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Chapter 1

Introduction

The study of minimal surfaces has a long and rich history dating from the
experiments of the Belgian physicist J. Plateau who showed that by the
laws of surface tension the soap film formed by dipping a wire form in a
soap solution represented a surface which was stable with respect to area.
Mathematically this wire can be described by a polygon I' and thus by in-
vestigating the so-called Plateau Problem one is interested in the existence
of a minimal surface Mr that has I' as boundary !.

The goal of this diploma thesis is to investigate a family of minimal surfaces
¥, going back to Lawson [24, 26]. As Lawson constructs those surfaces us-
ing solutions to the Plateau Problem for a given polygon I'y in S3 that is
patched together by geodesics in 52 we will be dealing with this problem and
the resulting “initial surface” Mr, first. Since those geodesics are serving
as boundary for the “initial surface” it will be convenient to reflect some
conditions posed upon that polygon. Lawson uses the symmetries encoded
in the “initial surface” to construct the whole surface by a reflection princi-
ple explained in [24, 26].

Thus in order to understand the surface one has to understand the symme-
try group arising from reflections across the boundary arcs of the geodesic
polygon in S3. Since every 2-dimensional orientable Riemannian manifold
can be considered as a Riemann surface one might search for another de-
scription of ¥, considered as a compact Riemann surface. As all the ¥, are
hyperelliptic one can realize them as 2-sheeted cover of CP! or equivalently
one can construct a function w : ¥, — CP! such that

2g+2

w = P(z) = [[ 2 - e).

j=1

LA minimal surface is a surface with a mean curvature of zero.
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with P being a polynomial of degree 2g + 2. Equipped with this realization
of the compact Riemann surface 3, one can find the quadratic Hopf differ-
ential ) that together with the mean curvature H and the conformal factor
w uniquely describes an immersion into S3.

We shall for this purpose investigate quadratic differentials and this inves-
tigation will lead to a triangulation of the surfaces 4. It will turn out that
the zeros of the Hopf differential will play an important role in the follow-
ing part of the thesis. This part will be devoted to the study of conformal
immersions via the concept of moving frames. For globally constant Hopf
differential one has to consider tori and those have been studied very in-
tensively by Bobenko (see [3], [4] and [5]) applying methods from integrable
systems theory. In fact, Bobenko gave explicit formulas for CMC tori for the
spaceforms R?, $% and H? in terms of theta-functions. These functions are
described in terms of the so-called spectral curve. The notion of the spectral
curve arises if one considers the eigenvalue-curve of the monodromy that is
explained below.

The situation changes for higher genus g > 2 as one has to deal with discrete
symmetry groups now. It is not clear which object is associated to those
surfaces. However the considerations at the end of this work suggest that
one might find answers when merging the concept of the spectral curves and
the monodromy around distinguished points.

We now give a short overview of the content of the various chapters.

In the second chapter we are going through some notational conventions
as well as the basic concepts of differential geometry such as the first and
second fundamental form or equivalently the three quantities u, @ and H,
that is the conformal factor u, the Hopf differential () and the mean curva-
ture H. Since the surface X, is compact this chapter also deals with compact
Riemann surfaces and the notion of the genus g (a topological invariant) and
describes the Riemann-Roch theorem in terms of divisors and sheafs. We
also give a short introduction into Lie group theory and reduce our atten-
tion to the Lie group SU(2) ~ S3. Finally the concept of moving frames is
elucidated at the end of this chapter. In particular the relationship between
solutions F' to the Laz pair

F.=FU, F:=FV

with the compatibility condition Uz — V, — [U, V] = 0 and solutions u to the
Gauss and Codazzi equations

1 —
2,z + 2% (1 + H?) — 5cgcge—2u =0, Qs =2H,e™



for given @ and H = const are highlighted.

The third chapter starts with introducing tools needed to construct the
surface ¥4, that is the reflection principle, followed by the construction pro-
cedure itself. The focus lies on describing ¥, as an algebraic curve and that
is done by investigating the symmetry group first. In this context it will be
necessary to recall some facts about hyperelliptic Riemann surfaces.

In the fourth chapter the Hopf differential Qdz? is investigated and there-
fore a short introduction into the theory of quadratic differentials is given.
Moreover the notion of a (horizontal) trajectory for a quadratic differential
©(2)dz? is discussed, i.e. a curve v parameterized on an open interval (a, b)

2
of the real axis with ¢(~(t)) (%—9) > 0 for every ¢ € (a,b). This will lead
to a canonical triangulation of ¥,. We shall particularly focus on the signif-

Figure 1.1: A Smyth surface in S®. The image is taken from [32].

icance of the zeros of the Hopf differential, as they will play an important
role in the rest of this work.

Finally the fifth chapter deals with Lax pairs for S and A-dependent ez-
tended frames F, where X is called the spectral parameter. We are inter-
ested in the object associated to X, and therefore shall investigate the effect
of coordinate transformations on the conformal factor u and the Hopf dif-
ferential @) as well as on the extended frame F\. We will also have to recall
some facts from the theory of covering surfaces. Introducing the monodromy
M) as an operator that describes the change of the frame as one traverses a
loop § around a given point via F)\(d) = M fF )\, several properties and the
behavior of M) at distinguished points are studied.
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There is also a sixth chapter that contains the most important results of
this thesis and gives an outlook on possible interesting further research.

There are many people I am indebted to. First I would like to thank Martin
U. Schmidt for providing me with the topic of this work, for regular fruitful
discussions and his steady encouragement. I also would like to thank my
parents for supporting me, without them all this would not have been possi-
ble. Speaking of my family I also want to thank my brother Marcel (for his
occasional late visits) and my best friend Rainer Jékel, on whom I can al-
ways count. Special thanks also go to my workmate Vania Neugebauer (for
bearing with me for several months) and to Jorg Zentgraf for proofreading
this work. Finally I would like to thank Anna for her love and for always
standing by my side.



Chapter 2

Preliminaries

In order to understand the construction procedure for the surfaces we need
to look over some notational conventions and recall essential facts from dif-
ferential geometry, the theory of Riemann Surfaces, Lie groups, and the
concept of moving frames.

2.1 Differential geometric preliminaries

Let M be a C°° Riemannian manifold where at each point p € M the metric
in the tangent space T),(M) at p is denoted by the bracket (-,-). Let X
denote the space of C* vector fields on M.

Definition 2.1. A connection on M is a rule which assigns to each X €
Xy a linear map Vyx : Xy — Xy such that for all X,Y,Z € X and all
f,9 € C®(M) we have

1. Vixigv 4 = fVxZ+gVyZ,
2. Vx(fY) = (XF)Y + [VxY.

By “The Fundamental Theorem of Riemannian Geometry” there exists a
unique connection on M, called the Riemannian connection, which sat-
isfies the further conditions:

3. X(Y,Z) = (VxY, Z) + (Y, VxZ),
4. VxY —VyX =[X,Y].

The third condition states that the Riemannian connection is metric, the
fourth that it is torsion-free.

Let M be a Riemannian m-manifold and M C M a topologically embedded
submanifold of dimension m. Denote the metric on M by (-,-) and the

11
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associated Riemannian connection by V. For any p € M C M we have an
orthogonal splitting o
T,(M) = T,(M) & T, (M)

into the tangent and normal spaces of M at p respectively. With respect to
this splitting we decompose any vector X € T,,(M) as

X=Xx"+x"*

The unique Riemannian connection V of M can then be given as follows.
Denote by &), the set of tangent vector fields of M each of which is defined
in some neighborhood of p on M. Then for X, X € A},

VxY = (VxY)'.
Definition 2.2. The local normal vector field at p
Bxy = (VxY)*

represents a C*-section of T*(M) ® T*(M) @ T+(M) and is called the
second fundamental form of the submanifold M.

Remark 2.3. At each point p € M, Bx y|, represents a symmetric bilinear
map of Tp,(M) into T;-(M):

(VxY)t = (VyX +[X, Y]t = (Vy X))t

and thus
Bxy = Byx.

Definition 2.4. For each p
Hy = tr(Bp)

is a smooth field of normal vectors on M called the mean curvature vector
field.

Remark 2.5. Locally H has the form
m
Hy=> (Vx,Xp)"
k=1

for pointwise orthonormal vector fields X, ..., X;,. An immersion
f: M — M is called minimal if tr(B) = 0.

We now turn our attention to the case where M = S3 := {x € R*| |z| = 1}
is the 3-sphere and M is an arbitrary Riemann surface.
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Definition 2.6. A Riemann surface is a pair (M, Y), consisting of a con-
nected 2-dimensional manifold M with a complex structure X, that is an
equivalence class of biholomorphic equivalent collections of charts, that cover

M.

We will be considering 2-dimensional submanifold of S3, i.e. conformal
immersions of the form

f:M— 83

The function f will always be considered as R*-valued with |f|? = 1.

Now let z = x + iy be a local complex coordinate on M and define

1/ 0 0
8"2(&‘2@)

2\ 0z Z@y '

It will be convenient to reformulate the above considerations in a slightly
different language.

and O respectively by

Definition 2.7. Let f : M — S® be an immersion where S is equipped
with the metric defined by restricting the metric h = dz? + da3 + da3 + da?
of R* to the 3-dimensional tangent spaces of S3. The induced metric
g:Tp,M x T,M — R is defined by

g(’U,’w) = h(df(v)7df(w)) = <df(v)adf(w)>7 v,w € TpMa peEM

and is called the first fundamental form. Both g and ds? are commonly
used notations.

Since (x,y) is a coordinate for M and f is an immersion, a basis for T, M

can be chosen as of o/
fx = <a$>p’ fy = <8y>p7

then the metric g = ds? is represented by the matrix

= <911 912> _ ((fxyfﬁ <facafy>>.
ga1 922 (fy: fa) (fy fy)
In case of a conformal immersion f there exists a function u : M — R, called
the conformal factor such that

ds® = 4e*"dzdz = 4e®(dx® + dy?).

Remark 2.8. f: M — S2is an immersion < g has positive determinant.
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With the unit normal vector to the surface f(M) defined as

_ S Xty

N =17,

s fa % fy‘2 = (fx X Jys fz X fy>a

one sees that N is perpendicular to the tangent plane T,M at f(p) for every
point f(p) and we have the following equivalent

Definition 2.9. The symmetric bilinear map b : T,M x T, M — R defined

by
b= (bll bl?) _ _ <<N:cafx> <Ny7fx>> _ <<N7 foc:c> <N7 fxy))
ba1  ba2 (Nz, fy) Ny, fy) (N, fyz) (N, fyy)
is called the second fundamental form.

The second fundamental form can also be written in terms of symmetric
2-differentials as

b = biida? + biadady + bordyda + baady?.
Converting to the complex coordinate z = x + 4y one obtains
b= Qdz* + Hdzdz + Qdz>,

where @) is the complex-valued function
1 . .
Q= 1(511 — bog — ibia — iba1)
and H is the real valued function
1
H .= §(b11 + b22).

Definition 2.10. The symmetric 2-differential Qdz? is called the Hopf
differential of the immersion f.

Definition 2.11. The linear map S : T,M — T,,M with
S =g b
is called the shape operator of the immersion f.

The eigenvalues k1, ko and corresponding eigenvectors of the shape operator
g~ 'b are the principal curvatures and principal curvature directions of the
surface f(M) at f(p). We can now define the Gauss and mean curvature
using the language introduced above.



2.1 Differential geometric preliminaries 15

Definition 2.12. The determinant and half-trace of the shape operator
S =g 'bof f: M — S% are the Gauss curvature K and the mean
curvature H, respectively. The immersion f is CMC (i.e. of constant
mean curvature) if H is constant, and is minimal if H is identically zero.

Remark 2.13. We note that the above K is not the same as the intrinsic
curvature.

In the following lemma we state an equivalent minimality-condition that will
be useful later on (see [7]).

Lemma 2.14. The minimal mapping f satisfies the equation
DOf = —2e* f.

Proof. Since the immersion f of M in S? is locally minimal the curvature
vector of f as an immersion in R*

Laéf

262“
is everywhere orthogonal to S2, i.e. proportional to f. Hence we get
00f = \f

for some complex valued function \. From the fact that |f|*> = 1 we obtain

0 = S00(1) = 3001, 1) = 5(O(OF. )+ {1.01)
- %(<aéf, f)+(0f,0f) +(3f,0f) + (f,00f))

= (00f, f) + (Of,0f) = (\f, f) + 2€%*
= Mf, f) +2e% = X+ 2e*,

and \ = —2e%%, as asserted. O

We will now compute the (intrinsic) Gauss curvature K and make the ob-
servation, that it can be expressed in terms of the conformal factor u.

Lemma 2.15. The Gauss curvature K for a conformal immersed surface
with isothermal coordinates (z,%), such that ds? = 4e%“|dz|?, where u =
u(z, z) is a given function, is given by

K = —e 2"Au,

where A is the Laplacian.
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Proof. The assertion follows from a straight-forward calculation using the

“Theorema Egregium” and the fact that the surface is immersed conformally

such that for F = e?*:

AF'K = F(40FJF) 4 2F%*(—200F) = 16 F20udu + 2F*(—20(2¢*0u))
16F30udu — 16 F?0udu — 16 F*90u,

from which we get K = —%8(§u = —e U Au. O

The quantities u, Q@ and H obey the well-known Gauss and Codazzi equa-
tions stated below:

1
2u,z + 2e*(1 + H?) — §QQ672“ =0, Qs=2H,e*".
For a minimal immersion f we have

1
5‘51‘(5’) =8¢ "H = 4e™*(byy + baz) =0

and therefore by; = —byy. For the Hopf differential @) one now obtains (since
biz = ba1)

Q@ = i(bll —ib12)(b11 +ib12) = %((bm)g — b11b22).

Since H = 0 the Gauss equation can be restated as follows

QQ — 4€2uu25+4€4u :4€4u(€—2uu22+ 1)
= 4e™(1 - K)

with K being the Gauss curvature. The above curvature equation will help
to understand the meaning of the zeros of the Hopf differential.

Lemma 2.16. If the immersion f is minimal, then the quadratic Hopf
differential w = Qdz? is holomorphic on M, where

1 , ' _
Q= 5(511 —ibi2) = —ﬁf/\@f/\@f/\(‘ﬁf.
Proof. Since f is conformal and (f, f) = 1 we have

(PF.0f) = (°£,0f) =0,

<8f7 8f> = 2€2u.
w is holomorphic if @? is holomorphic since 0Q? = 2Q0Q. Evaluating
Q% = (ielQUf/\af/\éf/\(?Qf)Q gives

(.1 (rof)  (£.9f)  (f.0°f)

et f.f) (9f.0fy (9f.0f) (9f,0f)

(@*f.f) (9°f.0f) (0%f,0f) (9°f.0%f)
= (*f.0%f).
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By applying 0 and the equivalent minimality-condition stated in lemma 2.14
we obtain

0(0*f,0°f) = 2(0(09f),0° ) = —4(d(e* [), 8% f) = 0
and thus that w is holomorphic. O

The next result illustrates the relationship between the holomorphic quadratic
Hopf differential Qdz? and the (intrinsic) Gauss curvature K.

Lemma 2.17. The Gauss curvature K of a minimal surface in S satisfies
K <1, with equality precisely at the isolated zeros of the holomorphic Hopf
differential Qdz>.

Proof. Since f is minimal we may consider

1 . )
0 < ‘Q|2 = Z(bll - Zbl2)(b11 + Zblg)
1

= 1((blg)2 — by1bag) = 4e™(1 - K),
where we have made use of the fact that bos = —by1 and the Gauss curvature
equation. From the last equation the lemma follows immediately. ]

The Hopf differential Qdz? will be of central importance to us. Besides the
fact that the investigated surface will be CMC if and only if ) is holomor-
phic, the Hopf differential can also be used to determine the umbilic points
of a surface.

Definition 2.18. Let M be a 2-dimensional manifold. The umbilic points
of an immersion f : M — S3 are the points where the two principal curva-
tures are equal.

Proposition 2.19. If M is a Riemann surface and f : M — S is a confor-
mal immersion, then p € M is an umbilic point if and only if @ = 0.

Proof. The shape operator corresponding to the conformal immersion f is

S—glp= L <H+Q+Q z‘(QQ))

(RQ-Q) H-Q-Q

with respect to the basis f, and f, of each tangent space of f(M). The
two principal curvatures are then the two eigenvalues of this self-adjoint
operator, i.e. solutions of

4e?"det(S —k-1) =

(
(H=k)+(Q+Q))(H—-k)—(Q+Q)—(Q—-Q)°
= (H-k*-(Q+Q)*—(Q-Q)*
= (H—k)>—4|Q]? =0,
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and thus one obtains
ki =H+2|Q|, ky=H —2|Q|.

Finally one gets k1 = ko < |Q] = 0 < @ = 0 and the result follows. O

2.2 Compact Riemann Surfaces

In this section we will focus on Divisors and the Riemann-Roch Theorem
that will be powerful tools in the following chapters for analyzing the con-
structed surfaces. Most results and terminology are taken from [9] and [11].

Definition 2.20. Let M be a Riemann surface. A divisor on M is a
mapping

D:M-—7Z
such that for every compact subset K C M there are only finitely many
points z € K with D(x) # 0. With respect to addition the set of all divisors

on M is an abelian group, denoted by Div(M).
For D, D" € Div(M) we set D < D" if D(z) < D'(x) for every x € M.

For a compact Riemann surface M of genus g > 0 let (M) denote the field
of meromorphic functions on M. Now suppose that N is an open subset of
M. For a meromorphic function f € K(N) and a € N define

0, if f is holomorphic and non-zero at a,

k, if f has a zero of order k at a,

ord, =
(7) —k, if f has a pole of order k at a,

oo, if f is identically zero in a neighborhood of a.

Thus for any meromorphic function f € K(M)\{0}, the mapping

x — ord,(f) is a divisor on M. It is called the divisor of f and will be
denoted by (f).

The function f is said to be a multiple of the divisor D if (f) > D. Then f
is holomorphic if and only if (f) > 0.

For a meromorphic 1-form w one can define its order at a point a € N as
follows. Choose a coordinate neighborhood (U, z) of a. Then on U N N one
has w = fdz, where f is a meromorphic function. Set ord,(w) = ord,(f).
Again the mapping = — ord,(w) is a divisor on M, denoted by (w).

A divisor D € Div(M) is called a principal divisor if there exists a function
f € K(M)\{0} such that D = (f). Two divisors D, D" € Div(M) are said
to be equivalent if their difference D — D’ is principal divisor.

A canonical divisor is the divisor (w) of a meromorphic 1-form w.
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Definition 2.21. For a compact Riemann surface M the mapping
deg : Div(M) — Z
is called the degree (of the divisor D), whereas

deg D := Z D(z).

zeM

The mapping deg : Div(M) — Z is a group homomorphism and deg(f) =0
for any principal divisor (f) on a compact Riemann surface since a mero-
morphic function has as many zeros as poles.

Before we can state the Riemann-Roch Theorem we have to introduce the
notion of a sheaf and its corresponding cohomology.

Definition 2.22. Suppose M is a topological space and Z is the system
of open sets in M. A presheaf of abelian groups on M is a pair (F,p)
consisting of

1. a family F = (F(U))vez of abelian groups,

2. a family p = (p\({')U,VEI,VCU of group homomorphisms (called restric-
tion homomorphisms)

oS F(U) — F(V), where V is open in U,

with the following properties:

pg = idFq) for every U € T,
ool = ph for WV CU.

Instead of p¥(f) for f € F(U) one writes f|V. We can now define a sheaf.

Definition 2.23. A presheaf F on a topological space M is called a sheaf
if for every open set U C M and every family of open subsets U; C U,1i € I,
with U = (J,;c; Us, the following conditions are satisfied:

(S1) If f,g € F(U) are elements such that f|U; = g|U; for every i € I, then
f=g9

(S2) Given elements f; € F(U;),i € I, obeying
filUinU; = f;\U;NU; for all 4,5 € 1,
then there exists f € F(U) such that f|U; = f; for every i € I.

(S1) and (S2) are called the Sheaf Azioms.
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Definition 2.24. Let M be a topological space and F a sheaf of abelian
groups on M. Let U be an open covering of M, i.e. a family U = (U;);er

of open subsets of M such that (J;c; U; = M. For ¢ =0,1,2,... define the

qth cochain group of F, with respect to U, as

cu,F) = [ FU,n---0).

(20,..-yiq)€TITL
The elements of C4(U, F) are called g-cochains.

Now define coboundary operators

§:CO%U,F)— CHU,F)
§:CYU,F) — C*(U,F)

as follows:
1. For (fi)ie[ S CO(Z/{,}—) let 5((fl)1€[) = (gij)@je[ Where

gij = fj — fi e F(Ui 0 Uj).

2. For (fij)i,je[ € Cl(u,f) let 5((fij)i,j€]) = (gijk) where

Gijk = fix — fie + fij € FU; 0 U; N Uy,).

These coboundary operators are group homomorphisms, so we can define
Definition 2.25. Let

Z\U,F) = Ker(C'U,F) > C2U, F)),

BU,F) = Im(CWU,F)> c U, r)).

The elements of Z!(U, F) are called 1-cocycles and those of B!(U, F) are
called 1-coboundaries.

Definition 2.26. The quotient group
H'U,F):=Z"U,F)/B'U,F)

is called the 1st cohomology group with coefficients in F with respect to
the covering U.

An open covering B = (Vj)rek is finer with respect to the covering U =
(Ui)ier, denoted by B < U, if every V}, is contained in at least one U;. Thus
there is a mapping 7 : K — I such that

Vi C Ur(x) for every k € K.
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We can now define a mapping
. zY U, F) — Z4(B, F)
in the following way. For (f;;) € Z'(U,F) let t4((fi;)) = (gr) where
gil = f'r(k:),'r(l)‘vk NV, for every k,l € K.

This mapping induces a homomorphism of the cohomology groups (also
denoted by t¥) and we are finally ready to define H'(M, F).

Definition 2.27. Given three open coverings such that W < B < U, one
has
t5, ot =444,

Now define the following equivalence relation ~ on the disjoint union of the
HY(U, F), where U runs through all open coverings of M, for two cohomol-
ogy classes ¢ € HY(U,F), n € HY(U', F) by

& ~n & Jopen covering B with B < U/ and
B < U’ such that t¥%(¢) = t%/(n).

The set of equivalence classes is called the 1st cohomology group of M
with coeflicients in the sheaf F:

HY (M, F) = (U Hl(u,}")> )~
u

Now suppose D is a divisor on the Riemann surface M. For any open set
U C M define Op(U) to be the set of all meromorphic functions on U which
are multiples of the divisor —D, i.e.

Op(U) :={f e K(U)| ord,(f) > —D(z) for every z € U}.

Together with the natural restriction mappings Op is a sheaf. In the special
case of the zero divisor D = 0 one has Oy = O.

We will recall the definition of the genus of a compact Riemann surface
before we state the theorem that is central in the theory of compact Riemann
surfaces.

Definition 2.28. For a compact Riemann surface M,
g = dim H' (M, 0)

is called the genus of M.
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Theorem 2.29 (The Riemann-Roch Theorem). Suppose D is a divisor on a
compact Riemann surface M of genus g. Then H°(M,Op) and H'(M,Op)

are finite dimensional vector spaces and
dim H°(M,Op) — dim H'(M,0p) =1 — g+ deg D.
Proof. See [11, Thm. 16.9]. O
Definition 2.30. The positive integer
i(D) := dim HY (M, Op)
is called the index of speciality of the divisor D.
We may reformulate the Riemann-Roch Theorem in the following form
dim H°(M,0p) =1 — g+ deg D +i(D).

We will now state the Serre Duality Theorem that allows a simpler interpre-
tation of the cohomology groups H'(M,Op) in terms of differential forms.

For this purpose let M be a compact Riemann surface. For any divisor
D € Div(M) we denote by Qp the sheaf of meromorphic 1-forms which are
multiples of —D. Thus for any open set U C M the set Qp(U) consists of
all differential forms w such that ord,(w) > —D(x) for every x € U.

Theorem 2.31 (The Duality Theorem of Serre). Any divisor D on a com-
pact Riemann surface M induces an isomorphism

H(M,Q_p) ~ H'(M,0p)*.
Proof. See [11, Thm. 17.9]. O
Remark 2.32. From the Serre Duality Theorem one immediately obtains
dim H'(M,Op) = dim H°(M,Q_p).
In particular for D = 0 one has

g = dim H'(M, 0) = dim H*(M, Q).
Thus the genus of a compact Riemann surface M is equal to the maximum
number of linearly independent holomorphic 1-forms on M. One can now

formulate the Riemann-Roch Theorem as follows:

dim H°(M,0_p) — dim H*(M,Qp) =1 — g — deg D.
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Theorem 2.33. The divisor of a non-vanishing meromorphic 1-form w on
a compact Riemann surface of genus g satisfies

deg(w) =29 — 2.
Proof. See [11, Thm. 17.12]. O

Proposition 2.34. For g > 1 the quadratic Hopf differential Qdz? defined
in section 2.1 has exactly 49 — 4 zeros to multiplicity.

Proof. Since w = Qdz? is holomorphic we have D := (w) > 0 and therefore

f zeros = deg(w) =2(2¢9 —2) =49 — 4.

2.3 Lie groups

In order to understand the concept of moving frames and the following
considerations, one has to recall some basic facts about Lie groups.

Definition 2.35. Let G be a Lie group and define left- and right-multiplication
by an element g € G via

Ly,:G— G, h — gh

R,:G— G, h — hg

A vector field X : G — TG is called invariant, if
dpLy(X(h)) = X (gh) for all g € G.

With the above definition one immediately sees that left-invariant vector
fields are uniquely determined through their values at the identity, since

X(g) = diLyX(1).

Denoting the set of left-invariant vector fields by I'r(G) one obtains the
following vector space isomorphism

r'n(G) =2 NG
X — X(1),
with inverse map given by T1G 3 v1 — X € I'[(G), X(g) := di1Lgy(v1).

Definition 2.36. The Lie algebra g associated to a Lie group G is the
tangent space of G at the identity 1, i.e. g = T1G. Furthermore, there is a
bracket operation g x g — g defined as

X, Y]() =X (f) - Y(X(f)), X, Yeg, f:G— R smooth.
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Thus the left-invariant vector fields, equipped with the commutator [, -]
correspond to g. Moreover, the tangent bundle of a Lie group is trivial:

TG = Gxg
Vg (g,dngl(Ug))7

where the inverse map of this isomorphism is given by (g, v1) — diLg(v).
We may now define the Maurer-Cartan form.

Definition 2.37. The (left) Maurer-Cartan form is the g-valued 1-form
g — 04 with

0y: TG — g

vg — dngl(vg).
This is often written § = g~ 'dg.
Proposition 2.38. The Maurer-Cartan form satisfies the following equation
2d0 + [0 N 6] = 0.
It is called structure equation or Maurer-Cartan equation.
Proof. First we note that
do =d(g~ ') Adg.

To compute d(g~!), consider the identity e and note that it is the product
of two non-constant functions:

0=d(e) =d(g~'g) =d(g~ g+ g "dg.
So, d(g7 ') = —g71(dg)g~! and thus
1
dd = —g 1 (dg)g Ndg = — (g7 dg) A (g7 dg) = —O A O =: fg[e A 6.
m

We state the following proposition that will be useful later on.

Proposition 2.39. For a map f : M — G, the pullback a := f*# also
satisfies the Maurer-Cartan equation, i.e.

2da+[aNa] =0.
Proof. A short calculation yields

2da+jaNa]l = 2d(f0)+ [f*ON f 0] =2f*df + [0 N 0]
= f*(2d0+[0N0])=0.
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It will be convenient to identify S with a certain Lie group, namely the
group SU(2),

SU(2) = {A€ Myyo(C)|det(A) =1, A'=A"1}

- {5, )P =1} =5

The corresponding Lie algebra is denoted by su(2) and a direct computation
shows that

5u(2) = {—; < —%3 1 +Zl‘2> ’ T1,T2,T3 € R} .

T — 122 T3

2.4 The concept of moving frames

The fundamental theorem of surface theory states that there exists an im-
mersion f : M — S2 with first fundamental form g and second fundamental
form b if and only if g and b satisfy a pair of equations called the Gauss and
Codazzi equations. Furthermore we know that f is uniquely determined by
g and b up to rigid motions.

The 1-form formulations for g and b are

g = 4e®*dzdz, b= Qdz*+ Hdzdz + Qdz>.

The symmetric 2-form Qdz? is the Hopf differential as defined before. In
the conformal situation, the Gauss and Codazzi equations can be written in
terms of the functions u, H and Q.

Definition 2.40. Let M be a smooth manifold of dimension n. A frame
is an n-tuple (Xy,...,X,) of vector fields such that X;(p),..., X,(p) is an
ordered basis of T),M at every p € M.

If one considers a conformal immersion
f:M— S3cR?

of a Riemann surface with complex coordinate z, then one has (f, f) =1
and
<fZ7N> - <f27N> - <f7N> =0, <NaN> =1,

where N is a unit normal of f in S3. Then the frame F = (f, f., fz, N)
satisfies the following conditions.
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Proposition 2.41. The frame F = (f, f., fz, N) satisfies

F.=FU, F:=FV,

where
0 0 2¢2u 0 0 —2e2+ 0 0
_ 1y, —2u
. 1 2u, 0 1 H_zu - 0 0 0 5Qe
0 0 0 —3Qe 1 0 Qus —H
0 Q 2He* 0 0 2He*™ Q@ 0

Proof. Since the immersion is conformal we have

<fzaN> = <f27N> = <va> = <fz,fz> = <f2;f2> =0, <N’N> =

and (f,f) = 1. In addition one has (f,,fs;) = 2¢e**. Therefore F =

(f, f=, [z, N) indeed is a framing and after normalization one obtains

fo = Dt + (e Fhti + (o fh ot + (o NN
foo= U f)y <fz,fz>2f§u (o fohgis + Fze NON
foo = Uees Prgiy + oo SVt + Ao Fo) g + s NON
for = <fzz,f> o e g fer F) 52 4 (s N
Foo = (fom Py + UFees o) it + (o Fod i + (e NON
No = (Ve f) gt N o) s e (v

N. = <Nz,f>2(j;u+<Nz,fz>2f;u+<Nz,fz>£%u+<Nz,N>N

Recall that the Hopf differential ) and the mean curvature H are defined
by
Q = <fZZ7N>7 2H62u = <fz25N>-

Differentiating the equation

(f2 fz) = 26

one obtains
<fzza f2> = 262““2’-

Equipped with all these equations one can directly check, that the matrices
U,V are of the form stated above. ]
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Theorem 2.42. Let D C C? be an open simply connected set containing
(0,0). For U,V : D — sl(n,C) there exists a solution F' = F(z,z) : D —
SL(n,C) of the Lax Pair

F,=FU, F.=FY
for any initial condition F'(0,0) € SL(n,C) if and only if
Us: =V, + VU] =0 with [U,V] =UV —VU.

Proof. Assume there exists an invertible solution F'(z,z). Since F,; = Fj,
one obtains
O:Fzg—ng:FUQ—FVZ—FFEU—FZV

and therefore

0=FU:—-FV,+FVU - FUY.

Thus
U: =V, + [V, U] =0

must hold.

Now suppose that Uz — V, + [V,U] = 0 holds. Reworking this into the
coordinates (z,y) we get

Up +iUy — Vy +iV, = 2[U, V] = 0.
Then we can solve the ordinary differential equation
(F(2,0))e = F(z,0)(U + V)(,0)
with initial condition F'(0,0). For each fixed z it remains to solve
(F(z0,y))y = F(xo, y)id — V) (20, y)

with initial condition F'(zg,0). Hence F(z,y) is defined and we have
Fy, = Fi(U—V) for all z,y.
Since

(F, = FU+V))(2,3) = 0
if y =0 and F,, = F,;, we have

(Fe = FUA+V))y = Fpy—F,U+V)—FUy,+Vy)

= (FiU—=V))y — F,(U+V)—F(Uy,+Vy)

= FiU—-V)+ Filly —Vy) — F,(U+ V) — F(Uy + V)
= Fi(U — V) + Fi(2[U,V]) — F,(U + V)

= Fi(U-V)+ Fi(2[U,V]) — Fild = V)U + V)

= (Fp,—FU+V)iU-YV).
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Set G = F, — F(U+ V). G is a solution of G, = Gi(U — V) with initial
condition 0. By the uniqueness of the solution G is zero and therefore
F, — F(U+ V) =0. Hence F is a solution to the Lax pair, since

1 1
F. =g (F;—iF,) = FU, F:=g(F;+iF,)=FV.

Considering
det(F) - tr(F7LF,) = (det(F)), and det(F) - tr(F~1F,) = (det(F))w
with U,V € sl(n,C) we have
(det(F)). = (det(F))w =0
and it follows det(F') = 1 because det(F'(0,0)) = 1. O

The matrices U, V obey the compatibility condition
MZ _Vz - [Z/[,V] = 0,
which implies that

1
2u,z + 2e%(1 + H?) — 5@@52“ =0, Q:=2H.,e*".

These are precisely the Gauss equation and Codazzi equation, respectively.
Following this ansatz makes it possible to apply methods from integrable
systems theory, provided that the Hopf differential is constant.

We want to take another point of view and will treat the Gauss and Codazzi
equations as a zero-curvature condition.

For this purpose we identify the 3-sphere S3 C R* with
53 = (SU(2) x SU(2))/D,

where D is the diagonal in SU(2) x SU(2). The Lie algebra of the matrix
Lie group SU(2) is su(2), equipped with the commutator [, ].
The Maurer-Cartan form 0 : T'SU(2) — su(2) satisfies the Maurer-Cartan
equation

2d0 + [0 N 6] = 0.

For a map F : R? — SU(2), the pullback a = F*§ also satisfies the above
equation and conversely, every solution o € Q' (R?, 5u(2)) of the above equa-
tion integrates to a smooth map F : R? — SU(2) with o = F*0.

Setting a« = Udz + Vdz one obtains the Gauss and Codazzi equations from
the Maurer-Cartan equation for U,V € SU(2). Later we will see how to
rework our Lax pair U,V into the SU(2)-setting.

If one thinks of ¢ as a connection form, df + 0 A 6 = df + [0 A 0] is the
corresponding curvature form. Thus the Maurer-Cartan equation is a zero
curvature condition.
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Construction of Lawson’s
surfaces

We now want to study a construction procedure proposed by H. Blaine Law-
son that generates for every non-negative integer g a minimal embedding of
a compact orientable surface of genus g into S3.

Before stating this procedure we first introduce what Lawson calls the “re-
flection principle”.

3.1 The reflection principle

Let v be the geodesic in S? given by 23 = 24 = 0, and let S be the great
2-sphere given by x4 = 0.

Definition 3.1. Define the geodesic refiection across « via the map
Toy S3 — S where

ry(x1, X2, 3, T4) = (21, T2, —T3, —T4)

and analogously geodesic reflection across S via the map rg : S3 — S° where
rs(x1,x2, x3,24) = (21, X2, T3, —T4).

Remark 3.2.

1. These maps can be interpreted as sending a point p to its “opposite”
point on a geodesic through p which meets v (or S) orthogonally.

2. It is clear that geodesic reflection across an arbitrary geodesic ¢ is
obtained by conjugation with a rotation ¢ that maps ¢ into ~:

t=¢loy04.

For purposes that will become clear later we state the two following propo-
sitions due to Lawson.

29
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Proposition 3.3. Let f : M — R" be an immersion and let H be the mean
curvature vector field of f. Then

where Af = (Afi,...,Afn).

Proof. Let p € M and choose pointwise orthonormal vector fields E1, ..., E,,
on M. Then we have B
EiEif =Vg,E;

with V being the euclidean connection. Thus we have

Af = Y Vief=) (VeVESf =V,

i=1 i=1

= Y (BEf-VEEf) =) (V5FE - VikE)
=1 =1

= > (VgE) =H
=1

O]

Proposition 3.4. Let M be a Riemannian m-manifold and let f : M —
S™ C R™*! be an almost conformal minimal immersion, i.e. a mapping that
fails to be an immersion at isolated points. Then

Af =—VLVN.

Proof. First we observe that for the mean curvature vector fields H* in S™
and H in R""! we have

m m m

H* = (ViE)" =Y (VeE))"=> (VeE)")" =H)T,

i=1 i=1 =1

where V*,V are the connections on S™ and R™"!, respectively. Since f is
an almost conformal minimal immersion, A f(p) is parallel to the normal to
S™ almost everywhere, i.e.

Af=A\f, e C®(M).
Since (f, f) = |f|*> = 1 one obtains

m

0 = SAIFP =Y BB ) =Y B ED)
=1 =1

= Y (L, BEf) + (Eif, Eif)) = (f,Af) + V],V ])

i=1
= MLOH ANV =X+ (VI V)
and thus A = —(Vf,Vf). O
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Proposition 3.5. Let M be a minimal surface with C?-boundary OM. If
OM contains a geodesic arc v (in %), M can be continued as an analytic
minimal surface across each non-trivial component of M N« by geodesic
reflection.

Proof. Let w.l.o.g. v be given by x3 = x4 = 0 and choose p in the interior
of OM N ~. Since M is of class C? it is of class C{, i.e. the immersion
is p-Holder continuous with g = 1. We can now apply [28, Thm. 9.3.1] to
obtain a conformal map

f :D— S3 C R
is a regular representation of M (and of M) in a neighborhood of p with
= {(x,y) € R?| 22 +3y? < 1}. Due to [28, Thm. 9.3.1] we may also set

f(0,0) =p, f3(z,0) = fa(x,0) = 0.

!
D

Via the Riemann mapping theorem we can transform f to f : D" — g3
defined on the upper half disk D' := {(z,y) € R?| 22 +9*> < 1,y > 0}.
Since f is minimal it follows from proposition 3.4 that

Af=—=(VEVHS

over D* (A is the Laplace-Beltrami operator for the induced metric). Now
we extend f to the entire unit disk by setting (for the lower half disk)

fk(xay) = (—1)[k/3]fk(;p’_y) for k = 1,...,4.

For each k we have fi € C(D). The only interesting points here are those
determined by y = 0. If we apply the minimal surface equation from propo-
sition 3.4 we obtain (for k = 3,4)

82 82 82 82
(gt af) @0 = (=grafi= 5zh) @0
< 2 Afi(z,0) =0,

hence we see that the second partial derivatives with respect to x and y
agree on y = 0 since fx(z,0) = 0 for k = 3,4. Thus the first derivatives
8% fr and 8% fx coincide on y = 0 for k = 3,4 as well. In particular we have
in this situation

aayf?, = aayf4 = 0.
The second partial mixed derivatives obviously agree on y = 0 and so we
have fj, € C?(D) for k = 3, 4.
We also have a%fk, a‘%fk and (by the chain-rule) g—;fk € C(D) for k =1,2.
We will now show that a%fl = a%fg =0ony=0. Since |f|? =1 we have

0 0 0 0 0 0
<fa%f>:f1-%f1+f2-%f2=0=(f,afyﬁ:fl'afyfl—i-fmafyh
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on y = 0. Furthermore we have

o .\ (9 .\
(a:) + (@) >0
on y = 0 and thus applying the derivative with respect to x to the equation
2
above yields a%fk = %Byfk =0ony =0 for k =1,2. It follows that f

satisfies the minimality condition stated in lemma 2.14 and therefore by [26,
Lemma 1.1] it is analytic in D. O

3.2 The construction procedure

We now want to apply the methods developed above in order to construct
complete, non-singular minimal surfaces in $3. Roughly speaking the whole
procedure boils down to the solution of the Plateau Problem (see below) for
a given polygon I serving as boundary for the desired surface. By choosing a
special polygon I' obeying some conditions we can extend the resulting sur-
face by geodesic reflection to obtain a family of compact orientable surfaces
of genus g in S3. We shall start with some terminology.

Definition 3.6. For two distinct geodesics v and § which meet in S3, let
S(,0) be the unique 2-sphere containing v U §.

A subset X C 52 is bounded by S(v, ) if X is contained in one of the two
closed hemispheres determined by S(7,J).

Definition 3.7. By a geodesic polygon in S% we mean a polygon whose
edges are geodesics vg,7V1,--.,Vn = 7o having vertices vg,v1,...,v, = vy

such that for each 1 < i < n, v; meets y;_1 in v; at an angle of the form

x . .
AT where k; is a positive integer.

For each i we denote by N; the geodesic perpendicular to S(y;—1,7i) at v;.

Definition 3.8. A geodesic polygon I is called proper if for each 1, it is
bounded either by S(v;—1, N;) or by S(vi, N;).

Before stating the necessary conditions for the special choice of the geodesic
polygon I' we have to make another definition.

Definition 3.9. Define the convex hull of I' by
C(I) = ﬂ{H | H is a closed hemisphere containing I'}.
IfI' c oC(I"), I is called convex. Now set

Sr = {S| S is a geodesic 2-sphere in S® such that

S NT has at least four components}.
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The polygon I' is now assumed to be a proper, convex curve satisfying the
following:

(A) T lies in an open hemisphere of S3.

or each p € there 1s a geodesic -sphere contalnin p suc
B) F h C(I")° th i geodesic 2-sph Sp ining h
that Sp ¢ Sr.

(C) Whenever one of the pair S(v;—1, N;i), S(vi, NV;) fails to bound T, we
have k; = 1.

(D) There exists a continuous map 7 : C(I') — D which is differentiable in
C(T")° and carries I' monotonically onto D such that for each S € Sr
the differential of the map «|S NC(I")° is everywhere of rank 2.

Definition 3.10. Let

Xr = {f:D— 83| f is piecewise C* and f|dD is a monotone

parametrization of I'}

and define the area function A : Xp — RTU{oc} by the following integral:

A= | /D (fo A fyldudy
where |fw A fy‘2 = ‘fw‘2‘fy|2 - <fx7fy>2-

Definition 3.11. Define the Dirichlet integral by
D) = [ (5 + 14,?) dod.
Remark 3.12.
1. We observe that
[Fe AL = LEPUP = ey £ SUEPUP < 5 (6l + 15)

where equality holds if and only if |f;| = |f,| and (fs, fy) = 0. Thus
we have

|

A() < 5D(f)

where equality holds if and only if f is conformal almost everywhere
in D.

2. In case of a conformal immersion f we have due to the isoperimetric
inequality for minimal surfaces (see [8, pp. 129-131])

1
D(f) = 2A(f) < —I(I')?
(f) = 2A(f) < 5-(T)
where [(T") denotes the length of I". Thus the Dirichlet integral D(f)
always exists for such f.
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The Plateau Problem for given I' is now to find a f € Xt such that
A(f) = Ar where
Ar = inf A(f).
r= inf (f)
We want to state a theorem due to Morrey (see [28]) without proof that
guarantees the existence of a solution to the Plateau Problem for I'.

Theorem 3.13 (Morrey). Let I' be a geodesic polygon as constructed above.
Then there exists a continuous immersion

f:D— S3

that is analytic and almost conformal in D’ and minimizes the Dirichlet and
area integral among all maps in C(D, $?) N Hi(D, S3) which represent T on
D, i.e. f(OD)=T.

Now the construction procedure splits up into the following parts:

1. Let f:D — S3 represent Morrey’s solution to the Plateau Problem
for I and set Mr = f(D).

2. The surface Mr can be analytically continued as a non-singular min-
imal surface across each of its boundary arcs 7y, ...,v, by geodesic
reflection.

3. If Gr denotes the subgroup of O(4) generated by the reflections across
the boundary arcs then

Mr= | g(Mr)

g€Gr
is a complete, non-singular submanifold. If Gr is finite, M is compact.

Theorem 3.14 (Lawson). The immersion f : D — S3 from the above
theorem fulfills

F(D@)°) c eIy,
Proof. This follows immediately from [25, Thm. 2] and f(dD) =T. O

Theorem 3.15 (Lawson). The immersion f : D — S3 is non-singular

and one-to-one in (D)° =D and thus f conformally embeds (D)° = D into
c(r)e c S3.

Proof. Due to the previous theorem we have f(D) C C(T')°. Take a point
p € D, then f(p) € C(I")°. Condition B implies that there exists a geodesic
2-sphere S, with f(p) € S, such that S, ¢ Sr, i.e. S, NI has at most
three components. We may now apply [25, Thm. 4 (a)] to deduce that
rank(df|,) = 2, thus f is non-singular in D.
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The second part of the assertion is gained by combining condition D and
Theorem 4 in [25): Since we are considering an immerson into S% we have
to set n =3 in [25, Thm. 4 (d)] and thus there exists at least one geodesic
hypersphere S, containing f(p), such that I'N.S has at least 2"T+1 = 4 com-
ponents, i.e. S € Sr.

Now suppose there exists some p € D such that 7(f(p)) # p and therefore
rank(dn|,) < 2. Due to condition (D) there is no S € Sr with f(p) € S. But
this clearly contradicts the above statement and we see that f is one-to-one
in D. O

We need to check that f is analytic on 0D except at isolated points. The
fact that f is one-to-one is based on the finiteness of D(f) as the following
lemma shows.

Lemma 3.16. The immersion f : D — S is one-to-one on 0D and analytic
at each point of the boundary which is mapped to the interior of an analytic
sub-arc of I'.

Proof. Consider a point p on dD and the Dirichlet integral over a “wedge”
A, in the interior given in polar coordinates r, 6 about p such that r» < 2e
for a small e.

M(2) := D(f,A) =2-A(f,A) = /<2 /9 <|f7~]2r + i|f912> drdf.

This integral represents twice the area of the image of this region; hence it
exists and lim._.g M (2¢) = 0. Furthermore for r < p < 2¢ we have

/] <|fr|2r + 1\f9|2) drd6 < M (2e).
A, r

Now set s = r - 8 with ds = rdf. The last inequality then becomes

mes) = [ P 1) drds > /026 /Om|fs|2dsdr

2e 27r 2e
> / / |f5|2dsdr :/ p(r)dr
€ 0 15

where p(r) = 02W | fs|?ds. By the mean value theorem, there exists a value

p = po in the range € < p < 2¢ such that
2e 2e 2wp
| v =pio) [ dr=ple)-e = [ I.Pds < M22)
€ € 0

and therefore fOZW’O |fs|?ds < @ Now we consider a sequence (&y)nen
with lim,—. &, = 0. To this sequence corresponds a sequence of radii p,
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tending to zero, for which the above inequality is satisfied. We now want to
estimate the length [,, along an arc given by a fixed p,,.

Applying Schwarz’ inequality we get (p, < 2¢)

2mpn ? M(2
2 = </ \/|f5]2ds> < 27pn (5 ) < 4nM(2¢).
0

Hence [, tends to zero as p, — 0, and therefore the distance between the
endpoints of an arc v C I' tends to zero. Thus the diameter of this arc tends
to zero and the first assertion is proved.

The second claim follows from [13, Thm. 9.3]. O

We have seen that f is analytic on 0D away from the points corresponding
to the vertices of I'. We now want to investigate the behaviour of f at these
points. For a fixed 7, 1 <i <n let

f_l[%-] =:6;, C 0D

be the pre-image of an arc v; C I'. By a conformal mapping we may carry f
into the upper half disk such that d; corresponds to the arc y = 0. Since f
is analytic and one-to-one on J; proposition 3.5 shows that reflection across
9; defines an analytic continuation of f throughout all of D.

Lemma 3.17. For a fixed i there are no points in the interior of §; where
VfI=0.

Proof. Fix a point in the interior of §;, say p = (x,0) € 6¢, and choose a
small disk B.(p) C D around p. Since T' is convex for each i there is a
geodesic 2-sphere S O +; which divides S? into hemispheres HT and H~
such that f(D") c HT.

Applying [25, Thm. 2] yields

Fint(DT)) Cint(H') and f(int(D ")) C int(H™).

Thus f(0B:(p)) N S consists of exactly two points. Restricting f to B:(p)
one gets a surface

fla.p) : B:(p) = $*

and therefore applying [25, Thm. 4 (a)] shows that |V f| # 0 at p = (z,0).
O

If we set Mr = f(D) for a solution f : D — S3 to the Plateau Problem for T
we can now smoothly continue the surface Mr across each of its boundary
arcs by geodesic reflection. Reflecting this surface successively 2k; + 2 times
around a vertex v; (with two arcs 7; and ~;_; intersecting at an angle of
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ﬁ) yields the original surface M. Hence we get a smooth surface near
v; that may be singular at v; itself.

We will now see that the resulting surface M* is smooth and non-singular
at v;.

Lemma 3.18 (Lawson). The surface M* is smooth at v;.

Proof. We only give a sketch of the proof of this lemma. First we observe
that if we reflect Mrp k;-times at v; we get a surface M™ which is bounded
near v; by an unbroken geodesic arc v. Since S? is a compact Riemannian
manifold it is geodesically complete and therefore « is just the continuation
of the arc ~; across v;.

Reflection of M™ thus yields the total surface M*. Let fT : D" — S3bea
conformal, smooth parametrization of M™ with

f+ ([_17 1] X O) =~ and f+(070) = U;.

Due to our previous considerations f* is smooth on [—1, 1] except possibly
at (0,0) and we may extend f* to a map f*: D — S3 by reflection across
~. For any domain D C M* we have the rough inequality

<2ki+2

A<D) - Ar

1(0D)?

resulting from the isoperimetric inequality for Mr. Let C' be a system of
local coordinates for S? obtained by stereographic projection from the point
—v;. The metric in these coordinates has the form

4
2 ldX [,

ds* = ———s
T U+ XP)

where X = (X7, X9, X3) and |X| denotes the euclidean norm. The Dirichlet
integral for any S3-valued function ® defined in a plane domain D repre-
sented in such coordinates is

_ 4 2

For f*(D) = M* we can find constants K and p (see [13, §4]), independent
of r and R, with 0 < g < 1 such that

(1) f*is p-Holder continuous in D

(2) For any p € D and any r, R with 0 < r < R one has

D(f*,B,(p) < K (55)" DU Balp)).



38 Chapter 3. Construction of Lawson’s surfaces

where B,.(p) = {2z €D||p—z| <r}.

Over domains in D which parameterize domains on Mr or one of its images,
f* minimizes the Dirichlet integral D. Since f* is analytic except possibly
at (0,0), it represents a weak solution to the Euler-equation

a * a * \V4 *|2

E (%) w (%) +2%:0-

Oz \ (1+|f**) Oy \ (1 +[f*%) (L+[f*)
However, this system satisfies the condition (1.10.8”) in [28, p.33] and com-
bining (1) and (2) one can conclude that f* is analytic at (0,0). O

Lemma 3.19 (Lawson). We have |V f*(0,0)| # 0 and thus the non-singularity
at v;.

Proof. Choose a small disk B-(0,0) C D such that
f*(B:(0,0)) C H for an open hemisphere H.

By [25, Thm. 3], we know that |V f*(0,0)] # 0 implies that for every
geodesic 2-sphere S containing v; the pre-image (f*|0B:(0,0))~(S) has at
least four components. In order to prove the lemma we have to find S for
which this set has only 2 points.

Suppose I' is bounded by both S(v;—1, N;) and S(v;, V;). Then T lies in a
region L that is determined by these hyperspheres. Moreover, M C L°.
Observe now that there is a tessellation of S3 by 2k; 42 regions congruent to
L each of which meets N;. When Mr is reflected at v; each distinct image
lies in a different one of these regions (with its interior in the interior of the
region). The surface M* meets the interfaces of the regions in great circles
which are parameterized one-to-one. It follows that if S = S(~;, V;), then
(f*|0B=(0,0))"1(S) consists of exactly two points.

Suppose on the other hand, that Sy := S(~;, N;) bounds I" and k; = 1. Since
I' is convex, there exists a geodesic 2-sphere S7 D ~;_1 which also bounds I'.
So and S are perpendicular and separate S? into four disjoint, congruent
domains. It is not difficult to see that the interiors of each of the four images
of Mr reflected at v; lie in different domains and that f*(B:(0,0)) meets
SoU ST in great circular arcs. It follows that Sy has precisely two pre-images
in 0B.(0,0) and the lemma is proved. O

We have seen that reflection across the boundary arcs of Mr produces a
complete, non-singular submanifold in S3, that will be denoted by My. Thus
we obtain the following result.

Lemma 3.20. Let Gr denote the subgroup of O(4) generated by the reflec-
tions {7+, }x=1,..n corresponding to the boundary arcs v1,...,v,. Then

Mr = U Q[MF],

g€Gr
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and in particular Mt is compact if and only if Gr is finite.

Proof. For the first part, observe that one has a smooth action
Gr x 83 — 53
where all elements 7, € Gr are isometries and thus

My =Gr-Mp = [ giMr].

geGr

For the second part of the claim we note that Mrp is compact as an image
of a compact set D under the continuous mapping f. Since every g € Gr is
an isometry it is continuous and thus g[Mr] is compact for every g € Gr.

Let Gr be finite, then
My = ] giMr)

geGr

is compact as union of finitely many compact sets.

On the other hand let Mr be compact and set
Hp ={g € Gr| g(Mr] = Mr}.

Since Hr leaves Mr invariant it is a subgroup of the group of symmetries
of I and thus Hr is finite. Each coset of Hr in Gr corresponds to a distinct
image of Mpr under Gr. These distinct images may intersect but do not
coincide. Since Mp is compact we can calculate the volume of M in the
following way

B _ ord(Gr)
vol(Mr) =vol( | J g[Mr]) = ord () vol(Mr).
g€Gr/Hr
From this equation we can deduce the finiteness of Gr. O

Summing up the preceding results we have the following.

Theorem 3.21 (Lawson). To each proper convex polygon T' in S® having
vertex angles of the type 25, where k is a positive integer which depends
on the vertex, and satisfying conditions (A), (B) and (C) there exists a
complete, non-singular minimal submanifold My C S3 with T C Myp. The
surface Mt is compact if and only if the group Gt generated by reflections
across the geodesic sub-arcs of I' is finite. If I' further satisfies condition
(D), then the fundamental region Mr, which has boundary I' and generates

Mr under Gr, has no self-intersections.
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3.3 The surfaces X,

We now want to construct a family of surfaces proposed by Lawson, namely
¥, and realize them as a 2-sheeted cover of CP'. Before we can do this we
shall recall some facts about hyperelliptic Riemann surfaces.

Definition 3.22. Let M be a compact Riemann surface of genus g > 1.
A point p € M is called Weierstrass point, if for a basis wi,...,w, of
Q(M) and a coordinate neighborhood (U, z) of p (with wy = frdz on U),
the Wronskian determinant

f1 fo fq

f1 fo S
We(wi, ... wg) :=W(f1,..., fg) :=det : : :

1(g'—l) f2(g'—1> fg<g'—1>

has a zero at p. The order of this zero is called the weight of the Weierstrass
point.

Definition 3.23. A compact Riemann surface of genus g > 1 that admits
a 2-sheeted covering of the Riemann sphere f : M — CP! is called hyper-
elliptic.

Remark 3.24.

1. f is non-constant with 2 poles and each ramification point has branch
number 1. Moreover we have the relation

#{branchpoints} = 2¢g + 2
where g shall denote the genus of M.
2. Every surface of genus g < 2 is hyperelliptic.

Theorem 3.25 (Farkas, Kra). Let M be a hyperelliptic surface of genus
g>2and f: M — CP! the corresponding covering of CP'. Then the
branch points of f are precisely the Weierstrass points of M and f is unique
up to Mébiustransformations.

The hyperelliptic surfaces of genus g > 2 are the only ones with precisely
2g + 2 Weierstrass points.

Proof. See [9, 111.7.3]. 0

Definition 3.26. Let M be a Riemann surface. By Aut(M) we denote
the group of conformal automorphisms of M. Let H C Aut(M) be a finite
subgroup. For p € M set

Hy, = {h € H|h(p) = p}
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Thus we may consider the natural projection
m: M — M/H

and the Riemann-Hurwitz Theorem allows us to compute the genus of M/H
in terms of the genus of M and the branch points of 7 (the fixed points of
elements of H). We now have the following result.

Proposition 3.27 (Farkas, Kra). Let M be a compact Riemann surface
of genus g. Then M is hyperelliptic if and only if there exists a conformal
involution J € Aut(M) (with J? = 1) on M that fixes 2g + 2 points.

Proof. See [9, I11.7.9]. O

Some immediate consequences of this result will be stated in the following
remark.

Remark 3.28.

1. The projection 7 : M — M/(J) is a 2-sheeted covering such that
M/(J) has genus 0, thus M has a meromorphic function of degree 2.

2. If g > 2, then the fixed points of the hyperelliptic involution are the
Weierstrass points.

3. If g > 2, then J is the unique involution with 2g + 2 fixed points.

4. The hyperelliptic involution J on a (hyperelliptic) surface M of genus
g > 2 is in the center of Aut(M).

We now state some other useful results for calculating elements of Aut(M).

Proposition 3.29. Let M be a hyperelliptic Riemann surface of genus g >
2. Let T € Aut(M) with T ¢ (J), where J is the hyperelliptic involution.
Then T has at most four fixed points.

Proof. See [9, II1.7.11]. O

Corollary 3.30. If T fixes a Weierstrass point, then T has at most 2 other
fixed points.

Proposition 3.31 (Farkas, Kra). Let M be a compact Riemann surface of
genus g. If 1 # T € Aut(M), then T has at most 2g + 2 fixed points.

Proof. See [9, V.1.1]. O

Proposition 3.32. Let g > 2 and let W (M) be the set of Weierstrass points
of M. Then for T' € Aut(M) we have
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Corollary 3.33. There is a group homomorphism
A Aut(M) — Perm(W (M)),

where Perm(W(M)) denotes the permutation group of the Weierstrass
points on M. Furthermore, A is injective unless M is hyperelliptic, in which
case Ker(\) = (J).

The following proposition will help us to obtain the anti-holomorphic invo-
lutions of the hyperelliptic curve X,.

Proposition 3.34. Let M be a hyperelliptic Riemann surface of genus
g > 2 and let T' be an anti-conformal involution on M. Then T induces
an anti-holomorphic involution on CP' that leaves the fixed point set of T
invariant.

Proof. Let f : M — CP! be a function with two poles on M. For T as
above, ToJoT ™! is a conformal involution with at least 2¢g + 2 fixed points.

Thus one obtains
ToJoT =17

and one gets an anti-conformal and hence anti-holomorphic involution A on
CP! with foT = Ao f. If now p is a fixed point of T, then

and f(p) is a fixed point of A. O
Via the identification
S3 = {(z,w) € C x C| |z|* + |w|* = 1}

one may consider a set of coordinates (X7, X2, X3) as a coordinate system
for S3 obtained by stereographic projection from the point (z,w) = (0, —1).
The resulting coordinates (X7, X2, X3) have the form

X X i
(X1,X27X3)=< ! 2 . >

1+x3’1+23 1+ 23

where (z1, 2,23, 74) € S3\{(0,0,—1,0)}.

In the construction procedure one has to choose 2 “sorts” of points acting
as vertices of the geodesic polygon I'. Lawson restricts to two distinguished
great circles O] = Xs-axis and Cy := {(X1,X2,0)| X? + X2 = 1}. The
condition for Cy reads

il x5

(1+z3)*  (1+w3)?

=1e 22 +22 = (1+3)°
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and thus setting x3 = 0 one obtains
Cy ~ {(2,0) € C?| |2| = |w1 +izg| = 23 + 23 = 1}.
A similar consideration yields
Cy ~ {(0,w) € C?| |w| = 1}.

In order to construct surfaces ¥, of genus g we have to proceed in the
following manner:

e Pick Py, P, € C and 1, Q2 € Cs such that d( Py, Py) = arccos(Py, Py) =
5 and d(Q1,Q2) = ;7
We choose P, = (0,0,1,0), P, = (0,0,0,1), @1 = (1,0,0,0), Q2 =
(2,14/3,0,0).

e Define I'y to be the polygon PiQ1 Q2.

X3

Py

Xo

Q2
Q1

X1

Figure 3.1: The polygon I'y.

Before being able to proceed one has to make sure that conditions (A) to
(D) for I'y are satisfied.

Proposition 3.35. The polygon I'y is proper, convex and satisfies the con-
ditions (A) to (D).
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Proof. From the above construction one immediately obtains that I'y is
proper and convex (see above figure 3.1). The construction also implies
that I'y lies in an open hemisphere of S% and thus condition (A) is fulfilled.
The picture also indicates the correctness of condition (C).

It remains to verify conditions (B) and (D):

For condition (B) we have to find for each p € C(I'y)? a geodesic 2-sphere S,
with p € S, and S, ¢ Sr,, i.e. S, NI, has at most 3 components. For this
purpose one simply considers the family of great spheres passing through
C1, i.e. the family of planes passing through the Xjs-axis in figure 3.1. For
these spheres the number of components of S, NIy is at most 2.

Condition (D) is gained by first rotating I'y in a way so that the X3-axis
becomes the center line of symmetry with (see figure 3.2)

Q17Q2 € {(X17X27X3) ‘ X3 = 0}

and
P, Py e {(0, X9, X3)| X5 +X2=1, X3>0}.

Let 7 : R — R? denote the orthogonal projection onto the (X7, Xs)-plane.
Then 7|¢(r,)e is a map with the properties necessary for condition (D). [

X3

Xa

X1

Figure 3.2: Rotated I'y.
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Lemma 3.36. For the polygon I'; the group of symmetries Gr, induced
by reflection across the boundary has the group structure of Dg (i.e. the
dihedral group of order 12).

Proof. The proof splits up into the following parts:
e Find the geodesic arcs v;; running from P; to Q; with i,j € {1,2}.
e Write down the reflections across those arcs as mappings
Ty 0 9% — S5,
e Identify the group structure.

First we observe that v;; is a geodesic in S3 if and only if ¥i; is normal to
S3. This means that Yi; and y;; should be proportional as vectors in R4,
Great circles

~(t) = acos(at) + bsin(at),
where a,b € R*, |a| = [b| = 1 and a L b clearly have this property. Further-
more, since v(0) = a € S and ¥(0) = ab € T,S3, we see that we have a
geodesic for each initial value problem.

From this one immediately obtains the geodesics

m(t) = (Sin() 0 COS(t),O),

T2(t) = ( in(?), \/58111(75) cos(t),0),
Yoi(t) = (S n(t),0, 0 ,cos(t)),
yolt) = (%bln(t) L /3 sin(t), 0, cos(t)).

~v11 and 791 are geodesics with zo = x4 = 0 and 2 = x3 = 0 respectively.
Thus we obtain
7”«,11(.7]1,.%2,.@3,[134) = ($17—$27$3,—l’4),

Ty21 (mla r2,T3, x4) = (xl, —x9, —I3, 1‘4).

The reflections across 12 and 799 are obtained via conjugation by a certain
rotation ¢ (see remark 3.2):

Ty = (bilorvno(ﬁ

3 —3V3 00\ /1 0 0 O 3 23 00

_(sv8 5 o0 o0ff0 -1 0 O -3 4 00
0 0 1 o0Jfo o 1 o0 0 0 10
0 o 01/ \0 0 0 -1 0 0 01
~1 L3 0 0

_ [V 00
0 0 1 0
0 0 0 -1
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and thus one gets (with a similar calculation for r.,,)

1 1 1 1

Toy1o (1, T2, T3, 24) = (—5561+§\/§x2,§\/§$1+§1‘2,x3,—x4),
1 1 1 1

Trns (T1, T2, 73, 74) = (*5931+§\/§$2,§\/§$1+§$2,*9¢37$4)-

Recall that a group G is said to decompose as a semi-direct product of
subgroups G; and Ga (written G = G x Ga), if

1. The subgroup G is normal;
2. G1G2 = G;
3. G1 NGy = {e}.
In this case there is an isomorphism
G1x G2 — G, (g91,92) — 9192,
where the direct product of G; and G» is equipped with the group operation
(91,92) © (h1, ha) = (hy 'gihaha, gaho).

First we observe that

where for brevity we set A := (_g%/g %\/§> and 1 := <1 0>. Obviously
we have A% = 1 and thus we obtain
s = (4)-1(8)-(1)-(5) () ()-GO}
~ 73 X Lo~ Zg.
We have to check that G is a normal subgroup of Gr, and therefore
o Gars ) C G Vi, j e {1,2).

This follows immediately from (the only interesting parts are the entries
encoded in A and A?; all the r,,; are involutions)

b 56 5) =
) = G,

N[ —
|
| DO —
N[ =
w
N——
I
N
Lo}

N[ =
wl\.’)\»—l
|
| N |—
N[ =
w
N———
|
N
no



3.3 The surfaces ¥ 47

Setting
GQ = <’I”721> ~ ZQ

1

Ty = 1 O Ty
A2

Ty = <]1) O Ty
A2

Tyee = < 1) O Ty

and thus one gets all generators of Gr,. From G1 N Gy = {e} follows

one obtains

Gr, = G1 x Gy ~ Dg,
where Dg denotes the dihedral group of order 12. O

We now will restrict to the g = 2 case with the following distinguished points

=(0,0,1,0), Pg—( ,0,—1,
= (0

) 0)

Pg—(() 0,0,1), ,0,0, )

Q1 = (1,0,0,0), Q4 (—1,0,0,0),
Q2= (3, 5¥3.0,0), Q5=<§, f00>

Q3 = (—f *\[ 3,0,0), Q= (5,—5\/5,0,0).

The points P; and @Q); are chosen equally spaced and for Cj;; denoting the
great circle containing P; and (; one may consider the 1-skeleton of the
geodesic triangulation

Sko = C1UCyU UCZJ

4,
Proposition 3.37. The group Gr, leaves Sks invariant.

Proof. Consider the generators of Gr,. Since each element is an isometry
and leaves the set of {P;} and {Q;} invariant, the C;; are left invariant. A
short glance at the generators also reveals the invariance of C1 and Cy. [

Corollary 3.38. The triangulation of s consists of 12 faces, 24 edges and
10 vertices and thus s is of genus g = 2.
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Proof. Consider the action of G, on the “edges” P;(); and the correspond-
ing faces. We shall abbreviate P;Q; by 7j and start with the geodesic polygon
given by

P1Q1P2Q2, i.e. (11, 21, 22, 12)

The action of G, yields

Number Face Number Face

1 (11,21,22,12) 7 (31,21,26,36)
(15,25,26,16) 8 (33,23,22,32)
(13,23,24,14) 9 (35,25,24,34)
(11,41,46,16) 10 (31,41,42,32)
( ) ( )
( ) (

13,43,42,12 11 35,45,46,36
15,45,44,14 12 33,43,44,34)

O T W N

The triangulation via such “geodesic” rectangles consists of 10 vertices (V)
(all the P;, Q;), 24 edges (E) and 12 faces (F). Summing up one has via the
Gauss-Bonnet-formula

X(Z2) =V —-E+F=10-24+12=2—2g,
and thus g = 2. ]

Conclusion 3.39. The surface ¥, is a compact orientable surface of genus
¢ embedded in S3 with Gr, = Dagya.

Proof. This is just a generalization of the preceding results: Since Gr, leaves
the corresponding 1-skeleton Sk, invariant it is finite and thus ¥, compact.
Finally one obtains

Gr, = Zagya X Ly = Dag o

and by a similar counting argument
XEg)=V-E+F=029+2+4)—4(29+2) +2(29+2) =2 —2g.
Thus we get a compact, embedded (hence orientable) surface of genus g. [

Since every orientable surface can be considered as a Riemann surface or
complex algebraic curve one therefore gets

Corollary 3.40. For every genus g the surface ¥, is hyperelliptic.

Proof. Consider the conformal involution (see notation introduced above)

given by
1
e (1)

J fixes the 2g 4 2 points Q1, ..., Q24+2, since
Qj € C2 ~{(2,0) € C*| |2] = 1}.

The claim now follows from proposition 3.27. O
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Proposition 3.41. The subgroup Z9t! C Gr,, generated by <1£1>, that is

2t = ((4))

fixes the distinguished points { Py, ..., Ps}.
Proof. This follows immediately from P; € C; ~ {(0,w) € C?| |w| =1}. O

Considering ¥, as a Riemann surface it makes sense to investigate the au-
tomorphism group Aut(X,) in order to get an algebraic equation that rep-
resents that surface, i.e.

2g+2
w? = P()= [ (- e,
j=1
with P being of order 2¢g+2 and e, ..., ez442 the images of the Weierstrass

points on Y,. We will call these points Weierstrass points as well.

Now if T € Aut(X,) is an automorphism, 7 o J o T~! has at least 2g + 2
fixed points and therefore

ToJoT 1=

Thus the hyperelliptic involution J commutes with T and therefore any au-
tomorphism projects to a Mobius transformation A of the Riemann sphere
CP! = %,/(J). Each Mé&bius transformation A maps the Weierstrass points
onto themselves and therefore the reduced automorphism group Aut(3,)/(J)
that is isomorphic to a certain subgroup of Perm(W (%)), can be used to
determine the algebraic equation.

The following results are stated for the genus g = 2 case, but can immedi-
ately generalized to arbitrary genus g.

Lemma 3.42. The reduced automorphism group of Aut(Xs) contains Dg,
ie.

Dg C Aut(E2)/(J).

Proof. We have already examined the isometries resulting from reflections
across the geodesic boundary arcs of P;Q1P>Q)2 that map the “fundamental”
polygon P1Q1P>Q2 into isometric copies. Since the isometries I resulting
from a composition of two reflections belong to the group of conformal au-
tomorphisms of o (as they are orientation-preserving) we will treat those
isometries as holomorphic T' € Aut(Xs). It is clear that other symmetries
of the surface can be found if one considers the symmetries of the polygon
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P1Q1P>Q2. In this case one has 2 symmetries arising from plane-reflections
interchanging Q1 and Q5 or P; and P, respectively.

The latter shall be denoted by 7 : §% — S2 with
n(x1, 2,23, 24) = (21, T2, T4, T3).

In order to get the first reflection o : S — S one has to conjugate the

reflection
dlag(L _17 17 1)7

where diag(ay, ..., a,) denotes a n x n-matrix with entries aq, ..., a, on the
diagonal, with a rotation about §. Summing up one has to calculate

(7 )6 D) )= (s )

and thus one arrives at
1 1 1 1
0'(3}1,1}2,%3,%4) - (§$1 + 5\/§$2, 5\/5.%1 - 5%2,1’3,%4).

A composition of o with r,,, yields

|

=
N[ —
=

1
13

S 0 0 i 0 0
l\/gloo l\/g_loo
— — |2 2 2 2

Gri=ry, 00 0 0 1 0 0 0 10
0 0 0 -1 0 0 0 1

L33 0 0

_ s s 0o

0 0 1 0|’
0 0 0 -1

1 1
. 5 —5V3 . .
with B = (1\2/§ 21\f) being of order 6, i.e. B® = 1. From the above
2 2
considerations we know that @1, ..., Qs are the Weierstrass points and it is

clear that G acts like a rotation around %’r on Q. Since r.,, fixes {Q1,Q4}
and we also have

Q2 =2 Qs Q3 —25 Qs
we may set G := 7,,, o7. In a similar way one can now check that
((G1) @ (G2)) /(J) = De.
O

Remark 3.43. Note that for G; one has det(G1) = —1 and therefore G ¢
SO(4). This will be crucial when determining the Hopf differential @ of X,.
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Conclusion 3.44. Switching over to arbitrary g one sees that the reduced
automorphism group of Aut(X,) contains Dago, i.e.

Dagin € Aut(S,)/(J).

Lemma 3.45. The group of Mobius transformations splits up into 2 classes,
namely those elements with 1 respectively 2 fixed points.

Proof. Let f € Mob be an arbitrary Mobius transformation, i.e.

az+b

f(z) = cz+d

We solve the fixed point equation f(v) = . For ¢ # 0, we obtain two roots:

(a—d)+ (a—d)2+4bc: (a—d) £ /(a+ d)? — 4(ad — bc)

M2 = 2¢ 2¢ '

When ¢ = 0, one of the fixed points is at infinity; the other one is given by

b
a—d

V=

The transformation will be a simple transformation composed of transla-
tions, rotations, and dilations:

z—az+ f.

If c = 0 and a = d, then “both” fixed points are at infinity (we have one fixed
point), and the M&bius transformation corresponds to a pure translation:

z—z+ 0.
O
Theorem 3.46. For genus g = 2 the Lawson surface s is of the form
w? =20 -1,
Proof. With Q1 =ey,...,Qg = eg as Weierstrass points we see that we have

an action

D6 X W(Zg) — W(Eg)

W (%) is the disjoint union of the orbits under Zg C Dg. For each g €
Ze let W (32)9 denote the set of elements in W (X9) that are fixed by g.
Burnside’s lemma asserts the following formula for the number of orbits,
denoted |W (X2)/Zs|:

1 1 . 1
W(29)/Z¢| = —— W(S)d| = =W (2)9 = = .6 =1.
W (X2)/Zs| |Zﬁ‘ge§z| (22)Y] 6| (22)" 5

6
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Thus the 6 Weierstrass points lie on one orbit under a cyclic group action
with generator T'. Since T' maps the set of Weierstrass points onto itself, the
order of T" is the length of a cycle of Sg, i.e. 6 and one gets T'(x) = e .
The resulting algebraic equation has the form

w? = 2% —a,

with a € C*. Let & € C solve the equation 20 = a, i.e. &5 = a. Via the
transformation

. 1 1
W= =w, Z==%
& £
one obtains
~ 1 1 1 1
w2:g—GwQ:EwQ:f(zﬁ—a):(gz)(j—l:EG—l
and we have a biholomorphic equivalence between those surfaces. O

Conclusion 3.47. The Lawson surface ¥, is of the form

w? = 29+2 _ 1
Corollary 3.48. The automorphism group Aut(Xs) is of order 24 and the
reduced automorphism group, i.e. Aut(X2)/(J) with J being the hyperel-
liptic involution, is Dg.

Proof. Every element T' € Aut(X3)/(J) corresponds to an o € Perm (W (32))
that is realized via a Mobius transformation A € Mdb. By the 3-point-
formula we know that every Mobius transformation that fixes more than 2
(Weierstrass) points must be the identity.

Thus we have to distinguish 3 cases:

1. One Weierstrass point is fixed by A:
Since A must leave W (X2) invariant it must leave the circle |z| = 1
invariant. If one considers the generators of A € Mob one sees that this
condition is fulfilled by the rotations and inversions. But the group
generated by those 2 elements clearly fixes 2 or 0 Weierstrass points
and thus this case can’t be realized via a Md&bius transformation.

2. No Weierstrass point is fixed by A:
Following the above argument we see that this can be realized by the

5 rotations around % (k =1,...,5) and the 3 inversions resulting
from conjugating f : z — % with rotations around §, %” and %”. This

amounts to 8 possible transformations for .
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3. Two Weierstrass points are fixed by A:
We start with the inversion f : z — % and rotate around %’r
(k = 1,...,3) and obtain 3 automorphisms that fix 2 Weierstrass
points.

These 11 Mobius transformations together with the identity map have the
group structure of Dg (since this is one way to define the group Dg; it can be
regarded as the rotational and reflection symmetries of a regualar hexagon),
so that there are no other holomorphic automorphisms. Summing up we see
that

¢ Aut(X2) — Dg C Perm(W (32))

is a surjective group homomorphism and thus (kery = (J))
Aut(S)/(J) = D,
Now Lagrange’s theorem yields (since ord(Aut(X2)/(.J)) = ord(Dg) = 12)
ord(Aut(X2)) = ord((J)) - ord(Aut(X2)/(J)) =212 = 24.
O

Corollary 3.49. The surface ¥y is uniquely determined by w? = 26 — 1.
Conclusion 3.50. The surface X, is uniquely determined by w? = 229121,
Remark 3.51.
1. The holomorphic automorphisms that represent Z° C Dg ~ Aut(32)/(J)
are (z,w) +— (£z,w) with € a 6-th root of unity, £ = 1.
2. Comparing the fixed point sets, one observes the same behaviour as
in the constructed model of Lawson.

Let Aut™(X2/(J)) denote the anti-holomorphic, i.e. the anticonformal, in-
volutions on ¥a/(.J).

Proposition 3.52. The antiholomorphic involutions of ¥y /(J) are
Aut™(B2/(J)) ={A L opo A| A € Aut(Zo/(J))},
with p : CP! — CP!, p(2) = Z.

Proof. First we make the following observation: For a anti-conformal invo-
lution R € Aut™(32), one has

foR=A"0podof,

i.e. R projects to anti-holomorphic involution on CP!. Since every anti-
holomorphic involution of CP! is conjugated to p(z) = Z and p is an involu-
tion of Xg: o
P(p(z)) =2° = 1= (5 - 1) =w? = 0?,
with (z,w) + (Z,w) the corresponding mapping, the proposition follows.
O
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Chapter 4

A triangulation for >,

We are now focusing on quadratic differentials and consider the Hopf differ-
ential Qdz? of ¥,. It will turn out that the Qdz? can be used to obtain a
natural triangulation of ¥,.

We mainly follow the terminology introduced by Strebel in [33].

4.1 Quadratic differentials on 3,

Definition 4.1. Let M be a Riemann surface with a given conformal struc-
ture {(U,, ¢,)}. A holomorphic quadratic differential ¢ on M is a set of
holomorphic function elements ¢, in the local parameters z, = ¢, (P) for
which the transformation law

) dz
o, (2))dz2 = @u(z“)dzi with dz, = d—;dzl,,
14
holds whenever 2, and z, are local parameters that correspond to the same
point P of M.

If we keep a certain parameter fixed, we will call it z instead of z, and write
w = ¢(2)dz? instead of o, (z,)dz2.

Since the value of a quadratic differential w at a point P € M depends
on the local parameter near P, it only makes sense to consider the zeros and
poles of w as distinguished points.

Definition 4.2. The critical points of a quadratic differential w are its
zeros and poles. Poles of order one and the zeros are called finite critical
points. All other points of M are called regular points of w. A holomorphic
point is either a regular point or a zero.

We want to determine the Hopf differential Q(z)dz? of the surface f : ¥, —
S3. This differential must be compatible with the coordinate changes in-
duced by the SO(4)-automorphisms of ¥, as the following lemma shows.

95
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Lemma 4.3. Coordinate changes induced by an O(4)-automorphism A of
a surface f : M — f(M) C S® leave the Hopf differential Q(z)dz? invariant
if and only if A € SO(4).

Proof. First we recall that the normalized {f, f;, fy, N} form an orthonor-
mal basis for the tangent space T,M with N = f x f, x f,. We know
that

f

2€2u

f

L
2€2u

f

fzz:<fzzaf> +<fzzvf2> +<f227fz>2€%+<fsz>N

with complex coordinates z and z. The cross product is defined via

1
ﬁ@u’f X fz X f2> = ﬁdet(fa fzvf27w) Vw € TPM
Since f,, can be expressed in terms of f, f,, fz and N we have the following
equation

Q = <fzzaN> = 26%<fzzaf P f2>
e e I+ P £ o o f) 5 4 (o NIN, f 5 [ % f2)

yr
= L Qet(f for Sor o £V o ) o (o fo) f + (fons NYN)

4edu
<f7f> <f7fz> <faf2> <f’fzz>
— 1 det <f27f> <fzaf2> <f27f5> <fzafZZ>
detu (fz /) Sz fo) [z f2) (fz fa2)
<fzz>f> <fzzafz> <fzzaf2> <fzzafzz>

For an automorphism A € O(4) one has (Av, Aw) = (v,w) and therefore
the quantities

<fzzaf>v <fzzaf2>a <fzzafz>a <fzzaN>

—_~—

are left invariant for f(z, z) := Af(z,%). The transformed Hopf differential
() then obeys

Q = ((Af)ez, N) = (Af.., N) = det(Af, Af., Afz, Af..)
= det(A)'det(fvaafZafzz)
= Q <= AcSO4).



4.1 Quadratic differentials on X, Y4

Now we determine a basis for the quadratic differentials on Yy, and then
check which can be considered as suitable candidate. The following lemmas
and observations are taken from [9, I11.5.2] and [9, II1.7.5].

Lemma 4.4. Let M be a compact Riemann surface of genus g > 2. The
dimension of the space of holomorphic 2-differentials on M is

dim H*(M) = 3g — 3.
Lemma 4.5. The g differentials

2Idz

, J=0,...,9—1

form a basis for the abelian differentials of the first kind on a hyperelliptic
Riemann surface of the form w? = P(z).

Lemma 4.6. On a hyperelliptic surface of genus g > 2 the products of
the holomorphic abelian differentials (taken 2 at a time) form a (2g — 1)-
dimensional subspace of the (3g — 3)-dimensional space of all holomorphic
quadratic differentials. The basis of H2(M) then consists of

27dz2

w?

, j=0,...,29—2

and for g > 2 one has to add to the above list the (3g—3)—(2g—1) = (¢9—2)
differentials ‘
dz?
w

Theorem 4.7. The Hopf differential of the surface X is of the form

, j=0,....,9—3.

297122

=a
’LU2

and the zeros are precisely the points lying over zero and infinity, i.e.
{zeros of Q} = 271 (c0) U 27 1(0).
Moreover for each zero F one has ord(F) = g — 1.

Proof. We have already seen that () must be invariant under coordinate
changes induced by an SO(4)-isometry. In our case we have to check whether
one of the candidates transforms correctly under

9 (27ri>
D2 ex 2.
g PlyTt
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27

With Z = es+1 z one sees immediately that none of the candidates of the form

%, j=0,...,9—3, is left invariant under this change of coordinates (since

j <g—3!). If one considers an element of the basis of the form

2kdz?

w?

, k=0,...,29 — 2,

one obtains

ki (dZ\ 7 dz? dz?
Q(3)d2? = Q(2)dz® = zFest <Z> SR

dz ) w? w?
 2mki Ami dz? ksz
<—> Z€9+1€9+172:Z—2
w w
27 (k+2)i
<— e 9t =1

— k=g-1.

Without loss of generality we have the following divisor for z

() = EF3Fy
P Ey’

where {F1, F»} and {F3, Fy} are the points lying over infinity and zero re-
spectively, i.e. z71(00) = {Fy, F} and z71(0) = {F3, F4}. Since

By Eygio
(dz) = TFQQ
149
and g 5
_ 12942
(w) - Fl“(]+1Fé]+1
we see that
<zjd22> _ Fg:Fj: ‘ E%”'E22g+2 ‘ F129+2F22g+2
w? FIFJ FiF} B} E3 .,

_ J 1 p29+2—j—4 2g+2—j—4
= F3FF] F

_ i i 2925 292
= FIFIF? 27 F;

and therefore with j = g — 1 one obtains 4 zeros Fi,...,Fy for (Q with
ord(F;) = g — 1 for all 4. O

Corollary 4.8. The Hopf differential of the surface 35 is of the form

with a total number of 4 zeros lying over zero and infinity each of order 1.



4.2 The local parameter w = ®(z) 59

4.2 The local parameter w = ®(z)

For a differential an important quantity is its integral as a function on the
underlying surface M. In order to get an invariant integral in the case of
a quadratic differential ¢, one has to pass to a linear differential, by taking
the square root, then integrate:

w=®(z) = / Veo(z)dz.

The above statement is made more precise in the following theorem.

Theorem 4.9 (Strebel). In a neighborhood of every reqular point P of ¢
we can introduce a local parameter w, in terms of which the representation
of p is identically equal to one. The parameter is given by the integral

w = B(2) :/\/@dz.

It is uniquely determined up to a transformation w — +w + const and is
called the distinguished or natural parameter near P.

Proof. Let w = ®(z) be the function defined above. Every regular point P
of p has a neighborhood in which a single valued branch of this function can
be chosen (by integrating one of the two single valued branches of /¢(z)).
For any two determinations ®1(z) and ®2(z) near the same regular point we
obviously have

®y(z) = £ (z) + const.

Choose a small neighborhood U of P, such that U is mapped homeomor-
phically by a branch of ® onto an open set V' in the w-plane. Let w now be
the conformal parameter in U, the differential dw then becomes

dw = &' (2)dz = \/p(2)dz,
and therefore squaring gives
dw? = p(2)dz>.

In terms of this parameter the quadratic differential has the representation
= 1. If @ is another parameter near P with this property, we have (since
dw? = di?)

w = +w + const.

O

In the next paragraph we will be dealing with so-called trajectories of a
quadratic differential. In order to have another representation for these tra-
jectories we already introduce some terminology related to the distinguished
parameter w = ®(z).



60 Chapter 4. A triangulation for 3,

Definition 4.10. Let ¢ be a meromorphic quadratic differential on an ar-
bitrary Riemann surface M. A (-disk is a region which is mapped homeo-
morphically onto a disk in the complex plane by a branch of ®.

If v is a rectifiable curve in a disk Uy around a regular point Py, one can
calculate the length of v by means of the differential dw = /¢(z)dz in terms
of local parameter z on M.

Definition 4.11. The differential |dw| = \(p(z)ﬁ]dz\ is called the length
element of the p-metric, the metric associated to the quadratic differential
¢. The length of a curve v in this metric is denoted by ||, and is defined

as
1
Iyl = / dw| = / (=)} ldzl,
v v

where 7/ = ®[v]. ||, is called the ¢-length of ~.

4.3 Trajectory structure of the Hopf differential

The local theory of trajectories makes use of special parameters in terms of
which the differential has a simple representation.

Definition 4.12. Let M be a Riemann surface and w = ¢(z)dz? a holo-
morphic quadratic differential on M. A curve

v:(a,b)>t—y(t)=2z¢€ M,

parameterized on an open interval (a,b) of a real axis is called horizontal
trajectory of w if

2
o(v(t)) (dzlit)) > 0 for every t € (a,b)

and one speaks of a vertical trajectory if

2
o(y(t)) <leSft)> < 0 for every t € (a,b).

We now have the following theorem.

Theorem 4.13 (Strebel). Let w be a holomorphic quadratic differential on
an arbitrary Riemann surface M. Then through every reqular point of w
there exists a uniquely determined trajectory.

In particular, two trajectories never have a common point, unless they co-
incide.
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Remark 4.14. Since the vertical trajectories of w are the horizontal trajec-
tories of —w it is sufficient to consider the horizontal trajectories of quadratic
differentials. However, in general the geodesics are composed of straight arcs
of different inclinations, with vertices being zeros or first-order poles, as we
shall see later.

Before computing the trajectories for Qdz? we introduce the notion of a
trajectory ray.

Definition 4.15. Let v : [u1, ug] — M,
ury(u) =P, —o0<u <u<uy <400

be a non closed trajectory in its natural parametrization. Then, for ug €
(u1,u2), the restriction of v to one of the subintervals (ui,uo], [uo,u2) is
called a trajectory ray with initial point y(ug) = Pp.

Rays will usually be denoted by the symbols v~ and v+ respectively.

Proposition 4.16. The horizontal and vertical leaves of a quadratic differ-
ential of the form w = 2™dz2 near a zero of order m are

2mik
ag 1 (0,00) St t-exp )
m

)eC, k=0,....m+1,

respectively,

i + 2mik

: (0, St—t-
Br: (0,00) >t 6XP< o

>€(C, k=0,...,m+ 1.

Proof. By making the ansatz 4’ = v, one obtains

()™ (Y () = (' ()" = £1

and therefore
v'(t) = "W/=EL

Integration then yields the result. O

Straightforward calculations carried out in [33, pp. 27-29] yield the following
theorems due to Strebel.

Theorem 4.17 (Strebel). In the neighborhood of any finite critical point P
of order m we can introduce a local parameter & with P < £ = 0, in terms
of which the quadratic differential has the representation

2
weie = (M2 enagt
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Corollary 4.18. The horizontal, respectively vertical, trajectories near the
zeros of the Hopf differential Qd¢? of Y4 in terms of the local parameter §
are of the form
2mik
ayp : (O,oo)St*—»t'exp<g+1>€C, k=0,...,9,
w4 2mik
+1

Ok : (O,oo)at»—nf-exp( )6@, k=0,...,9.

Theorem 4.19 (Strebel). Let P be a finite critical point of order m and the
above & chosen as local parameter. Subdivide the disk determined by |€] < p
for some suitable p > 0 by the radii

2rk
m+2’

argé = k=0,....m+1

imnto m + 2 sectors. Map each of the sectors onto a half circle in the upper
m+2

or lower half plane by means of the function w = §T+. The trajectory

arcs are the lines which are mapped into the horizontals. In particular, the

distinguished radii are the critical trajectory arcs ending at (or emerging
from) P.

4.4 The limit set of a trajectory ray

In the following we will represent trajectories by ®~! and therefore state the
following lemma.

Lemma 4.20. Let ¢ be a meromorphic quadratic differential on an arbi-
trary Riemann surface M. The trajectory a of ¢ through a regular point
P, can be represented by a branch of the analytic mapping ®~!.

Remark 4.21. Since ®~! is defined in a neighborhood of ¢, it also describes
the relation between o and the neighboring trajectories.

Proof. Consider a regular point Py of ¢ and let Uy be the maximal ¢-disk
with center Py. We fix a branch &y of ® in Uy with ®4(Fy) = 0. Pick a
point u; € Vy = ®(Up) on the real axis. The point Py = &5 (u1) is a regular
point of ¢. Let U; be the maximal (-disk around P;. We choose the branch
®, of ® in U; such that

Q1 |vonv, = Polugnu, -

Then <I>f1 is the analytic continuation of ®; ! Picking a point us on the
real axis in the disk V) = ®1(U;) one continues as above and therefore gets
a finite chain

C=WUViu...UVg
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of disks in the w-plane with centers on the real axis and a mapping of C
into the surface M, which is locally one-to-one and conformal. Let D be the
union of all these chains. If w € D, we have w € C for some chain C. We
define ®~!(w) as the value at w of the analytic continuation of ®;' along
C. As the intersection of two chains is connected and contains vy, ®~! is

uniquely defined in D. Now let
A=DnNR.

For u € A, ® !(u) defines the trajectory a through P, in the natural
parametrization. This is a consequence of the following consideration:

If u € A one has u € V for some disk V = ®(U), i.e. V is the image
by a branch of [ \/¢(z)dz of a p-disk. Therefore

0 < du® = p(z(u))dz>.

Let I be a closed subinterval of o which contains Fy. Then it can be covered
by finitely many @-disks with centers on I with Uy being among them.
Choosing the proper branch ®¢ in Uy one sees that I corresponds to a
subinterval of A. Thus « is maximal. O

Let ¢ be a holomorphic quadratic differential on a Riemann surface M and
let @ 1(A) = a be the trajectory through the point Py, ®~1(0) = P,
A = (U—_x0, Uoo). The length a = |a| of a in the p-metric is

a—/\go ]dz\ /!du\:uoo—u_oo

With this parametrization by u we get two half open subintervals corre-
sponding to the 2 trajectory rays that are emerging from Fp, i.e.

at =37 1([0,us)) and o = &[0, u_s0))

and the orientation is supposed to be chosen in a way such that Py is the
initial point of either of them.

For two arbitrarily chosen values u; < us on A there exists a number b > 0
such that ®~! is a homeomorphism of the rectangle

up <u<wug, 0<v<b (respectively —b < v <0)
into the surface M. The image S is called a horizontal rectangle.

Definition 4.22. Let M be a Riemann surface and ®~1([0,us)) be a tra-
jectory ray. Then
AT = lim & 1([u, us0))

U—Uoo
is the limit set of the trajectory ray. It is the set of all points P € M, for
which there exists a sequence of numbers (uy,)neny With lim, u, = us such
that lim, P, = lim,, ®~!(u,) = P.
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A trajectory « has two limit sets AT and A~, according to its two rays
at and a~. The next lemma investigates the limit set of a trajectory ray
given that AT contains a regular or critical point of the quadratic differential
o(2)dz>.

Lemma 4.23. Let ¢(z)dz? be a holomorphic quadratic differential. Then
for the trajectory ray o™ one has:

(a)

(b)

Let P € AT be a regular point. Then us, = co and for the trajectory
v through P one has v C A™.

Let P € A" be a finite critical point (i.e. a zero, since ¢(z)dz? is
holomorphic). Then u. < oo if a® tends to P (i.e. is a critical ray)
with AT = {P}. Otherwise usx, = oo and A" contains at least two
neighboring rays ending at P.

Proof.

(a)

Let P € AT be a regular point. On the trajectory ~ through P we
choose an arbitrary point (). Now consider the closed subinterval I of
~ with endpoints P and @ of yp-length a, i.e.

1=(P.Q) ||=a.

Then there exists an open horizontal rectangle S which contains I on
its middle line. Let (uy)nen be a sequence with

limu, = Uso, lim P, = lim q)_l(un) =P
n n n

For P, € S, the trajectory a can be continued through S. Therefore
Uso = 00 since « contains infinitely many disjoint subintervals of length
a. Moreover

lim(u, +a) = limu, = oo and limQ, :=lim® *(u, + a) = Q.
n n n n

Thus Q € A" and as Q € v was arbitrary, vy C AT.

Let now P € AT be a finite critical point, i.e. a zero of order m, with
limu, = Uso, lim P, = lim <I>71(un) =P
n n n

From theorem 4.19 we know that there are finitely many trajectory
rays ending at P that subdivide the neighborhood of P into (m + 2)
sectors with equal angles at P. For each sector consider the upper
part of the horizontal rectangle given by a subinterval I with ¢-length
|I| = 2a and P as midpoint (see figure 4.1).

The interior of the union of these rectangles forms a neighborhood U
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Figure 4.1: Horizontal rectangle.

of P. If a™ is one of the trajectory rays ending at P one has 14, < 00
and AT = {P}.

In the other case there are infinitely many points P, in at least one of
the sectors S of U and the horizontal (!) intervals through these points
extend through S. Since these intervals correspond to subintervals of
at we get us = oo and with

lim(u, &+ a) = co and P, = ® Y(u, +a), P! = ® Y (u, — a)
n

one gets two points P/, P” on 9S as accumulation points of (P))nen
and (P!)nen respectively. Thus AT contains at least two neighboring
rays ending at P.

O]

Remark 4.24. If the initial point Py of o™ is contained in AT, then o C AT.
Therefore the closure @ C AT, as AT is closed. On the other hand one
obviously has AT C @ and thus

a=A" = A.

A trajectory ray at with Py € AT is called recurrent.

4.5 A canonical triangulation for 3,

The goal of this section is to construct a canonical triangulation for the sur-
faces X, that is induced by the trajectory structure of the Hopf differential.
We will see that the critical rays will play an important role, since they con-
nect the zeros lying over 0 and co. First we will have to introduce the notion
of a maximal rectangle, but first define a triangulation for a submanifold.

Definition 4.25. Let N be a smooth n-manifold and suppose M C N
is a compact, oriented, embedded m-dimensional submanifold. A smooth
triangulation of M is a smooth m-cycle ¢ =), 0; in N with the following
properties:
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e Fach o; : A, — M is a smooth orientation-preserving embedding.
o If i # j, then o;(IntA,) Noj(IntA,) = 0.
o M =J;0i(Ap).

Definition 4.26. Let a' be a trajectory ray of finite ¢-length |a™| = a
with o™ = ®71([0,a]). For every u € [0,a] there is a maximal half-open
interval [0, v(u)) on which ®~! is defined and one-to-one. Let

U= min v(u).
0<u<a

The image of the rectangle 0 < u < a, 0 < v < ¥ under the mapping !,
i.e.

R := & 1([0,d] x [0,7)),

is called the maximal rectangle R associated to the critical trajectory ray
+
ar.

We now have the following important theorem due to Strebel.

Theorem 4.27. Two maximal rectangles are either disjoint or else identi-
cal.

Proof. Let R; and Rs be two maximal rectangles. There is a one-to-one
conformal mapping <I>f1 of some 57 : 0 < v < 71 onto Ry and a <I>§1 of a
domain Sy : 0 < v < Uy onto Ry. Let Py € R; N Ry and denote by p; € S;
the points with ®,'(p1) = Py = ®;'(p2). In a neighborhood U of Py the
two function elements w; = ®;(P) satisfy

®y(P) = +P1(P) + const
and by translation we can achieve that
(I)l(P()) = @Q(Po) =0and w = @Q(P) = q)l(P) VP e U.

But then
O H(w) = &5 H(w) Yw € Uy = &1 (V).

Because of the maximality of S; and S5 the two domains of definition of the
mappings <I>f1 and &, ! must be the same and hence R = Ro. O

Before describing the triangulation for ¥, we give a short list of the possible
trajectories on a compact Riemann surface (see also [17],[18]):

1. Closed trajectories.

2. Non-closed trajectories:
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(a) Critical trajectories: at least one ray, say y*, of v tends to a
finite critical point. The other ray either tends to another finite
critical point (possibly the same), to an infinite critical point or
else it is recurrent. The length |y|, < oo if and only if vt and v~
tend to finite critical points. There are only finitely many critical
trajectories.

(b) Trajectories both rays of which tend to infinite critical points.

(c) Spirals, i.e. trajectories both rays of which are recurrent.

Since these are the only possibilities and we know that the maximal rectan-
gles are either disjoint or they coincide we have

Theorem 4.28. The Riemann surface ¥, minus the critical points and
the critical (horizontal and vertical) trajectories of Q(z)dz? = azz)—;ldzz is

subdivided into mazximal rectangles and one obtains a canonical triangulation
for ¥4 with 4 vertices (V), 49 + 4 edges (E) and 2g + 2 faces (F).

Proof. As a hyperelliptic Riemann surface is specified by its branch points
and combinatorial data that describes which sheets are joined by which
branch points and branch cuts, we shall describe this situation for ¥, first.
The combinatorial data is called the gluing rules.

Take two copies of the Riemann sphere CP! and label them sheet I and
sheet II. On each sheet for each k = 1,...,9 + 1 we draw a “cut” joining
the branch points eg_1 to egr. Each “cut” is considered to have two banks;
an N-bank and an S-bank. A concrete model for ¥, is then obtained by
joining every S-bank on sheet I to an N-bank of the corresponding “cut”
on sheet II, and then joining the corresponding S-bank on sheet II to the
N-bank of the corresponding “cut” on sheet I.

The Hopf differential of ¥, is of the form

2971422

Q(2)dz* =a 5

w

The horizontal and vertical trajectories in terms of a local parameter &£
around a zero of ) are of the form

2mik
Qg - 0,00)2t—1-ex eC, k=0,...,9,
K (0,00) p<g+1> g

i+ 2mik
g+1

Ok : (0,00)915»—>t-exp< )EC, k=0,...,9.

Without loss of generality and due to symmetry reasons we can assume that
the horizontal trajectories pass through the cuts and thus change the sheet
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£3 : 22

€q

€6

Figure 4.2: Horizontal trajectories passing through cuts for g = 2.

on their way to infinity whereas the vertical trajectories stay on the same

sheet (see the simplified figure 4.2). In order not to get confused we will

call the zeros of Q lying over zero 07 and 0~, and those lying over infinity
+ —

oo™, 007,

Now consider a horizontal critical trajectory ray a™ joining 07 and oo™.
It is of finite @-length and therefore one may consider the maximal rectan-
gle R associated to it. For w = ®(£) one gets

w:/g%ldgzcggél

and therefore ,
N w) =& = dwat,

We are interested in the maximal rectangle adjacent to the left of a*. From
the above considerations we see that the vertical border line of the maximal
rectangle R corresponds to the vertical trajectory ray 4% emanating from 0%
(see figure 4.3). Since this (critical) ray hits the zero at infinity co™ we get
7 < oo and therefore a maximal rectangle of finite area. Now consider the
two corresponding distinguished rays ending at co™ and oo™. In the case of
the horizontal critical ray the left-adjacent maximal rectangle is bounded by
a horizontal critical ray. This ray passes through a cut defined by the gluing
rules on its way to the zeros 07,0~ and therefore hits 0~. Again one gets a
finite-area rectangle. The left-adjacent maximal rectangle of this horizontal
ray is in turn bounded by a vertical critical ray, and as it is critical one
arrives at oo™ since the sheet stays the same.
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0~ i 0™
' \

o0 oo
0~
0~ “ot
+
OO+ i
-
/E)— No—

Figure 4.3: Triangulation for g = 2.

All the constructed maximal rectangles have borders in common and there-
fore coincide. Repeating the above procedure for the 2g + 2 horizontal and
critical trajectories one obtains a triangulation for ¥, with 4 distinguished
vertices (V) 07,07, 00", 007, 29+2 faces (F) Ry,..., Rog+2 and 4g+4 edges
(E) such that the Gauss-Bonnet formula

VA+F-E=4+(29+2)— (4g+4)=2—2g

holds. This concludes the proof. ]
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Chapter 5

The moduli problem for the
genus g > 2 case

In this chapter we consider how the Lax pairs and methods from integrable
systems theory can be used to study surfaces in S® and investigate the nature
of spectral curves corresponding to the higher genus surfaces with ¢ > 2 and
non-constant Hopf differential.

5.1 The Lax pair for CMC surfaces in S

It will be convenient to introduce a spectral parameter A in order to obtain
a whole family of CMC surfaces.

Lemma 5.1. Introducing a spectral parameter A € S! = {z € C| |z| = 1}
and setting @y = A\Q leaves the Gauss-Codazzi equations invariant and thus
one obtains a family of CMC surfaces with H = const and conformal factor
U.

Proof. This follows directly if one considers the Gauss-Codazzi equations,
ie.

1. — 1. -
2uz 4 2e*(1 + H?) — 5@ AQre ™ = 2uuz+2e7(1 4+ H?) - §MQQ6—2“
1
= 2u.:+2e*(1+ H?) — QQQe_%
= 0.
The claim now follows from the fundamental theorem of surface theory. [J

We now want to rework the 4 x 4 Lax pair into a 2 x 2 Lax pair and therefore
state the following

Lemma 5.2. The double cover of SO(4) is SU(2) x SU(2) via the action
X+— FXG™!

71
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and the Lax pair U,V is transformed to

1 —U, e "Q 1 Uz 2(H +i)e"
U‘z<—mH—@w u, )’V_2<—€%2 —uz :»

~ 1 —u, e tQ 5 1 Uz 2(H —i)e"
73 (e 02) Toa (L )

Proof. Consider the Pauli matrices

(01 (0 =i (1 0
1=\1 0) 27\ o) 7\ —1/)°

With the 2 x 2 identity matrix 1 the Pauli matrices can be used to form a
basis {1, i01, i09,i03} for the ring of quaternions, since we have the quater-
nionic relations

(io1)(iocy) = (io3) = —(io2)(io1),
(io2)(ios) = (io1) = —(io3)(io2),
(io2)(io1) = (io2) = —(io1)(io3)

and (io;)? = —1 for j = 1,2,3.

With the Pauli matrices o1, 09, 03 we first note that for any 2 x 2-matrix X
one has

X:O'QXO'2:>X:<G— l_)>
—-b a

Such a matrix X represents a point in R* via X « (ay,bs, by, a2) € RY,
where a = a; + ias, b = by + iby. So we may consider R* to be the set of
matrices X satisfying the above equation. The 3-sphere S? is then the set
of those X in R* such that |a|? + [b]? = 1, i.e. S is identified with SU(2).
For such an X € R?* we see that

X—F-X-G!

represents a general rotation of S3, where

F= <_‘3J ‘i) Gl = (_ef J;) € SU().

To see this, writing the point X = (a1, ba, b1, a2) € R* in vector form, this
map X — F - X .G ! translates into X — R - X in the vector formulation
for R*, where

Re(ce —df) —Im(de+cf) —Re(de+cf) Im(df — ce)
Im(cf —de) Re(ce+df) —Im(ce+df) Re(cf — de)
Re(de+cf) Im(ée—df)  Re(ce —df) —Im(de+ cf)
Im(ce+df  Re(de—cf) Im(cf—de)  Re(ce+df)
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A short check now yields that R € SO(4).

Let F} = Fi(z,2,A), Fo = Fy(z,2,\) € SU(2) be the matrices that rotate
101,109 and o3 to the 2 x 2-matrix forms of e, es and N respectively, i.e.

€1 = F1 (idl) F2_1, €9 = F1 (iUQ) F2_1 N = F1 (io‘g) F2_1.
We now define

Un U _ Viin Wi _

U21 Uzg V21 V22
~ (711 [712 -1 =7 ‘711 ‘712 -1
U=\~ ~ = Fy(F2),, V=1~ ~ = Fy(Fy)z
<U21 U22> 2 (F2) <V21 V22> 2 (F2)

and can then compute U and V in terms of the conformal factor u, the mean
curvature H and the Hopf differential (). Making use of

fo _Jo 0 4\ .1 fy _ fy 0 1\ .4
DTN T 2e TG 0) 2 BT T 2 T T 21 0) 2
we get

00

[ = 2ie" <1 O) F{l, [z = 2ie"Fy <8 (1]> Fz_l.
The entries of the matrices U and V' are now obtained in the following way:

Differentiating f> with respect to z leads to
. 0 1Y\ — 0 1 -
sz - sz2+2’L€ ((Fl)z <O 0) F2 1+F1 <0 0> (FQ)z 1)
. 0 1\ _ 0 1\ ~_q—
= wu,fz + 2ie <F1U (0 0) F; ! + (0 0) U 1F2 1>

— wfe+2ie" (R —Uan Un+Un F.
0 Us1

We now differentiate f, with respect to z:

» 0 0\ . 00\, _
fzz = wuzf, + 2ie <(F1)z <1 0> Byl Ry (1 0) (F2)21)
. 0 0\, 0 0\,
= wuzf, + 2ie <F1V<1 0>F21+F1<1 O)V 1F21>

. Via 0 > _1>
= wuzf, + 2ie* | I ~ ~ | F )
/ < ! <V22 + Vo —Vip) "2

Since f,z = f5, we therefore obtain

u5f2—|—2ieu <F1 < V12~ 0 > F21> — szg—l—Qieu (Fl <_U21 U1 +Un

Voo + Voo —Vio 0 U2y

)=
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and thus
o ~Us U+ ﬁn) ~1 ( Via 0 ) 1)
Uz fr—uy fz = 2ie” | F° F," — F ~ ~ F. ,
4 / < ! < 0 U2 2 "\ Vag + Vg =) 72
implying

uzf, —uyfz = 2ie" | Fy Uz — Y12 Ui + gn F2_1 .
—Vag = Vay Ui+ Vio

Writing out the left part of the above equation yields

uéfz - uzfé = 2ie" <F1 <£ _(’)U'Z> F2_1>

— 2 (R —(721—Ym U11+[Z11 .
—Vag — Voo U1 + Vi2

U+ U +u, =0, Vog+Vag+us =0, Us =—Via, Usp = —Vio.

Hence we get

Computing f,, yields

B . 0 0\ . 4 0 0 o
fzz = uzfz+27'e <(F1)Z <1 0) F2 + k1 <1 O) <F2)z )
Cw 00 _ 0 0\ ~_1._
— Wﬂ+%e<HUQ JEJ+E<1O>UUgﬁ
w Uiz 0 ) _1>
= wu,f, +2ie" | F ~ ~ | F .
4 ( ! <U22+U22 —Upp) "

We know that f,, = 2u,f, + QN and with N = F; (iag)F2_1 therefore
obtain

. Uiz 0 ) _1>
2u,f, + QN = u, f, + 2ie" | I ~ ~ | F ,
o+ @ 4 < ! <U22 + Uy —Upp) ?

thus

2ie | F ~ ~ F. = uyf, + QN
( 1<U22+U22 —Uyp) 2 o+ @

1,—u 0
— gjenp (2¢€ )Fl.
(0 )

This gives
_ 1 _
U12:U12:§€ “Q, Uxp+Uxp—u,=0.
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Differentiating f> with respect to z shows V1 + 1711 —uz = 0. We now look
at

fzx = usfs+2ie | By —Us U + Uil Fl
0 Ua1

= 2" <F1 (‘%21 U(;) F21>.

With N = F (io3) Fy ! and f;, = —2e2“f + 2He?"N we get

foo = —2ef +2HE*N
. e 0 1 . He* 0 -1
= 2" < 0 ie“) Fy " +2ie"Fy ( 0 —He“) F;

and thus Uz = —(H —1)e", Usp = —(H +1i)e*. Considering fzz one obtains
Vo1 = Vo1 = —e %@ and summing up the Lax pairs in terms of 2 x 2-matrices
are of the form

1 —u. e uQ 1wz 2(H i)
U= 2 <—2(H —i)e"  u, > V= 2 (—e”Q —uz > ’

~ 1 —U, e "Q ~ 1 Uz 2(H —i)e"
7= (Cooe o) T3 (L M),
O

Now we can give a formula for CMC surfaces in S? described by 2 solutions
of the above Lax pair. For technical reasons the following considerations will
be mostly stated in the language of su(2)-valued 1-forms a) = Uxdz + Vydz.

For w € QY(R2,5[(2,C)) we perform a splitting into the (1,0)-part w’ and
the (0, 1)-part ", i.e.

/ "
w=w +w,

according to the decomposition of the complexified tangent bundle TC ~
TR? with d = 9 + 0. Setting the *-operator on Q' (R2,s((2,C)) to

*w = —iw' +iw”
one may prove the following lemma.

Lemma 5.3. Let f: R? — S3 be a conformal immersion and w = f~'df.
The mean curvature H is given by

2d+*w = Hw A w].
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Proof. Let U C R? be open and simply connected with coordinate z : U — C
and set df’ = f.dz, df” = fzdz. Since f is conformal one has

<fZ7fZ> = <f§7f2> = 07 <fzvf§> = 2U2
with a function v € C°°(U,R\{0}). From the left invariance we obtain
(W' o') = (df',df') =0,

i.e. conformality is equivalent to (w’,w’) = 0. For two smooth maps F,G :
U — SU(2) that transform the basis {1,e_, e, €} into a frame { f, f., fz, N},

where
. — 0 0 . — 0 1 c— i 0
~~\t o) """ \oo) " \0 —i)’
the previous lemma implies
f=FG™', df =2ivF(e_dz +e,dZ)G™', N =FeG'.
Thus o := Udz 4+ Vdz = F~'dF and 3 := Udz + Vdz = G~1dG are of the

form

a = <’U(H —i)dz — ;v_leé) e_ + (;v_lez +vu(H + i)dé) €4

1 1 .
+ <2vzdz — 2vzdz> 1€

g = (—U(H +1i)dz — ;v_leZ> e~ + <;U_1de +v(H — i)d2> €4

2 2
With 0 = d(GG™1) = (dG)G™! + G(dG™!) one calculates
w = flf =FGHMFG) =GF Y d(FGT)
= GF YdF)G'+GF'F(dG™Y) = GFYdF)G™ + G(dG™Y)
= GF'(dF)G™! - (GGt =G(F YdaF - G7ldG)G!
= Gla—-pGL

1 1
+ (vzdz — vzdz> 1€.

A computation now yields

dxw = 4iv’HGeG 'dz A dz.
Furthermore we have

[w A w] = 8iv’GeG™dz A dz

and thus
2d*w = Hlw A w].
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Introducing a spectral parameter A we make a A-dependent and are in the
position to express the mean curvature of the immersed surface in terms of

A
Theorem 5.4. Let u: R? — R be a smooth function and define

1 < Uydz — uzdz ixTletdz + iQe_“dz)

o= 2 e Ydz + i et dz —u,dz + uzdz

Then 2day + [axAay] = 0 if and only if Q is holomorphic and u is a solution
of the reduced Gauss equation

1 _
2’U,Zg + 5(62u — QQ€_2U) = 0, Qg = 0

For any solution u of the above equation and corresponding extended frame
Fy\, and Mg, A1 € S, N # A\, i.e. A\ = €% the map defined by the Sym-
Bobenko-formula

_ —1
f - F)\l F/\O
s a conformal immersion with constant mean curvature
Ao+ A1
H=: = cot(to — ¢

conformal factor v = e"/VH? + 1, and Hopf differential @dz2 with C~2 =
100 =210

Proof. We decompose ay into the (1,0)- and (0, 1)-parts ay = a\dz + aydz
and get

9e — 1 Uys iINTluzet
AT 2 —iuge_“Q + ie_qu —Ugyz ’
day = 1 <._uzzu —iuze™"Q + ie_”Qz) 7
2 \ilu,e Uyz
[a,)\ o/ﬂ _ 1 '—62“ + QQ@‘QU 2iuz\"le® +2iuze_“@
’ 4 \ —2iduze" — 2iuzQe et — QQe™ 2

Since 2day + [y A ] = 0 is equivalent to da, — ol = [}, ] we see that
u must fulfill the reduced Gauss equation and Qs = 0.

Now let u be a solution of the above equation and consider for Ay, A\; €
St XNg # A the map f = F,\IF/\*O]L defined by the Sym-Bobenko-formula.
Setting w = f~1df = Fy,(ay, — a,\U)FA_Ol one has
flof = By Pyt ((8F,\1)F/\_01+F>\1(8F;01)>
= BBy (Puoh Byl = BB 0P P )

= F)\O (O/)\l _a/)\o) F)\_Ol
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and therefore )
flof = 52‘@“()\1_1 — AP Fy

A similar calculation reveals f~10f = —gie“(A\; — )\O)F/\OE—F)\_OI and it is
clear that (f~af, f~10f) = (f~10f, f~10f) = 0. For the conformal factor
one has to calculate

- 15 1 ou - _
vt =2(f710f, F7I0f) = 3™ O = A0 (M = o).
For @ = f~df = F),(ay, — Oz)\O)F/\_Ol one has the splitting
-1 . _ _
O = 5zF,\O (A1 Lo+ (g — Ao)w”) F)\Ol,

where w = w’ + " belongs to « (without the added spectral parameter \).
Another calculation shows

1
A% = ZiaAg" = doAT ) gl AwIEy)

and

0,&] = =(1 = MAgH (1 = AATH Fy[w' A w”]F/\_Ol,

1
2
and thus H = z% is the mean curvature for f. From this formula we

obtain
(H2+ 1) = 20D — o) =4

and thus v? = €2*/(H? + 1). Finally we want to find the Hopf differential
and consider the normal N' = Fy eFy_ !, Similar to the above calculations

one obtains ON = F), (a € — eo/AO)F;O1 with

0 Lev( a7 4+ A7t
ag\le—ea')\oz<_Qe_u 2 (10 o) .

Thus one has
- B B i B
Q=—(00f,N) = (0f,ON) = (F{,'0f Fy, Fy,'ON Fy) = 2 (A7 = A01)Q,

and the claim is proved. ]

5.2 Covering spaces for >, and transformations of
the frame F)
We can draw the following conclusions from the Gauss and Codazzi equa-

tions: Away from umbilic points one can choose local coordinates w for ¥,
so that the Hopf differential ) is identically 1, ¢Q = 1. Such coordinates
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correspond to w = ®(§) away from the zeros of the Hopf differential as we
have already seen. In our case we have

g—1 2 g+1
© = [ e = ¢
Now one can find covering spaces that correspond to the above coordinate
transformation for ¥, as we shall see below. In the more general setting you
have to deal with a generalization of manifolds, the so-called orbifolds (see
[2]) which are introduced later.

Definition 5.5. Let f : M — N be a non-constant holomorphic mapping
of degree n (i.e. f~(Q) has cardinality n for all almost all Q € N) between
the compact Riemann surfaces M, N of genus g and -, respectively. Define
the total branching number B of f by

B= Y b(P),

PeM
where bg(P) is the branch number of f at P.

Theorem 5.6 (Riemann-Hurwitz Relation). With the above notation we
have
2g—2=2n(y—1)+ B.

Proof. See [9, 1.2.7]. O

Lemma 5.7. The hyperelliptic Riemann surface Y of genus ¢’ = 2¢g + 1
given by

Y @2 =y¥t -1

is a 2-fold cover of 3, : w? = 22912

zeros of the Hopf Differential Q.

— 1 with branch points precisely at the

Proof. Let z and y be local coordinates on Y, and Y respectively. The map
f: Y =%
y= )=y’ ==

is of degree 2 and induces a meromorphic function w on Y via

w(y) =w(f(y) = Vy*stt - 1.

Since we have 4g + 4 branch points for Y the genus is ¢’ = 2g + 1 and thus
the Riemann-Hurwitz relation yields

B=2¢ —2—2n(g—1)=2(29+1)—2—4(g—1) = 4.
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Lifting the Hopf differential Q(z)dz? of ¥4 to Y yields

Q)dy’ _ QU W) ()’dy* _ 4y*dy?

w? w? w?

by the transformation rule for quadratic differentials. If for a P € Y, y
vanishes at P, then z vanishes at f(P), i.e.

z =y

This observation together with the transformation rule gives
ordpQ = (by(P) + Dord s @ + 2b5(P).

The four zeros of @) lying over zero and infinity F1, ..., Fy are of order (g—1)
and therefore one has ordz @) = 2g for the corresponding zeros of Q, i.e.

29 = ord;Q = (b(Fi) + 1)ord, 5, Q + 2b5(F)
= (b(Fi) +1)(g — 1) + 2b5(F,)
& bi(F) =1Vi.

Since B = 4 we see that these four zeros are the branching points of
f:Y =3, O

Lemma 5.8. The immersion f : X, — 53 can be lifted to an almost con-
formal immersion f:Y — S3.

Proof. Away from the branch points of the covering fis a smooth immersion
since it is a composition of smooth immersions. This only fails at the four
branch points - a finite set of points. Hence the claim follows. O

The coordinate w = ®(§) = g%f “+* now indicates that one might regard Y

as a (g + 1)-fold cover of some other Riemann surface. On this surface the
corresponding Hopf differential Q is identically 1, Q = 1. We now first want
to investigate the possibilities of “going down” from one surface to another.
It turns out that this can usually be achieved if one has a finite group acting
smoothly and effectively.

Definition 5.9. An n-dimensional smooth orbifold O is a paracompact
Hausdorff topological space together with a collection {(U;, G;, f;, U;)} where

(i) {U;} is an open cover of O;

(ii) U; is a smooth connected n-manifold;

(iii) Gj is a finite group acting on U smoothly and effectively;
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(iv) fi : ﬁi — U; is a continuous map which induces a homeomorphism
from U;/G; to Uj;

(v) (Compatibility condition) If y € U; and ¢/ € Uj satisfy fi(y) = f;(v'),
then there is a diffeomorphism f of a neighborhood V}, of y to a neigh-
borhood of ¥ with f(y) =y such that fjo f = f;.

Definition 5.10. For any point x € O, orbifold chart (ﬁi,Gi,fi,Ui) and
y € f~!(x), the stabilizer or isotropy group I, of z is

Ty ={g9€Gilgly) =y}

A point with non-trivial stabilizer is called a singular point. A singu-
lar point x € O whose stabilizer I';, consists only of orientation-preserving
conformal diffeomorphisms is called a cone point.

The following lemma due to [2] can be applied in a more general setting and
is interesting in its own right, since it allows the “smoothing” of an orbifold.

Lemma 5.11. Let O be a two-dimensional conformal orbifold such that
all its singular points are cone points. Then O can be given the (unique)
structure of a smooth conformal surface O such that the identity map
O — O is smooth and conformal on O\{cone points}.

Proof. T'y, is cyclic. Suppose it has order p. By the Riemann mapping
theorem we have a uniformizing map, i.e. a conformal diffeomorphism
f: (U,0) — (D,0) to the open unit disk D. Since a conformal diffeo-
morphism of D which preserves the origin must be a rotation, it follows
that f is equivariant with respect to the action of I', on U and the action
of Z, on D generated by rotation through 27 /p. The map f factors to a
homeomorphism from U = U /T, to the “cone” D/ Zp, which is smooth and
conformal away from x.

Now given such a cone point x this homeomorphism can be composed with
the homeomorphism given by

D/Zy, — D, y—y*

and thus defines a conformal structure on U. It is clear that this endows
O with a well-defined smooth conformal structure which agrees with the
conformal structure on O\{cone points}. O

Remark 5.12. If O; is endowed with the above conformal structure, each
orbifold chart f : U; — U; C Os is smooth and conformal with a branch
point of order p at each point in the inverse image of a cone point of cone

2
ngle <&,
angle <

In the present situation we have again a covering with 4 distinguished points:
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Lemma 5.13. The hyperelliptic Riemann surface Y of genus ¢’ = 2g + 1
given by
Y@t =yttt -1

is a (g + 1)-fold cover of the surface X : w? = z* — 1 of genus v = 1 with
branch points precisely at the distinguished points that correspond to the
zeros of the Hopf Differential @) of ¥,.

Proof. The proof of lemma 5.7 carries over to this situation. It is clear that
the genus of X is 1. O

/ (94 D=

D

|f
53

Figure 5.1: Covering spaces induced by ,.

Lemma 5.14. The conformal factor u of the surface Y fulfills

u(0y(y), 04(y)) = uly,y)-

Proof. Let y be a conformal coordinate around a zero of ). Since the map

Oy :y — exp (2275:2) -y leaves the metric on Y invariant, we have for {, =
exp (225:2)

0209 ()04 (y)) £,€,dydy = 6217(99(@/)7%)6@(137 = 2V gydy

and therefore the result follows. O

Lemma 5.15. The constant quadratic differential (the Hopf differential) Q
of X can be lifted to the Hopf differential ¢ of Y.
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Proof. This follows immediately from the definition of a lift of a quadratic
differential to the covering surface Y, since setting g%ygﬂ = x yields

@dan B 1da? _ Ay29 dy? _ édy2

w? w? w? w?
O

Lemma 5.16. Coordinate changes of the form z — w = w(z) leave the
Gauss and Codazzi equations invariant away from the zeros of w(z).

Proof. The Gauss and Codazzi equations for S® are given by
1
2u,5 + 262“(1 + H2) — 5@@6721‘ =0, Qs=2H,e*.
Since H = const we only need to consider the first equation and investigate

the transformation of the corresponding terms resulting from the coordinate
change. First we observe that from the equation

24w D) qopdip = 253 dzdz

eZu(z,Z) — eZﬁ(w,zD) di’w dﬂ
dz z

we get

and therefore

Q.
S

u(z, z) = u(w, w) + In <

Differentiation yields

2 _
2u(z,2)z = % 2u(w, W) g + In (Cj;:) +1In (Cj;;)
_ |t : 2u(w, 0)ywe + L dzl + L i
- |dz P (d—”j) dz2 | (%’) dzdz |
dw|?

dPw  dPw 1 d3w

(du)? dedz dede T ) a2

z z

dw|*
= v 20 (w, W)y,

dz

since w is holomorphic and w anti-holomorphic, respectively. Now consider
the quadratic Hopf differential and its transformation rule for coordinate
changes, namely

2
Qdz? = @dw2 = Q= @ (dw) .
dz

) o
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Under a coordinate change of the above form the Gauss and Codazzi equa-
tions are transformed into

e () () T

dz

dw |?
dz

- dw |?
2uww + dz

and therefore one obtains

dw|?

dz

B _ 1~= o

From the above considerations we see that the Gauss and Codazzi equations
are left invariant away from the zeros of w(z) and behave singular at these
points. ]

).

we see that the conformal factor u has a singularity at the zeros of w(z).

Remark 5.17. Since

~ dw
> = U 1
u(z,z) = u(w,w) + n< P

It is possible to define the quantities , @ and H on the surface X and one
obtains the following

Theorem 5.18. Via the (g+1)-fold cover py : Y — X with y — y9t1 =: x,
the quantities u, Q and H on the surface X : w? = 2* — 1 are well-defined.
Furthermore u solves the sinh-Gordon equation

2Uzz + sinh(2u) = 0.

Proof. Considering the above construction one sees that it is possible to

define global coordinates via dz = %”” so that the Hopf differential Q in

these coordinates is identically 1, i.e. Q =1.
Moreover lemma 5.14 ensures that the conformal factor @ is well-defined
on X as well, since it is compatible with the group action induced by the

conformal diffeomorphism 6, : y — exp (22712) -y. Since @ = 1 the Gauss

equation may be reduced to

~ 1/ o o ~ . ~
2Ugz + 3 (62“ + 6_2“) = 2Uyz + sinh(2u) =0
and we obtain a doubly periodic solution to the sinh-Gordon equation with
singularities appearing precisely at the distinguished points corresponding
to the zeros of Qdz>. O

We will see that a frame F) on Y, corresponds to a frame ﬁA on X with
a special behavior around the 4 distinguished points corresponding to the
zeros of () on Xg.
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Theorem 5.19. A coordinate transform of the above form leaves the frame
F\ respectively the su(2)-valued 1-form ay invariant.

Proof. Considering

1 < u,dz — uzdz ixTletdz + iQe “dz
Q

a = 2 e "dz + i etdz —uydz + uzdz

one has to investigate the transformations of the quantities appearing in this
matrix. According to the splitting ay = o) 4+ of this leads to

ey =@ (%5)

and therefore applying In and differentiation yields

as well as

With the transformation rule for quadratic differentials in mind we see that
ay = Uydz + V)dz becomes

ay = U,\dw + ‘7)\du_],

dw dw\ =
= ()5 v= ()7
Considering

A= =B () Ut = B ()
= I, d

where

and the analogue for V' yields the invariance of the frame F) and concludes
the proof. ]

5.3 Closing conditions and monodromy of the mov-
ing frame

When one starts with a CMC H conformal immersion f into S® defined
on a simply-connected domain D, and then extends f to a conformal CMC
immersion f on a larger non-simply-connected domain D the extension f
will be unique. However, it is not necessarily true that f is well-defined on
D. The extended immersion f being well-defined on D is equivalent to f
being well-defined on every closed loop & in D, i.e. § : [0,1] — D and 7 is
the Deck transformation associated to § on the universal cover D of D.
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Definition 5.20. A Deck transformation of a cover p : C — X is a
homeomorphism f : ¢ — C such that po f = p. The set of all Deck
transformations of p forms a group under composition, the Deck trans-
formation group Deck(C/X). Every Deck transformation permutes the
elements of each fiber and defines a group action of the Deck transformation
group on each fiber.

Definition 5.21. Let § be a closed loop and 7 the associated Deck trans-
formation on the universal cover. We call Mj for which F(7(z),7(2),\) =
M, - F(z,Z,\) the monodromy of F'.

Remark 5.22. The monodromy C* — SL(2,C), A — M), is a holomorphic
map with essential singularities at A = 0 and A = oo and by construction
takes values in SU(2) for |A\| = 1.

We want to derive some properties of the monodromy and start with the
so-called “closing conditions”. These are necessary and sufficient conditions
for f to be well-defined on the loop 9, i.e.

f(7(2),7(2)) = f(2,2).

Theorem 5.23. Let F' be an unitary frame with mondoromy M, (\). Let
f(z,2) = F)\IF)\_OI. Then the closing condition is M;(Ag) = M-(A1) = £1.

Proof. The claim follows directly from the Sym-Bobenko formula:

Proposition 5.24. The monodromy satisfies
MY = (')

Proof. We have to show that aj—1 = (@x?)~! holds. Inserting A=! into
one gets

e 1= 1 uydz — uzdz ixetdz +iQe "dz
AT 9 Qe udz + i etdz —u,dz + uzdz '
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On the other hand one has

— 1 uzdz — uzcéz —ixlevdz — Qe Ydz
AT 9 —iQe "dz — iletdz —uzdz + uydz ’
- 1 uzdzZ — u,dz —iQe "dz — ie'dz
AT g i letdz — iQetdz —uzdZ + u,dz ’
@)l = 1 Uydz — uzdz ixetdz + iQe "dz
A = 2 Qe "dz +iX"tetdz —u,dz + uzdz ’

Since dF\ = Fya) we have
—t\
F5-1=(Fy) !
and hence the result follows from the definition of the monodromy. O

Proposition 5.25. For the Pauli matrix o9 one has

(1) o2M(N)oz = (M(N)") 7,

(i) oaM(A=Y)og = M(N).
Proof.

(i) Again we are considering «;y and note that from the previous propo-
sition we can deduce

( t)_l 1 uzdz — u,dz —iXetdz — iQe Ydz
A T2 \—iQedzZ — iN"letdz —uzdz + u,dz ’

Computing oo M (N)oy yields

- 1 (=X "te¥dz — Qe "dzZ —iu,dz + iuzdZ

oMMz = 725 ( —iu,dz + tuzdz Qe "dz + Ne'dz
1 uzdz — u,dz —ixe"dz — iQe "dz
T 2\ —iQe %dz — ix"levdz —uzdzZ + u,dz

and the first claim is proved.

(ii) Note that (ii) is equivalent to M (A~1) = oo M (\)oz and that one has

)=+ uzdz — u,dz —idetdz — iQedz
AT o\ Qe tdz — A tetdz —uzdz + u,dz ’

Hence the result follows.
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We now return to the rotations in S? via the double cover
X—FXG'!' «— Xw—RX
and consider the special case of F' = G, that is

1 0 0 0

0 C% — C% — d% + d% 2(0102 + dldg) —2c1dy + 2c9ds
0 —26102 + 2d1d2 C% - C% + d% - d% 2(ng1 + Cldg)
0 2(01d1 + Czdg) 2c9d1 — 2c1do C% + C% — d% — d%

R=

The construction procedure of the Lawson surface ¥, yields a reflection 6,
that acts like a rotation around %. For g = 2 the corresponding mapping

1S
~5  3V3 0
e (A) =[-8 S5 0
1 0 0 1
0 0 0

Going through the construction procedure of ¥, one sees immediately that
interchanging the roles of the P;’s and ();’s one obtains the same surface,
since one just assigns another north pole in S®. Applying this consideration
to the present case one gets

—_ O O O

0 0
0 0
\/g ’
1 1
00 —3v3 —3
and we may solve the above equations to obtain a A € SU(2) such that

AfA™Y —— R-f=6,f.

O =

S O =
O = O

N
N[ —

Thus we get the following equations
M) e —cg—di+dy = 1,
) & —c3+di—d; = -
M) G+ —d?-d3 = —

as well as

(IV) C1Cy = —d1d2, C1C2 = dldg,
(V) Cldl = —C2d2, Cldl = ngg.

Equation (IT) and (III) give c¢3 = d2 and inserting that into equation (I) one
gets ¢ — 2¢3 + d3 = 1. Moreover equation (IV) yields 2didy = 0 < di =
0V dy =0. Setting

V3

1
c1 = —5, Cy = d1 = O, dQ = —7
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one may check that equations (I)-(V) are fulfilled. Furthermore one has
1
2<Cld1 + Cldg) = 5\/§
1
262d1 — 2Cld2 = —5\/3

and thus A is of the form

Summing up and considering the general genus g case one has the following

Theorem 5.26. The immersion f : 3, — S3 is equivariant with respect to
the diffeomorphism 8, i.e.

F(0y(2),04()) = Af(2,2)A7", AT =1.

Proof. The group generated by (A, A) under the adjoint group action (F,G) :
X +— FXG~1in SU(2) is cyclic and of order (g + 1), since A9*! = 1. Thus

Go = (A, A)) ~ 797,
For Gy = (0,) ~ Z9™! one therefore has

F(g(2), 9(2)) = Agf(2,2) A, Vg € Z9H
and the theorem is proved. O

Corollary 5.27. The almost conformal immersion g = fop; : Y — S3 is
equivariant with respect to the lifted diffeomorphism 6,

9(0y(y),04(y)) = Ag(y, ) A~", AT =1.

Proof. Since p; : Y — ¥, has branch points at the zeros of Q(z)dz? on X,
the symmetry induced by 6, can be lifted to Y. O

Theorem 5.28. For the diffeomorphism 0, the extended frame F) obeys the
following transformation rules

Fy, 004 = AF)\OAil, Fy, 00, = AF)\IAil, Ao, A1 € St

Proof. We have already seen that we can find \g, \; € S! such that f can
be written as
f=FFy,

and therefore we get (since f(0,(2),0,4(2)) = Af(z,2)A71)

Fy,00,=AF\,B™', F\ 00, =AF\ B~ "
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Note that the point P, = (1,0, 0,0) corresponds to 1 € SU(2) and therefore
the point zg on X, can be chosen such that zy := 0 corresponds to P in a
neighborhood of zg. Since zg is a zero of the Hopf differential it is a fixed
point of the diffeomorphism 6,. In the above construction we have precisely
made use of that fact. The frames for f are obtained by integrating the
equation

dF) = Fha),
with initial condition F)\(zp) = 1. Considering the initial condition for
A = Ao,1 one sees
F\(0) = Fr(0,(0) = AF\(0)B™ ! =1
& B=A.

Rotating A\g and A1 while keeping the angle between them fixed, one obtains
the same result for the whole family associated to X,. O

Recall that a smooth solution u of the Gauss and Codazzi equations must
also exist at the zeros of the Hopf differential. Applying the transformation
rules for the extended frames and the preceding considerations now yields
the following

Theorem 5.29. Considering the (g+ 1)-fold cover py : Y — X one obtains
a monodromy M)y around the 4 distinguished points on X with

Mt =1,

Proof. Due to theorem 5.4 we see that for all A € C*, u is a solution of the
reduced Gauss equation if and only if the zero-curvature condition for ay,
that is

2day + [ax A ay] =0,

is fulfilled. But the zero-curvature condition is an integrability condition
and thus we can integrate to obtain a corresponding extended frame F).
We know that such a smooth solution must also exist at the zeros of the
Hopf differential. Therefore there is no monodromy on X,.

Now consider a loop 5 on X. Transforming the frame on X, to a frame
}*A} on X we have already seen that the zero-curvature condition is no longer
valid at the distinguished points corresponding to the zeros of the Hopf
differential on ;. Thus one obtains a monodromy

My(r) = 7(F\) Fy !

for the corresponding Deck transformation 7. From the theory of covering
spaces we know that going around the loop ¢ for (g+1) times results in one
loop 0 on the covering surface Y and this in turn corresponds to a 2-fold
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loop 4 on the surface ¥,. Combining this consideration with the invariance
of the frame F)\ under coordinate changes induced by the covering spaces
one obtains a monodromy on X with

M{T' =1 viecC

5.4 The spectral curve for >,

We have already introduced the notion of monodromy and will now con-
struct a hyperelliptic Riemann surface from a solution @ of the sinh-Gordon
equation. This surface is the so-called spectral curve.

Although the monodromy depends on the choice of the base point zy the
conjugacy classes and hence the eigenvalues do not. Given a conformal
immersion of a torus, i.e. f:R?/I' — SU(2), with lattice

I'= UJ1Z SP) UJZZ,

and corresponding extended frame F) one can consider the monodromies
My (\), Ma(\) of F\ with respect to wy and we. Denoting the corresponding
eigenvalues with p1, po one can make the following definition.

Definition 5.30. The spectral curve of a conformally immersed torus in
53 is the hyperelliptic curve given by

S5 = {(A i, p2) | det(u 1 — Mi(A) = det(ual — Ma(X)) = 0}.

The following theorem yields a description of CMC tori in terms of spectral
curves.

Theorem 5.31. Let Y be a hyperelliptic Riemann surface with branch points
over A\ = 0 (y*) and X\ = oo (y~). Then Y is the spectral curve of an
immersed CMC torus in S® if and only if the following four conditions hold:

(i) Besides the hyperelliptic involution o, the surface Y has two further
anti-holomorphic involutions n and p =noo = o on, such that n has
no fized points and n(y™) =y~.

(ii) There exist two non-zero holomorphic functions py, po on Y \{y™,y~}
such that fori=1,2
oy = it 0 =y p = g

(iii) The forms dln p; are meromorphic differentials of the second kind with
double poles at y*. The singular parts at y respectively y~ of these
two differentials are linearly independent.
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(iv) There are four fixed points y1, yo = o(y1), ys, ya = o(ys) of p, such
that the functions pu1 and uo are either 1 or —1 there.

Proof. We only give a short sketch of the proof and consider the ”only if’-
part. Thus we have to verify the four conditions stated above (for details

see [29]).

(i) From proposition 5.24 and 5.25 one obtains the existence of the three

involutions. Obviously p = no o = o on holds as well as n(y™) = y~.
To complete the proof we have to check that n has no fixed points: If
v is an eigenvector of M) then v is an eigenvector of M. since

det(ul — My) = det(ul — oaMy—109)
= det(o2(pl — Mx-1)02)
= det(pul — M5-1) = 0.
We further have
M;\71I7 = M;\fﬂ/ = W = Ml7.
With fol = oo M09 we get

M50 = pv
& o9Myoov = pv
& Myoov = noov
and therefore o9v is an eigenvector of M. If n would have fixed

points, the eigenvectors of My would linearly depend on each other,
i.e. oo = yv. But this would imply

=

and therefore ¥4 = —1, which is a contradiction. Hence the eigenvec-
tors are linearly independent and n has no fixed points.

(ii) With the help of proposition 5.24 and 5.25 we compute

POCLA) = det(pl — MOV) = det(el ~ (1))
= det(pul — ooM(N)o2) = P(u, A),
POLTY = det(u 11— M(V)) = det(u 1 — oo(M(3) o)

= det(p "1 — (M"(X))™1) = det(pl — M (X))
= P\ np),

PO T = det(p11— M(A1) = det(u~'1 = M(A™)
= det(p'1 — (M"(X)™") = P(\, ).
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(iii) To prove the claim one has to introduce the Baker-Akhiezer function
and this is done in [3]. Following the arguments explained in [29] yields
the claim.

(iv) This follows directly from the closing conditions, since p*A = A7! = X
if and only if |A] = 1. Moreover o*A = X and with My, = M), = £1
the result follows.

O
Considering the Riemann surface X one obtains the following

Conclusion 5.32. The monodromy M) on X has eigenvalues that are (g +
1)-roots of unity. Hence the associated spectral curve is trivial.
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Chapter 6

Conclusions and outlook

In this chapter we summarize the results of this work, especially those which
are new. We also give some remarks on other interesting questions that are
beyond the scope of this thesis.

First we introduced the construction procedure for the surfaces ¥, according
to [24] and [25] that strongly relies on the reflection principle, i.e. reflection
across a geodesic 7 in S3. The surfaces themselves are patched together by
isometric copies of the same “initial surface” My, which is a solution to the
famous Plateau Problem. In the present case the boundary is a geodesic
polygon I'y, i.e. a polygon in S3 that is composed of geodesic arcs 7;. In
the following we gave an outline of the techniques applied by Lawson (like
the conditions posed upon the geodesic polygon I'y) to ensure that reflection
across these boundary arcs produces a complete, non-singular submanifold
in S3. Moreover we proved that the subgroup of O(4) generated by the
reflections across the boundary arcs (denoted by Gr,) is Dagyo, i.c.

Gr, = Zagya X Lz = Dag,

where D,, denotes the dihedral group of order 2n. It was also shown that
for each g the surface ¥, is a hyperelliptic Riemann surface with reduced
automorphism group Dag42 and therefore

Z]g:w2 = 229t2

describes Y, as an algebraic curve.

In the following we were dealing with the Hopf differential Qdz? of >, and
proved that up to phase-scaling one has

2 2971dz?
Qdz" =a——>5—,
w

where we have made use of the fact that Qdz? stays invariant under certain
coordinate changes induced by Gr,. We also determined the zeros of @

95
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and discovered their significance for the following part. Introducing a local
parameter w = ®(z) and the techniques necessary in order to deal with
trajectories of quadratic differentials (see [33]), we could prove a canonical
triangulation for 3, with a certain form of trajectory rays as edges and the
zeros of Qdz? as vertices.

Finally we focused on the moduli problem for the genus g > 2 case and
therefore investigated the nature of the object associated to ;. We showed
that the surface ¥, is equivariant with respect to a subgroup of diffeomor-
phisms induced by the reflection across the boundary arcs. Considering the
monodromy for an extended moving frame F on a torus, one can introduce
the notion of the spectral curve. We proved that starting with the surface
Y4 one has to consider doubly periodic solutions u to the sinh-Gordon equa-
tion with singularities at distinguished points on a torus X, namely the
points corresponding to the zeros of the Hopf differential @ of 3,. This was
achieved by introducing coverings p : Y — X that induce coordinate trans-
formations of the form z — w = w(z). The extended frame F) is invariant
under these coordinate transformations and ¥, is covered by a hyperellip-
tic Riemann surface Y that in turn covers the torus X. Considering the
extended frame ﬁA on X we proved that one obtains a monodromy around
the distinguished points that satisfies

M =1,

i.e. the corresponding spectral curve is trivial. Thus it might be possible to
merge the knowledge gained from the study of spectral curves and the fact
that M f“ = 1 at the distinguished points in order to get a description for
CMC-surfaces of higher genus g.

Many open questions are related to the above results. For example one
could investigate how the triangulation transforms if one passes to the torus
X. Knowing the symmetry group, one may pose symmetry-conditions that
must be fulfilled by solutions % of the sinh-Gordon equation. On a torus
the two periods induced by the lattice I' = w1 Z @ weZ commute, but in the
present situation this is not the case. Therefore one has to investigate the
behaviour of periods that result from a loop around a distinguished point.

For future research it also might be of interest to consider the asymptotic
analysis of the monodromy, that is the behavior of M) around A = 0 and
A = 00, where M) has essential singularities.

For this purpose one has to express the monodromy in terms of polar co-
ordinates. Then traversing a loop is equivalent to adding a period p. This
periodicity corresponds to a real translation and therefore one may solve

dF\ = Fyany, F)\(0) =1,
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along the real axis. Considering a trivial solution of the Maurer-Cartan
equation (the zero-curvature equation) related to « it is possible to obtain
the monodromy My(\) corresponding to the “vacuum”-solution Fy(z,y, ).
The goal would be to find a bound for the monodromy M (A) in terms of
My(\) as one approaches the critical points A = 0, co.

It will also be convenient to reformulate the stated results in the language
elucidated in [6] and [10], that is in the language of quaternionic holomorphic
geometry. Considering a quaternionic line bundle V' with complex structure
S, it is natural to investigate the connection V and to introduce a S'-family
of flat quaternionic connections

Va=V+A-1A
with A = €. One also obtains a smooth map
f:M—S*CcH

satisfying
flf = (A =1)A.

It would be interesting to reflect the results in this more general setting.
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