁBi:—Bi, TlﬁUﬁBi:—O'ﬁBi forz':l,...,k—l,
TlﬁBi:—Bi—l—Ai, TlﬁO‘ﬁBi:—O‘ﬁBi—FO‘ﬁAi forz':k,...,g

and for e =1

T3 A; = A;, T1y03A; = oy A; fori=1,...,k—1,
T3 = Aigm, T1y03A; = oy Aiym fori=k,....k+m—1,
TipA; = Ai—m, TiyoyAi = opAim fori=k+m,...,qg,
TyB; = —DB;, T304 B; = —0yB; fori=1,...,k—1,
T14B; = —Biym, T1p0s B; = —04Bitm fori=k,....k+m—1,
T14B; = —Bi_m, T1pos B; = —0yBi_m fori=k+m,...,g.

Lemma 6.43. Let (X, 71,0) be a real curve with holomorphic involution. Then a real basis of
Hy(X,7Z) exists.
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6. The isospectral set for regular finite type potentials

Proof. We have seen in Proposition [A.T] and Lemma [£.13] that X, is a Riemann surface of genus
g and that 7, : X — X, is a two-sheeted covering with the only ramification points being Q"
and (Q~. Furthermore, we have also seen in Section that a symplectic, symmetric basis of
Hy(X,Z) can be obtained by pulling back a symplectic basis of Hi(X,,Z) via w. Then a basis of
H1(X,Z) consists of each two preimages of the chosen basis of Hy(X,,Z) since QT and Q~ are
the only ramification points of . Because (X,, 7y ) is a real curve of genus g, all the 2¢g elements
in Hy(X,,Z) obey the relations in Definition Hence, denoting and enumerating the pulled
back cycles in Hi(X,Z) in the obvious way, the elements of H;(X,Z) obey the relations given in
Definition O

The map o : X — X induces an involution o : §; — Sy as defined at the beginning of Section
Here, we consider the Abel map A+ which transfers this involution to an involution o on Jac(X).
The subset

Prym(X, o) = {zx € Jac(X) | o(z) = —z}

as in Definition is called the Prym variety of the surface X with holomorphic involution
o. Remember that Prym(X, o) ~ C9/A_, compare Definition where A_ is a g-dimensional
lattice. We now remind again how the lattice A~ is obtained: It is shown in Proposition
that Hy(X,Z)_ — the part of the first homology group which is antisymmetric with respect to
o — is generated by A; := A; — 03yA; and B, := B; — 03B for i = 1,...,g. The corresponding
basis of antisymmetric holomorphic differential forms is for ¢ = 1,...,¢g, as in , given by
w; = %(wz — 0*w;), whereby c*w; = wy4;. So the lattice A_ is, as in , generated by

{23,925, | §=1,....g}, where

g

g
2, = ( wf) and (2. :< w-*) .
Aj fAj—UnAj i )i B, fBj—Uqu v/ i=1

The basis of the 2¢g holomorphic differential forms on X shall now be normalized as

w; = 2mLd;;, ]{ witg = 0, }1{ w; =0, ?{ Witg = 2019 4 6.7
j{% g 1 y i+g A, g oA, i+g 1+9,7 ( )
fori,j=1,...,9.

Lemma 6.44. Let (X, 71,0) be a real curve with involution of type (g,¢€,t1,71,t2,72), let the set
{Ai, Bi,04A,04B; | i =1,...,g} be a symmetric, real basis of H1(X,Z) and let wy, . ..,way be the

basis of holomorphic differential forms on (X, T) which are normalized with respect to Ay, ..., A,
o3A1, ..., 0444 as in (6.7).
(a) Fore =0, TTE: —w; as well as (2 = =024, forj=1,...,9 and

- {Qg‘ forj=1,....k—1,
ng—_QAfj fori=k ... g
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(b) Fore=1,

—w; forj=1,...)k—1,

Ty =8 —wih, forj=h..k+m—1,,
—Wi_y, forj=k+m,....g,
—M-QZ]_ forj=1,...k—1,

Qij—QZjZ —M-QZJ_er forj=k,....k+m—1,
_M'ng,m forj=k+m,....g
and

M-ng forg=1,...)k—1,
Q]}j: M-Q§j+m forj=k, ....k+m-—1,
M‘ng_m forj=k+m,....,g,
where M is the matriz defined in equation ([6.3]).

Proof. Due to fAi wjt+g = 0 and fAj w; = 2md; 4, it is fori,5=1,...,¢g

_ _\9 1 . g
QAj = (fA]-—GﬁA]- Wi )i:I = 9 (fA]-—anAj (wi — o wi))i:l
1 . RY g
9 (}gAJ’ Wi — fA]' g Wi — fUuAj wi faﬁAj g wi)¢:1 - (fAj wi)i:1 )

Repeating this calculation for Qgg_ yields

{25, = (fBj—UuBJ wi_)f:l - (fBj (wi — U*Mi))?

J 1=

Using this together with the transformation behavior of w;” under ¢* and repeating the proof of

Lemma [6.30] gives the assertions. O

We define an involution 71 g : €9 — €Y via its action on the basis {{2 , 25 | i=1,...,g} of the

space R?9 = C9. As before, we define this involution for € = 0 as the R-linear map

25, =~ = 2, for j=1,....9,
05 for j=1,... k1, (6.8)

—ng—f—ﬂzj forj=k,...,g.
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and for e =1 with M as in (6.3)) by the R-linear map

2, for j=1,...,k—1,

Qg = —M- 2, = 2., forj=k. .. k+m-1,
2, forj=k+m,...,q,
o (6.9)
—ng forj=1,....k—1,
Q]}j*—)—M‘ng: 7ng+m forj=k,....k+m—1,

-2 forj=k+m,....qg,

Definition 6.45. Let (X, 71,0) be a real curve with involution. The intersection of the Prym
variety Prym(X, o) C Jac(X) with Jacr(X) is called the real part of the Prym variety Prymg (X, o)
of (X, 71,0). The connected components of this part are called real tori of the Prym variety of
(X,1,0).

The real tori of Prymp(X,0) equals the set of fixed points of the involution 71 r[prym(x,0) :
Prym(X, o) — Prym(X, o).

Theorem 6.46 (|[Natanzon, 2004, Theorem 2.9.1]). The real part of the Prym variety of a real
curve with involution (X, 11, 0) of type (g,&,t1,71,t2,79) decomposes into 281 real tori of dimension
g, where k =t1 + 11 +1ta+1re > 0.

Proof. Let {A;, By, 04A;,04B; | i =1,...,g} be a symmetric real basis of H(X,Z) as in Definition
such that the projections of these cycles to X, yield a real basis of Hj(X,,Z) in sense of
Definition . We denote the set of the basis of H1(X,,Z), mapped to CY analogously as it is
done for A in Section@ as A,. This lattice over Z is generated by 24, ,,
and it is the lattice of the Jacobian variety Jac(X,) ~ C9/A,. As we have seen in Lemma the
real curve (X, 7,) is of type (g, k,€). As above, let {§2, , 925 | i=1,...,g} be the generators of

2p,, withi=1,...,9

the lattice A_ of the Prym variety of a real curve with involution (X, 7y, 0) that corresponds to the
given basis of H1(X,Z). In these bases, the involution 74 g |prym : C¢ — €Y acts on the generators
of A_ asin for e = 0 and as in for e = 1. Likewise the action of 7, g : C9 — CY on the
generators of A, is given in for e = 0 and in for e = 1. So the maps 7 r and 7, r are
both R-linear mappings on CY, where 71 g acts on the given basis { 24,825, | i=1,...,9} of CY
2p,, | i=1,...,9}. We use C9 ~ R?.

Then a real-linear vector space isomorphism which maps A, to A~ is given by

in the same way as 7, g acts on the basis given by {24

o,i)

Jac(Xy) — Prym(X,0), $24,,— 2, and 0p,, — Q5.

Because the R-linear map 7 g : €9 — C9 acts on the elements of A_ and 7, : C9 — CY acts on

the elements of A,, the above isomorphism yields a bijection from the fixed point set of 7, r on
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Jac(X,) to the fixed point set of 71 g on Prym(X,). So the fixed point sets of the involutions
TR : Prym(X,0) — Prym(X, o) and 7, : Jac(X,) — Jac(X,) have equally many connected

components. ]

Let (X, 71,0) be a real curve with involution of type (g,¢,t1,71,t2,72). The oyals a{, ... ,agtﬁrj

of the involution 7; for j = 1,2 shall be enumerated in such a way that oya] = aj |, for i <t;. We
J

define

E:={D C Sy |11(D) =D and either D + (D) is the divisor of zeros of a meromorphic
differential wp on X that is holomorphic away from Q" and @~ and has
poles of order 1 at these points or D 4 o(D) — QT — Q™ is the zero divisor

of a holomorphic differential wp on X}.

In |[Natanzon| 2004, the definition of the above set £ is a bit different, but we think we interpreted
the definition given here in the way it is meant in [Natanzon, [2004]. We want to define positive
respectively negative definiteness of a differential form on an oval of (X, 71,0). This is also done
in [Natanzon, |2004] and then used to analyze whether the connected component of the real Prym
variety are singular or not. We do not understand the definition of definiteness of a 1-form on
the ovals of a real curve which is given in [Natanzon, 2004]. We modified it in a way that fits
to the setup such that the parts hereinafter, for which this definition is necessary, can be shown
with our definition. To motivate our definition, note that if D + (D) — Q" — Q™ is the divisor of
a holomorphic differential wp on X, then wp has zeros of odd order at QT and @~ since then
Q1,Q~ € supp D and thus also in supp(c(D)). Accordingly, D + o(D) contains an even number
of QT and of Q. The following two Lemmata show that the definition of positive respectively

negative definiteness we will give hereinafter is feasible.

Lemma 6.47. Let (X, 7,0) be a real curve with involution of type (g,€,t1,71,t2,12), let Q1 #
Q™ € X be the only fized points of o and T(Q1) = Q™ and let 7y : X — X, be the two-sheeted
covering, where (X, 75) is a real curve of type (g, k,e) with k =t1 + 11 + ta + ro. Let the ovals of
X, be denoted by ¢; with i € {1,...,k} such that the following holds:

e Forje{l,2} andi=1,...,t;, the preimage of ¢; contains two ovals ag and agl_H- of 75,

e Forje{1,2} andi=1t1+1,...,t1 + 1 respectively i =t1 +r1 +ta+1,...,k, the preimage

A : J .
of ¢; contains one oval a; of T;.

Furthermore, let w, be a differential on X, which is non-negative on an oval ¢; with i € {t; +ri +
1,...,k} and non-negative on an oval ¢; with i € {t1 +1,...,t1 +r1}. Then for the zero divisor
of the pulled back differential w := 7*w,, which is due to Proposition of the form D + o(D),
holds:
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(a) w is non-negative on the ovals af and a?,,, fori € {1,...t2} and non-negative on the oval a?
fori € {2ty +1,...,2ts + 12} as an oval of the real curve (X, 12,0).

(b) (i) Letp € DNa} fori € {2t1+1,...,2t1+r1} and let y, be the open arc on a} between p and
o(p) which starts in counter-clockwise direction at p such that a} \ {p,o(p)} = v + o47p.
Then

(—1)dea(Pvp) — _(—1)dee(PNoyme)  if o s positive in a small neighbor-
hood of p restricted to ~yp,

—(—1)dee(DMp) — (_1)dea(DNoww)  4f o is negative in a small neighbor-

hood of p restricted to y,

is independent of the choice of p € D Na}.
a) If DNal #0 forani€ {2t +1,...,2t; + 71} , then DNa} can always be transformed

in such a way that the corresponding transformed divisor D obeys D = U(D) and

Xi(D) = xi(D).
Proof. (a) We have to show that w can only have zeros of even order on a? with i = 1,..., 2ty + ro.
Note that 72(D) = o(71(D)) = o(D). So for p € D N a?, there holds

and since the divisor of zeros of the pulled back differential w is of the form D + o(D), p is a

zero of even order of w. Since we consider w as a real differential of the curve (X, 72,0), the
2

values of w on a; are purely imaginary and the assertion follows.

In the proofs of the next two assertions, we consider the r1 ovals of 74 which are invariant under
o. Soletie {2t +1,...,2t1 +r1}. We assume without loss of generality that the multiplicity
of all points in (D + o(D)) Na} equals one. This situation can always be obtained by a small

deformation of a given divisor D.

(b) A 1-form w, is globally defined on X, and therefore has to have an even number of sign
changes on any simple closed contour. So the number of zeros of w, on an oval on X, is
always even. Moreover, we know from Corollary [6.38| that 7, : X — X, restricted to a} is
two-sheeted. Thus, every point p, € ¢; has two preimages p, o(p) € azl. Together this yields
that the number of zeros of w on a} is divisible by four.

Let v, be the open arc on a} as defined in the lemma. Then v, U oy, = a} \ {p,o(p)} as in
Figure To see that

deg((D +o(D))N7y) =deg((D+o(D))Noyy) =1 mod 2,
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p
T47p
o(p) a(p)
(a) (b) (c)
Figure 6.9.: Depicting the different curves on an oval az1 fori=1,...,71.

let n € IN such that 4n = deg((D+o(D))Na;). Then deg((D+a(D))Nai\{p,o(p)}) = 4n—2.
Since deg((D + o(D)) Ny) = deg((D + o(D)) N oyy), the number of points of D + (D) on

each one of the arcs 7, and o047, equals 2n — 1. Therefore, either

deg(DNy) = deg(o(D)Noyy) =0 mod 2 and deg(DNoyy) = deg(o(D)Ny) =1 mod 2
or conversely,

deg(DNy) = deg(o(D)Noyy) =1 mod 2 and deg(DNoyy) = deg(a(D)Ny) =0 mod 2.

The divisor points lie discrete and we have assumed that the multiplicity of all points in
(D + (D)) Na; is one. So there is a small open neighborhood U, of p such that w is either

positive or negative on U, Ny, and has opposite sign on U, N o47,. We define

(—1)de8PMp) — —(—1)des(DNosm)  if ¢ is positive in Uy Ny,

—(—1)de8(PMp) — (—1)des(DNos)  if ¢ is negative in Uy N .

Xip(D) = {

To show that this sign is independent from the chosen reference point p, let p’ # p € D Naj}.
Then p’ and o(p') also decompose a} into two open arcs vy and oyy,r, where v, starts again
in counter-clockwise direction from p’, compare Figure Without loss of generality we
assume that p’ € ;. We denote the open arc between p and p’ on a} as v,,y. Then o4y, is
the open arc between o (p) and o(p’) and there is also a small open neighborhood U,y of p’ such
that w does not change its sign on v,y N Uy and oyy,y N Upy. To see that x; (D) = xi (D),
it remains to determine deg(D N+,). It is deg(D N oy, ) = deg(a(D) N,y ) as depicted in
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6. The isospectral set for regular finite type potentials

Figure Furthermore, p’ is in D N, but p € D Noyy,y. So

deg(D Nyy) = deg(D Np) — deg(D Ny ) + deg(D N oyypy) + 1
= deg(D Nyp) — deg(D Ny ) + deg(a(D) N ) + 1.

Therefore,

(_1)(deg(D+0(D))ﬂvppr)+l (_1)deg(U(D)ﬂvppf)

Xi,p/ (D) = _Xi,p(D) = Xz‘,p(D)

(_ 1)deg(Dﬂ'ypp/)

and ; (D) does not depend on p € D Na}. So we can set x;(D) := x;,(D).

To show the last assertion, let D € £ and w be a differential corresponding to D with
D Na; # 0 as defined in £. We first transform D such that
1

o the number of divisor points on a; remains constant,

e the transformed divisor stays in &,
e the multiplicity of all deformed divisor points stays one.

Let us denote a divisor transformed like this by D and the corresponding differential by
©. We will see that x;(D) = xi(D). Let D be a transformed divisor such that only the
points inside of v, and oy, are transformed. In this case, it follows from the definition of
xi(D) that x;(D) = xi(D). So it can only happen that x;(D) # x;(D) if a point ¢ € a} N D
passes p respectively o(p) under the transformation, whereby p is the point which is used to
determine y;(D). In this case, 0(q) passes o(p) respectively p. If ¢ passes p, the sign of & is
opposite to the sign of w on v, N U,, but also

deg(DNry,) = deg(DNy,)+1 mod 2 as well as deg(DNayy,) = deg(DNoyy,)+1  mod 2
(6.10)
So xi(D) = xi(D). If q passes o(p), o(q) passes p, and so the sign of & on ~¥p N U, is opposite
to the sign of w and also holds. Accordingly, x;(D) = x;(D). Thus, x;(D) is invariant
under all considered transformations of D.
We have seen in the proof of (b) that deg((D + (D)) Na}) is divisible by four. So by the
above transformations one can always sort the points in (D + o(D)) Na} into pairs (¢, o(q))
with ¢ # ¢’ such that x;(D) remains constant. Now moving these points together yields a
divisor D such that o(D) = D on al. That means the divisor D can be transformed into a

divisor D which originates from the square of a spinor and which is non-positive, respectively
1

non-negative on a;.

O

Lemma justifies the following definition.
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6.2. Real potentials

Definition 6.48. Let (X, 7,0) be a real curve with involution of type (g,¢,t1,71,t2,72). A
differential wp on X with D € € is positive definite on an oval a; with i = 2t; +1,...,2t; +rq if

one of the following conditions holds:

1

(i) wp is non-negative on a;.

(ii) The total number of points in D N a} divided by two is even and x;(D) = 1.
(iii) The total number of points in D Na} divided by two is odd and x;(D) = —1.

Otherwise, we say that wp is negative definite on a}. The differential wp is positive respectively
negative definite on an oval a? with i =1,...,2ts 41y if it is non-negative respectively non-positive

on this oval as a real differential of the curve (X, m,0).

Statement (a) in comparison to (b) and (c) of Lemma[6.47)shows that the conditions for definiteness
on the ovals of 75 is easier than the condition on the ovals a% of m withi=2t+1+1,...2t1 + rq.
This is because for D holds 72(D) = o(D). Since we do not have this additional structure on the
ovals of 71, we can only define the complicated version of definiteness as above and for the ovals a}
with ¢ = 1,...,2¢; we cannot at all define definiteness because any real holomorphic differential on
X, lifted to X can also have zeros of first order on these ovals.

Since every real spinor 1 obeys that (n?) = 2(n) € &, the question arises how x;(D) yields the
orientation which a spinor 7 induces on an oval a}. We show in the following Lemma why we

think that our modified version of the definiteness makes sense.

Lemma 6.49. Let (X, 71,0) be a real curve of type (g,e,t1,71,t2,72) and D € . Then for

i=2t;+1,...,2t; + 11, the divisor D Na} can be transformed into the divisor of a non-negative
1

square of a spinor on a} if and only if any wp associated with D € & is positive definite on a}.

Proof. Let D,, be the zero divisor of a differential w,, = 7w, such that the number of points
in (D +o(D)) Na} equals 4m with m > 1. As in the foregoing proof of Lemma we assume
without loss of generality that the multiplicity of all points in D,,, + o(D,,) equals one. We have
also seen in this proof that one always can deform D,, into a divisor D,,, with Xi(Dm) = Xz(Dm)
and all points on (D,, + o (D,,)) Na} are sorted into pairs of pairs ((p, o(q)), (¢, o(p))) with p # q.

Again, let U, be a small open neighborhood around p such that the sign of wy, is constant on
Up N7p as well as on U, N oyy,. For m = 1, one has that Dy = p + ¢q. Then either ¢ € 7, or
q € oy7yp. Moving ¢ into the direction of p and o(q) into the direction of o(p) is not possible since
the transformed divisor D; can only be obtained as the square of a real spinor. So to transform
Dy = p+ ¢ in such a way that the transformed divisor D; is the divisor of a differential @ which
is obtained by squaring a spinor, one has to move ¢ towards o(p) and o(q) to p. This square has
the divisor 2D;. Then D; can only be contained in & if D; = a(f)l). For q € ~,, the sign of w; on
Up Ny, is opposite to x;(D1). The corresponding situation is depicted in Figure on the next
page. Moving p and o(q) as well as ¢ and o(p) together yields a divisor D; of the form Dy = o(Dy)

and the sign of wy on «, NU, equals the sign of the corresponding square of a spinor w; with divisor
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6. The isospectral set for regular finite type potentials

a(p) a(p)

(a) Depicting the case m =1 for ¢ € v, with w > 0 (b) Depicting the case m = 1 for q € oy, with w > 0

on v, N Up. Then x;(Dy) = —1. on v, NU,. Then x;(D) = 1.
()
AT
P
a(q)

(c) Depicting that the sign of the square of the spinor by which D,, is induced equals
the sign of the spinor by which D,,_; is induced. The +-signs indicate the sign of
Wy, respectively w,,_1 on the oval.

Figure 6.10.: Sketch corresponding to Lemma In (a) and (b), we sketch the two possible
situations to deform a divisor D1 + o(D1) on an oval a} with Dy Na}l = p+ ¢ into
a divisor which is the square of a spinor. The arrows denote the direction in which
q and o(q) are transformed and the sign of the differential form w; with divisor
Dy + o(Dy) on the different parts of a} is indicated by the +-signs.
In (c) is sketched why the sign of wp, on a small open neighborhood Uz Na;} of some
point p € D Na} with j # p,q,o(p) equals the sign of wp, , on this neighborhood.

2D,. For g € o47p as depicted in Figure Xi(D) equals the sign of wy on U, N~,. However,
in case o(q) € 7p, the sign of wy on 4, N Us(p) equals the sign of the corresponding square of a
spinor @1. So in both cases, @ is the square of a spinor which is non-positive on a} if x;(D;) = 1
and which is non-negative on a} if x;(D1) = —1.

For m > 1, we assume that the points of the divisors D,, are already sorted into pairs of pairs of

the form ((p,o(q)), (¢,0(p))) with p # ¢q,0(q) and denote the divisor D,, with one such pair of

188



6.2. Real potentials

pairs taken away as D,,_1. The sign of the differential wp, _, switches four times less on a} than
the sign of wp,, on a}. Accordingly, the sign of the square of the spinor by which D,, is induced
equals the sign of the spinor by which D,,_1 is induced, compare Figure So if we choose a
pair (p,o(p)) with p,o(p) # ¢, p, then the sign of wp,, equals the sign of wp,, , on v N Us with
U a sufficiently small neighborhood of p. Together with deg(D,,—1 N~) = deg(Dy, N7yp) — 1, this
yields

Xi(Dm) = =Xi(Dm—1)-

Successively leaving in total m — 1 pairs of pairs of points in D,,, away yields a divisor D; such
that
Xi(Dm) = (=1)" 'xi(D1)
Hence, for m even, x;(Dy,) = —x;(D1) and for m odd, x;(Dy,) = xi(D1), so the assertion follows.
O

Let us decompose the set {a%tlﬂ, . ,a%tﬁrl,a%, e ,a%tﬁm} into subsets A, and A_ such that
_ {1 1 2 2 —
Ay UA_ ={ag 11,1004 1,7, 05, and Ay NA_ = 1.

We define
0= (51, . ,5151) S (Zg)tl

and denote by £(d, A, A_) the subset of £ consisting of the divisors D € & such that wp or
—wp is positive definite on all ovals in A, negative definite on all ovals in A_ and such that for

i=1,...,t1, there holds
deg(D Na})
2
Corollary yields that 71 + 79 =1 mod 2, so A = A_ = () is not possible. Here, we extended

the proof given in |[Natanzon| 2004] — which comprises a bit more than half a page — a lot.

mod 2 = §;.

Lemma 6.50 ([Natanzon, 2004, Lemma 2.9.3]). Each of the sets £(0, Ay, A_) is non-empty if

not simultaneously Ay =0 and A_ = .

Proof. Let (X, 7,0) be a real curve with involution of type (g,¢e,t1,71,t2,72) with r1 + 79 = 1
mod 2. To see these assertions, we have to show the existence of holomorphic differential forms
which have the properties encoded by £(d, A4, A_) on X. This will be done by showing the
existence of certain holomorphic 1-forms w, on (X4, 7,) which we can pull back to X such that
w = oc*w, has the desired properties. To do so, we first show the existence of certain holomorphic
1-forms for any real curve (X,7) and then apply these results to (X,, 7o)

So let (X, 7) be a real curve of type (g, k,¢) with ovals cy,...,c; and let k := ky + k_ + ko with
ko < g and ky -k_ # 0. We show that for any pair of points Q1 # Q~ € X such that Q— = 7(Q%),

there is a real differential & with the following properties:

189



6. The isospectral set for regular finite type potentials

(i) @ is either a holomorphic differential on X or a meromorphic differential on X which is
holomorphic on X \ {QT,Q~} and has at most poles of degree one at Q* and Q.

(ii) @ is non-negative on ¢; for i < k4, non-positive on ¢; for ky < i < k4 + k_ and has zeros on
¢; for i > ky + k_ such that the order of these zeros divided by two is odd.

For this purpose, we will now construct another real curve out of X with k + 1 ovals. This is done
by cutting out small open discs around QT and Q~ which yields a surface with two boundary
components. These boundary components we glue back together such that the ‘glueing contour’
yields an additional oval of ¥ on the new real curve. To this new real curve we can apply the
results from Section We then degenerate the new oval to obtain the above assertions.

For the glueing procedure, it is necessary to define the small discs and a local chart to identify
the boundaries of these discs with each other. So let z be a local coordinate centered at Q+.
Then 77 is a local coordinate centered at Q~. We define disjoint open disks Dt(Qi) C X as the
preimage of {z € C | |z| < t} under z respectively 72z, where t € (0,6 + &) and 0 < & < €. Since 7
is an isometry on X, these discs obey 7[D;(Q%)] = D¢(QT). In order to identify the boundaries
OD¢(Q%) and dD(Q~) of the surface X \ (Dy(Q1) U Dy(Q7)) for t € (0,¢) by means of the
involution 7 such that the surface X; obtained like this is a Riemann surface, it is necessary to find
local charts on the boundary components D;(Q%) such that we can glue dD;(QT) and dDy(Q™)
together. The local coordinate z from above defines a local chart on Dy (Q) \ D¢(QF). Then
%tfz defines a local chart for Dy 2(Q7) \ D¢(Q~). The local chart z maps dD;(Q%) isomorphically
to {z € C | |z| =t} and the image of D;1z(Q")\ D:(Q™") under z is contained in {z € C | |z| > t}.
Likewise the local chart %’% maps 9D;(Q ™) also isomorphically to {z € C | |z| = t}, but the image
of Di12(Q7) \ D¢(Q7F) is contained in {z € C\ {0} | |z| < t}. By means of these local charts,
we can identify the boundaries dD;(QF) and dD;(Q~) with each other, whereby we identify the
images of p € dD;(Q7) and 7(p) € dD;(Q~) with each other. For each t € (0,¢), we denote the

compact Riemann surface constructed like this by X; and the involution indicated by 7 on X

by 7. This involution acts on the local charts as z +> g and the ‘glueing contour’ is constructed
in such a way that it is an oval ¢; 441 of 7t on X;. Soforte (0,¢), we have tinkered a family of
real curves (X't, 7;) with an additional oval ¢; 41 and ovals ¢;; = ¢; for i = 1,...,g. Each of these
curves is a real curve of type (g + 1,k + 1,¢).

Let ¢t € (0,1). Without loss of generality, we assume that k, # 0 on (X, %) and set k; _ :=k_ + 1.
With ko = ko, kt+ =ky and ky = ki + ki + ko =k +1,itis ks 4 -k~ #0and ko < g+ 1.
By Theorem there exists a real holomorphic differential @; on X; which is non-positive on
ck+1,+ and with the desired properties on the ovals ¢;1, ..., ¢ 1 as described in (ii). In the proof
of Theorem it becomes clear that these 1-forms are squares of real spinors in the sense of
Definition [B.37

Next we consider the limit (X, %) of (Xy, %) for t — 0. On (Xg, %), the oval cgy1 is degenerated

to an ordinary double point Q. By the construction of (Xo, 70), the normalization of this curve

190



6.2. Real potentials

equals (X ,7) which is a real curve of type (g, k,e) and the preimages of Q on X are just QT and
Q. Let us now consider the behavior of @; in this limit.

For t € (0,1), there exists a real differential &; on each curve (X3, 7;) which is holomorphic on
X; with the behavior prescribed by (ii) on the ovals. We normalize these differentials such that
&l 2(x,) = 1. This does not influence the properties in (ii). We want to show that these
normalized @&; converge to a real differential @y on (Xo,7p). Since w; with ¢ € (0,¢) defines a
uniformly bounded family of holomorphic functions, Montel’s Theorem [Krantzl, 2012, Theorem
8.4.3] assures that this sequence has a convergent subsequence. The limit @y of this subsequence is a
real differential form on (X'o, 7p). We claim that @y is a regular differential form on Xj. This means
that we have to show that the residue of @y at the double point @ multiplied with an arbitrary
regular function on X, equals zero. As already mentioned, 7 : X — X is the normalization of X
with 771(Q) = {Q*, Q™ }. The regular functions at the ordinary double point Q are precisely the
holomorphic functions of the normalization of this double point which take the same values at QF
and Q~, compare [Klein et al., 2016, Example 2.5.1]. Let f be a regular function on Xy. Then it
is 7 f(QT) = 7* f(Q~). We have to show that

Resg (f 711_1}(1)(1%) =0. (6.11)

The function f]| %, Is not a holomorphic function on X, but f, == f| Ke\ewt1 is holomorphic. Let
7% be the boundary components of a small tubular neighborhood of ck+1, on X;. Representing
f; by its Taylor series in an open neighborhood of @ yields that for p € 4=, ft(p) converges

due to Riemann’s Theorem of Removable Singularities to the holomorphic function f on Xy and
limyo §+ fraor = f Q) ¢+ @¢. Inserting this into (6.11) yields

ReSQ (f %1_13% Or) = f(Q)ReSQ %%wt.

By the Residue Theorem, it is § &+ ¢ @ = 0. Then Resy(f@y) = 0 for all t € (0,¢). By
continuity, also Resé2 limy_,o(f&:) = 0. Accordingly, @y is a regular differential form on X(. Because
Q is an ordinary double point of X, the regular 1-forms at this point are, in a local coordinate
z centered at Q, generated by % and z. So the differential @y is either holomorphic at @ or has
a pole of first order at this double point. Since the deformation of X; for ¢ — 0 is continuous,
also the differentials on all deformed curves can only change continuously. We know already that
@e is the square of a real spinor on X, for ¢ € (0,¢). The set of real spinors on X, only contains
elements whose square is an element of the cotangent bundle, so it is discrete on X;. Therefore,
the number of zeros of w; on the ovals does not change. So if property (ii) holds for @., then it
also holds for @; with ¢ € (0,¢). Altogether, this yields that the differential wy := lim; o w; obeys
property (ii) and has at most a pole of first order at Q.

Summarizing, we have now seen that the normalization of (X, 7) equals the curve (X,7), that
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6. The isospectral set for regular finite type potentials

the preimage of @ on this normalization are exactly the points Q" and @~ and that the pullback
of @ to X is a real differential & with the desired properties (i) and (ii).

We now consider a real curve with holomorphic involution (X, 71, 0) of type (g,e,t1,r1,t2,r2) and
apply the foregoing observations on the existence of a real differential on (X, 7) to (X, 7,). For
i =1,...,t1, let the ovals ¢; be the images of the ovals ai1 and aﬁa} under 7, : X — X,. The
remaining ovals of (X, 7y, 0) are either contained in A4 or in A_. We denote the set of the images
of the ovals contained in A4 under 7, by A9 and the set of the images of the ovals contained in
A_ by A%. Applying the above result to the real curve (X,,7,), we find a differential w, on X,
that is either meromorphic on X, and holomorphic away from Q7 = 7,(Q") and Q, = 7,(Q ™)
with at most simple poles at these points or which is holomorphic on all of X,. Furthermore, by
appropriate enumeration of the ovals of X, w, is non-negative on the ovals in A% and non-positive
on the ovals in A% and for i € {1,...,#1}, the images of the ovals a} and oya} with §; = 1 are
ovals ¢; C X, such that ky + k_ < i < ky + k_ + ko and the ovals which are images of a} and
aﬁa} with §; = 0 are somehow contained in the set of ovals ¢; with ¢ < k. + k_.

Using the two-sheeted covering m,, we can pull back w, to a 1-form w = 7miw, on X as in
Proposition [A.4] The pullback w = miw, is a differential which is — due to Lemmata and
6.49 — positive definite on the ovals in A, and negative definite on the ovals in A_. Moreover, w,
is the square of a real spinor, compare the proof of Theorem [6.19] Therefore, all zeros of w, on
Xo \ {QF, Q5 } are of even order. Accordingly, the divisor of zeros of w = 7w, intersected with
al U aﬁa} for ¢ < t; has positive degree which is divisible by four and is symmetric with respect to
o. So the number of zeros on a} respectively aﬁail is even for i € {1,...,¢;}. This number divided
by two is odd if the index i of the image ¢; of these ovals on X, obeys ki +k_ < i < ki +k_ + ko.
Let z be a local coordinate centered at Q respectively Q). Then w, reads in these coordinates as
f(2)dz, see the proof of Proposition Since QF are branch points of the covering 7, we can
choose these local coordinates in such a way that w = 7w, can be represented locally around Q*
as f(2%)dz? = 2f(2?)2dz. We know from the above considerations that w either is holomorphic or
has a pole of first order at Q, i.e. f(z) either is holomorphic or has a pole of first order at z = 0.
If f(z) is holomorphic with f(0) # 0, then also f(22) is holomorphic and has no zero at z = 0.
However, in this case f(z2)z has a zero of first order at z = 0. If £(0) = 0 and this zero is of order
n, then f(z2) has a zero of order 2n at z = 0, and so f(z?)z has a zero of order 2n + 1 at z = 0.
Analogously if f(z) has a pole of first order at z = 0, then f(2?) has a pole of second order at
z = 0 and thus f(z2)z has a pole of first order at z = 0. So w = 7w, is either a meromorphic
differential that is holomorphic away from QT and Q= and has simple poles at these points or is
holomorphic on X with zeros of odd order at Q" and Q.

Next, we show that one can apply Theorem to obtain a differential for every choice of
E(, Ay, A) # £(6,0,0). Therefore, let (X4,7,) — (Xo,70) be the normalization of the real
curve with one double point constructed at the beginning of this proof and let (X;, %) be the

corresponding curves with one extra oval. We want to show that certain real spinors as in Definition
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B.37(b) with prescribed zero order respectively orientation on the ovals ¢;; exists on X; for t € (0, )
to obtain by Theorem that there exists a real differential @; with certain properties on the
ovals of X;. From this, we can deduce the existence of a differential &y on X, with the same
properties on the ovals cq,...c; as @y has on ¢y 4,...,cp . This is possible because only the oval
Ci+1,¢ is deformed in the limit ¢ — 0. Then also the pullback w, of this differential to (X,, 75)
under the normalization map has the same properties on the ovals ¢y, ..., c;. We then consider the
divisor of w, on X, and show that for any admissible configuration of £(d, Ay, A_), there exists
an w, constructed like above, such that the corresponding divisor is an element of £(J, A+, A_).
We define fl‘}r = A9 and A7 = A% U {¢k+1}. Furthermore, we use the notation for o;; and m as
well as the results from Theorems and These assert the following for fixed ¢ € (0,¢):

o Let the real curve (X;, %) be of type (g + 1,k + 1,0) with oriented ovals Cliy- -y Cht1t and
let 0 <m < k+1, a1,...,a5+1 € Z2 and Zfillai =g+ 1 mod 2. Then it is shown in
Theorem that there exists a real spinor 5 on (X, %) such that the orientation of the
oval ¢;; generated by 7 coincides with the original orientation of X, \ Xf “if and only if ¢ < m

and such that the number of zeros of the spinor 77 modulo 2 on the oval ¢;; is equal to ;.

o Let the real curve (X;, %) be of type (g4 1,k +1,1), let its ovals Clits---,Ckt1 be oriented
as parts of the boundary of a connected component X of the set X, \ X7= and let the set
{a1,...,ar41} with a; € Zy, oy = a1 = 0 contain evenly many zeros. Then it is shown
in Theorem that for every m with 1 <m <k +1and > /", 0y =m +1 mod 2, there
exists a real spinor 7 on (Xt, 7;) such that the orientation generated on the oval ¢;; by 7
coincides with the orientation of ¢;; induced by the orientation of Xf if and only if i <m

and the number of zeros of n modulo 2 on ¢;; is equal to «;.

Note that on the ovals in X; corresponding to the ovals in X, which are images of a} and Jﬁa}
with ¢ < ¢; under 7, the values a; in Theorems and equals §; for i = 1,...¢; and for
the remaining ovals in A9 and A?, the value «; is not determined by this classification. Hence,
we can choose them arbitrarily in Z,.

Let us first consider ¢ = 0: If 221:151- =g+ 1 mod?2, weset y =0fori=1¢ +1,...,k+ 1.
If 221:1 0; = ¢ mod 2, we set a1 = 1 and o; = 0 for ¢ = 1,...,k. In both cases, this yields
Zfill a; =g+ 1 mod 2. We also have kg < t; < g+ 1 since 71 + 79 = 1 mod 2. Hence, Theorem
can be applied and yields a spinor 7 on the curve X; such that @, = n2. Degenerating the oval
Ck+1 O X, and considering the differential on the normalization X, of Xo yields a differential w,
on X, such that w = 7w, has the desired properties. Thus, for ¢ = 0, any admissible configuration
of £(3, A4, A_) can be achieved.

For € = 1, there has to hold

m k+1
Zai:m—i—l mod 2, Zaizk—i—l mod 2 and a3 = a1 = 0.
i=1 i=1

193



6. The isospectral set for regular finite type potentials

We will now consider all admissible cases for the choices of (§, Ay, A_). Hereby, it is sufficient to

consider only A_ = () since the considerations for A, = () follow analogously by considering —w

instead of w. For brevity, we write " 7, o if we take the sum over the elements o; corresponding
J

to the ovals in fl? for j =1,2.

e Let § =0 and A_ = (). Then the number of ovals in fli equals k > 1 since we assumed that

X7 # 0, and therefore also X7 # (), compare Lemma [6.35] Hence, ko = 0 < g+ 1. The
number of ovals of X; is k + 1. Setting m = k in Theorem yields that for k4 and k_ in
Theorem @ holds k4 - k— # 0. We further set a; = 0 and a1 = 0 and all other values
a; = 1. This yields a combination of a1, ..., ax such that the total number of zeros of them
is even and such that Y/, o; = Zfill a; =k+1 mod2=m+1 mod 2. So applying
Theorem yields a real spinor n on X; such that, by Theorem n? is a holomorphic
differential on X;. Due to the explanations above, the corresponding differential w, on X,

can then be pulled back to X such that the divisor of w = Tiw, is an element of (0, A4, ().

Let 6 = 0 and Ay, A_ # (. Again, kg = 0 < g+ 1. Let us enumerate the ovals of X, in
such a way that c1,...,¢, € AT and ¢pq1, ..., 0 € A7 with 1 < m < k. Since there are no
obstructions on the number of zeros on these ovals, we can set set a; = ag+1 = 0. Then
S, a; =m+1 mod 2 can always be obtained as follows: For m = 1, this equality holds
due to a3 = 0 and for m > 2, we set a; = 1 for 1 < 7 < m. To see that also Zfill a;=k+1
mod 2 can be obtained, we have to consider two different cases: For m +1=%k+1 mod 2,
we set a; = 0 for m < i < k. For m =k mod 2, we use the fact that A_ # (). Then also
A% # (), and so we can set ;11 =1 and o; = 0 for m + 1 < ¢ < k. Then there is at least
one negatively orientated oval with assigned a-value 0 and the preliminaries of Theorem
are fulfilled As in the first case, this yields a differential w on X whose divisor in an
element of £(0, A, A_).

For the other cases, i.e. § # (), note that we seek a spinor which also induces an orientation on

the ovals a} for ¢ =1,...,2t; corresponding to ci,...,cy. This orientation is not specified by the

given ¢ on these ovals, so we can choose it. That means we can determine freely whether an oval

belongs to the part of the oval with index smaller, equal or larger than m, where m is defined in
Theorem [B.42]

o Let 6 # 0 and A = 0. We set A7 = {ck+1}. Then ky < t; < k + 1 since ki - k_ # 0.
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Because /Nli = A7 contains at least one element and the total number of ovals of X, is
k+1<g+2,itis kg < g+ 1. Let the elements in [lj'r be denoted by ci,...,cx—¢,. For
i < t1, let the ovals which are images of a} and aﬁa} be denoted by cx—¢,+1,...,cx. We set

a1 = 0 and m equals the number of ovals contained in flﬁ’r. Again, there has to hold

k+1 m
Za¢:k+1 mod 2 and Zai:m—i—l mod 2
i=1 =1
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and for at least one oval ¢; with m < ¢ < k + 1, there has to hold a; = 0. As before, we set
ag = -+ = ag_1 = 1. Then the equality on the left hand side holds. To see that the equality

on the right hand side can also always be achieved, note that one of the two cases

t k 9
21:52': Z ai:{tl mod 2,

i=1 i=k—t1+1 t17+1 mod 2

has to hold, whereby the second case implies that there exists at least one ¢ < ¢; such that
0; = 0. In both cases, the spinor we construct shall induce negative orientation on ¢; with

t=k—t1+1,...,k+ 1. In the first case, we set ax+1 =0, so

k+1 ty k+1
Z%:ZOWF Z aj=ti+m+1=k+1 mod 2.
i=1 i=1 i=t+1

If 251:1 0; = t1 +1 mod 2, we know that there exists at least one J§; which equals zero. So

we can set ag41 = 1 which yields

k+1 k—t1 k
Zaizzaﬂr Z ai+l=m+1+t1+1+1=k+1 mod?2.
=1 =1 i=k—t1+1

As before, this yields a differential w on X whose divisor is an element of £(d, A4, ).

e Let now 6 # 0 as well as A, A_ # (). We enumerate the ovals nearly as in the previous
step, where the ovals in A7 are indexed by i = §(A%),...,$(A% + A%) and the ovals on X,
corresponding to a! and oya) on X with i <1 by $(A7 + A7) +1,...,k. Hereby, { shall
denote the number of elements in the respective sets. Furthermore, we orientate all ovals
corresponding to i < t1 negatively, set a; = a1 =0, m = A7 and ag,. .. ;AT = 1. Then

> Aq Qi =m + 1 mod 2 and one of the following two cases has to hold:

k+1 mod 2,
o=
If Egiai = k+ 1 mod 2, we set AT 415+ O = 0. If Zjiai = k mod 2, we set

QyA7)+1 = 1 and the remaining «; = 0. The latter is possible since A% contains at least one

element. In both cases, it is Zf;“ll a; = k+1 mod 2. As before, this yields a differential w

on X whose divisor is an element of £(5, Ay, A_).

So for all choices of (§, A1, A_) with not both A = A_ =0, it is £(5, Ay, A_) # 0. O
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6. The isospectral set for regular finite type potentials

Theorem 6.51 ([Natanzon, 2004, Theorem 2.9.2]). Let (X, 71,0) be a real curve with involution
of type (g,€,t1,71,t2,72), where k =ty +r1 + ta + 19 > 0. Then the following assertions hold:

(a) For e =0, all real tori of the Prym variety are singular.
(b) For e =1, there is at most one non-singular real torus of the Prym variety.
(¢) Fore =1 and k = g+ 1, a non-singular real torus of the Prym variety always exists.

(d) Fore=1andt; +m < g for k even and t1 + 11 < % for k odd, there are curves (X, 11,0)
of type (g,¢e,t1,7r1,t2,72) such that there is a non-singular torus among the real tori of their

Prym varieties.

Proof. By definition, it is £(0, A4, A_) N E(F, A! A" ) # 0 if and only if o' =, A, = A_ and
A" = A, and in this case, these sets coincide. Because § € (Z2)" and all ovals in A, U A_
can be in either one of these sets, the number of disjoint sets of the form £(0, Ay, A_) is equal
to 2°=1. On the other hand, the real part of the Prym variety of a real curve with involution
(X, 71,0) coincides with Ag+(E(6, Ay, A_)) — Kg+. By Theorem m Prymp (X, o) consists of
2F=1 connected components. By Lemma none of the sets £2(0, Ay, A_) is empty, so each real
torus of the Prym variety is of the form Ag+(£(0, Ay, A_)) — Kg+. The torus is singular if and
only if there is a D € £(6, A4, A_) such that D + o(D) is the divisor of zeros of a holomorphic
differential on X, i.e. if QT and Q™ are contained in D since then Ag+(D) € ng, see Definition
[6.35] and the discussion after that.

(a) Let e =0and let T'= Ap+(£(d, Ay, A_)) — Kg+ be an arbitrary real torus of the Prym variety.
Let again A9 be the image of the set Ay under 7, on the real curve (X,,7,). By Theorem
there exists a holomorphic real differential w, on (X,,7,) that is non-negative on A7,
non-positive on A2 and may have zeros of second order on the other ovals. Lemmata @
and show that its preimage w = 7*w, on X is a holomorphic differential that is positive
definite on the ovals of A4 and negative definite on the ovals of A_. The divisor of the zeros
of this differential intersected with a} U (fﬁaz1 for ¢ < t1 has positive degree which is divisible
by four and is symmetric with respect to o. Hence, there is a differential D € £(5, A4, A_)

such that wp = w and T is a singular torus.

(b) Lete =1landlet T = Ag+(£(, Ay, A_))—Kq+ be a torus that differs from Ag+(£(d, Ay, 0))—
Kq+, where 6 = (1,...,1). Repeating the arguments used for € = 0 yields that T" is a singular

torus.

(c) Let e = 1and k = g+1. We prove that for § = (1,...,1), the real torus Ag+(£(5, Ay, 0)) —Kg+
is non-singular. Indeed, otherwise there must be a real holomorphic differential w on X that

is positive definite on all ovals of the involutions 7 and 7 and such that c*w = w. This
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6.2. Real potentials

differential induces a holomorphic real differential w, on the M-curve (X,, 7,) that is positive

on all ovals on which it has no zeros. However, by Theorem there are no such differentials.

(d) Let e =1,t1 +71 < % for k even respectively t1 + 1 < % for k odd and let T be a real
torus of the form Ag+(£(d, Ay, 0)) — Ko+, where § = (1,...,1). If T is singular, then we find
— repeat the reasoning used in the case of kK = g + 1 — a holomorphic differential w, on the
real curve (X,,7,) that is positive on the ty 4+ r9 > % images of the ovals in A, for k even
respectively to + ro > % images for k odd and either has zeros or is positive on the other
ovals of the curve. Lemma together with example shows that we can take (X,,7,) to
be any real curve to obtain a real curve with involution from it. In particular, also the curve
constructed in Theorem [6.25] on which there are no such differentials. So there are curves

(X, 71,0) such that there is a non-singular torus among the real tori of their Prym varieties.

O]

To give a more complete picture of the topological type of the normalizations F'(u)/I™, we now
consider the topological type of Fermi curves with constant potential. The considerations we
made so far are only valid for g > 4. The three types of real curves which remain to consider
are real curves of genus 0, where the normalization has one or two connected components — this
corresponds to the normalization of Fermi curves with zero or constant potential — and real
curves with involution of genus 2, such that X, is a hypersurface. We here only consider the first
part. So let X (0) be the compactified normalization of F'(0)/I™ and X (up) be the compactified
normalization of F(472ug)/I"*, see Section Hereby, the shape of the curve X (ug) depends on
the absolute value of ug # 0. In particular, the constant potential leads to a shape of X (ug) which
differs from the shape of X(0). The latter curve has a double point at k£ = (0,0), whereas X (uo)
has a handle in the neighborhood of k£ = (0,0) which leads to a simple closed curve in the shape of
a circle around (0, 0) intersected with R? respectively tR?. The radius of this circle depends on
|ug| and which precise position in €2 it has depends on the choice of ug. This is illuminated in the

following lemma.

Lemma 6.52. For uy € R, the compactified normalization X (ug) of the Fermi curve X'(ug) is a

real curve with holomorphic involution in sense of Definition [6.54].

(a) For uy = 0, the topological type is (0,1,0,0,0,0) and for the preimages k,+ € X(0) of the
double points ki € X'(0), there holds 11 (ky+) = ky+ for v € I'* that.
Let now ug # 0, v € I'*\ {0} and k,+ € X(ug) be the two preimages of ki-(ug) € X'(ug) as
defined in (|1.20)).
(b) For uy > 0, the topological type of X (ug) is given by (0,1,0,1,0,0) and 71(ky +(up)) =
ky+(ug). Moreover, there exists no v # v € I'\ {0} such that k, +(uo) = ky+(up) or

ky7:‘: (UO) = k'f/’:’: (U(]) .
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6. The isospectral set for regular finite type potentials

: 2
(c) For —w < ug < 0, the topological type of X (ug) is given by (0,1,0,0,1,0) and
T1(ky,+(u0)) = kv 1 (uo). Moreover, there exists no v # v € I'* such that k, +(uo) = ks +(uo)

or ky +(uo) = kp +(uo).

(c) For up < —M, the topological type of X (ug) is given by (0,1,0,0,1,0). For
v e I\ {0} with ||v]|* > =, it is 71 (ku+(w0)) = ku+(uo) and T2(ky,+(uo)) = kuy,+(uo) for
[v||? < =% Furthermore, the latter set of double points lays on the oval of T2 which is
described by {(ki,k2) € R* | ki + k3 = —uo}. For v # 0 with |[v||* < =% and

I |4 14
2[[v (%171 = 2(v, 7)

(Iv1? =2, 2) + 121) ,

it is ki (ug) = /C,;_L(Uo) = kiﬁ(UO)-

Proof. For ug = 0, we know from Lemma that X (0) is given by two complex planes which
can be described by the set of all (k1, ko) € C? such that either k1 + tky = 0 or k; — thy = 0. The
involutions 71 and 7o interchange these sheets, so there are no ovals on X (0) and the topological
type of (X(0),71,0) in sense of Definition is given by (0,1,0,0,0,0) Furthermore, with k* as
in (L.16), it is

1 1
Tl(kf) = _i(iyl — W, £ 1g) = i(q:yl + e, —y Fuo) =k

Next, we consider the topological type for the different cases in (b) to (d). We know from Lemma

[1.20] that the Fermi curve for constant potential up € R is given by the set
{(k1,k2) € C* | K2 4+ k3 = —up}.
Hence, for ug > 0, the involution 7 : k — k has no fixed points and there is one oval of 71 given by
c:={(k1, ko) € R? | k2 + k3 = —ug}. (6.12)

This oval is left invariant by o : k — —k and X (ug) \ ¢ decays into two disjoint connected
components. So the topological type of (X (ug),71,0) in sense of Definition is given by
(0,1,0,1,0,0) for uy > 0.

Analogously for ug < 0, there are no fixed points of 71 : k +— —k on X (ug) and there is one

o-invariant oval of 79 given by the set
c¢i={(k1,k2) € R* | K + k3 = —uo}. (6.13)

Accordingly, for ug < 0, the topological type of (X (ug),71,0) in sense of Definition is given
by (0,1,0,0,0,1).
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Next, we show the assertion on the preimages k, +(up) € X (ug) of the double points ki (ug) €
X'(ug) determined in ([1.20)). The behavior of those depends on whether the square root &(v, ug) :=
1+ ”4;?'02 is contained in R or tR. We first consider the setting of (b) and (c), i.e. up > 0

respectively ug € ( min, ¢ =\ {0} M ) In both cases, it is {(v, up) € tR. Thus,

(kL (ug)) = —%(:tyl — 1€ (v, ug)ve, (v, up)vy + v2) =k (uo). (6.14)

So the double points are interchanged by 71. It is impossible that k, + with v € '™\ {0} is

contained in the oval of 71 in (6.12]) since

1
i ) Wununuu? (1+4782) = 5V w0 > V.

Assume that ky, +(uo) = Kp(yy),+ for some v, € '\ {0} with v # 7. Then the real parts of the

corresponding double points kF(ug) would have to be equal, i.e. (v, 410) = (71, £i%). This can
hold if and only if » = 7. So in both cases (b) and (c), it is not possible that the preimage of
two different double points k, +(ug) and kp +(ug) are identical for v, € I\ {0} with v # D.
Analogously one shows that there also exist no v # 7 € I'* \ {0} such that k, +(uo) = k,=(uo)-
Let now up < —min,ep«\ (0} = ” . As in (6.14)), one sees that for [[v]|> > —%0, the involution 7
interchanges the points kl,,_(uo) and ky, 4 (ug). Let v € I'* with |[v||* < —%2. Then &(v,up) € (R
and k, +(up) € R? are fixed points of .

Let us now take a closer look at the set {k(uo) | [[v||* < —“0}. This set comprises all preimages
of double points of X’(ug) which are contained in the oval of 75 in (6.13)). For these, it can
happen that two double points ki (ug) and ki (ug) with v # 7 € A* are equal. Obviously, this
can only occur if v and 7 are linearly independent. Let v € A* with |[v|? > —% be given. To
determine 7 such that k= (ug) = kX (uo), the following three equations with k = (ki, ko) have to

hold simultaneously:
E* = —ug, (E4+0v)?=—-uy, (k+7)*=—uo.

Subtracting the first equation from the second as well as from the third yields that these three

equations can hold simultaneously if and only if
2k, )+ |[v|> =0 and 2(k,7) + ||7]* = (6.15)

Due to the linear independence of v and 7, there exists a dual basis v,% € A corresponding to v
and 7 such that

<V77>:17 <V7:}/>:07 (ﬁ,:}/):L (ﬁ,’y)zo
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Then every k € €2 which is of the form k = —142 — 17125 (HE)
simultaneously. Inserting this into k? = —ug yields
HVH4 |17 ||V||4
g = 2+ P 3+ L g2 = - (6.16)

To represent k in terms of the dual lattice, we have to determine ||v||?, | 7> and (v, 7) in dependency

of v and ¥. Since «,# are a dual basis of v, 7, we have

P11 = ¢y ) v v) = by v v) = (v, ) =1,
v, 0) (7, %) = (W, )7, ) = (W, M), 7) = 1,
17, %) = (v, v) (v, ) = (v, v)7,3) = ((nnr3) =0

and analogously [|72[13]|% = 1 as well as [|7]2(y, ), |y][2(v. 5), |15]12(v, ) = 0. Therefore,

-1
1 <H17H2 %@W>:<WW %@) :1<MW Wﬂv.
P20 = 20, 2) \=(v,2) || (w,v) 7|7 2\ (%) 157

Comparing the coeflicients of the matrices on the left hand side and on the right hand side of this

equation yields that

[ p— L L — o) = e
I 217)12 = 2(v,7)’ 2] = 2@, 2)" v 217)12 = 2(v, D)
By inserting this into equation ([6.16]), we finally obtain that for
_ 1 [ 2152 |!4 2\ _ L vlPlePly — o
=~ (Y = Pl + ) = g AL P
it is kF(ug) = kE (uo) = k=, (ug). O

Moreover, the following Lemma holds by the same arguments as in Lemmata [6.1] and [6.3]
Lemma 6.53.

(a) The set of divisors D of degree 0 such that D + o(D) ~ K + Q" + Q™ and 71(D) = (D) acts
transitively on the set of positive divisors D obeying D + o(D) ~ K + Q" + Q~, where K is

the canonical divisor on X.

(b) Let (X,71,0) be a real curve with involution and let D be a positive divisor of degree g on X
which obeys additionally to the conditions in (a) that dim H*(X,Op_g+ ® Ly(x,y)) =0 for
all (z,y) € R?, where Ly(x,y) is defined below (5-3). The set of all such D is open in the set
of all positive divisors obeying D + (D) ~ K + QT + Q™ and 71(D) = D.
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Outlook

Even though this thesis is answered many questions concerning the direct and the inverse problem
of finite type Fermi curves for the double-periodic Schrédinger equation, we see that the problems
are of such rich variety that there are several possibilities to explore further from this point.
One way to go would be to try to transfer the results for finite type potentials to the more general
case of arbitrary potentials. Concerning this direction, we mention here only that one big step
towards this generalization would be to show that the finite type potentials are dense in the set of
all potentials.

Another direction to proceed is to answer the questions for finite type potentials which are either
yet not answered in this thesis or raised by the results in this work. Below, we mention the points
which we consider of most interest for finite type potentials to continue the research.

First of all, it would be very interesting to figure out whether it is possible to extend the
discussion presented in this work for regular finite type potentials to the broader class of all
finite type potentials. For that, one would have to show an analogon to the linear equivalence
D+o0(D)~ K+ Q" +Q from Lemma for the generalized divisor S as in Definition
respectively a generalized divisor on some unique one-sheeted covering of the Fermi curve similar
to the middleding in One possibility would be to analyze whether or in which cases o acts
on the middleding. If that is not the case, we suspect that it could be a good idea to consider
another unique one-sheeted covering X, distinct from the middleding, to define an analogon S to
the generalized divisor Sy from Definition [f.4] A good candidate for this might be the unique
one-sheeted covering so that the holomorphic functions of this new covering act on both, S and
0*S. Instead of the canonical divisor one should consider the sheaf of regular 1-forms £2(X) on
this covering, compare Definition [3.4 Then the linear equivalence itself would be expressed by an
isomorphism of vector spaces between the sheaf 2¢ 4+ QT + Q™ and the sheaf which is generated
by all multiples of S and ¢*S. However, if the analogon to the linear equivalence can be shown,
then the results on the construction of the Baker Akhiezer function should also hold for the Baker
Akhiezer function on the corresponding singular curve X as defined in [Klein et al., 2016, Chapter
8].

To transfer also the statement that the number of fixed points of o on X is two if and only if the
above sheaves are isomorphic, one would also have to take the fundamental group of the singular
curve X into account. We suspect that this could become complicated.

In Section @7 concerning the construction of a regular operator 1-form on the Fermi curve out

of the spectral projection, we see at least one more possibility for an interesting question to be
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answered. Before we formulate this question, we want to explain the analogous setup for integrable
systems with one periodic and one trivial flow as described in [Klein et al., 2016, Case 2 on page
32]. To do so, let k € C, A(k) be a holomorphic n X n-matrix and let X be the curve which is
parametrized by all values (k,\) € C? so that there exists a ¢ which obeys (A(k) — A\)i = 0. For
this situation, a general procedure is known to obtain a regular operator-valued 1-form with help
of the spectral projection as it was done in this work in Section [3.3] i.e. by taking the eigenfunction
and the dual eigenfunction into account, compare [Schmidt, (1996, Chapter 3]. Out of this 1-form,
one usually obtains a linear equivalence similar to the one shown in Lemma More precisely,
one can show a relation between the divisor of the eigenfunction and of the dual eigenfunction of
the considered differential operator such that the sum of these is linear equivalent to the canonical
divisor on X plus maybe some points at infinity. Here, the number of marked points which have
to be added in this linear equivalence depends on the considered differential equation.

However, besides the Schrodinger equation considered in this thesis, there are many other infinite
dimensional integrable systems with two periodic flows, compare [Klein et al 2016, Case 3 on
page 32]. In these cases, a similar situation occurs in which one takes the kernel of a holomorphic
n X n-matrix A(ky,ke) with k1, ke € C into account. So the question one can ask for these
situations are the following: First of all, is there also a standard procedure, similar to the case of
one periodic and one constant flow, to obtain a regular operator-valued 1-form if X is the curve
which is defined by all values (k1, k) € C? such that there exists a ¢ with A(k1, k2)y = 0? And
secondly, does such an operator-valued 1-form always lead to a relation between the divisor D of the
normalized eigenfunction and its transposed similarly to ? We suspect that both questions can
be answered positively. More precisely, our expectation is that it should be possible to generalize
the method presented in Section to construct this 1-form for the Schrédinger operator. The
standard procedure should comprise the following steps: First, one considers the Bloch variety
i.e. another curve Y which is parametrized by all (k1, k2, A) such that there exists a 1 that obeys
(A(k1,k2) — A1)y = 0 with A € C. On this Bloch variety, one can define the spectral projection P
as it is done for the Schrodinger operator in and show that P dki A dksy is an operator-valued
regular 2-form on Y. From this, it should be possible to define a modified projection-valued
2-form P dk; A d\ and show its regularity in the same as we have defined Pydk; A d), i.e. by
exploiting a connection between the enumerators of P and P, whereby é‘% is taken into account
as it was done in Proposition With this, the regularity of the corresponding operator-valued
2-form Pdk; AdX on Y should follow from the regularity of the operator-valued 2-form Pdk; A dks.
We suspect that this can be shown in a similar way as for Py in Lemma Then restricting
P dk; A d) to X should yield the desired regular 1-form.

Other interesting questions in the case of regular finite type potentials which still remain open
concern the non-speciality of the divisors which are contained in the isospectral set. In the case of
complex-valued potentials, it would be interesting to find out whether there is a divisor D such

that all translations by divisors D of degree 0 with D = —J(D) are non-special. Similar assertions
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have been shown in the unpublished paper [Schmidt} 2002, Section 2.5.1] for the Dirac operator.
However, the Fermi curve of the Dirac operator obeys additional symmetries which do not hold
for the Fermi curve corresponding to the Schréodinger operator. Therefore, it is not possible to
transfer these results to the case considered in this work. Still, it would be interesting to figure
out statements on the codimension of the subvariety of special divisors in the Prym variety —
considered as a subset of the Picard group — such that the space of global sections is at least two
dimensional. Like this, it might be possible to show the existence of a divisor such that the divisor
itself and all its translations by Ly (x,y), as defined in Section are non-special. This question
is closely related to the inquiry whether the set of non-special divisors is dense in the set of all
divisors parametrizing the isospectral set of a given potential.

In the real case, it is shown in Theorem that there exists at most one connected component
of the real Prym variety of a given real curve with involution (X, 7, o) which contains no special
divisors if g > 4, where g is the genus of X. Here, it would be interesting to consider several
questions: First of all, is it possible to give a more detailed description for which types of potentials
u there always exists a connected component that does not contain special divisors? And if this
could be answered positively: Which of the several connected components is that? In case this
connected component could be determined, how to see whether all divisors D which correspond to a
Schrodinger operator with regular finite type potential are contained in this connected component?
One approach which might at least lead to the beginning of an answer to these questions is to
consider small deformations of the Fermi curves with constant or zero potential and to determine
for which deformations the corresponding quotient X, of the normalization X of the deformed
curve is an M-curve. In that case, we know at least for sure that exactly one non-singular connected
component of the real Prym variety exists.

Also in this context, one could try to answer the questions we answered in this work for the real
isospectral sets of Fermi curves of finite type whose compactified normalization has genus larger
than 2 for the case where the normalization has genus 2. In this case, the quotient surface X, has
genus 1 and thus is a hyperelliptic curve. The connection between the real spinors and the liftings
of real Fuchsian groups employed in this thesis to explore the existence or non-existence of certain
holomorphic 1-forms on a real curve X of genus g > 2 do not apply anymore, because in this case
the universal covering of X, is not given by H anymore. However, we think that the necessary
statements can be shown directly like the ones for hyperelliptic curves in Section [6.2

Another question that arises is how to transfer the results we have made for a real curve as a
Riemann surface to the more general case of complex curves such that one can embed the whole
setup for finite type potentials as considerations on the modified middleding we introduced above.
Finally, we ask ourselves one more question concerning the moduli problem: Let F'(u)/I™ be a
given Fermi curve and let X be the corresponding curve to deform, i.e. on X exists a non-special
divisor so that also all of its translations by L (x,) are non-special for (x,7) € R? as defined in
Section [£.2.5] Does such a divisor always exist on the fibers of the deformed spaces, at least in a
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small open neighborhood of X7 We believe that one has to understand the deformations of the
Jacobian variety to get insight into this.

Summarizing, we can say that still many interesting questions concerning the direct and the inverse
problem of the two-dimensional Schrodinger operator of finite type remain open, whereby for some
we cannot predict whether there is an answer. We hope that this thesis provides the foundations
to continue research on this topic and that the results presented here can be helpful to answer at

least some of the above questions.
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A. The Jacobian and the Prym Variety

To understand what the Prym variety is, certain basics about Abelian Varieties and Complex
Tori are helpful. These can be found in [Lange and Birkenhakel 1992, Chapters 1,4,10 and 11].
However, the concrete results and definitions that are used in this work are mainly oriented on

[Mumford, |1974]. We will now summarize some properties of X and X,, where X, is defined at
the beginning of Section

Proposition A.1. Let X be a compact Riemann surface and o : X — X a holomorphic involution
with o # 1. Let further X, be the space defined by the quotient X, := X/ ~,, where p ~y q if
p=gq orp=o(q) forp,q € X. Then X, is also a compact Riemann surface and the natural map

s X = X, is a two sheeted covering.

Proof. Because o # 1, there exists at least one p € X such that p # o(p). Then the holomorphy
of o yields that the map p — p — o(p) has discrete roots on X, and therefore the set of fixed points
is also discrete. Equipping X, with the quotient topology which is induced by the definition of X,
yields that X, is a topological space. Obviously, as X is compact, the quotient space X, is also
compact. The quotient topology defines an atlas on X, , where all points that are no fixed points of
o have two charts which are induced by the open sets on X. Since the involution o is holomorphic,
these charts are compatible with each other. Accordingly, it suffices to define charts around the
images of the fixed points of ¢ on X, under the natural map 7, : X — X, to show that X, is a
Riemann surface. To do so, let p € X be a fixed point of ¢, U a small open neighborhood of p and
let z : U — C be a local chart centered at p, i.e. z(p) = 0. Since p = o(p), it is also o*z(p) = 0.
Let z := Z_Qﬂ Then % : U — C is a local coordinate centered at p which obeys ¢*% = —% and 32
is invariant under o. Moreover, only (£2)? = 72. Therefore, only elements which are in the same
equivalence class of ~, are mapped to the same element in C by 2. This map is an injective
map from a small open neighborhood of p, := 7,(p) to C. It is also an open map because all
small discs around 0 € C contain both, Z and —Z. So 2, := (£)? is a bijective map from a small
open neighborhood of p, = m;(p) to a small open ball B,(0) C C. This defines a chart around the
image of a fixed point of o. Therefore, X, is a Riemann surface. By the definition of X,, the map
7o is a two-sheeted covering which is unbranched on X \ {p € X | o(p) = p} and branched over
the fixed points of o. O

Whenever we speak of 7, : X — X, this denotes the compact Riemann surfaces X and X, and
the covering from the previous proposition. We have shown in Section how to construct
a basis of H1(X,Z) from a cycle basis of H1(X,,Z) and the branch points of o. Thereby, is is
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used that the intersection number of the lifted cycles on X can only become smaller compared
to the intersection number of the non-lifted cycles on X,. The proof of this standard assertion
can for general lifting of paths be found in [Mirandal [1995| Section III.4]. It is repeated in the
next Lemma for the situation described in Section £.2.2l We use the notation of the subsection ‘A

two-sheeted covering’.

Lemma A.2. The absolute value of the intersection number of two paths Ye1,%s2 in Xs \ ([s1]U
< U[spo1)UE|U- - U[tn—1]) cannot raise due to lifting these via 7 to X, where s; and t; are the

paths connecting the two branch points in X, as defined in the construction of a basis of Hi(X,Z)
from a basis of Hy(X,,7Z), compare Section .

Proof. By assumption, none of the lifts of the curves 7,1 and 7,2 contains a ramification point of
X. The covering 7 is unbranched on the two sheets U and o[U] of X \ 7 [[s1]U---U[sp_1]U[t:1]U
-+ U [tp—1]] and the restriction to each of these sheets is locally biholomorphic to X, \ ([s1]U---U
[Sn—1] U [t1] U -+ U [tn—1]). Hence, over every path in X, \ ([s1] U - U [sp—1] U [t1] U+~ U [tn-1]),
there are two paths in X: one on U and one on o[U]. The intersection number of two paths ~;
and s lifted to different sheets equals zero, since neither +; nor v, contains a ramification point
of X, and so they cannot change from one sheet to another.
Let now 71 and 72 be two paths which originate from lifting 7,1 and 7,2 to the same sheet U
respectively o[U]. Without loss of generality, we consider the lifts to U. Then the intersection
number of v and 2 equals the intersection number of 7, 1 and 7,,. This can be seen by considering
the lift

X
V1,72
™
Yo,1,70,2
[0, 1] =75 X,

where t € [0,1] and mo~; = v,; for i € {1,2}. We define the set of intersection points as
I:={te€0,1] | 75,1(t) = Yo,2(t)}. On the one hand, there holds 7o~y (t) = mo~,(t) for all t € I
and because 7 is locally biholomorphic on U and 71,72 both lie in U, one has 71 (t) = y2(t). On
the other hand, let ¢ € [0,1] such that v (t) = ¥2(t), but 75,1(t) # V5,2(t). Then there exists a
Do € Xy such that 7(v;(t)) = ps € supp(e,i) for i = 1,2 because v,; = mo~;. In other words,
Po € supp(Ye,1 N7e,2) which contradicts the assumption that 3 N~y2 = (). So the absolute value of
the intersection number of two cycles cannot raise if the cycles are lifted to the same sheet and do

not contain a branch point. O

Therefore, the lifted A- and B-cycles do not intersect any of the C- and D-cycles on X in the
cycle basis constructed in Section
Furthermore, we will consider meromorphic functions f as well as meromorphic 1-forms w on X

which are the pullback of meromorphic functions f, respectively 1-forms w, on X, by m. We
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remember that M(X) is the set of the global meromorphic functions on X and M(X,) is the set

of global meromorphic functions on X, .

Definition A.3. The set of symmetric global meromorphic functions on X is defined as M (X) :=
{feMX) | f=0"f}
Note that M(X,) ~ M (X), compare |Forster, 1981, Section 8.1]. Furthermore, all meromorphic

1-forms on X which are invariant under o are the pullback of a meromorphic 1-form on X,.

Proposition A.4. A meromorphic 1-form w on X obeys w = o*w if and only if there exists a

meromorphic 1-form w, on X, such that w = 7*ws. This assignment is unique.

Figure A.1l.: The locally biholomorphic mappings m; for ¢ = 1,2 from the proof of proposition
With Ui = o[U;] and o*w|y, = w|y, for i # j € {1,2}.

Proof. Let w, be a meromorphic 1-form on X,. Then w := 7*w, is uniquely defined. The definition
of X, yields

oc'w=0"1"w, = (10 0) 'wy = T W, = w.

Conversely, let w be a meromorphic 1-form on X which is invariant under o. We show that there
exists a meromorphic 1-form w, on X, such that w = 7*w,. Therefore, let I be an open covering
of X, \ br,, where by, is the set of branch points of the covering 7, as in Definition . We
define w, by defining w, |y for all U € U and then showing that these local definitions coincide on
all non-empty intersections of open sets contained in ¢. This yields that w, is a global 1-form on
Xy \ br. Solet U C X, \ by. Since the branch points are discrete, one can choose U small enough
such that 7~ [U] consists of two disjoint sets in X, compare Figure . Hence, for all U € U,

there are two disjoint embeddings
iU =X andw;%:U%X

which invert 7, locally. The set 7, ![U] consists of two disjoint open sets Uj := WJ%[U | and

Us := W;%[U] such that o[U;] = U; for i # j € {1,2}. That means for all points p € U C X, \ by, ,
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one has W;}(p) = 0'(71';%(]?)). These maps can be chosen such that o o 7[';2 U= 77;}|U[U] for

i # 7 € {1,2}. With this choice, one has as above

(M) wlo, = (0 0m53) Wl = (155) 0" wlu, = (153) wlv,-

So on each U € U, there exists a unique form w,|y. Furthermore, there holds for ¢ € {1,2}
wly, = (7} o me) wly, = mh(m, 1) wlu, = (Thws|v)v; -

Therefore, w|ﬂ;1[U} = Tiwy|y. From the construction of wy, it is clear that for W C U, one has
wolw = (we|u)|w. Accordingly, for all U,V € U, it is (wo|v)vny = woluny = (we|v)|uny and
hence wy |y is the restriction of a global meromorphic 1-form on X, \ by, . Since the meromorphic
1-form w, is known on X, \ b, it can be continued uniquely to all of X,, and so the claim
follows. 0

We now want to define mappings between the Jacobi varieties of X and X, which are defined as

HO(X, Q)"
Hy(X,7Z)

H(X,, 2)*

Jac(X) := H(X,.Z)

and Jac(X,) :=

where HO(X, 2)* := L(H(X,$),C) and H°(X,, 2)* := L(H°(X,,$2),C). The elements of
H1(X,Z) can be interpreted as elements of H(X, 2)* with help of the injective mapping

H\(X,Z) — H°(X,2)*, v+ (wHAw) ::/7.

The interpretation of elements of Hi(X,,Z) as elements of H°(X,, £2)* is defined analogously. Let
Ypo,p D€ an arbitrary path starting at py and ending at p.

Theorem A.5 (Abels Theorem, [Forster, 1981, Satz I1.21.7]). Let X be a compact Riemann
surface of finite genus g < oo and let D € Divy(X) a divisor of degree 0 on X. For a fized base

point pg € X, we consider the map

Divo(X) — Jac(X), > mppr—> Y / mod H;(X,Z).
pED peD “ Tpo:p

This mapping induces an isomorphism on the classes of divisors modulo principal divisors and the

Jacobian variety Jac(X) by

Pic’(X) = Jac(X), {Z npp:| =D / mod H,(X,Z).

pED peD “ Vro:p

With this isomorphism, a Riemann surface X can be embedded into Jac(X) respectively Pic®(X)
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by
P
Ab: X — Jac(X), p|—>/ mod H,(X,Z)
Po

respectively
Ab: X — Pic’(X), p— [p — po].

For n, : X — X, we define the respective maps for X with base point py € X and for X, with
base point py o := 7, (po) € Xs.

With help of the holomorphic involution o, one can split Jac(X) into two parts: a symmetric
part Jac(X )y and an antisymmetric part we call the Prym variety Prym(X, o). We want to give
insight why the symmetric part is isomorphic to Jac(X,) and why the direct sum of Jac(X )y and
Prym(X, o) is not isomorphic to Jac(X). Hereby, we orientate our presentation on [Adler et al.
2010, Section 2.5.4].

Definition A.6. An element w, € H°(X, (2) is called symmetric if w, = o*wy. The space of all
symmetric elements of H(X, (2) is denoted as H°(X, £2),. An element w_ € H°(X, (2) is called
antisymmetric if w_ = —o*w_. The space of all antisymmetric elements of H°(X, (2) is denoted
as H°(X, 2)_. We define the projections

wEotw

P :HYX,2) > H'(X,Q)x, wr 5

to the symmetric respectively antisymmetric part of H°(X, £2). Furthermore, we define
HO(X, Q)% :={t e H(X, Q)" | {(ws) =0 for all wy € H(X, )=}
and
P.:HYX,2) —» H(X,2),, wr ker(fo(wFo*w)).

Classically, the even divisors are defined as all divisors D on X such that D — o(D) ~ 0 and
the odd divisors as D on X such that D + o(D) ~ 0, compare [Adler et al. |2010| Section 5.2.4].
Let now Ab be the abelian mapping Ab : Pic — Jac(X,) x Z as defined in |[Mirandal 1995|
Section XI.4, The Jacobian|. With help of this map one can express the above relations on the
Jacobian variety as Ab(D — o (D)) = (0,2deg(D)) € Jac(X,) x Z for the even divisors respectively
Ab(D + o(D)) = (0,2deg(D)) € Jac(X,) x Z for the odd divisors.

The subsets of the even respectively uneven divisors are subgroups of Div(X). For H°(X, 2)*,

there is the following decomposition.

Lemma A.7.
H(X,0)* ~ H(X, )% ® H (X, 2)*.

Proof. Every w € H°(X, §2) can be written as w = Py (w) + P_(w) = wy +w_. This decomposition
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is direct since
im(Py) Nim(P.) ={we H'(X,N) | (w=0"w) A (w=—0c*w)} = {0} € H'(X, ).
Moreover, im(Py) = ker(Px) because Py (w+) = 0 and for w € ker(P4), one has
wto'w=0 w=Fow e w EHO(X,Q)Z‘F,
so HO(X, ) = H°(X, ), ® H°(X, 2)_. This direct sum carries over to the dual space
H(X,2)" = (H(X,2)+ © H(X,2)_)* = H (X, Q) @ H (X, 2)*

since HY(X, 2), ® H°(X, 2)_ is a direct sum of vector spaces and every linear mapping /+ €
H°(X, )% is extendable to a linear mapping /+ € H°(X, 2)* by setting /+[H°(X,2)+] = 0.
Then

ly € H'(X, Q)% = {t € H'(X, Q)" | ([H'(X,2)%] =0},

where H(X, £2)% is the annihilator of H°(X, £2)+. The maps
HY (X, 2)5 = HY (X, )%, by — Ly

are isomorphisms which inverse maps are the restrictions of ¢4 onto H 9(X,$2)+. Therefore,
H(X, )% ~ H°(X, 2)%. Every linear function in H(X, £2)* can be written as a sum of a linear
function annihilating H°(X, £2)_ and a linear function annihilating H°(X, £2) . More precisely,
(HY(X,2); & H(X, 2)_)* = H'(X, 2)° & H°(X, £2)%. The sum on the right hand side is direct
since H(X, 2)3 N H(X, 2)° = {0}. In addition Py + P_ = 1. So

(=Lo(Py+P_)=(loPy)+ (oP) e H (X, 2)° @ H' (X, ).

Consequently, H(X,2)* C HO(X,2)% & H°(X,2)*. As also H(X, )% & H(X,2)* C
HO(X, 2)*, the assertion follows. O

To get a decomposition of Hy(X,Z) similar to the decomposition of H(X, £2)* into symmetric

and antisymmetric part, we define

Definition A.8. The symmetric and antisymmetric cycles of Hi(X,Z) are defined as
H(X,Z)+ = {y € Hi(X,Z) | oyy = £7}.
Proposition A.9. Let g, be the genus of X, and 2n be the number of branch points of m, on X, .

Then the cycles A := A, +o4A; and B := B, +oyB; withi =1,... g, define a symplectic basis of
H((X,Z)1 and dim Hy(X,Z) = 2g,. The cycles A; := A; — 04A;, B := B; — 03By, Cj_ =Cj
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and D} :=Dj withi=1,...9, and j =1,...,n—1 define a symplectic basis of Hi1(X,Z)- and
dim Hy(X,Z)_ = 2(g, +n — 1). Furthermore, Hy(X,Z)+ C H1(X,Z) N H°(X, 2)%.

Proof. The intersection numbers of the two cycle bases can be calculated immediately with the
results from the construction of the cycle basis of Hi(X,Z) in Section By definition, the
A*-und B*-cycles are contained in Hy(X,Z), and for w_ € H'(X,Z)_, it is

/ w_:/ w_—|—/ w_:/w_+/ o*w_:/ w_ —w_=20
Af A; oy A; A; A;

and analogously [g+w_ = 0. So Hi(X,Z)y C H\(X,Z)N H°(X,02)%. Let v € Hi(X,Z),,
i.e. oyy = 1. Since v € H{(X,Z), it can be represented as

9o n—1
¥ = Z(aiAi + bz‘O'ﬁAi +¢B; + diUﬂBZ‘) + Z(ejCj + ijj)
i—1 j=1

with a;, bi, ¢;, d;, ej, fj € Z. Due to Lemma [£.18] one has

1

9o n

oYY = Z(aiUﬁAi + bZAZ + CZ'O'ﬁBi + dlBl) + (ejO'ﬁCj + ij’ﬁDj)
i=1 7=1
9o n—1
= Z(aiUﬁAi +b;A; + CZ'O'ﬂBi + diBi) — (ejCj + ijj)
i=1 J=1

and since A;, 04A;, By, 04B;, C;j and D; form a symplectic cycle basis of Hi(X,Z), it is a; = b;,
¢; = d; and e; = f;j = 0. Therefore, a basis of H{(X,Z); is given by {A;“,B;r |i=1,... ,go.} .
We have already seen in Lemmathat forj=1,...,n—1,itis Cj,D; € Hi(X,Z)-. As above,
also A; — 0yA; and B; — 04 B; are elements of Hy(X,Z)_ C HO(X, $2)* . The rest of the proof for

the antisymmetric parts is shown analogously. O
Likewise for the symmetric and antisymmetric 1-forms the following proposition holds.

Proposition A.10. A basis of H*(X, 2), is given by wi,... ,w;; and a basis of HO(X,2)_ is
given by wy ... ,w, ., 4 which are defined in (4.12]).

Proof. One has
dim(H°(X, 2),) = dim(H(X,, 2)) =: go

Using the Riemann-Hurwitz Theorem [Forster} [1981, Theorem 17.14], dim(H®(X,, 2)) = g, and
dim(H°(X, 2)) = g = 29, +n — 1 yields

dim(H°(X, 2)_) = dim(H°(X, 2)) — dim(H*(X,2).) =g — go = go +n — 1.
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Fori=1,...,9,, it is

o*wl = 0" (Wi + wypi) = 0Fwi + 0FWgti) = Wi +wi = Wi
Hence, w;” € H°(X, 2); and analogously o*w; = —w; . The normalization of the differential
forms yields that also the remaining n — 1 1-forms wgy,4; with j = 1,...,n — 1 are elements of
H(X, ) _:

lz/wf -:—/ W -:/ —cfw. ..
C]- gotJ O'ﬁC]' go+J C'j go+J

The proof that every element wy € H°(X, £2)+ can be generated by the claimed bases follows by
similar calculations as done in the corresponding part of the proof of proposition ]

The next Lemma shows that Jac(X,) can be embedded into Jac(X).

Lemma A.11.

H(X, )% (HO(X Q)*)
Jac(X,) ~ s ’ =: Jac(X),.
)=z,  \mxaz ), =
Proof. We know from Proposition that H%(X,, 2) ~ H°(X,2), and since H°(X, 2) and
H°(X,, 2) are finite dimensional, it is

H(X,,2)" ~ H(X,,2) ~ H'(X,2)4 ~ H(X, 2)7.

Furthermore, it follows from the considerations in the construction of the cycle basis in Section
that Hi(X,Z)y ~ Hi(X,,Z). We combine these two results to prove that there is an
embedding Jac(X,) — Jac(X) by showing that they lead to

HY(X,,2) HYX,0)*

Jac(X,) = ~ +.
X) =X, 2) = H(X,2),

L HO(X)* 0(x)* 0(x)*
Now, it is clear that 7~ (X,Z)++ C (fl}ll(())((,)z))Jr’ Conversely, for [fﬂ/} € (%)# one has [y] = [oy7].

Accordingly, it is with some linear combination 0 € Hy(X,Z)

Lo Lo
ol y+d+0y4(v+9) v+oyy d+oyd

* 0 *
where § + 046 € Hi(X,Z)4. So (%)+ - %. Taking these two inclusions together
. HO(X)*
gives Jac(Xy)4 = ﬁ. O

Moreover, we can define the Prym variety with the above notation.

Definition A.12. The Prym wvariety of X with respect to the holomorphic involution ¢ is defined

as
HO (X, 2)*

Prym(X, O') = m

C Jac(X).
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It is shown in [Adler et al.| 2010, Section 5.2.4] that Prym(X, o) is a polarized Abelian variety
which inherits a polarization of type (1,...,1,2...,2) with n — 1 times 1 and g, times 2 from
Jac(X). So especially in the case of exactly two branch points, it follows from the considerations
in Section that Prym(X, o) ~ Jac(X,) as R-linear vector spaces. Seen as divisors, we know
from M(X)y ~ M(X,) that every divisor D such that D — o(D) ~ 0 is the pullback of a divisor
D, on Jac(X,) under 7,. Furthermore, for a divisor D such that D + o(D) ~ 0, one has

g X *, . B N
Ab(D):(/wi) :(/ e “’1)‘

K3 1=

The first summand vanishes since

/ w; + o*w; B / w; + o*w; . / w; + o*w;
D 2 o(D) 2 D 2 '

So Ab(D) C Prym(X,o). Conversely, let P,(D) = 0. Then the definition of P} yields that
D+ o(D) ~0.
Now one sees why

Jac(X) # Jac(Xs) @ Prym(X, o)

by interpreting all elements of Hy(X,Z) as a lattice in H(X, £2)* as it is done in (#.14). The
elements of H1(X,Z)+ ® Hi1(X,Z)_ cannot generate all elements of H;(X,Z), compare figure

In fact,
H\(X,Z) 2 H\(X,Z), & H\(X,Z)_. (A.1)

The inclusion is obvious. To see the inequality, take for example an element A; of the canonical
basis of Hy(X,Z). Then there is no linear combination of the cycles generating Hy(X,Z)+
and Hi(X,Z)_ which is equal to A; since all linear combinations of these cycles either contain
even multiples of A; respectively o4A; or combinations of A; and oyA;. Therefore, Jac(X,) ®

Prym(X, o) # Jac(X). This problem can be removed by dividing out additional points on the

Figure A.2.: Sketch of one complex dimension in €Y spanned by {24, and “Qau A, as defined in
(4.14]), This sketch shows which elements of H(X,Z) are missing in H1(X,Z)+ &
H\(X,7Z)_, where A; and o3A;.
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right hand side of to add additional points to the the lattice generated by the direct sum,
such that this quotient is just fine enough to get an isomorphism between the finer lattice obtained
like this and H;(X,Z). Which points are appropriate to divide out is proven in [Mumford, (1974,
Theorem 2.1]. In [Mumford, 1974, Section 1.2], the linear injection ¢ : Hy(Xy,Z) — Hy(X,Z)_ is

defined as " N A B B B
oi) _ Ai — oy ( o,i> _ bi—oybi
¥ ( 2 ) 2 ’ ¥ 2 2

)

where {A,;,Bysi | i =1,...,0,} is a symplectic basis of Hj(X,,Z). To gain an isomorphism
relating the two spaces H1(X,Z) and Hy(X,,Z) ® H1(X,Z)—, we need to take into account
that Hy(X,Z); ~ H{(X,,Z) and that one has to divide the cycles A;, 04A;, B; and oy4B; for
i€{l,...,g9,} from the direct sum. Those can be split up into a cycle belonging to H;(X,,Z)
and a cycle belonging to Hy(X,Z)_:

= 7 +2‘7W + 7 —;w for all v € H1(X,7Z).
—— ——

€H(X,Z)y €H(X,Z)-
Thus, v € H1(X,Z) can always be represented as (v, ¥ (75)) with v, € H1(X,,Z) as it is done in
[Mumford, [1974]. The element corresponding to WTOW in Hy(X,,Z) then equals 7, (7+20w) =1.
Let

Jaca(X,) := {p € Jac(X,) | 2p =0},

i.e. the set which contains all elements in (Ax, /2, A_/2) which are not contained in (Ax_, A_).
With this notation and a € Jaca(X,), it is

(H1(Xo,Z)® Hi(X,Z)-)
(o, 9(a))

In [Mumford}, 1974, Theorem 2.1] this is proven as

H(X,Z) =

Lemma A.13 (Part of Corollary 1 in Mumford [Mumford, [1974].). There is a surjective mapping
Jac(X,) X Prym(X, o) — Jac(X)

with kernel {(a, ¥ (o)) | a € Jaca(Xs)}.
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B. Toolbox for real holomorphic 1-forms

This appendix contains the main tools which are applied in Section to show the existence of
holomorphic differentials which either have a certain orientation or a prescribed number of zeros
on the ovals of a real curve (X, 7). Large parts of the corresponding parts in [Natanzon, 2004] were
more or less correct despite they are not always worked out entirely. So we decided to attach a
worked-out version in this appendix to give a more complete picture of the used method to describe
the real Prym variety. We will give a review of some results from [Natanzon) 2004] concerning a
1-1 connection between so-called real Arf-functions and spinors, i.e. sections of a rank 1 spinor
bundle, on a real curve (X, 7). Spinors are section of bundles whose square is the cotangent bundle
and Arf functions are used to indicate an orientation on the ovals of the real curve (X, 7). What
exactly we understand under these objects and what the meaning of the respective additional
structures due to the realness-condition is we will explain hereinafter in Sections and In
this work, we will only show the mentioned 1-1-connection to the extend that we think is necessary
to understand intuitively why it exists. The bridge between these two objects is build by so-called

real Fuchsian groups. So we will introduce the latter first.

B.1. Real Fuchsian groups

Fuchsian models are a well known concept to represent Riemann surfaces. A good introduction is
for example given in [Imayoshi and Taniguchi, 2012, Chapter 2.4]. However, for self-containedness,
we will now give a brief introduction of Fuchsian groups and Fuchsian models of Riemann surfaces
of genus g > 2 before we define what a real Fuchsian group is.

For g > 2, the universal covering space [Imayoshi and Taniguchi, 2012} Section 2.2.1] is the upper
half plane H. For a given universal covering map 7 : H — X the universal covering group A on
‘H is isomorphic to the fundamental group (X, pg), compare [Munkres, 2000, § 52, page 331],
which is defined as the set of simple closed curves on X starting and ending at a given fixed point
po up to homotopy. The universal covering H is constructed from a given Riemann surface by
considering the homotopy classes of all paths on X also starting at pg. We do not make any
difference whether we consider an element as an equivalence class or as a representant of this
equivalent class. The fundamental group m (X, pg) acts on H as follows: Let v € X be a path
starting at pp and ending at p and « € 71(X,pg). Then « acts on v as v +— «a + 7 and for two
elements «, 8 € (X, pg), one has (a«+ 3) +~v = a+ (8 +7), and therefore 71 (X, pg) defines a

group action on H. Obviously, this group action is discrete and free. To get insight into how 7
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acts on (X, pp) respectively H, let 6 be a path starting at pp and ending at 7(pp). Then
T(a)=d0+7oaand 7(y) =d+ 707y (B.1)
for a € (X, ppo) and v € H. We extend 71 (X, pp) as follows:
71(X,po) :={a € Aut(H) | roa=mormoa=rT1om}.

Because the two maps 7 and 1 generate a group, also 71 (X, pg) generates a group which contains

71(X, po) as a subgroup and the cardinality of 71 (X, po) is just twice the cardinality of m1 (X, po).

Proposition B.1. Let a € m1(X,po) and 6 € H an element which connects py with T(py). Then
there is an element o € 71(X,po) \ m1(X, po) such that

aoaoa b =8471(a)+ 6L

Proof. To see this, we write «, a and o' as diffeomorphisms on H, i.e. as diffeomorphisms on
homotopy classes of paths on X. Let v be an arbitrary element of H, i.e. a finite and connected
path starting at pg. As already mentioned, any a € 71(X,pg) acts on H as v — a + . Due to
equation , a acts as y +— 6 + 7(7y), where § € H connects py with 7(pg). To determine a !,

we consider the map
2y S+T(0+7()=04+T00)+v =8+,

where (3 is a closed path in X starting and ending at pg, and therefore a representant of an element

of 71(X,po) and 2 is invertible with inverse map 8~! :~y + —3 + . Hence,

al=aoca?:y=5+7(-p+7).

This yields together with 7(§) — 8 = —4 that
aocacatiy=d+T(a+s+T(=B+7) = (6+1(a) =)+ 1.

So T acts on elements v € ‘H as conjugation with the element o € 71 (X, pg) \ 71 (X, po)- O

Furthermore, we can define a map 71 (X, pg) — H1(X,Z) since H1(X,Z) is just the abelianization
of (X, pp), compare [Hatcher, 2002, Theorem 2A.1]. Also because H; (X, Z) is the abelianization
of m(X,pg), it is «oaoa™! = 7(a) in Hy(X,Z). By taking the quotient Zy = Z/27Z, we can

define a projection which is necessary for the sequel as

PI‘:A—>7T1(X,Z)—>H1(X,Z)—>H1<X,Z2). (BQ)
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In case that X carries a metric, the isometries of X always constitute a group of transformations.

For the upper half space, this group is defined as follows.

Theorem B.2 ([Jost, 2013, Theorem 2.3.4]). We define PSL(2,R) by

Cc

SL(2,R) := {(a Z)

Then PSL(2,R) is a transformation group of H. The operation is transitive, i.e. for any z1,z2 € H,
there is a g € PSL(2,R) with g(z1) = z2, and effective, i.e. if g(z) = z for all z € H, then g = e.

(“ Z) € PSL(2,R) := SL(2, R)/{£1},

where

a,b,c,d e R andad—bc:l}.

Note that for G acting properly discontinuous, the orbit {g(p) | g € G} of every p € X is discrete,
compare [Jost}, 2013 Definition 2.3.7 and Lemma 2.4.1]. In the sequel, we will mainly consider
properly discontinuous subgroups A of PSL(2, R), where A acts on H as a group of isometries. It is
basic knowledge of Mobius transformations that SL(2,R) decomposes into three different types of
elements, compare [Jost, [2013, Lemma 2.4.2]: Let v = (¢ 5) € SL(2,R) and define tr(y) :=a + d.

Then the following classification is for example illuminated nicely after [Jost, 2013 Lemma 2.4.2]:
~v is elliptic: There is one fixed point of v in ‘H and tr(y) < 2.

v is parabolic: There is one fixed point of v on the extended real line OH := R U {oo} and
tr(y) = 2.

~ is hyperbolic: There are two fixed points of v on OH and tr(vy) > 2. Furthermore, every
hyperbolic element is Aut(#)-conjugate to an element of the form 4 = (? \/Xofl) with
A > 1 and 4 leaves the geodesic connecting these two points, namely the imaginary axis,
invariant. On that geodesic, 4 operates as a translation, i.e. shifts points along it by the

distance log(\?).

In the sequel, we will mainly consider hyperbolic elements of PSL(2,R). The reason for that is

formulated in the next Lemma.

Lemma B.3 ([Jost|, 2013, Lemma 2.4.4]). Let H/A be a compact Riemann surface for a subgroup
A of PSL(2,R). Then all elements of A are hyperbolic.

So let the A be the universal covering transformation group of H. Then A is a discrete subgroup
of the automorphisms Aut(#H) of H and called a Fuchsian model of X, compare [Imayoshi and
Taniguchi, 2012, Theorem 2.15]. Hereby, Aut(H) denotes the holomorphic automorphisms of H
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which are called real Mébius transformations. The hyperbolic or real elements of v € Aut(#H) are

of the form
(2) = az+b
A cz+d’

where a,b,¢,d € R with ad — be = 1, see [Imayoshi and Taniguchi, 2012, Lemma 2.8(iv)],
i.e. v € PSL(2,R). The two fixed points «, 5 € RU {oo} are determined by C(z) = z which yields

(a —d) £ +/(a—d)?+ 4bc

o, = 5

Then v can equivalently be represented as

 (Aa=B)z+ (1 —-Nap
&) = et e

whereas 0 < A = ﬁ # 1 since

1 = det (AO‘ B Amﬁ) = (Aa — B)(a—A3) + (1 — N2afB = Ma — B)%.

A—1 a— A3
It is
() = Aa—=pB)Az—z4+a—=A3) — (A—1)Aaz — Bz+ af — Aaf)
(A =Dz + (a—AB))?
Ao - B)? _ 1

T (Dt (a—AB)2 (A— Dz (a—AB)?

and therefore |[y/(a)| = } and |[y/(8)] = A. So if we consider A > 1, then the repelling fixed
point of « is given by 8 and the attracting fixed point by «, compare [Morosawa, 2000, § 2.6,
Definition page 209]. Since « is a Mébius transformation with two fixed points, it is known that

v is Aut(H)-conjugate to a Mobius transformations vy(z) = Az for some A € R U {oo}, i.e. it
VA0

0o V!
by considering another Mobius transformation ¢ € PSL(2,R) which maps a to 0 and 8 to oo

acts as a pure rotation-dilation, which corresponds to the matrix ( ) This can be seen
such that ¢ oy o ¢! has the two fixed points 0 and oo and can be represented as z — Az. Let
¢(vy) C H be the unique geodesic in the metric of H which joins o and § and is oriented from
B to a, compare [|Jost, 2013, Lemma 2.4.4]. The automorphism ~ preserves the line ¢(y) while
shifting it in the direction of the orientation. We explain the geometric correspondence between X
and its group of universal covering transformations A as it is done in [Imayoshi and Taniguchi,
2012}, Section 2.4.2]. Hereby, we use a fundamental domain F' for A. An open set F' of H is a

fundamental domain of A if it satisfies the following three properties:

(i) For every C € A with C #1,itis C(F)NF = .
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(ii) H = Ucea C(F) where F is the closure of F.

(iii) The boundary of F' in ‘H has measure zero with respect to the two-dimensional Lebesgue

measure.

Then X = H /A can be considered as F', where the points of OF are identified under the covering
group A, compare |Imayoshi and Taniguchi, 2012} Section 2.4.2]. For a Fuchsian model of X,
this fundamental domain is constructed by cutting X along suitable smooth paths on X to get
a simply connected domain Xg. Then F is the inverse image 7~ ![Xo] under the covering map
m:H — X. Since we only consider Riemann surfaces of genus g with n boundary components
which are all isomorphic to S', every fundamental domain is a combination of one of the following

two examples in (a) and (b). This can be seen in example (c).

Ezample B.4 (Fundamental Group and Fuchsian Group of a Riemann surface).

(a) ([Imayoshi and Taniguchi, 2012, Example 5 of Section 2.4.2]) Let X be a compact Riemann
surface of genus g and let {A4;,B; | i =1,...,g} be a canonical system of generators of the
fundamental group 1 (X, pp) with base point pg € X. Then all A; and B; are smooth simple
closed curves starting and ending at pg. Cutting X along all these contours yields a simply
connected domain X which preimage F' = 7~1[X(] is again a fundamental domain, compare
Figure for g = 2. The lattice A is generated by Zl, El, ey Zg, Eg. The generators of

m1(X, po) are called canonical if they satisfy the fundamental relation
g
[[AB:A B =1,
i=1
so the generators of A satisfy the analogon
g ~ o~ o~ o~
[[ABA B =1.
i=1

(b) (|Imayoshi and Taniguchil 2012, Example 6 of Section 2.4.2]) Let X be a domain in C bounded
by n boundary cycles C1,...,C, of X. Then one takes a point pyp € X and cuts X along

n smooth curves Dy,...,D,. This yields a simply connected domain Xy which preimage
F = 77![Xy] is again a fundamental domain. Compare Figure for n = 3. In this case, A
is generated by C1q,...,C,_1 and the fundamental relation in this case is given by

n—1 n—1 _
H C; =1 respectively H C; =1.
j=1 j=1

(c) Combining examples (a) and (b) yields a Riemann surface of genus g with n boundary cycles.

Thus, the fundamental group 71 (X, po) is generated by Ay, By, ..., Aq, By, C1,...,Cy_1, where
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(b) Fundamental domain F' of Example (b) with n = 3. as in [Imayoshi and Taniguchi, 2012, Fig. 2.3].

Figure B.1.: Sketch how to construct the fundamental domain F' of a Fuchsian model.
the canonical generators satisfy the fundamental relation

g n—1 g n—1 .
1_[141'31441-_13;1 H C; respectively H AiBiAi_lBi_l H C;. (B.4)
i=1 Jj=1 i=1 j=1

Next, we want to define a Fuchsian groups on real curve. More precisely, we want to introduce
some extra structure which reflects the realness condition on the universal covering. Therefore, we

need some definitions and notation from |[Natanzon, 2004, § 1-§5]. We will see that real curves of
|dz|

genus g > 2 can be uniformized by discrete groups of isometries of the metric 1

of the upper
half space H, see [Imayoshi and Taniguchil |2012, Remark in Section 3.1.2, page 53].

Definition B.5. The group El/t(%) of isometries on H consists of the holomorphic automorphisms

that form the group Aut(#) and of the antiholomorphic automorphisms.

We only consider discrete subgroups Ac m(H) with certain properties which are given in the

next definition.
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Definition B.6 (|Natanzon, 2004, Beginning of Section 2.2.1]). A real Fuchsian group is a discrete
subgroup A C Aut(#) such that

e A:=AN Aut(H) is a Fuchsian group that consists of hyperbolic automorphisms,

o NH#£ Aand X =H /A is a compact Riemann surface.

A real Fuchsian group A must have twice the cardinality of A. Otherwise, A would not be a group.
Let 71,72 € A\ A. Then 75 o vt € A acts trivially on X = H/A and 42 = y9 097+ 071 So all
elements of A \ A induce the same map on X. Since 72 € A, this map is an involution on X. We
denote it by 7 : X — X. By definition, 7 is antiholomorphic. Thus, a real Fuchsian group A

generates a real curve (X, 7).

Lemma B.7 ([Natanzon| 2004, Lemma 2.2.1]). Every real curve is generated by a real Fuchsian
group.

Proof. Let A C Aut(H) be a Fuchsian group uniformizing the Riemann surface X and let
& : H — X = H/A be the natural projection defined by p — [p]. Since H is simply connected,
the paths corresponding to 7 € Aut(X) \ Aut(X) can be lifted to . This is is an clement
a € m(H) \ Aut(H) such that ® o« = 7 0 &, compare [[mayoshi and Taniguchi, 2012, Lemma
2.3]. Then the group A which is generated by A and 7 corresponds to (X, 7) and thus is a real
Fuchsian group. O

B.2. Arf functions on real curves

Let X be a compact Riemann surface with boundary of genus g > 2 with & boundary components.

Definition B.8. A basis B={A4;,B;,C; | i=1,...,9,7 =1,...,k} of the group Hy(X,Z>) is
said to be standard if the generators C; correspond to the boundary cycles of the surface X and if
the only non-trivial intersections of elements of B are given by 4; x Bj =1fori#j=1,...,9,

where

*: Hi(X,Z2) x H\(X,Zy) — Ho(X,Z) = Zy

is the homology intersection number, compare |Bredon, 2010, Section VI.11].

Definition B.9. (a) An Arf function on X is a function w : Hy (X, Zs) — Zso such that for all
A, B € Hi(X,Z>), there holds

W(A+ B) = w(A) + w(B) + A B. (B.5)

(b) An Arf function w is even if there is a standard basis B such that for all A;, B; € B, there

holds
g

Zw(Ai)w(Bi) =0 mod 2. (B.6)
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For an even Arf function we set 6 = §(X,w) = 0. Otherwise we set § = 6(X,w) = 1 and say
that w is odd.

(c) We denote by ko = ko(X,w) with a € Zy the cardinality of the set of elements C; of a
standard basis B such that w(C;) = a.

(d) The quadruplet (g, d, ko, k1) is called the topological type of the Arf function w.

(e) Two Arf functions wy and we on X are topologically equivalent if there is a homeomorphism
¥ : X — X that induces an automorphism ) : Hy (X, Zs) — H1(X, Zy) satisfying the relation

w1:w201j~}.

That two Arf functions are topological equivalent if and only if they have the same topological

type is shown in |[Natanzon| 2004, Theorem 1.8.1].

Proposition B.10. Let w : Hy(X,Zs) — Zo be an Arf function. Then for all v € H1(X,Zs),
there holds
w0)=w(2y)=0 mod2 and w(—y)=w(y) mod 2.

Proof. Assume that w(0) = 1. Then yields that for all v € Hy(X,Zs2), it is
w(y) = w(y+0) =w(y) +w(0) +7*0=w(y) +1.
So w(0) = 0 in Zy. Likewise,
w(2y) =w(y) +w(y) =0 mod 2.
Due to w(0) =0 mod 2, it is

0=w(y—7) =w) +w=7)+7*(=7) & w(=7)=-w)
and since —1 =1 mod 2, the second assertion follows. ]

Lemma gives insight into when a quadruplet (g, d, ko, k1) is the topological type of an Arf-
function. In the proof of this Lemma, certain transformations on the basis elements of a standard
basis B = {A;,B;,C; | i=1,...,9,7=1,...k} of Hi(X,Zs) are used such that the transformed
cycles again yield a standard basis of H;(X,Zs) and such that § corresponding to B is invariant
under most of these transformations. In [Natanzon) 2004] it is neither shown that the image of B
under these transformations yields again a standard basis nor the invariance of § under some of
these transformations. Furthermore, the transformation in [Natanzon, 2004, Lemma 1.8.1(3)] has

wrong indices. So we catch up on this proof in the next Lemma.

224



Appendix B.2. Arf functions on real curves

Lemma B.11. Let B:={A;,B;,C; | i=1,...,9,j=1,...,k} be a standard basis of Hi(X,Zs)
as in Definition[B.8 For fitedi # 1€ {1,...,g9} and j,m € {1,...,k} we consider the transfor-

mations

(i) A; = Aj+ Ay, By = B; + B,
(z’v) /L =A; +Cj,
(v) C'j =C,, and Cp, = Cy,

where the other elements of the basis remain unchanged. Then all transformations yield again a

standard system of generators of Hi(X,Zs) and transformations (i)-(iii) as well as (v) preserve o
Proof. Let B := {fli,B’i,C'j | i=1,...,9,7 =1,...,k} be the image of B under the particular

transformation in (i) to (v).

(i) For the transformed elements of B, there holds A; x B; = (A; + B;)  B; = A; x B; since
A;, B; € B. All other intersections between elements of B remain the same as the for the

non-transformed elements in B, so B is again a standard system of generators of H; (X,Zs).

To see that 0 does not change under this transformation, note that for ¢ € {1,..., g}, it is
g g
> w(A)w(B)) =Y w(A)w(B) + w(A; + Bi)w(B;) — w(As)w(B;), (B.7)
=1 =1

where due to (B.5)
w(Ai+Aj)w(B;) = w(Ai)w(B;)+w(B;)w(Bi) +(AixBi)w(B;) = w(A;)w(B;)+w?(Bi)+w(B;)

and w(B;)? + w(B;) =0 mod 2. Inserting this into (B.7)) yields
g g g

Zw(Al)w(BZ) = Zw(Al)w(Bl) + w(A)w(B;) — w(Aj)w(B;) = Zw(Al)w(Bl) mod 2.

=1 =1 =1

(ii) Since A; * B; = By A; mod 2 for i € {1,...,g}, B is again a standard system of generators
of Hi(X,Zs2) and equation holds.
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(iii) For i,l € {1,...,g}, it is

/L‘*BZ‘: (A1+Al)*Bz:Az*Bz+Al*Bz:Az*Bu
AI*BZ :Al*(Bi‘f'Bl) = A;x By,

Ai*Bl = (A1+Al)*(Bz+Bl) =A;xB;+AxB;+A;xB;+ A, %«B;, =0 mod 2.
For n € {1,...,g} with n # i,1, the intersection product of A, and B, with A; respectively

By is equal to zero. So B is a standard system of generators of Hi(X,Zs). To see that § is

preserved under this deformation, note that for ¢,7 € {1,...,¢g}, one has

Z w(Ap)w(By,) = Z W(Ap)w(By) +w(A)w(B;) +w(A)w(B) —w(As)w(B;) — w(A)w(By),
n=1

n=1

W(Al)w(Bl) + W(AZ)UJ(BZ) = w(AZ + Al)w(BZ) + W(Al)w(Bi + Bl)
= w(AZ)w(Bz) + w(Al)w(Bi) + W(Al)w(Bi) +w(Al)w(Bl)
=0 mod 2
= w(4;)w(B;) + w(A4)w(B;) mod 2.

(iv) That B is a standard system of generators of Hy(X,Zs) is obvious since Cj « B; = 0 for
je{l,....,k}and i€ {1,...,g}.

(v) Again, B is a standard system of generators of Hy (X, Zs). This holds since the transformation
only interchanges C-cycles. Moreover, 4 is independent of the transformed C; and C,, with

j,m € {1,...,k}, so the transformation preserves 9.
O

Now, we gathered the tools which are necessary deduce the conditions that have to hold such that
(g,0, ko, k1) is the topological type of an Arf function. Since the proof given in [Natanzon, [2004] is

not very precise, we will formulate it here as well:

Lemma B.12. [Natanzon, |2004, Lemma 1.8.1] A set (g, 9, k1, ko) is the topological type of an Arf
function if and only if

(i) k1 =0 mod 2, (ii) 6 =0 for k; > 0.

If these conditions are satisfied, then there exists a standard basis B = {A;, B;,C; | i=1,...,9,j =
1,...,k} of Hi(X, Zs) with ko+k1 = k such that w(A;) = w(B;) =0 fori > 1, w(A1) = w(By) =9,
w(Cj) =0 forj=1,... kg and w(C;j) =1 for j=ko+1,...,k.
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Proof. Due to Proposition it is w(0) = 0. Moreover, the °F ; C; is the sum over the

boundary components of X, i.e. homologous to zero, and so

k k
Zw —Lu(ZCZ’)—w(O)—O.
i=1 i=1

This implies k&1 =0 mod 2. Let i € {1,...,g}. To obtain a basis such that w(A4;) = w(B;) = 0 and
w(A1) = w(B1) =, one can use transformations (i)-(iii) from Lemma If w(4;) =w(B;) =0
for all i € {1,..., g}, the assertion holds. If w(4;) =1 and w(B;) = 0, one can use transformation
(i) to obtain a new basis B such that w(A4;) = 0 and w(B;) = 0. If conversely w(B;) = 1 and
w(A;) = 0, then we use transformation (ii) to get into the former situation. So let us assume
there exists at least one ¢ € {1,...,¢} such that w(4;) = w(B;) = 1. We are done if i = 1. We
impose that the basis elements are enumerated in such a way that w(A;) = w(B1) = 0 and assume
that w(A4;) = w(B;) =1 for i # 1. If there are evenly many ¢ such that the above relation holds
for the corresponding basis elements, then § = 0. For oddly many 4, it is 0 = 1. So we have to
distinguish between an even and an odd number of 7 such that the above assumption holds for
the corresponding basis elements. Let w(A4;) = w(B;) = w(A;) =w(Bj) =1fori#j€{2,...,g9}.
Applying transformation (iii) from Lemma yields a new standard basis B of H;(X,Z) such
that w(4;) = w(B;) = 0 and w(B;) = w(A;) = 1. As above, we can apply transformation (i) and
(ii) to this new standard basis B which yields again another basis of H;(X,Zs2) which we also
denote by B and which obeys w(A4;) = w(B;) = w(B;) = w(A;) = 0. If the total number of i such
that w(A;) = w(B;) = 1 holds is odd, we set all values of w for A; and B; with ¢ > 1 to zero with
this procedure.

To see that there has to hold § = 0 for k1 > 0, assume that § = 1 and that there exists at
least one basis element C; such that w(C;) = 1. Without loss of generality, we can assume
that we have already transformed the given basis B in such a way that w(A;) = w(Bj) =1 and
w(4;) = w(B;) =0 for i € {2,...,g9}. We apply transformation (iv) to A; and B; and obtain
A=A+ C; and By =B + C;. Using again yields

1 =w(A1)w(B1) =w(A1 + Cj — Cj)w(B1 + C; — Cj)
= (W(A1 +C)) + w(C)))(w(B1 + Cf) +w(Cj))
=w(A1 + Cj)w(B1 + C;) + w(A1 + C;) + w(B1 + Cj)
= w(A1 + Cj)w(B1 + C)) + w(A1) + w(Cj) + w(B1) + w(C))

=0 mod 2

= (w(A1) +w(C)))(w(B1) + w(C)))
= w(A)w(B1) + w(Cj)w(By) + w(A)w(C)) +w*(Cj) =1+ 1+1+1=0 mod 2.

Therefore, the type (g,1, ko, k1) with k1 > 0 is not realizable. Conversely, for k; = 0 or § = 0,
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all transformations in Lemma preserve ¢ and their application leads to a standard basis of
the given type. Therefore, under the constraints (i) and (ii), one can define an Arf function on
the constructed cycle basis which can be extended to all of H;(X,Zs2) by postulating that (B.5))
holds. g

Next, we define an Arf function on a real curve (X, 7) and analyze some of its properties. In
what follows, a simple contour and the homology class of this contour in H;(X,Zs2) are denoted
by the same symbol. The involution 74 : Hi(X,Z2) — H1(X,Z>) is induced by the involution
7: X — X. This is defined analogous to oy on Hy(X,Z) in (4.8). If we consider the image of a
representant 7 of an element of H;(X,Z) under 7 as a set of points on X, then we write 7[y]. The

next definitions are taken from [Natanzon, 2004, Section 2.3.1]

Definition B.13. A real Arf function, i.e. an Arf function on a real curve (X, 7), is an Arf function
w: H(X,Zs9) x Hy(X,Zs) — Zs such that 7°w = w.

Definition B.14. An Arf function w on (X, 7) is said to be singular if there is a simple closed

contour ¢ such that 7[c] = ¢ with ¢cN X" = () and w(c) = 0.

For a real curve (X, 7) of type (g, 1, k), one can see in the constructions of these curves in Example
[6.7] that there are no invariant simple closed contours which are no ovals on X. So all Arf functions
are non-singular on such a real curve. The remaining part of this section can also be found
completely in [Natanzon, [2004]. For self-containedness of this work, we present these results here

anyways.

Lemma B.15 (|[Natanzon| 2004, Lemma 2.3.2]). If X7 # (), then any real Arf function on (X,7)

is non-singular.

Proof. Let ¢ C X be a simple closed contour such that 7[c] = ¢ and ¢ N X7 = (), where X is a real
curve of type (g,0,k). Let ¢ C X7 be an oval of the real curve (X, 7). By Theorem there
exists a set of pairwise disjoint simple closed contours ¢y, ...,¢, € X \ (cU ) such that 7[¢;] = ¢;
and the set X \ (cUc UJ'_; ¢;) decomposes into the surfaces X+ and X~ with 7[X+] = X . Let
us join the 7-invariant simple closed contour ¢ and the oval ¢ of 7 by a curve v C X without self
intersections.

Let moreover d be a simple closed contour of the form d = v + r — 74y, where r C c. Analogous
calculations as in yield 7yd = —d + c. By construction of d, it is cxd =1 mod 2. Together
with the realness of w this yields w(d) = w(d+c¢) = w(d)+w(c)+1 and hence w(c) =1 mod 2. O

Lemma B.16 (|Natanzon) 2004, Lemma 2.3.3]). A singular real Arf function vanishes on all

T-invariant simple closed contours.

Proof. Let w be a singular Arf function on a real curve (X, 7) of type (g,0,¢). Then X7 = ()
by Lemma Suppose that there is a T-invariant simple closed contour ¢y on X such that

228



Appendix B.2. Arf functions on real curves

Tﬁ’}/l

Figure B.2.: Sketch how to get insight that {c;,d; | i =1,...,g+1} defines a basis for H;(X, Zs).

w(cp) = 1. By Lemma there exists a complete system of T-invariant simple closed contours
€, - .,¢q such that X \ (o U---Uc¢y) decomposes into two disjoint curves X and X~ with
7[XT] = X~. Let 7, C X be the path which starts at some point p; € ¢; and ends at some point
po € co for i =1,...,¢g. Again, we denote the path in ¢; starting at p; and ending at 7(p;) as r;
and the path in ¢y starting at py and ending at 7(pg) by ro. We then define the simple closed
contours

di ==+ 10 — T§Yi — Ti-

Let D C X be a disk. As in the proof of Lemma identifying the boundary cycles of the
surface X \ (D U 7[D]) via the involution 7 yields another real curve (X,7) with exactly one oval
cg+1 = 0D. We denote the path joining the simple closed contours c441 and co by vg+1. This path
starts at pg+1 € cg41 and ends at pg € ¢o. The path in ¢q starting at pp and ending at 7(pg) we
denote by ry. Then

dg+1 = Yg+1 + 70 — T§Vg+1

is a simple closed contour. One has ¢; xc; =0 and d; xd; =0 for ¢,5 =1,...g+ 1. Next, we show
that ¢;xd; = d;5 fori,5 =1,...,g+1. Asindicated in Figure one can add 0-homologous simple
closed contours starting at p;, passing through 7(p;) before returning to p; to d; fori =1,...,9+1
and also 0-homologous simple closed contours starting at pp and passing 7(pg) before returning
to po. This procedure leads to closed curves b; for i = 1,...g + 1 such that by the construction
of b;, one has ¢; xb; = d;;. Because the only difference between b; and d; are zero-homologous
cycles, also ¢; x dj = d;5. So the simple closed contours {c¢;,d; | i =1,...,9+ 1} define a basis of
H,(X,Zs3). We define an Arf-function & on H;(X,Zy) by defining the images of this basis as

w(c;)

w(c;) fori=1,...,9 and w(cg41) =0,
O(d;i) =w(d;) fori=1,...,¢9 and w(dg41) =0
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and by setting ©(a + b) = @(a) + @(b) + ax b for a,b € H(X,Zs). Then

g g
O(Cg41) Z(Z) ¢i) = Z (¢i) =w(cg+1) = 1.
=1 i=1

Moreover, it is

Tydg11 = TyVg+1 + T4T0 — Vg+1 = —Vg+1 — T0 — TgVg+1 + 70 + TyT0 = —dg41 + co, (B.8)

and therefore
@(Tﬁdg_;,_l) = w(—dg+1 + Co) = w(dg+1) + w(co) + dg+1 *Cop = w(d%l) +14+1= w(dg+1).

Together with ¢; = 7[¢;] for i = 1,..., 94+ 1 and &(d;) = w(d;) = w(myd;) = @(ryd;) for i =1,... g,
the above calculation shows that @ is real. So by Lemma @ equals 1 on all T-invariant simple
closed contours on X \ {cg4+1}. These are c1,...,cy. Since @(c;) = w(c;) fori = 1,..., g, this yields

that w is non-singular. O
Lemmata [B:15] and [B-16] immediately imply the following theorem:

Theorem B.17 (|[Natanzon, 2004, Theorem 2.3.1]). A singular Arf function on a real curve (X, )
of type (g, k,e) exists if and only if k = = 0. This singular Arf function is even.

Proof. Lemma yields the condition £ = ¢ = 0 for a singular Arf-function. To see that
the other direction also holds, suppose that kK = ¢ = 0. Let us consider the standard basis
{civd; |i=1,...g} of Hi(X,Zs) as constructed in the proof of Lemma [B.16| The elements of this
basis obey 14¢; = ¢; and 7yd; = —d; +¢i+co = —d;i+¢;—> ) ¢ Fori=1,..., g, weset w(c;) =0
and assign arbitrary values in Zs to w(d;). As before, w extends to an Arf-function on H; (X, Zs)
by imposing equation . By analogous calculations as in , it is 7pd; = —d; + ¢; + co.
Together with the fact that Z?:o ¢; is homologous to zero, this yields

W(Tﬁdi) = w(*di +c + Co) = w(dl) + w(ci + Co) + (*dl * Ci) + (*dl * Co)
=1 =1

g
= w(d;) + w(e) —i—w( Z c]) = w(d;).
B =0
Accordingly, w is a singular real Arf-function. Due to w(c¢;) = 0fori=1,...,¢,itis 27 | w(c)w(d;) =

0, so w is even. O

Similar as for Arf functions without reality condition one can also define the topological type

of a non-singular real Arf function on (X, 7). In this case, one has to distinguish between the
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Figure B.3.: Figure taken from [Natanzon, 2004, Figure 2.3.1] depicting the construction of the
contour d.

classification for curves of type (g, k,¢) with ¢ = 0 and with ¢ = 1, which results from the different
conditions on the existence of Arf functions on a real curve given in Lemma and the role
which kg and k; play now in terms of the ovals and the 7-invariant simple closed contours. To do

so, we need the following Lemma.

Lemma B.18 (|[Natanzon, |2004, Lemma 2.3.1)). Let (X, 7) be a real curve, w an arbitrary Arf
function on (X, 7) and let ¢1,co C X be simple closed contours such that T[¢;] = ¢; and ¢;NXT =)

fori=1,2 as well as c; Ncg = 0. Then w(cr) = w(ca).

Proof. By the construction of (X, 7) for € = 1, it is clear that there are no simple closed contours
¢ with 7[c] = cand ¢N X7 = (. So let € = 0. By Theorem there is a set of pairwise disjoint
simple closed contours cs, ..., ¢, belonging to X \ (¢; Ucg) with 7[¢;] = ¢; for ¢ = 3, ..., r such that
the set X \ 37_, ¢; decomposes into two surfaces X+ and X~ with 7[X ] = X~. Let us join the
contours c¢; and ¢ by a path v € XT without self-intersections which starts at p; € ¢; and ends
at ps € co, compare Figure Furthermore, let 71 be a path from p; to 7(p1) which is contained
in ¢; and 72 be a path from py to 7(p2) which is contained in cp. We define d as the simple closed
contour

d:=~y+ry— 157 —71.

Without loss of generality we assume that ¢; = —r1 — 7371 and ¢ = r2 + 7yrg since ¢; and cp are
oriented into the same direction as boundary contours of X . Analogous calculations to (B.8])
yield 7yd = —d 4 ¢1 + c2. Due to Proposition [B.10} it is

w(nd) = w(—d+c1 + c2) = w(—d) + w(ci + c2) + (=d) * (c1 + ¢2)
—_—
=0
=w(d) +w(c1) +w(c) + c1*cz  mod 2
——
=0 mod 2
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and hence
w(ngd) =w(d) <&  w(cr) =w(e).

O]

Theorem B.19 ([Natanzon, 2004, Theorem 2.3.2]). A set (g,0, ko, k1) is the topological type of a
non-singular Arf function on (X, 1) if and only if k = ko + k1 < g and kg = g+ 1 mod 2.

Proof. One has k < g since € = 1, compare Theorem Basically, we prove this assertion by
exploiting that there exists a set of g 4 1 closed contours ci, ..., cg41 such that X \ {ci,...,cqq1}
decomposes into two spheres X T and X~ with each g+1 boundary cycles. Then w|x+ is considered.
It is shown in Lemma that w takes the value 1 on evenly many boundary cycles. The number
on T-invariant closed contours which are not ovals of 7 is g + 1 — k. Since we assumed that w is
non-singular, the value of w on all these T-invariant contours equals one. So k1 + (9 +1—k) =0
mod 2, and therefore kg = k — k1 = g +1 mod 2. Let now (g, 9, ko, k1) be an arbitrary set such
that kg + k1 = k£ < g and such that kg = g + 1 mod 2. The rest of the proof follows with
help of simple closed contours d; which are constructed by connecting ¢; with c411 as it is for
done in Lemma [B.18] One has 7yd; = —d; + cg41 for i = 1,..., k and 7yd; = —d; + ¢; + cgy1 for

i=k+1,...,9g+ 1. Next, we set w(¢;) = 0 for an arbitrary choice of ky many contours out of
{c1,..., e} and w(¢;) = 1 for the remaining contours in {ci,...,¢q}. Since kg = g+ 1 mod 2, it
is g — ko =1 mod 2. So there exists at least one ¢, € {c1,...,cq} such that w(c,) = 1. For i # r,

we assign arbitrary values of w to d; and define

w(dy) =6 — E w(ci)w(d;).
=1
1#£r

Then Y7, w(ci)w(d;) = §. Again, by imposing (B.5), w can be extended to the entire space
H\(X,Z5). This yields the assertion. O

For € = 1, one gets another classification. In this case, X \ X™ = X U X~. Connecting two ovals
ci,¢j € X7 by a path v;; C X T yields a simple closed contour dij = vij — T47vi5- We call ¢; and
¢; w-similar on (X, 1) if w(d;;) = 0. In [Natanzon, 2004, Theorem 2.3.3], it is shown that this
defines an equivalence relation which splits the ovals into at most two equivalence classes. With
this definition, the topological type of a non-special real Arf function on a separating real curve is

defined as follows, compare [Natanzon, 2004, Section 2.3.3].

Definition B.20. (a) Let ¢ € X” and let B, be the set of ovals ¢; which are w-similar to ¢ and
let a € {0,1}. We denote the number of ovals in B, with w(¢;) = a by k. and the number of
ovals ¢; € X7\ B, such that w(c;) = « holds by kL.

(b) The topological type of a real Arf function w on a real curve (X, 7) of type (g, k, ) is the set
g, ~7 ) ) ) , where ~:: , W] x+ wit T U -
8, k9, kY Kk, ki here 6 := §(X T hX\X XtUX
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Theorem B.21. [Natanzon, |2004, Theorem 2.5.4] A set (g, 6, k3, kY, k(l), k}) is the topological type
of an Arf function on the real curve (X,7) of type (g,k,1) if and only if (g, 0, kY + kg, kY + ki) s
the topological type of an Arf function on a surface of genus g4 = %(g — k+ 1) with k boundary

cycles. Furthermore, § = kY mod 2.

Proof. Obviously, if (g,d, k3, k9, k§, ki) is the topological type of an Arf function on a real curve
(X, 1) of type (g, k, 1), then the set (g+,d, k§ + ki, kY + ki) is the topological type of an Arf function
w|x+ : H1(X1,Zs) — Zy, where XTUX ™ = X\ X7 and g, is the genus of X, compare Example
6.7

Conversely, suppose (X,7) is a real curve of type (g,k,1). Then X \ X7 = XT U X~. Let
wy : Hi(XT,Zs) — Zs be an Arf function on X of type (g4, 0, k) + &k, kY + ki). We now show
how to extend w4 to Hi(X,Zs). Therefore, {A;, B;,C; |i=1,...,§5,5=1,...,k} be a standard
basis of Hi (X, Zy), where the oval ¢; is a representant of the equivalence class Cj. We arbitrarily
sort the ovals ¢; into groups G, G§, GY and G1, where G, contains k) contours in an arbitrary
way for v,a € {0,1}. Fori=1,...,9—1, we connect the ovals ¢; and ¢ by a line segment v; C X
and set d; = ; — 74;. We impose that w(c;) = aif ¢; € GY UG and w(d;) = 0 if ¢; and ¢; belong
to the same subset G} UG and otherwise w(d;) = 1. Let w : H1(X,Z) — Zs2 be defined by the
values of the basis {A;, By, 3 4;,74B; | i = 1,...94} of Hi(X,Z) as w(134;) = w(4;) := w(4;)
and w(ryB;) = w(B;) := w4 (B;). We then again impose that holds for w. Again, this extends
w to Hy (X, Zs). Since the classification of the ¢ into the sets G, was arbitrary,t his construction
yields all non-singular real Arf functions on (X, 7). The Arf function is even if k&1 = 0 and for

k1 > 0, & coincides with the number of elements in GY mod 2 since k) + ki is even. O]

B.3. Real Arf functions and liftings of real Fuchsian groups

Let J : SL(2,R) — PSL(2,R) = Aut(H) be the natural projection. Moreover, let A C Aut(H)
be a Fuchsian group that consists of hyperbolic automorphisms. As in [Natanzon, 2004, Section
2.4.1], we introduce the lifting of A.

Definition B.22. A subgroup A* C SL(2, R) is called a lifting of A if J(A*) = Aand J|s= : A* — A

is an isomorphism.

By [Natanzon, 2004, § 7], there corresponds a unique Arf function
WA* : Hl(H/A, Zg) — ZQ

to the lifting A* which can be defined as follows: Let a’ € A and let a € H1(H /A, Z2) be the image
of @’ under the projection in (B.2). Note that J~!(a’) contains two elements which differ by their
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orientation and that only one of these elements is contained in A*. Therefore, let
A:=J Yd)n A"
With this choice, we can associate exactly one matrix A € SL(2,R) with each o’ € A. Let further

Tr(A) be the trace of the matrix A € SL(2,R). We set

(B.9)

e (a) = {0 for Tr(A) < 0,

1 for Tr(A) > 0.

By [Natanzon) 2004, Theorem 7.2], the correspondence A* — w =+ between the liftings of the group
A and the Arf functions on X = H /A defined as in is 1-to-1. To transfer this to analogous

results for real curves (X, 7), we consider the group
SLi(2,R) ={A € GL(2,R) | det A = +1}.

The projection J extents to a homomorphism J : SLy(2,R) — M(H) by setting

Z b
J(A) = — for A:<a ) and det A= —1.
z c d

Let A be a real Fuchsian group.

Definition B.23. (a) A subgroup A* C SLi(2,R) is called a lifting of A if J(A*) = A and

J| j. : &* = A is an isomorphism.
(b) Two liftings /Ti and A* of a real Fuchsian group A are said to be similar if A* \A* = —/I*+ \ A*.

Obviously, a lifting A* of the group A induces a lifting A* = A* N SL(2,R) of the group A4 =

AN Aut(H) and hence an Arf function Wi, = was H\(H/A, Zs) — Zs.

Lemma B.24 ([Natanzon, 2004, Lemma 2.4.1.]). The Arf function wj. is a non-singular Arf

function on the real curve (X,T) induced by A.

Proof. We first show that the Arf function wj. is real. Let a € A* \ A* arbitrary, a’ € A and
a = Pr(a’) with Pr as defined in (B.2). Due to Proposition T3a € Hi(X,Z3) corresponds to

a~to(J7a') N A*) o a. Because the trace is invariant under conjugation, this yields
Tr(a o (JHd)NA*) o) = Tr(J Hd) N A*) = wt.(ra) = wr.(a).

Next we prove that wr, is non-singular. Therefore, let ¢ C X \ X7 be a simple closed contour

such that 7[c] = c and let C' € A be its image under the natural isomorphism 7 (X, p) — A, where
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X =H/A. For a given real curve (X, 7) with covering H and Fuchsian group A, 7 can be lifted to
an antiholomorphic self-mapping 7 : H — H, see Proposition This lifting is not necessarily an
involution anymore, but it satisfies 72 € A. In particular, the map 7 : H — H is a glide reflection of
H onto itself, i.e. a hyperbolic Mdbius transformation v/C followed by a reflection at the geodesic
corresponding to the two fixed points of this Mébius transformation C = \/52, see [Seppéld), (2001}
Section 1]. This composition is an orientation-reserving isometry of . So let C' be the reflection
at the geodesic corresponding to C, i.e. connecting the two fixed points a, 8 € R of C, v/C be a
hyperbolic automorphism such that (\/5)2 = C and C := CV/C. Then the corresponding lift of C
is given by

= YO N A = (“ b)
c d

and

2
JHO) N A* = (C)? = (“ Z) .

Since v/C' € PSL(2,R), it is ad — bc = 1 and a + d > 2, where the latter because VC is a

holomorphic hyperbolic automorphism, compare |Jost, 2013 Lemma 2.4.2]. Then w(c) = 1 because
Tr(J HC)NA*) =a® +d*> + 2bc = (a+d)? — 2 > 0. O

Obviously, there are always exactly two elements in each similarity class of a lift of a real Fuchsian

group A*.

Lemma B.25 ([Natanzon, 2004, Lemma 2.4.2]). Let w be a non-singular Arf function on (X, 1)
generated by A. Then there are exactly two liftings A of the group /Tfor which wy, = w and these

liftings are similar.

Proof. By [Natanzon, 2004, § 7], there exists a unique lifting A* C SL(2,R) of the group
A= AN Aut(H) with wp» = w. Because wy-~ is a real Arf function, any lifting A* of the group

A with wr, = w is generated by A* and a matrix «a such that J(a) € A\ A If J(a)(2) = g;_is,
a b

d) . The invariance of the trace under conjugation yields Tr(aAa~1) = Tr(A) for

thenaz:k(
c

A € A* and hence aA*a~! = A*. Thus, the group A* generated by A* and « is a lifting of the
group A O

Lemmata and imply the following assertion.

Theorem B.26 (|[Natanzon, 2004, Theorem 4.1.]). The correspondence A* — w i» between simi-
larity classes of liftings of a real Fuchsian group A and non-singular Arf functions on a real curve
(X, 7) generated by A is 1-to-1.
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Remark B.27. The isomorphism 71(H /A, p) — A sends each free homotopy class of a contour
c € X =H/A to a conjugacy class A. C A which does not depend on the choice of p. Thus, to
each geodesic simple closed contour ¢ € X there corresponds a set A. C A with ¢(¢(C)) = c if
C e A, and @ : H — X is the natural projection.

Let now A be a real Fuchsian group and ¢ an oval of a curve (X, 7) which is generated by
A. We consider C € A.. Replacing the group A by a conjugate group, we may assume that
((C)=T={zeH | Re(z) = 0}. Then A contains the involution 3(z) = —z. A lifting A — A*

0
maps [ into a matrix of the form « < 1> , where o = +1. If « = 1, then we endow the half-line

I with the orientation in which Im(z) increases and for o« = —1 with the opposite orientation. The
projection @ : H — X transfers the orientation to the contour ¢ = @(I). The latter’s orientation is

completely determined by the lifting A* of A.

Definition B.28. The orientation on ¢ which is induced by the lifting A* is called the orientation
generated on the oval by the lifting A*.

Theorem B.29 ([Natanzon, 2004, Theorem 2.4.2]). Let A* be a lifting of a real Fuchsian group A
and let (X, 1) be a real curve of type (g,k,0) generated by A. Let (c1,...,¢q) be a set of pairwise
disjoint simple closed contours such that X7 = Ule ci and T[c;] = ¢ fori =1,...,9. Then
there is an invariant simple closed contour cgy1 which is disjoint from the above contours so that
X\U% Uc=XTUX", where X+ are spheres with g+ 1 boundary cycles. Hereby, ¢ can be chosen
in such a way that the orientation of c1,...,cy generated by A* coincides with their orientation as
parts of the boundary of one of the surfaces X and X .

Proof. Without loss of generality, we show that there exists a curve c411 such that the orientation
of c1,...,¢cq4 generated by A* coincides with the orientation as parts of the boundary of Xt. By
Lemma there is a set of pairwise disjoint invariant contours c,...,c411 belonging to X
such that X7 = J¥_; ¢; and the set X \ (Ufill cl-> decomposes into two spheres X and X~ with
each g + 1 boundary cycles. Let us endow the contours c,..., ¢4 with the orientation generated
by the lifting A* in the sense of Definition Their images on the surface X := X \UL, ¢
are represented by pairs of simple closed contours ¢, and ¢/ of opposite orientation, where ¢
and c} belong to the same connected components of the surface X \ ¢, compare Figure We
then modify the simple closed contour ¢ symmetrically as shown in Figure [B.4] More precisely,
if the orientation of one of the ovals ¢, as a connected component of the boundary of XT does
not coincide with the orientation generated by A*, we pass from ¢ to a symmetric simple closed
contour ¢ that separates the simple closed contours of different orientation, i.e. it surrounds ¢, and
¢! in such a way that X \ ((J?_; ¢; U¢) also decomposes into two parts X and X, where ¢/ is a
connected component of the boundary of the new curve X and ¢ is a connected component of
the boundary of the new X ~. Successively repeating this modification yields after at most g — 1

steps the desired orientation on the ovals as boundaries of X and X . ]
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Figure B.4.: Depicting the symmetric modification of ¢ from the proof of Theorem taken
from [Natanzon, 2004, Figure 2.4.2] .

Lemma B.30 ([Natanzon, 2004, Lemma 2.4.3]). Let A* be a lifting of a real Fuchsian group A
and let (X, T) be the real curve corresponding to A. Let further c1 and co be ovals of the involution
7 endowed with the orientation generated by A* as in Definition and let a C X be an oriented
simple closed contour which intersects c1 and co in such a way that ya = —a. Then a has the

same intersection numbers with c1 and ¢y if and only if wy, (a) =1.

Proof. Replacing the group A by a conjugate group, we may assume that A C A, where A(z) = Az
and A > 1. Because ¢; Na # 0, ¢c; Nca = (), we can further assume without loss of generality that
the attracting fixed point of the hyperbolic automorphism corresponding to ¢; is given by a; € R
and the repelling fixed point by —q;. Since a has the same intersection numbers with ¢; and cs,
we can further assume that 0 < ag < 1. This situation is depicted in Figure Also without
loss of generality, we can assume that v/\ = ar > 1. Then the corresponding element in PSL(2, R)

is given by
_ (VA o0 ) _ ( a ! )
A(Z)_<0ﬁ’l)_ 2
and 1ya = —a holds because a corresponds to the map z — Az and hence 13a to z = A(—2) = —A\Z.

In this case, we have A., D Cj, where A, is the element of A induced by ¢; € P7 under the
isomorphism Hi(X,Z) — A as in Remark By equation (B.3)), it is

ai(Ni + D)z +a2(\—1)

Ci(z) = N — Dz +a;(N+1) 7

A > L

Since ¢(C;) is a half circle in H with radius «;, the automorphism of H which mirrors points of H
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.
—ap —Q2 0 Qg o > R

Figure B.5.: Depicting the images of the geodesics in ‘H corresponding to A, C7 and Cy for
c1 * a = ¢z x a. Taken from |[Natanzon, 2004, Figure 2.4.1].

at £(C;) with respect to the hyperbolic metric is described by

IR

\& 0 238 0 0 —Q 0 —Q9 — —
A — _ — (5] — . = C C .
) < 0 VA 0 2 art 0 apl 0 1ot

We set A* = J~1(A) N A* and CF = J~1(C;) N A*. By Definition we obtain with the
orientation induced by A* that
o 0.

Hence, A* = C]C5. Then Tr(A*) = a+ 52 >0, and sowg, (a) = 1.
Conversely, let w+, (a) = 1. By the definition of w+, in (B.9), this implies Tr(A*) = at >0

So the attracting fixed points oy and ag must have the same sign and thus also the repelling fixed

and

points —a; and —as have the same sign. Therefore, ¢; * a = ¢ * a, compare Figure O

B.4. Rank one spinors on real curves

Let e : E — X be a locally trivial line bundle over a Riemann surface X = H /A with A € PSL(2, R)
a Fuchsian group. This bundle can be pulled back to a bundle € : E — H which is called the
induced bundle, see [Steenrod, 1951, §10]. The latter admits a trivialization, i.e. there is a
biholomorphic map @ : E — H x C taking & to the natural projection A : (K x C) = H. So e is

isomorphic to a bundle that can be obtained by a factorization of the trivial bundle on ‘H x C
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modulo an action of the group A. Then v € A C PSL(2,R) acts on H x C according to the rule

az+b

CZ_{_daf(’YaZ)'x)y

3(za) =

where f: A x H — C)\ {0} is the transition function and ~(z) = ‘C‘jig If F is the cotangent

bundle, one can choose the projection A such that

fe = (B = ez a2

where the last equality follows from det <a
c

abstract after that]. To see that this bundle induces a bundle on X = H /A, we have to consider

how the group A acts on the fibers of e. Therefore, we use the group representation of A as

b
d) = 1, see [Jost, 2006, Definition 1.5.9 and the

hyperbolic M6bius transformations. So let 1,72 € A be represented as

alz + bl
c1z + dq

asz + b

and  ya(z) = e b dy

7(2) =

Then (1 0y2)(z) = aztb with

cz+c¢

a b _(m b1 as bs _ aras + bica  ai1bs + bido
d c dp co  do crao + dica  c1bo + dids '

™

Therefore,

Conversely, it is

T (F2(2,2)) = F1(12(2), (22 + da)’z)

az+ b ( (agz—i—bg) )2 2
_ P (e (22102) 4 g +do)% ),
<62+d “ 22 + da 1) (e 2w

where

b 2
(cl (%) + Cll) (CQZ + d2)2 = c%(agz + b2)2 + 201((122’ + b2)(C22 + Clg)dl + d%(CQZ + d2)2
2 2

c%((agz)2 + 2a9byz + b%) + 201d1(a20222 + agdaz + bacaz + bads) + d%((czz)2 + 2¢odoz + d%)
2
1

CL% +2c1asdico —&—d%c%)zQ +2(C%a2b2 +crasdido +dicaciby —i—d%Cng)Z—‘rC%b% +2c1badids —I—d%d%

C

(
((crag + dic2)z + (c1by + dids)?
(62 + d)>.
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That means that the representation of A acts on E, and therefore induces a bundle on H/A,

compare [Gunning, 1967, §9].

Definition B.31. A line bundle £ — X is called a spinor bundle if its tensor square E Q@ F — X

is isomorphic to the cotangent bundle.

If the transition functions f and g correspond to two mappings F — X, then the transition
functions corresponding to the tensor product £ ® E — X is f - g. Thus, the transition function
of a spinor bundle has the form f(v,z) = a(a,b,c,d)(cz + d) with a(a,b,c,d) € {—1,1}. Then
f(v,2)- f(7,2) = (cz +d)? which is just the transition function of the cotangent bundle introduced

above. We associate the matrix

a

J(v) = ala, b, c,d) < Z) € SL(2,R)

C

az+b
cz+d

repeating its proof since the corresponding calculations are the same as the ones above which show
that e induces a bundle on #H/A.

to a map y(z) = € A. The next lemma is concerned with this map. We just cite it without

Lemma B.32 ([Natanzon, 2004, Lemma 1.10.1]). The map Jj : A — SL(2,R) is well defined and

it is a monomorphism.

Due to this Lemma, J7 (A) is a lifting of A. The next theorem [Natanzon) 2004, Theorem 1.10.1]
then establishes the 1 — 1-correspondence between liftings A* of a Fuchsian group A and the spinor
bundles on X = H/A:

Theorem B.33 ([Natanzon, 2004, Theorem 1.10.1]). The map f — J; establishes a 1 — 1-

correspondence between spinor bundles and liftings A* of A.

Proof. To show this, it suffices to associate to each lifting J* : A — SL(2,R) a unique spinor
bundle with transition function f so that J;E = J*. Since line bundles are uniquely determined

by an open covering and the corresponding transition functions, see [Jost|, 2013, Definition 5.6.2],
a

every spinor bundle can be reconstructed from its transition functions f. For J*(vy) = ( d)’ let
c

the seeked transition function be given by f(v, z) := ¢z + d. O

Due to Theorem there is a unique Arf function w~ : Hi(H /A, Zs) — Zs corresponding to
A*. Combining this with the 1-to-1 connection between real spinors and A* shown in Theorem
we see that also the correspondence e — w4+ between spinor bundles and Arf functions on
X =H/Ais 1-to-1, where e : E — X is a spinor bundle. The next step is to transfer this to real
curves (X, 7). This leads to a modified version of this correspondence which takes the additional

structure given by the realness of X into account.
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Definition B.34 (|Natanzon, 2004, Section 2.5.2]). (a) A real spinor bundle, i.e. a spinor bundle
on a real curve (X, 7), is a pair (e, 3), where e : E — X is a spinor bundle and g : E — E is

an antilinear involution such that eo 8 = T oe.

(b) Two spinor bundles (e1, 81) and (e2, 52) on real curves (X1, 71) and (Xa, 72), respectively, are
isomorphic if there are biholomorphic maps ¢g : E1 — E5 and ¢x : X7 — X3 such that

e20¢p =¢xoey, [Propp=¢pofi, T0ox =0xoT].

We do not distinguish between isomorphic bundles. With any lifting A* of a real Fuchsian group

A, we associate a spinor bundle e+, on the real curve (X, 7) corresponding to A. By definition,

A*
the bundle ez, is of the form (e, ,87.), where 81, : (H x €)/A* — (H x C)/A* is generated by
the map
_ b o
(2,7) (Zis,(chrd)x), (Z d) € A\ A", (B.10)

As shown above for the line bundle on X without holomorphic involution, this also defines an

action on H x C.

Lemma B.35 ([Natanzon, 2004, Lemma 2.5.1]). The correspondence A* — &4+ between similarity
classes of liftings A of a real Fuchsian group A and real spinor bundles on (X, T) corresponding to
A is 1-to-1.

Proof. Let (e, ) be an arbitrary spinor bundle on (X, 7). By Theorem there is a unique
lifting A* of the group A = AN Aut(#) such that

e: (1 x C)/A* — H/A.

Remember that g > 2, and therefore only the hyperbolic Mébius transformations are deck
transformations of H. Thus, we can replace the group A by a conjugate group and assume that A
contains a map of the form

2 —UZ,
where p > 1. Let u, be the minimal value of all these possible u’s. We set v = /. Then the

v 0 ~ ~ ~
group A* and the matrices £+ ( 0 _1> generate some liftings A% and A* of the group 4 in
v

sense of Definition [B.23, These are the only liftings of A that contain A*. Moreover, ez, = e and
T

an isomorphism between e, and ey, is generated by the involution (z,z) — (z,—x). O
+ —

Together with Lemma [B.7] and Theorem this finally yields the desired connection between

real spinors and non-singular Arf functions.
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Theorem B.36 ([Natanzon) 2004, Theorem 2.5.1]). The correspondence e — w, between spinor

bundles and non-singular Arf functions on a real curve (X, 1) is 1-to-1.

Let (e, B) be a spinor bundle on a real curve (X, 7). Applying Lemmata and we construct

an isomorphism

(67/8) - (ex*vﬁx*)a

where A* is a lifting of a real Fuchsian group A and (X, 7) is the real curve generated by A. Let
us endow the ovals and the invariant simple closed contours of (X, 7) which are disjoint from the
ovals with the orientation induced by A* as in Definition Thus, a spinor bundle (e, 3) on a
real curve (X, 7) generates an orientation on the ovals and on the invariant simple closed contours
of (X, 7) which are disjoint from the ovals. This orientation is defined up to its simultaneous

reversal on all ovals and invariant simple closed contours.

Definition B.37. (a) A holomorphic section 7 : X — E of a spinor bundle e : E — X is called a

Spinor.
(b) A section 7 of a spinor bundle (e, 5) on a real curve (X, 7) is called a real spinor if fon =nor.

Let {A*, A%} be the similarity classes that correspond to the bundle (e, 3) by Lemma m Then
the spinor n can be regarded as a section of the spinor bundle induced by A* = /Tj_ N A%, ie. the
intersection of the two liftings of A with Aut(#/A) N /Ti = Aut(H/A) N A*. Moreover, 7 is
invariant with respect to one of the involutions 5 T and anti-invariant with respect to the other

one. Without loss of generality, let 3 Ton=mnor.
1

Definition B.38. The orientation generated by the lifting /Ti on the ovals and invariant simple
closed contours of (X, 7) as in Definition is called the orientation generated by the spinor 7.

Remember that Definition of a real chart implies z(p) = z(7(p)) = z(p) for p € UN X" and
hence z(U N X7) C R.

Definition B.39. The local chart z on an open neighborhood of pg € ¢ with ¢ € X7 agrees with
the spinor 7 if the spinor generates an orientation of the oval ¢ which contains pg that passes under

the action of z into the orientation of increasing real values on R C C.

A local chart on a Riemann surface defines a local trivialization of the cotangent bundle, and
therefore a local trivialization of the spinor bundle. Thus, in the local chart z, a complex-valued

transition function f o z corresponds to the spinor.

Lemma B.40 ([Natanzon, 2004, Lemma 2.5.2]). Let (e, 3) be a spinor bundle on a real curve
(X, 7) and let n be a real spinor of this bundle. Then the spinor n is described by a function f o z
such that fozoT = foz in any real chart z : U — C that agrees with the spinor 7.
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Proof. We set t¢ : (2,2) — (tz,x). By Lemma we may assume that (X, 7) corresponds to A
and by Lemma we may assume that e : (H x C)/A* — (X, 7). As before, we can replace the
group A by a conjugate group and assume that A contains a map of the form
<_V 0>€/T*\A* with v >1,
0 vt

where this matrix is either element of the similarity class A% or A*. Furthermore, we may assume
that eote : (—tH x0) — X generates a real chart z that agrees with 7 in sense of Definition In
this chart, n can be represented in the form (z, f(z)) for every z € R. Thus, no7 can be represented
as (zo7,fozor) and since zo7 = z, B on can be represented as (zo T, foz) = Bi(z, foz).
So due to equation , itis foz: oz 22t — aZ4b where the last equality holds due to

cz+d cz+d’
a,b,c,d € R. Therefore, the relation fon =mno7 reads as

(ZOT,W):ﬁX*(Z,fOZ):(ZOT,fOZOT),

and hence foz = fozor. A passage to any other real chart that agrees with n preserves this

relation. O

Theorem B.41 ([Natanzon, 2004, Theorem 2.5.2]). Let (e, 5) be a spinor bundle on a real curve
(X, 7), let n be a real spinor of this bundle and let ¢ be an oval of the curve (X, 7). Then the number
of zeros of n on ¢ equals 1 — we(c) mod 2, where we is the unique Arf function corresponding to

the spinor bundle e.

Proof. As in the proof of the Lemma before, we may assume by Lemmata and that (X, 7)

corresponds to A ,

—v=1 0

e:((HxC)/A" - X and (
0 v

>€/T*\A* with v >1.

Let I := {z € H | Re(z) = 0}. Since c is an oval, there exists at least one v € A such that v[I] C I.

So we may assume further that
c=I/{y|yeAand ~y[I] C I}.

In the local chart z generated by the projection e : (H x 0) — X, the spinor 7 is represented
in the form (z, f o z), where z € H and f is a holomorphic function. Due to Lemma [B.32] it is
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v(x,z) = (‘izi?, (vz + 5)56), where z € H. So for any element (a ?) € A*, there holds
Y

az+f3
f<,72+5) = f(2)(yz +9). (B.11)

Since the oval ¢ induces a hyperbolic element of PSL(2,R), ¢ corresponds to the matrix

with v/A > 1 and the sign a(c) is determined by the value of the corresponding value of the unique
Arf function wy«(c). The latter is given by A*. Then w« determines the sign of the trace of C' as

in . So

ac) =

1 for w(c) =1,
-1 for w(c) =0.

Since C' € A* and f obeys equation (B.11]), this implies that f(A\z) = oz(a)f(z)ﬁfl with vA > 0.
Moreover, the natural projection H — H /A establishes a 1-to-1 correspondence between the
interval (v, Av] € I and the contour ¢. Hence, the number of zeros of the spinor 7 on ¢ is equal
to the numbers of zeros of the function f(z) on the interval (v, Av] € I. Conversely, the map
e: (H x0) — X generates a real chart in a neighborhood of each point of the oval ¢ and hence, by
Lemma [B.40} f(z) is real and continuous on (v, \v] € I. For a(c) = 1, the signs of f(v) and f(\v)

are the same and these signs differ for a(c) = —1. So by the Intermediate Value Theorem, the
number of zeros of f in (v, Av] € I is even for a(c) = 1 and odd for a(c) = —1. O
Theorem B.42 (|[Natanzon, [2004, Theorem 2.5.3]). Let c1,...,cx be oriented ovals of a real curve

X, 1) of type (9,k,0). Let 0 <m <k, aq,...,ap € Zo and let ¢, a; = g+ 1 mod 2. Then
=1

there is a real spinor n on (X, T) such that

(a) the orientation of the oval ¢; generated by n coincides with the original orientation if and only
ifi <m,

(b) the number of zeros of the spinor n modulo 2 on the oval ¢; is equal to «;.

Proof. By Theorem there is a set {c1,...,cg41} of pairwise disjoint and 7-invariant simple
closed contours which decomposes X into spheres X+ and X~ with g + 1 boundary cycles. The
orientation of X generates an orientation on X' = {ci, ..., cy11} which can be different from
the original orientation given on cy, ..., cg, compare Lemma Without loss of generality, we
may assume that the orientation of ¢; oriented as a part of X coincides with the orientation

induces by A corresponding to (X, 7).
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We define a real Arf-function on (X, 7) to show that there always exists an odd real Arf-function
on (X, 7). The existence of this odd Arf-function then implies that there is a real spinor bundle
on (X, 7) which has a non-trivial holomorphic section. This section can be used to construct a
non-trivial real holomorphic section, see [Atiyah, |1971, Proposition 3.2]. We then show that this
real section has the properties claimed in the theorem.

To define an Arf-function w : Hi(X,Zsy) — Zo, we define this function on the elements of a basis
of Hi(X,Zs3). One part of this basis consists of the contours ci,...,¢,. It is shown in Lemma
that one obtains the other basis elements of H1(X,Z3) by joining the contours ¢; and cg41
by a path v; € Xt to define

di =i +rgr1—myifor 1 <i<k
and
di ==y +rgp1 — 1y — 1 for k <i<g.

So the set {c;,d; | i =1,...g} yields a basis of the vector space H1(X,Z>). We define a unique
Arf-function w on Hy (X, Zs) through the images of these basis elements under w and by assuming
that equation (B.5) holds. We define these values as

w(e)=1-—qy for i <k,
w(e) =1 for k <i<g,

w(d;)) =0 for 1 <i<m,

w(d;) =1 for m < i <k,

w(d;)) =0 for k<i<g.

Due to 3% a; =g +1 mod 2, it is
9 9 k g
w(cgﬂ):w(Zci) =Y wle@)=> (1-a)+ Y 1=g-(9+1)=1 mod2.
i=1 i=1 i=1 i=k+1

As in the proof of Lemma [B.16} one has 7yd; = —d; +cy11 for 1 <i < k and 1yd; = —d; + g1 + ¢

for £ < i < g. So in the former case, it is

w(myd;) = w(—d; + cg11) = w(d;) + w(cgs1) + (—=di, cgr1) = w(di) + 1+ 1 =w(d;) mod 2
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and in the latter case one also obtains

w(mpd;) = w(—=di + ¢; + cg1) = w(di) + w(ci + cgr1) + (—di, ¢ + cgq1) = w(di) + w(c) + w(cgt1)
—_——
=0 mod 2
=w(d;))+1+1=w(d;) mod 2.

Therefore, the Arf-function w is real and of type (g, d, ko, k1) in the sense of Definition (d) with
ko = Zle a; =g+1 mod 2 and k = ko + k1 < g. Hence, w exists due to Theorem

By Lemma w is non-singular since it does not vanish on all ovals of X. By Lemma (X,7)
is the real curve corresponding to the real Fuchsian group A. Then the 1-to-1 correspondence
between spinor bundles on real curves and real Arf-functions in Theorem [B:30] yields also a spinor
bundle (e, , 87.) which corresponds uniquely to w,

Along with w, we consider another real Arf function w’ such that w'(¢;) = w(e;) and W'(d;) =1 —
w(d;). Another real spinor bundle (¢/, ') corresponds uniquely to w’. Moreover, it is 325, a; = g+1
mod 2 and w(d;) = 1 holds if and only if w'(d;) = 0. Inserting this into the definition of the
evenness of an Arf-function (b) yields

g g g
d(w) :Zw +Zw )(1 —w(d )):Zw(q)
=1 =1 =1
k
:ZI—al—i—Zl—g g+1=1 mod2.
=1 i=k+1

Hence, either §(w) =1 or §(w’') = 1. Without loss of generality, let §(w) = 1. By |Atiyah, [1971}
Section 5.2], this implies that the bundle e has a non-trivial holomorphic section w. So one of
the sections n = w + fw and 77 = (w — Bw) is a non-zero real section of the bundle (e, 5). Now
d; — d;41 is a simple closed curve which connects ¢; and ¢;41 for i =1,...,k — 1. The involution 7

acts on these simple closed curves as
Ty(di — dit1) = 1ydi — Tydip1 = —di + g1 + dip1 — cgy1 = —(di — diy1)

and hence obey the assumptions on the simple closed curve connecting two ovals in the preliminaries
of Lemma [B.30] Due to d; xdj41 =0 fori =1,...,9 — 1, one has w(d; — di+1) = w(d;) + w(di41)
and hence w(d; —d;+1) = 0 for 1 <i < m and for m < ¢ < g, whereas w(dy, —dm+1) = 1. Together
with Lemma [B.30] this shows that the section obeys property (a) since w(d; —d;+1) = 0 implies that
the orientation of the ovals ¢; and ¢;11 induced by 7 are equal and w(d; — d;+1) = 1 implies that
these orientations are opposite to each other. Accordingly, the ovals ¢; have the same orientation
as ¢ for 1 < i < m and the opposite orientation of ¢; for m < i < k. Property (b) of n follows
from Theorem [B.41] which says that the number of zeros of n on an oval ¢; modulo 2 equals
l-—w(e)=1-140a; = a. O
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Theorem B.43 (|[Natanzon, 2004, Theorem 2.5.4]). Let (X, 7) be a real curve of type (g,k,1).
Let its ovals c1, . .., ci, be oriented as parts of the boundary of a connected component X+ of the set
X\ X7. Consider a set {1, ...,ar} € Z5 that has evenly many zeros and for which a1 = a = 0.
Let 1 <m <k and let 37"y ooy = m+ 1 mod 2. Then there is a real spinor n on (X, T) such that

(a) the orientation generated on the oval ¢; by n coincides with the orientation induced on c¢; by

the orientation as a boundary part of X if and only if i < m,

(b) the number of zeros of n modulo 2 on ¢; is equal to .

Proof. The proof of this theorem equals in wide parts the proof of Theorem [B:42] i.e. we are
seeking for a non-singular Arf function on (X, 7) such that there is a unique real spinor due to the
1-to-1 correspondence shown in Theorem [B:36] The only essential difference is the choice of the
values of the Arf-function since the conditions for the existence of an Arf-function of a certain
type for ¢ = 1 differ from the conditions for ¢ = 0. Due to Theorem a real Arf function
on a real curve (X, 7) with ¢ = 1 only exists if k) + kL =0 mod 2 for a € {0, 1}, where we use
the notation from this theorem. To ensure that this holds for arbitrary choices of kY + ki > 0,
there has to hold that at least one «; for ¢ < m and one «; for ¢ > m equals zero. Therefore, we
choose a7 = a, = 0. Since € = 1, the ovals ¢y, ..., ¢, decompose X into two Riemann surfaces
X and X~ of genus g, = %(g — k + 1) with boundary cycles ci,...,c;. We now define an
Arf-function wy on Hy(X™,Z) by setting wi(¢;) =1 — ;. Since aq, ..., a) contains evenly many
zeros, i.e. {¢; | @(c;) = 1} consists of k; > 2 elements and {¢; | wy(¢;) = 0} consists of ky elements
with kg + k1 = 1 and k1 =0 mod 2, Lemma implies the existence of such an Arf function as
well as the existence of a standard basis {a;, b, ¢; |i=1,...,9+,5=1,...,k — 1} of H1(X™T,Zy)
such that w(a;) = w(b;) = 0 and w(¢;) = wyi(c;). To extend this to a basis of Hy(X,Zs), join
the ovals ¢; and ¢, by a path 7; C X starting at ¢; and ending at ¢, and set d; := v; — T4y, for
i=1,...,k—1. Then Hy(X,Zs) consists of cycles a;, b;, 7(a;), 7(b;) with i =1,..., g4 and ¢;,d;
with j =1,...k — 1. As in the proof of Theorem one can extend wy to an Arf function w
on Hi(X,Zy) by setting w(ma;) = w(a;) =0, w(myb;) = w(b;) =0, w(c;) =1 — oy and w(d;) =1
if and only if 7 < m and assuming that equation holds. Due to 2%, ¢; = 0, there has to

hold 3%, w(e;) = 0. This is ensured by the assumption that the number of zeros in (o, ..., az)
is even because
k k
dwle)=> 1—a)=k—(k—2j)=2j=0 mod 2.
i=1 i=1
Then w(myc;) = w(e;) and w(nyd;) = w(d;) for i = 1,...,k, so w is real, i.e. w(tw) = w(w) for

w € Hi(X™",Zs). Furthermore, w is odd since

g g m
d(w) = Z(w(ai)w(bi)+w(7'ﬁai)w(b,-)+w(ai)w(7ﬁbi)—i—w(rﬁai)w(ﬂjbi))—i—Zw(ci)w(di) = chi =1.
i=1 i=1

i=1

The rest of the proof coincides with the corresponding part of the proof of Theorem O

247






C. The moduli space

The question how the module space of a given Fermi curve looks like is answered in a more general
setting in the so far unpublished paper |Carberry and Schmidt} 2017]. So we cannot just cite
it here. To give a rather full picture of the inverse problem of the two-dimensional Schrédinger
operator, we attach the necessary theory here in accordance with one of the authors. We add the
corresponding citations with respect to the current preprint version of [Carberry and Schmidt),
2017).

The aim of this appendix is to describe the moduli space of deformations for Fermi curves with
arithmetic genus g, < oo that obey the conditions (F1) to (F3) which are formulated at the
beginning of Chapter [5l That means the space of data (X,Q",Q™,d¢, dé¢, o), where X is a one-
dimensional compact complex analytic space of arithmetic genus g, < oo with two smooth marked
points QT and Q~, dé as well as dé are meromorphic differentials on X which are holomorphic on
X\ {Q*,Q~} with poles of second order at Q™ and @~ and with prescribed periods and o is a
holomorphic involution on X such that Q% and Q~ are the only fixed points of this involution.
To consider also deformations of Fermi curves X corresponding to real-valued potentials, X shall
furthermore be endowed with an antiholomorphic involution 7 = 71 o 7o with 7(Q*) = QF. We
have decided to consider 75 in this chapter instead of 7 because otherwise, we would have to be
more careful with some sign in front of the considered Weierstrafl polynomials under the action of
71 hereinafter. These remain unchanged under m. It is explained hereinafter why it is better to
consider s = oo =7 00: X — X, k> k instead of 71 in this appendix. In |Carberry and
Schmidt|, 2017], it is shown that the space of universal local deformations is parametrized by a
finite-dimensional manifold. Universal means that up to isomorphisms, every deformation can be
described by it and local means in the neighborhood of the given data.

In Chapter 5], we reconstructed a unique potential and the corresponding eigenfunctions for spectral
data obeying conditions (F1) to (F3) on a given Riemann surface which could then be considered as
the normalization of the Fermi curve. Thereby, the additional assumption is necessary that on X,
there exists a divisor D which obeys conditions (D1) to (D3) from Chapter |5 Here, deformations
which conserve the conditions (F1) to (F3) and the arithmetic genus g, are considered. On these
deformations, one can always find a divisor D which obeys (D1) and (D2). However, it is unclear
whether there always exists a divisor obeying all three conditions on the deformed curves. But the
divisors obeying conditions (D1) to (D3) form an open set of the divisors which are mapped by
the Abel mapping to the Prym variety, see Lemma [6.3] for complex-valued potentials and Lemma

for real-valued potentials. In the sequel, we assume that this condition is also open on the
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space of deformations. Due to this assumption, there always exists a divisor D obeying (D1) to
(D3) on small deformations of a given Fermi curve.

The key to the theory presented in [Carberry and Schmidt} 2017] is to consider first a larger class
of deformations, so-called é-deformations, where only the periods of one of the two differentials
is conserved. The space of these ¢-deformations is comparatively easy to construct and we will
see that it is just C" with some r > 0. The deformations which conserve two differentials are a
subfamily of the former ones. So it is possible to determine the tangent space of these deformations
inside the tangent space of the é-deformations. Integrating the directions of the tangent space of
this subfamily then yields the desired space of deformations.

We will not repeat the proofs of the results shown in |[Carberry and Schmidt} 2017]. It will for
sure be published in near future. So we only explain roughly how these deformations take place
and add how we can embed the Fermi curve into the setting used in |Carberry and Schmidt} |2017].
Moreover, we make a short remark on the isomorphism classes of infinitesimal deformations which

conserve not only both differentials, but also the lattice I

C.1. The curve to be deformed

In this appendix, elements in the following spaces are frequently considered.

Definition C.1 ([de Jong and Pfister, 2012, Introduction of Chapter 1 and Definition 7.3.6]). The
ring of convergent series in ¢ and ¢ over C is denoted by C{¢, ¢}, C{¢}[¢] denotes the ring over C
which elements are polynomials in ¢ and convergent series in é. For a germ By of a complex space
B at 0 € B, we denote by (C{&, ¢} ® Op)(g,) the stalk of the holomorphic functions on €? x B at
(¢,¢,0) = (0,0,0).

Another central idea presented in [Carberry and Schmidt, [2017] is that the curve to be deformed
obeys the following property.

Definition C.2 (|[Carberry and Schmidt} 2017, Definition 2.6]). An open complex curve X° with
two regular coordinate functions ¢,¢ : X° — C is called locally planar if for each p € X°, the
germs ((¢ — &(p))p, (¢ — ¢é(p))p) map the space germ X, of X at p biregularly onto the zero set of

some f, € C{¢, ¢}

The Fermi curve X'(u) = F(u)/I'* is a one-dimensional variety in C2/I"*, see Corollary and
Theorem [2.28((a). Hence, it is a locally planar curve. As already discussed in Section the
arithmetic genus of X’(u) is generically infinite. In this case, X’(u) cannot be compactified. For a
finite type potential u, it might be considered as a good idea to take the middleding M (u) as in
Section as the curve to be deformed. However, there are two reasons which speak against this:
first of all, it might happen that M (u) is not locally planar. Secondly, the deformation theory

presented in |[Carberry and Schmidt, 2017] is based on local deformations around the singularities
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Appendix C.1. The curve to be deformed

of a curve. And the more desingularized the considered curve to deform is, the smaller is the
moduli space obtained by these deformations. Hence, the moduli space of M (u) might not describe
the moduli space of X'(u) completely.

One appropriate choice which we consider in this work is the following: Let u be a finite type
potential and § > 0 be sufficiently small such that the only singularities of X’(u) N C%/I"™*
are double points, compare Theorem m Remember that for a finite type potential, X°(u)
denotes the normalization of X’(u) with normalization map 7 : X°(u) — X'(u). We define
XN (C2\C?/I* := X'(u) N (C?\ C3)/I* and X N C%:= X°(u) N C%/I'*. In other words, we
glue the normalization X°(u) to the open ends of the Fermi curve X’(u). This is possible since for
d > 0 sufficiently small, all singularities of X'(u) are double points. Out of these, at most finitely
many are contained in X’(u) N C?/I'*. Note that for two representants k, &’ € [k], there always
holds Im(k) = Im(k’), because I'* is a real two-dimensional lattice. By varying ¢ a bit if necessary,
we can achieve that no double points are contained in X’(u) N {[k] € C?/I'* | || Im([k])|| = 61}
since they are contained in the excluded domains around the double points k* of the free Fermi
curve which are discrete and equidistant, compare Section and Theorem Therefore, an
appropriate choice of § yields that the Fermi curve and its normalization can be considered as the
same on a small open tube around X'(u) N {[k] € C?/I'* | || Im([k])|| = 6~'}. Hence, we can glue
these two curves together along this boundary. The curve we obtain like this we call X° in the
sequel and its compactification we denote as X. As in Chapter 4} X = X° U {Q",Q~}. We also
denote X as a Fermi curve in the rest of this chapter.

Furthermore, at any preimage k,,1 of a double point &k (u) € X'(u) under 7 with v € I'f and 6 > 0
sufficiently small, there exists a biregular map (¢, ¢) from the normalization to C?. This is because
in a small open neighborhood U, + of a preimage k, + of ki (u), there are maps such that one of
the derivatives into the direction of ¢ or ¢ of the germ describing the normalization is unequal to
zero. We then can apply the Inverse Function Theorem to obtain that the normalization of U, can
be described by the Weierstrafl covering corresponding to (¢, ¢) +— ¢. So also the normalization is
locally planar in the preimage of a double point. Since the only preimages of singularities contained
in the part of X°(u)N C?; are the preimages of double points, the corresponding part of the curve
X° is locally planar. So the curve X tinkered above is compact and locally planar. Another
advantage of this choice is that by shrinking § > 0, one can add more double points of X' (u) to
the considered X, i.e. increase the number of singularities in X. Like this, one can increase the
size of the moduli space, whereas the possible deformations of the compact part of X’(u) which
also contains other singularities then double points remains unchanged in the modified X. The

constructed curve X together with the involutions o and 1o always obeys the following definition.

Definition C.3 (|Carberry and Schmidt, 2017, Definition 2.9]). Let X be a compact one-
dimensional complex space with smooth points QT and @, ¢ a holomorphic involution on
X and let dé and d¢ be meromorphic differentials on X. Then (X,Q",Q~,d¢,d¢, o) is called
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locally planar Fermi curve data if the following conditions hold:

(A) The meromorphic differentials dé and d¢ are holomorphic on X° = X \ {Q", Q™ } with poles

of second order at QT and @~ with no residues.
(B) X° is locally planar with respect to the local antiderivatives ¢, ¢ € Oxo ), of dé and d¢.
(C) The integrals of dé and dé¢ along closed path of X° take values in Z.

(D) The holomorphic involution ¢ has exactly the two fixed points o(Q%) = Q* and transforms

dé¢ and d¢ as o*dé = —d¢ and o*d¢ = —d¢.
For real-valued potential u : R?/I" — R, there holds additionally

(E) On X, there exists an antiholomorphic involution 75 with 75(Q*) = QF which transforms dé

and d¢ as 75dé = dé and 75d¢ = dé.

From Lemma [4.2] and Sections [4.3] and we know that for a finite type potential u, the local
planar curve X as constructed above together with the two smooth points QF, the meromorphic
differentials dé and d¢ as defined in and the involution o from Lemma [1.17|(a) with fixed
points QF, see Corollary yield locally planar Fermi curve data.

C.2. Definitions of the deformations

Before we start to explain the construction of the deformation space, we give an overview of
the necessary definitions of the considered deformations used hereinafter. These are oriented on
[Greuel et al., 2007, Chapter II], whereas the definitions in |Greuel et all 2007 are formulated
for deformations of space germs. In the upcoming definitions, we will assume that certain maps
are flat. Let Y be a fiber bundle over a base space B. Then flatness used here is a concept from
algebraic geometry which ensures that the fibers of the map Y — B depend in a regular way on
the points in B. Therefore, these fibers can be considered as deformations of a special fiber which
is the curve X in our case, compare [Grauert et all) 1994, Chapter II, §2]. We will point out more

advantages of the flatness-property when they show up hereinafter.

Definition C.4. (a) A deformation of a compact complex analytic space X is a pair of complex
analytic spaces, the total space Y and the base space B, together with a marked point by € B
and a flat and proper map Y — B such that the preimage of the point by in Y is isomorphic
to X. The fibers over b € B in Y are denoted by X (b), where X = X (bg) is called the special
fiber.

(b) A morphism from the deformation X <Y — B> by to X — Z — T > {( is a commutative

diagram of holomorphic maps
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X——Y —»B3b

| v e Te

X——Z—»T >t

such that the surjective horizontal maps are flat.
(¢) Two deformations are isomorphic if there exist two morphisms which are inverse to each other.

(d) For any deformation X — Y — B > by and any open neighborhood O C B of by, let
U CY — B be the preimage of O. The resulting deformation X — U — O 3 by is called
restriction of X — Y — B 3 by to O.

(e) A local deformation X — Y — By is a deformation for which the base space is the germ of a

complex space B at a point by € B.

(f) A deformation X < Z — T >t is called complete if for any deformation X — Y — B 3> by,
there exists a germ of a map ¢ which maps by to tg such that the pullback of the flat map
Z — T under this germ is isomorphic to X < Y — B 3 by.

(g) A deformation X < Z — T is called universal if it is complete and if for any deformation
X — Y — B, there exists a unique germ of a map ¢ : B — T such that the pullback of Z — T
with respect to this germ is isomorphic to X — Y — B.

All these definitions can be found in |[Carberry and Schmidt} 2017, Section 3.1]. Two deformations
defined on subsets of B which both contain 0 define the same local deformation at 0 if and only
if their restrictions to some open neighborhood of 0 are isomorphic. If we deform a space germ,
we only consider local deformations. These are, as in [Carberry and Schmidt|, 2017], denoted by
deformations of the space germ. The fact that the map Y — B in Definition (a) is flat ensures
that the arithmetic genus of all fibers X (b) C Y over b € B is constant, compare [Grauert et al.,
1994, Chapter III, Theorem 4.7 (b)]. Moreover, all deformed curves are also compact because we
assumed that the covering map Y — B is proper. Then the preimage of the points in B, i.e. the
fibers in Y, are compact.

By pulling a deformation back with ¢ : B — B, we mean that the fibers in the preimage of the
map Y — {b€ B | 3b e B : o(b) = b} are attached to the corresponding point on b € B. By
saying that the pullback of a deformation is isomorphic to another one, we mean that the fiber
attached to b by the pullback has to be isomorphic to the corresponding fiber in the preimage of
Y — B at b.

Furthermore, the deformation X <— Y — B 3 by and its restriction to neighborhoods U of by
are not distinguished. In particular, the base space B turn out to be a complex analytic space

germ in C" at by. Without loss of generality, by is always considered to be 0 € C" and will often

253



Appendix C. The moduli space

be neglected. To define the deformations of data (X, dé,d¢) such that only the periods of dé

are preserved, the following concept of deformations of space germs of complex analytic spaces

relative to the trivial deformation Cy < Co — {0} is necessary. Moreover, the space germ which

is defined by the zero set of a germ f € C{¢, ¢} respectively F € C{¢,¢} ® Op is denoted by V (f)

respectively V (F).

Definition C.5. (a) For f € C{¢, ¢}, a é-deformation of V(f) is a space germ B at 0 € B and
F € C{¢,¢} ® Op such that V(F) is at b = 0 equal to V(f). The deformation is endowed with

the following morphism of deformations of space germs:

V(f) —— V(F) — B
e leo |
(D() S C() {O}

(b) A é-morphism from the é-deformation V(f) — V(F) — B with f € C{¢ ¢} and F €
C{é, ¢} & Op to the é-deformation V(g) — V(G) — T with g € C{¢,¢} and G € C{¢,¢} & Of

is a morphism of deformations

V(f) —— V(F) —» B

lv le

V(g) — V(G) —>» T

which composition with the morphims of V(g) < V(G) - T to Cy — €y — {0} is equal to
the corresponding morphism of V(f) — V(F) — B.

Due to [Greuel et al., 2007, Corollary I1.1.6], all deformations of V'(f) with f € C{¢, ¢} are of the
form V(f) < V(F) — B with F € C{¢,¢} ® Og. Furthermore, the map V(F) — V(G) is of the
form (¢,¢&,b) — (&,u(é,¢,b), p(b)) with u € C{é, ¢} ® Op and there exists a unit H € C{é,¢} ® Op
with

H(&,¢,b)G(é,u(é, ¢, b),p(b)) = F(é,¢,b)

Since we can consider H f instead of f, we may assume that F(é,¢,0) = f(é,¢) such that
V(f) — V(F) is an embedding. Evaluating v and H at s = 0 yields the map V(f) — V(g) such
that (¢, ¢) — (& u(é, ¢, 0)) with u(é, ¢,0), H(¢,¢,0) € C{¢,¢}. For V(f) = V(g), we may assume
that f = g with u(é, ¢ 0) = ¢ Since we assume F(¢é,¢,0) = f(¢é,¢) as well as G(¢,¢,0) = g(¢é,¢),
this yields H(é,¢,0) = 1. Furthermore, the construction of a universal deformation of data
(X,Q%,Q,dé,dé, o) will be based on so-called infinitesimal deformations of the Fermi curve,

i.e. deformations up to first order.

Definition C.6 ([Carberry and Schmidt|, 2017, Definition 3.7]). An infinitesimal deformation is a
deformation whose base space has the holomorphic functions IT = C{e}/(e?) ~ Clg]/(?).
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Appendix C.3. Deformations of curves with one differential

C.3. Deformations of curves with one differential

Let X, denote the space germ of X at p € X and (dé), the germ of the 1-form dé at p. Analogously,
Cy denotes the space germ of C at 0 € C. The next definition contains weaker conditions which
also hold for Fermi curve data (X,Q™,Q~,d¢,d¢, o) as in Definition

Definition C.7 (|Carberry and Schmidt, 2017, Definition 3.1]). Let X be a compact one-
dimensional complex curve with smooth marked points Q@ and @~ and let dé¢ be a meromorphic
1-form on X and o : X — X a holomorphic involution. (X,Q",Q~,dé, o) is called locally planar

with prescribed poles if the following conditions hold:

(A1) For both, Q" and Q~, there exists z+ € Ox o+ which vanishes at Q* and maps Xo+
biregularly onto Co such that (dé)g+ = d(zzh).

(B1) For each ¢ € X°, there exists (é;,¢q) € Ox,4 x Ox,4 which vanishes at ¢ and maps X,
biregularly onto the zero set of some f, € C{¢, ¢}. Further, it is required that (dé), = d(¢é;)

(D1) On X, there exists a holomorphic involution ¢ with ¢(Q*) = Q* and no other fixed points
which acts as

A

lo(q) = —0"Cqy Co(q) =—0"Cq, 2k =—0" 2.
If in addition the following condition holds, (X, Q%,Q~,dé, o) is said to be real:

(E1) On X, there exists an antiholomorphic involution 75 with 7(Q") = Q= which acts as

~

Cro(q) = Talqy  Cry(q) = ToCqr 24 = ToZg,  [ry(q)(&6) = fq(&,0). (C.1)

Condition (A1) guarantees that Q¥ are smooth points of X and that X has at most two connected
components. The germ zy of the local coordinate in (A1) of X at Q7 is determined by the 1-form
dé and the condition that the germ of dé at Q* is equal to d(21') at Q*. Due to (B1), one has
d(éq — ¢éy) = dé — dé =0 for ¢,q' € X. Therefore, ¢, has an analytic continuation along all paths
in X° such that éy = ¢, — ¢4(¢’) holds in Ox 4 along the path. The germ of this difference is the
germ of a constant function. So &, is holomorphic at all ¢’ nearby ¢ and the case that all integrals
over closed paths of dé take values in Z — as formulated in (C) — is included in this condition. (D1)
and (E1) ensure that the differentials dé and d¢ have the behavior as described in (D) respectively
(E). It will turn out in Lemma that the ¢-deformations are completely determined by the
local deformations in small open neighborhoods of the singularities of X and of the zeros of d¢.
Because X is compact, these are finitely many points ¢, ..., qr. For brevity, the index ¢; is for
each [ =1,..., L denoted by [ and the space germs in a neighborhood of ¢; on X by X; := X,. In
particular, ¢ = ¢;, , ¢ = ¢, and f; = fg,. Since all Fermi curves X are subvarieties in C?/I*, the

Weierstrafl Preparation Theorem [de Jong and Pfister, 2012, Theorem 3.2.4] yields that one can
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describe them locally as Weierstrafl coverings over ¢ € C. More precisely, for every f; € C{¢, ¢},
it follows from the Weierstrafl Preparation Theorem [de Jong and Pfister, 2012, Theorem 3.2.4]
that for all p € X, there exists a unique Weierstral polynomial f; € C{¢}[¢] of degree d; in ¢ for
[ =1,...,L with highest coefficient equal to 1 and all lower coefficients vanishing at ¢ = 0. In
[Carberry and Schmidt, 2017], an open ball B around 0 € C* and &; > 0 is chosen such that the
polynomials F; are holomorphic on (¢,¢,b) € Bs, (0) x € x B. For I = 1,..., L and sufficiently
small 6, there exist disjoint open neighborhoods O; := {(&,¢&) € B;,(0) x C | fi(¢,¢) =0} of ¢ in
X such that the maps in (B1) extend to biregular maps

O —= U, (&8 e (C.2)

Hence, O; — By, (0) is a Weierstrafl covering with a fixed number of d; sheets and a single
branch point at (0,0). The germs f; € C{¢, ¢} are replaced by the unique Weierstrafl polynomial
fi € €{¢}[¢] of degree d;, compare [de Jong and Pfister] 2012, Theorem 2.3.4]. The involution
o: (¢ ¢) — (—¢,—¢) induces an involution o* on C{¢, ¢}. One can decompose f € C{¢é, ¢} uniquely
into f = fT+ f~ with f* = 3(f £ 0*f). Therefore, C{¢,¢} = C*{¢,¢} & C{¢,¢}. Analogously,
also C{¢}[c] = CH[e]{¢} @ C[¢]{¢}. So it is necessary to take the behavior of the function f; under

o into account. Moreover, the function germ locally describing X at o(q;) is denoted by fo;.

Lemma C.8 ([Carberry and Schmidt| 2017, Beginning of Section 6]). Let f; € C{¢}[¢] be the
unique Weierstraf§ polynomial of degree d; whose zero set locally describes X in a neighborhood of
q € X. If none of the points q1,...,qr s a fixed point of o, then the q1,...,qr can be sorted into
pairs such that o(q)) = qo; withl # ol € 1,...,L and

o fi = (=14 fyy. (C.3)
with dl = dgl.

Next, the conditions on é-deformations as in Definition (a) which correspond to local planar
Fermi curve data (X,Q",Q~,dé, o) obeying conditions (A1), (B1) and (D1) are defined. Therefore,

b
X—=>Y—>B

is a deformation together with a meromorphic 1-form déy on Y. Hereby, b denoted the map which

maps a fiber X (b) to the corresponding element b € B.
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Definition C.9 ([Carberry and Schmidt), 2017, Definition 3.4]). A deformation
(X,dé) < (Y,déy) — B (C.4)

b
of locally planar (X, Q",Q,dé¢, o) with prescribed poles is given by a deformation X < Y — B
of the complex space X together with a meromorphic 1-form déy on Y such that the following

conditions hold:

(A1’) For Q' and @, the germ z1 of Definition (Al) extends to zy,+ € Oy g+ such that
(2v,+,b) maps Y+ biregularly onto (C x B)(g,0) and déy g+ = d(z;i).

(B1’) For each ¢ € X°, the germs ¢y, and ¢y, which are induced by the deformation
o A2 v o A v b
(X%, 8q,¢q) = (Y, 8yoq,Cyoq) — B

are elements of Oy, such that (éyg,Cy,q,b) maps Y, biregularly onto V(Fy) with Fj, €
C{e,¢} @ Op and déy,q = (dé)y.q.

(D1’) The involution o extends to an involution on Y and B which acts as

* 7A A * Jv v * A A * v v
o'déy = —déy, o"déy = —déy, 0 Cyq= —Cyo(q)r O Cv,g = —Cyo(q)s

0" Fy(é,é,b) = (—1)"F,,(¢,¢b)),

where d; is the degree of the Weierstrafl polynomial f; describing the germ X,. The involution

o acts trivially on B and commutes with the maps X — Y — B.

(E1") If (X,Q%,Q™,dé, o) is real, i.e. if in addition [C.7] (E1) holds, then 75 extends to an involution
of Y and B which acts as

~ _ _xa - *Y %=
Cym(q) — T2CY.qs  CY,m(q) CY,qs  RY,m(q) — T2”Y,qs

T
A v 3 < v (05)
FT2(‘1) (Cv ¢, b) Fq(c’ c, 7—2(b))

The involution 75 commutes with the maps X — Y — B.

Here, Y}, denotes for all p € X the space germ of Y at p and déy,, denotes the germ of the 1-form
déy at p. Analogously, (C x B)g,0) denotes the space germ of C x B at (0,0) € C x B.

Again, (A1’) guarantees that QF are smooth points of Y and zy 4 is uniquely determined by dé,.
Then for ¢,¢' € X°, one has déy,y = déy = déy,y, and therefore one has — as in the undeformed
case — that d(éyy — éy,y) = 0. So éy4 — ¢y, is constant, and therefore independent from the
deformation parameter b € B. As before, this yields that ¢y, has an analytic continuation along

all paths in X° starting at ¢ and along these paths, the equality of germs of holomorphic functions
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Cyg = Cy,q — Cy,q(¢') holds. Since éyq as well as ¢y, are germs, this remains valid in a small open
neighborhood of X in Y. These considerations enforce that the periods of dé are preserved along
the fibers of the deformation. So condition (C) also holds on all deformed curves X (b) C Y for
b € B and B sufficiently small. Due to (D1’), o defines a holomorphic involution o : X (b) — X (b)
on all fibers over B. So the differential déy transforms as c*déy = —déy. Moreover, (D1’) ensures
that each fiber X (b) of a é-deformation is also endowed with a holomorphic involution o with two
fixed points Q*(b) which equal (0, b) with respect to the coordinates (zy +,b), i.e. these points
are the deformations of the points Q™ and Q™ in X (b) and also fixed points of o on the fiber
X (b). Finally, (E1’) implies that déy transforms as 75déy = déy and that all fibers X (b) are
also endowed with an antiholomorphic involution 75 which interchanges Q% (b) and Q~(b). So
both involutions o and 7 extend to involutions on Y respectively B which are also denoted by o

respectively 79. To describe the morphisms of these deformations, let

(X,de) = (Y,dey) - B,  (X,d¢) — (Y,dég) — B (C.6)

be two such deformations and let the holomorphic maps ¢ : B — B and v:Y — Y define the
following morphism:

X—Y —>»B

[ Lo I (C.7)

X——Y —»B

The deformations of the space germs at the marked points Q¥ and the points ¢ € X° have to be
analyzed separately. This is because X is not locally planar in a small open neighborhood of Q¥,
but locally biregular to an open set in C2. For QF, let X+, Yo+ and ?Qi be the space germs
of X, Y and Y at Q*. The morphism induces the following morphism of deformations of
space germs:
X+ —— Y= — By
H L lwo

XQi — YQi e Bo

It is imposed that this is an é-morphism with respect to the morphisms (z4, zy,+, 0) and (2, 2y 0)
to the trivial deformation of space germs Cy < Cy — {0}. This is equivalent to wjtz};’ L = AV
Analogously, for all other points ¢ € X°, let X, Y, and 17(1 denote the space germs of X, Y and Y
at ¢. The morphism also induces a morphism of deformations of space germs:

Xq( Yq Bo
| e

Xq‘—4>?q—_»60
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This shall be a ¢-morphism with respect to the morphisms (¢, ¢y,4,0) and (&, 5 o 0) to the trivial

deformation of space germs Cy < Cy — {0}. This is equivalent to Vg ly . Cy,q-

Definition C.10. ([Carberry and Schmidt, 2017, Definition 3.5]) Let X have properties (Al),
(B1), (D1) and optionally (E1). A morphism from the left hand side to the right hand side of
is a morphism with wjtsz,i = zy4 for Q* and 1/1;;6577(1 = Cy,q for ¢ € X° and such that o
commutes with ¢ and leaves ¢ invariant. If in addition (E1) and (E1’) hold, then 75 commutes
with ¢ and .

Note that for p € X, one has (1)*déy) = d(éy 0 1) = déy. We are interested in the isomorphism
classes of the deformations in . Since the marked points QT are smooth, the space germs of
Y at these points are isomorphic to the space germs of (C x B)(g,p). Furthermore, at smooth points
q € X at which dé; = d(é;) does not vanish, é, maps X, biregularly onto Cy and (éy,q, b) maps Y,
biregularly onto (C x B) ). From this, it is visible that any deformation should be locally trivial
in the complement of some open neighborhoods of the points ¢1,...,q; of X which are either
singularities or roots of dé. In the sequel, let F; = I, and the space germs in a neighborhood
of ¢ on Y is denoted as ¥} = Y,,. These space germs are biregular to the zero sets X; ~ V(f)
of fi € C{¢,¢} and Y] ~ V(F)) of F; € C{¢,¢} © Op. Hereby, the tie-in between the deformed
and undeformed space germs is given by Fj(¢,¢,0) = Hi(¢,¢) fi(¢é,¢), where Hy € C{¢ ¢} is a
unit. The next Lemma shows that the isomorphism classes of deformations obeying (A1) and
(B1), i.e. which provide the periods of one differential form dé, are in one-to-one correspondence
with the é-isomorphism classes of the deformations of space germs V(f;) < V(F;) — By with
I € {1,...,L}. This means that it is indeed sufficient to consider local deformations in the
neighborhood of points which are either non smooth or the points at which dé has a root. There-

fore, the number of connected components of the special fiber is preserved under the é-deformations.

Lemma C.11 (|Carberry and Schmidt} 2017, Lemma 3.6]). Let (X, Q",Q~,dé¢, o) be locally planar
with prescribed poles and denote the points at which ¢ is not a local coordinate by qi,...,qr €
X. Moreover, suppose that for each | = 1,...,L, there are given deformations (Xl,él,gl) —
(Y3, éiﬁl?é}’,l) — By . Then there exists a local deformation (X, dé) — (Y, déy) — By, unique up to
isomorphism, such that for eachl =1,..., L, the induced deformation (X, ¢, ¢;) = (Y, éyy, Eyy) —

By is ¢-isomorphic to the given one.

So the meaning of this lemma is two-fold: firstly, it is shown how to tinker a é-deformation of
the whole space X out of the local ¢-deformations of the singularities of X. Secondly, one sees
that the deformation of the whole space restricted to small neighborhoods of the singularities is
isomorphic to the local é-deformation.

The proof of this lemma is mainly based on the application of the Weierstra3 Preparation Theorem

[de Jong and Pfister, 2012, Theorem] in the open neighborhoods O; of g, respectively U; C C?
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parametrized by (¢,¢) on the non-deformed space X; as in and open neighborhoods of
(0,0) € C? x B parametrized by (¢,¢,b) € C? x B and describing Y] locally for [ = 1,..., L. These
are chosen in such a way that the branch points of the corresponding Weierstrafl coverings are
contained in small open balls inside of these neighborhoods and such that there is always is an
annulus contained in these neighborhoods on which the Weierstrafl coverings are unbranched. This
and the flatness of the map from the total space to the base space is used to ‘glue’ the space Y

together.

Corollary C.12 ([Carberry and Schmidt, 2017, Parts of Section 6]). Let X be locally planar
with prescribed poles and endowed with o. Moreover, let q1,...,q;, € X be the points at which
¢ is mot a local coordinate and let Fy,..., F;, € C{¢}[¢] @ Op, with Fi(¢,¢,0) = fi(¢,¢) be the
unique Weierstrafs polynomial describing Y at q; for alll =1,...,L. For fited b € B, F; obeys
o*Fy = (=1)% F,; with d; = deg; F; and Y is endowed with an involution o.

The next step in [Carberry and Schmidt, 2017| is the determination of the isomorphism classes of
infinitesimal é-deformations, compare [Greuel et al., 2007, Section II.1.4]. For the isomorphism

classes of the ¢-deformations, the following Lemma holds:

Lemma C.13 ([Carberry and Schmidt}, 2017, Lemma 3.8]). The é-isomorphism classes of infinites-

imal deformations of a space germ f € C{¢é,¢} with f(0,0) = 0 are isomorphic to the elements

of
c{e, &) / (1, %> . (C.8)

In [Carberry and Schmidt), 2017], it is shown that the space in is finite-dimensional for all
l=1,...,L. Hereby, it is used that the Weierstrafl Preparation Theorem |de Jong and Pfister)
2012, Theorem 3.2.4] yields that C{¢,¢}/(fi, 8fl> ~ (’)Ul/afl Oy, and that this is a coherent
sheaf with finite support. Then the finite dlmenmonahty follows due to the Noether Normalization
|[de Jong and Pfister, 2012, Corollary 3.3.19].

For given X obeying (A1), (B1), (D1) and optionally (E1), the next step is the construction of a

particular deformation (X, dé) — (Z,déz) — T. Hereinafter, it will become visible that this is a
universal deformation, see [Carberry and Schmidt|, 2017, Theorem 3.10] with the modifications
due to (D1) proposed in [Carberry and Schmidt} 2017, Section 6]. For each | = 1,...,L, let
g1 == (g11,---,41,) be tuples of polynomials in C[¢] ®OB(51 (0) With respect to ¢ of degree less
than d; which induce a basis of C{¢&}[¢]/(fi, 8fl> ~ C[d & Op;, (0)/(J1; fl>. The last isomorphy
holds because in a small open neighborhood Bs, (0) of é with §; > 0, the coefficients of the
Weierstrafl polynomials f; € C{¢}|[¢] are holomorphic. Thus, the Weierstraf§ polynomials fi, ..., fr
belong to C[¢] ® OB, (0)- Due to the action of o on f; in (C.3), one has o* Bfl = (=1)%~ lafl since
the derivative of a o-invariant function is also invariant under o and degc (%{}) = degé( fl) -1
Corollary [C.12] yields that the deformation behavior at o(g;) is determined by the deformation
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behavior at q;. Therefore, also the quotient spaces determining the isomorphy classes in
have the same dimension at both of these points. Since g;1,..., g, are polynomials and o is
an involution, the same argumentation as in the proof of Lemma [C.§| yields that every basis
(91,15 -->41r) can be decomposed into a direct sum of a symmetric and an antisymmetric part with
respect to o, i.e. into a part on which o acts as 0*g;; = go1; and into a part on which o acts as
0%g1i = —9go1,- To ensure that the deformed spaces X (t) have the same transformation behavior

under o as X for all ¢t € T, it is necessary to impose that
U*gl = (_1)dlgol7

and therefore (g;1,...,4,) forms a basis of the symmetric part of C{¢, ¢}/(fi, %> for d; even and
a basis of the antisymmetric part for d; odd. This choice defines the infinitesimal é-deformations of
X endowed with o, i.e. on Y acts a holomorphic involution o which leaves T invariant. The number
of generators r depends on [. This basis defines a ¢-deformation on small open neighborhoods of

the singularities and branch points

Ul(tl) = {(é, é) € B§1 (0) x C ‘ Gl(é, ¢, tl) = 0} with
Gl(éa év tl) = fl(@ E) + tl,lgl,l(év é) + -+ tl,r‘gl,T(é7 é) = fl(éa é) + tl . gl(éa é)

of the complex analytic space germs X;. Due to the choice of g;, one has that ¢*G; = (—l)dl Gy
One chooses 97 sufficiently small and small open balls 7; C C” such that the roots of the discriminant
of the polynomial f; +t; - g; with respect to ¢ belong to ¢ € B, /5(0) for all t; € T;. With

Zl = {(é, é, tl) S B51(0) x C x 7; | Gl(é, é, tl) = 0}, (Cg)

this yields that the Weierstral coverings Z; — Bs, (0) x 7; have the fixed number of d; sheets over
(¢,t;) € Bs,(0) x T; and are unbranched over (351 (0) \m) x T;. We want to give insight into
the procedure how this yields a deformation of the whole space. So as in [Carberry and Schmidt],
2017, Proof of Lemma 3.6], let

Ap:={(&¢) el | ¢€ B, ;5(0)} and  By:={(¢,¢,t) € Z; | ¢ € Bs, /2(0)}.

Then for each [ = 1,..., L, the spaces (U;\ 4;) x T; and Z;\ B; are unbranched Weierstraf coverings

with an equal number of sheets over ¢ € Bs, (0)\ By, /2(0)) respectively (¢,%;) € (Bs, (0)\ Bs, /2(0)) X

71 Therefore, ¢ is a holomorphic function on U; \ A; which depends on ¢ € (Bs, (0) \ Bs, /2(0)) and

on Z;\ By, ¢ is also a holomorphic function depending on (¢,#;) € (Bs, (0) \ Bs, /2(0)) x T;. The first

function is equal to the evaluation of the second function at ¢; = 0. Moreover, the first function

has a unique global extension to all simply connected open subsets of ¢ € (Bs, (0) \ Bs, /2(0)) and

the second function to all simply connected open subsets of (¢,¢;) € (Bs, (0) \ Bd1/2(0)) x T;. Let
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Wi be an open subset of U; \ A;, which is mapped by ¢ onto a simply connected open subset of
(Bs, (0) \W) The Cartesian product W; x 7; is also simply connected since 7; is an open
ball in C". Hence, there exists a unique biholomorphic map from W; x 7; onto a simply connected
open subset of Z; \ B; which preserves (¢é,t;) and is equal to the identity for ; = 0. First, the the
annulus Bs, (0) \W is covered by finitely many simply connected open subsets such that the
intersection of any two of these open subsets is either empty or connected. Then U; \ A; is covered
by open subsets W; which are mapped biholomorphically onto the former subsets by ¢é. Hereby,
each W; x 7T; is mapped to an open subset of Z; \ B; as described above. Since Z; \ B; is unbranched
over (&1;) € (Bs,(0) \ Bs, /2(0)) x T, the corresponding biholomorphic maps fit together to form a
unique biholomorphic map ¢; : (U \ A;) x T, — Z; \ B; preserving (¢é,t;). Foreach I =1,...,L,
let C; denote the preimage of A; with respect to the map in . With 7 : =71 x --- x Tj, the
open subsets (O;\ C;) x T of X \ (C1U---UCL) x T are mapped biregularly to Z; U ---U Zp,
by 1 o (é,¢,t). Now, X \ (C1U---UCL) x T and Z; U---U Z, are glued together along the
maps ¢ o (é,¢,t;) for I = 1,..., L. This deformation obeys the conditions in Lemma and one

obtains the particular deformation
(X,dé) — (Z,déz) - T. (C.10)

If in addition condition (E1) is imposed, then the maps (¢, ¢) : X; — C? obey (C.1). We define
an action | — 7l of 79 on fi,..., fr such that 72(g;) = ¢r,i- Due to , the unique Weierstraf
polynomials f1,..., fL obey fri(¢,¢) = fi(¢,¢). The basis g1, ..., gz is chosen in such a way that
its generators also obey g¢r,1(¢,¢) = ai(é, E) In particular, for 7l = [, the coefficients of g; take
purely imaginary values for real ¢ € By, (0). Consequently, the involution 7o extends to a global
antiholomorphic involution of with 75(¢;) = t,,; which is also denoted by 7. The following
Lemma together with Lemmata and yields that the space of isomorphism classes of
infinitesimal deformations of the fibers is a vector bundle over 7. Hereby, the next Lemma shows
that the space of infinitesimal deformations of the fibers of has a smoothly varying basis
on T:

Lemma C.14 ([Carberry and Schmidt, [2017, Lemma 3.10 and parts of Section 6]). For sufficiently
small t; € Ty, the elements of g; form a basis of

@Ul(tl)/(%@m(tz)- (C.11)

Considering the symmetric and antisymmetric part of (C.8) and (C.11)) with respect to o, the
following holds: For deg; G| even, the elements of the symmetric part of (C.8|) form a basis of the
symmetric part of (C.11) and for degs Gy odd, the elements of the antisymmetric part of (C.8))

form a basis of the antisymmetric part of (C.11)).

The dimension of the space C{¢, ¢}/(f,df/0¢) counts the number of zeros of df/0¢ on V(f). So
for smooth points ¢ € X \ {q1,...,qr}, the dimension of C{¢,¢}/(f,0f/0¢) in Lemma can
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be interpreted as the zero order of dé over X which equals the branching order of the covering
X — C, (&¢) — ¢ Because the form (0f/0¢)~tdé is regular, the zero order of 9f/0¢ on V(f)
equals the zero order of dé on V(f). Let us assume that dim(C{¢, ¢}/(f,0f/0¢))q = 1. Then dé
has a simple zero at ¢. In this case, deforming a branch point by the é-deformations changes the
¢-coordinate of this branch point. If the dimension of this space is higher than one, interpreting a
singularity as several branch points which coincide, these branch points are generically deformed
into different directions. Since the dimension of is locally constant, the local number of
branch points stays the same in each fiber. For generic ¢t € T, the zero set of f; is deformed in
such a way that all branch points are zeros of order one of dé. The essential ingredient to show
that the ¢-deformation in is universal is that the dimension of the space of infinitesimal
¢-deformations is constant along 7. Another important ingredient is [Carberry and Schmidt),
2017, Lemma 3.11]. To formulate this, let H denote the Banach space of bounded holomorphic
functions on (¢, ¢) € Bg, (0) x Bs,(0) for positive 6 = (41, d2) with the uniform norm || - ||. Hereby,
J2 is chosen in such a way that the corresponding set Uj is a subset of By, (0) x By, (0) for each
1,..., L. Furthermore, the deformation spaces 7; are chosen sufficiently small such that Z; in
is contained in Bs, (0) x By, (0) x 7.

Lemma C.15 ([Carberry and Schmidt|, 2017, Lemma 3.11]). Forl € {1,...,L}, let t; € T be
small and let uy € H be a polynomial with respect to ¢ of degree less than d; such that ||[u; — ¢[|co
1s small. Moreover, let G; be defined as in . Then all h; € H have a unique decomposition
into triples (a;, by, ¢;) with a; € H, by € H a polynomial of degree less than d; with respect to ¢ and
¢ € C" such that h(¢,¢) is for all (¢,¢) € Bs,(0) x Bs,(0) equal to
. (A A s LW 0G LA
hi(é,¢) = ai(¢,8)Gi(é,w(é,¢),t) + by (e, c)a—uz(c, w(é,8),t) + ¢ - gi(é,u(é,¢)).

Furthermore (a;, by, ¢;) depends holomorphically on (hy,u;,t;) € H x H x T;. If in addition
o*uy = —ug and o*h; = (—1)%hy; hold, then the corresponding triples (a7, by, ¢;) and (ayy, by, ¢o1)
transform under o as

oty =ay, 0°bp=—by, o ¢ =cy. (C.12)

In the proof of this lemma, the assumption that ||u; — ¢||» is small is essential since it allows
the application of Banach’s Fixed Point Theorem to v; — ¢ — (w(é v;) — v;) to construct a
biholomorphic map (&, ¢) — (&, w; (&, ¢)) with inverse map (&, ¢) — (&, v(¢, ¢)). So one can determine
the undeformed ¢ from the deformation value w;(¢é, ¢) in the second component and vice versa. Let
furthermore u; and h; be chosen such that o*u; = —uy; and 0*h; = (—1)%hy; holds. Since o does

not change the degree of any of the occurring polynomials in ¢ in (C.12]), the action of o on the
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local coordinates and on G as well as g; implies that

oG,

a*(al(é, é)Gl(é, ul(é, é), tl) + bl(é, 6)%

(6w (é,¢),t) + ¢ - gi(6,w(8,¢))) =

. R . . . 0G,
= 0,1(¢,8)Gy1(&, up(6,8), 1) + by (E, C)Wll

(67 uol(é> é)a tl) +o- gal(éa ual(éa é))
Taking the transformation behavior of h;, G; and g; under ¢ into account and comparing coefficients
yields that (C.12) holds. This decomposition is used to show in [Carberry and Schmidt| 2017,
Theorem 3.12] that (C.10]) defines a universal é-deformation:

Theorem C.16 (|Carberry and Schmidt} 2017, Theorem 3.12]). Let (X,Q",Q~,dé, o) obey (A1),
(B1) and (D1) with a given deformation (C.4). Then, after reducing the base space B, there exists
a unique holomorphic map ¢ : B — T such that the pullback of (C.10) via ¢ is isomorphic to

€.

In the proof of this theorem, one uses that every 1-deformation is described by the local deformations
around qi,...,qr. For an arbitrary 1-deformation (X,dé¢) — (Y,déy) — B, a map B — T is
defined, where 7T is the candidate for the base space of the universal deformation as introduced above.
A morphism between these two deformations is given by H;(¢é, ¢, b)Gi(¢é,u(é,¢), ¢i(b)) = Fi(¢,¢,b).
The trick in this proof is to apply the decomposition from Lemma to H lfl(é, ¢, b)%(é, ¢, b).

This yields a system of ordinary differential equations

OH,

Ay _ EOVEL (6. ¢
ob (C,C,b) al(C,C) Z(C,C,b),
8ul a v . N
%(Ca ¢, b) - bl(C, C):

ey .

a D) =

with known start values H;(é,¢,0) = 1, w(é,¢,0) = ¢ and ¢(0) = 0. One can show that for
sufficiently small base-space, all requirements for the the Picard-Lindel6f Theorem [Azad and Jost],
2013, Theorem 6.16] are fulfilled which leads to local solutions of the above differential equation.
One can show that this defines the map ¢ : B — 7 and that the pull back of X — Z — T under
¢ is isomorphic to X < Y — B. It is explained in |Carberry and Schmidt}, 2017, end of Section 3]
that if condition (E1) is assumed to hold on the special fiber of the deformation in Theorem
then the assumption (E1’) on the deformation space ensures that the involution 79 extends
to involutions of and which are both also denoted by 72. In this case, Theorem
implies that the morphism ¢ commutes with 7 and that ¢ maps the fixed point set of 7 in B to
the fixed point set of 7 in 7. In particular, the restriction of to the fixed point set of 75 in

T is a universal deformation of real Fermi curve data (X,Q%,Q~,dé, o).
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C.4. Deformations of Curves with two differentials

The deformations (X, Q",Q~,d¢,d¢, o) obeying (A) to (D) are subfamilies of the é-deformations.
We will see in this section that it is possible to construct a universal deformation for the deformations
which preserve the periods of both differentials d¢ and d¢ as a subfamily of . Therefore, at
first conditions that shall hold for the deformations preserving both differentials which are similar
to the conditions (A1), (B1), (D1) and (E1) in Definition are formulated in |Carberry and
Schmidt), 2017, Beginning of Section 5] as follows:

Let X be a compact one-dimensional complex analytic space together with two smooth points
Q" and Q, let 0 : X — X be a holomorphic involution and let dé and dé¢ be two meromorphic
differential on X. We impose that (X,Q",Q~,dé, d¢, o) obey the following properties:

(A2) For Q" and Q~, there exist z+,ws+ € Ox o+ which vanish at Q* and map X+ biregularly
onto Cy such that (dé¢)g+ = d(z1") and (de)g+ = d(wi).

(B2) For each ¢ € X°, there exist (¢,¢) € Ox 4 x Ox 4 which vanish at ¢ and map X, biregularly
onto the zero set of some f, € C{¢, ¢} such that (dé¢), = d(&;) and (dé¢), = d(&q).

(D2) On X, there exists a holomorphic involution o with o(Q*) = QF. The local functions (&,, &)

in (B2) and the differential forms dé¢ and d¢ transform as

A v

(o P PN L A 31 kA ko
o'dé = —dé¢, o7dé=—dé, 0Cqg=—Chq), O Cqg= —Co(q)-

(E2) On X, there exists an antiholomorphic involution 7 which acts as (C.1]) and additionally

in = 7’;711@1.

In analogy to the ¢-deformations in Definition the deformations preserving two differentials
are defined in [Carberry and Schmidt, 2017, Section 5] as follows:
For data (X,Q%,Q~,dé¢,d¢, o) obeying (A2), (B2), (D2) — and additionally (E2) in case of real

data — the corresponding deformations are defined as
(X,dé,d¢) — (Y, déy,déy) — B. (C.13)

This is a complex analytic space Y with two meromorphic differentials déy and d¢y and base space
B together with a deformation X <— Y — B of complex analytic spaces obeying the following

conditions:

(A2’) For Q" and Q~, z+ and w4 in (A2) extend to zy+,wy+ € Oy o+ such that (zy+,b) and
(wy,+,b) map Yg+ biregularly onto (€ x B) ) with déy,+ = d(z;ic) and déy g+ = d(w{,vli).

(B2’) For each ¢ € X°, ¢, and ¢; extend to ¢y, ¢y, € Oy, such that (éy, ¢yq,b) maps Y,
biregularly onto V (F,) with F, € C{¢,¢} ® Og and déy,, = d(éy,q) and déy,, = d(Cy,)-
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(D2’) The involution o extends to a holomorphic involution on Y which acts as
O'*déy = —déy, o* dyy = —déy, O'*éy,q = —éyp(q), U*éY,q = _EY,a(q)-

It commutes with the maps X — Y — B and acts trivially on B.
For real curves X, the following condition holds additionally:

(E2%) If in addition (E2) is assumed, 7 extends to an antiholomorphic involution of ¥~ which acts
as (C.5) and wy,+ = 75wy ,+. This involution commutes with the maps X — Y — B.

Finally, the morphisms of these deformations are defined analogous to Definition

Definition C.17 ([Carberry and Schmidt} 2017, Definition 5.2]). Let X have properties (A2),
(B2), (D2) and optionally (E2). A morphism ¢ from the left hand side to the right hand side of

(X,de,de) = (Y,dey,déy) — B, (X,deé,dé) — (Y, dég, dis) — B

is a morphism (C.7) with Zy g0 o+ = zy+ as well as Wy, © o+ = wy,+ and 54 ° 1y = Cy,q as
well as ¢ ¢° g = Cy,q for ¢ € X°. The involution o commutes with 1) and leaves ¢ invariant. If

in addition (E2) and (E2’) hold, then 7 commutes with ¢ and ¢.

To characterize the subfamily of the universal deformations in on which d¢ extends to a
global meromorphic 1-form obeying (A2), (B2) and (D2), one starts again with a characterization
of the infinitesimal deformations similar to Lemma, Here, we include the proof because we
think that it is necessary to understand the proof of the Lemma after that which is not contained
in [Carberry and Schmidt, 2017].

Lemma C.18. ([Carberry and Schmidd, (2017, Lemma 5.3 and parts of Section 6]) The space
of regular 1-forms w on X° with poles of orders at most 3 at QT and Q~ which obey o*w = w

parametrizes the isomorphism classes of infinitesimal deformations ((C.13]).

Proof. Let F1(¢,¢,¢),...,Fp(¢,¢¢) € C{¢,é} ® IT with IT as in Definition and chosen such
that II is invariant under o. These functions describe the infinitesimal é-deformations of fi,..., fr
nearby the points qi,...,qr, i.e. for each [ = 1,..., L, one has ¢*F; = (—1)% F,;, where d; is the
degree of f; and

Fi(¢,¢,e) = fi(é,¢) +efi1(é,¢) with fi1 € C{¢, ¢}

Since o leaves II invariant, this yields that o*f;; = (—1)% for,1- Forall g € X°\ {q1,...,qr}, ¢vq

is a holomorphic function of ¢; and ¢, i.e.

Cy,q = Cq 1 €Cq1
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with a germ ¢, of a holomorphic function on X at q. So w = ¢;dé is holomorphic on X°\

{q1,...,qr}. By comparing the Taylor coefficients up to first order, Fj(¢y,q, ¢y,q,€) = 0 yields that

afi
o¢

filé,¢) =0 and e—=-(¢¢)¢1(¢) +efii(é¢) =0.
Because f;1(¢, ¢) is holomorphic, Lemma [3.6] gives that the form

of
oc

w=yde = —fi1(@, é)dé/ (2,0 (C.14)
is regular at q1,...,qr. At QT and Q~, the function wy g+ = wx +ewxy = w(1 + 5w£1wi71)
is a holomorphic function of z1 and e with w4, w41 € C{z+} both vanishing at z4 = 0. For ¢

sufficiently small, one has |5w;1wi71| < 1 and since € € 11, it is

oo
(1+ ewglwtl)_l = Z(ew;lwi’l)k =1+ 5w;1wi71.
k=0
Therefore,
Gy = w;i = wi — z—:(wi)_Qwi,l and w = —wfwi,l d(zh).

Because w4 has a zero of first order at Q*, w has poles of order at most 3 at Q1 and Q~. Since
w, defined like this, is holomorphic on all other open neighborhoods which cover X°\ {q1,...,qr},
it defines a global meromorphic 1-form on X which is regular on X° with poles of order at most 3
at QT and Q. Furthermore, due to

* A v * v * A A * v v
g dCy = —dCy, [ dyy = —dCy, 0 Cy,q = —Cy’a(q), 0 Cyq = —Cyﬁ(q)

it is 0%¢g1 = —Co(q),1 as well as 0*dé = —de. Therefore, 0"w = w.

Vice versa, since ¢ as well as ¢ are known, a global meromorphic 1-form with these properties
defines ¢, for all ¢ € X°, and therefore an infinitesimal deformation obeying (A2’), (B2’) and
(D2’). (A2’) holds since at QT and Q~, the pole order of dé is given as two and hence the pole
order of ¢, is given as one. Since it is known how o acts on w, ¢ and ¢, it is also known how o acts
on ¢q1 and (D2’) holds. O

In case that (E1) holds for the given data (X,Q%,Q,d¢,d¢ o), the complex dimension of
the corresponding vector bundles are halved since the vector bundles can then be obtained by
considering the real part of the complex vector bundles of the deformations without an involution
.

In the deformations described above, we can assume that the lattice I" is always normalized in
such a way that 4 is not deformed. This means that only all deformations of I" up to rotations and

scaling are described by these deformations. However, this is no obstruction since the Fermi curves
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corresponding to c¢I” with ¢ # 0 and Fermi curves corresponding to A - I, where A is a rotation
matrix in R?, can always be parametrized in such a way that they are Fermi curves corresponding

to I'. It is also possible to determine the space of infinitesimal deformation which leave I" fixed.

Lemma C.19. The space of reqular 1-forms w on X° with poles of orders at most 1 at Q+ and
Q™ which obey o*w = w parametrizes the isomorphism classes of infinitesimal deformations (C
such that the lattice I" is not deformed up to scaling.

Proof. Let 4,4 € I' be the generators of I'. It is known from (4.21)) that on small open neighbor-
hoods Uy C X of QT and Q™ containing only smooth points of X, one has due to the action of o

on ¢ that for a Fermi curve X holds

(2

v v o0
fu, = SEENLAEIN Zéﬁ %=1 and Clu. = mt e + Za-_zgi_l.
zZ_ ;
=0

So on Y, the first order deformations of the generators 4 and 5 can be represented as 5 =
(F1 4+ VA1,1, A2 + by2.1), Y =0(n+ b¥1,1,¥2 + b¥2,1), where b € II. On small open neighborhoods
Uy+ CY of Q% containing only smooth points, this yields

TR b1 — 1(5s + b e
M=y +Za+(b) 9i—1 Y1+ b1 — (Y2 +bY21) +Za+(b) 2i—1

5|U = = z
Y,+ 2y 4 Pt Y+ 2y 4+ gt Y,+
as well as
5 A & F1 4+ bY1,1 4+ e(F2 + bY2,1 =
oy = B + Za (b) 32/271 ( ) + Zai (b)z%f’fl
Y- i=0 2Y,— i=0
Therefore,
oc V1,1 — Y21 = + 2i—1 oc Y11+ 2.1 = _ 2i—1
== 5 4 a Y ()23 and — = 5 4 a; ) (b)za .
8[) Uy 2y 4 ;( 7 ) ( ) Y,+ 8() ZY,— ;( 7 ) ( ) Y,

For deformations which preserve I', the first term of % on Ux. In that case w = ¢y;1d¢ has
Y,+

poles of at most of first order at Q respectively Q. The same arguments as in the proof of
Lemma [C.18] ([Carberry and Schmidt}, 2017, Lemma 5.3 together with the modifications in Section
6]) apply, and so the tangent space of infinitesimal deformations of X which leave I" invariant up

to shrinking and stretching is generated by a vector bundle of degree § + 1. O

Similar to Lemma it is shown in |Carberry and Schmidt, 2017, Lemma 5.4] that the

isomorphism classes of infinitesimal deformations build a vector bundle over T

Lemma C.20 ([Carberry and Schmidt} 2017, Lemma 5.4 and parts of Section 6]). If Q* are the

only fized points of o, the o-invariant, reqular 1-forms on X° with poles at Q™ and Q~ of orders
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at most 3, respectively 1 for undeformed lattices, build a complex vector bundle E — T of rank
9 + 3 respectively % + 1, where g, is the arithmetic genus of X. In case that (E1) holds for
the Fermi curve data (X,Q%,Q~,d¢,d¢, o), these ranks are also % + 3 respectively %4 + 1 as real

vector bundles.

Proof. Is is first shown with help of Lemma that the regular 1-forms define a holomorphic
vector bundle over 7 of rank g,. The proof can be found in [Carberry and Schmidt, 2017]. We
only show how to determine the rank of the vector bundle of o-invariant regular 1-forms. The rank
of this holomorphic vector bundle F on T is determined with help of the two-sheeted covering
7o : X — X, as in Proposition [A.1] The invariance of w under o implies by Proposition [A.4]
that there exists a 1-form w, on X, such that w = 7 w,. Hence, the rank of the vector bundle
describing the o-invariant 1-forms equals the rank of the corresponding bundle on X,. The map
7, is two-sheeted in a neighborhood of Q% since these points are fixed points of o, compare
Proposition [A-4] The proof of Proposition [A:1] yields that the local coordinates on X, centered at
7,(QF) and the local coordinates on X centered at QT can be chosen such that the latter ones
are the square of the former ones. A 1-form with poles of third order at Q¥ can be represented as
c c dz c dz?
AT 2, T a0

with some constant ¢ € C. This shows that the differential w, on X, has a pole of second
order at 7,(Q%) if and only if w = 7w, has a pole of third order at Q¥ and is regular on
X2. So the rank of this vector bundle equals the dimension of H°(X,, 2, _p,), where K, is a
canonical divisor of X,. As in the proof of Lemma the degree of the divisor D, of w, equals
deg(Dy) = 2¢ga0 —2+4 =29, +2 > 2¢4 - — 2, where gq - is the arithmetic genus of X,,. Therefore,
dim H'(X,,Op,) = 0. Due to H*(X,, 2k, _p,) ~ H°(X,,Op,), the Riemann Roch Theorem
[Forster, (1981} § 16.10] yields that

dimHO(Xg, Qk,-p,) =1—9ao+degDs =1—ga0o + 2900 +2 = goo + 3.

Since 2¢q,6 = ga, the meromorphic 1-forms on X which are invariant under ¢ and have poles of
third order at QT and Q~ form a holomorphic vector bundle E on 7T of rank % + 3. The other

cases follow analogously. O

As in the case of é-deformations, it is shown in |Carberry and Schmidt| |2017] how to construct
a particular deformation from which can be shown that it is a universal deformation.
This is again done with help of the infinitesimal deformations. To do so, note that the data
(X,Q%,Q,de¢,dé, o) obeying (A2), (B2) and (D2) are always also data (X,Q%,Q~,dé, o) obey-
ing (A1), (B1) and (D1). So let the initial data (X,Q",Q~,dé, o) of correspond to the
given data (X,Q%1,Q~,dé¢,dé, o) obeying (A2), (B2) and (D2). Since the deformation is a
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universal é-deformation, any deformation is endowed with unique morphisms ¢ : B — T
and 1 : Y — Z of the deformation . Due to Lemma the maps ¢ and ¥ are completely
determined by the germs F; describing Y; nearby ¢; for I = 1,..., L. The next Lemma [Carberry
and Schmidt, |2017, Lemma 5.5] shows that the section w defines again an ordinary differential
equation for these space germs. By the construction of , the local coordinates éy,, for ¢ € X°
and zy 4+ at Qi are also given. To obtain the local coordinates ¢y, and w, + one can use another
differential equation than for the ¢é-deformations which depends on w.

We choose a local trivialization of the vector bundle £ — 7T on a sufficiently small open neighbor-
hood of 0 € T by linear independent sections wy,...,wgr. Moreover, by choosing 7 small enough,

one can assume that these sections trivialize E over T and that
w(r) :=mrwi; + -+ rRWR (C.15)

is a holomorphic section of E — T for every r € CE.

Lemma C.21 ([Carberry and Schmidt, 2017, Lemma 5.5 and parts of Section 6]). Let (X,Q",Q~,
dé,de, o) obey (A2),(B2), (D2) and optionally (E2), let X — Z — T be the universal deformation
in Theorem of (X,Q",Q,dé,o) obeying (A1), (B1), (D1) and (E1) if (E2) holds. Every
holomorphic function r = (r1,...,mr) € (C{b})T induces a unique deformation (C.13) obeying
(A2),(B2), (D2) and optionally (E2) with base B = B:(0) C C such that for all b € B, the
corresponding infinitesimal deformation in Lemma is given by o-invariant w(r(b)) over ¢(b).
Here, ¢ : B — T denotes the map in Theorem [C.16]

Conversely, for any deformation with base B = B:(0) C C, the infinitesimal deformations
in Lemma yield a holomorphic section w of the pullback of E — T with respect to the
corresponding map ¢ : B — T in Theorem[C-16 This section is equal to w(r(b)) in with a
unique v € (C{b})E.

This proof is also based on showing the existence of a solution of a differential equation, similar
to the proof of Theorem [C.16] whereas the directions in the tangent space of the deformations
preserving two differential forms is a subspace of the tangent space of the ¢-deformations. Only
this time, the vector field on the space (Fj, Hy,u;, ;) € Hx Hx Hx C"isforl =1,..., L defined
by

1
%(éu év b) = Cll(é, é)Hl(éa 67 b) (wl(b)> )

0b dé

%(é, &,b) = by(é,8) (”l(b)

ob
Do wi(b))
abl(b):”( ilé ) '

>_1 , (C.16)
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The map t; = ¢;(b) is used to obtain the map between the base spaces of a morphism between
(X,dé) — (Y,dé) — B and the universal é-deformation (X, dé) < (Z,dé) — T. Hereby, it is
exploited that the meromorphic function Jz defines for each ¢ € 7 an isomorphism class in the
even part of C{¢, ¢}/(f, %’2) if deg(f;) even and in the odd part of C{¢,¢}/(f, %’2) for deg(f;) odd
forl =1,...,L. Due to Lemma this isomorphism class determines the derivative of the

map B — T which equals the map from the tangent space on B to the space of infinitesimal

¢-deformations, i.e. the tangent space of T.

To construct a particular deformation which can then be proven to be a universal deformation
for deformations obeying (A2’), (B2’), (D2’) and optionally (E2’), one can define a manifold R for
(X,Q%,Q,de,dé, o) obeying (A2), (B2), (D2) and optionally (E2) and the universal é-deformation
in Theorem of (X,Q",Q,dé, o) together with a holomorphic map R — T as follows:
There exists ¢ > 0 such that for all 7 € R = B.(0) C C¥, the deformation family in Lemma
in direction of exists up to w(r). Hereby, R is a submanifold of C* of complex dimension
% + 3, respectively 4 + 1 if the lattice I" is not deformed. Since o*w(r) = w(r), it is o*r =r
and let R be chosen as invariant under o. It is shown in [Carberry and Schmidt, [2017] that the
solutions (Fy, Hy, uy, ;) and the vector field induced by

sy OF . wi(D)
—(&,¢,b) = 5% (¢,¢,b) 7

0b

and depends holomorphically on r € R. Furthermore, the local coordinates wyy+ exist for
Q* in C{zw+} ® Ox and for each ¢ € X°\ (O U---UOy), the local coordinates ¢y, exist in
C{éw,q} ® Og. The local coordinates at g1, ..., qs, are obtained from Fj as in the proof of Lemma
This defines a particular deformation of the given Fermi curve data denoted by

(X, de,dé) — (W, déw, déw) — R. (C.17)

Theorem yields a unique map y : R — 7 such that the deformation of (X,Q",Q~,d¢, o)

corresponding to ((C.17) is isomorphic to the pullback of (C.10)) with respect to .
If condition (E2) is imposed, the antiholomorphic involution 75 acts on the sections w of E. Then

wi, . ..,wg are chosen in such way that 75w(r) = w(r) holds. The involution 79 acts on r as T9r = 7.
Choosing R as invariant under the involution 72 ensures that 7o acts on (C.17)), compare [Carberry
and Schmidt, 2017, before Lemma 5.6]. Then the deformation in (C.17) obeys (E2’).

Lemma C.22 (|Carberry and Schmidt, 2017, Lemma 5.6]). The deformations in Lemma
are equal to the pullbacks of (C.17|) with respect to unique maps € : B — R.

With help of this lemma, the main theorem can be shown:

Theorem C.23 (|Carberry and Schmidt, 2017, Theorem 5.7]). For (X,Q%,Q™,dé,d¢, o) obeying
(A2), (B2), (D2) and optionally (E2), the deformation (C.17) is a universal deformation of the
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deformations (C.13|).

Sketch of the proof. One considers the deformations

X 1% R
x|

X < Z T )¢
#1

X Y B

where the deformations in the first and third row are obeying conditions (A2’), (B2’), (D2’) and
optionally both of them (E2’) and the deformation in the middle row is the corresponding universal
¢-deformation, so it obeys (A1’), (B1’), (D1’) and (E1’) if (E2’) holds for the other two. Due
to Theorem and since the deformation in of (X,Q",Q,d¢,dé, o) also induces a
deformation of (X,Q%,Q,dé, o), the map ¢ is unique. Furthermore, the deformation
is isomorphic to the pullback of via ¢. Then one shows that there exists a unique map
£ : B — R with ¢ = x o0& and such that the deformation is isomorphic to the pullback of

(C.17)) with respect to &. O
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