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Abstract

This thesis deals with deformation of spectral curves of constant mean
curvature tori in S®. At first the key points of the theory of surfaces of
constant mean curvature are brought together. The connection between
conformal maps into different space forms an the sinh-Gordon equation is
established. Then the periodic solutions of the sinh-Gordon equation are
analyzed and the notion of a spectral curve is explained. After that a par-
ticular deformation preserving certain parameters of the spectral curve is
described. This deformation produce a one-parameter family of spectral
curves of tori in S* from a given spectral curve of a torus in S*. It will be
shown where this deformation can branch from spectral genus O to a higher
genus in particular to genus 2. The spectral curves at this branch points are
computed explicitly. A special class of homogeneous tori is defined and it
will be shown that if a spectral curve of some the tori in this class is taken as
the start point of the deformation the mean curvature is going to infinity dur-
ing the deformation. The exact conditions for this behavior are established
and it will also be proved that this conditions are in fact not only neces-
sary but also sufficient. This result will give a deformation path of spectral
curves from a homogeneous torus in S* through some tori of spectral genus
2 in S? to a torus in R.
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CHAPTER 1

Introduction

The surfaces with constant mean curvature have been of big interest to
mathematicians since the middle of the nineteenth century. In the eighties
of the twentieth century this topic regained new interest with the discov-
ery of the first immersed but not embedded tori in R* by Wente [11]. The
theory was developed further by Hitchin [5], by Pinkall and Sterling [7]
and by Bobenko [1, 2, 3]. In particular the latter worked out the relation
between constant mean curvature tori in different space forms, periodic so-
lutions of the sinh-Gordon equation and hyperelliptic Riemann surfaces.
These surfaces are called spectral curves. A deformation on spectral curves
of constant mean curvature tori in S* was introduced by Kilian and Schmidt
[6]. The underlying idea to this deformation was established by Grinevich
and Schmidt [4]. This deformation generates for a given spectral curve of a
constant mean curvature torus a one-parameter family of spectral curves of
constant mean curvature tori. The closing conditions are fulfilled by all the
members of this family. Certain spectral curves in such families may have
double points and at these curves it is possible to branch the deformation
to a higher spectral genus. The study of endpoints of such deformations
reveal some interesting behavior. In particular some deformation of spec-
tral curves of constant mean curvature tori in S* end in spectral curves of
constant mean curvature tori in R3. This gives an explicit example of how
some CMC tori in R? can be seen as limits of CMC tori in S°. This is also
true in general, see Umehara and Yamada [10].

The main part of this thesis is divided into three chapters. In the chap-
ter 2 we recall some key points of the theory of constant mean curvature
surfaces. We look at conformal immersions into the euclidean space and
into the three sphere and show the definition of extended frames. We point
out the relation between constant mean curvature surfaces and solutions of
the sinh-Gordon equation and at the end of the chapter we also recall the
formulas which construct an immersion from an extend frame.

The chapter 3 will deal with periodic solutions of the sinh-Gordon equa-
tion. We will investigate the monodromy of such solutions and explain the
notion of a spectral curve. Here we will obtain the important conditions
that have to be fulfilled in order for a hyperelliptic Riemann surface to be
a spectral curve of a constant mean curvature torus in either S* or R*. We
also show an efficient way to encode the spectral data in few real values.

The chapter 4 is the main chapter of the thesis. Here we will introduce
the already mentioned deformation on the spectral curves of constant mean



Ficure 1-1. Deformation path starting from a homogeneous
torus in S* and ending in a Wente torus in R® with some
typical tori on the path.

curvature tori and analyze the behaviour of this deformation. We will show
at which point it is possible for the deformation to branch from spectral
genus g = 0 to g = 2 and we will compute the spectral data of these branch
points. In the second part of this chapter we will focus our interest on a spe-
cial class of spectral curves and prove some properties of the deformation
on these curves. The last part of this chapter will deal with the problem of
finding the necessary and sufficient conditions on the spectral curves of the
mentioned special class so that during the deformation the mean curvature
reaches infinity at the end of the deformation. We will see that the spectral
curve at the end of such deformation is actually a spectral curve of a CMC
torus in R?. A numeric computation will also show that one of those tori is
the already mentioned Wente torus. This means that we will show a defor-
mation path from a homogeneous CMC torus in S* to a Wente torus in R?.
In the course of this presentation we will show some images of CMC tori.
All those images were created witch Nick Schmitt’s CMClab [8] based on
numerical spectral data obtained by computing the deformation.



CHAPTER 2

Conformal immersions, sinh-Gordon equation, and
Sym-Bobenko formulas

In the following we will gather some useful standard facts about con-
formal immersions into the three dimensional space forms S* and R>. In
particular we will look at an equation for the mean curvature of these im-
mersions. Then we will define an extended frame and illustrate its relation
to the sinh-Gordon equation. At the end of the chapter we will also recall
the Sym-Bobenko formulas which construct an immersion from a given ex-
tended frame. The exposition follows the one made in [9].

2.1. Conformal immersions into S> and R>

We will look at the matrix Lie group SU,. The Lie algebra su, of this
group is equipped with a commutator [-,-]. Let @, € Q(TR? s1,) be
smooth 1-forms on R?> = TIR? with values in si,. We define now a sii,-
valued 2-form

[ A BIX, Y) = [a(X), B(Y)] = [a(Y), B(X)] 2.1

for X,Y € TR?. Let L, : h — gh be the left multiplication in SU,. By left
translation we obtain an isomorphism of the tangential bundle
T SU, = SU, Xsi1,. We also have a Maurer-Cartan form

0 : T SU, — su,v, = (dLy1)g0,
which satisfies the Maurer-Cartan equation
2d6+ [0 A60] =0. (2.2)

For amap F : R?> — SU,, the pullback o = F*6 satisfies (2.2) as well. The
converse is also true, every solution & € Q!(IR?, su,) of (2.2) integrates to a
smooth map F : R? — SU, with a = F*0.

We now complexify the tangent bundle TIR? and decompose
(TR»® = T'R?> ® T”R? into (1,0) and (0, 1) tangent spaces and write
d = 0 + 0. We also decompose

Q'(R2, sL(T)) = Q' (R?, shL(T)) ® Q"(R2, sL,(T))

using s1,” = slL,(C). We split w € Q(R?, sI,(C)) accordingly into the
(1,0) part " and the (0, 1) part w” writing w = " + w”. Finally, we set the
s-operator on Q'(R?, sI,(C)) to *w = —iw’ + iw”.
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For further computations we fix the following basis of sl,(C):

6_:(_01 8), e+:(8 (1)) e:(;)i (l)) (2.3)

Moreover let (-, -) be the billinear extension of the Ad-invariant inner prod-
uct on s, to s1," = sl,(C), such that (€, €) = 1. For X, Y € su, we further
have

1 1
(X.Y)= -5 uXY, |X| = VdetX, XxY= SIX.Y1. (2.4)

So following relations arise

(e.,e)=(e.,e) =0, € =€,
. . . (2.5)
[e,e_] =2ie_, [e,,€] =2ie,, [€e_,€.]=Ie.
2.1.1. Euclidean three space. Now we shall prove a formula for the
mean curvature of a conformal immersion into R?>.

Lemma 2.1. The mean curvature H of a conformal immersion

f:R? = su, is given by 2d = df = H[df A df).

Proor. Let U C IR? be an open simply connected set with a coordinate
z: U — C. Write df’ = f.dz and df” = f.dz. The conformality of the
map f is equivalent to (f;, ;) = (f3, fz) = 0 and the existence of a function
v € C°(U,R"), such that (f;, z) = $v”. Let N : U — S? be the Gauss
map and F : U — SU, a frame such that N = FeF~!, f, = vFe_F~' and
f: = vFe, F~'. The mean curvature is H = 2072 (f.-, N) and the Hopf differ-
ential Qdz? is given by Q = (f.., N). We compute [df A df] = 2iv*Ndz A Z.
Another computation shows

1 _
F'dF = 2—( — (W*Hdz + 20d7)ie. + (20dz + v*Hd?)ie,
U
—(v,dz — deZ)ie).

Now we can compute d * df = i’ HNdz A dZ and by combining this with
the result for [df A df] we have proved the claim. O

2.1.2. The three sphere. There exists of course also a similar equation
for the mean curvature of a conformal immersion into S* which we will
prove in the following.

Lemma 2.2. Let f : R? — S3 be a conformal immersion and w = f~'df
then the mean curvature H is given by 2d * w = H|w A w)].

Proor. Let U C RR? be an open simply connected set with a coor-
dinate z : U — . As in the case of euclidean three space we write
df’ = f.dz and df” = f:dZ. The conformality of the map f is equiva-
lent to {f, f.) = (fs, fz) = 0 and the existence of a function v € C*(U, R"),
such that (f;, f3) = %vz. The left invariance gives us (w’, w") = (df’,df") so
the conformality becomes («w’, w’) = 0.
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Let be F,G : U — SU, two smooth maps which transform the ba-
sis {Id, e_, €., €} to a frame {f, f., £, N}. In this case we have f = FG',
df = vF(e.dz + €,d7)G™'and N = FeG™'. Settinga = F~'dF and 8 = G"'dG
we obtain

1 _ 1
a = (—EU(H + l)dZ - U_leZ)iE_ + (U_leZ + EU(H - l)dZ) i€+

1 _ 1 _ .
—(Ev Y.dz - o 1v2dz)le

and
1 N 1 Y
B = —EU(H —dz—v  Qdzlie. + v Qdz + EU(H +1)dz7 | ie,

1 _ 1 _ .
_(EU .dz - Y lvde)lé

We can now compute
w=fldf = (FGY'd(FG™") = GF'd(FG™)
=GF 'dFG™' + GF'FdG™" = G(F 'dF + dG'G)G™!
= G(F'dF + G''dGG'G)G™' = G(a - p)G ™.

Using w = G(a — B)G™! together with the former computations we obtain

d*w =i HGeG 'dz A dz. (2.6)
On the other hand a computation also reveals

[w A w] = 2i*GeG™'dz A dZ (2.7)
So by combining (2.6) and (2.7) we have proved the claim. O

2.1.3. Extended frames. In the following we will introduce the con-
cept of an extended frame and explain its significance for conformal immer-
sions.

Lemma 2.3. Let f : R? — SU, be a conformal immersion with non-zero
mean curvature H # 0 then there exist a S'-family of conformal immersions.

Proor. Let w = f~'df. Let the mean curvature of f be H. We have seen
that then both equations

2d *w = H[lw A w], 2dw + [wAw] =0 (2.8)

are fulfilled. Combining these equations we obtain dw + H™'d * w = 0 and
after splitting up

(1 —iH Ydw' + (1 +iH ")dw” = 0. (2.9)
From (2.8) we obtain 2dw” = -2dw’ — [w A w] and 2dw’ = -2dw” —
[w A w]. Inserting these into (2.9) gives us 4dw’ = —(1 — iH)[w A w] and
4dw” = —(1 + iH)[w A w]. Then we see that

1 1
a, = 5(1 - AH(A +iH)w' + 5(1 - (1 - iH)w”
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satisfies 2da,; + [y A @] = 0 for all A € C*. So there exists a solution
F,:R?*>xS! = su, for dF, = F,a, with the initial condition F,(0) = 1.
This solution is called an extended frame.

Let now Ao, 4; € S', 29 # A;. We claim that f : R? x S' — SU,,
f=F\F ;0‘ is a conformal immersion with a constant mean curvature

N /1 + A1
oot
/10 -
Let® = f'df = Fy (ay, — a,,)F;). Tt follows then

1
&= 3 (0" = 0 + i + (o = 1)1~ iH)e ).

The left invariance leads to (w’ W'y = (df’,df’) and so we obtain
(@&',&') = 0. This confirms that f is a conformal map since f was assumed
to be conformal.

We now compute

A l - - ’ ’7 -
dxb= Z(alaol — A7) + H)F [0 A 0"1F;)
and
A~ A 1 - - ’ ’7 —
[&Ao]=5(1- L4500 = 2047 + HY)F [0’ A ”1F3).

/1()+/11

Both equations together show that A = 5=+ 1s the curvature of f. O

2.2. The sinh-Gordon equation

This section will illustrate the relation between conformal immersions
with constant mean curvature and solutions of the sinh-Gordon equation.

ProPOSITION 2.4. Let u : R* — R be a smooth function. Let

v = U wdz—udz  id™'e"dz +ie™dZ
17 o \iedz + ide*dz?  —u.dz + u:dz

Then the equation 2da,+[a, A, ] holds exactly if u solves the sinh-Gordon-
equation
1
Uz + 3 sinh(2u) =

Proor. We decompose a, = @ dz + a//dz into the corresponding (1,0)
and (0, 1) parts. Then we compute

dary = l( e i/l_luze“)’ day = l( Ha —iuze‘”)

2 \-iuze™dz  —u 2 \idue"dz U,
and
o] = e + e—2u 2 uze" + iue™
LA 21/luze — 2iuze™ e — e—2u :

The equation 2da, + [a,1 A @,] is equivalent to éajl - 0al| = [a,a]]. The
last equation holds if and only if u solves the sinh-Gordon equation. O
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2.3. The Sym-Bobenko formulas

In the following we will explain the Sym-Bobenko formulas which al-
low us to compute an conformal immersion from a given extended frame
into different space forms.

ProposiTiON 2.5. Let M be a simply connected Riemann surface and F,
an extended frame.

(i) For every Ay, A; € S', Ay # Ay the map f, : M — S? defined by
fi=FFy!
is a conformal immersion M — S* with constant mean curvature

H =i(do + 11)/(Ao — A1)
(ii) Let H € R*. For every A,€ S! the map f, : M — R? defined by

1
fi=—2iAH "(0,F)F;" - FIFAeF;I

is a conformal immersion M — R* with constant mean curva-
ture H

Proor. We already have proved the case of the three sphere in sec-
tion 2.1.3. We will now proceed with the case of euclidean space. Let
F,: R*%xS!' - su, be an extenden frame. And let @, = F;'dF;. We can
then decompose @, in the following way

@, = (&) + Aa))e_ + (/1_10/2 + a))e + (af + @f)e, (2.10)
with ¢ and o/ independent of 1. Since @, € su, for 4 € S we also obtain
a” = a), @)’ = o and @3’ = af. We can now decouple the integrability
2da, = [a, A @,] into the €_, €, and € components

Aday +2idd) A @) = 2ia) A @y —da, (2.11a)
Aldaly +2id7 b A of = 2ial A ol —da), (2.11b)
da + iy A b =ia) Ao —daf. (2.11c)

The left sides of the equations (2.11a) and (2.11b) depend on A, the right
sides do not so both sides of these equations have to be identically zero.
Using this relations we compute

dfy = 2iH'F)(-ae_ + a)e,)Fy". (2.12)
We can see now <d f1.d f£> = 0 by using (2.5) so the conformality is clear.
On the other hand we use (2.12) to obtain
dxdfy = —4iH ') A a|F,€eF7

and
[dfi Adf\] = -8iH?a) A | F€eF;".
These two equations together with lemma 2.1 prove the claim. O



CHAPTER 3

Spectral curves of constant mean curvature tori

In the last chapter we have seen the connection between conformal im-
mersions of constant mean curvature surfaces and solutions of the sinh-
Gordon equation. In this thesis we are interested in immersions of tori into
S* so we are looking for periodic solutions of the sinh-Gordon equation.
More precisely in order to obtain an immersion of a torus f : R?/T — §?
we need a doubly periodic solution of the sinh-Gordon equation. In this
chapter we will analyze periodic solutions. We will introduce the notion of
monodromy and construct a hyperelliptic Riemann surface from a solution
of the sinh-Gordon equation. This surface is the so called spectral curve.
We will also see that a given spectral curve define a solution of the sinh-
Gordon equation in turn. Then we will show the closing conditions needed
to obtain a double periodic solution from a periodic one. The results of this
section are mainly due to Bobenko [2], see also [1, 3].

The second part of the chapter will deal with the question how to encode
the spectral curve with additional functions needed to obtain a solution of
the sinh-Gordon equation to a set of complex numbers. We will call this set
the spectral data. This representation of the spectral curve will allow us to
define a deformation on the spectral curve and represent this deformation
by a system of ordinary differential equations later. This representation is
taken from [6].

3.1. The spectral curve

We have seen that for an open subset U C C and a functionu : U - R
the sinh-Gordon equation

1
Uz + 3 sinh(2u) =0

is the integrability condition of dF = Fa with

1(1Mk—@ﬁ il letdz + ie™"dz

Y= 5 \iemdz +ide'dz  —udz + undz

If U is simply connected and u solves the sinh-Gordon equation there exists
a unique solution F to dFF = Fa with the initial condition F(zy) = 1 for
some fixed zo € C.

F:UxC" - SU,
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F is holomorphic in A. Assume u is a periodic solution of the sinh-Gordon
equation. So there exists a p € C such that

u(z+p)=u(z) forallze C.
Then we also have

a(z+p)=a(z) forallze C.
It follows

F(z+p)=F(zo+p)F(z) forallzeC.
DEerintTION 3.1. Let M(p, 1) = F(zo + p, A). The map
M:UxC"— SU,

is called the monodromy of F.

The monodromy is a holomorphic map in A. It turns out that even
though the monodromy depends on the choice of the base point z, the con-
jugacy class of it and hence eigenvalues do not. Let A(1) = tr(M(A)), then
the eigenvalues u of M are solutions of det(ul —M(Q)) = > = A(Du+1 = 0.
Let us define now the spectral curve Y

Y ={(,) e C*'xC* : > —Au+1=0}. (3.1)

Now we will diagonalise M(1). We can regard M(2) as a matrix (¢ %) and
we obtain

det(ul — M(Q)) = det(ul — (¢5)) = W = (a+dy+ (ad — be) = 0.
We will look for V = (vy,v,)" and W = (w, w,) such that

a b a b
(c )V—,uV and W(c d)—,uW.

A computation shows that V = (b, u—a)' and V = (u—d, c¢)" are solutions for
Vand W = (c,u—a) and W = (m—d, b) are the solutions for W respectively.

We set
P V-w 1 u—d b
WV 2,u—a—d( ¢ ,u—a)'

The last term is independent of the choice for V and W. We also see that
P>=Pand P(%%)=puP =(%%)P. So P is a projector.

Since M(A) is holomorphic in A the functions a, b, ¢ and d are holomor-
phic in 1 € C* as well. We also have > — A(A)u + 1 = 0, by differentiation
we obtain

(2u — A())du = N (Dudd = 0
We assume that the spectral curve does not have any singularities. So there
are no points (u, 4) such that (2u—A(1)) = 0 and A’(A)u = 0 simultaneously.
This gives
da _du
2u—AQ) A
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and PdA is a holomorphic one-form on Y. It turns out that Y is a double
cover over A € C* with branch points at A(1)> = 4. So Y is a hyperellip-
tic Riemann surface genus g. It can then be represented by the equation
v? = a(A), where a is polynomial and the branch points correspond to the
roots of a. We denote the branch points

ap = 0,a1,...,Q441, X542 = 0

and obtain
V= A —ay) (A — afzg+1)-
There are several important involutions on Y. First of all there is the hy-

perelliptic involution o-. Besides that there are two more anti-holomorphic
involutions 77 and p. These involutions are described by

o () = W), (3.2a)
n: () — @A), (3.2b)
o) — @' ah. (3.2¢)
We see that p = 7 o 0~ and we also can show that 7 does not have any fixed

points.

We already introduced the map W : Y — C?. We normalise this map
so that W; = 1 and thus W = (1, w) then w is a meromorphic function on
Y. The poles of W and the poles of w are the same. They are described by
{(u, ) : W; = 0}. These poles define a divisor D. There is a connection
between the spectral curve Y with a divisor D and solutions of the sinh-
Gordon equation.

ProposiTioN 3.2. Let Y be a hyperelliptic Riemann surface so that
A Y — CP' with branch points y* over 1 = 0 and y~ over 1 = co.
Furthermore let Y possess besides the hyperelliptic involution o an anti-
holomorphic involution n without fixed points such that 7*A = A~'. Let D
be a divisor of degree g+ 1 and n(D) — D = (f) and fn*f = —1. Then there
exists a real solution of the sinh-Gordon equation for this data.

Proor. In the following we will give a sketch of the proof of this propo-
sition. Over every point (u, 1) € Y lies W(u, A) in the eigenspace of M(1)
with the eigenvalue u. This eigenbundle is a holomorphic line bundle on Y
or the compactification of Y with the additional points y* over 4 = 0 and
y~ over A = oo respectively. The map (w;,w,) — wy 1s a linear map which
induces a global section of the dual of the eigenbundle. The divisor D gives
the zeros of this global section.

Let define the map ¥ : Cx Y — C? by

¥z, u() = Wy, HF (z, 1)

with the normalized function W(u, 1) = (1, w(u, 4)). The map ¥ is the so
called Baker-Akhiezer function. Let T = \/LE (1 ). One can show then that
Y has the following properties.
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(i) The function ¥ is meromorphic on Y \ {y*,y~} and has its only
poles at D.
(ii) Let k = VA be a local parameter at A = 0 then the function

10\, i (2 0
k -
‘I’(O 1)T exp 7\o -z

is holomorphic in a neighbourhood of y* and takes the value (1, 1)
aty*.
(i) Letk = VA be a local parameter at A = oo then the function

¥lo Bren(3(; 5)

is holomorphic in a neighborhood of y~ and takes the value (1, —1)
aty".
We obtain for every z and the Mittag-Leffler distribution 4lkz at 1 = 0 and
%z at 1 = oo an element of H'(Y,0) and by exp : z — L, a 2-dimensional
subgroup of H'(Y,0").

The mentioned properties ensure that W, is a holomorphic section of
Op®L, with the values 1,1 at A = 0 and A = 0. and that ¥, is a holomorphic
section of Op ® L, with the values 1,—1 at 2 = 0 and 2 = oo. So these
properties determine W uniquely if every holomorphic section Op ® L, is
sufficiently described by its values at y* and y~. This is equivalent to

HY,Op_y, ®L)=0

The Baker-Akhiezer function leads to complex solutions of the sinh-Gordon
equation. In order to obtain real solutions of the sinh-Gordon equation the
monodromy has to obey the following

(o) o) e

In this case the spectral curve is invariant under the involution
n : (u,A) — (@g,A"). The branch points of this spectral curve have to
be invariant as a subset of CIP' under the involution 1 — % We have then

Pl o= wle3)(5 ol B GIE

- 3

And it follows

or equivalently
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The poles of *W are given by n(D). One can also see that fn*f = —1 and
thus that n has no fixed points. We also have n(D) — D = (f).
We use now the following lemma.

LemMa 3.3. Let Y be a hyperelliptic Riemann surface with A : Y — CP!
of degree 2. Let Y have an anti-holomorphic involution n with n*(1) = A~
The points y* and y~ over A = 0 and A = oo shall be branch points and n
has no fixed points. Let D be a divisor of degree deg(D) < g — 1 such that
D —n(D) = (f) and fn*f = —1. Then it follows that H*(Y,Op) = 0.

The line bundle L, fulfills 5*L, = L, for every z € C since the transition
functions are invariant under 1. Op_,+_,- ® L. is a line bundle for a divisor
D’ of degree g — 1. And we also have n(D’) — D’ = (f) with fn*f = —1. So
if the divisor D obeys the conditions deg(D) = g + 1 and n(D) — D = (f)
with fi*f = —1 we can use the lemma to see H(Y,Op_,-—,- ® L,) = 0 for
all z € C. So the Baker-Akhiezer function is uniquely defined for all z € C
for such divisors. O

Proposition 3.2 establishes a connection between spectral curves and
periodic solutions of the sinh-Gordon equation. We are interested in spec-
tral curves of tori so we are looking for doubly periodic solutions of sinh-
Gordon equation. The spectral curves of doubly periodic solutions fulfill
additional closing conditions.

ProposiTioN 3.4. Let F, be an extended frame. The formulas in proposi-
tion 2.5 define doubly periodic solutions of the sinh-Gordon equation only
if the following holds. Let u;(A), i = 1,2 be eigenvalues of the monodromies
corresponding to the two periods.

(i) In case of fi : M — S3 there are two distinct Ao, A, € S' such that
Hi(do) = pi(A1) = £1.

(ii) In case of fi : M — R? there exist Ay € S' such that ui(dy) = +1
and (9/10[.11'(/10) =0.

The restrictions in this proposition can be regarded as additional con-
ditions to the conditions set up in the proposition 3.2, so that the resulting
solutions of the sinh-Gordon equation become doubly periodic.

3.2. Representation of the spectral data

First of all we will reformulate the definition and properties of a spectral
curve of a torus from the last section.

ProPOSITION 3.5. Let Y be a hyperelliptic Riemann surface k © Y — CP!
with branch points over k = i(y*) and k = —i(y~). Then Y must obey the
following conditions to be a spectral curve of an immersed torus in S°.

(1) Besides the hyperelliptic involution o Y possesses two more anti-
holomorphic involutions n and p = no o = o on. n has no fixed
points and it interchanges y* and y~, n(y*) = y~.
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(i) There are two non vanishing holomorphic functions ui,u, on
Y \{y*, y~} which fulfill the following conditions

o=t n L= e L=
(iii) The I-forms dlnu; are meromorphic differentials of the second
kind with double poles on y*. The principal parts at y* respec-

tively y~ of these differentials are linearly independent.

(iv) There are four fixed points yi, y, = 0(y1), Y3, Yya = 0(y3) of p, so
that u, and u, attain the value 1 or —1 there.

We choose the parameter x : ¥ — CP' so that y* correspond to x = i
and « = —i respectively. We also choose « so that it fulfills

o'k =k, 'k =k, PK=K.
We describe the spectral curve which is a hyperelliptic surface by the equa-
tion
Vv = (& + Da(x).
Here a(k) is a polynomial defined by
[

a() = | | - e - @)
i=1
with pairwise different branch points ay,...,a, € {k € C : J{«} > 0
Therefore we have n*a = a and p*a = a. We also have for « with J{«} =
that a(x) > 0 and the following transformations hold

).
0
nNv=-v, p’v=v, p'v=—-v

One can see that a is a real polynomial with deg(a) = 2g and a leading
coeflicient ay, = 1.
We now define two functions by, b, by

1
bi(k) = Ev(Kz + Do, Inpy;. (3.3)

We see that b; are polynomial in k of degree g + 1 and satisfy
77*51' =—b;, orde;_ibj=g/2
So the differentials d In u; can be written as

_bil9 dk.
(k> + 1)
with polynomials b; of degree deg(b;) = g + 1. We also see that all of the
coeflicients of b; are real.

There is still a freedom in the choice of the parameter k so we pick
ko, k1 € R, ko # ki and take the unique parameter « such that y; and
y>» = 0(y,) correspond to the two points over k = ko and y3 and y4 = o(y3)
to the two points over k = k; respectively.

Summarizing these observations we can say

dny; = mi
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ProposITION 3.6. The spectral curve of a torus in S* is sufficiently de-
scribed by the choice of the parameter «, the coefficients of the polynomial
a(k) and the two polynomials b;(x), and by the two points ko and k;.

In the next chapter we will mainly use the parameter « as it suits most
of the further computations. But there is also a parameter A on the spectral
curve Y which is used in many works we reference. In some situations
this parameter will seem to be more natural than «, therefore we will also
introduce it. The parameter A is chosen so that the points y* correspond to
the values 0 and co. The parameter A transforms under the anti-holomorphic
involution 77 as n*A = 47!, and attains A = 1 at x = 0. So in all it obeys the
following transformation rules

cA=A A=A, pra=a".
The points Ay and A, are those that correspond to xy and ;. One can then

obtain the following relations between the both parameters

. |-
/l:l,—K and k=1 /l.
I+ K 1+A4

We see that the points on the real line in k correspond to the unit circle in A.
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CHAPTER 4

Deformation of constant mean curvature tori

In the last chapter we explained how a spectral curve of constant mean
curvature torus in S* can be sufficiently described by a set of coefficients
of certain polynomials and two more complex numbers. In this chapter we
will introduce a deformation on this spectral data which will give us one-
parameter family of spectral curves for every given spectral curve. This
deformation can be represented by a system of ordinary differential equa-
tions. The deformation can branch at certain spectral curves to families of
spectral curves with a higher spectral genus. In particular we will be inter-
ested in spectral curves of genus g = 0 and their branch points to g = 2. In
order to find those we will analyze tori with spectral curves of genus g = 0
and compute their spectral data. Some of these spectral curves have double
points. These are exactly those curves where the deformation can branch to
higher genus. We will describe an algorithm how to find such curves in a
family of genus g = 0 spectral curves. We will look at the spectral curves
of tori with a rectangular conformal class in particular and compute these
spectral curves with double points explicitly. Then we will show how to
obtain the initial conditions for the deformation of tori with spectral genus
g = 2 from those curves. After that we will explicitly show the deformation
ODE for this class of spectral curves and investigate some properties of this
ODE. In the end of the chapter we will use these properties to formulate
and prove the conditions which have to be fulfilled so that during the defor-
mation the mean curvature goes to infinity. We see then that an endpoint of
such a family of spectral curves from tori in S* obtained by the deformation
ODE is a spectral curve of a torus in R3.

4.1. Deformation of spectral curves

We will now establish the period preserving deformation of the spectral
curve introduced first by Kilian and Schmidt [6]. This deformation is de-
fined by a system of ordinary differential equations on the spectral data we
introduced in the previous chapter.

Let us look closely at the differentials d In i;. We have seen that we can
write d In y; = miv_'(k* + 1)7'b;i(k)dk. We observe first that

9§dln,ui € 2nit.
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for all the cycles in H{(Y, 7). So these path integrals can not continuously
depend on the deformation parameter ¢. The y; are locally algebraic func-
tions of the parameter x and continuously differentiable with respect to ¢, so
0, In y; are global meromorphic functions on Y with only possible poles at
the branch points of Y.

We can now make the following ansatz

0,/ Iny; = ﬂiik). “4.1)
v
Here the ¢; are polynomial in « of the degree deg(c;) = g + 1 with real
coefficients.
We define the differential w as

w = (@ Inp)dnps — (8, 1n )d In ;. (4.2)

This is a meromorphic 1-form on Y with poles at most of order three at k = i
and xk = —i and roots at k = kg and k = «;. We further see that

c'w=w, N0 =w, PO = w.
So we can conclude that w as defined in (4.2) has to obey the following
relation
N (k — Ko)(K — K1)
(k% + 1)?
Now we can absorb the factor of proportionality by a reparametrization of
the deformation parameter # and we obtain

dk. (4.3)

(k — ko) (k — K1)
(O InpdInps — (0, Inpy)d Inpy = 2+ 1)

dk,

or with our ansatz
_ ¢1(K)ba(k) — c2(k)by (k) _ (k — Ko)(K — K1)
V(K2 +1)2 (k2 + 1)?
We also need to ensure the integrability ﬁfk Iny, = c’)it Iny; of the deforma-
tion ODE. So a second equation arises

0 . bW _ 0 _cW

4.4)

a[ﬂlV(K2 +1) 6K7T v
Now we use the defining equation v* = (¥* + 1)a(k) and denote the differ-
entiation of a with respect to « by a’ and the differentiation with respect to ¢
by a. Of course the same notation is used also for b; and ¢;. As all polyno-
mials and also the parameter «,, k; and Ay, A; respectively depend on ¢ we
usually omit this in the notation. But we still show the dependence on x and
A respectively to avoid confusion as we some times switch between these
parameters. After an algebraic manipulation of (4.4) and (4.5) we obtain

2bi(k)a(k) = bi(k)a(k) = — 2ka(K)ci(k)
+ (& + Dak)c;(k) = ci(k)a’ (),

4.5)

(4.6a)

1
€1(0)b2(K) = c2(K)b1 (k) = ——5(k = ko)(K = K1)alk). (4.6b)
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ProposiTiON 4.1. Let Y be a spectral curve with genus g of a CMC torus
in S3. If the differentials dIn y; for i = 1,2 do not have any common roots
the deformation described above is well defined and Y is contained in an
open family of spectral curves of CMC tori in S* with genus g.

Proor. If the differentials do not have any common roots, b, and b, also
do not have common roots. In this case the equation (4.6b) evaluated at
these 2g + 2 roots uniquely determine c¢; and c,. So there are functions
vi,j(?) for all coeflicients of ¢; so that

g+1
citk 1) = ) ¥ (0K,
Jj=0

Now we look at the roots of @; of a. At these roots (4.6a) reads as

bi(aj,Halaj,t) = (a? + Deiaj, a' (a), t). 4.7
On the other hand at these roots (4.6b) turns to
ci(a), Dba(aj, 1) = co(e;, b1, 1). (4.8)

The polynomials b; and b, have no common roots, so one of the ratios
ci(a;j,1)/bi(a;, 1) has to be well defined. This in turn ensures that one of the
differential equations (4.7) is also well defined and thus uniquely determines
a. But then (4.6a) also uniquely determine b, and b,. So we have seen that
given the initial data a, by, b,, Ky, k; the deformation equations uniquely
determine &, by, by, ¢y, C5. O

Now we need to determine &;(¢) so that the closing conditions are pre-
served during the deformation. More precisely we need

0,(In pi(k (1), 1)) |K_,~: (0, Inp; + kjak In 1;) |Kj: 0,
and by (3.3) and (4.1) we obtain

0, Iny; ci(k;)

bi(k j)‘

We have seen that as long as dIny; and d In u, have no common roots, at
least one of the ratios c;(x)/b;(k) exists and then the other has also to exist
and both must coincide by (4.6b). We see that in the open family of spectral
curves discussed in the previous proposition it is possible to let «; change
in such a way that also the closing conditions are preserved in the whole
family.

Kj:

= -+ 1
aK lnl,ll K:Kj (K‘] )

4.2. Constant mean curvature tori with spectral genus g = 0

The deformation we described before has some bifurcation points. If
the one-parameter family of spectral curves reaches a spectral curve which
has double points it is possible to branch the deformation to a higher spec-
tral genus by opening one ore more double points. This is possible if we
treat a spectral curve with double points as a limit curve of a family of spec-
tral curves in which one or more pairs of branch points fall together. In
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FiGURE 4-1. Homogeneous torus in S, normal view and a
Cross section

particular we are interested in the case where we start with a spectral curve
of genus g = 0 and open two double points, branching to a spectral genus
g = 2. In the following we will describe how to compute all the needed
data for the spectral curve of genus g = 0 with a pair of double points. At
the end of the section we will see how the actual branching is performed
and we obtain the spectral data which we can use as initial condition for
deformation of spectral curves of genus g = 2 later.

4.2.1. Spectral data of flat tori. We start the computation of the spec-
tral data by showing some general facts about tori with spectral genus g = 0.

ProposiTioN 4.2. For every surface f : R?* — S* with constant mean
curvature H and spectral genus g = 0 there exists a ty € R with H = cot(2t,)
and Ay = €™ such that

_ 1 . _ i 0 Zﬂ_l +Z
f= FialFl0 with  F,(z) = exp (5 (Z L2 0 )) 4.9)
Proor. Let us recall that every constant mean curvature surface could
be described as f = F /llF/;Ol and F, was a solution of dF, = Fa,. Let us
also recall from 2.2 that @, has the following form
1 ( udz — udz il 'e"dz + ie‘”dZ)

(4.10)

a, = =|. e -
7 o \ietdz + ide™dz  —u.dz + u=dz

In case of a flat surface we have u = 0 and solving dF, = F,a, with such
an «, we obtain an F, such as in (4.9). So there exist 4y, 4; € S' and a
frame in the given form such that f = F F 101. The parameter Ay and A,
are determined only up to a rotation and it is possible to find a rotation such
that 4 = 4;' hold. O

RemMark. The freedom in rotating the A-plane which we use to obtain
Ay = /1;1 can be used to ensure that A lies in the upper half of the A-plane
or 3{1y} > 0.

Let us now suppose that f defined as in (4.9) is an immersion of a torus
into S*. This means that it factors through a lattice w7 @ w,7Z and certain
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conditions are ensured on the eigenvalues of the monodromy with respect
to w; and w,. Precisely the following conditions must hold

p(j, do) = wj, A1) € (~1, 1},

This is equivalent to the following. There exist integers K, K>, Ly, L, € Z
suchthat K; = L;, K, =L, mod 2 and

Inp(wj, o) = miK;, Inp(w;, A,) = nil;. 4.11)

The integers K, K;, L, L, are the wrapping numbers, they encode how
many times F,, and F,, return to their initial value 1 as they traverse a
period in z.
We have seen that the choice of the wrapping numbers together with a
mean curvature uniquely determine a flat torus in S* up to an isometry.
Now we will establish formulas for the eigenvalues and periods of F(z).
The eigenvalues of F,(z) compute to

u(z, ) = exp(% V@A + 2)(z +22))
or )
Inpu(z, A) = i%(zﬁ +227). (4.12)

Now we take a look at the periods. We have F,(0) = 1 as the initial con-
dition and we know that F;(w;) = *1, so we are looking for z such that
F,(z) = £1. This is the case if and only if In u(z, 1) € niZ, or equivalently

A2 + 702 € il

We now combine (4.11) and (4.12) and see that these are equivalent to the

periods satisfying

Kidy' = L,
/161 _ /11—1

We have seen in section 3.2 that the spectral curve is sufficiently de-
scribed by the polynomials a and b and the parameters «, ;. We are inter-
ested in the spectral data of a spectral genus g = 0 torus, so a is a constant
polynomial a = 1. In the following we will compute the polynomials b;(x)
and b,(x) for given spectral parameters «; and «;.

We recall that for the case of genus g = 0 we have an explicit formula
for the immersion given in the proposition 4.2. With the help of this propo-
sition we have also established a formula (4.12) for the eigenvalues of the
function F,. This formula is given with respect to the parameter A but we
are interested in a formula with respect to parameter « as this will be more
convenient later. Rewriting the formula we obtain

. . _1 .
ln,u(z,K):%[z( %) +zw/%). (4.14)

(4.13)

w;=2m
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We have seen that we also have explicit formulas for the periods for given
winding numbers

_1 _1
Kidy - LA,”

4.15
PIE (+13)

w; =21

Now we will obtain the polynomials b;. As b;(x) are defined by the equation

L,

bi(k) = —v(k” + 1)d, Iny;,

i
we just use (4.14) and (4.15) to evaluate this formula. This formula also
contains the expression v. We remember that using the parameter « we have
v = (k* + Da(x). Here v = k¥* + 1,50 v = /(k? + 1). Our preliminary
result for b; will be

1
bi(k) = E(ﬁ + 129, In u(w;, k). (4.16)

Let us look at In u;(w, k) more closely. We have

-1
ln,u(w,-,x):% wi( :(] + @ :(]
1 1 - 1 1

| Kidy" = Lid,” I—K l_i_Kj/loz_Lj/ll2 I—K
=7 1T _ - T — T
4, -4 [+ K /101_ 11 i+k

since K; and L; are both integers. As Ay and A; lie on the unit circle further
algebraic transformation lead to

~

In p(w; k) =
7 (Li VAL (iAo + Dk = (2 = 1)) + K; Vg (=i(A1 + D+ (41 = 1)
(/lo - /11) V2 + 1

Now we use the relation 4y = /ljl we have established earlier to obtain

7N (Li (Ao + D+ i(do = 1) = Ki (Ao + Dk = i(Ag = 1)))
(- DV +1 '

After computing the derivative d, In u(w;, k) we use (4.16) to obtain

h’l,u((,()l‘, K) =

_(Ki+ L) Vo (K — L) VAo

+ 4.17
L+l Qo — 1 “.17)

bi() =
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We have |1y| = 1 and Ay = % which as we have seen ensures ky € IR. We
obtain
A 1
Vo _ 1 K+ 1,
Apg+1 2
A 1
N - - e+

So (4.17) becomes

Ki+Li Ki_Li
bik) = - (S i+ 1)+ TGl @)

Let us summarize the last calculations in a proposition.

Proposition 4.3. The spectral data (a, by, by) of a flat torus with given
winding numbers K;, L; and the spectral parameter ko and k; = —kg is

K,‘+L,‘ 5
2

Ki-L [5
Kg + 1)/<+ e K(2)+ 1.

In the further treatment we will concentrate on tori with a rectangular
conformal class. We assume that one period of such a torus is real and the
other is purely imaginary. This assumption will impose certain conditions
on the winding numbers. To see these conditions we make the following
observations. We use the formula (4.15) for the periods but rewrite it for
the parameter «, we have

-1 -1
o, I — Ko [i + Ko
i = +1 Kl' N _Li ; .
“ 2Ko (KO )[ ( l+Ko) ( l—KO) )

Now we use fact that «, is real and obtain

aw=1, b= —(

w; K(z) + 1((K; + Ly + i(K; — Ly)).

:2—I<O

As =X 1/Ké + 1 is real as long «q is real, we see that w; is real whenever

20
K; = L; and purely imaginary whenever K; = —L;. So we can assume

K, = L, and K, = —L,. We will use this assumption in all further computa-
tions.

DeriniTION 4.4. From here on we look at homogeneous tori with one real
and one purely imaginary period. These tori are described by the winding
numbers K; = L; and K, = —L,.
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If we use these relations for the data in proposition (4.3) we see

K, + L, Ky - L,
b0 = = (S5 G+ 1)+ G+

(4.19a)
:—(KH/K(2)+1)K,
K>+ L K, - L
bz(K)Z—(— 2;- 21/K3+1)K+ 22 2 K%+1

Ko (4.19b)
K, [
= — 4K+ 1.
Ko

So we have proved the following proposition.

ProposiTiON 4.5. If one period of an flat torus is real and the other purely
imaginary it is possible to write the polynomials b;(k) so that bi(k) is an odd
polynomial and by(k) is an even polynomial. Both have real coefficients.
The spectral data (a, by, by,kg) of such torus is given by

aw=1, b=~ (Kiy+1)x

K

ba(k) = == K2 + 1.

Ko

ReEMARK. So we can write by(k) = fik and by(x) = f, with real num-

bers f; and f,. Obviously the spectral data of such a torus is sufficiently
determined by the real triple (f1,/>.k0).

4.2.2. Algorithm for finding double points on a spectral curve of a
flat torus. In the following we will describe the algorithm for finding a
spectral curve from a torus of a genus g = 0 with double points on it. This
algorithm is presented in [6].

We will work with the parameter A in the following. The double points
of the spectral curve are those A, for which there exist two additional inte-
gers M; € 7Z such that we have

Inp(wj, Ag) = miM; (4.20)

for the both periods. We want to prove an important observation concerning
double points first.

Proposition 4.6. The possible double points on the spectral curve of a
flat torus in S* have to lie on the unit circle S' in the A-plane.

Proor. Let 1; € C* be a double point on the spectral curve of a flat
torus in S*. Then there exist two integers M; € 7 such that condition (4.20)
holds for both periods w;. By (4.12) this reads

_1 1
(,()1/7.d2 + (,61/1; = 2niM,,

_1 1
(1)2/7.[12 + (132/15 = 2miM,
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or
W)+ @Ay = 2miMy A,
Wy + @rAg = 2miM, A,
Now we combine both equations by eliminating 1, and we obtain
/1% _ wW1Wy — Wr] .
4 2n(@,My — &1 M)
On the other hand, we can eliminate /12 and obtain

/l% _ 27T((1.)2M1 - (L)]Mz)
d .

W1Wy — W

Both solutions together lead to VA; = 1/ V4, and so |V, = 1 or equiva-
lently 1, € S'. O

Now it is possibly to write down an algorithm for finding double points.
This algorithm will allow us to compute the value of the parameter A4, and
therefore for A, = A;' and the value of the double point A, for the given
winding numbers.

We have seen that the defining equations for a double point are given by
(4.20) for two integers M; € Z. We also have established formulas for the
eigenvalues and the periods of a flat torus, namely (4.12) and (4.13). Using
the equation for eigenvalues to rewrite the equation (4.20) we obtain

i N | .
E((Uj/ldz + (J)j/l;) = 7Tle.

Now we insert the formula (4.13) for the periods and obtain after some
algebraic simplifications the following equations

1 1 1
Kj/lé(/ld -4+ Lj/llz(/l() — Ay + Mj/lé(/ll —Ap) =0.
Substituting x = V4,/4p and y = YA,/ Ay these equations read as
Ki(x*—y*) + Li(xy* = x) + M;(y — ¥’y) = 0. 4.21)

We observe first that if (x, y) is a solution of (4.21) there exist another solu-
tion (x~!, 57! as well. Now we set

a=KL -KL, b=KM -KM, c=IL,M —-LM,

a?-b>-c? a’ —b*+c?
p:—b , q:—
C ac
and
¥ +px+1=0, y+qgy+1=0. (4.22)

A computation shows that the solutions x;, and y; » of (4.22) correspond to
solutions of (4.21) in a way that (xy, y,) and (x,, y;) solve (4.21).

ProrosiTiON 4.7. It is possible to assume ky > 0.
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Proor. As we have seen it is possible to assume that 1y = A;' and thus

X = ﬂ/1//1(2). So 1y = +x~'. With the two solutions X1 there are actually

four possible values but only two of them lie in the upper half of the A-
plane and thus lead to really different spectral curves as the other two can
be derived from the first by a rotation. Ay in the upper half of the A-plane is
equivalent to xy > O after the transformation to the parameter «. O

In the following we transform the solutions Ay, 4;, 44 to ko, k1, Kg.

Proposition 4.8. Let k; be a double point of on a spectral curve of a
torus with winding numbers K, = Ly and K, = —L,. If ks # 0 then —«k, is
also a double point on this spectral curve.

Proor. When the winding numbers obey K; = L; and K, = —L, the
period w; is real and w, is purely imaginary. If , is a double point so there
are numbers M; and M, so that

Inp(wj, kq) = miM;.

On the other hand since «;, is real we have

i i+ Ky _ I— Ky
ln'u(wj’Kd)zi @i i—Kd+wj i+kq)

and a computation reveals

Inp(wy, —kq) = miM,,

In u(w,, —k4) = —miM,.

So —«, is also a double point. O

4.2.3. Branching from spectral genus g = 0 to g = 2. In the previous
sections we have seen how one can obtain spectral data of a torus from spec-
tral genus g = 0 with prescribed winding numbers and spectral parameter
Ko. We also have seen how to find the spectral curves which have two dou-
ble points k; and —«,;. Now we will use this data to branch the deformation
to a family of spectral genus g = 2 curves.

We start with the polynomial a(x). In the case of spectral genus g = 0
the polynomial a(x) is a constant polynomial. For g = 2 the polynomial
a(x) must have double zeros at the double points. As it still has to have a
leading coeflicient 1 we obtain

a(k) = (k — kg)*(k + k9)* = k* + (—2/<f,)l<2 + Kfl. (4.23)

In order for d1ny; to have the right roots and poles the polynomials b;(x)
need to have roots at the double points. Let b; denote the b; from the case
g = 0 we have computed earlier. We obtain

bi(k) = bj(K)(K* — K35) (4.24)
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as the new b;. Using proposition 4.5 we obtain

bi(k) = —(K1 K+ 1)(/<2 — KO,

b (k) = (f—j 2+ 1) (K = K).

One important observation for this data is that a is an even polynomial, b;
is an odd polynomial and b, is again an even polynomial. This observa-
tion will be very helpful in the further treatment. We can summarize the
symmetries of this spectral curve as follows.

(4.25)

ProposiTiON 4.9. The spectral data of a flat torus at a branch point from
genus g = 0 to g = 2 has the following properties.

(i) a(k) = k* + axk® + ay with ay, a, € R.
(i) bi(k) = fi(k* = Bk with f1,B) € R.
(i) by(k) = fo(k*> = Bo) with f5., € R.

(IV) Ko = —Kj.

Besides the branch points at i and —i there are four other roots of a(«)
a1, a3, az and a4 which also fulfill the relation @y = —a3 in addition to the
relations @y = @, and a3 = d@, which are always fulfilled as we have seen
in section 3.2. We also see that b, has roots at 0, v/3; and — /3, and b, has
roots at /B, and — /3 respectively.

Now we use (4.23) and (4.25) to write down the coefficients of a, b; and
b, and we obtain the following proposition.

ProposiTioN 4.10. The spectral data of a flat torus at a branch point
from genus g =0tog=2is

_ A _ 2
ap = K;, ay = =2k,

Pr=K5 fi= —(Kl \/ﬁ),

4.3. Deformation of spectral curves from tori of rectangular type

In this section we will compute the deformation ODE explicitly for the
tori of rectangular type. Then we will investigate the properties of this ODE
in particular we are interested in possible endpoints of the deformation and
monotony of it. We will see that certain symmetries which were present in
the initial conditions will be preserved during the deformation. In the next
section we will also see that these symmetries will occur in the endpoints
of the deformation path we are interested in. This will retroactively give the
reason why it was possible to look only on a very restricted class of spectral
curves while searching a path to a spectral curve in R?. The last part of
this section we deal with the problem that the initial condition presented in
the last section constitute a singularity for the deformation ODE. We will
compute the derivatives of the functions in the ODE at this point and show
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that there is only one direction in which the deformation can take place so
that the family of spectral curves we obtain in this way will be a family of
spectral curves of tori in S°.

4.3.1. The deformation ODE for tori of rectangular type. We have
seen in the previous section that the spectral curve of a rectangular torus has
several additional symmetries right at the branch point compared to sym-
metries already present in the general case. These symmetries are summa-
rized in proposition 4.9. We will now show that we can solve the equation
defining the deformation preserving these symmetries. Thus we are coming
to the conclusion that the deformation defined in the section 4.1 preserves
these symmetries in the following way. If such symmetry occurs in one
curve of the family given by the deformation it has also to occur in all other
curves of the family.

Let us gather the important information first. We have seen in proposi-
tion 4.9 that the spectral curve at the initial point is defined by

alk) = K+ K’ + ay,

bi(k) = fi(k* = Br)k, (4.26)
by(k) = f(K* = B2,
and the parameter «y, k; = —ko wWhereas ao, a2, 51, f1,52, f»,ko € R. On

the other hand we have defined in section 4.1 a deformation ODE which
essentially break down to two equations

2bi(K)a(k) = bi(k)a(k) = = 2xa(k)c;(K)

) (4.27a)
+ (k° + D(a(k)ci(k) — ci(k)a’ (),
1
c1(K)ba(k) — c2(k)by (k) = —;(K — Ko)(k — k1)a(k). (4.27b)
These equations are accompanied by a third one for «;,
&=~ + D (4.28)

bi(kj)
Let us now rewrite the equation (4.27b) by using ky = —«; and we obtain

1
c1(K)ba(k) = c2(k)by (k) = —p(K2 — Kp)a(k). (4.29)

When applying the initial conditions (4.26) to (4.29) we see that we have
only even powers of k at the right side. In order to solve this equation c; has
to be an odd function as b; is assumed to be odd and ¢, has to be an even
function as b, is assumed to be even. It is possible to write down ¢; and ¢,
as solutions of this equation as long as b; and b, do not have common roots.
This condition is equivalent to 8; # 5, and 8, # 0. Let us now assume that
we can write ¢; as

2
c1(K) = Y12k + Y10,

(4.30)
c2(K) = Y23K° + Yo 1K.
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A computation shows that under the restrictions mentioned above 7; ; turn
out to be

—BiB + BiBokg — ax1Ba + axBaky — aoPa + aok;

Yi2 = s
72 BB — B2)
—Cl()Ké
Yi0="5,"F>
B f
1
Y23 =7, >
n*fi
y —,81,82 +,82K0 - Clzﬂ% + Clzﬁzk(z) - Cl(),82 + Cl()K(Z)
2,1 =

2 fiB2(B1 — B2)

Now we use this result to compute the actual deformation ODE,

(ao + (az + B1)B2)Ko(kg + 1)

S 2 (B1 = B2)B2fifa ’
o = 2a0(2a0(Ba — K5) + 2B2(k§ — B1) + ax(Ba(By — k5 — 1) + KO))
(B — B)B2fifa
i = 2((az = DaoPa(Bi — k3) + ao(Ba(ar — 2By + 262 — 2) — (az — 2)k3))
72 (B1 = B)B2fi1fa ’
(a2 = B2) Bo(Br — K3) + ao(Ba(By + 3 +2) — 2By + 1)K0
b 72 (B1 = B)B2f1fa
. (a2 + BB — K3) + aop(Br — k3)
= 72 (B1 = B2)Baf ’
. (281(Ba+ D) + (a2 + DiG + Ba(—an + 25 + 1)B3 + ao(Br — KO)
P = 2 (B1 = B2)B2fifa
j = 2a0(B, — Kk3) + Ba(Br(az + 2B, + 1) + Bolar — 265 — 1) — 2612K(2))

(B = B2)B2fi
431)

We have obtained the equation for &, by rewriting (4.28) and using the so-
lutions for c,.

4.3.2. Properties of the deformation ODE. In this section we will
look more closely at the deformation ODE (4.31) from the previous section
and investigate which symmetries are preserved by it.

We first observe that if «y, ag, a; 81, fi, B2, f> are real numbers so are

Kb, Ci(), dz, B], fl, Bz, f2 This shows that Ko, Ag, > ﬁl, fl, ﬁz, f2 stay real
throughout the deformation if they are real initially.
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Prorosition 4.11. If it is possible to write the spectral data of a torus in
the form

a(k) = &+ K’ + ay,
bi(k) = fi(k* = B)K,
by(k) = fo(k* — Ba),

plus the parameter ky whereas ay, as, B1, f1, 52, f>, ko € R, then this special
form will be preserved throughout the whole deformation.

Proor. By being able to solve (4.27) and for a, b; and b, of the form as
defined in the proposition and being able to write down an explicit ODE on
the coeflicients we have actually proved that a, b, and b, keep their special
form throughout the whole deformation. O

We see that the deformation is described by a system of ordinary differ-
ential equations with real coefficients. We start the deformation with some
known initial conditions and the derivatives are continuous functions of the
coeflicients so it is clear that this system has a solution for every ¢ in some
interval 1. Now let I be the maximal interval for which the solution to the
ODE exists. This interval either extends to infinity or is bounded by some
tmax < o0. If it is bounded the only reason for this can be that some deriva-
tive in the equation (4.31) has a pole at t,,,,. By inspecting the denominators
of the terms on the right side of the deformation ODE we see that a pole is
possible if one of the following is true.

ﬁl_ﬁ2:0a ﬁ2:07 ﬁ:()a fzzo
Assuming that during the deformation and also at a possible endpoint 7,,,,
f; never vanishes we see that the following is true.

ProposiTiON 4.12. The maximal interval where a solution of the defor-
mation ODE is defined either extends to infinity or ends at t,,. and then
either B1(tyax) — PB2(tmax) = 0 or Ba(tnay) = 0 must hold.

As neither S,(t) — 8,(t) = 0 or 8,(¢) = 0 can be true for t < t,,,,, we also
have the following.

CoROLLARY 4.13. During the deformation either B1—, > 0 or 81—, < 0
is preserved. The same is also true for 8, > 0 or 3, < 0.

Now we have to show that the assumption that f; never vanishes is in-
deed correct.

PropositioN 4.14. During the deformation and also at a possible end-
point f; # 0 is preserved.

Proor. On a spectral curve of a torus the differentials dIny; are not
identically zero. So there exist cycles in H(Y, 7Z) such that 99 diny; # 0.

As the values of SEdln u; are preserved during the deformation f; cannot
become zero during the deformation and at a possible endpoint. O
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ProposiTioN 4.15. The functions fi, f> impose only a reparametrization
of the time axis for the functions ko, ay, a, B1, S, compared to the case where
fi and f, assumed to be constant, as long as f; and f, do not change their
sign.

Proor. The functions f; and f, are only factors in all terms of the defor-
mation ODE. More precisely the terms defining &, dy, d», B, 5> contain f;
and f, only as the factor 1/(f;f>). Thus as long as f; and f, do not change
their sign their actual value only define a reparametrization of the time axis
for the functions &y, ay, a; B1, Bs. O

CoroLLARY 4.16. Changing fi to —fi at the initial conditions corre-
sponds to the change from t to —t, so it reverses the direction of the de-
formation. The same applies to the change from f, to — f>.

Since we will be interested in the endpoints of the deformation later on
this observation tells us that the exact values of f; and f, do not change the
other values at the endpoint of the deformation.

ProposiTION 4.17. The values In p;(c0) and In u,(0) remain constant dur-
ing the deformation.
Proor. The derivatives of d, In y; are defined as
.Ci(K)
Ti—
v

i i) .
\/(K2 + D(k* + ark? + ag)

We have seen in (4.30) that ¢,(0) = 0 so 9, Inu>(0) = 0. On the other hand
we also have seen that deg(c(x)) = 2 and so we have

lim & Ing, = lim 7 a1 - 0.
K—>+00 K—+00 \/(KZ + 1)(K4 + Clsz + aO)

O

4.3.3. Solving the problem with singular initial conditions. In sec-
tion 4.2.3 we have computed the spectral data of a homogeneous torus right
at the branch point from spectral genus g = 0 to g = 2. We have seen that
this spectral data depends on the parameter ky, the position of one double
point x,; and the two winding numbers K; = L; and K, = —L,. From this
we obtained

ap =K, a, = -2k,
— 2 - _ [.2
ﬁl =K, f1 = (Kl Ky + 1), (4.32)
K
ﬁgzkz, fzz(—z K(2)+1).
Ko

We see that 8; = ;. So the initial condition is a singularity of the deforma-
tion ODE, the derivatives are not defined here. We will nevertheless see that
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it is possible to find a solution for the deformation equation at this point by
the means of power series. We will now compute the first derivatives of the
spectral data for the initial conditions. In order to compute the derivatives
we use the ansatz

Ko(1) = k0(0) + Ko(0)z,

ag(1) = ap(0) + dp(0)t,  ax(1) = a2(0) + d2(0)z,
B =p10) + 10y, fi(1) = £i(0) + fi(O)r,
Ba() = B2(0) + 520y, fot) = f2(0) + fo(O)r.

Now we insert these functions in the deformation ODE and solve the re-
sulting equation for # = 0. We obtain the derivatives of the spectral data
depending on the data of the initial homogeneous torus. This also proves
the existence of a solution to the ODE which has the initial data as its value
at t = 0. The resulting system of equations has two solutions. The first is

ko(0) = 525,
dop(0) =62, d2(0) = _%’
Bi(0) = 2%, f1(0) = 65, (4.33)
B2(0) = %, f2(0) = 64,
01,02,03,04 € R.
We can dismiss this first solution as it obeys £;(0) = p,(0) and

2dy(0) = —K3d>(0) = a»(0)d»(0). This has the consequence that 4ay = a3
will be preserved, so (4.33) does not open the double points on the spectral
curve. So let us look at the second solution

, _ 3(x0(0)*+x0(0))

%0) = =27 G50 -

. A (K000 . _4(5K4-4(x0(0)’~1)K2-3k0(0)?)

@0) =~ Grm @(0) = 72 /10)/2(0) *(4.34)
 (0) = 2(x3-2(x0(0)*+2)K3+3x0(0)%) 71(0) = 3k0(0)%—4k3 :

£i(0) = 7 £1(0)£2(0) > ST TR0

,(0) = 2(3x3-2(2x0(0)2+1)K2+x0(0)?) f 0) = —8k2+8k0(0)+1

P2(0) = 7 f1(0)/2(0) » IR T RO

This solution obviously does not obey the relations we mentioned during the
discussion of the first solution, so we will investigate this solution further.

Now we will see that given the values «; for the double point there
is only one direction for ¢ in which the deformation can take place. The
deformation in the other direction will lead to spectral curves with branch
points on the real line in the k-plane or on the unit circle in the A-plane and
thus these spectral curves will not be spectral curves of tori in S* as they do
not meet the reality conditions, see [2].

As we have seen in the corollary 4.16 we can change the direction of
the deformation by changing the sign of f; or f, respectively at the initial
conditions.

DeriniTiON 4.18. In the following let us assume that fi(0) < O and
£(0) > 0.
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If the assumption does not hold we have seen that we can just change
the signs accordingly.

The branch points of the spectral curve must be either off the real line
in the «-plane or there can be two pairs of branch points on the real line as
in the case of the homogeneous torus. The branch points are at the roots of
a(k) = k* + axk* + ay. So there are two cases allowed

(i) 4ay > a3: four distinct branch points off the real line,
(1) 4ay = ag and a, < 0: two pairs of branch points on the real line.

As we see in (4.32) 4ay = a% and a, < 0 hold on the initial conditions so
only the deformation direction is allowed which will preserve 4ay > a3. We

apply
4610 > Cl% = 4610 > 2a,d»

to the derivatives we have obtained in (4.34). So

1642 (Kg + KO(O)Z)

| 16 (5K — 4 (o(0)> — 1) i — 3x0(0)?)
202(0)2(0) = = 721100 /2(0)

Our assumption f; f, < 0 gives then that 4dy > 2a,d, is fulfilled when
KK + K0(0)%) 2 K35k — 4 (ko(0)* = 1) 6 = 3k0(0)?).
There are three solutions to this equation
k; =0, Kk;==I, Kfl < ko(0)%.

The first two solutions can be ruled out since x; € R and in the special class
of tori we investigate k; # 0 is assumed. The last solution Kfl < ko(0)? is
the one we are interested in. We see that if Kfl < k0(0)? holds ¢ has to be
increasing in order for the reality condition to be preserved. If K(% > Kko(0)?

holds 7 has to be decreasing. Thus we have proved the following.

ProposiTioN 4.19. Given the spectral data as in (4.32) the reality con-
ditions are preserved by the deformation only in one direction of the defor-
mation.

In the following we will only analyze the case «,(0) > x; > 0. We have
already seen that the cases with k,(0) < 0 can be reduced to the cases with
ko(0) > 0. We recall how we introduced the x parameter in the section 3.2.
We demanded that « attains k = 0 at 4 = 1. Now it is possible to change this

definition so that x = 0 is attained at 4 = —1. The resulting transformation
rule is
d+4
K=
1-2

Compared to the previous definition of « the transition to this parameter
corresponds to the change k — —1/k. With this transformation we can make
sure that xo(0) > «;. The formula for H has to be changed accordingly of



4.4 Endpoints of the deformation 32

course. It will follow that k) — 0 correspond to H — —oco now. So we see
that we can deduce the behaviour in all other cases from the behaviour in
the case «y(0) > «; > 0.

ProposiTioN 4.20. It is possible to assume ko(0) > k; > 0. All other
cases can be reduced to this case.

4.4. Endpoints of the deformation

In the last sections we computed the initial spectral data for homoge-
neous tori of rectangular type, we established the explicit form of the de-
formation ODE and gathered some properties of it. In this section we will
use these properties to investigate the possible endpoints of the deformation
studied in the sections before. We are especially interested in the case that
the mean curvature goes to infinity during the deformation. In the first part
of this section we will develop a necessary condition on the initial data in
order for this to happen. The second part of this section will investigate the
deformation paths the deformation take if this necessary condition is held.
We will show that the only possible endpoints of such paths are those where
the mean curvature is infinity. We will exclude all other possibilities. This
will show that the necessary condition found in the first part of this section
is in fact a sufficient condition for the mean curvature to go to infinity. We
will see that the spectral curve at the end of such deformation is a spectral
curve of a torus in R?. So in this section we will achieve the main goal of
the thesis by showing a class of tori in S* which deform to tori in R>.

We first look at the differentials d In ;. We recall that these are obtained
by

bi(k)

2 + D&+ Dax)

O Iny; = mi

So in our case we have

2 _
O Inyy = ni S = Bux , (4.362)
(K2 + 1) (2 + D(* + axi® + ap)
2 _
O n piy = 7i L =B (4.36b)

(K2 + DK + D + ak® + ag)

We have already seen that 4ag > a3 is preserved during the deformation so
the following holds

alk) >0 VkelR.
This leads to +/(k* + 1)a(x) € R. We even have

(< + 1) V&2 + Da(x) >0 forall x € R.
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Therefore we obtain

fite® = Bk eR VkeR,
(K + 1) V(K2 + D + axk® + ap)
2 _
Solk” = B2) cR VYkeR,

K*+1) \/(K2 + D(&* + ark* + ap)
since f; and S; are real as well. This gives us on the other hand
1 1
—_ln,ul,—,lnuZE]R Yk € R.
i i
and we have proved the following proposition.

ProposiTiON 4.21. The map ¥ restricted to k € R and defined by
1 1
Y.k (= Iny, — Inu)
i i
isamap ¥ : R — R2

As every condition in the previous argument is preserved by deforma-
tion the proposition also holds at every point of the deformation.

PROPOSITION 4.22. The value (i)~ In (o) is either monotonously de-
creasing or monotonously increasing throughout the whole deformation.

Proor. We have seen that c,(«) = y2,3/<3 + y2.1k with y,3 = (7 f1)~" so
we obtain

lim 8,(xi) " Ing, = lim c2() L

ko0 ox0 JOEL DA + a® + ag) TN
In proposition 4.14 we have seen that f; # O during the deformation, so
it cannot change its sign as well. Therefore (7ri)~! In u»(c0) is either strictly
monotonic decreasing or monotonic increasing throughout the whole defor-
mation. O

0.

CoroLLARY 4.23. During the deformation of spectral curves every curve
can occur only once.

Proor. The value of W(o0) changes strictly monotonic and thus is differ-
ent for every ¢. Different values of W(oco) in a family of spectral curves can
only result form different spectral curves. O

Let us now analyze this map W. We first start with this map in case of
spectral genus g = 0 before the branching to g = 2. In this case we actually
have

~ . fik
B, In iy = , 437
e s DY D *-57%)
_ . Ve
B, 1n iy = . 437b
e e DN ) (*:370)
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(a) (b) 2

3-2-10 1 2 3 Ing,
Ing,

Ficure 4-2. Imaginary parts of Iny; of the homogeneous
torus. The plot (a) shows the imaginary parts of Iny; on
the spectral curve of genus g = 0. The plot (b) shows the
imaginary parts of Iny; on the spectral curve of genus g = 2
right after opening the double points.

When we set In 77 (c0) = 0 and In /7;(0) = 0 we can easily compute

[ fi

S = —— (4.382)
i : V2 + 1)

L, = X (4.38b)

One can show that these functions produce the right values for In w;(xo) and
In w;(k,) if the values f; are obtained by the formulas from the section 4.2.1.
So in the case g = 0 we have

h Jfak )
VE@+ ) e+

The components of ¥ obey to the following equation
1 K 1 K
fl )2+(_)2( f2 )2: 5 + 5 =1
[+ 1) b [ + 1) K+1 k*+1

We can see that the graph of ' is the one half of an ellipse with its center
at 0 and the axes f; and f,. If we let x go twice from —co to oo, the sec-
ond time using the function Wo(k) = (fi(/(«k% + 1)), —fok(A/(&* + 1))71),
we actually obtain a full ellipse. The second half of the ellipse corre-
sponds to the ‘P after the sheet interchange o which causes 0"k = « and
0" Iny; = —Iny;. The figure 4-2a shows such a graph.

Pok) = (=

Tec
()

Lemma 4.24. The ellipse in previous graph together with the value kg
and k; completely determine the spectral data of a spectral genus g = 0
torus.

Proor. In section 4.2.1 we have seen that we can determine the spectral
data by the triple (fi,f>,ko) and the values f; and f, are determined by the
sizes of the axes of the ellipse. O
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Now let us investigate what happens when we branch to g = 2. At
the starting point we have the spectral data as shown in (4.32), so equation
(4.36) becomes

il = kK
(K2 + 1) V2 + 1)k — k)2 (K + Kg)>
i fix K- K‘ZI
W2+ D)y + DI = sl
H&* —K3)
(K2 + 1) V2 + 1)k — k)2 (K + Kg)>
mi f2 K- KZ .
K2 + D)2 + 1) I = &
We see that the only difference between (4.37) and (4.39) is the additional

factor (k* — «3) |k* — k37", This factor obviously has the following behavior
on the real line

O Inpy = mi

(4.39a)

OcInp, = mi

(4.39b)

K2—K§ {1 K2>K§ (4.40)

2 — i) -1 & </<fl
We use this behavior together with (4.38) which we have computed for
(4.37) to compute the Iny; for real k. As in case of g = 0 we still want

In t1(c0) = 0 and In u,(0) = 0. We obtain then
| Ing(x) K> K
i ‘{ I + 2 i) K < 5 (41

Ing(k) = 2Ing(kg) &% > Kfl, k>0
Inps (k) =4 —Ingis(k) K <K (4.41b)
Ingh (k) = 2In g (—lkal) &> > k5, k <0
Here we extended the map to the points k = x; and k = —«, continuously.
Using this functions we can draw a graph as in figure 4-2b.
Now we will analyze the branching procedure. We look at the following
four points closely.

Py =Yo(ka), Py =Yo(—ka), P3 =0(Py), Py =0(Py).
We have
Py = (P}, PY) = (i)™ In gy (ka), (i)~ In T (ky)). (4.42)
A computation shows then that
PIZ(P’7P,1/)7 PZZ(P,’_P,I/)a
Py = (=P|,—PY), Py= (=P}, P)).
These four points are the vertexes of a rectangle. The branching procedure
interchanges P; with P, and P; with P4. The relations in stated in (4.43)
are preserved by this procedure. After this procedure the points are still

vertexes of the same rectangle. Now we can see what happens with the arcs
of the ellipse from ¥ joining these points. The arc between P; with P, is

(4.43)
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Ficure 4-3. Imaginary parts of Iny; of the homogeneous
torus before and after the branching.

reflected in the center of the segment form P; to P,. Same happens to the
arc between P; and P,. The arc between P; and P, and the arc between
P, and P; are translated according to translation of endpoints (P,P,) to
(P,,P3) and vice versa. The figure 4-3 shows the image of ¥, (the ellipse)
and of V¥ after the branching and also the rectangle defined by Py, P,, P;
and Py.

Besides the points P; on the graph of ¥ and ¥, there is one more dis-
tinguished point Py = Wy(xp) and after the branching the point P = W(«p).
Given the points Py, P,, P; and P, there is a one parameter family of el-
lipses joining all these points. If we also take into account that the point P,
which is not equal to one of the former points also lies on the ellipse this
ellipse is completely determined and thus using the lemma 4.24 also the
spectral data of the spectral genus g = O torus. After the branching the five
points P, Py, P,, P; and P, do not completely determine the spectral data.
The ambiguity is that P can lie on the arc between P; and P, or on the arc
between P, and P5. So there are exactly two different spectral genus g = 0
curves which lead to the same data for P, P,, P,, P; and P,. Now we can
show the following

ProposiTiON 4.25. There cannot be more than two different genus g = 0
spectral curves in a family of spectral curves from spectral genus g = 2 tori
of rectangular type. If there are two such curves one of these genus g = 0
spectral curves completely determines the other.

Proor. The value of P; was defined in (4.42) by the value of the func-
tions Iny; at the double point. This double point of the spectral curve is
opened to two branch points of the spectral curve. The values of Iny; at the
branch points of the spectral curve remain constant during the deformation.
So P; now defined by the values of Iny; at a branch point of the spectral
curve remains constant. The point P also remains constant during the de-
formation as the deformation was constructed so that the values of Iny; at
ko remain constant. If a family of genus g = 2 spectral curves also contains
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one genus g = 0 spectral curve which lead to points P, Py, P,, P; and P, ev-
ery other genus g = 0 spectral curve which may be contained in this family
will produce the same P, P, P,, P; and P4. The argument in the previous
paragraph showed that for given P, Py, P,, P; and P, there can be only two
different genus g = 0 spectral curves which lead to this points. O

We now will turn to our main task, to develop criteria for the initial
conditions which ensure that during the deformation the mean curvature
increases to infinity H — oco. The graph we introduced earlier will now be
very helpful in developing this criteria. We remember first that

1
H = 5(1 —K(z))/K()

so H — oo is equivalent to k) — 0 and H — —oo to kp — oo. The defor-
mation is constructed in such a way that 9, In u,(kp) = 0. We also have seen
that 0, In u»(0) = 0 during the deformation (proposition 4.17). Obviously it
is necessary that In u,(kp) = Inuy(0) holds at the initial conditions so that
ko — 01s possible and all coefficients of the spectral data remain finite. This
is of course equivalent to foko dInyu, = 0. Thus we have found and proved
the necessary condition for H — oo.

ProposiTiON 4.26. The deformation of the spectral curves from tori of
rectangular type can only end in a spectral curve of a torus with H = oo if
the initial conditions of the deformation are such that the following holds.

Ko
f dinp, = 0.
0

We have seen that we can compute Inu, at the initial conditions using
the equations (4.39b), (4.40) and (4.37b). With our assumption «y > k; we
then obtain

K0 Kd K0
f dll’l/,lzzf dln,u2+f dll’l/,tz
0 0 K4

_ fak _ fak _ fak + IELS

JoKa + JoKo ~0
JE+D &+

So the condition in proposition 4.26 break down to ky and k; solving the
equation

-2

-2 ka + al =0

1/(/<[21+ 1) 1/(Kg+ 1)

There are two solutions for this equation

2Kd 2Kd

— K= ———.
J1-3¢ 1 =363

Ko =
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FiGure 4-4. Imaginary parts of Iny; during the deforma-
tion of the spectral curve. The (a) shows the imaginary parts
of Iny; on the spectral curve right after opening the double
points. The (b) shows the imaginary parts of Iny; on the
spectral curve at the end of the deformation when the spec-
tral curve of a torus in R? is reached.

We have shown that it is possible to assume «, > 0, so only the first solution
is of interest for us.

CoROLLARY 4.27. The necessary condition for k — 0 is equivalent to

2Kd

1/1—3K§

being fulfilled at the initial conditions.

Ko =

RemMark. The parameter «, needs to be real, so Kfl < 1/3 has to hold. The
value of the denominator is bounded when this inequality holds. Namely

1 - 3/<[21 < 1. So the condition of the corollary also imply xy > «;. Thus

given such initial conditions the mean curvature will be decreasing at the
start of the deformation.

Figure 4-4 shows the graphs of ¥ for one such deformation. The spec-
tral data of the initial homogeneous torus was obtained by the algorithm
from section 4.2.2. We started with the parameters K; = 1, K, = 2 and
M, = 3, M, = 1 and obtained x, = V5/3 and x; = 5/27. The rest of
the spectral data was obtained by the formulas in section 4.2.3. The graph
at the end of the deformation was obtained by numerical integration of the
deformation ODE.

Proposition 4.28. If the initial spectral data for the deformation fulfill
KO
f dlnu, =0
0

Ko = P2

then the inequality
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is fulfilled as well and both conditions stay fulfilled throughout the defor-
mation. If the deformation ODE ends with 3, = 0 then ko = 0 must hold at
this endpoint as well.

Proor. We have seen that 0, In (k) = 0 and 9, Inu(0) = 0 so the
condition fOKO dlny, = 0 stays fulfilled during the deformation. On the
other hand

(K = B2)
®2 + 1)/ + D& + ak® + ag)

As we have seen the denominator stays positive for all real « and + /3,
are obviously the only roots of the numerator. So the mean value theorem
shows us that the condition fOKO dInp, = 0 implies the condition ky > /s.
In case 8, = 0 the derivative d, In u, has only a double root at k = 0 and is
either positive or negative depending on f, for all other x. So foko dinp, =0
can only be fulfilled with ky = 0. This means fOKO dlng, =0and g8, =0
imply «o = 0. 0

O Inp, = mi

We have seen in the proposition 4.25 that in a family of genus g = 2
spectral curves, that we are looking at, no more than two different spec-
tral curves of genus g = 0 with double points can occur. Now we will
show that in the family of spectral curves which hold the condition from
proposition 4.26 only one spectral curves of genus g = 0 with double
points can occur. We have seen that these genus g = 0 curves are de-
fined by the points P and P, to Ps. The two different curves arise as
there are two different possibilities for the arc on which P can lie. Either
it is the arc between P; and P, or the arc between P, and P;. We have
P = (P, P") = ((mi)" In 1 (ko), (7mi) "' In w5 (ko)). The condition from propo-
sition 4.26 leads to P = 0. This means that in case that P lies on the arc
between P; and P, also Py = (P, 0). This can only be fulfilled when «x;, = 0
and then xy < +/3,. This obviously contradicts to the previous proposition.
As a spectral curve can occur only once during the deformation and the
spectral curve at the start of the deformation is already a spectral curve of
genus g = 0 with double points it has to be the only such curve in the family
holding the condition from proposition 4.26.

ProposiTiON 4.29. In the family of spectral curves which hold the con-
dition from proposition 4.26 only one spectral curve of genus g = 0 with
double points can occur. This is the spectral curve at start of the deforma-
tion.

We have proved so far that fOKO dInp, = 0 has to hold at the start and
during the deformation in order for k, to be able to go to 0. We will now
look at the possible endpoints of a family of spectral curves which hold
fOKO dInu, = 0. In the last section in the proposition 4.12 we have seen that
there are three possibilities how the deformation can end. It can extend to
infinity or it can end with #,,,, such that 8 -8, = 0 or 8, = 0 at ,,,,. The next
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computations will show that 8, — 8, = 0 is not possible when foko dinp, =0
holds at the starting point.

For further treatment we will look at a slightly different variant of the
map ¥ we investigate earlier. We extend the domain of this map from k € R
to all k € C in such a way that we obtain a map ¥ : ¥ — R?. We redefine
¥ to

¥ = (R{lng}, Rilnp}). (4.44)

In the following we will prove some properties of this map.

LemmMa 4.30. The map ¥ is a well defined map ¥ : Y +— R2. This map

is an immersion if
d 111/11
N 0
{d lnllz} i

Proor. The involution representing the sheet interchange is subject to
o'k = kand o ; = p! so o Inpy(k) = — In (k).
Now we compute the derivative of ¥ and obtain

Ri{olnp}  R{0lnu,}
-3{0Iny} -3{dInu,)

a% = (
So ¥ is an immersion only if

R{OInpu }3{0Inpur} + R{dInup} I{0In ) = 0.

This is equivalent to
dlIn 251
3 0.
{ dlnu, } .

Let us now look at dInu;/dInp,. In case both differentials have a non
zero common root we have 8; = 3,. Then we can use this to obtain

dinpg, (K =Pk fi

= = —«.
ding,  H(K2=p)  fr

We see that in this case dInyu;/dInu, € R exactly for k € R. Us~ing the
previous lemma we see that the « € R are exactly the points where ¥ is not
an immersion.

O

ProposITION 4.31. In case that B = B, the map ¥ : Y — R? is a double
cover of CIP" with the only branch points at k = =i.

Proor. In this argument we will use the parameter 4. We look at In y; at
the points 4 = 0. Both maps have a pole at this point. We recall that there
exists a local coordinate function z such that z = 0 correspond to A = 0 and
so that

Ingy = m_yz7" + mg + zh(z),

Inu, = otz + gy + zfz(z)
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for |4 < 1 with T ¢ R and holomorphic functions 4 and h. We see therefore
that for || < 1 the map ¥ is a continuous map to CIP'. The points with
|4] < 1 constitute a manifold with boundary, call it Y’. The collar of this
manifold is diffeomorphic to S' x [0,1). We identify the S' x (0, 1) part
of this collar with a punctured disk in polar coordinates which is also dif-
feomorphic to S' x (0, 1). The map ¥ is as the real part of a holomorphic
map harmonic on this punctured disc and can be extended to the center
0. We identified the boundary of Y’ with a point. Thus we obtain a map
Y — CP'.

We have seen that dInu;/dInu, ~ « for |A] = 1. This means that this
quotient takes every value in R. If we take into account that over every
point A with || = 1 there are two points in Y, the quotient d Inu;/d Inpu,
takes every value in R two times. This shows that the tangent space at the
point o is isomorphic to the whole R? and the map ¥ is also an immersion
at this point.

Now let us get back to the disc which we identifyed with the collar
described in the previous paragraph. The lemma 4.30 showed us that ¥ is
an immersion on the punctured disc. The previous argument shows us the
¥ is also an immersion at the center o of the disc. Thus we see that the
map ¥’ — CP' is everywhere an immersion. It is open and closed map
into CP' and therefore has to be surjective. We also see that this map is a
covering map. The preimage of 4 = 0 consists of one point so we have an
homeomorphism of degree 1. This shows that ¥’ is homeomorphic to CIP'
after the identification of || = 1 to one point. The same argument is also
valid for {y € Y : |[A(y)| = 1)} = Y”. Thus we see that the whole Y has
genus g = 0. As Y is always a double cover of CP' and we have shown
that it has genus g = 0 it can only have branch points over 4 = 0 and 4 = o
this corresponds to k = +i and thus proves the claim. O

Proposition 4.32. Let us assume the deformation hits a point where
Bi1=p= Kfl is fulfilled for a k; > 0. Then the spectral data (a, by, b,, ko) at
this point is of the form

a(k) = k* — (2/<fl)K2 + Kf,,
by (k) = fi(k* = KK,
by(k) = fr(K* = KJ).

Proor. As 81 = 8, = 5 we use proposition 4.31 to see that the spectral
curve which is represented by the hyperelliptic curve Y has only branch
points at k = +i. This curve is defined by the equation v> = (k* + 1)a(k)
with a polynomial a(k) = k* + a;k* + ay. In order for Y to have only branch
points at k = +i the roots of a have to be of the form @ = @, and a3 = a4.
Therefore the relation 4ay = a% has to be fulfilled. The differentials d In y;
are not allowed to have poles outside the branch points of Y so they do
not have other poles besides those at k = +i. This leads to the relation
ap = 1/4a; = B3 = 5. This spectral data corresponds to a flat torus with
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double points. We have seen that such tori can only have double points on
the real axis in «, this means a, < 0. On the other hand our deformation
allowed only 3, > 0. By setting 8, = 7 and thus 8 = «7 and ay = —2«3,
ay = K we obtain the claim. O

ProrosiTion 4.33. In a family of genus g = 2 spectral curves from tori of
rectangular type which fulfill fOKO dIny, = 0 a spectral curve with B = 5,
never occurs.

Proor. We have now proved that if 8; = 8, occurs the spectral data at
this point corresponds to spectral data of a flat torus with double points.
On the other hand the proposition 4.29 showed that in a family holding the
condition from proposition 4.26 the only such curve is the one at the start
of the deformation. So the case 5; = 8, cannot occur in the endpoint. O

Collecting the previous observations we have the following situation.
The solution of the deformation ODE can either extend to infinity or end
with B, = B, or B, = 0. We have shown that given the initial condition

OKO dIn u, = 0 the endpoint 5; = 3, is not possible and we also have shown
that in this case the endpoint 5, = 0 implies «y and thus H = oco. So it
remains to analyze what happens if the solution of the deformation ODE
extends to infinity. To this end we return to the map ¥ from the beginning
of the section. We want to look at the region enclosed by the arcs connecting
Y(x) and o * (k). We denote by vy the path which defines the boundary of
this area. We can divide vy in four pieces and thus compute the whole path
piecewise. Lets call this pieces y;, i = 1,..,4. We define y; : [ko, oo] — R?,
Yi(k) = ¥(x). We also denote by y; = (y],y:1") the both components of
v1. We use the relations lnu(—«) = Inu,(x), Inu,(—«) = —Inu,(x) and the

sheet interchange o~ which has the effect o * k = k, o * Inyy = —Iny; and
o *Inyu, = —Inu, to compute the remaining three pieces of y. We can write
then

1=0u7 =007 v =LY va= VLD
(4.45)
The endpoints of y; and y4 corresponding to k — oo coincide. The same is
true for y, and ;. The next proposition shows that also the endpoints of y,
and y, and the endpoints of y3 and y, corresponding to x = kj also coincide.
This means that vy is a closed path.

Lemma 4.34. If the initial spectral data fulfill foko dInpy, = 0 the path y
is closed for every t and encloses a simply connected region in R>.

Proor. If fOKO dlnp, = 0is fulfilled we have seen that W(—«) = ¥(ko) so
v is closed at the start of the deformation. The deformation is constructed
so that 9,¥(xp) = 0 and 9,¥(—«p) = 0 hold. This ensures that y stays closed
during the deformation.

Now we have to show that y does not have any self intersections since
then the area it encloses has to be simply connected. This is true for the
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initial spectral curve of a homogeneous torus as one can see from the con-
struction of this curve. We need to show that this also stays so during the
deformation. We remember first that the zeros of both d; Iny; are inside
the interval (—ko, ko). This means that on y; both components y| and y/
are monotonic and so are the components of y,, y; and 4. This proves
that no y; cannot have any self intersections. One endpoint of y; is equal
to (i)' In;(0), 0) and the other is equal to (0, lim,_,. (i)' In u;(k)) and
thus y; stays completely in the first quadrant. By (4.45) we see that every
v; stays in a different quadrant and we follow that the whole y has no self
intersections and thus the region it encloses must be simply connected. O

We know now that y encloses some region of finite area A. In the fol-
lowing we will compute the variation 9,A of this area. Let y; be the variation
of ;. The variation 0,A of the area which is passed by y; can be computed
then by

9A, = f YK - Oey(dk = f (=" (), 7' (K)) - (0c¥' (K), Bey” (K)dk

Ko

« 1 1 1
- [ oo - 0o s
o0 Tl Tl Tl Tl
= —— w=—-—— _—

n?J, &+1)7

Ko

The last integral can be easily computed to

1 g2 - K(Z) 1 )
Ay = -— i mdk =-73 (kg = D(2arctan(xp) — 7) + 20

As we constructed y from four pieces we see that 9,A = 40,A,. This means
that d,A is a function of k, defined by

8,A(ko) = —7% (5 — D2 arctan(ko) — 1) + 2«

We also see that 9,A(0) = —n~!' and 9,A(c0) = 0. In between 9,A(kp) is
strictly monotonic increasing. This computation allows us now to analyze
what behaviour ko can have if the solution of the deformation ODE extends
to infinity. We start with a finite area A and a finite ky. During the deforma-
tion the area A cannot become negative on the other hand

If 0,A| < o0 (4.46)
is only possible if k) — oo ast — oo. This behavior has some consequences.
In order to see them we use another path y. We define this path by

¥ 1 [=ko, k0] = R?, (k) = P(K).

The same argument as in lemma 4.34 shows that also ¥ is closed. At the
start of the deformation this path has also no self intersections and thus
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encloses a simply connected area. If we assume that this stays so during the
deformation we can compute the variation of the area this path encloses in
the same way we did for y. We obtain then

- 1 KO 1 0 K2 _ K(Z)
atA(Ko) = 7?‘[ w = 7? de
Ko

= — arctan (kp) Ké — Ko + arctan (ko)

—Ko

We have 9,A(0) = 0 and from that point on d,A is strictly monotonic de-
creasing and approach —oo as ky — oo. As the area A was also finite the
following has to hold if the solution of the deformation ODE extends to

infinity
| f d,A| < oo.

This is only possible if k) — 0 as t — oo contradicting that we have found
earlier that k) — oo as t — oo for (4.46) to be fulfilled.

So we have shown that under the assumption that ¥ has no self intersec-
tions the assumption that the solution of the deformation ODE extends to
infinity leads to a contradiction. Without assuming that ¥ has no self inter-
sections we still have shown that kg — co as ¢t — oo and so H — —oo. With
the mentioned assumption we have therefore the following.

PropositioN 4.35. The solution of the deformation ODE with initial
spectral data fulfilling fOKO dInu, = 0 can only be defined on a bounded
interval. So there exists a value t,,, beyond which the solution cannot be
extended.

The last proposition shows that the solution of the deformation ODE
cannot extend to infinity. The proposition 4.33 shows that at the endpoint
of the deformation 8, = [, cannot be fulfilled. So by proposition 4.12
there exists a value t,,,, beyond which the solution cannot be extended and
B2(tnax) = 0 holds. By proposition 4.28 we also have ko(t,.,) = 0 and
therefore H(t,,,,) = c0. We summarize this main result of this thesis in the
following theorem

THEOREM 4.36. The deformation of the spectral curve of rectangular
torus will always end in a spectral curve of a torus with H = oo if the initial
conditions of the deformation are such that the following holds.

K0
f diny, = 0.
0

The value t,,,, such that the spectral data (a(t,qx), b1(tmax)s Patmax)s Ko(tnax))
belongs to a spectral curve of a torus with H = oo will be finite.

Let us now recall the closing conditions presented in proposition 3.4. In
case of S* there has to exist two distinct Ao, 1; € S' such that

Hi(do) = pi(Ay) = £1.
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Ficure 4-5. Deformation path starting from a homogeneous
torus in S* and ending in a Wente torus in R® with some
typical tori on the path. All images are cross sections. See
also Figure 1-1 for normal view.

Let the initial spectral data be such that this condition is met. In case of R?
there has to exist Ay € S! such that

Hi(dg) = =1 and G,,u:(Ao) = 0.

The deformation is constructed so that the values In y;(1,) remain con-
stant. This ensures that wu;(1p) = +1 is fulfilled also in the endpoint of the
deformation. On the other hand w;(1y) = u;(4,) is preserved during the de-
formation and at the end Ay and A; come together to 4o = 4; = 1. This
in turn ensures that d,,u;(4o) = 0 is fulfilled at the end of the deformation.
We can also see this by another observation. d,,u;(4dp) = 0 is equivalent to
Ok, In p1i(kp) = 0. We have then for «y = 0 that d,, In ;(kp) = O since b (k)
is an odd polynomial and d,, In u»(xp) = O since 5, = O at the end of the
deformation and thus also b,(x) has a zero at 0. Se we have seen that the
spectral curve at the end of the deformation is in fact a spectral curve from
a torus in R*. The following last proposition states this finding which was
the main goal of this thesis.

ProrosiTion 4.37. The spectral curve at the end of the deformation which
starts with initial spectral data holding the condition in proposition 4.36 is
a spectral curve of a torus in R>.

Figure 4-5 and figure 1-1 from the introduction show a deformation
from a homogeneous torus S* to one in IR?. The spectral data of the initial
homogeneous torus was obtained by the algorithm from section 4.2.2. We
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started with the parameters K; = 1, K, = 2 and M; = 3, M, = 1 and
obtained ky = V5/3 and k; = 5/27. The rest of the spectral data was
obtained by the formulas in section 4.2.3. So the initial spectral data was as
follows.

2
a PR (-1

27 729
bi| (K2 + %) K
b2 - K2 + 25—7
Ko 3

3
Numerical computation shows then that the deformation ends at the value
tmax = 5.70048 with the following spectral data

a K* +1.04303«% + 0.324438

bi| _ (K2 _ 0.442003) K
b2 K2
Ko 0

The spectral curve at the end of the deformation has its branch points at
A =0.141272 - 0.101785i, A =4.65969 + 3.35724i,
A =0.141272 + 0.101785i, A =4.65969 — 3.35724i.

This spectral data corresponds to the spectral data of the famous Wente
torus.
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CHAPTER 5

Conclusion and Outlook

In this thesis we have shown a deformation path which starts at the
spectral data of a homogeneous torus in S* and ends in spectral data of a
torus in R?. We proved for a specific family of homogeneous tori that this
deformation path indeed ends in spectral data from a torus in R3. This
deformation path gives an explicit example for how a torus in R? can be a
limit of a family of tori in S°.

There are still many open questions in this area. Numerical experiments
during the development of the thesis suggested a relation between the data
of the initial homogeneous torus such as the winding numbers and the data
for the double points to open and the geometrical properties of the torus
at the end of the deformation such as the number of lobes. Further the
thesis showed only for a very limited family of initial conditions whether
the deformation of them end in spectral data of a torus in IR? or not. It would
be interesting to prove a similar statement for more general spectral data.
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