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Abstract

The study of constant mean curvature (CMC) tori inevitably leads to studying the
sinh-Gordon equation. This is an elliptic partial differential equation. Examining this
equation is a very challenging task and requires several tools. Among those are the
so-called polynomial Killing fields. Solutions of the sinh-Gordon equation form a space
of potentials that is a space of matrix valued polynomials. The determinants of these
potentials yield polynomials and the degree of these polynomials is connected to the so-
called spectral genus. We are going to look at the case of spectral genus two. This means
we will have polynomials of degree four. Studying the properties of these polynomials
is central in the current research on the sinh-Gordon equation. In this thesis we will
construct a mapping that connects each of these polynomials to their corresponding
period lattice. Moreover, the roots of these polynomials can be used to construct a
homology basis that in return can be used to derive additional polynomials. All these
polynomials can be used to utilize the so-called Whitham equations. With the help of
these Whitham equations we will see that the level sets of the mapping to the period
lattice form one-dimensional submanifolds. In the end we will begin to connect our

results to the Willmore energy and point to possible future research.
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1 Introduction

In the twentieth century geometry developed rapidly. Among the aspiring geometers was
Heinz Hopf, who simultaneously to developing algebraic topology theory also conjectured
the following;:

If ¥ is an immersion of an oriented, closed hypersurface of constant mean curvature
H #0 in R" then ¥ is the (n—1)-sphere.

This conjecture proves to be true with some additional constraints. This short survey
is based on a survey Bobenko did in [Bob91|. Alexandrov [Ale62] proved that it holds
if ¥ is an embedded surface not only an immersion. Hopf himself showed a proof for a
simple connected surface [Hop03|. However, in 1986 Wente published a counterexample

in the general case stated above [Wen86]. He introduced the so-called Wente torus 1.1

Figure 1.1: Wente  torus visualization from TU  Berlin:http://page.math.tu-
berlin.de/ knoeppel /cmctorivr.html

This torus gave rise to more general tori of constant mean curvature, which have then

been extensively studied but still yield further research potential. The family of these


http://page.math.tu-berlin.de/~knoeppel/cmctorivr.html
http://page.math.tu-berlin.de/~knoeppel/cmctorivr.html

tori has been classified by Pinkall and Sterling in [PS89]. All these tori have the following

Gauf-Codazzi equation

Au + 2sinh(2u) = 0. (1.1)

Equation (1.1) is known as the sinh-Gordon equation. It can be examined within the the-
ory of integrable systems. The study of solutions touches several areas within complex
analysis and algebraic geometry. We will look at solutions of said equation parametrized
through coefficients of related polynomials. A side goal of this thesis is also to give
future students of Prof. Schmidt in Mannheim an introduction to the field. Therefore,

it touches several introductory subjects. In order to do this, it is structured as follows.

In chapter two we will see the geometric origin of the sinh-Gordon equation as well
as the origin of the frames that give rise to methods currently used. Those frames ini-
tially use 3 x 3 matrices. But with the so-called loop group method it is possible to

transform them into 2 x 2 matrices which will be used directly in this thesis.

Chapter three gives an overview about the relevant areas of Riemann surfaces such
as hyperelliptic Riemann surfaces or the canonical homology basis and connects it to al-
gebraic curves. Furthermore, we visit some standard submanifold theory which is useful

since our main goal is to prove that certain sets are submanifolds.

With chapter four we will start explicitly working with the spectral curves of the sinh-
Gordon equation. In the first part of this chapter we see what the period lattice are
and introduces several important spaces of polynomials. Those polynomials are mainly
characterized by their roots. We will exclusively treat the case in which the polynomials
have degree four. In the second part we will prove a first result. That is that the level
sets of a mapping that connects the mentioned polynomials to their period lattices are

one-dimensional submanifolds if the polynomials have four distinct roots.

The fifth chapter deals with a problem related to special polynomials that provide us
with a singularity. This singularity occurs when the polynomials have a double root. In
this chapter we tried two equivalent approaches because the first approach turned out
to be very complex. The second approach is somewhat similar to the approach used in
chapter four. Through several steps we were able to deduct new conditions and there-
fore, also prove that the level sets also form one-dimensional submanifolds in the case
in which the polynomials have at least one double root. In other words we were able to

get rid of the singularity.




Chapter 1. Introduction

In chapter siz we see what happens if we intersect with another important set of poly-
nomials. Due to a time constraint the step could not fully be finished. However, we

were able to obtain a new result that can be connected to the Willmore energy.

Chapter seven summarizes the work done in this thesis and draws a conclusion.







2 Ditfferential geometric origin of

the sinh-Gordon equation

My interest in differential geometry was sparked by my bachelor’s thesis, which intro-
duced me to constant mean curvature tori. I had not thought about curvature before
and was fascinated with the idea. Even though, the topics of this thesis will be further
away from the differential geometric origin, I felt the need to go through the derivations
once. This will motivate the sinh-Gordon equation as well as the Lax-pair, which is
heavily used in the theory of integrable systems due to the inverse scattering transform.
Vania Neugebauer investigated this differential geometric origin in her diploma thesis
[NeuO8| in a similar way. Therefore, this chapter partly draws from her thesis and partly

draws from [Bob91]. However, both used the following form
a=Udz+Vdz (2.1)

but we need
a=Udx + Vdy. (2.2)

Therefore, the calculations become a little longer.

2.1 The sinh-Gordon equation

Let S c R3 be a smooth surface and U U; a suitable covering of S such that f; : U; — R?
forms a chart on S and holds a smooth structure. Hence, S is a 2-manifold. The
Euclidean 3-space surrounding S induces the Euclidean metric < -,- > on S. The identi-
fication
R? - C
(z,y) >z +iy

gives rise to an important link to Riemann surfaces. This link enables us to choose
coordinates in a way that there exists another family of charts such that they generate

a complex structure to which ¢ is conformal. Now let f denote the corresponding
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immersion of S, i.e.

f:S R

With this we can now calculate the fundamental forms. For the first fundamental form

we have
9ij =< [i, [; >

Since g is conformal f, and f, are orthogonal. This leads to

Gy = 0= Gyz -

Furthermore, we set g, =< f., f» >= 4e?*. Thus, we arrive at

for the first fundamental form. We will use the following common partial derivative

operators

and

This gives us the following expressions

1 . 1 .
< fzaf? >=< §(fx _ny)a i(fx +ny) >
1 1 1.1 1 1 1 1
=< §fa¢7 §f:v >+ < —§ny7 §fz >+ < §fz7z§fy >+ < —ngyﬂafy >

1 1
=Z<f:v7fx>+z<fy7fy>

=2¢%

Y

< fzvfz >=< %(fx _ify)a %(fm _ify) >

1 1 1 1 1 1 1 1

=<Sfogle>+<—gifyla >+ <Sfoigfy >+ <—isfy, i fy >
=0

and

1 , 1 .
< fz fz>=< 5(fm+2fy)a§(fx+zfy) >
1 1 1 1 1 1 1 1
=< §fza §fw >+ < Eifya §f:c >+< §fa272§fy >+< Z§fy7Z§fy >
=0.
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Let N now denote the unit normal to f, and f,. Then < f,,N >=0 =< f,, N > and
< N, N >=1 holds. This gives the first fundamental form

I = 4e* Lo .
01

Now we want to calculate the second fundamental form. It is given through

7= <N, foz> <N, foy>
\<N fu> <N, fy,>]

We set < f.,, N >=Q and < f.z, N >= 2He?". It holds

o _Ho 9y 9 _,0 .90
0z 2\0x Oy or 0z Oy
and
o _Ho 0) 9 _,0 0
0z 2\0x Oy or 0z Oy
This yields
9 _,(2_9
dy \oz 0z
and therefore
9_90,9
oxr 0z 07

Hence, the second partial derivatives become

o2 _a1(a .a)

922 0922\00 oy
Y A
200z 02z Oyoz

A(oifo ;0\ ,01(0 .0
2\0z2\0z oy oy2\o0xr 0Oy

102 1. 0% 10°

T 4022 2Z8x8y - Za_yQ’

likewise one gets

0% 10

0> 107 107
0xdy 4 0y?

1.
o7 102"
and

o 10 +132
0207 4022 40y




2.1. The sinh-Gordon equation

Solving this system of equations yields
0% 0? 0? 0?
= 2
022~ 922 “0.07 0
0? 0? 0? 0?
2

aE - 02 o 02
and
0? [ 0%  0?
dxdy Z(@ - ﬁ)

Thus, we calculate
< fawy N>=< fooy, N> 42< for, N>+ < foz, N >= Q + 4He™ + Q,
<fupy N>= =< for, N>42< foo, N > = < for, N>= -Q + 4He* - Q

and
< foyy N>=i < foo, N> =i < for, N >=iQ - iQ.

Hence, we obtain

iQ-iQ ~Q+4He? - Q

Now we can compute the mean curvature H.

L, Q+4He +Q iQ-iQ _ 8He2
s\ iQ-iQ  —Q+4Hem-Qf "

Thus, the mean curvature H is equal to the term H used in the second fundamental

H:(Q+4]:162“+@ iQ—-iQ )

1
H = Str(I'T) =

form. This fact will be of great importance in the next calculations. We can now proceed
and construct the Lax pair U and V' and the frame F', which is the fundamental solution

to the following ODE for the immersion f.
F.=UF, Fx=VF, with F = (f., fz, N)*, where

2u, 0 Q 0 0 2He?
U=| 0 0 2He2u |, V = 0 2us  Q
-H _% —QuQ 0 _% —2u@ -H 0

The fundamental theorem of surface theory states that such an immersion f with the cor-
responding first and second fundamental form exists exactly when the Gaufs-Mainardi-
Codazzi equations are satisfied. Due to Bonnet’s theorem the first and second fundamen-
tal form determine a surface in R? uniquely up to a rigid motion. The Gaufs-Mainardi-

Codazzi equations become
duyz + 4H?e™ - QQe 2 =0
Q= =2Hz62u
Q. =2H=e™.
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Now we can finally come back to constant mean curvature tori in which we were initially
interested. We can without loss of generality set H = % Since H is now constant () must
be holomorphic. We choose @ = ¢*¥ where ¢ € R is constant. Inserting these assumptions

into the Gauk-Mainardi-Codazzi equations we obtain

Az + e —e 2=
< duz +2sinh(2u) =0
1 1 .
<4 7 o + 1 +2sinh(2u) =0
S Ugy + Uyy + 2sinh(2u) =0

< Au +2sinh(2u) =0

Therefore, the sinh-Gordon equation is simply a transformed version of the Gauf-

Mainardi-Codazzi equation.

2.2 Loop group methods for 2 x 2 matrices

We will now look again at the Lax pair. It is possible to transform the 3 x 3 frame
into a 2 x 2 frame, which is heavily used in the theory developed around CMC tori and
especially in this thesis. This Lax pair of 3 x 3 matrices can be transformed into 2 x 2
matrices. This procedure is described in [FKRO06]. First, we need to define the Pauli

0 1 0 —i 1 0
o1 = ,o0=| and o3 = .
10 i 0 0 -1

All fulfill the equality o7 = 1. Then,

matrices

{I]_, —ial, —7:0'2, —i03}

forms a basis. It is now possible to identify R? with SU, through these matrices with
i . ? . 1 —i [ —x3 T+
—X1=01 + Lo—09 + T3—03 = — .
IR R R DT PE N
We now set F'= F(x,y,\) € SUy. That is the matrix such that

Fe, = F—2k

Vke{1,2,3}.

In other words we obtain

—igl _ —iOQ _ —7:03 _
Floe=F Flandes;=F F1

61=F




2.2. Loop group methods for 2 x 2 matrices

We denote e3 = N. Now looking at e; and ey we obtain

¢ —ﬁ—ﬁzﬁp(o 1)F-1 (2.3)

YA 2er 27 1 o
and
i fo -i 0 -1
ey o v Zip (0 T e Lp . (2.4)
Syl 2ev 27 \i 0 2.\l 0
(2.3) and (2.4) then yield
0 1
= —ie"F F! 2.5
fo = -ie (1 0) (2.5)
and
0 -1
=e'F FL 2.6
fy=e (1 O) (2.6)
We define
- Un U - R,
U1 Uz
and

V: ‘/11 ‘/12 = F_le.
Var Vg

Therefore, we get FU = F, and U™'F~! = F;1 as well as FV = F, and V1F~1 = F/L.

Now we calculate

w 0 1\ 0 1)
foy = uyfz—te Fy(l 0)F1+F(1 O)Fyl)

01 01
= uyf,—ie"| FV Fl4+F Vgt
10 10

= uyfo—ier( [V ) s p T I Fl)
Voo Vi Vaa Vi

= uyfy—ie"| F Vie=Var 2V F‘l)
2Va Vo = Vg

and

10
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0 -1 0 -1
o ou el F Fly R Pl
Ty Uyfe e (1 o) (1 0) ‘”)

-1 -1
= u,f,+e"|FU ; ol Ultpt
1 0 1 0

Y A ol Rl DS o Lt F-l)
UQQ —U21 U22 _U12

Uiz +Usy -2Un )F‘l)

= Uyf,+e"| F
! ( 2Uz —Uz = Urp

Due to Schwarz’s theorem f;, = f,, holds since f is smooth. Using the corresponding

expressions calculated above we obtain

Uz + Uy +i(Vig = Vi) —2U11 +2iVn )F‘l). (2.7)

U fm_uxf :eu(F . .
Y Y ( 22Uy + 21V Uy —U12+Z(V21—V12)

We can further compute the left-hand side of (2.7) with

0
Uy fo = —ie“F( uy) Ft

u, 0
and

0 —Ug
uxfyze“F( U)Fl.

u, 0

Thus, (2.7) yields the following four conditions on the coefficients of U and V:
L Upp+ U +i(Vig—V21) =0
2. 22U1 + 21V = uy — iy
3. 2Ua + 21Vag = —uy — 1,

4. Uy - Uy +i(‘/21 - V12) =0

11
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Looking at f,, will yield further conditions. We already know that
fa:a: = féf + 2fz2 + fzz
= QN +2usfs +4He**N + QN +2u. f.
_ 1 1
= QN+§wfm%Xﬁ+UD+MR%N+QN+§wf%%Xﬁ—UD

~ 1 1 1 1
= (Q+4He* + Q)N + iuxfz + §iuxfy + Ez'uyfm - §uyfy
1 1. 1, 1
+§u:cfz - élumfy - éluyf:c - §uyfy

= (Q+4He™ + Q)N +uyfr —uyf,.

At the same time we can also compute f,, from f,. This yields

et (] ) () )
Uy fo + (ie“)(FU ((1) (1)) Fl'+F ((1) (1)) U‘lF‘l)

umfm—ie“(F Uz = Uy 201 F‘l).
2Us U1 = Uiz

Jaa

Equating both expressions for f,, therefore yields

F U12 - U21 2U11 F_l _F —Qe‘“ - Qe‘“ —4He" B iuy F_l
205 U1 = Urz Uy Qe "+ Qe v +4Hev

This gives us

Uy =

and Ujpg —Us = Qe ™ — Qe ™ —4He".

U
Upp = —2, Uy =
11 2 ) 22 2

The same reasoning for f,, yields

fyy = _f22+2fz2_fzz
= —QN —2usfs +4He**N - QN - 2u, f,

=—QN—%mym%Xﬁ+Uw+Mth—QN—%Wyﬁ%Xﬁ—Uw

_ 1 1. 1. 1
= (-Q+4He* - Q)N - iuxfx - izuxfy - §zuyfgC + §uyfy

1 1. 1. 1
—§urfr + §zumfy + §zuyfx + iuyfy

= (—Q +4H€2u - Q)N _umfm +uyfy'

12
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Computing f,, from f, yields

A fo 1) 0 -1\
fow = uyfy+e Fy(1 ())1171+F(1 O)Fyl)
0 -1 0 -1
uyfy+e'| FV Fl+F Voipt
1 0 1 0

= uyfy+e'| F Vie + Van —2Vu F‘l).
2Vay Vo1 =V

Equating both expressions gives us

I Vig+ Vo =2V log (-Qe - Qe " +4He")i Uy
2V Vo1 = Vio ) iUy (Qe ™+ Qe —4He")i

This gives us

—1Uy Uy

Vii = , Voo = 5 and Vig + Vo = (-Qe™ - Qe ™ + 4He")i.

Now, we can further calculate f,, with Uj; = wTy and Uy, = 72'2“ Y

et ) )

—iy + Uy —Us — Usa
We also know
Joo = ife—if
= QN +2iu, f, —iQN - 2ius f;
= (iQ —iQ)N +uyfy +uyfs
o (—i(z’Q —iQ) —uge" - iuye“) 1

uzet —iuyet  i(iQ —iQ)
Therefore, we obtain e*(Uyg + Usy) = —=i(iQ - iQ). This yields
Uz = (Q - Q)e™ = Us.
Together with Uy — Usy = Qe % — Qe — 4He* we obtain
Uy =Qe™ +2He"

and

U12 = —Qe‘“ - 2He".

13
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Now, recall
Uiz + Ua1 +i(Viz = Va1) =0, (2.8)
and
Vig+ Va1 = (-Qe™ = Qe™ + 4He")i < Vig=(-Qe™ - Qe ™™ +4He")i — V.

Those yield
Vor = —iQe™ + 2iHe"

and
Vig = —iQe " + 2iHe".

U = Un Ui WTy ~Qe " —2He"
- U21 U22 - Q€7u+2H€u _i;y

V= Vit Vi) e ~iQe ™" + 2iHe
\var Vao)  \-iQev 4 2iHen g '

Thus, we obtain

and

2
For CMC tori we choose again H = % and also @@ = X € S'. We also define v = e“.
Furthermore, we define u, = —a and u; = —a. This gives us

=0  —Uy+Us  —Up + 10Uy + Uy +1Uy LUy

_ _ 2.9
2 2 2 2’ 29
a—o _ —Uz + U, _ _ufﬁ_iuy-'-ux_iuy — —iuy (2 10)
5 T 2 2 2 '
B e T L (2.11)
2 2 2 2
and _ ; ; 1
— — - — £E+ - x x
_Ara T T T Ty Tl Ty e (2.12)
2 2 2 2

Therefore, we obtain
U= U U _ a%& Ayl -y
U Uz Aty e

ATy e

and

These matrices will be essential in the remainder of this thesis since they form an exis-

tential part of the Lax equations:

5=lU©O] F=1GV©)
where [-,-] is the Lie bracket. We will now look at some basic theory before we continue

our work on CMC tori in chapter 4.

14



3 Theoretic background for
Riemann surfaces and integrable

systems

In order to use the appropriate tools to examine the sinh-Gordon equation we need to
introduce some theory regarding Riemann surfaces and their connection to integrable
systems. Riemann surfaces are complex one-dimensional manifolds. We assume basic
knowledge of real and complex manifold theory and will not go into detail about charts,
complex structures etc., we will rather focus on the precise definitions, methods and
concepts relevant for the study of CMC tori. The reader can be referred to the lecture
series in complex analysis of Sebastian Klein [Kle20] which thoroughly introduces Rie-
mann surfaces and then builds the theory around them or to the standard literature
[For12| or [BF09]. A nice overview of the homology theory of Riemann surfaces can yet

again be found in a survey done by Bobenko [Bob11].

3.1 Algebraic curves and Riemann surfaces

As it turns out we are going to work with so-called hyperelliptic Riemann surfaces.

Definition 3.1 (Hyperelliptic Riemann surface). A hyperelliptic Riemann surface is a
Riemann surface X on which a meromorphic function f with exactly two poles exists

(counted by multiplicity).

Of special interest are compact Riemann surfaces because they bear a very nice con-

nection to algebraic curves.
Theorem 3.2. Any compact Riemann surface can be described as an algebraic curve.

The proof of theorem 3.2 is non trivial. It can be shown that any Riemann surface
can be embedded in a suitable complex projective space. CMC tori will lead to Riemann
surfaces that can be derived from algebraic curves. Therefore, it is useful to shortly visit

some facts of algebraic curves.

15



3.1. Algebraic curves and Riemann surfaces

Definition 3.3 (Algebraic curve). An algebraic curve C is a so-called one-dimensional

algebraic variety, i.e. it is defined as
C={(\n) e C*IP(\, p) = 0},

where P is an irreducible polynomial. An algebraic curve C' is called non-singular if the

gradient of the polynomial does not vanish.
The study of CMC tori leads to hyperelliptic curves.

Definition 3.4 (Hyperelliptic curve). A curve that arises from the following equation

= I]_VI(A =)

j=1
for N >3 is called hyperelliptic curve.

A hyperelliptic curve is therefore exactly non-singular if all the \; are unique (other-
N

wise the gradient of [T(A-\;)-pu? would vanish at the (at least) double root). Depending
j=1

on the genus of the surface g it either has one puncture or two, i.e. for N = 2g + 1 there
is one puncture P - o0 < A — oo and for N = 2g + 2 there are two punctures oo*
described through P — co* < £ — +1, A - oo. Furthermore, it is advantageous to
work with compact Riemann surfaces. Therefore, it is common to construct so-called
compactifications denoted by €. In the cases above we obtain C' = C'U {oo} for odd N
and C' = C'u {oco*} for even N. Algebraic curves can be understood as coverings of C
with the standard projection
C—-C
(A, ) = A
CMC tori will lead to a situation where we have an equation of the form 2 = Aa(\),
where a is a special polynomial. As the title of this thesis already suggests we are going
to treat the case of spectral genus two. This means that a is of degree four or in other

words 2¢g. Thus, we can define a Riemann surface of genus 2

¥* = {(\,v) e C~ {0} x C]p? = Aa(\)}.

In the case that a has four distinct roots we obtain a smooth Riemann surface. Otherwise
there are singularities at these roots. X* is not compact. Therefore, those Riemann
surfaces will depend on the roots of a and be central to the observations in the following
chapters. We can compactify them through adding 0 and co. Then we obtain a compact
Riemann surface 3.

16



Chapter 3. Theoretic background for Riemann surfaces and integrable systems

3.2 Homology of Riemann surfaces

Now, it is also useful to revisit some facts about the topology of Riemann surfaces

because we want to consider homotopy and homology on Riemann surfaces.

Theorem 3.5. Any compact Riemann surface X is homeomorphic to a sphere with
handles. The number g of handles (i.e. holes of the surface as a real 2-dimensional

manifold) is called genus of X.

Therefore, two compact Riemann surfaces with different genus cannot be homeomor-
phic. The fundamental group 7;(X) of a Riemann surface is generated by cycles v;
going around the holes of the surface.

To introduce the first homology group of a Riemann surface. We need to establish the
common homology theory, i.e. the chain groups Cy, C; and Cs, the boundary operator
Ok that acts as connecting homeomorphism (i.e. Jy : Cy - Cj_; and the two subgroups
Zy = ker 0, and By = im0,,1. Hereby, Cy consists of a sum of points, (' consists of a
sum of oriented curves and C5 consists of a sum of oriented domains. The first homology
group H; is then defined as H; = Z;/B;. We are interested in the first homology of a
Riemann surface since we want to define a basis of this group later on. In fact, the
fundamental group taken modulo the commutator group gives the first homology group.
Thus, both are strongly related. In order to define a canonical basis of the first homology

group we need to introduce intersection numbers.

Definition 3.6 (Intersection numbers). Let v, and vo be two smooth cycles (i.e. el-
ements of Z1) that transversely intersect in finitely many points Py, ..., P,. Then we
define (71 072)p, = 1. The sign depends on the orientation of v1 and . The total

intersection number of both cycles is then defined as

Z (’71 o ’72)P-

Pevyinmye

Now we can define the canonical homology basis.

Definition 3.7 (Canonical homology basis). Let Ay, By,... A,, B, be a homology basis

of a compact Riemann surface of genus g with intersection number
AkOBlz(Skl andAkOAZZBkOBZZO.
Then the basis is called a canonical homology basis.

A canonical basis for a hyperelliptic Riemann surface of genus 2 looks like 3.1.

17



3.3. Line bundles

by

SISCD A

Figure 3.1: Canoncial basis of a Riemann surface of genus 2

Once an homology basis is obtained it is possible to determine the period of differen-

tials. This means the following.

Definition 3.8 (Period of differentials). Let X be a Riemann surface and (7;)ir a
homology basis. Then the period of a closed differential w is defined as

Ai:fw.
i

3.3 Line bundles

Another important concept in the study of geometry are line bundles. They can be used
to connect integrable systems and Riemann surfaces. We will introduce the concept

through the following example.

Example 3.9. Let the base space be X = S' (See Figure 3.2).

Figure 3.2: Base space

If we attach an orthogonal line F,, to S at xy (see Figure 3.3) we get:

18



Chapter 3. Theoretic background for Riemann surfaces and integrable systems

F,,

[
I’O@

Figure 3.3: Base space with single fiber

The intersection with the line F,, and S* is a single point xo. All the points on F,,

can be projected to xo. We will denote the projection by m (see Figure 3.4).

Ty
s

LS

Figure 3.4: Illustration of projection

This sketch motivates m=(xzg) = Fy,, which is called a fiber at xy. Since we can

construct this for all points x on S* E = S' x F, we get a cylinder (see Figure 3.5).
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3.3. Line bundles

Figure 3.5: Visualization of fiber bundle

Thus, we have seen an example for a trivial fibration (E, S, 7).
Since all the fibers are linear spaces they carry a vector space structure. Hence, the
bundle is a so-called vector bundle. The vector spaces have dimension one. Therefore,

the vector bundle is called line bundle.

We can extend this example to the complex space to motivate the definition of complex

line bundles.

Definition 3.10 (Complex line bundle). Let X be a Riemann surface, E be a topological
space and m: X - E a continuous mapping. Furthermore, for any x € X the fiber F =
E, =7"1({z}) is a complex one-dimensional vector space. Then m: E - X (sometimes
only denoted as E) is called a (complex) line bundle over X if for any x € X there is an
open neighborhood U and an homeomorphism h : Ey = n=Y(U) - U x C such that the

following diagram commutes

s UxC

_1(U) h
S o

and for any x € U is the mapping prc o h|g, : E, = C a vector space isomorphism.
E is called the total space of the fibration.

X is called the base space of the fibration.

F=FE,=nY{x}) is called the fiber over x € X.

The sets {(Us,, hu,,)} are called local trivialization of the bundle.

™
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Chapter 3. Theoretic background for Riemann surfaces and integrable systems

Definition 3.11 (Equivalent fibrations). Let E and E* be two fibrations over X with
projections ™ and 7*. Both fibrations are called equivalent if there exists a homomorphism

[+ E— E* with the commutative diagram:

E ! . B
X

Definition 3.12 (Trivial fibration). A locally trivial fibration (E, B,m; F') is called trivial
fibration if it is equivalent to (B x F, B, m; F).

Thus, we have seen a trivial fibration in the example above. Now, we are ready to

show a link to spectral theory of integrable systems as presented in Sebastian Klein’s
lecture [Kle20]. Let X =C* =C~ {0} and let

a(A) B
(A 6(N)

be a holomorphic function. The eigenvalues of M () can be obtained through

det(M(A) = pl) =0 < (a(A) = p)(6(A) = 1) =7(A)B(A) = 0.

This is equivalent to

M(N) = ( ) . X > SL(2,C)

2= (aN)+6(A\)pu+1=0 < p>—tr(M\)p=-1.
N —
tr(M(N)

We define v := p - 5tr(M (X)) and obtain
V2= 12— tr(M(\)) J&tr(M()\))? _ itr(M(A))Q 1

[ ——
-1

Now we define a()) = 3tr(M(X))? - 1. Therefore, we obtain an algebraic curve that

gives us the following complex variety
Y ={(\v)eC* xClv?*=a()\)}. (3.1)

If we add points for A = 0 and A\ = co we obtain a compact hyperelliptic Riemann surface.
If a(\) only has distinct roots we obtain the so-called spectral curve corresponding to
M()\). Now,
1
T E = (W) 0) = (Av) mit E= U {(A )} xker(M(A) = (v + 5tr(M(A)))
(A’l/)

forms a holomorphic line bundle on ¥ and is called the eigenbundle corresponding to
M(N).
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3.4. Submanifold theory

3.4 Submanifold theory

Now, we will review some standard theory concerning submanifolds. It is not really
necessary to present the following theorems here, but since I used them in my Bachelor’s
and my Master’s thesis it might be handy for future students to have a short survey at

hand when working on their thesis.

Definition 3.13 (Rank). Let F': X - Y be a smooth map between a manifold X of
dimension n and a manifold Y of dimension m. Then consider F = go F o f~, which
is a smooth map F : R* - R™. Then we define the rank of F at = as the rank of the

derivative

DF :R" - R™
f(@)

of I at f(x).

Definition 3.14 (Regular point and value). Let F': X - Y be a smooth function between
two manifolds X of dimension n and Y of dimension m. We say that a point v € X
is a reqular point of F if the rank of F at x is equal to m. If x is not a reqular point
it is called critical point. We say that a point y € Y is a reqular value if every point
x e F-'({y}) is a reqular point. If y is not a reqular value then it is called a critical

value.

Proposition 3.15. Let F': X - Y be a smooth function between two manifolds X of
dimension n and Y of dimension m. Let y €Y be a reqular value of F'. Then the level

set
Z,=F'(y)eX

is a submanifold of X of codimension m.

Proof. Let x € Z, and (U,¢) be a chart containing z. Now, let (V%) be a chart

containing the image F'(U). Naturally consider the composition

F:¢0F0@_1: U - V .
—— ——
cRn cR™
This gives us

FN () = o(F ' (y) nU) = p(Z,n V).

We know that y is a regular value of F'. Hence, = is a regular point of F. This gives
us that ¢(x) is a regular point of F. Since F is a smooth map between R and R™ we

can apply the implicit function theorem and get that there is a chart (W, &) on R™ such
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Chapter 3. Theoretic background for Riemann surfaces and integrable systems

that p(z) e W c U and &(F-1(¢(y))) = R™ nW. Thus, the chart (o=1(W),£0¢) on
X can be used on Z, to show that Z, satisfies the submanifold condition at z. Since we

chose an arbitrary = € Z, we get that Z, is a submanifold of codimension m. O

Definition 3.16 (Immersion). A smooth function F': X - Y is called an immersion if

the rank of F' at any point x € X is equal to the dimension of X (i.e. dF is injective).

We can apply the theory above also for C instead of R either if we see C as isomorphic
to R? or if we are interested in the complex structure carried by a complex manifold

through using holomorphic functions and charts.
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4 Period lattices of CMC tori

4.1 Spectral curves of CMC tori

Solutions of the sinh-Gordon equation u : R? - R are parametrized by flow like actions
on the space of so-called Potentials, which in this case are matrix-valued polynomials.
Their degree gives rise to the so-called spectral genus. This thesis focuses exclusively on

the spectral genus two case. The corresponding space of Potentials is defined as below.

Definition 4.1 (Set of Potentials of spectral genus two).

_ a2 a1 )2
7721={C=( aX — a\ v+ BA VA)Q,BEC,WEHV}

AN = A2 +471)3 —a\ + a\?

The orbit of the aforementioned flow like actions are formed by so-called Polynomial
Killing fields. Those are solutions of the Lax equations which we have already seen in

chapter 2.2 along with the origin of the matrices U and V.

Definition 4.2 (Polynomial Killing fields). Polynomial Killing fields are maps (x,y) —
((z,y) that solve the Lax equations

X=[CUE]  E=1¢V(Q]

where [-,-] is the Lie bracket,

U() = ( S '”)
and

ata —~m) -1
V(O = ( 2—1/\ ! a+a+7)'
tialtl -5

The solution of
Au+2sinh(2u) =0

is then given through u(x,y) = In(y(z,y)). The determinant of the ¢ leads to so-called

spectral curves.
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4.1. Spectral curves of CMC tori

Definition 4.3 (Spectral curves). The smooth algebraic curve X that is described through
v? =det(¢) = Aa())

is called spectral curve. The degree of the polynomial a divided by two gives the spectral

genus (in this case two).

Since a is a polynomial of degree 2g = 4 the spectral curve has degree 2g + 1 =5 and
therefore, forms a hyperelliptic Riemann surface. The definition above leads to complex
polynomials of degree four such that a € C4[A].

AN = A2 4 471)3 —a\ + a\?

=(aX —a ) (—aX +ad?) — (YA = BAZ+ 7 IA3) (=L + BA - 7A?)

= — 222+ 2000% - @A+ I = BAZ + 2A% - By IAZ + BBNS - Byat 4 4TINS
AN N

A1+ (=07 = By =71 B) N+ Qaa+ BB+ + ) N+ (= =B - By +1)

~-

A—ad? g BA— A2
det(()zdet( ara L 7)

o =tag =a

=AM+ a N +a)? +a )\ + 1)

=:a(N)
=Xa(N)

These polynomials fulfill a so-called reality condition i.e. a(\) = AMa(A1). We will often
encounter polynomials of different degree satisfying the corresponding reality condition.
Therefore, it is useful to define the space of polynomials of degree n satisfying the reality

condition.

Definition 4.4. The space of polynomials f of degree n satisfying the reality condition
f) = A" f(A1) is denoted by Pg.

Since a is a complex polynomial of degree four it has exactly four roots in C. The

space of these polynomials can be defined as

My = {a e C*[\]] Aa(N) = det(¢) for a ¢ € Py}.

Since only polynomials a with four distinct roots yield smooth curves it is necessary to

structure the solutions mentioned above. We will divide M, into the following subspaces

M = {a € My| a has four pairwise distinct simple roots absent S'},
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M3 := {a € My| a has one double root on S! and two simple roots absent S'},
M3 = {a € My| a has two distinct double roots on S},

M3 = {a € My| a has a fourth-order root on S'}

M3 :={a € My| a as two distinct double roots absent S'}.

Then,
My = MYy M2u M3 MjuM;

holds where v denotes the disjoint union.
In [KHS17| related isospectral sets and lattices are examined. Both will be used in

this thesis. Therefore, it is necessary to closely examine the theory developed.
Definition 4.5 (Isospectral set). The level sets of these polynomials a

I(a) = {C e Pl det ¢ = Aa(\)}
are going to be called isospectral sets.

The Lax equations induce actions of R? on the set of potentials Ps.

732 g Pz
¢ = o(z,y)C,

with ¢ : (z,y) e R? » ¢(x,y).

Definition 4.6 (Isomorphic lattices). Two lattices I',T" ¢ C are called isomorphic if

they originate from one another through a rotation-dilation.

It is proven in [BF09], that each lattice I' in C is isomorphic to I'; := Z + Z7 up to a

rotation-dilation with

TE{TE(C

1
3() >0, 1) < 5 Il 2 1)

Definition 4.7. Let F denote the space of such T with the quotient topology of the subset
of C divided by the relation ~.
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4.1. Spectral curves of CMC tori

This gives the following picture of F

- Rz

Figure 4.1: Initial set of 7

Let a e M. Then ', = {x +iy e C|[V( € I(a) : ¢(x,y)(¢) = ¢} is a lattice and hence
there are complex numbers w; and wsy such that 'y 2 w;C + wy,C and w; and w, have
minimal length. Then I', is isomorphic to I';, = Z + 7,Z where 7, is a complex number
in F. Thus, we can construct the following mapping

T:Mj—~F
a - Ty,
such that I', is isomorphic to I';,. In order to understand how this mapping works we

need to closely examine the frame F' and the corresponding monodromy M,,. The frame

is the fundamental solution of the ODE system
SE=FU), SE=FV(), F(0,0)=1d,

where ( is a polynomial Killing field with initial potential (y € Py. The existence of this
fundamental solution F' is granted by the Picard-Lindel6f theorem. Now we can define
the monodromies

M, = F(w).

in [Hoel5] it is shown that the monodromy commutes with {, and maps eigenspaces of
(o into themselves. For (o € I(a) and a € M2 the one-dimensional eigenspaces of (o can

be parametrized as the smooth Riemann surface
Y= {(\,v) € (C/{0} x C)| det(v1 -¢,) = v+ Aa()\) =0}.
The reality condition of a gives an involution p through

p:(\v) — (A1 =A730).
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Chapter 4. Period lattices of CMC tori

Another involution o is given by

o:(A\v)— (A -v).

In [KHS17] it is shown that the monodromies M, act on the one-dimensional eigenspaces
of (p like multiplication with its eigenvalues p,,, which maps >* to C \ {0}. Taking the
logarithmic derivative of p,, gives us a meromorphic differential of second kind with poles
at A =0 and \ = co. [KHS17| showed that it has the following form

by ()

14

bu(A)

Oy, =dIn(pu,) = dln\ = =——=
v

d\ with be P3. (4.1)

Since a € M3 there are four distinct roots «; for ¢ = 1,...,4 of a. Due to the reality
condition of a the roots are as follows a1, as = agt,as, ay = ag'. They are visualized in

the following.

Sl

oYy

N Rz

Figure 4.2: Roots of a € M}

We are interested in when such p,, exist, i.e. what conditions for b arise. We obtain
these conditions by looking at the periods of ©,. Hence, we are interested in the integrals
along the cycles that form a homology basis of the Riemann surface. Let ¥ denote
the compact Riemann surface of genus two that is a two-sheeted cover of the complex
projective line CP' branched at the four roots a; of a, at A =0 and A\ = co. A suitable
homology basis can be obtained in the following way. First of all we encircle oy, as
and g, ay since they can be obtained from another through the involution p. The
corresponding cycles will be called A; and Ay. Additionally, we will use the cycle B,
surrounding «; and 0 and B surrounding the roots aq, s and a3 and 0. This gives the

following image:
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Figure 4.3: Canonical homology basis of 3

Therefore, the chosen homology basis is the canonical basis of a hyperelliptic Riemann

surface of genus 2 described in 3.1. In [KHS17| the following existence lemma is shown.
Corollary 4.8. For all a e MjuM3uM3 and w € C there exists a unique b, € Py with

1. b,(0) =w and

2 [y 00 =0=[, O

It is easy to see that the involution p preserves the B-cycles (up to an addition of
A-cycles) since it only reverses the orientation and intersection numbers. This also gives
that [, By Oy, is purely imaginary for k£ = 1,2. Furthermore, if we impose p,, = 1 at the

roots of a we immediately get the following corollary from dln(u,) = Oy,.
Corollary 4.9. It holds [y 0y, =2miZ and [ Oy, = 2i7Z.

This shows that if ©,, has period 2miZ such a p,, exists. Therefore, we need to restrict

us to polynomials b, that have a period of the form 27iZ.

4.2 Level sets of M}

Our goal is to show that level sets of T' for any a € M3 are one-dimensional submanifolds.
In order to do this we first want to extend the map T to a map T that maps a triple

(a,b1,by), where by, by form a basis of

b(A)dA

B, = {b € P3| O := has purely imaginary periods}

as defined in [CS16]. In [KHS17| the following corollary is proved.
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Corollary 4.10. For a € M} the elements of Ty are the values of w = b,(0) of the
b, from (4.1) whose one-forms dlnp are the logarithmic derivative of a holomorphic

function p,, on 3* with
Y ={(\v) e (CN{0}) xC| det(v1-{) =4*+ Xa(\) =0}

Thus, we have to restrict B, to polynomials b that have period 27iZ and vanish along
the A cycles in order to get a lattice generated by b;(0) = wy and by(0) = wy. Therefore,
we have gathered the necessary conditions to implicitly describe how T works. That

is, once we obtained b; and by from a that build a basis of B, we simply calculate

_ b1(0)
Ta = b2(0) °

b; are transcendent functions only described through the conditions. Therefore, it is

Unfortunately, this implicit description is the only way to do this since the

impossible to calculate an explicit expression for 7. Thus, we can alter the mapping T’
to a mapping

/\/l% - B, xB, > F

a = (bl,bg) = Tq-
We may write it as
T:MixB,xB, = F
b1(0
1(0) =T,.

b2(0)

Now we want to calculate the rank of this map. Before we do this we want to closer

(6%51752) e

examine MJ. Since an element looks like a(A\) = A\* + a1 A% + a2 A2 + a; A + 1, where a; € C
and ay € R. We conclude that M3 is three-dimensional. The rank of a map F: U - V
at a point x € U is defined as the rank of its derivative dF' at x. Therefore, we need to
calculate the rank of dT": R3 - R2. Due to the rank-nullity theorem

rank(dT) = dim(R?) - dimker(dT') = 3 - dim ker(dT")

holds. The same holds true for 7' and we know that due to [CS16] the tangent space is
described through the triples (a, by, bg) Now we want to apply the Whitham deforma-
tions to the derivative of this mapping to describe its kernel as subspace of the tangent
space of (a,by,by). Let (a,by,by) denote the tangent vector at ¢ = 0 that preserves the
periods of O, and Op,, i.e. (a,b1,b) € T(ap, 5y 2, Where F2 is the frame bundle of B.

Since the meromorphic differential forms %‘tzo@bl and Oy, have vanishing periods

il
dt 1¢t=0
and no residues there exist meromorphic functions ¢; and ¢, on the Riemann surface X,

that satisfy
d
djr=—| ©
qk dt » by,
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for k£ =1,2. This gives

. 1 (A
Qk:—k( )
Y

with ¢, € P3 and v = \/Aa(\). Together with the equation above we get the Whitham
equation
0 ic(N) 0 br(N)
oN v Ot vA

t=0

Using product and chain rule we get the following expressions
(2Xac; — acy = Na'¢y)i = 2aby — aby (4.2)

and

(2hach, —acy — Aa'ce)i = 2aby — by, (4.3)

where a dot (e.g. a) denotes the derivative with respect to ¢, evaluated at ¢ = 0 and a

prime (e.g. a’) denotes the derivative with respect to A\. Now cg- (4.2) —¢;- (4.3) yields
2a(icical —ichei A + c1by — 0261) = a(c1by — caby).
An argumentation with the roots of a and a (see [Sch17]) in return yields
c1by — coby = Qa, (4.4)

where () € P;. The kernel of dT' consists exactly of the triples (d,bl, bg) that leave 7,

unchanged. Since 7, = bl(g; holds the condition for the triple to belong to ker(dT) is

Ba(
b1(0)
d( 52(0))

Due to product and chain rule we arrive at

=0.

t=0

by (0)b(0) = b1 (0)$a(0) _

0.
b>(0)?
Simplified we obtain the following condition
b1(0)b2(0) — b1 (0)b2(0) = 0. (4.5)

Before we make use of this new found condition in combination with the Whitham
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equations, it is useful to look at the form of the involved polynomials

a(N) = M+ara +a +1

bi(N) = by A3+ by A2 + by A + bsy
b(N) = b A3+ oy A2+ bog A + by
ba(N) = bgoA3 + bag A + by \ + b3y
ba(N) = by + Dby A? + lT)ggA + 832

)

>
—
I

1 031)\3 + 021)\2 + 621)\ + C31

Q

N7
1l

A C32)\3 + C22)\2 + 522)\ + C39

A) = Q2)\2 + A+ Qz-

2

Q

Therefore, (4.5) becomes

(
(
(
(
(
(

b31bss — b31bss = 0.
From (4.4) we obtain for A =0

C31b32 — C32b31 = Qo.

Setting A = 0 in the Whitham equations then give us equations for ¢3; and ¢3s.

(4.2) we obtain
Gy1i = 2bg1 — by
and from (4.3) we obtain
C32l = 21;32 — bss.
Substituting (4.8) and (4.9) in (4.7) gives
—i(2b31 — by )ba + (2 — bas)bsr = Qs

& —2ibgybsy + ibsy by + 2ibsybgy — ibsybsy = Qo

< -2 (531632 - 632631) = Qz
=0 dueIo (4.6)
hnd 0 = Qy.

(4.6)

(4.7)

From

(4.8)

(4.9)

This yields @5 = 0 as well. Therefore, () only consists of the middle term Q(\) = Q1.

Corollary 4.11. If by and by have a common root that is no root of a we can conclude

that Q1 =0 has to hold.

Proof. Let A\g be the common root of b; and by. It cannot be a root of the polynomial a

as well because then we would have \g € S'. Thus, the structure of ¢ immediately yields
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that a would have a double root at Ag. But this is a contradiction to a € M}. Hence,
the left-hand side of (4.4) will vanish at Ay and a will not. Therefore, the right-hand
side only vanishes if () vanishes at this root. Since ) = Q1A only vanishes when Q1 =0
we obtain () = 0. [

Now it remains to show that the solutions obtained from (4.2), (4.3) and (4.4) form a

one-dimensional set of solutions. There are two possible situations
1. b; and by have no common root

2. b; and by have a common root \g € S'.
Using ) = @1\ we obtain
Clbg - Cgbl = Ql)\(l.

If b; and by do not have common roots we can use (4.4) to get enough conditions for ¢;
and co. Let A1, Ao; and A3; be the roots of b; and let \j2, A\os and A3 be the roots of
by. Evaluating (4.4) at these roots yields the desired conditions. For the roots of b; we

obtain the following system of equations
L. 01(/\11)52()\11) = Ql/\na(/\n) Aad 01(>\11) = %‘Tﬁ)ﬂ)

2. 01(/\21)52()\21) = Q1>\21CL(>\21) <~ 01()\21) = %az(;\fl)

3. c1(As1)b2(As1) = @i Azia(As1) < ci(As1) = %a;;\f’l)

and for the roots of by we obtain

1. 02(/\12)51()\12) = Ql/\12a(/\12) <~ C2(>\12) = %al(:\)u)

2. 02(/\22)51()\22) = Ql)\22a(>\22) ~ 02()\22) = %ﬁt\fz)

3. c2(As2)b1(As2) = Qi Az2a(N32) < c2(A32) = %‘ﬁ\)&)

Therefore, we have enough expressions to evaluate (4.2) and (4.3) at Ajx. They have the

form

(ZAlka()\lk)c;C()\lk) - a(/\lk)ck()\lk) — )xlka’(/\lk)ck)i = 2a()\lk)bk()\lk) (410)

Thus, we can calculate i)l and 52. Since the roots of a are distinct and ¢ has no common
roots with b; and by, we also obtain enough conditions to calculate a. Let A\ for k=1,...4
denote the four distinct roots of a. Then at Ay (4.2) and (4.3) become

—)\a’()\k)cl()\k)z’ = —a()\k)bl()\k) (411)
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for I =1,2. All expressions for (c1,¢s,by,bs,a) depend on Q; € R. Therefore, we have a
one-dimensional solution set. If any of the b, have a multiple root the conditions alter.
Instead of inserting all roots into (4.4) we can differentiate it once or twice to obtain one

or two additional conditions. The first derivative reads
Cllbg + ClbIQ - C’2b1 - Cgbll = Qla + Q1>\al. (412)
Assuming A is a double root of b, we now obtain

+ C;c(/\lk)b?,—k()\lk) + Ck(/\lk)bg_k()\lk) = Qla(/\lk) + Ql)\lka'()\lk), (413)

where we have + for £ =1 and — for £ = 2. Thus, in case of a double root we again have
three equations. In case of a triple root we can differentiate (5.60) once more to obtain
another condition.
If by and b, have a common root we obtain () = 0 as explained in corollary 4.11. Therefore,
we get

c1by — coby =0, (4.14)

where b; and by have a common root A\g € S'. Therefore they have the following form
be(N) = Kie(A = Xo)bi(N),

where ZN)k(/\) is a polynomial of degree two that fulfills the reality condition and therefore
is of the form )
Ek()\) = ggk)\2 + Elk)\ + [;2]6"

We can calculate the factor r;, explicitly with by(\) = A3bi (A1)

k(O = X0)be(N) = B A(AL = N A2D(A1).

With b(X) = \2bx (A1) the following remains

/ik()\ - )\0) = Rk)\(EFI - )\0)
= —ReAg (A= Ao).
This gives us
2
Y ) (4.15)

=1 .
Mo VAo

Since we also have a scaling factor included in the coefficients of by, we can without loss

of generality set |rx| = 1. If we plug in the remaining two roots of b; (i.e. the two roots of

by) in (4.14) we know that by does not vanish at these A\. Hence, ¢; has to have the same
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roots as by. Therefore, ¢, is a linear combination of b; and of 5 bl

L1kew1se looking at

the roots of by gives us that ¢y is a linear combination of by and 0

polynomials ¢, have the following form

be(\)
A= Xo

ck(N) = wibk(N) + wo , for ke {1,2} with wy,w, € C.

Thus, the solution set a priori appears to be four-dimensional. But the reality condition
and the form the polynomial a has eliminates dimensions through (4.2) and (4.3).

We require ¢ to fulfill the reality condition. That is
Ck(/\) = Agck(;\_l).

Hence, we can calculate the w,, further.

The second term of the linear combination becomes

br(\)

)\0 ~ )\ = /ik(ggk)\2 + Elk)\ + Z;Qk)

Therefore, c;(\) = A3¢, (A1) becomes
w1ﬁ(52k>\3 + A2(byg = bogAo) + A(bak — bigho) — barXo) + wgﬁ(g%)@ + b\ + bop,)

= \/_;;_O(BQIC + )\(Z)lk - BQ]CS\O) + )\2(l~)gk - Blk):o) - ngj\o)\g) + Wo \/_;—O(Z;Qk/\ + i)lk)\Q + ng/\?’)

This yields the following system of equations
1. 'wlﬁgzk = —U_)l \/__;\'_062765‘0 + @2\/_—;—062]{
2. wlﬁ(glk - BQk)\O) + w2ﬁgzk = wl\/__;\;o(l~)2k - 511@):0) + Wo \/—blk
3. wlf\—o(g% ~Dbigho) + w2¢+\—01~91k = @1\/_—%0(5% —Dar o) + Wy \/—b%
4. —W1 ﬁggk)\o + wgﬁggk = @1\/7—;\'—052k.

This gives us

Wag = Ao (Wi — W1k )

and
Wy — Wik < _
Wop = ———~ = _)\O(wlk - wlk)-
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Chapter 4. Period lattices of CMC tori

The second and third equation do not yield another condition since both sides vanish.

The second equation becomes

wl\%—(glk — ng)\o) (_)\O(U_)lk - wlk))L~2k

= w1 \/_(ka: - blk/\o) —wlk Ll \/_;\_oblk
< wi(b =~ bado) + 5 wlb = -y \/@:2(52 — i) - wlx;?é_k_f&

N

= wl(bl bl)___l( = 52_ N )
Ao )\0 vV Ao Ao
—— ——
:@zl =Xo Ao
Ao

and the third equation becomes

wl\/L—(BQk - 51k>\o) - Xo(wyg, - wlk)\/L—l;

_ w k Wi —1
=W \/_(blk b2k/\0) L — \//\_ob2k
< w1(b2k - blk)\O) Ao (w1 — wlk)blk = - \/—(bug - ka)\o) + ALk w”“ \/Cb%
< wlkb2kz - wlkb% =~y \/—blk + Wi Aobik

< 0=0.

Thus, a priori the dimension of solutions seems to be two dimensional. Therefore, we
need to use the other Whitham equations to fully determine the dimension of solutions.
Since we have a linear space of solutions it will suffice to show that there are combinations
that are no solutions as well as combinations that form a solution. First, we will look
at weg = 0 (i.e. wy € R). Therefore, we choose ¢; = by and ¢y = by which is one of the

possibilities due to the recent argumentation. Thus, (4.2) and (4.3) now have the form
(2Xab), — aby — Aa'by )i = 2aby — aby (4.16)

and
(2Xabhy — aby — Aa'by )i = 2aby — abs. (4.17)

Now (4.16) unambiguously defines b, in the following way
by(N) = AV (\)i +myby(N) (4.18)
and (4.17) unambiguously defines by as

ba(N) = ADY(N)i + maba(N). (4.19)
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Both give an unambiguous solution for @ as follows
a(\) Ad’'(A)i+na(N) (4.20)

i\t + 3iag NP + 2iap N + i A+ n( A+ a X2+ a ) +ag A+ 1), (4.21)

Therefore, there is no @ where the highest (4i + n) and lowest (n) coefficient is zero.
Hence, there is no solution for ws =0 (i.e. J(w;) # 0. Let A; be one of the four distinct
roots of a. Let A for [ € {1,2,3,4} be the four distinct roots of a. Then (4.2) and (4.3)

at A\; become

- )\la'(/\l)ck(/\l)i = —a(/\l)bk()\l) (422)
Inserting cx () = wibi(N) — 2\ 3(“)’\2) br(\) gives

: 1y k(A1
) o= ANad (A 4.23
a(\) 1a’(\r) br(N) ( )

zwlbk(/\l) - 22)\0&\/;—11)1)619()\[)
= Na' (A g 4.24
1a’(\r) o) ( )
: J(w1)

= Na' (A -2 0———|. 4.25
la( l)(lw1 0()\0 ~ Az)) ( )

Now, we can conclude that

(Ao = A1)
J(w)
(Ao = Az2)
J(wy)
(Ao —A3)
J(w)
(Ao — A1)

i) - (>\2—)\)(Ag—)\)(/\4—)\))\1a’(/\1)(iw1—2>\0M)
FOu = M) = )0 = Maa’ )| 101 — 220
FOu = MO = VO = MAsa’O)| 101 - 22

+( A = A)(A2 = A) (A3 = M) Aga’ (M) | dwr = 2X0

+na(N).

We also know that we need a(0) = 0, @ has degree three and that A\ AaA3\s = 1 holds.
Therefore, we can further calculate w; and n. Since na(\) is the only summand that
contains A* we can conclude that n =0 has to hold. With a(0) =1 we obtain

_ . j(wl) / ; j(wl)
0 = a (Al)(zwl - QAOM) +a (AQ)(zwl —2)\om)
/ . J(w1) ’ ; 3(wn)
s ()\3)(2101 - QAom) +a ()\4)(@w1 - 2/\om)
- 3 i860) - 30 - 220502 |
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Chapter 4. Period lattices of CMC tori

This gives

4
iy a'uk)(ﬁ(wl) + 2 ié?ii)
i)‘i(wl) = ’

4

> a' (k)
=1

Since all solutions only depend on J(w;) and we have a linear space of solutions we also
obtain a one-dimensional set of solutions in the second case. Thus, in all possible cases
the set of solutions is one-dimensional. Therefore, dimker(dT’) = 1. Due to the rank-
nullity theorem we obtain rank(dT’) = 3-1 = 2. Thus, rank(dT’) = dim F = dimC = 2 and
therefore, all a € M} are regular points of 7. Furthermore, any 7, € T(MLxB. x B.) is a
regular value (since all (a,by,by) € M3 x B!, x B!, are regular points), where B/, describes
the b € B!, that have period 27i. Together with the implicit function theorem this yields

the following theorem.

Theorem 4.12. The level sets T‘l(Ta) of T are submanifolds of dimension one for any
(a,b17b2) € M% X B{l X B(’z

Now, it remains to show that (a,by,by) — a is an immersion. This will generalize
theorem (4.12) to the mapping T and therefore, proof corollary (4.13). We are only
interested in tangent vectors (a,bl.bz) that infinitesimally preserve the periods of O,
and O,,. Those are exactly the solutions of the Whitham equations (4.2), (4.3) and (4.4).
We need to argue that the solution & = 0 of (4.2), (4.3) and (4.4) implies by = 0 = b,.
Since a and by, by have no common roots looking at (4.4) at the roots of a yields that ¢;
and ¢y have to vanish at these roots as well. But since a has degree four and ¢; and ¢
have degree three and a has no double root since it is in M% it follows that ¢; = 0 = ¢
has to hold. This implies that the right-hand side of (4.4) has to vanish as well. Hence,
@ = 0 holds. Assuming now that also @ = 0 holds (4.2) implies that b, = 0 and (4.3)
implies that by = 0.

Corollary 4.13. The level sets T-'(1,) of T are submanifolds of dimension one for any

aeMj.
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5 Singularities for M% UM‘;)

Unfortunately, polynomials a outside of M2 yield singularities and therefore need a
more advanced treatment than in the previous chapter. We will focus on a € M3 u M3.
Therefore, a has now at least one double root. In both cases [KHS17| showed that b,
and by then also have at least one root at the corresponding double roots at S'. For
a€ M% let o1 € S* denote the double root and let as and a3 be the other distinct roots.
Then b, and b, also have at least one root at A = o;. Thus, the differential forms ©,,

change as follows for k=1,2

b\
O, = —’“A(V )i - i

(A-a1)be(N)
AWAO-a1)2(A-a2)(A\-a3)

_ be(A)
B MWAQ-az)(A-az) dA,

where by, (\) describes the reminder of by such that by(\) = (A - aq)b()\). Similarly, for

a e M3 let a; € S' and a = a3 € S' denote the double roots of a

_ b (M)
O, = A\/Aa(A)d/\

(A—a1) (A-02)bi (N)
AV A -a1)2(A-az)? dA

bi(\)
SWiN dA,

where by(\) describes the reminder of by, such that by(A) = (A= ay)(A = az)be(N). This
shows that in both cases wd/\ is independent of the choice of the double roots. There-
fore, they can be moved arbitrarily. This in return leads to a singularity such that the

level sets of T' as subsets of the form (a,b;,by) are no longer smooth manifolds.

5.1 Local integrals

A first approach was to look at local connected neighborhoods N of the double roots.
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5.1. Local integrals

Jz Jz
St St
aq ai
Qg
g e e (V3 R R
0 © 0 ©
(a) For a € M3 (b) For a € M3
Jz Jz
St St
o751 Q'
Q9
ma g %
0 : 0 :
(c) For a € M3 with neighborhood Ny (d) For a € M3 with neighborhoods
N1 and Ny

Figure 5.1: Local neighborhoods

In order to get rid of the singularities we will from now on look at the local integrals

o= N, bl/\(;\)d)\ and ¢z = [, N bz}\(j‘) d\ for the local connected neighborhoods N}, of the

double roots ay. ¢ and g can be chosen in a way that they are anti-symmetric with

regard to the hyperelliptic involution
o:(\v) - (A -v).

Then ¢? and Z—f are symmetric with respect to . Furthermore, it holds

: - 1201 — 424 . [ dgaq1 — god
(%)d(q%)—(q%)d(%) :(Q2Q1 2qqu)2q1dq1—2q1q1( 2% 2Q2 Ch)

qi qi
nd 11G2d 1
=2ddgy ~ 250~ 2dydgy + 272 ol
1 1

=2(QQdQ1 - QIdQ2)~

Furthermore, we know

N T
qx = —
v
and
dan = 2= a)
% = AV
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Chapter 5. Singularities for M3 u M3

for k=1,2 with v =y/Aa(\). This, together with (4.4) yields

c1bs — coby = Qa
< ( 2dr -2 ﬁ;dA)(—z)y% = Qu
< (G1dgs — Godqr) (=1)12 % = Qa
= (dg - pdq)(-D)hagz = Qa
o (dn-da) ()= )

Therefore, with (5.1) we get

(jz)d(qn (@ 2) - 55 52)

1

No we choose local parameters z around the double root such that

Q% = Pl(z)v

where P; is a polynomial which highest coefficient is equal to one and which second

highest coefficient is equal to zero. Furthermore, we obtain
q2
— = P(2)f(2),
q1

where P, is a polynomial which highest coefficient is equal to one and where f(z) is a

locally holomorphic function that is invertible. Thus, we can transform (5.2) into

Q0

(PQ(z)f(z))dH(z) - Py(2)d (Pz(z)f(z)) e

The product rule then yields

(1) P )ari) - P arii )+ P ) - Ear 63
We choose
P = ek 5.0
and
Py(Z) = 2 k. (5.5)

Therefore, we obtain

(kgf(z) +(z- kQ)f(z))dez - kl(f(z) +(z- k@)f’(z))dz = Q(z)dz, (5.6)
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5.1. Local integrals

where Q(z) describes the right-hand side in (5.3) as a series in z, which in turn can be

expressed as a convergent power series in A\. Thus, it can be written as
Q(z):Q0+Q~1z+%z2+....

Together we get

(l%gf(z)+(z—k2)f(z))22dz—l%1(f(z)+(z—k2)f’(z))dz = (Qo+Qr 2+ %z%. .)dz. (5.7)

Looking at z =0 we get

— ifl(f(c)) - k;gf’(O))dz = Qudz. (5.8)
This gives
(10 ) < (5.9
from which we can deduce a differential equation for k;
fo %
f(0) = k2 f'(0)

(5.10)

In general, we know

faf (2) + (2 - k) f(2) 22 = | £(2) + (2= ko) £'(2) :(Q0+le+@z2+...). (5.11)
2

Setting z = ko in equation (5.11) we obtain

(sz(@))zkg - iﬁ(f(kg)) = (Qo + Q1ky + %kg +..0). (5.12)

This yields i
(Qo + Quka + %ké +.) + Eyf (k)
f(ka)2ks
Now, we want to use (5.10) and (5.13) to calculate (a, by, by). In order to do this, we
will first look at the local parameter z. We know that P{(z) = 2z. Thus, z =0 is a root

ey =

. (5.13)

of P] and therefore a root of d(¢?) = 2¢1dg;. Thus, z = 0 is a root of by (since dq; = by).

In other words we obtain

g = k1. (5.14)
z=0
~——
root of by
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Chapter 5. Singularities for M3 u M3

Therefore, P, smoothly depends on b;. Now, we will look at P, = 2z — ko. This has a root

a2(z)
q1(2)
the same time, ¢7 evaluated at z = ky gives us

at z = ko. Since we defined = Py(2) f(z) we see that z = ky also is a root of go. At

z=ko
In other words we obtain
a| = Vks+k (5.16)
z=ko

We wanted to define the parameter in a way such that in a neighborhood of z = 0 we

can map the real axis to S, i.e. we have
A A lze 77t

Thus, we now have to choose a sign of z to make the root in (5.16) unambiguous. Thus,
we choose ko positive. Now, we want to show that we can obtain a unique a for ky and
ky. z =0 is the (former) double root of a and a single root of b;. Thus, ¢2 = 0 at the

(former) double root of a. Therefore, we obtain
a(z) = Pi(z)a(z), (5.17)
where a(z) describes the remaining two roots of a. This gives us

Pi(2)a(z) + P (2)a(z) (5.18)
= ka(z) + Pu(z)a(z). (5.19)

a(z)

We also know
bi(z) = 2131(2),

where b;(z) describes the other roots of b;. Thus, we get
bu(2) = 201(2) + 2by (2). (5.20)

For b, it is more difficult. Trying to obtain the structure of b, in the local parameter
z gives a new problem. We would need to look at the derivative of the function f.
Since this is not a polynomial the effort would have been very large and instead to
further pursue this approach we decided to try an alternate approach. Prof. Schmidt
is currently working on a paper that might be applied to this case. Therefore, the

observations obtained in section 5.1 might be interesting in the future.
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5.2 Additional conditions

This section will apply an alternative (yet equivalent) approach to the one seen in 5.1.
We will further follow the reaonsing done in [KHS17] to obtain more formulas connected
to the Whitham equations (4.2), (4.3) and (4.4). Together with these new conditions
we will be able to remove the singularity or in other words obtain a smooth manifold

again. The new conditions arise from the following equation

H= ) + gV, (5.21)

where f and ¢ are holomorphic functions mapping C \ {0} - C. Since this approach
is equivalent to taking the exponential of the approach in section 5.1 and since taking

the exponential is an immersion both approaches are equivalent. Now, recall that v =

v/ Aa(N). Differentiating (5.21) by t gives us
[L=f+qu+go. (5.22)

We also recall In p=157. We will have p; and py since we have ¢; and ¢, as well as b; and

by. Thus, we have the following reasoning for k£ = 1,2. From the equations above we get

v i v
Equating (5.22) and (5.23) gives
. Cg ; . .
Zuk; = fk + grV + grl. (524>
Multiplying (5.21) by i°® gives us
v v
Equating (5.24) and (5.25) yields
. Ck . s Ad
(3 k—k+lgkck :fk+gk7/+gk_- (526)
v 2v

Pairing the terms with v and without gives us the following two equations

fr = igrcx (5.27)

and A
) . a
JeAa =1 frcp — gk7. (5.28)
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Now, we impose that u; = +1 at the roots of a. This translates into the following

condition
(fr+gr)(fe —grv) = 1.

In other words, we obtain
fi - gira=1. (5.29)

(5.29) shows that at \g we have fp(A\o) = £1. First, we are going to look at the case
where a has no double root. In the case of a single root we simply obtain the following
at Ao looking at (5.28) at Ag

Jr(No)i2¢,(No) = gr(MNo) Aod(No)- (5.30)

We can now calculate g(A\g) to show that we obtain the same condition as we obtain
from (4.2) or (4.3) at the single roots (e.g. Ag). We start from the relation dln py = Oy,

introduced in 4.1. This gives us

dIn(ug) = %d)\ < duy = ,uk%d)\. (5.31)

Taking the derivative with respect to A from (5.21) gives

a+ a
v

dug = (fi + gpv + gk )dA. (5.32)

Equating (5.31) and (5.32) establishes the following equation

b a+ )\a b a+ A\a
uk)\—kd)\ (fl+ gV + gk )\ < ,ukx = flv+ g’ + g 5 (5.33)
(5.33) can be written as
b a+ \a'
(fi+ o) = fiv + gida+ gy (5.34)
Again, we compare the terms with v and without to get
b
alk= (5.35)
and ) \
a+ A\a’
fkf = gpAa + G (5.36)
Evaluating (5.36) at Ag gives us
br (A Ao’ (A
fe(ho)——= ’“( ) _ g (rg) 202 (R0) ( o) (5.37)
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5.2. Additional conditions

Now we can obtain an expression for g(\o).

2br(Ao)

a0 (5.38)

gk(Xo) = f(No)

Inserting (5.38) in (5.30) gives us

2b(Ao)

fk()\o)ZQCk(Ao) = fk()\o)m)\oa(Ao) ~ /\Oa’(/\o)ck(/\g)i = a()\o)bk(/\()) (539)

Hence, we have obtained the same equation as we obtain from (4.2) and (4.3) at Ag
—/\[)CL,(A())Ck(/\())i = —a()\o)bk()\o) <~ /\0(1’()\0)Ck(/\0)i = a()\o)bk(/\o)

Thus, in this case the additional conditions impose no new conditions. Now, we are
going to treat the interesting case of a double root of a at \y. First of all, we note that
we can assume that at least one bi(A\g) # 0 and a”’(Ag) # 0 (otherwise we can achieve
this through a change of basis).(5.28) shows that at Ay also frcp — gk— has to have a
double root. Therefore, the derivative with respect to A of (5.28) has to vanish at )y as

well. It is v Y
. ) N ., A a+ Aa'
GpAa + gra + gpAa' = iflcg + i frey, — Gy~ I (5.40)
The left-hand side of (5.40) vanishes at Ag. Therefore, we obtain
» , , o a(A (M) + Mo/ (A
0= F{(0)er(h) + () () — gk (20) 2880 _ g () L2200 R0)

2
Now, let A\g be the double root. Then we already know that b, also has a root at \.

Furthermore, we know that only one b, can have a root of higher order than one. Thus,
(5.39) and (5.38) with the rule of L’'Hospital become

_ )\ga,/()\o)ck()\o)i

a(No) = WAL (5.42)
and 23, (20)
9+(%0) = fi (o) 3o SeRTTaw 5 (5.43)

for at least one polynomial by with b} (Xo) # 0. Thus, there is a k € {1,2} such that
gr(Ao) # 0. Furthermore (5.35) at A¢ provides us with

bk()\o)

fi;()\o) 9(Xo) =0.

Therefore, equation (5.41) becomes

)\oa(Ao) 20, (Xo) a(Xo) + Aod’ ()\0)

/\2 //()\ ) 2

0= fe(Ao)ici(Ao) = gr(Ao) = fr(Xo) (5.44)
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We need to find g; (Ao) to further utilize equation (5.44). In order to find g (\g) we
will differentiate (5.36) twice. The first derivative is

b)\ b . , N, ,at+ A a +a' + A\a"
f + it = gida+ gha + giha + g 5 Tk 5 (5.45)
This again gives
26, (Ao)
o) = fr(No) 5.46
gk( 0) fk( 0))\(2)&”()\0) ( )
The second derivative is
S L A=y b\ = by (BIXN+ 0, — b )AZ = 2\(bL A\ = by,)
f _+fk k)\Q fk: )\2 fk? k b k )\4 k
= "’Aa+gka+gk>\a +gra+gpa +giha’ + gra + gpha”
,a+ Aa! a'+Xa”+a  ,ad +a + \a” a’+a"+a" + \a'"
ng + g, B + 9k 5 + 9k 5 .
Evaluating the second derivative at \y gives
b (Ag) A3 = 200 (N , , Aoa”’ (A
fk()\o) k( 0) 0/\4 0 k( 0) :gllg()\0>)\0@, (>‘0)+9k()‘0)OT(0)
Aoa’" (A 3a" (Ag) + Noa”" (A
kO 2D g ()2 o)+ Aa Do),
This gives
b (No) A2 = 2000 (A 3a"(Ng) + Aoa” (A , .
fr(o) c(o) SV ob(Ro) ~ (22 0) . Qo) _ o0 () oa”(ho).  (547)
0
Therefore, we obtain
b”()\o))\3 - 2)\0()’ ()\0) 3(1”(/\0) + )\0&"'()\0)
(o) = frlho)E 2 R — gk 5.48
9ko) = J) = ) 9600) == @ 0n0) (5.48)
b (M) A3 = 2007 (o) 201, (o) 3a”(No) + Aoa” (No)
= fr(No)E 0 B~ fe(A (5.49
fk‘( 0) 2)\3)\00/”()\0) fk( 0))\2 ,,()\) 4)\0@”()\0) )
Now, we can look at (5.44) again and insert (5.49).
, b (M) A3 = 20007 (o)
0= fr(Ro)ici, (o) = [ f(ho) =0 5
i) - (1,00 EEPE =
2 / 1/ n A
fk(AO))\Qbk”()\O) 3a ()\0) +”)\()CL ()\0)))\0&(/\0) (55())
0a" (Ao) 4Xoa’ (Ao) 2

26, (M) (M) + Aoi' (Mo)

_fk()‘o))\z "(No) 9
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Using the formula for a(Ag) we obtain

174 3 /
- NS
20, (Xo) 3a(No) + Aoa” (M) )& Xoa” (No)er(No)i
A2a'"(No) AMga" (No) 2 Aobl(Ao)
2bj,(Ao) Aoa”(Mo)ex(Mo)i 1
2a'(N)  Aob (M) 2

= fi(Xo) (5.51)

20;.(Ao) Aod’ (o)
Na'Oe) 2

= fr(Xo) = fr(Xo)

Now, we can deduce a formula for a’(g)

a”(Ao)Aoic (Ao)  a”(Ao)by (Ao)cr(Ao)i . a”(No)cr(No)i
b (M) 40, (A2 2220, (o)
a”(No)3cxk(No)i .\ a"(Mo)er(Mo)i @ (Ao)ck(Ao)i
AXob. (o) 4b; (No) Aobl(Ao)

a'(Ao) =
(5.52)

Since a has a double root at Ay we also get

Cl()\o) _ 02()\0)
b1 (Ao)  b5(Xo)

form (4.4) with L'Hospital. Since (5.52) has to hold for £ = 1,2 and since we have (5.53)

we obtain a new condition

Aoci(Mo) B (Ao)ci(Mo) — Aocs(Ao) b5 (Ao)ea(No)

Cl(/\o)bé(/\g) - CQ()\O)bll()\O) =0 & (553)

- = - 5.54
KO0 007 BOw B0 o34
We can rearrange (5.54) to get
Aoci(Ao) Aoy (Ao) _ 07 (Ao)er(Ao) — b5 (Ao)ea(Ao) (5.55)
b1(Ao)  b3(Ao) 4b7(Mo)? 4b5(Ao)? '
or
by (Ao0)bY (Ao)e1 (o) 1 (Ao)by (Ao)ea(No)
i (Mo)by(No) = ch(Ao)bi(Ng) = =2 L -~ 2 : 5.56
1( U) 2( 0) 2( 0) 1( 0) 4)\01)/1()\0) 4)\01)5()\0) ( )
Together with (5.53) we get
b, (Ao)bY (A A by (MNo)b5 (A A
O () - ()i () = 2 D) RAJER) o) - o)

Dbl (No) obl(Ao)

Now, we return to the initial Whitham equations (4.2), (4.3) and (4.4) to deduce the
dimension of the solution set. Looking at (4.4) we can divide through (A - \g) on both

sides and get
Cle—Cle :Q1>\(>\—>\0)()\—)\2)(>\—)\3). (558)
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Thus, equation (5.58) at Ag gives us

Cl(/\()) _ CQ(/\O)
bi(Xo)  ba(No)

We can use the roots of the polynomials b, that are distinct from the roots of a. This

(5.59)

gives first conditions for c;. But since the left- and the right-hand side both vanish at
Ao we need to differentiate (4.4) and get

by + c1b) — chby — cobly = Qra + Q1 Ad. (5.60)
Differentiating (5.60) again yields
by +2¢1b5 + 165 — ¢4 by — 2¢5b] — b = 2Q1a" + Q1 Aa”. (5.61)
Inserting \g gives us
2¢1(A0)b3(Ao) + c1(Ao)b3 (Ao) = 2¢5(A0)b1(Ao) = c2(Ao)bY (Ao) = Q1roa”(No).  (5.62)

Now, we can utilize (5.57) and get

by(A0)bY (Ao)ca(Ao) b1 (Ao)bs (Ao)ea(Mo)

+c1(A0)by (Ao) = c2(Xo)bY (Xo)

20b5(Ao) 2X0b5(Mo) (5.63)
= Q1Mo (o)
using ¢1(\g) = W gives us

b5(A0)b7 (Ao)ea(Ao) — b1 (A0)b5(Ao)ca(No) | c2(A)bi(Ho) s e "
2008 00) 2000, (0) Og) 2O el (o)
= Q120" (No).

Therefore, we can find a new condition on ¢y (and for ¢; in the same way)

Ql)\oa”()\o)Q)\obIQ()\o)

co(Ng) = . 5.65
20) = T 0) — 5 )b (o) + 22, (o) () ~ Dl O)ir ). 0%

This condition holds exactly if
B 00! () = B (A0 )L ONo) + 2065 A0 (o) = 2abb (M)l (M) 0. (5.66)

In other words the new found condition holds only if there is no linear combination of b,
and by with a root of degree three at Ay (otherwise the second derivatives would vanish).

Since this case cannot happen the new condition holds. This means we found overall
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5.2. Additional conditions

three conditions for each ¢;. The other two conditions arise from inserting the other

roots of the polynomials by in (4.4). They read

(=1)*Per(Aar)bs-r(A2k) = QuAzka(Aar) (5.67)

and
(=1)**er(Ask )03k (Ask) = Q1 Aska(Ask) (5.68)
for k£ =1,2. In the case that b, has an higher order root we can use the differentiated
equation (5.60) to get three conditions. Thus, the ¢; only depend on @ € R.
Solving (4.2) and (4.3) for by and b, is now possible through inserting the roots of by,
(if by has a higher order root we can obtain new conditions by taking the derivative of
the equation as seen in 4.2). A special treatment is necessary for )y since it is also a

(double) root of @ now. At the other roots of by we have

(2)\2ka()\2k)c;€()\2k) - CL()\Qk)Ck()\gk) - )\Qka,()\gk)ck()\gk))’i = QCL()\Qk)bk(/\gk) (569)

and

(2)\3ka()\3k)c§€()\3k) — a()\gk)ck()\gk) — Agka,()\gk)ck()\gk))i = 2a()\3k)bk()\3k) (570)

Therefore, we have two conditions for bk If b, has a double root we differentiate the

Whitham equation. Differentiating (4.2) and (4.3) gives us
(2acy, + 2Xd' ¢, + 2hac), — d'ci, — acy, — a'ci, — Aa" ¢, — Na'c),)i

A (5.71)
= 2a'bk + 26Lb;€ - a'bk - CLb;€

Assuming b, has a double root we can obtain a condition on b;c at the double root.
Therefore, we already have two conditions for by, only depending on ¢x. At Ao which also
is the double root of a both equations vanish.
Inserting the double root A in (5.71) gives us
Xoa (No)cr(Ao)i
b, (Mo)
That is the same equation as we obtained from the L’Hospital rule and also gives us
c1(Xo)  c2(No)
by (M) b5 (Xo)
Differentiating the Whitham equations (4.2) and (4.3) a second time yields

Moa” (Mo)er (Ao )i = a(Xo)b(No) < = a(). (5.72)

(5.73)

./

(2d'cy, + 2ac) +2a’c), + 20a" ¢}, + 20d' ¢ + 2ac) + 2X\d'¢)]

I
¢, + 2hacy
" r./ r.J/ /! " !/ " n n_r r./ mn_r IN/AYS
—a"cy—d'c,—d'c,—ac)—a"cp—d'c,—a"c, — Aa" e, — Na"' ¢}, - d'cj, — Na"¢}, — Ad' )i
_ "i 177 170 111 -1 <170 <170 N/
=2a"b + 2a’by, + 2a'y, + 2ab,, — "' by, — a'b), — a'by, — aby,.
(5.74)
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Chapter 5. Singularities for M3 u M3

Inserting \g gives us

(2X0a" (A0) s (Ao) = a”(Ao)ex(Ao) = a”(Ao)cr(Ao) = a”(Xo) k(o)
200" (M) ek (o) = Mo (M) (o) = Aod” (ho)ch (M) )i (5.75)
= 20" (A0)br(Xo) = @' (M)}, (o) = @’ (M0)bi(Mo) = a(X0)b (o).

This gives us a new condition for by

1 144 / 144 14 14
2a,,(}\0)((2>\a (Ao)c(Ao) —a" (No)er(Xo) —a”(Xo)er(Ao) —a” (Mo)cr(No)

= Xoa” (Xo)cr(Xo) = Aoa” (Mo) ek (Ao) = Aoa” (Ao) et (Xo))i (5.76)
+ @’ (Mo)bi(No) + @' (Ao)bj,(Ao) + a(Ao)b) (Xo))
= bk()‘o)7

where we can replace a(\g) and a’()\g) with the formulas obtained above in (5.42) and
(5.52). Therefore, 61 and 62 only depend on ¢; and ¢. It remains to solve for a. Using

the two distinct roots Ay and A3 of a we obtain
Aa'(Al)cl(Al)i = a()\l)bk()\l) (577)

Earlier we collected conditions on the double root for a(Xg) in (5.42) and a’(\g) in
(5.52). Together with @ = 0 and (5.57) a only depends on c¢;. Therefore, we obtain a
one-dimensional solution set.

Since 61, 62 and a only depend on ¢; and ¢, that in return only depend on )7 € R
we also have a one-dimensional set of solutions for polynomials a € M3. Due to time
problems we cannot explicitly visit the case of a € M3. But this not necessary since it
is merely a limiting case of a € M3 and the argumentation will be very much the same.
Therefore, we can conclude that in the case of double roots the level sets of T" also are

one-dimensional submanifolds.
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6 Intersection of the level sets of T
and the set &

The goal of this chapter is to examine the intersection of the level sets of T and the set
Ss.

Definition 6.1. The set Sy is defined as

82 = U {CL € 7‘[2|b1(/\0) =0= bg()\())},
)\0681
where H? denotes the space of spectral curves of CMC tori of finite type (i.e. the ones
that can be described through spectral data see [CS16] or [Sch17] for more).

Therefore, we are now interested in the case in which b; and by have a common root.
Until now we were only interested in the case in which ¢ = 0. Now, we want to deviate
from this case. In order to do this, we will describe @) in a Taylor series in ¢t. From 4.2
we know that Q(A\) = @1\. Thus, we obtain

le _
Q) = Z ==t = M Qor + Quit +...).

For the derivative we obtain

dQ(N) Qin(\) ;-
dt ]21 G-l

)\(Qn +..0).

Likewise, we proceed for the other polynomials and obtain

°°A(/\)

a(A) =), =

7=0

=Ag(A\) + AL (Nt +.

where A; are polynomials in A of degree four.

]1(>‘

bi(\) = Z —L "2t = Boy(A) + By (M)t +.

%)



where Bj; are polynomials in A of degree three.
by(N) = Z ﬂ@ = Boo(A\) + Bia( A\t + . ..,

where Bj, are polynomials in A of degree three.
c1(N) = Z 319) = Cor(A) +Cri(\)t + ...,

where C; are polynomials in A of degree three.

e (N) = Z 32@ = Coo(N) + Cra( Nt +. ...,

where Cj, are polynomials in A of degree three. With these representations (4.4) becomes

(Cor(N) + Cry( M)t + ... )(Boz2(A) + Bia(M)t+...)
- (C()Q(/\) + 012()\)75 + ... )(B()l()\) + Bll(A)t + ... ) (61)
=AMQo1 + Qut+...)(Ao(AN) + Ay (M)t +...).

For t =0 we get
001()\)302(/\) - 002()\)301()\) = QOI)\AO(/\) (62)

In the case that By and Bgy; have a common root \g that is no root of Ay we obtain the

following equation at \ = \g

0= Qoo Ao(N).
N——
+0

Thus, we obtain Qg; = 0. This now gives us that the right-hand side of (6.2) is 0. Hence,
we obtain

001()\)302(/\) - OOQ()\)BOl()\) = O

Hence, we are almost in the same situation as in 4.2 in the case ) = 0. Therefore, we

obtain that Cy is a linear combination of By, and /\tg ¢k where \g is the common root of

By and Byy. We will denote them again as

B,

C()k()\) = wlBOk + W9 >\0 Y

(6.3)
for k=1,2. Now we differentiate (4.4) in this representation and obtain

élbg + 6162 - égbl - CQi)l = QCL + Qa
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Chapter 6. Intersection of the level sets of T" and the set Sy

For t = 0 this becomes
C11(N)Bo2(A) + Co1 (N) B12(A) = Ch2(A) Bo1(A) = Coa(A) B11(A) = AQ11 Ao (M) (6.4)

since Qo1 = 0. To deduce properties of By; and By we look at (4.2) and (4.3) in the

representation with Taylor coefficients. For ¢ = 0 this gives
(22 A0(A)Chu () = Ao(A)Cor (A) = AAH(A)Cor (A))i = 240(\) Bry (A) - A (\) Bon (V) (6.5)
and

(2AA0(A)Cha(A) = Ao(A) Co2(A) = AAG(A) Co2(N))i = 240 (A) Bi2(A) = A1(A) Boz2(A). (6.6)

USiIlg C()l()\) = w1 Bgl + Wy B)f)()lfi) and COQ()\) = w1 BOQ + Wy B)f)(?fi) therefore giVGS

d Boi (A Boi (A
2)\A0()\)— wle()\) + UJQM - A()(/\) w1B01(/\) + wgm
dX Ao— A Ao— A 6.7)
Bo(M)Y). '
- AA{)(/\)(wlBOI(/\) + ws AOI( A) ))z = 240(A\)B11(\) = A1 (A\) By ()
0—
and
d Boa (A Boa (A
2)\140()\)— wlBOQ(/\) + "LUQM - A0(>\) wlBO2()\) + W9 02( )
X Ao— A Ao—A
Bua() (6.8)
_ )\Ag(/\)(wlBoz(/\) + ws AOQ | ))z = 2A40(A\)B1a(\) = A1 (M) Bpa (V).
0—
Note that with By, = —= (Ao = \) Box(A) where Boy = By X2 + Bigh + By, we get
d Boi (A , T~
a(Uthc + W2 )\Zkf )\)) = w1 By (A) + w2ﬁ30k()\)
with
B(l)k()‘) = QBQk)\ + Blk
where B, (\o) # 0 for at least one k = 1,2. Thus, at A = Ay we get
d Bor (M) T~
—|wi B = w1 B, (A —— B} (Mo)-
d)\(wl 0k T Wo N — A . w1 By, ( 0)+w2\/)\_0 or(Ao) (6.9)

Since the other roots are distinct from the common root Ay the derivative (6.9) of the
Cox is not zero at A = \g. Thus (6.7) and (6.8) evaluated at the common root A yield
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and

This gives us

and

7 ~
— AO()\O)U}Q—BOQ()\O) — )\0146()\0)’11)2
0

(2A0A0<A0>(w1331<xo> ; wQLB&(AO»)

Vo
- AO(AO)(wl Bo1(Xo) +w2\/—/\—0301(>\0)))
- AoAg()\o)(wl Bo1(\o) +w2\/—>\_0301()\0)))i
=2A0(Xo)B11(No) _— A1 (Xo) Boi (o)

(ZAOAU()\O) (wlB{)k()\o) + szB{Jk()\o)))

Vo
- Ao()\o)(ﬂh 302()\0) ﬂU?ﬁBm(AO))
- )\OAg()\O)(wl Bz (Do) WQKBOQ(AO))))@'
=2A40(Xo) Bi2(Xo) _ A1(Xo) Bo2(Mo) -

]

Vo

Bii(h) - (mvo(Ao)(wlB&(Ao) , wz—éaluo)))

- Ao(Ao)ngOB()l(/\o)) - /\OAE)(/\O)U)QLOBOI()\O)))Z(QAO(AO))_l

Vo Vo

Buis(\o) = (QAOAO(AO)(wlB()k()\O) . wQLB()k(AO)))

Vo
i

Vo Vo

Bo2(/\0)))@'(2140()\0))_1

Therefore, B11(Ag) # 0 and Bia(\g) # 0. Furthermore, we also have Bi1(Ag) # B12( o).
At A=) (6.4) becomes

Co1(A0) B12(Xo) = Co2(Xo) B11(Xo) = AoQ1140(No)

(6.10)

Since the left-hand side does not vanish we obtain )17 # 0. For simplicity we choose

Qll =1.

o8



Chapter 6. Intersection of the level sets of T" and the set Sy

Thus, @ now simply has the form Q(\) = tA. The reasoning above shows that the

level sets of T' intersect transversely with S,. Looking again at (6.1) now gives us

(Cor(A\) + Cri( M)t + ... ) (Boa(A) + Bia( M)t +...)
= (Co2(N) + Cra( M)t + ... ) (Bor(A) + Bir(MN)t+...)
=XMAg( Mt + A (M2 +..0).

Equating coefficients gives us

Co1Bo2 — CpeBo1 =0

fort 9 and
Co1B12 + C11Bys — Coe B11 — C12 By = AA4

for . In general, we obtain

zn: Cr1 Bon-ky2 z”: Cra Bn-in _ A,
=k (n-k) &z k! (n-k)! nl

for t*. Using the solution for Cy; and Cyy we obtain

B Bgs
By - B
N — ) 02 (w12 02 + Wa2 Mo — A

)Bo1 =0

(wan + Wa1

fort 0.
Looking at (4.2) and (4.3) we obtain

A0 & © A, (\) A0 = A ey
@%”E”)g( 500, 5, 5 Gl
S S Jl()‘) A()\) -1 Jl()‘)
- Z 2 T Wy M
and
© AN &) & AN ]M = Af(\ 2(0)
(2>\j2=(:) ”j(! )ﬂ;o—fjf )i _ ]ZO j(. Z ( Z () JZO jf)

o0 S BN, & A()\) 4i-1 32()\)

Equating coefficients we obtain the following for ¢°

(2AA0(N) Cpe(A) = AoCor(A) = AAG(A) Cor(N) )i
= 2A0(>\)Blk(/\) - Al()\)BOk()\)

(6.11)

(6.12)

(6.13)

(6.14)

99



6.1. Willmore energy

and for ¢!
(2A(AL(AN) (M) + Ag(A) T, (A)) = (Ar(A)Cor(A) + Ao (M) Cri (X))
= AAL(A) Cor(A) + Ag(A) Crie(A)) )i
=2(A1(AN)Bir(A) + Ag(N) Bar (M) = (A2(A) Bor(A) + A1 (X)) Bk ().
Therefore, we get

1 , ,
(V) ((AAL (M) Coe(A) + Ao(A)C1(A)) = (A1 (M) Cor () + Ao (M) C1i(N))

= AMATN)Cor(A) + Ag(N) C1i(N)) )i = 2A1(A) Big () + (A2(A) Bor(A) + A1 (M) Bi(A)))
= Bor(N).

The solution set for t° consists of a quintuple (Cyy, Coa, B11, Bi2, A1) and is propor-
tional to a solution (c1, ¢y, by, by, @) of the equations in (4.2) in the case where b, and by
have a common root. Both solutions only differ by a real multiple. This multiple can
be denoted as 6. Therefore, equation (6.10) becomes

92(01(/\0)62(/\0) - CQ(/\O)I.)l(/\O) = )\0@11140()\0). (615)

With this equation and the solutions from (4.2) it is possible to solve for . This then
gives us a solution (Coyi,Cos, Bi1, Bi2, A1). It would now be possible to construct a
inductive formula for all the other components (C1, Cka, Bi+1.1, Br+1,2, Ak+1). However,
this calculation is omitted due to a time constraint. Nevertheless, the result obtained so

far in this chapter (Q11 # 0) can be used to get a new result about the Willmore energy.

6.1 Willmore energy

It is possible to connect the result we just obtained with the Willmore energy. The
Willmore energy is a common measure in differential geometry. It measures the curving

energy of an embedded surface. It is defined as follows.

Definition 6.2 (Willmore energy). Let ¥ be a smooth, embedded, compact and oriented
surface in R3. Let H denote its mean curvature. Then the Willmore energy W is defined

as

W(S) = f H?dA,

where dA s the induced volume form.
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Chapter 6. Intersection of the level sets of T" and the set Sy

In [KHS17] the relation between a polynomial a € M} u M3 u M3 and a conformal
immersion f, : (C/fa — H is explained. Which makes it possible to look at the Willmore

energy in dependence of the polynomial a. They found the following theorem.

Theorem 6.3. For all a € MYu M3 u M3 the Willmore energy of f, is equal to
Wi(a) = f 4y3dx A dy = f 8v2dx A dy = 4i Resy-glog(p2)dlog(11). (6.16)
c/T c/T

We know that )1 = At which gives us that the sign of @); changes around zero.

Differentiating the expression in (6.16) with respect to ¢t now gives us

W(a) = 4iResyolog(p2)dlog(p) - log(p)dlog(sz) (6.17)
. Cle—Cled)\
= 4ZR€S)\ZOTT (618)
. QuAad\
= 4 - — 1
1Res)—g o (6.19)
= 4iRes,\_0t%. (6.20)

Therefore, ()1 is proportional to the derivative of the Willmore functional. Thus, we
get that the monotony of the Willmore functional changes around zero. For the function
f= Z—i it is possible to see that the index changes. However, this step is not included in

this thesis due to time limitations.
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7 Conclusion

In this final chapter we summarize the findings of this work and point to possible future

research.

At the beginning we revisited some differential geometric theory to deduce the sinh-
Gordon equation and the 2 x 2 matrices existential for the current research on CMC tori.

Later on we altered the map 7 : M} — F from [KHS17] in a way that we got a mapping
T . (a,bl, bg) = Tq-

Since T uses on the tripel (a,by,by) it was now possible to use the Whitham equations
from [CS16].

In a first step we determined that the level sets of T for a € M1 are one-dimensional

submanifolds, i.e. the Whitham equations yield a one-dimensional set of solutions.

In a second step we examined the case of a € M3 uU M3. In this case a singularity
appears. At first we tried to remove the singularity with local integrals. This approach
led to even more complex equations. Therefore, we tried an equivalent approach through
introducing additional equations to the Whitham equations. With these additional equa-

tions we were able to show that the set of solutions is again one-dimensional.

In a third step we examined a special case in which the polynomials b, have a com-

mon root. This case leads to the derivative of the Willmore functional changing its sign.

Further research can be done on the third step. It is possible to use the imaginary
part of ¢; and ¢y to construct a closed curve on A € S! in the real plane. It might then be
possible to show that between two points of a connected component of the level sets of
T the number of points intersection points of the curve changes. Furthermore, it might
be possible to determine existence and number of such points on the levels sets through

investigating the double points along the level set.
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