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Abstract

The goal of this Master’s thesis is to discuss the one-dimensional mani-
folds T~!(7,) and characterize their boundary points. We will see that
they have two types of boundary points: Those where a € M3 U M3
holds and those where coefficients are unbounded. In the first case
it becomes clear that these are true boundary points through which
we can flow smoothly. In the second case it is shown that we can
extend continuously to the limit and established a biholomorphic re-
lationship between elliptic curves. In the second part of the thesis we
proved that one can solve the Whitham equations inductively for all
the coefficients. We also established properties of V' (¢1, g2).
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1 INTRODUCTION

1 Introduction

In differential geometry the construction of tori with constant mean curvature
is a topic of research. The solutions of the elliptic sinh-Gordon equation

Au + 2sinh(2u) =0

for twice differentiable functions u: R? — R describe such tori. Here we can
distinguish between finite type solutions and infinite type solutions. In this
thesis we only consider the class of finite type solutions whose spectral genus
g = 2. These solutions can be described through the space of polynomials
which is a space of complex polynomials with matrix valued coefficients. This
space gives rise to a certain family of polynomials of degree four. The goal of
this work is to establish certain properties of this space and a mapping that
leaves the conformal class of these polynomials constant.

In chapter two we will introduce several concepts that will be used in this
thesis such as the classification of one-manifolds or the homology on Riemann
surfaces.

In chapter three we will introduce the most important concepts of the theory
of CMC tori that will be used later in the thesis.

In chapter four we will introduce the most important aspects of CMC tori
and the solutions of the sinh-Gordon equation.

In chapter four we will examine the boundary points of 7(7,) and consider
two distinct cases: the case a € M3 U M3 and the case where coefficients go
to infinity. In the first case we will prove that the boundary points are true
boundary points by examining a certain condition. In the second case we
will use the blow-up technique to prove that each connected component is
biholomorphic to the elliptic curve defined by the limits of our polynomials.
Further we use the Whitham equation to try to prove that this blow-up is
also a one-dimensional manifold.

In chapter five we will construct a specific curve in the plane R? V (g, q2)
defined by the imaginary parts of ¢; and ¢ restricted to S'. We will prove
properties of this curve. Then we will prove that we can solve the Whitham
equations for the linear and constant coefficients of the Taylor series expan-
sions of our polynomials. We try to use this to prove that the sequence of
curves has a cusp when intersecting S2.



2 Preliminaries

2.1 The classification of 1-manifolds

The following proof is from Milnors Topology from the Differentiable View-
point (1965).

Classification of 1-manifolds 2.1. Any smooth, connected one dimen-
sional manifold is diffeomorphic either to St or some interval in R.

We will prove this using the concept of parametrization by arc length, which
we will first define.

Definition 2.2. A map f : I — M where I is an interval and M is a
manifold, is called parametrization by arc length if f maps I diffeomorphically
onto an open subset of M and if dfs(1) € TyyM has unit length for each
sel.

We note that any given local parametrization, a change of variables can be
used to transform our parametrization into a parametrization by arc length.

Definition 2.3. Let X be a topological space and A C X a subset of X. We
say that a set Uy is relatively open in A if there exists an open set U C X
such that Uy = U N A.

In the following we will consider M to be a connected 1-manifold.

Lemma 2.4. Let f : [ — M, g : J — M be two parametrizations by arc
length. Then f[I] N g[J] has at most two connected components. If it has
only one connected component, then f can be extended to a parametrization
by arc length on the union f[I]U g[J]. If it has two connected components,
it must be diffeomorphic to S'.

Proof: ¢! o f maps a relatively open subset of I to a relatively open subset
of J. By construction, the derivative of g~! o f has to have the absolute value
1, so it has to be equal to +1 everywhere. Now let ' C I x J be the graph
of all (s,t) € I x J where f(s) = g(t). So by definition, I' is a closed subset
of I x J which is made up of line segments that have a slope of +1 because
we are considering the one dimensional case. Since g~! o f is diffeomorphic
as the composition of diffeomorphic maps and since we can consider I' as the
graph of g7! o f we can extend it to the boundary of I x J. Yet because our
map is bijective and single-valued it can only take at most one value on each
line of O(1 x J). So that makes at most 4 boundary values. These have to
be connected by line segments, and since the map is again single valued and
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2 PRELIMINARIES

bijective, no boundary point can be reached by more than one line. That
makes at most two connected components, which proves the first part of our
claim.

Now let I" have only one connected component. Therefore, I' consists of
exactly one line segment that goes through the whole of I x J. It follows
that g=!o f can be extended to a translation of a linear map L : R — R. We
will now use L to extend f to a larger map in the following way

F:TUL'J]— f[IUglJ]

f xel
T
goL, xeLJ].

We can easily see that both maps agree on any overlap of I and L™![J] since
95y
of diffeomorphic maps and also since L needs to have a slope of 1, F'is a
parametrization by arc length.

To finish the proof, we now consider the case where our map has two con-
nected components. We will only consider the case where the derivative of
both f and g is 1 since all other cases can be done in a similar way, because
if the slopes have different sign we can just multiply them with (—1) in order
to get to the case where they are parallel. First, we will name the 4 boundary
values that " assumes on I x J. Let a<b<c<del,vy<dé<a<pel
and consider the boundary points (a, «), (b, 5), (¢,7) and (d,d). Then both
of the connected components connect two of these points. Without loss of
generality we assume that the first line connects (a, ) with (b, 5) and the
second one connects (¢, y) with (d, d). Since both components have the same
slope, they are parallel. Now we can translate one of our intervals to get that
v =cand § = d. From that follows that

=goglof=f. Sothisis again diffecomorphic as a composition

a<b<c<d<a<p.
Further we set § = % and use polar coordinates to define a diffeomorphism
h:S'— M
by setting

flt), a<t<d
g(t), c<t<p

h(cos(8),sin(f)) = {

where f and g agree on (¢, d) by the construction of I'. So h is a diffeomorh-
pism from S! to f[I]Ug[J]. By definition, S! is compact and open and since
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2.2 Homology on compact Riemann surfaces

h is a diffeomorphism, h[S'] C M is compact and open as well. So, because
M as a manifold is a topological Hausdorff space, any compact set in M is
also closed. Therefore, h[S'] is both closed and open in M, meaning it is the
whole M because M is connected. q.e.d.

Now we will use this to prove the classification theorem.

Proof: First we see that as mentioned before we know the existence of a
parametrization by arc length because we can transform any local parametriza-
tion into one. We only need to consider the case where M is not diffeomorphic
to S because that case was already considered in the lemma before. Using
the aforementioned emma, we see that every parametrization by arc length
can be extended to a maximal parametrization by arc length

f:I—-M

which can’t be extended over any larger interval than /. We can do this by
finding other parametrizations by arc length where the intersection of the
images only has one connected component and extend the parametrization
over the overlap on each side of the interval until we can not go further. So
now we consider a maximal parametrization by arc length and we want to
show that f[I] = M. Assume that this does not hold. Then, because f[I] is
open in M, we get that M \ f[I] has to contain a limit point z. So then there
needs to exist a neighborhood U 3 z with U C M \ f[I]. So then we can
find a local parametrization for  and transform it into a parametrization
by arc length. Now if M is not diffecomorphic to S! then there can’t be
two parametrizations by arc length where the intersection of they images
has two connected components. So the intersection has only one connected
components and therefore, we can extend f to a larger parametrization by
arc length. That is a contradiction to f being maximal so therefore, it follows
that f[I] = M. Yet by definition, f is a diffeomorphism, so we get [ = M.
q.e.d.

2.2 Homology on compact Riemann surfaces

The following introduction into homology theory on compact Riemann sur-
faces is based on the book Computational Approach to Riemann Surfaces by
Bobenko (2013).

Definition 2.5. Let X be a Riemann surface with a triangulation T. We
define formal sums of points P = >, n;P; as 0-chains, formal sums of ori-
ented edges v; as v =Y. n;v; 1-chains and formal sums of oriented triangles
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2 PRELIMINARIES

D; as D =5 n;D; 2-chains. We denote these sets with Cy, C1,Cy which are
all abelian groups with respect to the addition.

Definition 2.6. We define (P, P2) as the oriented edge from Py to P» and
Dy = (P, Py, P5) as the oriented triangle bounded by the oriented edges
(Py, Py), (P, P3) and (P, P3). Now on these edges and triangles we define
the boundary operator § as

(P, P) =P, — P 0Dy = (P, P) + (P1, P3) + (P, Ps).

We extend the boundary operator to Cy and Cs by linearity 0D = Y k;0D;,
0y = Y n;0vy; and define the group homomorphisms §: Co — 1,6: Cp — Cy.

Definition 2.7. A v € C is called a cycle if 6y =0 and a v € Cy is called
a boundary if there exists a D € Cy such that v = dD. We denote these sets

by
7 = ker{5 : Cl — CQ}, B = 502

Since by definition 6 o 0 = 0, every boundary is a cycle which means Z C
B C Cy. We define two 1-chains to be homologous if their difference is a
boundary.

Definition 2.8. The factor group
H\(X,Z2)=2/B
is called the first homology group of X.

This is also an abelian group which is described by the following equivalence
classes

] = {1-cycles}
n= {1-dimensional boundaries}’

Any closed oriented continuous curve 4 can be deformed homotopically into
a l-cycle in the triangulation 7. Homotopical simplicial 1-cycles are homol-
ogous to each other so we can now define the homology group as a homology
group of cycles composed of arbitrary closed curves. The definition of ho-
mologous continuous cycles is independent of 7.

One can represent elements of the first homology group by smooth cycles.
Moreover, given two elements of H;(X,Z) we can represent them by smooth
cycles intersecting in finitely many points.
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2.2 Homology on compact Riemann surfaces

Definition 2.9. Let 71,7, be two curves intersecting transversally at the
point P. Then we associate to this point the intersection number (7, 0%)p =
+1 where the sign is determined by the orientation of the basis v, (P),v5(P)
as shown below where . is the curve with the inverse orientation.

Figure 2.1: Intersection number at a point

V2 T

P P
4! 72

(a) (non2)p =1 (b) (r1oy2)p=-1

Definition 2.10. Let vi,v2 be two smooth cycles intersecting transversally
at the finite set of their intersection points. The intersection number of v,
and 7, is defined as

Y1072 = Z (7107%2)p.
Pevinys

Definition 2.11. A set of cycles Ay, By, ..., Ay, By such that every cycle on
the Riemann surface X of genus g is homologous to a sum of these cycles
is called a homology basis. A homology basis Ay, By, ..., Ay, By with the
intersection numbers

AiOBjI(Sij, AZ'OAj:BZ‘OBj:O

is called canonical homology basis.

Figure 2.2: Homology basis of a hyperelliptic surface of genus g from Bobenko
(2013)




2 PRELIMINARIES

Now we will define certain types of differentials on Riemann surfaces

Definition 2.12. A differential w on a Riemann surface X is called an
Abelian differential of the first kind if in any local chart it is represented as

w = h(z)dz
where h(z) is a holomorphic map.

Definition 2.13. A meromorphic differential with singularities is called an
Abelian differential of the second kind if the residues are equal to zero at all
singular points. A meromorphic differential with non-zero residues is called

an Abelian differential of the third kind.

Definition 2.14. Let (v;)icr be a homology basis of the Riemann surface X
and w a closed differential. Then the integrals

Vi

are called periods.



3 Spectral curves of CMC tori

The following section is based on the paper Solutions of the Sinh-Gordon
Equation of Spectral Genus Two and constrained Willmore Tori I by Knopf,
Pena Hoepner and M.U. Schmidt as well as the Master Thesis Solutions of
the Sinh-Gordon Equation of Spectral Genus Two by Pefia Hoepner. We
will establish important definitions and theorems which will be used later in
this thesis. We will describe the relation between the sinh-Gordon eqation
and the Tori of constant mean curvature which we will call CMC tori in the
following.

Definition 3.1. The equation
Au+ 2sinh(2u) =0

is called the elliptic sinh-Gordon equation. Here, u: R? — R is a real-valued
twice partial differentiable function.

Another important space is the space of potentials, which we now define as
well.

Definition 3.2. The set of potentials is a set of cubic polynomials with ma-
triz valued coefficients which we define as follows

B B al — a\? —7h 4 BN — N2
732_{CA_<7)\_6>\2+7_1)\3 —a)\—i—@)\Q ‘Of»ﬁEC,’YGRJr}

Definition 3.3. Polynomial Killing fields are maps Cy: R* — Py, (z,y) —
C\(z,y) which solve the Lax equations

9 _
ox

2

[Cx, UG, oy (G, V(G

with CA(O) = Qg S PQ and
a—a —1y—1 ata —1y—1
[ T ATy i = Aty
U(C) <”y + 1A aa ) V() =1 (7 — 571\ _% .

The corresponding function u(z,y) := Invy(x,y) solves the sinh-Gordon equa-
tion.

Definition 3.4. The space of potentials defines the following set

My = {a € C*A] | Aa(N) = det((y) for a ¢ € Pa}



3 SPECTRAL CURVES OF CMC TORI

which we will in turn divide into the following sets

M3 = {a € My | a has four pairwise distinct roots absent S'},

M3 = {a € My | a has one double root on S* and two simple roots absent S'},
M3 ={a € My | a has two distinct double roots on S'},

M; = {a € My | a has a fourth order root on S'},

M5 ={a € My | a has two distinct double roots absent S'}.

One can easily see that My is the disjoint union of these five sets.
In Pena Hoepner (2015) Theorem 4.3 states the following result about My

Theorem 3.5. The following holds true for My

My = {a(A) € CHA | a(0) = 1, Xa(X ') = a(N), A" 2a(A) > 0 for A € S}

Definition 3.6. The condition p(\) = p(Xﬁl) is called the reality condition.
We will denote the space of all polynomials of degree d to satisfy the reality
condition with Pg.
Definition 3.7. For a € My we define the level set

I(a) = {¢) € Py | det((y) = Aa(N)}
to be the isospectral set of a(\).
Definition 3.8. The polynomial Killing fields induce an action

Qbi (l’,y) = gb(m,y), ¢($7y) : P2 - PQa C)\ = Cb(x,y)C)\

The isospectral sets are invariant with respect to this action and decompose
in either one or two orbits.

Definition 3.9. We define
F={reC|S(r)>0,R(")| <1/2,||7]| > 1}/ ~.
Here the equivalence relation ~ identifies the points T of the boundary of

the region above with —7. Note that this is the fundamental domain for the
action of the modular group on the upper half-plane.

9



Definition 3.10. For a € My \ M5 we define

Lo ={z+iycC|V( € I(a): ¢(z,y)(()) =G}

which is an abelian and normal subgroup of C with the quotient group C/T,.
For a € M2 it is proven in Knopf et al. (2018) that for a € M}, T, is
a discrete subgroup with a compact quotient. That means, that there exist
R-linearly independent wy,ws € C such that

Fa = wlz D (.UQZ,

so I'y is a lattice. Now this is isomorphic up to a rotation-dilation to I
where T € F holds.

Corollary 3.11. There exists a unique map
T: Mj— F, a— T,
such that T, is isomorphic to I';,.

Definition 3.12. Let {\: R? — Py be a polynomial Killing field with initial
potential (y € Po. We define the fundamental solution of the system of ODFEs

or _
or

OF

FU(C/\)v aiy - FV(CA): F(an) =1

which we will call frame in the following. Now identify (x,y) € R* with
z =x+ 1y € C and consider F to be a function on C. For w € I', we
detone M, = F(w) as a monodromy. M, commutes with (y, and maps the
eigenspaces of (o onto themselves.

Definition 3.13. For every polynomial a € M} we define the Riemann
surface

Y ={(\,v) € C* x C| det(vl — () = v* + Aa(\) = 0}.

Let ¥ be the two-sheeted covering of CPY branched at the four roots of a(N),
Qayy...,0q4 as well as A =0 and A\ = 0.

Definition 3.14. On the Riemann surface ¥X* we now define two involutions
o:(\v)—= (N —v), p:(Av)— (A
where p is an involution because a(N) satisfies the reality condition.

10



3 SPECTRAL CURVES OF CMC TORI

Definition 3.15. The monodromies M, act on the one-dimensional eigenspaces
of (o as the multiplication with a function p,: ¥ — C* which satisfies

T T Pt = i
In the paper by Knopf et al. (2018) they then have proven the following
properties of such .

Lemma 3.16. For all a € M} the elements of T, are characterized as those
w € C such that the function exp(wA™v) on X* factorizes into the product of
a holomorphic function ., obeying the equations above with a holomorphic
function on ¥* that holomorphically extends to X = 0 and takes the value 1
there.

Definition 3.17. The logarithmic derivative of i, is a meromorphic function
of the second kind with second order poles at A =0 and A = oo. It takes the
form

dlnp, = bo(V) dln A
2v

where b,(\) € P§.
Definition 3.18. For any b € P3 we define the meromorphic differential

b(\
9 = "N g,
v
For any a € My we define B, to be space of all b € P3 such that ©, has

purely imaginary periods. This vector space has real dimension two.

Now we want to establish a connection between 7, and the space B,. Theorem
3.5 by Knopf et al. (2018) states that for all a € M} U M3 U M3 the values
b, (0) fulfilling the equality in [Definition 3.17| build a lattice I', C C if they
define d1n p,, of a function p, on X* that satisfies the equalities in
B.15 as well as

Mw:fw+gwy7 fwagw EO(CX)

(see proof of [Cemma 4.1).

Definition 3.19. Let (by,by) be a base of B,. Then, (b1(0),b2(0)) are R-
linearly independent and therefore, build a lattice. In the Master thesis A
New Parametrization of the Solutions of the sinh-Gordon Equation of Spectral

11



Genus Two by B. Schmidt (2020) the following extension of the map T is
defined: Let T' be the map

T:MLxB,x B, = F
b:1(0)

b1,b =T,
(CL, 1 2>H b2(0) i

We will use this extension in our further examinations of the level sets
T7(7,). In the later parts of this thesis the concept of the Willmore en-
ergy will be important so we define it here.

Definition 3.20. Let ¥ be a Riemann surface and H the mean curvature of
Y. Then we define the Willmore energy to be

W) :/EH2 dA

From Knopf et al. (2018) we also see the following remark.

Remark 3.21. If we take p = (\,v) € X* then every (o € I(a) has a
non-trivial eigenspace at A with eigenvalue v. Away from the roots of a(\)
the eigenspace is one-dimensional. At simple roots of a(\) v vanishes, (y is
nilpotent and the eigenspace is one-dimensional as well.

Definition 3.22. We define the eigenfunction v of ¢ for p = (\,v) € ¥* in
terms of the fundamental solution F in the following way

Y(z) = F[3N(2)x, z€C,x € C*\ {(0,0)}, s.t. {olax =rvx.

Definition 3.23. Let j = be the matrix representation of the quater-

0 1
10
nion j € H. Then we can define the space of quaternions to be

H = {A e C%*?

jA =45}
= {(X» —jX) ’ X € CQ}-
Lemma 3.24. The involution n = o o p acts on (5 and F' as
1" = —jGj, 1 F(2)=—jF(2)j.

That means that —jx is the eigenvector of Goly) with eigenvalue n(v) if x
is the eigenvector of (o|x with eigenvalues v and F|;(1/\)(z)(—jy) = —ji(2).

12



3 SPECTRAL CURVES OF CMC TORI

Definition 3.25. For two points pi,ps € X* and non-trivial eigenvectors
X1, X2 € C*\ {(0,0)} of ¢y at the two points before the vectors

X3 = _jﬂv X4 = _]ﬂ

are eigenvectors of (o at the new points ps = n(p1), ps = N(p2). Now we
consider the corresponding functions i, ..., defined as in |Definition 3.22
and define the following maps sy, s, fo: C — H to be

51 = (¢17w3>7 S2 = (¢271/14)7 fa = 3;152-
In the paper by Knopf et al. (2018) the following theorem is proven

Theorem 3.26. For all a € M? U M2 U M3 the Willmore energy of f, is
equal to

Wi(a) = /(C/f 4y* do Ady = /(C/f‘ 8v? dx A dy = 4iResy—q log(p)d log(p).

Now from B. Schmidt (2020) Chapter 6 we get the following result

. dA

W(a) = 4iResA:0tT.
Definition 3.27. We define H> = {a € P¢ | a describes the spectral curve
of a CMC torus of finite type}. These polynomials can be described by the

following four conditions (see The prevalence of tori amongst constant mean
curvature planes in R® by Carberry and M. U. Schmidt (2016))

(i) a(X) satisfies the reality condition

(i) % 92 >0 for all X € S.
(7ii) the highest coefficient of a(\) has absolute value 1
(iv) a(\) has pairwise distinct roots.
a() therefore defines a smooth Riemann surface X, defined by pairs (A, v) €
C* x C fulfilling
=i}
v = da(\ H—)\ n) (A —7;7h).

Definition 3.28. For \y € S* we define
Sy, ={a € H? | b(X) =0 forall be B,}.
Further we define

U Szo'

Ap€eS?
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Our next goal is to define the concept of the winding number which is defined
in the paper by Carberry and Schmidt (2016). In order to do so we will first
define

Definition 3.29. Let by, by € B, be linearly independent. Then we define
by 1 1
f=—:CP —CP
ba

which is defined by a(X) up to a Mébius transformation. Therefore, we can
define deg(f) independently from our choice of by, bs.

Definition 3.30. Let by,by € B, be the unique pair s.t. b1 (0) = 1 and
b2(0) =i. Then we define the map

f:st st
where

by+iby  f i

f:bl—z'bg_f—z'

holds. We will then define the winding number to be n(f) = deg(f).

In the paper from Carberry and Schmidt (2016), Lemma 3.1 states

Lemma 3.31. The degree deg(f) and the winding number n(f) of f satisfy

n(f) =deg(f) mod2  and  —deg(f) <n(f) < deg(f).

14



4 THE BOUNDARY OF T-(r,)

4 The boundary of T7!(7,)

In the Master’s thesis by B. Schmidt (2020), Corollary 4.3 states that the
level sets T~1(7,) are submanifolds of dimension one for any a € MJi. By
our [Classification of 1-manifolds| we see that each connected component of
these submanifolds is either diffeomorphic to S! or an interval in R. In this
section we discuss the case of those components diffeomorphic to an interval
and we will examine the boundary points of these components. We can
identify each a € M2 with its two roots ay,ay € B(0,1) C CP!. Therefore,
every sequence (a,)nen in such a component has a convergent subsequence
in the sense that the roots converge in the projective space. If we consider
a sequence that converges to a boundary point of one of these intervals we
can assign the limit to a spectral curve we will examine. There, we only
need to consider two cases: either the limit spectral curve is now an element
a € U2, M} or the spectral curve has roots of higher order at A = 0 and
A = 00. The Theorem 3.5 of the paper by Knopf et al. (2018) states that in
the case of a € M3 U M3 T takes the value oo on these sets, meaning that
the corresponding lattice goes to infinity. Since that is not the case here, we
only need to consider a € M3 U MS3.

4.1 The case a € M3 U M3

In this case every spectral curve a(\) we consider all have in common that
they have a double root \g € S'. We will use the fifth chapter of B. Schmidt
(2020) to examine the condition % > 0 at the double root A\g because at
every other value of A € S beside a potential second double root it needs to
hold that the expression is greater than zero because otherwise a(\) would
have to vanish at that value which is a contradiction to Ay being the double
root (and A; being the second one for which the proof would go similarly).
To examine the condition we will derive it by ¢

da(Xo) _ alho)

dt (Ao)?  (M)*

Our goal is to prove that this expression doesn’t vanish so that we know that
the expression % is not staying at 0 so we know that we can flow through
the boundary point smoothly. Therefore, the value we need to look at is
a(Xg). In section 5.2 of B.Schmidt (2020) it is shown that this expression is

given by

)\Qa”()\o)ck()\o)i

a(No) = b ()
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4.1 The case a € M3 U M3

for k = 1,2 such that b,,(A\g) # 0. Since a(\) only has a root of order two, we
know that a”()g) can’t vanish. So we need to look at the values ci(\g) for
both k = 1,2. Here, we also get that the value of ¢3(A\g) can be expressed as
follows

es(ho) = 2X05Q1a” (No)by(Ao)
2 by (Ao) b (Ao) — b7 (Ao)bs (o) + 2001 (Ao)b5 (Ao) — 2X0D5(X0) b (Xo)

Again we see that a”()\g) doesn’t vanish and we can assume that b,(A\g) also
is not zero if ¢y is used in the equation for @ above which holds for both ¢;(\)
and co(A). So the only value that could vanish is @;. If we look at the other
case, b () # 0 we get

_ 2(Ao)bi(Ao)
A =00

so we see that in the case of b]()\g) being finite we have the same value for
a(Ng) as for ca(Ag) with the only difference being b7 (\o) in the fraction instead
of by(Ag). Therefore, it remains to examine first the case that both ) ()
vanish and second the value ;. To examine the former we first establish a
fact concerning the roots of the polynomials b(\) € B,.

Lemma 4.1. If \g € C is a root of a € My of even order 2k, k = 1,2 then
every b € B, has a root of order k at \.

Proof: We know from the paper from Knopf et al. (2018) that pu,, satisfies
the condition

U = fu + gov with f,, g, € O(CY)

Therefore, we can use this representation to compare with O, since

bu(A)

dlnp, =0y, = u dIn A

Now we use our representation formula to differentiate the left hand side of
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4 THE BOUNDARY OF T-(r,)

the formula above
dln p, = dIn(f, + g.v)
= dIn(fu(A) + gu(A)y/ Aa(A))
- L) + gL (M) Aa(N) + %w
fw + gulV
GO + 2 AN L) + 20a(Ng, (V) + a(V) g (V)
21/Aa(3) (yAa(N)gu(N) + fu (M)

dA

dA

_ (V)
2,/ Aa(\)A

Now comparing coefficients and rationalizing results in the following equation
we obtain

bo(N) (fu(N) + gu(Nv) = Ngu (N (A) + 2Xf(A) + 2X%a(N)g,,(A) + Aa(X)gu(N).

Next, if we examine both sides at a root of order 2k A\ of a(\) we see that v
has a root of order k there and a’ has a root of order k—1. Since every term on
the right side includes at least one of a, v or a’ we see that the right side has
a root of order k at every root of order 2k of a(\). Then, if we evaluate the
left hand side of the equation above we see that at such a root the expression
takes the form b,,(A\g)f(Ao). Now since f,,(A) is holomorphic on C* we see
that b, (A\g) needs to have a root of order k at A\, thus completing the proof.

q.e.d.

Considering that we are in the case that a(\) has at least one double root
we see that b; and by already share one root and therefore, deg(f) < 2. Now
if it were to be true that both b} (A\g) and b5(Ag) vanish, Ay would be a root
of order 2 for both by meaning that deg(f) < 1. Although Theorem 3.2 from
the paper by Carberry and M.U. Schmidt (2016) states that the condition
deg(f) = 1is equivalent to g(X,) = 0. Since that is not true for the surfaces
we consider, we know that this case won’t occur. Therefore, we only need
to look at ()1 now. Now in B. Schmidt (2020) section 5.2 we see that for
a € M3 U M3 the values for a,b1, by, 1, ¢ all depend on Q; € R in the
way that if (); = 0 all other values vanish as well, so we get the trivial zero
solution. So what we know is first that a/(\é‘) = 0 for any double root A € S!

()‘) > 0 for all other values A € S!. So since we have proven that

a(Ao)
(Ao)?

as well as

#0 for any double root Ay € S*
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4.2  The case of unbounded coeflicients

holds we see that the sign of this condition needs to change if we go through

this boundary point a € M3 U M3 so then it holds that % < 0 for some

A € S'. However we know from [Theorem 3.5/ that the condition % > 0 for
all A € S' needs to hold for a € M;. So we see that this boundary point is a

true boundary point of our set because any further value is not an element

of Mg.

4.2 The case of unbounded coefficients
4.2.1 Blowing up M?

Now we will consider the second boundary case of the components of T7(7,)
which is that at least one of the coefficients of a()\) goes to infinity which
because of the reality condition implies that another coefficient goes to zero.
The same things then happens to at least one pair of roots a,@™! of a(\).
In this case the limits are not part in My or any other set that can a priori
be considered a manifold because some of the coefficients form singularities.
This means that we can’t use the implicit function theorem to prove that
these limits of 77!(7,) form a one-dimensional manifold as well. So in this
case we will construct a blow up in which the coefficients of the limit should
still be finite. In order to do so, we first need to consider a new parametriza-
tion for a(\) € My. Therefore, let at and a~ be the polynomials of degree
two where a* has the roots of a()\) that lie in B(0,1) US' and a~ has the
roots of a(A) in C\ B(0,1) US" with the new coefficients A" = £, A\ = At
where A € C,t € R,. The new parametrization will have the following form

a(A) = (A) 7 at(\) -am(A). (1)

To include the case where a()\) has roots on S' we establish the following
fact

Proposition 4.2. Any polynomial a € My has only roots of even order on
St.

Proof: Any a € M, has to satisfy the condition

A
a§\2)20, for A € St

Therefore, we also know that A\ — % is a map into the real line if we
restrict A to the unit sphere. However we can also then replace the complex
A with real polar coordinates and therefore, we can express our fraction as a
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4 THE BOUNDARY OF T-(r,)

polynomial in the real numbers

¢:R R,

a(A(p))
Ap)?

Now if ¢(¢) were to have a root of uneven order that would mean that it
would change the sign at some point of the real numbers. This, however is
a contradicition to the condition we stated in the beginning. Although if
a/(\é‘) does not have a root of uneven order then the same has to hold for a(\)
which completes the proof. q.e.d.

In our construction we will need an extra condition on My for our decom-
position to work. Therefore, we define the following equivalence relation

Definition 4.3. We identify those a € My to be equivalent where the roots
of ay,ay € Ms can be transformed from one to the other by the multiplication
with i. In the following we consider those representatives of Ms/ ~ that have
the property for those two roots ay,ay € B(0,1) that the product ayay > 0
holds.

Remark 4.4. Note that because of a(0) = 1 it holds that cyay = aqag which
in turn means that the product is real. Then, since roots at zero do not
occur in B¢ the product is either greater than zero or smaller. Multiplying
all roots with i turns every a(\) where the product is smaller than zero into
a polynomial where it is greater than zero.

Lemma 4.5. Any polynomial a € My has a unique decomposition of type
where a™ is the polynomial of degree two with all of the roots inside B(0, 1)
and half of each root on S* (of even order, as seen in the previous proof) and
a~ is the polynomial of degree two with all of the roots outside of B(0,1) and
half of each root on St. The new polynomials satisfy the following conditions

(i) aff = a; for all k =0,1,2
(i1) N 2at\) = N2+ axtt + 1

where a € C and t € R are the two parameters describing a(\) following the
new parametrization.

Proof: The first observation we make is that by [Proposition 3.2] and the
fact that roots of a(\) are invariant under A — X" the polynomials a* and
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4.2  The case of unbounded coeflicients

a” have the same degree deg(a™) = deg(a™) = 2. Now we also know that
a(0) = 1 holds and that the polynomials a* have the following form

2
a*(AF) = ay [T — ai)

k=1

where we denote the roots of a® by o*. Since \;" and A\’ can be transformed
into each other by the mapping A — A~! and the roots of a™ and a~ can be
mapped to each other by A\ — 2! because of the reality condition we can
number the roots of a* in a way that g:t x = 0 and therefore, the claim for
the coefficients holds as well.

Now we consider the second condition and calculate the left hand side of
which yields

ﬁ(ﬁ +al 4 D) (X2 +axt +1)

)2t (e () = 5 (5 + et
= (W2 +ax T + 1) (N2 ant+ 1)
=’ A—a) N —a)A—ag H(A—a )
=t?A—a) (N — )N —ag (A —ag ).
We use the first part of both sides to calculate conditions on ¢ and a(\).
That yields

(A2 +ad ! +1) =t (A = 1) (A — az)
which is equivalent to
2N+ ath +7) = 2 (AN + (g + o)\ + g as).
By comparing coefficients we get two equations to solve
2 = Qg
at = a1 + as

which results in the unique solution

t = /oo

(05} + (0]
\/ Q10

because we forced ayas > 0. Since we know that every a € My/ ~ is
uniquely defined by the two roots ay,as € B(0,1) s.t. ajas > 0 holds, the
two equations we were able to solve uniquely define us a |[decomposition| for
each a € M. q.e.d.

a =
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4 THE BOUNDARY OF T-(r,)

Remark 4.6. The composition described in can now be cal-
culated a bit further. We get

A2 2 t 9v2 | —
a(/\):t—2~(ﬁ+ax+l)-(t)\ +at)\+1)
— (t—2A2+at—1A+1) : <t2)\2+ﬁt)\+1)

Definition 4.7. We will denote the space of pairs (t,a) € Ry x C that
correspond to an a € My with A.

Now in the next step we also want to decompose the elements of B, in
a similar way. Here we will use the ¢ that is uniquely defined for every
a € Ms/ ~ in our new decomposition. We will start with a decomposition of
the real 4-dimensional space Pg. To do so, we show that such a decomposition
works for all t € R and for arbitrary p(\) € Pg. For that, again we decompose
p into three factors, p™,p~ and p° where p™ contains all roots in B(0, 1), p°
contains all the roots on S!; and p~ contains all the roots on C\ B(0,1).
Then we consider for ¢ € R* the following decomposition

p(A) = (N5 pT ) - B - (). (2)

The following lemma and proof are from the unpublished paper The bound-
ary of the space of spectral curves of constant mean curvature tori with
spectral genus two by Carberry, Kilian, Klein and M.U. Schmidt (2020)

Lemma 4.8. Let ¢ € R. Then each p € B¢ has a unique |decomposition| as
in (2) with the following conditions

(i) [p°(0)| = 1 and p° € P where d° is the number of roots of p on S'.

(ii) The coefficients pif of p*(\f) = Zk oD (ANE)F obey pp = pk where d’
is the degree of p* and p~

i) p, € e¥-R
Dy +

Proof: For given t € R we can easily construct polynomials p*, p° that sat-
isfy the condition on the roots. In a similar way as in we consider
the map A — X" which assigns each root inside B(0,1) exactly one root on
C\ B(0,1) which in turn means that deg(p®) = deg(p~). Since each root
on S! is of the form e the mapping assigns such a root itself. Therefore, it
preserves the roots of p® which we then can choose to be in Pﬂg“. Since every
polynomial is uniquely determined by its roots and the leading coefficient,
the condition |p°(0)| = 1 determines p° uniquely up to sign, since the lead-
ing coefficient and lowest coefficient are complex conjugates for polynomials
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4.2  The case of unbounded coeflicients

satisfying the reality condition. So now the first part is proven. Now we take
a look at

dl
4y 4+ + + +
p (/\t):pd"H()‘t _Qt,k;)7
k=1
h t k=1 d h +
where ¢;, k=1,...,d are t e roots of p*.

We already established that A — 1/X maps the roots of p* to the roots of
p~. Since A/ can be transformed into A\; by the mapping A — 1/ we see
that the roots ka can be numbered such that the corresponding pairs satisfy

g;f = a for all k =1,...,d. That in turn yields the same relation for the

coefficients of p* if pj, = p;. The highest and lowest coefficients of the right
hand side of equation are

d’ '

—_ 0 _ 0 _
Pir Py P [[(=oi) and  pj-pa-po- [1(—eus).

k=1 k=1
Now if we impose the condition on the highest coefficients discussed before as
well as our knowledge of the roots, which yields the following for the highest
and lowest coefficient

d d

Py Py - Poo [[(—0r) and pg - pg - po - [[(—orp)-
k=1 k=1

Because of the first condition of the Lemma, p%, = ]78 holds. Then the highest
coefficient is the complex conjugate of the lowest for any choice of p, € C*.
By construction, both sides of have the same roots and we know that the
left hand side is a polynomial in PZ. Therefore, the right hand side is also a
polynomial satisfying the reality condition. Now the right hand side equals
the left hand side if the leading coefficient of sides is equal. Since we chose p°
uniquely up to sign and the roots of p* are also already determined the now
determining factor is |p;|. Therefore, we can choose a unique representative
of the form p, € € -R,. q.e.d.

Now let b(\) € P3. Then we consider the same decomposition as before
b(A) = (A= b () 0P (A) b (M), (3)
Since we now know how to decompose the space P3 we want to have a look

at B, as well. In order to do so we need to discuss the homology basis
and how to change it, such that some of the cycles are still defined in the
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4 THE BOUNDARY OF T-(r,)

blow up. First, we consider the canonical homology basis of our Riemann
surface 3* = {(\,v) € (C* x C) | det(vl — &) = v + Xa(\)} as described
in the paper by Knopf et al. (2018). Those are the cycles Ay, Ay, By, Bs
described in the first 3 pictures. We added the orientation and intersection
points to make the chosen basis unique. That is because our surface »* is
a hyperelliptic surface of genus two and therefore, a two-sheeted covering of
CP! and therefore, if we look at the cycles only in the C-plane we need to
make clear in which sheet the cycles are at all times and we do so by fixing
the intersection points. However in our blow-up, some of our cycles, namely
those surrounding more than one root won’t be well defined in our blow-up,
so we need to consider a new basis. On the other hand we also know that in
the limit we will discuss a Riemann surface of lower genus, namely g = 1 so
it suffices to have two cycles that will remain well-defined in the limit. The
first cycle is already a part of our canonical basis, namely B;. Then we want
to exchange the cycle A with a cycle surrounding the root of a(\) inside
B(0,1) not surrounded by B; and zero which we will call A. We then can
use our canonical homological basis to express A with the old homological
basis. To do so, we need to fix a orientation for that cycle and see in which
sheet the cycle is at each point. Then we can fix an intersection point with
the cycle B;. The next figures will make clear how A is defined.

Figure 4.1: Homology basis of ¥

Rez

ot Rez
By

(a) A cycles (b) B cycles
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4.2  The case of unbounded coeflicients

Figure 4.2: Homology basis of ¥ with intersection points

Jmz Jmz

Rez

B,

(a) Homology basis with intersection points (b) A and intersections with other cycles

We see that the new defined cycle has the following intersection numbers with
the canonical basis: (Ao Ay)p, = —1, (Ao By)p, = 1. Since for our canonical
basis it holds that (A4; o B;) = ¢;; we know that our cycle A is homological to
By+ A; since they have the same intersection numbers with every cycle of our
base. So we can now consider our new homological basis (Aj, A, By, Bs). We
now want to show that the periods of ©, uniquely determine the underlying
b defining the differential.

Lemma 4.9. For every a € ML U M2 U M3 for every pair of numbers
(1, p2) € R there exists a unique b € B, satisfying the following conditions

(i) / Oy vanishes for both i = 1,2
A;

(i7) / Op = it for both i =1,2
B;

Proof: At first we prove that the polynomials satisfying the reality condition
need to vanish along the A-cycles. In order to do so, we look at how the

24
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involutions o, p act on our differential.

o (b(N)) = b(N), o(v) = —
~1, ~-3 ~-3_
p(b(A)) =b(A ") =A "b(A),p(v) =X T
a*@dlnk = b<>\)dl A
v v
——3—— P
p*@dln)\ = —Aifbgo\)dlnx = —@dlnx
v AN U v
Now since we also know that 0*A = — A, p*A = — A, the following calculation

for the periods of O, holds true

/Ai@”:/pmip*@:/&—@z—/Ai—@z/Ai@, i=1,2

which in turn means that the A-periods are real. However since b € B, only
has purely imaginary periods by definition, the periods need to vanish.
Now we assume that there exist two different polynomial b,b such that

/ O, = / ©;. Then the difference of these two differentials is a differ-
B; B;

ential form whose periods all vanish. That means that our Differential form
is exact and we can integrate it, because the integral only depends on the
endpoints of each path v and not on the path itself. So then it should exist
a meromorphic function with simple poles at A = 0, oo defining the differen-
tial. That function then is a function of degree two. Now since our surface
is hyperelliptic we know that there exists up to Mébius transformations only
one such meromorphic function of degree 2, namely the function A\. However
the poles of A do not match those of this meromorphic function even with
Mobius transformation. So there can’t exist such a meromorphic function
meaning there can’t be two polynomials in B, with the same periods. There-
fore, we have now proven the uniqueness of such a polynomial but it remains
to be shown that such polynomials exist. Now we can consider the identity
(ii) from above as a linear mapping ¢ : B, — R? that identifies each poly-
nomial a € B, with its B-periods. Now we know that B, has real dimension
two and the arguments before show that ker ¢ = {0} so the mapping is an
isomorphism which completes the proof. q.e.d.

Remark 4.10. Note that the period for A only vanishes if the periods for
By vanishes as well since A is homologous to Bs + A;.

Definition 4.11. For a fixed t € R, we define the spectral curve ¥, =
{\ 1) € C? | v = X-ay(\)} where a; is a polynomial a € My whose image
in A is (t,a) with an arbitrary a € C.

25



4.2  The case of unbounded coeflicients

The following ideas are transferred from the unpublished paper by Carberry
et al. (2020) for our case. For a rigorous proof of the original thoughts see the
seminar thesis Spektralgeschlecht der sinh-Gordon Gleichung: Der Rand von
S? unter Blow-Up by Hasse (2020). Here we want to consider the limit case
t — 0 for which we need to define a singular curve that arises as the limit of
Y. We will call the limit curve ¥, whose normalization has three connected
components, namely X7, X9 ¥~ who are all hyperelliptic. Therefore, we can
consider ¥y to be a two-sheeted covering over three copies of the projective
space CP! which we will call CP},,CP} and CP;_. Here each subscript
denotes the parameter used in the copy. We consider the following equations

A=t and A A=t

of the parameters. In the limit ¢ — 0 we use these equations to describe the
double point (A, AT) = (0,0) at which CP}; and CPj are joined and the
second double point (A, A7) = (00, 0) which joins CP} and CP}. Now the
equations to do so are

A AF=0 and X -Xt=0.

We will use a figure to illustrate the procedure we just described.

Figure 4.3: Model for our construction from Carberry et al. (2020)

Pl, P} Pl

(a) Three copies of CP! joint by double points as described above

We now examine the connected components of >5. We define them to be the
hyperelliptic curves that are the one point compactifications of

{AT, ) e C? ()2 = AT (M) +art +1)} at AT = oo
{\ ) e C? | (V0)2 =\ at A = 0o
(A, v )eC? | (v ) =2 (A )P +ax +1)} at A~ = oo.
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These definitions will be motivated by where we show that they
match with certain limits of a;(\) for ¢ — 0.

Definition 4.12. The curve g is defined by identifying (A", v) = (0,0) €
Y¢ with (A, %) = (0,0) € X9, forming an ordinary double point and also
identifying (A, 1°) = (00, 00) € 39 with (A\~,v~) = (0,0) € X5 which again
forms an ordinary double point.

To describe the limit process of ¥; we will define some subsets of X;, ¥
Definition 4.13. Let K C C* be a compact set. Then we define

Sik={Av) eS| N =t/]Ae K} Sip={(\",v") e |\ eK}

S ={(A\v)e | e K} Sox ={(A ) exf|Ae K}

Sik={\v) eS| N =tAhe K} Sox={(A,v)eX |\ €K}
Definition 4.14. For any compact set K there then exists some ¢ > 0 such
that for allt € (—e,e)\{0} the hyperelliptic Riemann surfaces X ., ZgK, ik
have the same branch points as the connected components of the limit Z({K, E&K

and Xy i. By mapping the branch points to each other we construct biholo-
morphic maps

o : Sfx = Sk, PV - 237K — ng, ;1 Tox = Sk
such that
(@) (A7) = AT, () (M) =A% (B)(\) = A",

We will now prove our version of Lemma 2.9 from Carberry et al. (2020) (or
alternatively Lemma 30 of Hasse (2020)).

Lemma 4.15. Let K C C* C CP! be compact. Then the following limits
fort — 0 are uniform:

a(t/AT) — (AT)"2-at(AT) for X\t e K
t2-a(\) — N2 forxe K
tea(A /) = (A7) am (A7) for \” € K.

Proof: We fix A\, \* € K and because of compactness every limit is then
uniform. Now we will use [Remark 4.6]to describe the limits. It follows then
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4.2  The case of unbounded coeflicients

that
a(t/N) = (PO 2+ at e 1) (PO TR At ()T 1)

(A2 4aM) T+ 1) - (FO) 2 +a? (V) 1)

= (A2 +aA) 1) -1

= (AT)Zat(\T).

(P20 + at?t A+ %) - (X2 + ath + 1)

(A2 +ath+2) - (PN +atA + 1)
— A 1= )2

toad ) =t (T +at AT 1) (P a4 )
= (A7) +a?A 411 - (W) +ax +1)
SO a ().

t2 - a(\)

q.e.d.

We want to establish a similar result for the polynomials b;.

Lemma 4.16. Let K C C* C CP! be compact. Then the following limits
fort — 0 are uniform

bi(t/AT) = (AF) 7 (A), for X\t € K
£oby(A) = -2V for\e K
£3. 0,0 /t) = (A)2 b= (\), for A\~ € K.

Proof: As in the Lemma before, we fix \, \* € K and since K is compact

the limits are uniform. Using our new parameters and we get
b(t/AT) = (A)7h b (AT) -0y (t/A7) - by (¢/(A1)?)
— (AL BT(AT) - 5T(0) - b7 (0).
Eobi(N) = A B (/) - BN - by (4)
— A-b7(0) - 6°(\) - b (0).

The same procedure yields the result for the last equation as well.  q.e.d.

We have described how the limit curve arises. Now we want to define an
analogon of B, on ¥§ for a*. The connected component ¥ has genus g = 1
and therefore, any homology basis on this surface consists of two cycles. In
our discussion before we already defined two cycles of our homology basis in
a way that they are well defined in the limit on X as well.
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Definition 4.17. For any basis (bi,b3) of our two-dimensional vector spaces
B,+ we define the rational functions

PO - e

Fach function is unique up to Mdébius transformations.

Definition 4.18. For any polynomial b* € C'[A\*] ort°()\) € C'[\] we define
the meromorphic differentials

bE(NE)
s

B0(\) dX
O = dA\* and O = —5=—-

on X5 and X respectively.

Proposition 4.19. The above defined differential ©} is a holomorphic dif-
ferential at any value not A = oo and has a second order pole at A = oo

Proof: Since At - a®™(A") is zero for AT = 0, so AT is no local chart in
any neighbourhood of zero. We can evaluate our differential in the chart
22 = \T. The identity d\* = 2zdz holds then. Now we will look at ©7 in
the z-coordinates.

+ (.2
WA e PR o
At -at(AT) 22at(2?)
T2
_ bt (z?) &
at(z?)

b+ (A1) is a polynomial of degree one so b*(z?) is a polynomial in z of degree
two. a™(AT) is a polynomial of degree two so y/a*(z?) is a polynomial of
degree two as well. Therefore, we see that O is the quotient of two polyno-
mials of degree two in any neighbourhood of A™ = 0. So that means that it
takes value in C* at A™ = 0 by the rule of L’Hospital which in turn means
that ©} is holomorphic at A™ = 0. Now we will look at A* = co. In this case
we will use the chart A* = 272 which yields the formula d\* = —2z73dz.
Plugging that into O, then gives us

PO b
At at(AT) 272 at(272)
=227 (27?)

at(z72)

(—227%)dz
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4.2  The case of unbounded coeflicients

Now we again see that b* is a polynomial of degree one and b (272) has

therefore, degree —2. Evaluating \/a*(272) gets us a polynomial of degree

—2 as well so these two cancel out and the remaining term is z72. So AT = 0o

is the same as z = 0 so we see that @;ﬁr has a second order pole at A\™ = oo.

Since the original @;ﬁ is holomorphic everywhere except at A" = 0, oo we see
t

that O is holomorphic everywhere else too. So then the claim holds and
our proof is finished. q.e.d.

Definition 4.20. Consider a™ as the limit of a(\) € My/ ~ as in
and X¢ as defined before. Then B,+ C CYAT] denotes the two dimen-
sional vector space of polynomials b*(A™) such that ©y+ has purely imaginary

periods. We consider the cycles A, By defined in as the homology
basis of L.

Now we want to prove an analogon of in the limit case.
Lemma 4.21. Let a*(\T) be the limit of a polynomial a € MU M3 U M;

as in [Lemma 3.14. Then every pair of numbers (uyi, uz) € R? determines a

unique element b™(AT) € B+ such that

(i) [ O =i
(i) /B Oy = fuai

Proof: Again we will at first consider uniqueness and then see from the
dimension theorem that the existence of such a polynomial follows. Consider
two polynomials b and b € B,+ such that they have the same periods. Then,
0=0,- ©; has vanishing periods, which means that every closed integral
vanishes. Therefore, © is an exact differential form and we can integrate
it. That means there needs to exist a meromorphic function f on X with
exactly one first order pole at A = 0. Therefore, deg(f) = 1. However since
any function of degree one takes every value exactly once and is therefore,
a bijective map from X7 — CP!. We also know that f is holomorphic
everywhere except at A = co. Now by mapping A = oo to co € CP! we get
that f: ¥ — CP! is a biholomorphic map. However since g(X§) = 1 and
g(CP') = 0 such a map can’t exist which yields a contradiction.

Now again we know uniqueness holds and need to prove existence of such
polynomials. Consider the linear mapping ¢ : B,+ — R? that identifies each
polynomial b € B,+ with its periods along the cycles A and B;. By the
previous considerations, ker ¢ = {0} holds, and because dim(B,+) = 2, ¢
becomes an isomorphism which means there it should exist one polynomial
b for each pair of periods in iR x iR. q.e.d.
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Definition 4.22. Now we define the basis of the real two-dimensional vector
space B+ as the unique polynomials b, by € B+ such that

Oy =27i, [ Oy =0,
/\~ ®b+ - 0, @b+ - 27‘(@
A 2 B 2
hold.

Now we know that the periods of the O, determine the unique elements of
our spaces B, and B,+. The next claim that we want to show is that the
periods determine the limits as well as that it is possible extend our lattice
in this limit continuously. In order to do so we will prove the following two
lemmata where the first one is just our analogon of Lemma 2.8 from Carberry
et al. (2020) or alternatively Lemma 12 from Hasse (2020)

Lemma 4.23. Let ©,, = %t’\)% be a meromorphic differential defined on ¥,
with By = by(0). For fized t the limits for A — oo

O, = (B2 + O ¥2) ) = (2300 )2 + O(O0) ) )y
and A — 0
O, = (A2 + OO )dx = = (1/23,0) 72 + O(() ™ )axy

hold.

Proof: Considering the case A — oo any polynomial is dominated by the
highest coefficients which means that our polynomials a; and b; become

bi(A) = B AP+ 0N, ar(\) = A+ 0(N?).

Now we need to see how 14 acts in the limit. In order to do so, we first
exclude the highest power of A\ and put it outside of the brackets and then
examine the Laurent series of v/1 + A~! in the limit A — oo

1 1 1
VIFAd =1+ iA‘l — gA‘Q + 1—6A—3 + 0\ ™).

This series is converging for all [A\| > 1. We use this to calculate

= N21+00NY) = N2+ 0N
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4.2  The case of unbounded coeflicients

Using this we get the result
B BA® + O0(\?)
@bt - ()\5/2 + O()\3/2))d)‘
B B3 O(\?)
- ()\5/2 o) T Nt O(A?’/?))d)\
_ (5,5)\‘1/2 + O(A‘3/2)>d)\.

Now for the second equality in this limit we calculate d\; = td\ and there-
fore, d\ = t~'d\; . Plugging this into our former result we see that

ATV2AN = ANV2NAN = 2 (00) V2N
as well as A7%/2d\ = t12(tA)732d\; = O((\;)~3/?)d ).

This proves the first limit case. Considering the second case A — 0 the lowest
coefficients are now the ones that dominate the polynomials. Therefore,

hold. Again we now need to calculate 1, in the limit. Now we will exclude
the lowest power of A and calculate the Taylor series of v/1 + A. Then it
holds that
1 1 1
VitA=1+ o éAQ + 1—6/\3 + O(\Y).
Then v, becomes
vi(A) = A1 +00) = VA /1+0(\)
= A2 (14 0(N) = A2+ 0(N¥?).
Calculating the limit of ©;, then gets us
o= (2)2 - ()
" \u ) A T N2 0082)) A
N By O\
- (A3/2 FoeR) TR O(W?))OM

_ (@A—?’/? + O(A‘1/2)>d/\.

Now we consider the second equation. We calculate the change of coordinates
and see that d\; = dt/\ = —t/A\?d\. Plugging that in our result yields the
final equality.

ATIRAN = AT (N AN = =t PO TN
ATV2AN = ATV (SN2 dN = =t 20 TRAN = —0((\)) 32N
q.e.d.
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Lemma 4.24. Suppose that f~ (A~ =0) € C\R holds. Let K ¢ C* C CP!
be compact. Then for sufficiently small t, the polynomials b, b9 have degree
1 and as t — 0 they converge uniformly to polynomials b*,b° such that the
parts of ©y, converge to differentials with the same periods.

Proof: Lemma 3.4 of the paper by Knopf et al. (2018) proves that the
coefficients of b; depend continuously on ¢ € (0, ). Therefore, the same holds
true for the polynomials b (A\f) and b9()) if the degree of these polynomials
doesn’t change. It is clear by that there are only two possible
cases: either all three polynomials have degree one or b° has degree three and
the other two polynomials are of degree zero. First, we will prove continuity of
b; att = 0. The claim follows then for b;” as well since the coefficients are just
the complex conjugates. Now consider a convergent sequence (t,, ., )nen C
R.o x C such that lim,_, ¢, = 0 holds. Then we define a,, = a, ,) and
bt = bi by = b0 as well as ©, = O, . By [Lemma 4.8 (i)
b2(0) € Sl holds for all n € N. So we can rename (,)nen to a subsequence
such that 02(0) converges to a § € S'.

Since for n — oo A\{ =12/, and 7! =1, / A, hold and the first converges
uniformly to zero on K we use [Lemma 4.15|to calculate the following limit

lim /2 - (O] ) v, = lim 22 - (O7)"\/X - ax(N)

n—oo n—oo

= Tim (®;)"\/t4 - Ar, - ar, (A /1)

TL*)OO

= lim (A~ - 11 ap, (A /1) = A - ()2 am(A)

n—oo

=\ v

which holds on ¥;, x and is uniform there.
Now we want to prove that deg(b,) = 1 by contradiction. So we assume
that deg(b,) = 0 holds. Then it follows that b are constant polynomials so

|b=] € R holds. then becomes
ba(A) = bibu (N, = [ (M) = [0, P (A /8).

The reality condition forces that the highest coefficient of ° converges to o.
Now by construction we know that the highest coefficient as well as all the
roots of b are unimodular and therefore, all coefficients of the polynomial
of degree three b2 are bounded. So then by the equation above the sequence
(tn/A7)3- 80 (Ag,) converges uniformly on K to 6. Comparing the asymptotics

for A = oo in |[Lemma 4.21| and for A~ — oo from [above (equation (4))| we

get

(00 ar = Jim (1207 ), = i el A

n—00 n n—00 A v A
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4.2  The case of unbounded coeflicients

Now the proof of [Lemma 4.21|and the fact that a~ has degree two show that
for A\ — oo we obtain that v~ = (A7)%2 + O((A7)"/?) the right hand side of
the above equation becomes

, b-2-5- (A7) dA ( .= 1 ) _
] — 1 5. .
A o O ) A [l 0 A A

Then it follows by comparing asymptotics that lim, . [b, |* # 0. Also be-
cause § € S! we see that § = 3/|3| needs to hold. Again in all these equations
we denote by 3 = b;(0). Then it follows that lim, . |b,|*> = |3| holds true
as well. Now if we look at and our choice of ¢ = 0 it follows
that b, > 0 holds which implies that

dim b, = /[B].
Now the limit of t1/2(®; )*Oy,, as seen above is uniform on X - and defines a
meromorphic differential of the second kind of ¥X~. Now by our considerations
of |b;|* as well as § we see that the limit is of the form

n—oo

o\
lim (B} )0y, =B - ——d\~.
1%

Now in the same way as in the proof of |[Proposition 4.18 we use at A= = 0
the chart A= = 22 and get that the differential in our limit has the form

22

m c2zdz = BZdZ

5 .
which directly implies that our differential has a zero at A= = 0. Now we
choose K in a way that all cycles of X  liein X, for sufficiently large n and
therefore, all periods of the differential are purely imaginary. Then the limit
of our polynomial b, needs to vanish at A~ = 0 so it has no constant term.
That means b~ (A~ = 0) = 0 which automatically implies f~(A\~™ = 0) € R
because it vanishes or is oo for every second polynomial b, as well. So we
reach a contradiction and have proven deg(bF) = deg(b®) = 1 for sufficiently
large n.

It remains to show that the polynomials b= and b2 converge to polynomials
b* and b° defining ©,+ and Oy that have the same periods as the differentials
defined by bi" and b).

At first we prove that every sequence (t,, &, )nen has a subsequence (t,, , @, ke
such that (b,, )reny converges to a polynomial in P as well. In order to do
so, we prove that all the coefficients of b, are bounded for all n € N. We
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4 THE BOUNDARY OF T-(r,)

prove this by contradiction, so assume at least one sequence of coefficients
converges to co. Let (8,)nen be the sequence of coefficients of b, that con-

verges the fastest to co. So now we define (b,)nen as W—lnlbn()\) for all n € N.
By definition, at least one of the coefficients converges to a number unequal
to zero, namely one of modulus one. So now (l;n)neN is a sequence of poly-
nomials of degree three where every coefficient is bounded. The differentials
©;, are also renormed. Because all the coefficients of b, are bounded, we
can look at a convergent subsequence (l;nk) ren- Now we need to consider the
renormed differentials @Enk that converge as well as the polynomials Bnk to a
differential ©;. Therefore, the periods converge to renormed periods that are
renormed by %I and therefore, converge to zero since they were finite before.
Now we know that the differential we consider is one that has vanishing peri-
ods everywhere. We will now calculate it’s order at AT = 0. Now because we
already have proven that deg(b>?) = 1 we know that this holds true in the
limit as well. Because in the limit the root that was at infinity is now finite,
every root that was finite now goes to zero. That means that b has a second
order root at A = 0 because only one root remains non-zero. We can now

use the same calculations for v. Because deg(a™) = deg(a™) = 2 we see that

v = /A -a(\) has a root of order 3/2 there. If we again as in |Proposition|

[4.18] consider the local chart 22 = \ we see that b has now a root of order 4
dA

and v one of order 3 at z = 0.From < we get a root of order 2 in the de-
nominator. Now if we calculate d\ = dz? = 2zdz we see that we get another
root, of order one at z = 0. So now we see that in the z-coordinate we have a
root of order five both in the nominator and the denominator. So therefore,
the differential ©j is finite and holomorphic at zero. The same calculations
yield that it has a pole of order one at A = oco. Considering this we have
a holomorphic differential whose periods all vanish. That means that the
differential ©; vanishes as well, but that is a contradiction with the way we
defined our sequence because at least one of the coefficients converges to a
complex number with modulus one. So we know that the sequences of coeffi-
cients are all bounded and therefore, we can go to a subsequence (t,, , v, )ken
such that b,, converges to a polynomial in B3. The last claim that remains
to be shown is that every subsequence of (t,, a,)nen converges to the same
polynomial b € P3. There we use the same discussion as before. Now we
again have a convergent subsequence Oy, that converges to a differential ©,
that is holomorphic at zero. Then it follows that the limit is unique. So then
we have proven the last part of the claim. q.e.d.
Now we know that we can extend b; continuously to ¢ = 0. Therefore, we now
that we can extend the vector space B,, continuously to ¢t = 0 and therefore,

Ta, can be extended continuously to ¢ = 0 as well. Now since Oy is as seen
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4.2  The case of unbounded coeflicients

before holomorphic at A™ = 0 we will use instead the values at At = oo
because O, still has a simple pole there. So we define the following.

Definition 4.25. Fort = 0 we consider the polynomial a™ as the limit of a,
and in the same way b* as the limit of by. Then we define

oy O
T T e b (V)

where (b1, 03) is the basis of By+.

It is easy to see that this is just the quotient of the highest coefficient of the
two polynomials, which because of the lemma before depend continuously
on t and a. We will now consider the differentials @bf, @b; defined by our

unique limit polynomials b7, b5 € B,+. These differentials have simple poles
at AT = 0o and we will denote by a, 3 € C their share in this pole in the
following way: Since both have simple poles there exist complex numbers
a, B € C such that

O=a-0, — -6

is holomorphic at A™ = oco. However at any other value A\* this is the
difference of two holomorphic differentials. Therefore, O is a holomorphic
differential on the elliptic curve X&. So since every elliptic curve has genus
g = 1 we know that the space of holomorphic one forms is one dimensional.
So we know that © is an element of this one dimensional family and we know
that for the representantive © of this family the following relation holds

A

6 = )\O, A eR.

Then we can calculate the periods of © because we know those of @bzr, @b;.
We see that

/~(:):a-2m'—5-0227raz'
A

O=a-0—3-2mi = —270i
By

hold so now we know the periods of o. They span the lattice I' = 2raiZ —
2nile = 2monZ + 2w 7. We also know that our differential is holomorphic
and we define the map ¢: ¥ — I" as follows: We choose a base point z € ¥
and assign to every point y € ¥ the value of the curve integral from x to y
of the differential ©. In this way we get a map from our elliptic curve into
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4 THE BOUNDARY OF T-(r,)

the periods of X. We see that ¢ is an immersion because O is a holomorphic
differential without roots. So we can construct a map ®: ¥ — C/I" that is
an immersion. Now we want to prove that such a map is injective. So now
we consider z, z’ € ¥ such that

O(z) = ®(2') mod T

holds. We know that © is a holomorphic differential and therefore, closed.
So it is exact on C. So we know that ®(x) — ®(z’) is the integral from x to x’
concerning ©. That is equivalent to ®(z) — ®(2') € I" and therefore, our map
is injective. In this way we can define the elliptic curve ¥ = C/(2riZ +
27 3iZ.). We know that this elliptic curve is biholomorphic to an elliptic curve
C/(Z+ 7Z) where 7 € F holds. In order to transform I' into I' = Z + 77 we
need to divide the lattice by 2wai. Then we get that

2B B

2ot a

holds. Now we turn our calculations to 7,+ defined in [Definition 4.24] As
we know that our polynomials are of degree one and therefore, we see by the
rule of L’Hospital that it is the quotient of the two leading coefficients which
depend continuously on ¢ and « as seen in [Lemma 4.23] Then if we consider
our polynomials to be bf (AT) = by ] AT + b1 2,b5 (A7) = by AT + bayo we see
that 7,+ has the value z;—i On the other hand we now want to calculate the
explicit value of 7. In order to do so, we will need to calculate the residue of
Oyt Oyt at AT = 0o. Now we know that a*(A*) = (A*)? +aA™ + 1. So now
we can calculate

by (M
O = 12(7) dA*
M ()2 adt + 1)

From the proof of [Proposition 4.18| we see that in the local chart AT = 22

our differentials take the value
o —26(1,2),12_4 — 26(1’2)722’_2

—2272b,(272)
: dz = dz
at(z72) Ve t4+az2+1

B [’(1,2),12_4 B [’(1,2),22_2
Vet 4+az2+1 Vet 4az2+1

Now if we look at the asymptotics of both summands for z — 0 we get that
the first one has a pole of second order and the second one is finite. So we
only need to consider the first one. For z — 0 we exclude the lowest power
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4.2  The case of unbounded coeflicients

of z in ' in terms of z and then use the power series expansion of v/1 + 22
at zero

b —4 b —4
_9 (1,2),1% ds — — - (1,2),1% g d
2741+ az?) 22(1+0(2%))
ba12) 1274
=-—2———"—d
20

= —2b(172)712_2d2

which means that we get for o and 3 that o = —2b; ; and = —2bs; which
in turn means that

B =2by; by

T T

Comparing 7 and 77 we see that they can be transformed into each other
with the mapping 7 — —7~!. Since we consider lattices, the sign makes no
difference and it remains to consider 7 — 77!, Now we consider the lattices
I = Z+7Zand T’ = Z+7"'Z. We can transform I into I' using multiplication
with 7 and an interchange of the arguments which can be achieved with a ro-
tation of the lattice. Therefore, the lattices are biholomorphic thus inducing
a biholomorphism between the elliptic curves C/(Z+7Z) and C/(Z+17'Z).

4.2.2 Level sets in the blow-up

The next thing we need to prove is that in the same way as in section 4.1
the one-dimensional manifold T!(7,) can be expanded to a manifold with
boundary where our a(A) with unbounded coefficients can be made to the
boundary point. In order to do so we will need a similar approach as in
chapter 4.2 of B.Schmidt (2020). But in this chapter we will make the mistake
of first taking the limits ¢ — 0 of the polynomials defined before and then
taking the s-derivatives which means that we will not be able to interpret
these results. In the end of this chapter the right derivatives are taken. It
remains to examine them to see if the correct result can be established. Still,
the following calculations and considerations are still included as a guideline
for solving the right equations. First of all, we will need to consider the
mapping 7" : M} x B, x B, from |Deﬁnition 3.19| and translate it into our
blow-up case. In order to do so we need to calculate the limit of the map 7’
for t — 0. In order to do so we consider the definition of the map which is

T(a, by, by) = Z;Eg; So then we get that

i 212(0) _ 017(0) - by
50 by5(0) b3 (0) - 63(0) - b; (0)
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holds. Our goal is to use the implicit function theorem on (TF)7!(7,+) in
our scenario. We want to define conditions on our space to make it a three
dimensional space. We can see that if we just consider dim(M3 x P2 x P3) =
3+4+4 = 11. Then posing the condition that the periods of all polynomials
b € B, need to be purely imaginary reduces the dimension of these spaces to
2. Using now we see that by choosing our periods to be fixed
there exist unique representatives reducing the dimension to 3. Then if we
force the equation 7, = Z;Eg; to hold we again reduce the dimension by 2
and get that the space T~ (7,) with fixed periods for B, is a one-dimensional
set. Now the goal is to do the same calculations with our blown-up space.
It is easy to see that even with our new parametrization of A we get that
dim(A) = 3. Now we consider B3 and the parametrization from
for b € P3. Condition one forces b°(\) to have the form e\ + e~® where
Y € [0,2m) as well as that bT(\) = b\ + by with by € R,b; € C. So
we see that 0° is one-dimensional and (b",b7) is three-dimensional. Now if
we impose the same conditions on b; € P2 as in we get four
conditions on the polynomials b; by splitting the real and imaginary parts of
the periods. Now forcing the equation from [Definition 4.24] to hold we get
another two conditions and all together we have ten conditions to reduce a
11-dimensional space to a one-dimensional space again.

Our goal now is to examine the differential of the map T at the level sets
T71(7,) in the limit for ¢ — 0. In order to do so we will consider the limits
of our decomposed polynomials in the parameters A\ as well as A. We see
that our conditions force the periods of (@bli,o, @b;t,o) to remain constant on

T-'(7,). On the other hand if we consider d7" on these level sets in the
respective limits it holds that the periods of

lim ©

t—0
0

k=1,2,

& by,

s=
in the parameters t(\)™!, A or t7')\; vanish since they are the derivative of
a constant function. So now we have a differential with vanishing periods,

meaning said differential is exact so there exist meromorphic functions ¢ o
such that

d

1| m6y,, = dgp™, k=1,2 (5)

t—0
0

S=

holds. In the next step we need to calculate the poles of the left hand side
to see what kind of functions ¢*° consist of. In order to do so, we need to
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4.2  The case of unbounded coeflicients

calculate

using the parameters A\, \;, A and calculate what order this function has at
AE N = 0. We start with A\ and transform A and ); in terms of \;/: \ =
t-(AD)7H A =12 (\)72. We will now calculate limits of the polynomials
for t — 0 in the same way as in So we first see

a(t- (A7) = D) (A)* +a\) + DEN)* +7a(\) +1)
= ()22 +axt +1) - 1= ()2t (1),

Now we will consider the same reasoning for b(\;")

b(t- (X)) = ) TIPS + o) (0O) T+ 1) (0T () + b))
— (A) T (A)(0)b7(0).

We calculate the same way as in

t

2 +\—1)\2
) = —)\—dﬁ DT 3 - y2ans
t

Now using that as well as the transformation of the differential to calculate
the limit for ©, yields

= ) d(A)
o) w > SN2 at () - a (2O N
e DTN GO T (D))
o JOD -0t () - a- (B0 ) 0
el ) PO ()T
o Jar ) - a (2O 0

So we see that the differential admits a factor t~%2 but we also know that

the cycles defined earlier converge and a(\) as well as b(\) converge in a way
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that the differential ©,, converges in the right way if we were to assume that
the limit is finite and non-zero. So therefore, the rest of the differential must
admit a factor v/t such that the whole limit is well defined. We see that
the coefficients of b™()\;") are depending on ¢ and from we know
that the coefficients from b* and b~ are complex conjugates so if one of these
admits some kind of power of ¢ the other one does as well which then means,
that the coefficients of b and b~ both contain v/t so we will extract them
and go over to denote by b* the polynomials without v/¢. Therefore, we can
calculate

lim 6, = lim ( V20

t—0

— lim ( — O

t—0

L0t (AF) - 0°(0) -5 (0
=—(A")7” A\t
\/a+()\+) -a—(0)
_ ()\+)—1/2b (>‘+) b0<0) b_(o)dXF

Now if we evaluate the differential at A™ = 0 we evaluate it in the chart
22 = AT we see that

_107(z%) - 6°(0) - 07 (0) 4 07(2%) - 6°(0) - b7 (0)

dz? = —2 2zdz
at(z?) at(z?)
) B0 b0,
N 44+ az2+1

the differential is the quotient of two functions of degree two which means
that it doesn’t have a pole there meaning O+ is holomorphic at A™ = 0. The
only other value in question is AT = oo which we will now evaluate as well
using now the chart 272 = \*
: . T272463)-0°(0) - b (0
at(z72) Vzt+az2+1
(672724 b3) - b°(0) - b=(0)
Veitar 2l

= 2772

dz

we see that our differential has a pole of order two at AT = co. That means
that our differential ©,, converges to the right differential which justifies our
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4.2  The case of unbounded coeflicients

reasoning concerning the limit process. Now we go back to arguing about
%@w |s=o which can only have a pole at the values where ©,+ has a pole as
well. So that means that the derivative can only have a pole at A\* = oo.
In the following we will denote derivatives % f by a dot f and derivatives
d)\% f by f'. Now from our knowledge of the poles of @bz we see how (i

needs to look like. In order to do so we define v = /At - at(A*). Recalling
we see that ¢ needs to be of the following form

+ ic A

& =— 7

where ¢ (A7) € C'[AT]. Now calculating we get
0 ict(A)AT _ d bi(AT) - B(0) - b (0)

Ot vt ds vt

k=12

, k=12
s=0

Now we will do the same as in the bachelor The Closure of Spectral Curves
of Constant Mean Curvature Tori of Spectral Genus 2 by B. Schmidt (2017)
by using chain rule to extract the Whitham equations. For simplicity we will
define S = b2(0) - by, (0). Then we get

() AOA + (A )t —igf AN ()
| (P
OFA) - Be + bE(AT) - Be) - vt = b (AT - By - ot
(v+)? '

Simplifying each sides yields

Z‘(C—k’—)/()\+))\+ )\-i-a-i-()\—i-) + C+(>\+)V+ _ Z'C]—i-()\Jr))\Jra+(;i}ii:§—a(:_)‘—/)()\+)
Ma+ ()
i(c) (AT N ict (AT)) B it AOXT (@t (W) 4+ At (at) ()

vt vt 2(vt)3

as well as

bEO) B BEO) B BEO) - -

ot ot (v+)2
COEOT) B BEOY) B BT - B Atat (W)
-t * vt a 2(vt)3 '

Now multiplying both sides of by 2(v")? and dividing by At

yields

i () at 4+ 2¢tat — ¢fat — Aep(at)) = 20T Bat + 20T Bat — b BT
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Plugging in k = 1 yields
P2\ (e Y at + cfat — Mt (a™))
=2b{ Bra™ + 2b] Brat — b Brat
and plugging in k£ = 2 yields
P2\ (e5) at + cgat — Ateg(a™))

. . 7
:2b;ﬁ2a+ + Qb;ﬂza-’_ — b;ﬁga,—i_ ( )

Now we want to combine these two equations above by calculating (c3)-(6) —
(cf) - (7) to get

P2\ (e Yates +cfatey — ANtef(a™) e
—2\T () aTef —cfatef + Aef (ah) )
=2\T0f Brat e + 2bf Brates — b Brates
— 2bF Baat e — 265 Boat et + b3 BraT e
Now simplifying this yields us
207 (AD)il(eh) g — (3)'el) = bf Bres = bi Brcy
—by Bact + by Poct + by Baci + by Pac)
:Cﬁ(b;ﬁch - bfﬁlcj).

Now we see again as in B. Schmidt (2017) that both sides of this equation
need to vanish at all roots of at which means that if @™ doesn’t vanish at
all roots of a*, by Byc — b Bicg needs to vanish at the remaining roots of
a™. Further we see that if we consider the equations @ and we see
that ¢ and ¢j need to vanish at all roots that ™ and @+ have in common
since the equations would then reduce to A*¢} (a™)’ = 0. So that means that
the expression by Baci — by B1c4 vanishes at every root of a™ yielding us the
following equation

Q+a+ = b;ﬁzCT - bf_ﬂlc; (8)

where Q" € C holds. Now since we are interested in the kernel of A7+ we

consider those triples (@™, b by, b;ﬁg) that leave 7,+ constant. However since
b1e(0) _ b (0):B
b2,6(0) T b5 (0)-B2

we define 7,+ as lim;_, we see that this yields the following

condition

—0 9)




4.2  The case of unbounded coeflicients

which we calculate to be

b (0) - By - by (0) - By + b (0) - By - b3 (0) - By
Gi

So then we arrive at the condition
b (0) - B+ b5 (0) - Ba+ bF (0) - By - b3 (0) - By
—b1(0) - 1 - 03 (0) - B2 — b (0) - B1 - b3(0) - 2 = 0.

Now we consider the polynomials involved in these calculations in order to
solve these equations

(10)

at(A) = (A2 +art +1
at(At) = at,

b (A7) = b AT+ b,
bf()‘Jr) = bfl)\Jr + 6;1’

b3 (A7) = b1,AT + b,

b3 (A7) = bi,\" + b5,

o (A7) = Cf,lxr +e3;

e (A7) = Ci2>‘+ + 3

Using this for we get
03165501 82 + b3 b, 8> — b5 165,01 80 — b5 165,810 = 0. (11)
We now evaluate at AT =0
Q+ = 5;25202+,1 - 5;1616;2' (12>
Now we want to evaluate as well as at AT =0

which yields
icy, = 26;151 + 2[3;,151
and

icfy = 263505 + 263, 5.
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4 THE BOUNDARY OF T-(r,)

So if we now use that and plug it into [Equation (12)| we obtain that

QT = _i(26{151 + 2[’2,131)[’3252 + i(25§r7252 + 252,252)5{151
= _2i(6;1b;26162 + béﬂ@z@ﬂz - 5{16;25152 — b;—,l bi25152)
=0.

Since this is just a multiple of [Equation (11) we see that QT vanishes. We
can further assume ged (b, b3) = 0 because otherwise b; and b, would have
a common root as well, which then would mean that deg(b;/by) < 1 which
can’t hold. We consider \] to be the root of bj and A\J to be the root of b3 .

We now evaluate at \{ and get
0 = b5 (A1) Baci (AT)

and from evaluating it at \J
0= b7 (A7)Bics (A7)

So we see from our assumption that ¢ needs to vanish at A and ¢ vanishes
at \J. Therefore, we obtain the following conditions

() =

(A7) =0
3 (A3) =0.

So that means that our polynomials ¢ are multiples of b} which we will
write in the following way

o (A7) = e b (AT), kb =1,2

with pur € C*. The next step is to evaluate the equations [Equation (6)
as well as at the two roots of a™ which we will denote by
A:k’ k - ]_, 2

—i)\zkﬂk(aﬂ,()\;k)b;()\;k) = —b;()\zk)ﬁkwr(/\;k)a k=12
We divide both sides of the equation by (A, ) and get
i)‘;kuk<a+)l(>‘:,k) = Bder()\:{,k): k=12

If we plug in the definition of a*, we can divide both sides by )\j’k, evaluate
at ;. and get for a

a=ime(a™) (N8 k=12
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4.2  The case of unbounded coeflicients

Now since we have determined at (A1) fully by its coefficients it follows that
there is an underlying relation between the roots of a™ and its coefficients.
Therefore, we need to express A;; by the coefficients of a™. However since we
consider a polynomial of degree two, elementary algebra tells us that these
two invariants of a™ satisfy

1
o g a? —
Aar = 5 (a a 4).
Using this for our solution we get

ipg(2 - —%(a —Va? — 4) +a)

a=

O
_ipp(—a—+a?—4+a)
B
. 5—
_ w’“; 1 ko1a
’

Since we get two results for a we can equal them and try to solve for
i (@) (N )BT = ipa(a™) (N5
Dividing the two sides by i(a™)'(A];) and solving for y; we obtain

1y = B1pta
1 — .
B2

We now evaluate the equations [Equation (6)]and [Equation (7)[at the roots
of by A\{ and get

20 e (b)) (V) = 26 (D) Bra® (D), k= 1,2.

This formula depends on A} which is already determined by the two coef-
ficients b,:j, k,7 = 1,2. In order to do so we can write down the following
formula

b (AT) = b A + b5, = b, (AT = \), k=12
So now that means that
b;k - _bIkAZ_’ k: - 172,

holds. We can also use this to eliminate the further use of A} by writing it
as

2

A= o2k
k +
by
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4 THE BOUNDARY OF T-(r,)

We solve the equations before for b: and get

N () (A%)
B
B

_ P2k g9
B

Next, using our knowledge of ¢} we can newly consider [Equation (6) and
Equation (7)[at AT =0 to get

ipbi (0) = 265 (0)Br + 265 (0) B, k= 1,2.

b (M) =

We solve these two equations for b (0) and get

So we now fully know the coefficients of bz Finally, we can use our knowledge
in [Equation (10){ which then results in

bf(O)“‘jﬁfﬁl Br B (0) - By + b7 (0) - B - 5 (0) - By
—b?<0>-ﬁl~b;<0>wg+ﬁfﬁ2-62—br<0>-/31~b;<0>-52
=b1(0) - b3 (0) - Ba - ““;% +b7(0) - B1 - b3 (0) - Bo
10550 - L2 0) 5y 55(0) -
510550 (B2 gy P2 )

=0.
We see that it is enough to evaluate the right bracket which gets us

Wl B W2ﬁ1

25152 + = 25251

Solving this for 3; leads us to

51 i(pBr — Nlﬁz)‘

B = Pozr 5" 7
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4.2  The case of unbounded coeflicients

Now we will calculate the % derivative of [Equation (8) at s =0 to get to
QYa + QTaT = bf Boct + b Poct + b3 Boct — bf Brcs — b Bucd — b it
Next, we will use that Q" =0, ¢} = g - b
QT at = ubf (b3 B2 + b3 Ba) + b3 Bacl — pab (b 1 + by 1) — b Brcd .
We will evaluate this equation now at the roots of b}, A}, k= 1,2
Qtat (A1) = b (A1) Baét (AT) — mab (N1)B1 (AT) B
We can easily solve this for Q" to get

_ WD () — pab Db )51

o T O0)

The same procedure for \j yields
QT at (A7) = b O3 () — bf (A)Bid (M)
as well as

OF = bl (AD)bs (A3) — b1 (A3)B1é3 (A3)
B at (A7) '

Now we equal our two results for Q" and arrive at

bF () Bait (A7) — pab )BT (D) By _ bt (A)BE (M) — bF O)B1é3 ().

at(A\) at (M)

We can solve this for ¢ (A7) and get

b () = P2PEQDM (DB a* (A pubf OB (AF) = bE (A5 (M)
1 b5 (A)B, at(23) by (A5, |

Next, we evaluate the equation at AT = 0 to get

Q" = by (0)(b3 (0)B2 + b3 (0)B2) + b3 (0)Bacf (0)
— 112b3 (0) (B (0)y + by (0)1) — b (0)Brc5 (0).

We can solve this for ¢; (0) and arrive at

Q4 pab3 (0) (B (0)B1 + b (0)B1) + by (0)81¢3 (0) — puabi (0)(B3 (0) B + b3 (0)52)
b3 (0)B:

¢ (0)
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4 THE BOUNDARY OF T-(r,)

That fully determines ¢/. However now we only have two more conditions

we could use, namely evaluating the equation at the roots of a™ and that
only suffices to determine ¢ but not B. Therefore, we didn’t gain anything
from this approach.

Now we will turn to the limit of our polynomials in the A parameter as
opposed to the \™ parameter we used before. We know from
as well as that the limit of ©p, in this particular parameter has
the following form

0 = —N g,

XA al))

_ t-b(A) QI

A A2 a(N)

L AP - 54(0) b (0)
AV N2

Using [Lemma 4.8 (ii)| we also know that b (0) = b=(0) so we can simplify
our limit to be

dMast — 0.

dA

. _ ) - (o)
O = 0y

We will now continue with the same procedure as before in the case of A*
parameters to introduce the limit case of Whitham equations. We consider
the limit functions /2, 09, b9 as well as the periods of our limit of ©;, which we
will call O to be dependent on s, so we have a family (a°, b, 59)(s) which
defines the level set lim; o T!(7,). So we see that if we derive Oy by s,
we will get that they vanish since the periods are constant with respect to
s. That in turn means that Oy is again an exact polynomial, and we can
get new Whitham equations. In order to do so we need to calculate the pole
orders of Oy at A = 0 as well as A = oco. We start with the first one. Since
A = 0 is a double point, we will use the chart A\ = 22 here. So then we get
0N . Ih+(0)[2
Op = ) /\3“/)2 (0] dA
0( 52 2
P DOF
z
0( 52 2
= Gk Lb+<0)| 2z - dz.
z

It is now easy to see that both nominator and denominator are functions of
degree three, which in turn means that this is finite at A = 0. Calculating
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4.2  The case of unbounded coeflicients

the order at A = oo we need the map A\ = z72

well. Then we get

since this is a double point as

(=) - b (0)[*

®b0: 3 dZ_2
-
pO(2=2) . |pt 2
B BOR (2,
z- z

= —2b(z7%) - |bT(0)|*d=.

That means that © has a pole of order two at A = oo. This is the same
situation as in the AT coordinate. So we get similar equations. Using the
ansatz

) d
dqg = & _0@1,2, k= 1,2
we get that
o 1A A
qk = 0
(v°)

O ig() A d B b (O)F k=12
a)\ I/O - dS 1/0 8207 = 1, 2.

i(ch(A) + () (N) - W —icg(A) - A - (W7

(10)2
:icg()\) +i(c)'(A\) - A B i (A) - X - (A2
2 (10)2
:’icg()\) +i(c)'(A) - A B icd(N) -\ - 3/2)\1/2
Y b€
:zcg(/\) +i(AQY(A) - X id(N) - 3/223/2
0 \3
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4 THE BOUNDARY OF T-(r,)

Now we will evaluate the right side to get to

() - [ (O) + BN) - [BE(0)2)1° — B(N) - [b*(0) v

(v0)?
D) - [BE(0)2 4 BR(N) - [ (0)2 BN - [B (0)[2 - (A9/2)
V0 (10)?
BN - [BE(0)2 + BR(N) - [b (0)2 o

0

Now equaling both sides and multiplying with 200 gets us to the equation

(26 + 20(e)' = 3c) = 2000(N) - [b* (0)2 + B)(N) - B (0)2), ke =1,2.

Simplifying gives rise to the two equations

i(2A(e]) = ) = 2(08(\) - |67 (0)* + B3 () - 17 (0)[2) (13)

and

i(2M(e3)" = €3) = 2(05(N) - [b3 (0)* + b3(N) - [bF (0)[2). (14)

Again we need to consider lim; . 7, in our parameter. We get from
4. 10

lim 01(0) = lim L-5:(0)
t—0 b2<0) t—0 ¢ - b2(0>
_B(0)- b1 (0)

(0)2
- 03(0) - [b3 (0)*
So we need to consider the equation

d 89(0) - [b7 (0)[
ds 03(0) - |65 (0) ]

s=0

By quotient rule we get

0(0) - by (0)[* - 5(0) - [b3 (0)[* + bY(0) - [b7 (0)[* - B5(0) - b5 (O)
(B3(A) - b3 (0)[)? ‘
_ b(0) - (b (0) [ - £5(0) - [b3 (0)[* + BY(0) - [b1 (0)[* - b5 (0) - [b5 (0)]
(B3(A) - b3 (0)[)?

= 0.
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4.2  The case of unbounded coeflicients

That gets us to

02(0) - [b7 (0)[* - 3(0) - (b3 (0)[ + bY(0) - [bF (0)[2 - B5(0) - [bi3 (0)|”

= 5(0) - B (0)]7 - 5(0) - [b5 (0)* — B3(0) - [b7 (0)[* - 63(0) - [b3 (0)[>  (15)

= 0.
We will now again consider the polynomials used in these calculations
BN = b?,l)‘ + 5[1)2
bg()‘) = bg,1)‘ + 58,2
b(1)()‘) - b(l],l)‘ + 53,1
by(A) = bYoA+ b3,
ci(\)
c3(\)

0 0
A 0171)\ +

0 0

Now our first step will be to calculate (cJ) - - () to get to
i2A(()) ez — ci(e3)') — e + ey¢l)
=20 (V) - o () + (V) - b (0)?)

( (
=261 (By(N) - (b3 (0)[* + 63(A) - [b3 (0)2).

Simplifying yields us

AN = (eb)) |
) - BTO)F + 80 - b 0)) (16)
=) - 5 (O + B30 - 165 ().

Now evaluating at A = 0 yields us
Cg,z(bg,l : |[’2+,1|2 + bg,l : ‘[’2+,1|2) = Cg,1<bg,2 : |b5r,2|2 + bg,z : ’[’12‘2)

From our previous considerations, we know, that [b}(0)] = b3,b3, so the s
derivative is already known because of our considerations of the A* parame-
ter. Next we will evaluate [Equation (13){and [Equation (14) at A = 0. That
results in

icg,l = 2(5(2),1 : |[’5L,1|2 + 58,1 : |b;1|2)
as well as

icgg = 2(6%2 : |b;2|2 + bg,z : |b§r,2|2>-
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4 THE BOUNDARY OF T-(r,)

In the next step we will use our knowledge of these polynomials and evaluate
the equations at the roots A of b to reach

i(20e]; = () = 26 (\) - (b3, )7
as well as
i(22ec), — (M) = 265(X2) - [0,
Using our result before we get to
i20e s — A h) = 260 (A) - [b3, [ — 20(83, - 05, + 03, - b3, ?)
as well as
i(2)‘203,1 - Cg,1>‘2) = 262()‘2) : |b§|r,2|2 - 22’(53’2 : |b;—72|2 + 53,2 : |b§ﬁ2|2)-

We can finally solve these equations and arrive at

2 . ) .
0(1),1 = )\T(lb(l)()‘l) : |[’§F,1|2 + (bg,l : |b;,1|2 + 6871 : |b;,1|2))
and
2 . ) .
c(1),2 = E(lbg(&) : |[’§r,2|2 + (53,2 : |E’5L,2|2 + bg,z : |b§r,2|2))-

Now we will just as in the A™ limit express \; in terms of the coefficients of
b). Tt is easy to see that again

0
b2k

+
)\k == —bT7
1,k

k=1,2,
will hold. Using this we can now simplify our solution to be
0 2[’(1),1% (RO bg,k 0 + 2 0 + 12 0 £ 12
Lk = T g0 (b3, — O + b2)[02k” 4 (bp - [b3o" + byy - [035)7) ), k=1,2.
2,k Lk

We will later return to this rather large looking expression in order to simplify
it. That means we have completely determined ¢? as well as ¢ but we also
all the information we can get from [Equation (13)| and [Equation (14)
That means we need to turn to the other equations for further information.

Therefore, we will plug our knowledge into which gets us
- 2i(6(2),1 ’ |b;1’2 + bg,l ' |b§i1|2)<68,1 ’ 15;1‘2 + bg,l ’ ’b;1|2>
== 22'([7(2)’2 : |b;,2|2 + 63’2 ’ |b;2|2)(bg,2 : |b;2|2 + bg,z ’ |b§r,2|2>-
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4.2  The case of unbounded coeflicients

We simplify this and get
[1871 ’ ‘b2+,1|2 + [1871 ’ ‘[’2+,1|2 = bg,z ’ |b;2‘2 + bg,z ’ ’b;2|2
which we can solve for b3 | and arrive at

2

6(2),2 by, + [’(2),2 b3 ,]2 — bg,1 - b3,
|63,

0
[’2,1 =

We will plug this equation into [Equation (15) and get

6, - [b5,1% + b3, - [b3,]2 — b3, - [bF, ]2
|63,

— b9, - [b3,]% - B35 - [63,[* — b3, - [63, | b3, - [bT, 2

= 'g,2 ) |[’§r,2’2 ) bg,z : |b;2‘2 + bg,z ) ’biQ‘Q : [’(2),2 ) |b§r,2|2

— B9, - [bF4[2 - 6, - [, + b3, - [b3 ]2 - b9, - (b3,

— by 03,7 by - [63,]" — by - [63]7 - BD, - |62

63117 055 - [b3 5" + by - [6342 - b5, - |63,

We will align the equation in the following way
055 - 6357 - b5y - [b5o* — bY, - [03,|* - b, - [b3,/°
+ 095 - [b35[2 - B3, - [b3,* + b3, - [b3 [ b, - [b3,]7
— by - |03 ]2 05, - 63,7 — b5, - [b3,]% - b5, - [b3,]?
=0
We see that two of the terms cancel and will solve for 58,2 to get to
68,2 ’ ’[’;2‘2 ' ([’(2),2 ’ |b§t2|2 - bg,l ’ ‘b2+,1|2)

- bg,l ) |b§r,1|2 ) [’(2),2 ’ ’b§i2|2 - [7872 : |b;,2 2. bg,2 : |b;,2|2

and finally

3.1 - [63,1[> - 635 - [05a]” — b3, - [b,[> - Y, - b5/
[65,]2 - (695 - [b55[2 — b3, - [65,]?)

b, - [, b9, - b3, > — b3, - [bF,|

65,2 b3, - [b3,2 — b3, - [6],[?

b3, - b3,

65,/

o
[’2,2 =
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4 THE BOUNDARY OF T-(r,)

Here we can see that this solution depends linearly on |bi2| of which we
already know from the first limit that they depend linearly on u;. We see
that this holds true because of the following

: d
‘52+,2|2_ ds (bmbm)‘

e
= b2,252,2 + [’272[’2,2-

s=0

We will use our knowledge of b3, to fully determine bS,

bgz'“’jﬂ + 12 0 + |2 0 £ 9
I 030 + B35 - [b55> — b, - [b5]
’ 65117
b3+ 165,

65,1

We see that now the only factor on which this term depends is the term |b3;[?.
Just as [b3,|* before this term is linearly depedent on 11y so we are able to
conclude the same as before. It remains to solve for the coefficients b9, but
we have no conditions from our equations left. Although |[Lemma 4.8 (i)|says
that by, = b3, and since both are on S' that means b3, = (b9 )™, k =1,2.
So then for the derivative we get by chain rule that

d d -1 .
&b?,k = d<[’g,k> = _(bg,k) 2'b(2),k

L L1V S 11
( DT, 2 T 60, Ib w7 ’

Therefore, we see that if bgk depends linearly on yu it then follows that b(l) i

depends linearly on p; ' as well since they only differ by coefficients of ) as
well as by sign.

Now we know from [Lemma 4.8 (ii)|that if we would consider the limit in A~
coordinates we would get the complex conjugates of the results established
in the AT parameter discussion. That also means that we can write

= (00 5:0)

—bok b+k+bok ka? k:1,2

Br = = bR(0) - by, (0) + bR(0) - by, (0)

s=0

Now it is easy to see that both factors either depend on p; or fiy. In the last
step we will consider the limit of O, in the A\, coordinate. In order to do so,
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4.2  The case of unbounded coeflicients

we will first consider the following equations A = t~')\; and A = t2(\; )~}

as well as and [Lemma 4.16] That gets us to

bt~ M\
O =1 SEED—TOYS
I I et
_1 —
— t71/2 A bt<t >\t ) d()\t>
A/ Af ca(tTiAD)
3. p(p—1)—

A At a(t )

Now in a similar manner as before in the A\™ limit we can argue that the
coefficients of b* and b~ need to admit a factor ¢3/* in order for the differential
to converge. So we can calculate

3 b(tN)
A At altIAy)
3B 0 3 b

O, =132 d(\,)

_4-3/2 -
t A At alttIAy) A
B BbEIN) _
- VAt a(t—lA;)d(At )
R (A)2-b= (A7) - b1(0) - bO(O)d/\_
A=A (A7) e (M)
= oy @ B0 gy g

a= (A7)
It does not surprise that this is the exact analogon to the limit we calculated
in the A" coordinate. Therefore, we can formulate the same conditions as be-
fore and get the same equations as before, but instead of a™, b7, b5, ¢, c5, QT
and their s-derivatives we consider a=, by ,b5, ¢, ¢35, Q™ and thelr s deriva-
tives. That in turn means we get the same conditions as before for the At

coordinate. Plugging this in gets us especially the four equations
i(2A\T(c;)a™ +cja” — A cf(a”)) a7

- - 1

:2b1_51(1_ + 2b1_51(1_ — bl_ﬂla_

as well as
(22 (c5)'a” +cza” — A ¢y (a”))

o . ) (18)
:2b2*62a7 + 2b552a* — b;ﬁgai
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as well as
Q a™ = by facy — by Bicy (19)
and finally
br(0) - By - b3 (0) - By + by (0) - By - by (0) - Ba
—b7(0) - By - b (0) - Bo — by (0) - B1 - b3 (0) - B> = 0.

where we defined B, = b (0) - b2(0), k = 1,2. Tt is easy to see that these
equations yield the same conditions and solutions as we got in the A* pa-
rameter. Therefore, it holds that )~ = 0 as well and we get see that for the
roots A\, of b

(20)

x(ANg) =0, k=12
holds true as well. So that in turn gets us to the fact that

G (A7) =y by (A7), k=1,2

with p; € C holds here as well. Now we know from [Lemma 4.8 (ii)| that
b= (A7) = bt(A1) holds. If we plug this in our equation we get that

()™ e (A7) =

=

ROAF) = ()™ f (M), kb =1,2.

Now by our assumptions on the polynomials b where b = E we see that

the equation ¢; = ¢;, needs to hold as well. We can plug that in the equation
above and reach

() e (W) = ()T e (A7)

which then yields

piy = T

So now if we can prove that p; = p, it automatically follows that uy = g
holds as well. In order to reach such a result we will need extra conditions
since we used up every equation from all three parameters. One condition
we have not used up so far stems from |[Lemma 4.8 (i)l We know that
by, € S', k,j = 1,2 as well as by, = b,, k = 1,2. That means that

|69 ;| = 1 which in turn gives us bgvk@ = 1 and therefore,

69,03, + 63,60, =0, k=1,2.
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4.2  The case of unbounded coeflicients

That means that
b9 kbM = —b) kbM, k=1,2.
This equation yields the relationship
bS, =iAbY,, NER k=12
From our calculations above we know that
o 103

=" k=12
2.k |b k|2 )

Y

Now we want to use our knowledge to fully determine the values of b;’k
because this is the value in turn determining b9 ,. In order to do so we will
need to calculate Sy first. We get to

kaka+5 b5, 62,6, b1,
051 b

b . .
-5 (b T, + 03,05 — 03,61, )

69
ka kb2k7 k: 1,2

Now we will plug this into our solution for b; x to get to
[‘]+ _ b+ i:“k + QBk
2,k k 0 -
20,03,

L b
0t 0 nt pT, F272kE
252,kbz,k 262,kb2,k b2,k

_ bikiﬂk B 5;2@
2bokb+ b;k

bl i
=22 —by,, k=12
2b2 kblk

Therefore, we can now add b7 5% t0 both sides and by dividing both sides by
two we reach

bt — if1b3 Uk (b3,)?
T s 1600, B,

k=1,2.
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4 THE BOUNDARY OF T-(r,)

Now we want to plug our final solution for b; , into the solution for bgk In

order to do so, let us recap the solution we have calculated so far

b;k@ + b;k@
6512 ’

Eg,k - _bg,k k - ].7 2

We will now use our knowledge of b 5% in order to fully determine [32 i

o bbT, + b5 ,b,

69, = —b
2,k — 2,k |b k|2
_ bzk (kaz,k _Zﬂkb;k>
‘b k|2 4[’(2],k 4bg,k
e T e

“N469,65, 463,63,

We have now fully calculated most of our solutions and it can be seen that a
lot of them depend on S or some other combination of b3, as well as b3 . We
want to establish an relation between these values in order to further simplify
our results. Now from the unpublished paper from Carberry et al. (2020),
the proof of Lemma 2.10 establishes the following relationship. Let (¢,)nen be
a real sequence of numbers s.t. lim,_, t, = 0. Then for § = lim,_., b (0)
it holds that

N SORN0
b=(0)]  [bT(0)]

Now since this relation was proven for an arbitrary sequence and arbitrary
polynomials b € B3 it follows that

b3 1
bp(0) = b3, = 51,0 k=1,2.
This yields a new result for 55, namely
——  bg,bg,
Br = bg,kb;,k = 2k
1 A
= |b3,], k=1,2.

The new results for f; as well as 3, will now be used to completely determine
all derivatives in the A\™ as well as the A limit. However we also need to
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4.2  The case of unbounded coeflicients

prove that the variable p; on which all solutions depend linearly is a one-
dimensional coordinate. Therefore, we will now try to evaluate the solution
for bf,. By [Lemma 4.8 (iii)| proves that by, € R needs to hold since by, € R,

and so bf, = by, = by, € R. Therefore, the same needs to hold true for the
derivative. We know that

Uk b;k

Br
holds which we can use to examine said term. In order to so, we will expand
the formula in the following way

bi( ) = — k=1,2,

. b+ . iukb+
by + b, b+(—im)+w-:_ Pk R 19,
k 1,k bik 2.k b%kbzk

We will now use our solution for bJ, in order to do further evaluations.

L kaik b;rk Wk:[’;k
Lk = —
bg,kb;,k b2 k 4[’2 kb2 k
i b7
M k=12
469 kb

Next we will plug again our knowledge of bg’k into the equation and reach

5iﬂkbfk |b;k|

b —
R T
_ Sipuby,
= k=1, 2.
Aoy, ’
That means
ifb,

€ER, k=12
Afbf, |

needs to hold. So now we see that [b3,| € R holds and by assumption as
before bf, € R holds as well. So that means our condition becomes

i € R, k=1,2.

So therefore, we see that p; and us are one-dimensional parameters. Re-
calling the relation between p; and us as well as our knowledge of [ gets
us

_ B tta _ MZ\@,J
B |63,
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4 THE BOUNDARY OF T-(r,)

We now recall the solutions for all the derivatives we calculated and plug
in the knowledge we have gained on f;. First we consider the solutions we
calculated for the At limit

y 2
. var —4
a+ =

b3,
- SO A
br, = k=12
17k 4|b | )y <~y
by :Z”’“b“ k=12
2,k 4|b | ) Sy

Gy = “1b’j2=E+2; k=1,2.
Here it is easy to see that in fact every solution is linearly dependent on p;
which we have proven to be one-dimensional. Since the solutions for the A\~
are just the complex conjugates of these solutions and iy = —py holds as well
these solutions also all depend linearly on p;. Now it remains to consider the
solutions for the A coordinate. Here we will use everything we know so far

to simplify our results. First we will calculate |b3|? since this will simplify
the following calculations a lot. We get

b3 k|2:b kb k+[’2kb

o ka2 kbm _Zﬂkb;kb;k
463, 4163
1
4(mk\b2kr+wk|b J)
. iﬂk|b2,k’ L—12
2 ) ) *

Next we will use our knowledge to furhter determine bgk which gives

‘0 .0 Mok Lk
bQ,k = Zb?’k<4b37kb§k 4687}65;1)
—ib) (ke k)
Aoz
—kaz k

_ k=1,2.
2bg,| ’
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4.2  The case of unbounded coeflicients

Now we can plug this into our result for b 14 and get to

60 _ b(l)k’ ;kP
R
kam
k=1,2.
206y, ]

Now it remains to completely determine the values of ¢ i gk =1,2. We will
do so making use of our knowledge of the other derlvatlves First we insert
everything in the solution for 087 . to get

C(Q),k = _2i(6(2),k b3 k:|2+ b |b;k|2)

:_%( T 6317 + b3 fwwhb
2(by,| b2 2
_ _21.< (b9 [0 " ipeb3 [63 ‘)
2 2
=0, k=12

Now we need to calculate the leading coefficient of ¢ where we can use our
latest result to see that the last term vanishes

== o (60 (= 5% ) + B8 1652 + (65, - 62 + 63, 65,12 )
2,k 1,k
_2[)(1),k (z( B bg,k iﬂkb?,k B kagk>|b | )
b2 b7, 265, 2[by
_ _2@‘[1(1),,?( Wk:ka Wk[b k>| " |2)
b2 & 2065, 2[bg,l /)
_ %Wk( memb|>
b2 1 63|
= —2Mkb(1],k|[’2,k|a k=12
So all in all we get here
- i b )
b, = =1,2
1,k 2|b | ) S
' @Mkak
2.k 2’[] | ) <y
A= —2Mk[’1,k|[’2,k|a k=12,

¢y =0, k=1,2.
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4 THE BOUNDARY OF T-(r,)

Therefore, we have now also fully proven that every polynomial in the A
limit is linearly dependent on pu; as well. We have also established that
(=, by, by, ¢y, c5) but from our considerations before ;€ iR holds which
means fiy = —p and therefore, this tuple depends linearly on py as well.
Therefore, all three tuples depend hnearly on fi; so by the implicit func-
tion theorem (a*, br, b, o, e, b(l), bg, 0,5, a" b7 by e, ) make up a one-
dimensional mamfold just as in the case of bounded coefficients established
in the Master’s thesis by B.Schmidt (2020) one could assume if the blow-up
was chosen correctly. However one can observe that all of the derivatives are
not depending on ¢. So this poses the problem that the solutions in this point
don’t represent the solutions outside of the point £ = 0 so we are not able to
use the implicit function theorem here. A potential solution to this problem
is that we have before first calculated the limits ¢ — 0 and then calculated
the s-derivatives which explains why none of the solutions depend on ¢ and
why ¢ doesn’t occur. In order to do so we will now do the opposite of what
we have been doing before. We start with the A™ coordinate again becausse
we can use our calculations for the A™-coordinate as well. We start with a(\)
and get

iy ) 2 (0 00

= lim((@ATa™ (2/(\1) + a* (\")26(at + i)

=a\t.

So the derivatives for a(\) do not change from this procedure. Next we will
do the same calculation for b(\) in the AT-coordinate. We get

lim — (AF) 76T (AT (¢/ ()b (#2/(AT))

= lim(A\")~ 1(b*(A ) B0/ AT (2 /AT) 4+ b (AT (E69NT +6°(t/)\+))b*(t2/)\+))
)ﬁ)bo(t/ﬁ) (/AT 0T A (/AT 2t (L (/AT + b (t*/(AM)))

THHTNT) B+ (T 4 0°(0)) (bT (AT (0)).

Here we see the first change to our previous approach which is that # occurs.
Now we only need to calculate the limit of the s-derivative of b(\) in the
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4.2  The case of unbounded coeflicients

limit ¢ — 0. We calculate

tim L+ (/)7 (/B ()b (1)

t—0 ds
. d _
= lg]% g(t@ + b3 NP (A (EN)
i L it 1 a0
= %g%g((tbl +tb] + by AN (AN)b (tN)
+ )\b+(t/)\)i)0()\)b (tA) + )\b+<t/)\)b0()\)( T(tA) +1b7N)
= (£67(0) + 6T N2 (A)b™(0) 4+ A[BH(0)[2B°(N) + AbH(0)b°(N) (b~ (0) + b7 N)
= ABH(0)PE°(N) + B* (N (E(b] + b A) + by A + b3).
Again this changes the previous approach since new derivatives occur in this
calculation, especially £ again. Therefore, the next step here is to recalculate
everything using the now, correct approach and solve for the derivatives,
including ¢. But since this mistake was only discovered in the last weeks of

this thesis, it was not possible to solve the right equations in time. This is a
topic for future research.
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5 INTERSECTIONS WITH &2

5 Intersections with S2

In this chapter we will use the results of chapter 6 from B.Schmidt (2020) with
the goal of examining the intersections of the one-dimensional manifolds we
considered in Chapter 4 with S?. From [Definition 3.28 we see hat if we want
to consider the case of an intersection with S? that gives us the case that b;
and by have a common root, namely on S! because of the reality condition.
Theorem 3.2 from Carberry and Schmidt (2016) proves that because we
consider the case of genus ¢ = 2 then ged(by,bs) < 1 needs to hold so in
this chapter we will consider the case where ged(by, by) = 1 holds. In chapter
three we have defined functions pu,: ¥* — C* which are defined by the
action of the monodromies M, = F(w). We also defined a relation between
our polynomials b; and such function p; as follows The equations

Gbk :qu :dloguk, k= 1,2
Now we can write this in terms of uy differently where we get

O = %, k=1,2.
HE
So we know that g, = log px, where we obviously need to consider the complex
logarithm. So then it follows that this is not uniquely defined because we
can only consider this relation on branches of the complex logarithm. That
means in consequence that S(log 1) is only defined up to 2miZ. Now we will

define the following
Definition 5.1. Let X be the following set

Ylgt = {(\v) €St xC | (\v) € X}

which is the restriction of our Riemann surface to the unit circle. Geomet-
rically it looks like a circle where each value is assumed twice because Y is a
two-sheeted covering of CP! it covers S' as well.

We will now note that Corollary 4.13 from B.Schmidt (2020) specifically
treats the case where the polynomials b; and b, have a common root on S'.
Therefore, we can follow that 77'(7,) is still a one-dimensional manifold if
the set intersects S2.

Now we will define an algebraic curve in the following way

Definition 5.2. Let a € M} and by, by € B, uniquely defined as usual. Now
we will restrict ourselves to one branch of the complex logarithm and define

Vg, 2) = {(S(a1(V)), S(q2(N)) e R? | A e S'}

which is a curve in the real plane.
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Now from our results in chapter 4 as well the results from B. Schmidt (2020)
we can consider 77'(7,) as a one dimensional manifold (a, b, by)(s) where s
is a real parameter and therefore, also consider the set of curves V (¢, ¢2)(s)
defined by said manifolds. The goal in this section is to show that each set of
curves V(qi, ¢2)(s) pertaining to a connected component of 7-*(7,) intersects
with 82 at most once.

Proposition 5.3. The curve V(q1,q2) C R? is a closed curve.

Proof: The Riemann surface X is constructed by connecting 0 with co and
connecting the roots «; each with @;~! as in which then gives a
two-sheeted covering of CP! where we change the sheet three times if pass
these points. That gets us that the preimage of S! in this manifold is exactly
a manifold that is diffeomorphic to S! which gets assumed twice because we
consider a two-sheeted covering. Therefore, we change the sheet every time
we pass one of these connected points. That also means that we need to
travel twice in the plane to reach the point we originated from in 3. Now we
know that the map o interchanges the sheets of ¥ and we also know that it
acts on ¢ as 0*q¢ = —q and therefore, 0*© = —0. Consequently we get that
for every curve that goes around twice in the plane and so especially for X|g
it follows that

251@:/%@+/M@

= O+ [ 06

71

Y1

/ o— [ o
Y1 Y1

0

where X|s1 = 71 + 0*y;. However since the relation © = dq holds it follows
that the integral of the derivative of ¢ - and so especially of the imaginary
part - vanishes making the curve closed. q.e.d.

Proposition 5.4. The winding number n(f) corresponding to a triple (a, by, by) €
T~Y(7,) changes when the level set T~1(7,) intersects with S*

Proof: From the paper by Carberry and Schmidt (2016) we know that

n(f) = +1 holds. q.e.d.

Our next goal is to establish a connection between the Willmore functional
defined in |Definition 3.20[ and V'(q1, g2).
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5 INTERSECTIONS WITH &2

Proposition 5.5. The Willmore functional is proportional to Vol(V (q1, g2))-

Proof: In the paper from Knopf et al. (2018) Theorem 5.7 establishes the
following formula for the Willmore functional

W (a) = 4i Resy—o log(u2)d log(p1).
Since we know that g, = log(uy) so we can write this as
W(a) = 4i Resy—o ¢2 dq1.

Now we will try to further calculate the right hand side to get to

43
d
27” Q2 q1

= / ¢ dq1

= S(q2) dS(q1)

_2 / :
=2 ”y<s)x’<s>d<x<s>>.

Here we have used that the functions are purely imaginary on the unit circle,
the definition of the residuum and have written ¢; and ¢, as the coordinates
x and y of V(q1,¢2). On the other hand since the volume can be determined
as

43 RGS)\ZO (D) dq1

1 2
Vol(V(gn, ) = 5 | y(s)a’(s)d(z(s))
we see that W (a) is proportional to Vol(V (¢1, ¢2)). q.e.d.

Proposition 5.6. Vol(V(qi1,q)) is either monotonously increasing or de-
creasing along each connected component of T~1(1,) not intersecting S*. The
monotonicity only changes at intersections with S?.

Proof: We will now use several calculations concerning W (a) in order to
prove our claims. They stem from the 6th chapter of B.Schmidt (2020).

. b — c1by dX
W(a) = 422222

d)\
= 4i1Q11
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Now looking at the second formula we also recall that in B.Schmidt (2020)
it is proven that Q11 # 0 holds for all @ € M} \ 8%, Since % has no roots
on S' that in turn means that W(a) # 0 holds for all a € M} \ S2. There-
fore, by [Proposition 5.4 Vol(V'(¢1, ¢2)) is either monotonously decreasing or
increasing. However if a € M} N S§? it follows that Q;; = 0 needs to hold.
Therefore, we get that 7 (a) vanishes in these instances. So the sign of W (a)
changes for a € M1 N &2 By way of |Proposition 5.4/ we get the same result

for Vol(V (g1, g2)) which completes the proof. q.e.d.

Our new goal will be to continue the calculations done in chapter 6 by
B.Schmidt (2020). We will assume that every polynomial we consider in
the Whitham equations can be written as a formal power series and try to
calculate the coefficients using the results already established in the chapters
4 and 6 from B.Schmidt (2020). So we will use another ansatz where we
calculate the Whitham equations in the Cayley transform, as in chapter 6 of
the Bachelor thesis by B.Schmidt (2017). To recall this we define the Cayley
transform

Definition 5.7. The Cayley transform is the map

jcpt - cp!
D) = k(A) = 2

A+

We then get that v? = (k? + 1)a(k) where a(k) = &* + a1x3 + ask? + ask +
as with a; € R holds. Further we recall that we are still in the case of
intersecting with S?. Here we can now assume that Ay € S! which denotes
the common root of b; and by gets mapped to 0 under the Cayley transform
so b1(0) = 0 = b9(0) now holds. Further the polynomials by also have real
coefficients. So we can write the polynomials by, in the following form by (k) =
bl,km?’ + b;kmz + b3k with by, € Rfor ¢ = 1,2 and k =1,2,3. Next we take
a look at O and see that

be(k) dr
k v I{Q + 17 )
holds. By Schwarz lemma we get
Pq O qp.
= kE=1,2.
Otor  OkOt’ ’

Here we consider the same ¢, we defined in the beginning of this chapter in
the r-coordinates. However we know that
g _ icg(K)
ot v

k=12

68



5 INTERSECTIONS WITH &2

needs to hold as well where c,(k) € P3. Therefore, we get the following
equation if we plug this in the equation above and cancel the dx on the left
hand side
Qbk</€) 1 . QZC]C(IQ
o v k241 0k v

k=1,2.

In a next step we will calculate both sides. Starting with the left hand side
gets us

Oby(k) 1 iby(k)v(k?+ 1) — ib(k)p(k% + 1)

o v K24+1 v2(k? 4+ 1)2
ib(k) iby, )
Tu(R24+1) 2
B 2iby, (k) a(k) — ibe(r)a(k)
B 2(k%2 4+ 1)a(k)v

k=1,2.

We now further evaluate the right hand side as well to get to

0 icg(k) _ic(k)v — ek (k)Y

Ok v v?
Z'C%(li) - iCk(li) 2na(n)+(;j+1)a’(n)
v v?
 2icg(R)a(k)(K* + 1) — 2icy(k)a(k)k — icy(k)d (k) (K* + 1) b =19
B 2(k2 4+ 1)a(r)v ’ T

Now equaling both sides we see that the denominator cancels as well as 7.
So our equations become
2c (k)a(k)(K* + 1) — 2¢1(k)a(k)ks — ¢ (k)d (k) (K* + 1)

= by (r)a(r) — by(k)a(k) (21)

as well as
2cy(k)a(k)(k* + 1) — 2cy(k)a(k)k — ca(k)d (k) (K* + 1)
= 20y (k)a(k) — by(K)a(k).

We note here that the degrees of both sides do not seem to match up because
the left hand side appears to have degree 8 but the right hand side only has
degree 7 at most. But if we calculate the leading coefficient on the left hand
side and use that the highest coefficient of a(k) is one we get that the leading
coefficient appears to be

(22)

6c1 — 2¢1p —4ery = 0, k=1,2,
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so since this vanishes we get that the degree of the left hand side is at most
seven as well and therefore, the sides of the equation match up. Now we will
also evaluate the equation

dk

- dao — odar — 02
1442 — g24q1 QK/Q_}_]_

from chapter 6.1 of the master’s thesis B.Schmidt (2020) in our new k-
variable. Evaluating this with our knowledge of before we get that this
equation is equivalent to

ic1(k)  ibo(K) ico(k) iby(K) ~ Q(k)
v v(k?+ 1)dﬁ v u(R2+1) Ty 1d,{'

Canceling the 1-form dk from both sides then gets us to

Cob1 — 1o _ Q(r)
a(k)(kK2+1) K241

Now multiplying both sides by a(x) and canceling the k2 + 1 terms gives us
the third Whitham equation

c2(k)b1(k) — cr(r)ba(r) = Q(K)a(k). (23)

Now we will use these equations in the same way as in B.Schmidt (2020)
chapter 4 in the case that b; and by have a common root. We have already
established that x = 0 is the new common root of these polynomials. Our
goal will now be to prove an analogon of Corollary 4.11 from B.Schmidt
(2020). First we need to consider 7, in our s-variable. Since we define s by
the Cayley transformation we will need to define 7, in the following way

o bl(li = Z)
“ bQ(H:Z)

However again since we look at T!(7,) we know that 7, = const. and there-
fore, we can calculate

d bl(li = Z)
— =~ =0.
dt|,_, ba(k = 1)
Calculating this gets us to
b (i)0a(i) ~ b))
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and then
by )by (i) — b1 (4)by(i) = 0.
Looking at [Equation (23)| we see that if we plug in k = i we get
C2()b1(2) — e1(2)ba (i) = Q(i)a(i).

However if we look at |[Equation (21)[as well as [Equation (22)|at x = ¢ that
yields

—2¢y(i)a(i)i = 2by(i)a(i) — by (i)a(i)
and
—2¢5(1)a(i)i = 2by(i)a(i) — by(i)a(i)

That gets us

ex(i) = (b (i) — bu(i) L0
and also

i) = ilali) = (i) 3105

Now inserting this into our equation above yields

(i) (i)

Q(i)a(i) = i(ba(i) — ba(i) 55 )b (i) — (b (i) — by (i) 575 )ba(i)

2a(i) - 2a(i)
= i(by(i)by (i) — by (i)ba(i)) + ;a((zg) <b (1)by (i) — bl(i)bg(i)>
=ity +0
=0.

Although since a(k = i) is equal to a(A = 0) we see that this can’t vanish
and therefore, @Q(i) = 0 needs to hold. By the reality condition that all
coefficients of () need to be real it holds that the complex conjugate of ¢ is a
root as well so Q(—%) needs to vanish as well and therefore, (k) needs to be
proportional to 2 + 1. Because of the fact that @ is a polynomial of degree
two we then get Q(r) = u(k* + 1) needs to hold. However if we now recall
equation [that gets us

ca(K)bi(K) — 1 (k)b (k) = a(k)p(k? +1).
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Because of our assumptions we see that the left hand side needs to vanish at
k =0 but a(\) doesn’t vanish at x = 0 because of our assumptions. So that
means that @ needs to vanish at k = 0. So since ) is a multiple of 2 + 1
that means that ¢ = 0 needs to hold. That in turn implies () = 0. Therefore,

we get that can be transformed into
ca(K)bi (k) — c1(k)ba(k) = 0.

Since ged(by, by) = 1 holds we can now evaluate the equation at the roots of
b1 unequal to zero because we know that by doesn’t vanish there. We also
see that since ¢ fulfilled the reality condition as well in the A-parameter
before the new coefficients need to be real concerning the k-parameter as
well. Therefore, we can write ci(k) = cl,k/’f3 + 027;6/{2 + c3xk + ca, Where
cr €Ri=1,...,4 k=1,2. Now we can define b’“T(“) = bi(k). Because of
our previous considerations it needs to hold true that cx (k) = vi (5 —rox)bx (k)
since we can write lN)k(n) = by x(k — K1k) (K — Ko ) where k1, and Koy, are the
roots of by not zero (in the case of a root of higher order at zero they can
obviously still be equal to zero as well). Now we can write out our polynomial
¢ in the following way

cx(k) = (K — /ﬂlo,k)?)k('f)
= %(l‘& - Féo,k)bLk(fi - fil,k)(l‘& - l<&2,k)
= (K — “O,k)[;k(ﬁ)
= Wfl;k(/‘i) - %Ho,kz)k(/{)
= bi (k) = Yrkorbr (), k=12

Because of the assumption that all the coefficients of ¢, and b, are real we
know that 7, needs to be real as well since ¢; ;, = ;b1 . Therefore, we have
two unknowns out of which one is real and one is complex. Therefore, we
have reduced the dimension of ¢; from four to three. Now if we recall that
the Cayley transform transforms polynomials that fulfill the reality condition
into polynomials whose coefficients are real it holds that c¢; needs to have real
coefficients as well and therefore, c;, € R needs to hold. However we have
just calculated that c;, = vxbix holds and b, € R holds as seen before.
Then in turn it needs to be true that xo; € R holds as well. This reduces
the dimension of our polynomials from three to two. Now we will insert our

solutions into to get to
Y2 (K — HQQ)EQ(/Q)K?M(H) — 7k — /10’1)61(%)!@62(/%)

= (72(k — /fo,Q) — 7k — /10,1))’{51%52(@
= 0.
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Since the right factor doesn’t identically vanish we can divide both sides by
kbikby (k) which leaves us with

’)/2(/43 — Iio)g) — ’)/1(:‘43 — /43011) = O

Comparing coefficients we quickly see that v = v, as well as ko1 = Kop2.
In the following we will denote these parameters with v and A. So now our
solution space appears to be two-dimensional. We can write our polynomials
cr now in the following way

( (k)
( (k).
Our goal now is to determine a(x). In order to do so we will now consider the

four roots of a(A) which we will denote ay, ..., as. Then we get the following
formula for the derivative

c1(K)

(k)

I
o0

H—:‘%bl
K/_f%bQ

It is easy to see that if we now plug in a root «; in a(x) the only term that
doesn’t vanish is the term with %;. Now if we calculate the x-derivative of
a()) as well we see that this has the following form

CLI(K,) _ Z a(’i>

k-
So that means
CL(OQ) = —o'zl-a’(ozi), 1= 1, ce ,4.

Therefore, we can use the four roots of a(A) to fully determine a. Now if we
recall the equations [Equation (21)|as well as [Equation (22) and insert the
roots «; of a(A) we get the following equations

cr(aq)a (o) (af + 1) = b(ai)a(ay), k=1,2i=1,...,4.
Now if we use our solution of a(q;) we get
cr(ag)d (o) (a? +1) = —b(ay)dud (ay), k=1,2i=1,...,4.
Now the a'(a;) cancel out and we can now solve for #;

B _ck(ai)(a? +1)

Gy = k=1,2i=1,....4.
bk(Oél)
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Now if we use our results for ¢ (k) we see that

ce(ai) _ (o — R)bi(an)

br(cv) albk( i)

So that means for our solution that it is independent of k. We get

A, 2
i — ;+ 1 .
b= M= Rlei+l)

Q;

From our previous considerations we see that this fully determines a(k).
Therefore, we can insert our solutions of ¢; into the formula we have calcu-
lated in order to fully determine a(k)

i) = = Y-
_ 5ol = #)(a? +1) a(w

Now it remains to solve [Equation (21){and [Equation (22)|for by. In order to
do so we will add b(k)a(k) on both sides of the respective equations which
gets us

by (k)a(r) =26, (k)a(k)(k* + 1) — 2c,(k)a(k)k
—cp(k)d (k) (K* + 1) + br(k)a(k), k=1,2.

Now we will prove that both sides of these equations are divisible by a(k).
In order to do so we will show that both sides vanish at all roots «a; of a(k).
We easily see that the first summands of the right hand side depend on a(k).
It remains to show that the last two terms also vanish there. Obviously
the terms directly depending on a(k) vanish which leaves us with the last
two terms. Here we will need to look into the way we have defined a(k)
because it needs to be aligned in such a way that these two terms agree at
the roots of a(k) down to the sign and in consequence vanish. But we have
already established that a(a;) = &;a’(«;) holds at the roots of a(k). Now if
we evaluate the two terms not depending on a(k) directly we get

b () dua' (i) — ep(ag)a (aq) (e + 1)

o) WO RIONOELD 0 R () +1

b (i) (0 — R)a (ew) (0 + 1) — (o — &)bi(ew)a’ (o) (af + 1)
0.
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5 INTERSECTIONS WITH &2

That proves that the last part of the equations above vanishes at all roots
of a(k) so both sides of these equations are divisible by a(x). Therefore, we
can now write these two terms as a product of a(x) with another polynomial
which we call di(k) so we get

br(k)a(k) — cp(k)d (k)(K2 + 1) = a(k)dy(k), k=1,2.

So now we can solve |[Equation (21)and [Equation (22)| for b, and by. We
see that the following needs to hold then for by.

by = ¢, (k) (K* + 1) — cp(r)k + di(r), k=1,2.

We are now able to fully determine by, by comparing coefficients. So now we
see that every solution depends on a linear combination of v and &. Since
cr = v(k — &)by, holds we see that our solution space is two-dimensional. Our
next goal is to determine how these solutions are related. In order to do so
we calculate a certain Mobius transformation. We know that

i
K+
holds and therefore,
A+1
k=1
A—1

Our goal is now to construct a Mobius transformation that is a rotation of
A. Therefore, we will replace A with e\ in our equation. That means

B et +1
K—Zeit/\—l
,eitz—;;—l—l
e’tz—jrz—l

k=) R+
etk — ) — (k4 1)
f{(eit/Q + 6—1’16/2) + i(e—z’t/2 _ 6it/2)
/{(ieit/Q _ ieit/Q) + i(ieit/Q + Z'e—it/Q)
cos(t/2)k — sin(t/2
sin(t/2)k + cos(t/2

)
)
needs to hold. Now it is possible to dilate ¢/2 to ¢ without loss of generality.
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We then calculate the derivative of xk at t = 0. That gets us
_ d cos(t)k — sin(t
 dtsin(t)k + cos(t)|,_,

_ (—sin(t)k — cos(k))(sin(t)k 4 cos(t)) — (cos(t)x — sin(t))(cos(t)k — sin(t))

(sin(t)k + cos(t))? =0
—1 = g2
A v S
1
Now if we use this result on ¢, we will see
Ck .
— = 4k
v
d
— (1 —
(1+~K%) 1.2
b, 1
=—(1+£H=
(14 #7) v1+k?
==
Therefore, the solution ¢, = —by corresponds to this infinitesimal Mobius

transformation proving in turn that our solutions are one-dimensional except
for this. In a next step we can look at what happens if we add ub; to our
solutions of ¢;. Therefore, we recall [Equation (23)]and get

(c1 + pb1)ba — (o + pba)by
=c1by + pb1by — c2by — pbiby
:Clbg — 62b1

=Qa.

Therefore, this doesn’t change our solution as well. In order to reduce the
dimension of our solutions to one we need to reduce the dimension of the
space we consider by one as well. In order to do so we try the ansatz b; has
only a simple root at k = 0 and 1'7174 = 0. Now we will use |Equation (21)|
at k = 0 in order to get a condition for & and ~. We will use the solutions
for ¢; and a to do so. Because of our assumptions we see that b;(0) = 0 but
b (0) # 0 as well as by (0) # 0 so we get

2¢1(0)a(0) — ¢1(0)a’(0) + b1(0)a(0)
— 9(384(0) — 74, (0))a(0) + vAb ()a'(0)
= 2(vbs,1 — yRba1)as + yRbs a3
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5 INTERSECTIONS WITH &2

So now we can align this in the following way
v(2b3 1a4 + (b31a3 — 2bg1a4)R) = 0.
This gets us two possible solutions
v=20
or

2b3 104

A=— )
bs1as — 2bg 1a4

However since ¢; and ¢, depend linearly on v the first solution would lead
to these polynomials vanishing which means that the second equation is the
solution we need making our space of solutions one-dimensional. We can now

use our results to simplify the solutions for ¢; as well as by. First we will
plug the solution for & into the solution for ¢;. That yields

ci(k) = (K — &)bi()

2b3 104 >~
= : b .
PY(/{ * b371a3 — 2b271a4 k(ﬁ)

Now we can also calculate by using this and get

but) = () + 205,104y o)) (6% 4+ 1)

bs1as — 2bg 1a4
(k)

)Bk(/i) (FL + m(ﬁz + 1))

2b3 104

— (K +
7( b3 1as — 2by 104

a(k) 24: i — &) (ef +1) bi(k)

2a(k) = Q; K—

= y( (b,(K) + b (k) (k241
A0h) + P B 1)

(o ) (S + s

by 1a3 — 2b9 104

) 2b3,1a4 2
(QZ + b3,1a3—2b2,1a4> (ai + 1)

20 (K — o)

2b3,1a4

4
+2
i=1

The next step is now as in chapter 6 of B.Schmidt (2020) to consider the case
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t # 0 where we write the functions a, by, bs, c1, o, ) as Taylor series. That
means we can write them in the following way

Q) =>4

i=0 v
So we already know that () vanishes at ¢ = 0 as well as that it needs to be a
multiple of x* + 1. That means that we can consider Q¢ = (k* + 1)t as the
lowest coefficient of ) that doesn’t vanish. That means we will plug this as
well as the Taylor series expansions for the other functions into the equation
I[Equation (23)} In order to do so we will define likewise

ak) = i Ai'(lﬁ) 4

7!

where A;(k) are polynomials of degree four as well as

bk(/ﬁ:) = Z ’];!(H)tl7 k= 17 27

where B, are polynomials of degree three and

cp(K) = i”?m)ti, k=1,2

|
i 2.

where C;, are polynomials of degree as well. Using these formulas and com-
paring the linear coefficients then yields

Ag(k* + 1)t = (Co2B11 + C12Bos — Co1B1o — C11Boa)t.

This means we can now insert our solutions for the linear coefficients of
all polynomials in this solution because we already calculated them in the
previous considerations. We get the following equation

a(k)(kK* +1) = 02(5)61(/-@) — Cl</€)[)2(ﬁl) + Co1(K)bi (k) — Cra(k)ba(K)

Our goal is now to fully determine our solutions of b, which still depend on
v. In order to do so we will evaluate the equation at k = 0 because we know
that b;(k) as well as a by(k) vanish at Kk = 0 and so the linear coefficients
Cl.1 vanish as well. In addition to that we recall that b;(0) = 0 holds as well.
So now we can look at the equation for k = 0 and get

CL(O) =C (O)bz (0)
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5 INTERSECTIONS WITH &2

into which we plug in our solutions and see that

2b3 104 i (0 2b3 1 . 52<0)>

2b3 1Q4 )~ ( ,
= : by (0)y( b,(0 —
“ '7< 1( )’7 2( ) * b371a3 - 26271(14 ! b371a3 — 2b2,1a4 i=1 —204i

bs1az — 20y 1a4

— : Q 2bs1a 4 b
2 3,174 3,104 3.9
) s , )
Yy <b37la3 — 2{)2’1a4> (b371a3 262,1(14 (6271 ; ‘2011) 6372

holds. Now we can solve this for v and get

Qy

202 a4 2b3 104 4 b3
\ <b3,1a3—262,1a4 b3,1a3—2b2 104 (b2,1 + Zi:l TM) + b3’2

2h2 2h ip -1
() e 32 )
i—1 2¢

53,1G3 - 252,1CL4 b3,1a3 - 2b2,16l4 i

7=+

That means we have two solutions for + so the solutions is unique up to sign.
So we have uniquely determined all the solutions right now. Our next goal
is to determine C} 5 and C;; as well. In order to do so we isolate them as
the only terms not determined right now. So then we get the equation

a(k)(K* +1) + Cl(li)i)g(li) - 02(/1)151(/{) = Cy1(k)b1(K) — C11(K)ba (k).

Here we see again that if have solutions for this equation which we will call
¢ and ¢y because this is a linear equation we can add pb; and us to both
sides without changing the solution which we see here

a(k)(K*+1) + cl(n)bz(/@) — 02(/4;)61(/1)
= (C1(k) + pba(K))bi(K) — (C2(k) + pbi(k))ba(k)
= ¢1(k)ba(K) — Co(K)b1(R).

Therefore we get in the same way as before with the constant coefficients
that the solution space is our general solution we will now determine plus
the linear term we now introduced allowing us to reduce the dimension of
the solution space from two to one using another condition that eliminates
the Mobius transforms. Now we see that the left hand side of our equation
is divisible by k because both b;(k) and be(k) vanish at k = 0. That reduces
the degree of the equation by one and we get

kHa(k)(K* +1) + 01(5)62(/-@) — 62(5)61(/-@)) = CQJ(R)Bl(KZ) — CLl(K])BQ(H).

Now in a next step the goal is to reduce the degree of the equation by doing
polynomial division with b; of the left hand side of our equation. So we need
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to calculate

a(k) (K2 + 1) + c1(k)by (k) — cobi (k) -

3b1
K

In order to do so we will plug in our solutions for the derivatives by, as well as
¢, and calculate how the term we want to do polynomial division with turns
out. So we get

KN a(r) (82 + 1) + (k= R)by ()7 (B (k) — AbY(R)) (K% + 1)
83 5 Zf; )
( K2 —|—1

B ()2 1) — )+amwmm»

=k (a(k)(K* + 1) +v*(k — &)
—ba () (0 (k) — &by (K)) (K% + 1)
=r1 (87 + 1) (a(r) + 7 (5 = &) (01 (k) (By(w) — Ab(%)) — ba (k) (B () — D) (K))).
Evaluating the right bracket at k = 0 gets us
as + 72(—/%)(5)3,1(53,2 — fbg o) — b3a(bs1 — Rba1)))
= a4+ 72/%2(53,152,2 — b39b21)

i (bs1ba,2 — b3 2ba 1)
Rbg 1 (R(boy — iy %) + b3,2)'
Since the other side of our equation vanishes at kK = 0 we know that the

right bracket we just evaluated needs to vanish at k = 0. Now we are able
to proceed with our polynomial division to get

(12 + 1)(a(r) +77(5 — &) (b (5) (By(k) — Rb5(k)) — ba(s) (B (1) — &b () i,

R

:a4+

We now calculate the leading coefficient of the expression we want to divide
in order to start so we get that this has the form

72(351,151,2 - 351,251,1) =0

which doesn’t come as a surprise since this is the same result we established
for |[Equation (21) and [Equation (22)[in order for the solutions to match
up by degree. So we need to actually calculate the second highest coefficient
which is

1+ 72(2171,152,2 — 201 1019 — 3Rby 1012 — 2b1 2ba 1 + 26D1 2b1 1 + 3Ry 201 1)
=1+ ’}/2<2b1716272 — 2b172b271).
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5 INTERSECTIONS WITH &2

So that means that the first coefficient we get from polynomial division is

(D) e ole) () (L g, D))o

R 51,1 51,1

In order to calculate further coefficients we need to determine the next co-
efficients of the term we are dividing. The second highest coefficient that
doesn’t vanish is

ay + 72(51,1173,2 + 2091092 + 3bs 101 2 — (201 1622 + 3b2,101.2 + 201 101 2)
+2/%b1 9b11 — (b1abs 1 + 2bg.2bo 1 + 3b30b1 1)
+ A(2b1.9ba1 + 3b1obay + 2by1b11)) — 24701 9b1 4
= ay + V?(b1.1b32 — by obs 1 + 3b31b12 — 3bsaby 1))
=a; + 272(53,15172 —b11b32).

Next we calculate the third highest coefficient to get

as + 72<b2,153,2 + 2031090 — R(by 139 + 2bg 1b2.9 + 3b31b1.2 + bo1ba o + 203 1D1 2)
+ /%2(51,1172,2 + 2b91b92) — (ba2bs 1 + 2b3 1b21)
+ A(b12b31 + 202,209 1 + 3b3.2b1 1 + ba2ba 1 + 2b3 261 1)
— R*(ba1b12 + 2baobo 1) + 1+ 77 (2by 1622 — 2b1 2ba 1)
=1+ay+ 72(1)3,152,2 - 52,153,2 - "%<4b3,1b1,2 - 453,251,1)
+ I%Q(b1,1b2,2 — ba1b12) + 2b1 1629 — 2b1 2b21)).

Now we calculate the next coefficient which is the one belonging to k3 /x

as +a; + 272([73,1191,2 — b11b32) + 72@3,153,2 — A(ba,1b3,2 4 2b3 1022 + 2b3103 2)
+ /%2(52,1192,2 + 2b31b1,2) — b31b3 2 + R(D31b2,2 + 202,103 2 + 2b3 1 b32)
— /%2(52,152,2 +2b11b32))
= a3 + a1 + 7 (2b31b12 — 2b11b32 — R(bs1boo — ba1bs2) + A7(2b3,1b12 — 2b11b32)).

Second to last, we calculate the coefficient belonging to the linear term which
is

as + 72(52,11)3,2 — by1b2g — R(3b31b1,2 4+ 2b21b9.2 4 b1,1b32 + b 1622 + 203 161 5)
+ /%2(51,152,2 + 2b91b92) — (b31b22 — by 1b22)
+ #(3b1,1b39 + 2bg1ba g + by b o + by 1bog + 2b1 1b32) — &% (bo1by o + 2ba1b22))
= as 4+ 7 (baabs2 — b31bop — A(4bg1b12 — 4b11bs o) + &7 (br1bo — bo1b12)).
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We don’t need to consider the constant coefficients times k2 because we
already know that this vanishes by recent argumentation. And lastly we get
the lowest coefficient which is

az + 7 (b31bso — R(ba1bs o + 2b31b99 + 2b31b3.2) + &% (g 1ba o + 2b31b1 2)
— b31b39 + A(b3 1022 + 2bg 1039 + 2b3 1b32) — /%2(52,152,2 +2b11032))
=ag+ 72(%(52,153,2 - b3,1bz,2) + 2/%2(53,151,2 - 51,153,2)).

That means we can now finish our polynomial division.

(1 +2(2b1 1bys — 2b1,2b271)) K+ (a1 +29%(bs bz — bl,lbg,g)) o
+ <1 + as + 72(53,1172,2 — bo1b3 2 — R(4b3 1012 — 4b32b1 1)
+ R2(by1bog — ba1bi ) + 2b1 1bgo — 251,252,1))>/€3
+ <a3 +a; + 72(253,151,2 — 2011039 — R(b31b2o — ba1b3a) + /%2(253,151,2 - 2b1,153,2))>f€2

+ (az + 72(b2,1bs,2 — b3 1bao — R(4b3 1b1 9 — 4by 1b32) + /%2(171,152,2 — 52,151,2))>F6

+ a3+ 7*(R(babsa — bsaba2) + 28°(bsab1a — biabs)) : biak® + baak + bsy
_ 1+ 272@1,152,2 - b2,1bl,2)
b1

K® + O(K?).

Now we need to calculate the new coefficients to proceed which yields

by 1(1 4 27%(by 1byy — by 1b
(a1 +272(b3,1b1,2 — b11bs2) — 21(1+ 297 (b1 baz 21 1’2>>>/<a4

bi1
+ (1+az+ 72(173,1172,2 — ba1bg o — R(4b3 1019 — 4b3 201 1)

bsa(1+ 272(51,152,2 — b2’1b1’2>))/£3
by 1

N

+ /%2(51,11)2,2 — ba1b12) + 2b1 1629 — 2b19b2 1)) —

-+ O(KZQ) : b171/ﬁ?2 + b271/ﬁ3 + bgyl

_ (Ch + 2’72(193,151,2 — b11b32) B o (1 + 2’72(51,152,2 —bo1b12))
b1 b%,1

>/<:2 + O(k).
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5 INTERSECTIONS WITH &2

[terating this another step gets us

(1 +as + 72(1)3,152,2 — by 1b3 o — R(4b3 1012 — 4b3 201 1)
b31(1 4+ 29%(b11ba2 — ba1b12))
b1 1

B 52,1(01 + 2’72(53,151,2 - 61,153,2)) + b§,1(1 + 272<bl,lb2,2 - 52,151,2))),{3

b1 b%,1
+ (as +a; + ’72(253,151,2 — 201 1b3 9 — R(b31b29 — ba1b32) + %2(253,151,2 —2b11b32))
B bs1(ar + 272(53,1171,2 — b11b32)) n bo1bs (1 + 272(51,152,2 — b2,1b1,2)))/€2

b1 b%,l

+ O(K) : biak® + bagk + by
- (bl_%(l + az + 72(53,1172,2 - b2,1b3,2 - %(4193,151,2 - 4b3,2b1,1)
bs1(1+ 272(b11bas — ba1b12))

bt 4
boq(ar + 272(53,151,2 —b1,1b32)) bg,l(l + 2'72(51,152,2 — ba1b12))
) 0, i b,

+ /%2(191,152,2 — bo1b12) + 2by 1bo o — 2by 9bo 1)) —

+ A2(by1bag — bo1b1o) + 2b1.1bg0 — 2b12ba1))) —

)/i +C.
Now the last step to finish this procedure is

(as + a1 + 72(2(?3,151,2 — 201 1b3 9 — R(b31b29 — ba1b32) + %2(253,1131,2 —2b11032))
B bs1(ar + 272(173,151,2 —b11b32)) n bo1bs1 (1 + 272(51,152,2 —bo1b12))

b1 b,

b .

_bil(l + ag + V* (b3 1bag — by 1bs o — A (4by b1 5 — 4b32by 1)
1,1

R b3 1bo 1(1 + 272(by 1bgy — by 1b

+ &2(b11bag — bob1o) + 2b11bao — 2b19ba 1)) + 12,1 ( 7 5)21’1 22 = babi))
1,1

b3 (a1 + 292 (bsabrg — biabs2)) b3, (1 + 29 (biabog — b2,1b172))) 2

+ 12 — & K
1,1 1,1

+ <CL2 + 72(52,153,2 — b3 1by o — R(4b3 1619 — 4by 1b32) + /%2(51,152,2 —bo1b12))

b N
- 8)371 ((1 + as + 72(53,152,2 — bo1bg o — R(4b3 1619 — 4b3 201 1)
1,1
bs1(1+ 2’72(191,1192,2 —ba1b12))

+ &2(b11bas — baabra) + 2b11ba s — 2b19b2 1)) — 2
11
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ba1(ar + 272 (bsabis — biabsz)) 031 (1+ 292 (biibaa — baibio))
o b2 + b3 K
11 1,1

+ a3+ 7*(A(baabss — by baz) + 287 (bs1b1a — biabs)) : biik® + byyk + bsy
= <a3 +ay + 72(253,1[?1,2 — 2b1,1b32 — R(b31ba2 — ba1bs o) + /?02(253,15172 — 2b11b32))

B bs1(ar + 272(173,11)1,2 —b11b32)) n bo1bs (1 + 2’72(51,152,2 — by 1b12))
bi bil

b .
—E(l + as + 72(173,1192,2 - 52,153,2 - H(4b3,1bl,2 - 4b3,2b1,1)

by 1
bs1ba1(1 + 272(1)1,152,2 —bo1b12))
bt 4
b%,l(al + 292(bg1b12 — b11b32)) 53,1(1 + 292(by1bao — ba1bi2))\ 1
+ : - a ) |
b, bi b1

+ /%2(171,152,2 — bo1b12) + 2b1 1629 — 2b19b21))) +

We see that polynomial division yields that the left hand side of the equation
in question can be written as

O(K*)by (k) + O(k).

It is now our goal to write down the O(x) term which yields

<a2 + 72(52,153,2 — b3 1ba o — R(4b3 1619 — 4by 1b39) + %2(51,152,2 — by 1b12))

b "
- bg—’l ((1 + @y + 7*(b3ibaz — baibss — R(4bs b1 — 4bs b1 1)
11
bsa (1 + 272(51,152,2 —bo1b12))
bty

boq(ar + 272(193,1171,2 — b1,1b32)) 53,1(1 + 272([91,152,2 — ba1b12))
) Z i b, )

+ /%2(51,152,2 — bo1b12) 4 201 1b2 0 — 2b19b21))) —

b ) .
— 7;’1 <a3 + a1 + 72(253,1191,2 — 2b11b39 — R(b3 1629 — ba1b32) + 52(253,151,2 —2b11032))
11

. b3,1(a1 + 272(53,1171,2 - b1,1bs,2)) + bz,lbs,l(l + 272(51,1132,2 - b2,151,2))
b1, b3,
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5 INTERSECTIONS WITH &2

ba 1

b (14 as+ ’72(53,152,2 — by b3 o — R(4b3 1012 — 4b32b1 1)
1,1

N b3 1b9.1(1 + 272(by 1b99 — by 1b
+ 52(51,1172,2 — ba1b12) + 2b1 1629 — 2b19b21))) + g0 17 (Prabas = baibiz))

bt 4
b%,l(al + 292(bg1b12 — b11b32)) b;l(l + 292(by 1b2n — b2,1bl,2)))>
+ — K
bt 4 bt 4
+ az + V*(R(ba1bzo — b31ba2) + 287 (b3 1b12 — b11b32))

b . .
— bil (CL3 +a; + 73 (2b3.1b1.2 — 2b11b32 — R(bs1bgg — by 1bsa) + A%(2b31b1 5 — 2b11b35))
1,1

_ bs1(ar + 2’72(53,11?1,2 —b11b32)) n bo1bs1 (1 + 2’72(51,152,2 —bo1b12))
61,1 b%,l

ba 1

b (1+as+ ’72(53,152,2 — bo1b3 2 — R(4b3 1012 — 4b3 201 1)
1,1

bs1ba1(1+ 272(191,152,2 —ba1b12))
bt 4

n b%,l(al + 292(bg1b12 — b11b32)) b;l(l + 292(by 1b2n — b2,1bl,2))>

+ /%2([71,1172,2 — ba1b12) + 2b1 1629 — 2b19b21))) +

2 3
b1,1 51,1

This rather large polynomial now will be defined as €1k + €5 in order to
make the following calculations remotely understandable. So we can write
our equation now in the form

O(k*)b1 (k) + €1k + €2 — ¢a(K)b1 (k) = —é1(K)ba(k).

Therefore, we have isolated the term —¢;(k)be(k) on the left hand side. Eval-
uating the equation at the two roots of b; we get a solution of degree one for
¢2(k). We can also fully determine C (k) using the result from our poly-
nomial division, so we can fully solve for the coefficients of our polynomial.
In order to determine C) (k) we will need to consider the part of the left
side of the equation that is a multiple of by (k) because then we know that
this polynomial is the solution for Cjo(x). That means the solution of our
equation is now two-dimensional. We denote the roots of 51 with 3,7 and
P21 and get that

€18k + €2

él(ﬁk,l) - - 62<6k1> )

k=1,2.

To further determine our solution we need to consider the equivalent of
I[Equation (21)[ for the linear term ¢. This means we need to calculate the
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t-derivative on both sides yielding
2(k" + 1)(C1 (1) Ao (k) + Cg 1 (1) Ar (s

+ Cou(K)Ai(k)) — (K* + 1)(Cri (k) Aj(x
= 2(B11(r) A1 (k) + By (k) Ao(k)) — (B

)) — 26(C11(k) Ao (k)
)+ Coa (k)AL (K)) (24)
0.1(k)Az(k) + Bi1(k)Ax(k)).

As before we have argued again that since we can add multiples of by to our
solutions of C'; ;, we see that the solution space can only consist of one solution
plus a certain Mobius transform. Therefore, our solution space is a priori a
two-dimensional space but as in the case for the constant coefficient we can
fix the Mobius transform and make the solution space one-dimensional by
assuming that By ;(0) = 0 holds as well. Using this condition we can evaluate
I[Equation (24) at k = 0 where the right side vanishes and therefore, we get
an extra condition to determine C} (k) so the solution space is now only a
one-dimensional space as in the case before. So we have now proven that the
solution space for the linear coefficients are a one-dimensional solution space
just like we have for the constant coefficients. That means that we can fully
determine the solutions again by using the third of the Whitham equations
for the quadratic coefficient and evaluating it at x = 0. That means we have
solved the coefficient equations for the constant and linear coefficients. Using
the algorithm we established in solving for the linear coefficients permits one
to solve these equations inducitvely for all coefficients. That means we can
now fully determine the coefficients of the power series expansions we have
defined before.

The next step here is to evaluate the Taylor series of ¢, at x = 0 using the
results we just established. Here we still know that b; and by have a root at
x = 0. Using a change of base we can easily assume that b, has a simple root
at K = 0 and b; has a root of order two at k = 0. Recallig

b
dgn= "0 k=12
1%

we see that ¢; has a simple root at kK = 0 as well and ¢, has a root of order
two at k = 0 since v|,—o # 0 holds. So now if we consider g to have a Taylor
series expansion at k£ = 0 in the following way

Zq”“ )
1=0 '

we can easily see that the constant coefficients need to vanish because both
qr have a root at k = 0. We even see that the linear coefficient of ¢ needs to
vanish as well. That means we can now look at the Taylor series expansion
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5 INTERSECTIONS WITH &2

of dgi because we already know the other coefficients. Using the formula for
br(k) as well as the Taylor series expansion for »~! we will have the following
ansatz

dgp = b;&/{)(i VZ/#) =1,2.

=0

Here we will now calculate both factors of this product. By definition we
know that

bi(k) = bo(t) + by (t)x + O(K?)

needs to hold. Now using the power series expansion for /1 + x while brack-
eting gets us

vt = /(K2 + l)a(fﬁ)_1 = \/(/12 + 1)(ay + agk + ask® + a1K3 + /<;4)_1
= Va; W1+ O(k)
= a3 ! (1 - CLQI(O)R + (’)(/{)2>.

aq
That means we can now calculate the Taylor series expansion of dg; to get

G = <bo(t) + by () + bi (1) + O(ﬁ)) <\/a—41 (1 - az’gi),{ N (9(@2))

= v (wo(e) + (o) - T BTO) 2y o),

2CL4 2CL4

The next step is to insert the definition of b;(k) and by(x) into these poly-
nomials and then define ¢y = y and ¢ = x. Then the goal is to find a
polynomial in z and y such that f(x,y) = 0 holds. However since no time
was left at the end of this thesis, this was not done. Now we will use a
sequence of plots to explain how a family of curves for one connected com-
ponent of T71(7,) looks like. Here we fix that the curves are all contracting
up until we intersect with S2.
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Figure 5.1: Family of curves V (g, ¢2) before intersecting with S?

Figure 5.2: Intersection with S2

"o

Figure 5.3: V(qi, o) after intersecting with S?

>
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5 INTERSECTIONS WITH &2

The dot in the graphics describes the double point of the curve where it
intersects with itself. The second to last graphic symbolizes how a curve
looks if T7!(7,) intersects with S%. It would be a goal of future research
to prove that the familiy of curves looks similar to the one pictured above
where the type of singularity the curves have changes after intersecting with
&2, In order to prove this one needs to consider f(z,y) = 0 as before. Then
it should be possible to write f(x,y) = 0 in the following way

9(x,y) = p(x)

where p(z) is a polynomial of degree three. Then p(z) should always be a
polynomial that has one double root and one simple root. The conjecture
is that this changes when intersecting with S? from one to the other. This
would prove that V(qi, ¢2) needs to have a cusp when intersecting with S2.
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6 Conclusion

In chapter 4 of this thesis we have used the results from B.Schmidt (2020) and
considered the of each connected component of the one-dimensional manifold
T (7,).

First we considered the case a € M2 U M3 where the polynomials a(\) have
a double root on S'. In this case we examined the fraction a/(\é) and deduced
that since it’s derivative by s doesn’t vanish at the double roots the sign of
the fraction needs to change if we go further along the manifold which in

turn means that a € M3 U M3 is a true boundary value.

In a next step we constructed a blow-up to consider the case where coefficients
of a(\) go to infinity. Here we were able to prove that the limit is continuous
and that we can continuously extend the definition of 7,. We also proved that
the connected components of this manifold are biholomorphic to the unique
hyperelliptic curve defined by the limit of b; and by. We also tried to prove
that this boundary now also defines a one-dimensional manifold using the
Whitham equations. Here we made the mistake of calculating the limits first
and then calculating the derivatives, so we didn’t succeed here. A point of
further research would be to use the correct derivatives and then try to solve
the Whitham equations on T~'(7,) proving that this is a one-dimensional
manifold.

In chapter 5 we have constructed a curve V(q;, o) in the real plane. We
have established certain properties that concern this curve using the results
in chapter 6 of B.Schmidt (2020). We have also proven that the Whitham
equations are solvable inductively for every coefficient of the Taylor series
expansions. A point of further research would be trying to prove that each
connected component of T~!(7,) intersects with S? at most once and proving
that the family of curves has a cusp while intersecting S2.
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