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1 Introduction

CMC surfaces have been broadly studied in the field of differential geometry for a con-
siderable time and are still subjects of current investigations. This document deals with
CMC surfaces in hyperbolic three-space with the mean curvature’s modulus restricted
to be less than one. It enqueues in the list of theses previously supervised by Prof. Dr.
Martin U. Schmidt: in 2008 Markus Knopf [8] examined CMC surfaces in the three-
sphere, at the same time Vania Neugebauer [13] and Wjatscheslaw Kewlin [6] analyzed
CMC tori in hyperbolic three-space respectively three-sphere. Finally in 2009 Matthias
Leimeister [11] took a closer look at deformations of cylinders in H* with |H| > 1.

In the next chapter two models for the hyperbolic 3-space are described which are used
later throughout the document. In the following chapter an overview on surface theory
and the concept of moving frames and Lax pairs is given. Readers who aren’t very
familiar with differential geometry may want to start there. The fourth chapter presents
the Sym-Bobenko formula which allows to construct CMC surfaces with given mean
curvature. In the subsequent chapter the argument for non-existence of compact CMC
surfaces, as mentioned for example in [2], is developed. And finally a brief overview and
some further ideas are presented in the last chapter.



2 Representations of H’

Hyperbolic 3-space H? is the unique simply connected three-dimensional Riemannian
manifold with sectional curvature being constantly -1. There exist several models, each
of them with a different purpose and (dis)advantages. First we want to present two
models of H? which will be useful later for studying CMC surfaces in H?.

2.1 Minkowski model for H?

In this model H? is a subset of the 4-space with a special metric.

Definition 2.1.1. R* equipped with the metric {-,-)rs1 induced by the indefinite ma-
triz [ = diag(—1,1,1,1) is the Minkowski 4-space R*'. That means for 27 =
(20, &1, w2, x3) and y* = (yo,y1, Y2, ys3) in R* there holds

3

(T, y)rs1 = 2T Ty = —woyo + Z Z;Y;
j=1

R3! is a model for spacetime where z, is the time coordinate and x123 the spatial co-
ordinates. Later on the subscript R*! will be omitted, since it is the only metric used.
Since the metric’s signature is clearly (3,1) it is a Lorentzian space. For this reason
there are no orthonormal bases in the classical sense but “almost orthonormal” bases
(bo, b1, b, b3) with all b; pairwise orthogonal and only by having (bg, bg)rs1 = —1 and the
others having unit length. From now on such a basis is just called orthonormal. Later
on in section 3.2 we will see that it is possible to use the immersed surface one considers
to obtain an orthonormal basis of the Minkowski space R*!.

Now we can define the Minkowski model for the hyperbolic 3-space.
Definition 2.1.2.

H? = {x = (20,21, T2, 73) € R¥ : (z,2)gss = —1, x9 > 1}

Defined that way H? can be interpreted as a sphere in R*! with radius 7. Indeed it is the
upper sheet of a hyperboloid. The fact that the Minkowski model has indeed constant
sectional curvature -1 and therefore is the hyperbolic 3-space is proven in [4], Lemma
1.1.10.



2 Representations of H?

Proposition 2.1.3. H? is a Riemannian manifold, i.e.
Vo € T,H?, v#0: (v,v)gs1 > 0.

Proof. Consider a differentiable curve ¢ : J — H?, t +— ¢(t), whereby 0 € J C R and
a(0) = p. By definition the tangent space T,H? consists of equivalence classes of all
derivatives evaluated at 0 of these curves. Differentiating the equation (c(t), c(t))gs1 =
—1 yields {c(t),c (t))gs: = 0. Therefore pt := spang(p)t = {v € R>' : (p,v)psn =
0} C T,H?. Since p* sits in R*! it is three-dimensional. Because T,H? has the same
dimension, it coincides with p*.

Now assume v € T,H? a non-zero vector with (v, v)gs: < 0. Because of this condition
and (p, p)rs1 = —1 there follows

> vi <vpand Y pi < (2.1)

Using the Cauchy-Schwarz inequality there holds

3
Z Ui Di

i=1

< |vopo-

(g%)z = <g”3> (gp?) < (vopo)? =

The latter inequality conflicts with v € pt < 2 wp; = vopo because it implies
| S22 vips] = |vopol. So (v, v)rs1 has to be strictly positive.
[ ]

In other words the proposition states that (-, -)gs. is positive definite on 7,H?.

Definition 2.1.4. The metric preserving group of R®!, i.e. all matrices A € R¥™* with
(x,y)rsn = (Az, Ay)psa for all z,y € R>! is the Lorentz group and is denoted as
0(3,1).

Proposition 2.1.5. For an element

T
A= (aoo v > with v,w € R}, B € R¥3
v B

in O(3,1) there holds |ag| > 1 and det A = +1.

Proof.
<Z‘, y>R3,1 = <Al‘, Ay>R3,l <~ J;Tiy = Q;TATjAy
— [=ATIA (2.2)
= —1=det ] = det(ATTA) = —(det A)?
= det A =+£1



2 Representations of H?

Due to the condition 2.2 for the the top left entry of ATTA there follows

_ 7 2 2 _ T
—l=v'v—ay < aqpp=1+v"v

$a3021$]a00|21

Corollary 2.1.6. The Lorentz group has four connected components.

Sketch of proof. Since det is a continuous map and takes only values in {—1,+1} on
O(3,1) there are at least two components distinguished by the sign. Each of them splits
up in two components since there is no continuous path between those matrices with
ago > 1 and agg < —1. So there are at least four connnected components. A complete
proof can be found in [9], theorem 12.11.

Proposition 2.1.7. O7(3,1) := {A € O(3,1) : agy > 1} is the metric preserving group
of H3.

The crucial condition is to preserve the time coordinate zq from changing sign. O*(3,1)
preserves the time coordinate of every vector v € R*! with (v,v)gs1 < 0, therefore it
acts also correctly on H3. A general proof for this result can be found in [12], section 1.3.

The identity component SO*(3,1) := {4 € O"(3,1) : det A = 1}, which is also called
the restricted Lorentz group, additionally preserves the orientation of a basis and
therefore is the most interesting subgroup of O(3,1) for this document’s purposes. To
describe these isometries it is more elegant to use a different model for the hyperbolic
3-space which is the subject of the next section.

2.2 Hermitian matrix model for H?

(01 (0 —i (10
=11 0)%27\i o) \o 41

are called the Pauli matrices.

Definition 2.2.1.

By adding o( := id one gets four linearly independent elements which define a linear
subspace in C?*?. This subspace spang(ay, 03, 03,00) is denoted by Herm(2). Using
these matrices, R3! can be identified with 2 x 2 matrices using the linear map

Y :R¥ —  Herm(2)

3 .
Tr Zwkak = (ZEO T n 2x2> . (23)
j=0

Ty +iry To— T3



2 Representations of H?

From now on the image v (z) will often be abbreviated as X. X is a Hermitian matrix,
this means X = X' =: X* and hence has the form

@11 Q12
a1z G2
with aq1,a2 € R and a2 € C. The next step is to figure out how (-, -)gs.1 looks like in

Herm(2). To show that the following proposition will be helpful.
Definition 2.2.2. For a 2 x 2 matriz M the adjugate matriz ist defined as

ai(or) o= (2.

—Ma1 M
Recall that in the case M is invertible there holds adj(M) = det(M)M ",
Proposition 2.2.3. For an arbitrary 2 x 2 matriz Y holds
oY oy = adj(Y).

0 —2\ (y1n Y21\ (0 —1t
Yl = | .
e (@ 0)(%2 ym) (Z 0)
_ (0 =) (Y211 —yu
0 ) \y2t —yiot

Y2  —Y12 .
= adj(Y
—Y21  Yu ) adj(’)

Proof.

Il
/N

Proposition 2.2.4. For the metric (-,-)g on Herm(2) defined by
1
(X, )y = —§tr(X02YT02)
Y is an isometry, i.e. there holds ((z), vV (y)) g = (x,y)rs1 for all z,y € R
Proof.
1 1 .
(@), () = (X, V) = —5tr(XoaY o) 27 —tr(Xadj(Y))
_ —ltr To+ T3 Ty — il Yo—ys  —(y1— i)
2 Ty tizy xo—x3 ) \—(+iv2)  Yo+uys

1

= _5(2(170310 — 3y — (X191 + T2Yy2))

= <CC, y>R3’1



2 Representations of H?

From now on (-, -) stands either for (-,-)y or for (-, -)gs: depending on the context.

Proposition 2.2.5. The matrices (o1, 09, 03,00) form a orthonormal basis of Herm(2)
with
<0-170-1> - <O-270-2> = <0-370-3> - 17 <O-070-0> - _]-

Proof. By definition of v it is a surjective linear map. Because v is also isometric it is
injective and therefore an isomorphism. Considering the standard basis (e, €1, €2, e3) of
R* one notices 9(e;) = o;. Now the claim follows directly.

Theorem 2.2.6. The hyperbolic 3-space H? is diffeomorphic to
H? = {X € Herm(2) : det(X) =1, tr(X) > 2}

Proof. First we want to show ¢ (H?) = H?. Let x be an element of H?.
1
—1=(z,z) = (Y(x),¢¥(z)) = (X, X) = —itr(XJQXTaz)

223 1 . 1 det(X) :
2 —Qtr(X-adJ(X)):_ztr< x det(X)>

= —det(X)
Now consider the trace of ¢ (z):

tr(X) = (xo + x3) + (o — x3) = 229 > 2
= (H*) ¢ H3

By expressing X with respect to the basis o; one gets the scalars xg, x1, 9, x3 yielding,
because det(X) = 1 and tr(X) > 2, an element z = ¢~1(X) € H? = H? C ¢(H?) and
in total o (H?) = H3.

The last paragraph shows that ¢ := Y| is surjective and since 1 is an isometry it is
also bijective. Now only stating ¢ and ¢)~! to be differentiable is left. As an isomor-
phism 1 is differentiable and its differential is ¢ itself. Because v is a restriction to a
submanifold in the domain R*!, it is differentiable too. For the differential there holds
dy) = (dp)| 1,03 = Y|1,23. The determinant is a submersion and therefore accord-
ing to the regular value theorem H? is a submanifold of dimension three in Herm(2).
Both tangent spaces are three-dimensional and the differential of @é is injective, then by

rank-nullity theorem d,1) is bijective. This leads to d (') = (dp) ™! with ¢ (p) = ¢.
|

Lemma 2.2.7. H?® = {FF*: F € SL,C}



2 Representations of H?

Proof. Define P = {FF*: F € SLy;C} and let A be an element of P. One can easily
see that the determinant of A is 1 and it has the form

<|fll|2+|le|2 f11le+f12sz>
finfor + fiafoo | + [ fo|?

and therefore is Hermitian. Because the characteristic polynomial looks like x () =
A2 — tr(A)X + det(A) the eigenvalues have the form

Ao =

As a Hermitian matrix A has real eigenvalues which leads to

2
tr(:;” 120 = tr(A)? >4 = |tr(A)] > 2

Since the trace of A contains only absolute values it is non-negative with the consequence
tr(A) > 2. In total one has A € H* = P C H3.

Now it has to be proven that every X € H? can be decomposed in the product FF* € P.
Let A; and Ay be the real eigenvalues of X. Since det(X) = 1 there holds Ay = )\% and
hence both eigenvalues have the same sign. Due to the trace being positive, they are
also positive. Like any Hermitian matrix X can be diagonalised using unitary matrices
U and U™! = U*. Where U = (v;,v;) with v; and vy being eigenvectors of X. Setting

_ (M O = (VA0
D'_<0 )\2> andD.-( 0 \/)\—2> one gets

X =UDU* =UDDU* =UD(UD)* =

Now one has det(D) = /A1y = (/det(X) = 1. As a unitary matrix, U has det = 1.
1
0
requested result, since det(U) = —det(U) = 1. In total we have F' € SL,C
= XeP=HCP.

In the case det(U) = —1, proceeding with U = U( _01> = (v1, —vy) leads to the

This product representation is not unique because any right-multiplication with a matrix
M € SU, doesn’t change anything, since

FF* = FMM*F* = FM(FM)*.

This fact leads to

10



2 Representations of H?

Corollary 2.2.8. H? can be identified with SL,C/SU,

Theorem 2.2.9. The orientation preserving isometry group SOT(3,1) of H? is isomor-
phic to the projective special linear group PSLsC := SLyC/{%id} and acts as

X—M-X-M"
on an arbitrary X € H3.

Proof. There exists a two to one homomorphism ¢ between SL,C and SO (3,1) (cf. [3],
chapter 3). Let now M be an element in SLyC and X € H3. The action M - X - M* then
corresponds to ¢(M)-1p~1(X) in the Minkowski model. Since M-X-M* = —M-X (—M)*
there holds ker ¢ = {#id}. Dividing by {+id} turns ¢ into a group isomorphism.

|

In other words: all rotations of the hyperbolic 3-space can be implemented using con-
jugations with an element of SL,C. Since we will use the isometry group only for
transforming oriented bases the reflections are of no interest.

11



3 Surface theory in H*

3.1 General surface theory

This section is a brief introduction into surface theory in the three space forms R?, S?, H?
and covers the basic terms of differential geometry used later in the text.

Definition 3.1.1. A differentiable mapping
f:X—-M

between two manifolds is an immersion if its differential is injective at every point p
in M.

In the setting of surface theory X is a orientable two-dimensional manifold and M is one
of the three-dimensional space forms like R3, S® or H?. Then f is a representation of a
surface in M in the sense of differential geometry.

Since R? can be identified with the complex plane and by fixing an orientation of ¥ and
equipping it with a complex structure it turns to a Riemann surface. Every coordinate
chart then defines a complex coordinate z = x 4 ¢y. Since f is an immersion the partial

derivatives of of
fx = (m)p and fy = <ay>p

with respect to this chart are linearly independent and thus provide a basis for a linear
subspace of the tangent space Ty, M.

Using the metric (-, )5 of the manifold M one can define a metric ds* = g on T),X:

Definition 3.1.2. The bilinear map g, : T,2 x T,X — R defined by

g, = (911 912) _ <<fxyfy>M <f:p7fy>M>
P g21 922 <fy7fz>M <fy7fy>M

is the first fundamental form of the immersion f.

Proposition 3.1.3. f is an immersion <= detg > 0

12



3 Surface theory in H?

Proof. Since g is Gram’s determinant for f, and f,, det g > 0 is equivalent to the linear
independence of the partial derivatives.

Definition 3.1.4. In the case g11 = goa and go1 = 0 = g2, i.e. g = N(p) -id, \(p) > 0,
the immersion f is called conformally parameterized.

The metric can be then written as
ds* = 4e*(dz® + dy?)

with the so-called conformal factor v € C*°(3,R). Practically the coordinate chart z
can be always chosen in a way that ¢ is conformal because ¥ is orientable (cf. [14],
Theorem 1.6.5). Therefore from now on only conformal immersions are considered.

Since T, M is three-dimensional it is possible to define the unit normal vector N with
respect to the partial derivatives f, and f,. Using N the second fundamental form
b of the immersion f can be defined by

b= <b11 b12> _ <_<Nzafx>M _<Nyafx>M> _ <<Na fxx>M <N, fxy>M>
. bar ba2 _<Nx>fy>M _<Ny>fy>M <N>fyI>M <N>fyy>M

The linear form b can be also written with the help of the differential forms dz := dx+idy
and dz := dr — idy .
b= Qdz* + Hdzdz + Qdz*

whereby the functions Q and H are defined as follows
1 . . ~ 1
Q = Z(bll — 622 — Zblg — Zbgl), H = §<b11 + b22)
Qdz* is the Hopf differential of f.

We will later see that f is determined uniquely up to a rigid motion in M by the two
fundamental forms if they satisfy a certain pair of equations (cf. section 3.3).

Definition 3.1.5. The linear map S := g 'b: T,3 — T,% is the shape operator.
The shape operator can be expressed with the help of the functions u, Q and H:
g_ ! <ﬁ+Q+Q j(@—Q))
der \ i(Q-Q) H-Q-Q

Definition 3.1.6. The shape operator’s eigenvalues k1, ks are the principal curva-
tures, ils half-trace is the mean curvature H = %(m + ko) and its determinant is the
Gaussian curvature K = k1ky of the immersion f.

13



3 Surface theory in H?

In the conformal case this leads to H = g (N, foz + fy,). One notices that the mean
curvature is defined similarly as H, 1ndeed there is a coherence H =
them.

—2u
4 H among

Definition 3.1.7. If H is constant, then f is called a constant mean curvature
(CMC) surface. In the special case of H =0, [ is named minimal surface.

Using Wirtinger differential operators
1

0. = (0, —i,) and 0 = (3, +10,)

and letting (-,-) be the complex bilinear extension of the metric (-,-),; we get to the
following elegant result:

Proposition 3.1.8. Using the complex coordinate z, H, () and the conformality condi-
tion can be expressed by

H = e (e, N), (3.1
Q= ([ N) (3.2)
<fz7fz> < z7f2> — 0, <fz7f2> == 262u (33)

The proof is a straight forward calculation using the correspondences 0, = 0, + 0
respectively 0, = i(0, — 0z). The next step in the classical theory is the construction of
a so-called moving frame which is a basis of R? or of the ambient space in the case of
S? and H3. The frame is derived directly from the immersion f and with its help one
obtains the so-called Gauss-Codazzi equations. It can be shown that those are the only
conditions u, H and () have to satisfy (cf. theorem 3.3.5).

Since these equations are different from one space form to another, the next section will
deal with the specific situation of f being an immersion in H?.

3.2 The extended frame in H?

In this section H? is seen with the help of the Minkowski model, i.e. the (conformal)
immersion f : M — H? is considered as a R*!-valued map. Starting with f the aim is
to construct the frame i.e. a basis of R*! which is well adjusted to the surface.

Differentiating (f, f) = —1 yields

<f7fx>:()’ <f>fy>:0

Additionally the conformality of f gives the orthogonality (f,, f,) = 0 of the partial
derivatives. Now you can also define the normal N using the formal determinant

N = f X fx X fy = det(E7f7ffE7fy)

14



3 Surface theory in H?

where ey, ..., e, is an orthonormal basis of R*!, f, f,, f, are expressed with its help and
E = (e1,e9,e3,e4)T is a vector containing the basis elements as single entries. Since

fz, fy and N are elements of T,H? and H? is a Riemannian manifold, their metric is
positive. By setting N := Il N” one obtains the unit normal.

Definition 3.2.1. The map
F 8= RY pe (f(p), fo(p). fy(p), N(p))
is the extended or moving frame of the immersion f.

Proposition 3.2.2. The normalized frame

i fog,
fon - 5 5
(f AN

is an positive oriented orthonormal basis of R®' and an element of the isometry group.

7N> = (f7617€27N)

In the case of using the complex coordinate z instead of x and y the extended frame is
defined as

= ([, [ [ N)

Proposition 3.2.3. Every v € R*! can be expressed with respect to F:

— o+ By S e

Proof. Since the F,, is a orthonormal basis of R*! v can be represented as

o,y fodedy S ey

4€2u 4€2u

which is quite similar to the asserted formula. Now plugging the correspondences
f = fz +f2 and fy = Z(fz - fE)
Zeéﬁ Jo + ZEJSZ f, yields the claim.

into

3.3 The Lax pairs

The goal of this section is to describe the frame’s behavior towards differentiation. This
is possible in terms of matrix differential equations, which leads to the definition:

Definition 3.3.1. The two matriz partial differential equations
F.=F-U Fe=F-V (3.4)
are the Lax pair of the immersion f.

Since H? can be represented either as subset of the Minkowski space R*! or using
Hermitian matrices there are two “flavors”: U and V being 4 x 4 respectively 2 x 2
matrices.

15



3 Surface theory in H?

3.3.1 The Lax pair in terms of 4 x 4 matrices

Proposition 3.3.2. Using the Minkowski model for H?® the Lax pair is described by the

matrices
0 O 2e2v 0 0 2e% 0 0
S 2w 0 —H 10 0 0 —3Qe
U= 0 0 0 —%QG*QU and V= 1 0 2uz —-H (3'5)
0 @ 2H e 0 0 2He* @ 0

Proof. Since the columns of

(fZ7fzzafZZ7 ) andf (fza sz; fﬁa NE)-

are R3!-valued they can be expressed with the frame F using the proposition 3.2.3. The
obtained coefficients then will form the columns of I resp. V.

First we look at F,:

In the case f, there is nothing to compute. For the remaining entries one has to take
advantage of the pairwise orthogonality of the elements of F and differentiate the inner
products with respect to z.

<fz>f>_0 O_<fzzaf>+<fz7fz>:<fzzaf>
<fza f2> = 2€2u :é 2uzQeQu = <fzzvf§> + <fza sz> = <fzz> f?>
since (f,, f.) =0 %= 2(fz, f2)

for £V =02%0=2(for, f.)
(f.z; N) = Q (cf. equation 3.2)

(o f) =05 0= (fa /) + (o f) == —{f. f) = 2™

(f.z, f-) = 0 as shown above
<fz, fZ> =0 :$ 0= 2<.fzza fZ>

(f.z, N) = 2He*" (cf. equation 3.1)

— [z = 2e*"f +2He*N
(N, Sy =05 0= (N, f) + (N, f.) = (N, f)

(No, f2) =05 0= (N, f2) + (N, frz) = (N2, fz) + 2He™
(N, f2) =05 0=(N., ) + (N, for) = (N., f2) +
(N,N)=1%0=2(N,,N)

— N.= - Hf.— Q.

16



3 Surface theory in H?

The same procedure for F5 yields the matrix V:

(f, f)=0 0= (fz [) + {for f2) = —(fuz, [) = 2™

(fo f2) =05 0= 2(f.z, f2)
(fz, f.) =0 and (f.z, N) = 2He*" as shown above
= f,z = 2% f +2He*"N

) = 050_ (foz, )+ (fz, f2) = (fz2. )
(o J2) = o% 0=2(fz, f2)

)

)

:< ZZ7N> :Q
— fzz = 2uzfz+ QN

<f2£7N

(N,f) =0=0=(Nz, f) + (N, fz) = (Nz, f)

(N J2) =05 0= (Ne, f2) + (Nz, faz) <= (N, fz) = —Q
(N, f.) =05 0= (Ns, £.) + (N, f.z)

(N,N)=1 :i 0 =2(Nz, N)

1—
— No=—Qe™f. — Hf
|

Proposition 3.3.3. The compatibility condition F.z = Fz, is equivalent to the Maurer-
Cartan equation
Us =V, — U, V] =0 (3.6)

Proof. Using the Lax pair yields

fZ§:<fU)g:FEZ/{+FuE:fVU+FUQ
Feo = (FV). = FV + FV, = FUV + FV,

so plugging them into the compatibility condition leads to the claim:

Fz=F., < FVU+ FUs: = FUV + FV,
= VU+Uz—UYV -V, =0
— U—V.—[U,V]=0

17



3 Surface theory in H?

By computing the Maurer-Cartan equation one gets the Gauss-Codazzi equations
for surfaces in H?®:

1 _
2z + 2(H? — 1)e*" — 5QQe—Qu =0, Qs = 2He*" (3.7)

The Codazzi equation now leads directly to the well known fact:
Corollary 3.3.4. f is a CMC surface <= @ is holomorphic
Now we are equipped with all tools to formulate the

Theorem 3.3.5 (Fundamental theorem of surface theory). If the mappings

u: X — R,
H:Y — R,
QR:X—C

defined on a simply connected two-dimensional manifold X satisfy the Gauss-Codazzi
equations, there exists a conformal immersion f : ¥ — H?® with these maps as the

conformal factor, mean curvature and Hopf differential. f is unique up to a rigid motion
of HA.

Remark 3.3.6. The theorem is applicable to all three space forms. The only difference
is the specific appearance of the Gauss-Codazzi equations.

Using the following two transformations

z = (2V1—-H?)"'w
Q — 2V1-— H2*"Q

where 1) is a real constant, the Gauss equation turns into

4(1 — H?) - Uy + 2(H? — 1)e* — 4(1 — H?)e*%e 29 . 5che*% =0 <
1 1 ~=
Qs — 56% — 5QQe*?“ =0 (3.8)

By normalizing Q and away from its zeros the latter equation becomes the cosh-Gordon
equation

2Uy — cosh(2u) = 0 (3.9)

which is an elliptic non-linear PDE. The cosh-Gordon equation behaves quite differently
compared to the sinh-Gordon equation which appears as the Gauss equation for |[H| > 1
CMC surfaces in H?. The consequences will be presented in chapter 5.
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3 Surface theory in H?

3.3.2 The Lax pair in terms of 2 x 2 matrices

Now we use the Hermitian matrix approach to represent the immersion and the frame.
In this section f, f,, f, and N are meant as their images ¥(f), ¥(f.), ¥(f,) and ¥(N)
under the diffeomorphism ).

Proposition 3.3.7. There exist a unique matriz ' € SLyC in order that

f:FF*’ e = ”;xH :FUlF*’ €y = ”?JH :FUQF*, N:F03F*, F(Zo) —id
T Yy

holds.

Proof. As already shown the normalized frame F,, is a positive oriented orthonormal
basis of R*!. Since 9 is a linear isometry 1)(F,,) constitutes an orthonormal basis too.
Because of this fact there exists a unique rotation F' € PSL,C which transforms o; into
¥ (F,n), which have then the form stated in the claim. By specifying F’ to be the identity
matrix at a particular point 2 it becomes unique in SLyC.

Because of this proposition it is sufficient to know the matrix F' to describe the immer-
sion f and its derivatives as well as the unit normal. Therefore calling F' the extended
frame in this model of the hyperbolic 3-space is justified.

Define U := F~'F, and V := F~1F%. These matrices always exist since F' € SL,C and
fis C*.

Proposition 3.3.8. The Laz pair

F,.=F-U FE=F.V

is characterized by the matrices

1 —u, Qe ™ 1 uz  2(1+ H)e*

Proof. First we have to express the derivatives with respect to z and Z in the same way

like e; = H?izll and e; = H?ﬁ By definition of 0, and 0; the following statements hold

o= i) = s = i) = e Flon — ion) =26 () () F

1 . : : 01
fz= i(fx +if,) = e“(e1 +iex) = e“F(oy +ioy) " = 2e"F (O O) F*
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3 Surface theory in H?

The general strategy is now to differentiate f,, fz and N and compare it to second
derivatives as obtained in the previous section.

u 0 0) 0 0),,.
(f2)z = uzf, + 2e (FZ<1 O)F +F<1 O) (F )Z>
= uzf. + 2¢" (FV (1 8) F*+F<(1) 8> U*p*)
u v 0 * 0 0 .
et (7 (0] e (g o))

= 2" F < Uiz 0 ) F* (3.11)

Uz + Vog + Uil U2y

T T e e
= u, fz + 2" (FU (8 é) F*+ F (8 é) V*F*)

_ . u 0 up % Vg Va2 #
=u, fz + 2e¢ <F<O u21>F +F<0 0>(F )Z>

o

= Qe F (”12 Us T+ Un1 “’22) P (3.12)
0 U21
Since second derivatives are symmetric the comparison of 3.11 and 3.12 yields
—U; = U1 + V2 (3.13)
—Uz = Vg + 1y (3.14)

First recall that f.z = fz, = 2e?*f + 2He?*N. By writing it in the same form as above
one has
unr (€4 + He" 0 .
sz_sz_Qe F( 0 6“—H6u>F
Comparing to 3.11 and 3.12 yields
vig=€"+ He" = (14 H)e" (3.15)
ug =€ — He" = (1— H)e" (3.16)

s (50 ot )
e (A LT A Ty

= 2¢"F ( we 0 ) r (3.17)

Uy, + Ugg U2y
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3 Surface theory in H?

Comparing 3.17 to
1 —u
for = 2u.f. + QN = 26"F <2Qj Oeu) P

yields

The comparison of

N, = F,o3F* 4 Fos(F*),
= FUo3F* + Fo3V*F*

(o =)+ (s S)7
U9] —U9g9 —UV12 —Va2
to the result from the from the previous section
_ 1 —2u o O ;Qe_u
Nz__Hfz_iQe fz—F<_H62u 0
yields

U] = —V11 <= U1 = —Vn1

—Ug2 = V22

plugging this in 3.13 and 3.14 one gets

¥ 1 % 1
=y T = g+ 2 2 = up = ol & gy = U=
_ . () 1w 1

—Uz = Vg + Uy = Vg — V11 = 2V < Vg = —§Uz = V11 = §UE

By using

CZ det(F) = tr(U) det(F)

(3.18)

(3.19)

(3.20)

(3.24)

(3.25)

and because det(F') = 1, U is traceless. Applying the same argument to V' shows that

(%) holds i.e. U, V € sly(C).

By gathering all the single entries of U and V' we get the claim.
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3 Surface theory in H?

As for the Lax pair in terms of 4 x 4 matrices, the compatibility condition and the
Gauss-Codazzi equations stay the same as in proposition 3.3.3 resp. equation 3.7. They

are the only conditions to be satisfied to obtain a solution of the Lax pair, more precisely
there holds

Proposition 3.3.9. Let O C C be an open and simply connected set containing 0 and
UV :0 — sly(C). The solution F': O — SLyC of the Lax pair

F,=F.U Fo=F.V

exists for any initial condition F(0) € SLyC if and only if U and V' satisfy the Maurer-
Cartan equation
UE_‘/,Z_ [va] =0

Each pair F, F of solutions differs only by a multiplication with a constant matriz G,

1.e. '=GF

A proof can be found in [11], proposition 2.3.1.
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4 The Sym-Bobenko formula

The aim of this section is to describe a construction method for CMC immersions f
with arbitrarily given constant mean curvature H € (—1,1). From the last section it is
known that the 2 x 2 frame F' € SLyC describes the surface f entirely. So the approach
is to construct such a F' using the Lax pair.

Instead of using the two Lax equations there is a different approach using differential
forms which allows to perform some computations in a more elegant way. A brief
overview is presented in [7]. Let U,V : O — sl3(C) be the matrices describing the Lax
pair and O an open and simply connected subset of ¥. The Lax pair then transforms
into

dF = Fa

where a = Udz + Vdz € QY(O,sl5(C)). Using the commutator [-, -] of sly(C) for each
two forms « and 3 in Q'(O, sl5(C)) we define

[ A BI(XY) = [a(X), BY)] = [a(Y), B(X)], X,Y € TE (4.1)
The resulting object [ A 3] is then an element of € Q*(O, sl5(C)). The Maurer-Cartan
equation 3.6 is now transformed into

1
da+§[a/\a]:0.

Now we parameterize the mean curvature H by the so-called spectral parameter A € C*
and use the transposes of U respectively V', thus a turns into:

1 = U S P T )
( u,dz — uzdz Aetdz — Qe dz) (4.2)

MN=o Qe vdz + N levdz  —wu,dz + uzdz

Applying the Maurer-Cartan equation to «, yields the following reduced Gauss-Codazzi
equations for CMC surfaces:

1 1 —
Uz — Zezu - ZQQQ_QU =0
1
—Q.e =0
p s

Note that they are A-independent.
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4 The Sym-Bobenko formula

For an arbitrary differential form w € Q'(O, sl5(C)) the splitting into the (1,0) part and
(0,1) part is denoted
w = w/ _'_w//

Definition 4.1.1. The Hodge star operator * for w € Q'(O,sly(C)) is defined as
*w = —iw +iw”
Now the mean curvature H of a CMC immersion f can be computed using the
Proposition 4.1.2. Setting w := f~ df for the mean curvature H there holds
2d * w = —iH[w A w]
whereby f is an immersion f = FF* : ¥ — H3.

The proof is done by straight forward calculations on both sides ending with a compar-
ison and can be looked up in [11], lemma 2.3.2.

Theorem 4.1.3 (Sym-Bobenko formula). Let ay be as in 4.2. If Fy is the solution of

dF\ = F\ay and is defined on an open and simply connected subset O of ¥ then the
mapping f : O — H? defined by

f(2) = Fx(2) (3 (2))°

with \g = €472 ¢ C* and ¢,v € R is a conformally parameterized immersion and has
the constant mean curvature
H = tanh(—q)

Proof. To be able to apply the previous proposition we first compute w = f~1df:

w = (E\FY) TV (FAFY) = FY 7 FUN(d(F))FY + Fad(FY))
= F5 N Fyan 4 F(Fhan)®) = Fy o + o) Fy

| 0 A+ X Detdz
— *F* 1 ' F*
2 ((Al + Netdz 0 A

Decomposing w into dz-part w’ and dz-part w” yields

_ 11 (0 A+ X )evdz
I 1 zd — ZF* 1 F*
w = f"f.dz 97X (0 0 A

1 0 0
n__ r=1lgr 3= _ *—1 a *
W = f deZ 92 A <()\1 + )\)e“dé 0) FA

Using the properties of the metric in the Hermitian matrix model
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4 The Sym-Bobenko formula

(W W) =—det(w) =0=—det(w") = (W, ")

and the metric’s left-invariance you can see the conformality of f:

0= (") =(ffdz, [ f.d2)
= (f.dz, f.dz) = (f., f.)dzdz

A similar computation with ' replaced by w” shows (fs, fz) = 0. To compute the

conformal factor we set
F/\ — fll f12
for fa)’

then only some matrix multiplications are needed:

(f., fz)dzdz = (W', ") = —;tr(w/ag(u}”)TUg)

0 0
0 -l 0 dz\  peoryr (0 —1
(1 0>FAT<0 o>(F hr (1 0))
_ e2u(‘)\| 1 ERC <(0 faodz ) <f12 —f11> (0 fndz> <_f21 _f22>>
IA| 0 —fadz) \foo —far) \O fi2dZ o fi

= 62u<|)\| L —)?t ((O (= fa1f22 +f22f21)d2’> (0 (fizfi1 — fnflg)dz>>
Al 0 (firfaz — fiafo1)dz 0 (faofi1 — farfi2)dz

:6;(|>\|+|i|) ((8 (detFj)2dZdZ>>

—

1, _
=—gA+A DT X) € tr <z’2 i <0 dz) Fy

eQu

(for f2) = (N + AT
By definition 4.1 of the wedge product one gains

WA W (X,Y) = [w(X),w(Y)] = [w(Y), w(X)]
= 2[w(X),w(Y)]

For abbreviation purposes we define:

Jer, b e ;(A‘l + N (4.3)
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4 The Sym-Bobenko formula

_ ((bdz(zx) adz(X)> (bdzczm adzO(Y)>

{5y ")

oy (ab(dz(X)dE(Y) = dx(Y)dE(X)) 0 *
=5 ( 0 ab(dz(x)dz(Y)—dz(Y)dz(X))) FA

1 ((dz A dZ)(X,Y) 0 .
= ably ( 0 (dz A dz)(X, Y)) Ex

—

1 0

_1 —1\2 2u p*—1
waw] = N+ (0

)F)\dz/\dz

d(*w) = d(—iw" + ")

: w1 0 —adz\ .
=i-d| Iy 1<bd7 0 )F)\

=M
=i (d(F;™) A ME5 + F5 7 (d(M)F + (=1 M A d(FR))
=i (= (Faan) Fy ™ A MF + Fy ' d(M)Fy — F{7'M A (Fran)”)
= iFy " (—ay AM +dM — M Aa})Fy

w1 ( 1 (O + N betdz A dz —audz ANdz + 0 )
= iFy

2\ 0+ bu,dz Ndz — —XaetdzZ ANdz + 0

< 0 —au=dz A dz> 1 (—a)\e“dz ANdZ+0  ausdzANdz+0 ))

*

budz A dz 0 "2\ 0—bu.dzAdz  O+bN ‘etdzAdz) )

) —1 -
i b — an 0
S _ | FrdzNdz
2¢ A ( 0 Na — bX 1) AGE 1 G

1 0

4.3 _3 2u -2 2 *—1
2t - e

> Fidz Ndz

Setting A\ = e9t?% the mean curvature can be computed as

A -2 _ A 2
jo P
AL+ IAIY)
B e 2 — % _(e7T4ef) (e —e?)
€2 + 2ede~4 + e720 (€79 +e9)?
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4 The Sym-Bobenko formula

e"?—e?  —sinh(q)
e=?+et  cosh(q)
= — tanh(q) = tanh(—q)

Remark 4.1.4. Unlike the case |H| > 1, here A can be chosen arbitrarily in C*. Espe-
cially there are no problems with H? degenerating to R3 if A € S*.

There also exist other construction methods for CMC surfaces in the three standard
space forms and particularly the hyperbolic three-space. One approach using Gauss
maps to construct surfaces with H € (—1,1) is presented in [1].
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5 Non-existence of compact surfaces

In this chapter a proof for the non-existence of compact surfaces is presented. This fact
distinguishes the surfaces in H* with |H| < 1 completely from surfaces in other space
forms or the other settings in H3. A proof for that can be given using theory of elliptic
partial differential equations. Therefore we first need some preparations.

Proposition 5.1.1. The conformal factor u coming from an immersion f : ¥ — H3
with H taking only values in (—1,1) is a strictly subharmonic map, i.e. —Au < 0.

Proof. First recall the Gauss equation from section 3.3 in the general form:
1
2u.z + 2(H? — 1)e*" — 5@@672“ =0 <
duyz = —4(H? — 1)e* + |Q[Pe "
Since |H| < 1 we have H> — 1 < 0 which leads to

duyz = 4(1 — H*)e®™ +|QPe ™ > 0

Use of coordinates = and y again and u,z = %Au yields

Au >0 (5.1)

Corollary 5.1.2. The conformal factor u cannot be a constant map.

Proof. Assume u is constant and the conformal factor of an immersion f. As for any
constant map Awu vanishes. Like any conformal factor u satisfies the Gauss equation and
therefore is strictly subharmonic, leading to a contradiction.

[ ]

Lemma 5.1.3. Let O be an open subset of R™. A twice-differentiable map
w: O — R with Aw >0

cannot have its mazimum in O.
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5 Non-existence of compact surfaces

Proof. We assume w has a local maximum at a point zy € O.

The Hessian matrix H(w, o) at g is then negative semidefinite. According to Schwartz’s
theorem H (w, xq) is symmetric and therefore it has only non-positive eigenvalues. Since
a matrix’ trace is the sum of its eigenvalues \; we have

0> Zn:)\i =tr(H(w,x0)) = Aw

i=1

which contradicts with the premise Aw > 0.
[ |

Theorem 5.1.4 (Non-existence of compact surfaces). Let ¥ be a closed Riemann sur-

face. Then immersions
f: ¥ — H3,

modelling a surface, cannot exist.

Proof. We assume the existence of such a surface f. The mappings u, H, () are then
defined on X too. X is by definition compact and has no boundary. For that reason u
has a local maximum at a point p € X.

Consider U being the neighborhood of p in ¥ with a conformal chart z. The conformal
factor @ = w o 27! is then a real-valued map on a open subset z(U) of R? and has a
local maximum at zo = z(p). According to the proposition 5.1.1 @ is subharmonic und
because of the previous lemma cannot have a maximum in z(U). In total one gets a

contradiction to the existence of f.
[ |

Remark 5.1.5. Consequently there are also no CMC tori, which is a different situation
compared to other space forms.
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6 Conclusions and outlook

At this point we want to present a summary of the work done so far. First we introduced
two different models for the hyperbolic 3-space: the Minkowski model and the Hermi-
tian matrix model. Then a brief overview about surface theory was given including the
derivation of the moving frame within the two models. Afterwards the frames’ behavior
towards differentiation was determined using the Lax pairs. The conditions imposed on
the matrices U and V describing the Lax pairs led to the Gauss-Codazzi equations which
are crucial for the existence of a specific surface due to the fundamental theorem of sur-
face theory. At this point the differences between the case |H| > 1 and the considered
setting |H| < 1 start to take effect. The Sym-Bobenko formula presented in chapter
4 looks the same as in the other setting but it is now defined for every A € C*. The
most important consequence is the non-existence of compact surfaces as presented in the
previous chapter, which is a completely different situation compared to other settings.

One starting point for future investigations could be the consideration of CMC cylinders.
Therefore it is necessary to start with single periodic solutions v and @ of the Gauss
equation. Then the frame F is periodic with the same period 7 € C*. Its behavior along
a period is described with help of the monodromy

M :C* — SL,C

by the equation F)\(z + 7) = M(X)F\(z). With the help of this holomorphic map the
spectral curve

D ={(\pu)eC?:det(pu-id — M(\) =0}

which is a hyperelliptic Riemann surface can be described. Results derived by considering
I' then allows conclusions for the original surface. One interesting question is then to
determine conditions for I' having finite genus.
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