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L
��rVs!lkY�M!c�L([2Qql9}2��QSlmN�Tk}2l��

L = − d2

dx2 + q(x)

Ly = λy
b�cXW�W�[PW�QqcXrVs8K!L![

L2
C
[0, 1]

��NPK(O M!QSl��8KBN�M!lmN�Tkc�LUTmQS[2lkcXQql9~BNPlkQSL�I1K(L!jUTmc�}PL!QqL�ORcHT¥|�QSlkcX}EM!Q F

cλ, sλ cλ(x) = cos
√
λx
�
sλ(x) = 1√

λ
sin

√
λx

� ·, · 	 ��j�N�W NPl9�!lk}�M!K!jUTdNPK(t
L2

C
[0, 1]

� �
f, g 	 =

∫ 1

0
f(t)g(t)dt

‖ · ‖ 
 }2l9O�NPK(t
L2

C
[0, 1]

� ‖f‖ =
√ �

f, f 	

M(λ) � }2L!}�M!lk}PORcXQ��
M(λ) =

(

y1(1, λ, q) y2(1, λ, q)
y′1(1, λ, q) y′2(1, λ, q)

)

[·, ·] 
 lk}PL!Zkj8cHe giQSTkQql9ORcXLBNPLUTmQ��
[f, g] = fg′ − f ′g

∆(λ)
b�c�WXWHe gic�Z9j�l9c�Owc�LBN�L8TkQ��

∆(λ) = 1
2
(y1(1, λ, q) + y′2(1, λ, q))

ωi
�,Qql9c�}�M!c�Z9rVs!Q�K!L!M;NPLUTmcX��QSlkcX}EM!cXZkrVs!Q_opcX[2QqL�� Qql9TkQ

l2
bdc�WX~�QSl9TmlkNPK!O NPW�WXQql�IB}2WX[2QqL�OwcXT ∑

n≥1

a2
n <∞

µn(q) n
e@TkQql¥gicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£T�¬SK!O�|>}PTmQSL8Tkc NPW

q

K �dcXQqORNPL!L!Z9rVs!Q]I�W �PrVs(Q�� K : y2 = −
∞
∏

j=0

(

1 − λ
ωj

)

fl
|>}2W���L!}PO�c�L

q
�
f ′

l = −1
4
f ′′′

l−1 + qf ′
l−1 + 1

2
q′fl−1

P2n+1
g�c���QqlkQSLUTmc N�W NPK!Z9M!lkK(rVj��

P2n+1 =
n
∑

j=0

(fn−j
d
dx

− 1
2
f ′

n−j)L
j
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M(c�L![2QSlk}2�,QqlkN�Tm}PlkZ

L = − d2

dx2 + q(x)
t
	!l�jP}POR�!WXQ�� � Qql9Tkc�[2Q�
������������������

q ∈ L2
C
[0, 1]

¬SK;WXY2ZkQSL½G
�&K(LB�PrVs!Z£T�Z9TkQqW�WXQqL �¥c�l¥¬qK�M(QqO��ErVs!l9YEM!cXL![2QSlk}2�,QqlkN�Tm}2ldM!cXQ bdc�W�WX[2W�QSc�rVs8K!L![

Ly = λy
NPKEt � � }2~,Qqc

M(c�Q«IBK!L!jUTmcX}2L
q ∈ L2

C
[0, 1]

QqcXL!Q �8KBNPM!lkN�TmcXLUTmQq[Plkc�QSlk~BN�lkQ�j�}2OR�(W�Q�� � Qql£Tmc�[PQ IBK!L(j8Tkc�}2L�OwcXTA|�Qql9c�}�M!Q
F�c�Z£T	G 
 QqL!L¸O N�L©Z9c�rVs¸��N�L!M!~,QqM!cXL![2K!L![PQqL©~�QSc

0
K(L!M

1
�2}2l9[2c�~ET ��Z9}ªs!QSc��2QSL¸M!cXQ 
 QSl9TkQ

λ
�

t
	(lwM(c�Q.M!c�QSZkQ;��W�QqcXrVs8K!L![�QqcXL!Q���YPZkK!L![ ~�QSZkcHTm¬ST��! ��#"$����%!��&���� ��M!cXQ.¬qK![2QSs!Y2l9c�[2Q'�AY2Z9K!L![ªs(Qqc���T
 ��#"$���)(+*$�-,����.���BG!g­NPZ0/21��3,���&�*$4�QqcXL!QqZ65­�,QqlkN�Tm}2l9Z�c�Z£T¥M!c�Q � QqL![2Q]NPWXW�QSl

z ∈ C
�(Zk}wMBNPZkZ

L− z 7L(c�rVsUTdc�LU�2QSl9TmcXQql9~BNPl�c�Z£T �BcXL�K!L!ZkQSlkQSO�I1NPWXW&cXZ9T¥MBNPZd����QSj8TklkK!O�M(c�Q � QSL![2Q^NPW�WXQql�opc�[PQqL��¨QSl9TkQPG
8 LJM(c�QqZ9Qql9�ilk~,QqcHT¢~,QqZ9rVsB��tuTmcX[2QqL �¥c�l K(L!Z¢OwcXT]¬ � Qqc�|pl9}2~!W�QSORQSL½G:�iWXZ¢oplkZ£TmQqZ cXLUTmQql9QqZ9Zkc�QSl9T K!L!Z
�¥cXQ¢ORNPL�~,Qqc�[PQq[2QS~�QSL!QqO |�}PTkQqLUTmc�NPW�K(L!Mx[2Qq[PQq~,QqL!QSL �dNPL!M(~�QSM!c�L![PK!L![2QSLxM!c�Q^MBNP¬qK([2Qqs!YPlkc�[PQqL
opcX[2QqL�� Qql9TkQR~,QqZ£TmcXORO TiK!L!M � QqW�rVs(QRopcX[2QqL!Z9rVsBN�tuTkQqL�M!c�QSZkQ�opc�[2QSL��¨QSl9TmQwK!L!M�opc�[PQqL(t�K!L(j8Tkc�}2L(QqL
~,QqZ9cXTk¬qQqL&G2�iL!Z9rVs!W�cXQ;�2QSL!M�Z9TkQqW�WXQqL �¥cXl�K!L!ZpM(QqO cXLU�2Qql9ZkQSL |plk}P~!W�QSO���MBNP~,QqcE[2c�~(T�QqZpOwQqs!l9Qql9Q=<�QSc�WHe
�(lk}2~!WXQqOwQPG-�&K!O QqcXL!QqL�Z9K!rVsUT¥O NPL Qqc�L(Qql § QqZkrVs(lkQqcX~!K!L![�M!QSl � QSL![2Qi�P}2L.|�}PTkQqLUTmc�NPW�QSL ��M!c�Q�MBNPZ
[PW�QqcXrVs!Q]�E�,QqjUTml9K!O�~,QqZ9cXTm¬SQqL½G>�&K(O�NPL!M(QqlkQSL;Z9K!rVsUTiORNPL.QqcXL!Q_IB}2lkOwQqW �EM(c�Q�~,Qqc½[2QS[2Qq~,QqL(QqL?�&K�e
ZkN�Tm¬Sc�L(t�}PlkORN�TmcX}2L!QqL MBNPL!L.QqcXL!M!QSK(TmcX[¢QqcXL.|�}PTkQqLUTmc�NPWANPK!Z�M(QqL.[2Qq[PQq~,QqL!QSLvg­N�TmQqL.l9QqjP}PL!Z9TklkK!cXQql9TqG
��K@�2QSlkM!QSO�ZkK!rVsUT]ORNPL�LBNPrVs NPWXW�QqL;ORYP[2W�cXrVs!QqL�����QSj8TklkQSL �AM!c�QA	!~�QSlksBN�K!�(T]NPK(tuTklkQ{TmQqLxj�Y2L!L!QSL½G
8 L(Zk[2QSZmNPO T � Qql9M!QqL NPW�Z9}­¬ � Qqc1|�NPlmN�ORQ{TmlkcXZkcXQqlkK(L![2QqL [PQqZkK(rVs8T��U¬qK!L!�PrVs!Z9T QSc�L!Q�|�NPlmN�ORQ{TmlkcXZkcXQqlkK(L![
M(Qql�OwY2[2W�cXrVs!QqLx�E��QSjUTmlkQSL K(L!M�MBNPL!L�~,Qqc�[PQq[2QS~�QSL!QqO ����QSj8TklkK!O Qqc�L(Q |�NPlkNPOwQSTml9c�Z9c�Qql9K!L![ M(Qql
|>}PTmQSLUTmc N�W�Q�OwcXT�M!cXQqZ9QqO �E�,QqjUTklkK!O�G
g�c�QxNPWXW�[2QSORQSc�L!Q�<�s!QS}2lkcXQv�2}2L opc�[PQqL��¨QSl9Tk[2W�QSc�rVs8K!L![2QSL �¥K!lkM!Qx~,Qql9QqcHTmZ �P}2L ��TmK!l9O Bz`PyDCiK!L!M
�AcX}2K(��c�WXW�QEB#a2a�C«cXOGF2NPs(lkQ.F%�2`2��QSL8T �¥cXrVjPQSWXT	G��EcXQ ~�Q{TmlmN�rVs8TkQSTkQqL QSc�L!Qwgic �&QSlkQqLUTkc NPWX[2W�QSc�rVs8K!L![ M(Qql
IB}2l9O

− d

dx

[

p(x)
dy

dx

]

+ q(x)y = λw(x)y,

M(c�Q Z9c�rVs�OwcXT
p(x) ≡ 1

K!L!M
w(x) ≡ 1

NPK(t«K!L(ZkQql9QqL�I1NPWXW>¬SK!lH	(rVj8t
	(s!lkQSL�W��PZkZ£T	G�g­NP¬SK�ZkcXL!M�M!cXQ

�
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��NPL(M!~�QSM!c�L([2K!L![2QSL
y(0) cosα + y′(0) sinα = 0,

y(1) cosβ + y′(1) sin β = 0

[2Qq[2QS~�QSL � �¨}2~,Qqc
α

K!L(M
β

lkQqQSW�WXQ��½NPs(W�QqL;¬ �¥cXZkrVs!QSL
0

K!L!M
π

ZkcXL!M½G�gic�QSZkQqZ­§¨QqcXZk�!cXQqWAt
	!s!l£TmQ¢¬SK
Qqc�L(Qql [2lk}2�PQqL�¿dL8TkQql9ZkK!rVs8K!L![ �P}2L.opc�[2QSL � Qql£Tm�!l9}2~!WXQqOwQqL K!L(M�opc�[2QSL!ZkrVsBN�tuTmQqL�M(Qql¨¬SK![2QSs!Y2lkcX[2QqL
o«cX[2QqLEt�K!L!jUTmcX}2L!QqL �½M!Qql�Z9}2[2QSLBNPL!LUTmQSL ����QSj8TklmNPWHTms!QS}2lkcXQPGAg�c�Q�opc�[2QSL(t�K!L!jUTkc�}2L!QSLx~!c�WXM!QqLxcXO�I1NPWXW
Qqc�L(QqZ�lkQSQqWXW�QqL�|>}PTmQSLUTmc N�W�Z�QqcXLx}2l9Tks!}2L!}PlkORNPW�QSZ­oplk¬SQqK![2QSL!M!QSL!Z ��Z9TkQqO M!QqZ_K!L(QqL!M!WXc�rVs�M!cXORQSL!ZkcX}�e
LBNPW�QSL���NPK(ORQSZ

L2
R

GBb�cXQql9¬qK�~!lmNPK(rVs!QqL �¥c�l�MBNPZ���TmNPL!MBN�lkM!Z9j�N�W NPl9�!lk}�M!K!jUT

�
f, g 	 :=

1
∫

0

f(t)g(t)dt,

MBNPZpt
	!l NPW�WXQ¥IBK!L!jUTmcX}2L!QqL
f, g ∈ L2

C
[0, 1]

M!Q{�BL!c�QSl9T c�Z£T	G8§¨Q{TmlkNPrVsUTmQST ORNPLRL8K!l«l9QqQqWXW�Qd|�}�TmQqLUTkc NPWXQ��
Zk}wc�Z9T¥M(Qqld�ErVs!l9YEM(c�L![2QSlk}2�,QqlkN�Tm}Pl�ZkQqWX~!Z9TmNPM��9K!L([2c�QSl9T

�
Lf, g 	 =

�
f, Lg 	

K!L!MvM!NPZiopcX[2QqL�� Qql9Tk�!lk}P~!W�QSO Z9} �¥c�Q]MBNPZicXLU�2Qql9ZkQ |«l9}2~!WXQqO�ZkcXL!M.�2}2WXW�Z9Tm�PL!M!cX[�[2QqWXY2Z9TqG�§ Qqc�jP}2O e
�!W�Q+�(QSL�|�}PTkQqLUTmc�NPW�QSL�c�Z9T M!Qql65­�,QqlmN�Tm}2l L(c�rVsUT¥ORQSs!l Z9QqW�~(Z9TVN�M��9K!L![2cXQql£T�K!L!M.QqZ¥O¢K(ZkZ¥NPL�QSc�L!cX[2QqL
��TmQSW�W�QSL�L!QqK(Q9<�s!QS}2lkcXQ_QqLUT �¥c�rVj�QqWXT � Qql9M!QqL½G
§¨QqcBM!QSl¨§ QqZ9Tkc�OwO¢K!L![�M(QqZ¨�E��QSjUTmlkK(ORZ O¢K!Z9Z ORNPL�K!LUTmQSlkZkrVs(Qqc�M(QqL ¬ �¥c�ZkrVs(QqL ¬ �¨QSc�I��PW�WXQqL½G2�&K!O
Qqc�L(QqL Z9QSTk¬ST O NPLwMBNPZ |�}�TmQqLUTkc NPW1�,QqlkcX}EM(c�ZkrVsRNPK(t&[UNPL!¬

R
t�}2l£T �U¬qK(O N�L!M!Qql9QqLRZ9TmQSW�WHT ORNPLR��N�L!MEe

~�QSM!c�L![PK!L![2QSL NPLwM!QqL���TmQSW�W�QSL
0

K!L(M
1

NPL M!cXQdb�c�WXW�[2WXQqcXrVs�K(L![!G2g�c�QqZ9Q�~,QqcXM!QqL I��PWXW�QqL�WXc�QSt�QSlkL�K!LEe
TmQql9ZkrVs!cXQqM!WXc�rVs!Q^�E�,QqjUTklkQqL&G �&K(LB�PrVs!Z£Ti~,QSTklmNPrVsUTmQSL��¥cXl�c�O QSlkZ£TmQqLvI1NPW�W½M!NPZ��E��QSjUTmlkK(O NPK(t�[UNPL!¬
R

G�gic�QSZkQSZ��E�,QqjUTml9K!O M!QqZ_��rVs!lkY�M!c�L([2Qql9}2��QSlmN�Tk}2lkZ �¥c�l9M�QqcXL!M!QSK(TmcX[R~,QqZ£Tmc�OwO T�M!K!l9rVs�M!c�Q¢�_WXQqcfe
rVs�K(L![

µ2 − 2∆(λ)µ+1 = 0
�8s!c�QSlk~,Qqc1c�Z£T

∆(λ)
M!c�QdZk�!��TmQSl¨~,QqZkrVs(lkc�QS~�QSL!Q�bdc�W�WfehgicXZkj8lkcXORcXLBNPLUTmQ�G

gic�Q � N�lkc N�~!W�Q
µ

QqLUTmZ9�!lkcXrVs8T^QqcXL!QqO�opc�[2QSL��¨QSl9T]M!Qql � }2L!}�M!lk}2Owc�Q���M(Qql <>lmNPL!Z9W N�Tkc�}2LvQqc�L(Qql �AY�e
ZkK!L![RM!Qql�b�cXW�WX[2W�QSc�rVs8K!L![ K!O�M(c�Q]|�QSlkc�}�M!QSL!W �PL([2Q�F2G,o«Zd[2cXWXT�t
	!ldQqcXL!Q]o«cX[2QqLEt�K!L!jUTmcX}2L

φ(x)
OwcXT

M!QqO�opcX[2QqL�� Qql9T
µ

M!c�Qw��W�QSc�rVs8K!L![
φ(1) = µφ(0)

G FPQqM!QSZ
µ

QSL8TkZk�!l9c�rVsUT^Zk}2OwcXT�QSc�L!QSl ��K!NPZkcX��QCe
lkc�}�M!cXZkrVs!QSL �dNPL!M(~�QSM!c�L![PK!L![�M!QSl^bdc�WXW�[2WXQqc�rVs8K!L([!G �iK(t�[2l9K!L!M�M!Qql_QSc�L!M!QSK(TmcX[2QqL �AY2Z9~BNPl9jPQqcHT]M!Qql
gic���Qql9QqLUTmc�NPW�[2WXQqcXrVs�K(L![vM!QSl � }2L!}�M!l9}2ORcXQ [2cXWXT NPK!rVs

φ(x + 1) = µφ(x)
t
	(l�NPW�WXQ

x ∈ R
G 8 Z9T

µ = ±1
�½Zk}.Zk�(lkc�rVsUT]ORNPLx�2}2L���QSlkcX}EM!cXZkrVs!QSL�K!L!M�NPLUTmcX��QSlkc�}�M!cXZkrVs!QSL �dNPL!M(~�QSM!c�L![PK!L![2QSL�K(L!M

Zk}2OwcXTdNPK(rVsv�2}2Lv��QSlkc�}�M!cXZkrVs!QSLvK!L!M�NPLUTmc��,Qql9c�}�M!c�Z9rVs!QqL;opc�[2QSL��¨QSl9TmQSL �&~,Qq¬SQqcXrVs!L!QSTiORcHT
ωi

G,g­N�e
~�QSc­c�Z£T

ωi
�,Qql9c�}�M!c�Z9rVs t
	!l

i = 4n − 3, 4n − 2
K!L!M NPLUTmcX��QSlkc�}�M!cXZkrVs t
	!l

i = 4n − 1, 4n
�

n ∈ N
G �iK(t_¬ �¨QSci�,QqlkcX}EM(c�ZkrVs(Q�opc�[2QSL��¨QSl9TmQ;t�}2W�[2QSL NPWXZk} c�OwORQSlw¬ �¨QSc­NPLUTkc��,QqlkcX}EM(c�ZkrVs(Q;K!L(M

�



� � ����� � 
 ��� �

K(OR[2QSjPQSs!l9TqGpopZ¢[2c�WHT_t
	!l QSc�L!QSLJ��QSlkc�}�M!cXZkrVs!QSLJopc�[2QSL � Qql£T
∆(ωi) = 1

K!L!M t
	!l^Qqc�L(QqL NPLUTmcX��QCe
l9c�}�M!c�Z9rVs!QqL

∆(ωj) = −1
G:�iZ ��OR�(Tk}PTmcXZkrVs�W�cXQq[2QSL �9Q �¨QSc�WXZ]¬ �¨QSc �,Qql9c�}�M!c�Z9rVs!Qwopc�[2QSL � Qql£TmQwLBNPs!Q

~,QqcXQqcXLBNPL!M!QSl��2Z9c�Q¥jPYPL!L!QqLRNPWXW�Qql9M!c�L([2ZpNPK!rVsw¬qK(ZmNPOwORQSL(t NPWXW�QqL �PMBNPZp[PW�QqcXrVs!Q�[2cXWXTpQS~�QSL(t NPW�WXZ�t
	!lpM!cXQ
N�L8Tkc��,Qql9c�}�M!c�Z9rVs!QqL opcX[2QqL�� Qql9TkQPG �AY2Z£T�ORNPL¢M!cXQ¨}2~(c�[2Q¨�_WXQqcXrVs�K(L![­LBNPrVs

µ
NPK(t ��Zk}�Qql9sB�PWHT�ORNPL M!cXQ

IBK!L(j8Tkc�}2L
µ = ∆(λ) ±

√

∆(λ)2 − 1
G,gicXQqZ9Q¢IBK!L!jUTmcX}2LvWXc�Q{t�Qql9TdK!L(ZiQqcXL!Q^§¨Qq¬Sc�Qqs8K!L([ ¬ �¥cXZkrVs!QSL

λ
K!L!M

µ
��M!cXQ K!L(Z­QqcXL!Q¢§ N�L!M!Z9TklkK!jUTkK!l­M!Q{�BL!c�QSl9T�� �¥c�Q �¥c�l�L�K(LxQqlkj8W��PlkQSL �¨QSlkM!QSL½GAopc�L�o«cX[2QqL�e

� Qql£T
λ

[2QSs!Y2l£T�~,QqcAQSc�L!QSO�lkQSQqWXW�QqL;|�}�TmQqLUTkc NPWA[2QSLBNPK�MBNPL!L;¬qK!O ����QSj8TklkK!O N�K(t�[UN�L!¬
R
� � QqL(L

∆(λ)
c�O 8 LUTmQql£��NPW�W

[−1, 1]
WXc�Qq[�T �2M!cXQqZ«c�Z£T ���8K!cX��NPWXQqLUT«¬qK |µ| = 1

G8gicXQ¥�«QSlkQSc�L!cX[2K!L![]NPWXW�Qqlp�E��QSj2e
TklkQSL�ORcHT �8KBNPZkcX��QSlkcX}EM!cXZkrVs!QSLv�dNPL!M(~�QSM!c�L![PK!L![2QSLvOwcXT |µ| = 1

W�c�Q{t�Qql£TdNPW�Z9}RMBN�Z­�E�,QqjUTklkK!O NPK(t
[2NPL!¬

R
G 8 L M!QqL 8 L8TkQql£�PN�W�W�QSL�¬ �¥c�Z9rVs!QqLª¬ � Qqc NPK(t�QqcXLBNPL!M(Qql9t�}PW�[2QSL!M!QqL��,QqlkcX}EM(c�ZkrVs(QqL�}EM!QSl_¬ � Qqc

N�K(t�QqcXLBNPL!M!QSl9t�}2WX[2QqL(M!QqL¸NPLUTmcX��QSlkc�}�M!cXZkrVs!QSL o«cX[2QqL�� Qql£TmQqL [2c�WHT |∆(λ)| > 1
K!L!M¸Zk}2OwcXT¢~�QSZkcXTk¬ST

M!NPZ.�E�,QqjUTml9K!O M!}2l9T QqcXL!Q � 	!rVj�Q�� M!cXQqZ9Q 8 LUTmQSl9��NPW�WXQvL!QSL!LUT�ORNPL � �����-�����3, ���BG giQqOwQqLUTkZk�!l9Q{e
rVs(QqL!M s(Qqc��PQqL�M!c�Q 8 LUTmQSl9��NPWXW�Q�¬ �¥cXZkrVs!QSL QSc�L!QSO\��QSlkcX}EM!cXZkrVs!QSLRK(L!M N�L8Tkc��,Qql9c�}�M!c�Z9rVs!QqLwopc�[2QSL��¨QSl9T
�	� ���$��&{G�g�c�QqZ9QR~,QqcXM!QqL §¨QS[2lkc �&Q ¬SK!ZmNPOwOwQqLªM(QS�BL!cXQql9QqLªM(c�Q � ������
���&+* ,���* & ��ZkcXQ�c�Z9T]QSc�L!M!QSK(TmcX[
M(QS�BL!cXQql£T M!K(lkrVs M!cXQR�,Qql9c�}�M!c�Z9rVs!QqL�K!L!M NPLUTmc��,Qql9c�}�M!c�Z9rVs!QqL opc�[2QSL��¨QSl9TmQRK!L!M Zk}2OwcXT_M!K(lkrVs M!cXQ
§ Qq¬qcXQqs8K!L![ ¬ �¥c�ZkrVs(QqL

µ
K!L!M

λ
G gicXQqZkQ�o«cX[2QqL�� Qql£TmQ�M!QS�!L!c�QSlkQqL N�K(t�[2lkK(L!M M!Qql.N�LBNPW��8Tkc�ZkrVs(QqL

IB}2l£TmZ9QSTm¬S~BNPl9jPQqcHT_�2}2WXW�Z9Tm�PL!M!cX[�M!c�Q�bdc�WXWHehg�c�Zkj8l9c�Owc�LBNPLUTkQ^K!L(M Z9}2ORcHT�c�Z£T �9QqM!QSZ¢����QSj8TklkK!O�¬SK �9QCe
M(QqO

µ
~,Qqj�NPL!LUTqGD��W�Zk}�c�Z£T�M!cXQ j�}2Ow�!W�Q{TkTmQ 8 L(t�}2l9O N�Tmc�}PL 	(~�QSl�MBN�Zp�E�,QqjUTml9K!O NPK(tB[2NPL!¬

R
~,Qql9QqcHTmZ

cXL M!QSl�§ NPL!M(Z9Tml9K!jUTmK!l¨QqLUTmsBN�WXTmQSL½G!§ Qqc&j�}2Ow�!W�Q+�(QSL.|�}PTkQqLUTmc�NPW�QSLRt
	!s(l9T�ORNPL QSc�L!Q­�dcXQqORNPL!L!Z9rVs!Q
I�W �PrVs!Q]QqcXL �,M!c�Q]MBNPZi�E�,QqjUTml9K!O�~,QqZ9rVs!lkQSc�~(TqG&g�c�Q¢I�W �PrVs!Q �¥c�l9MvM!Q{�BL!cXQql9TiNPWXZ­��lmNP�(svM!QSli¬ � Qqcfe
� Qql£TmcX[2QqL�IBK!L(j8Tkc�}2L

∆(λ)±
√

∆(λ)2 − 1
G(g�c�Q�I�W �PrVs(Q�QSlksB�PWHT¨ORNPL �UcXL!M!QSO ORNPLw¬ � Qqc&��}2�!cXQqL

M(QqlwjP}2Ow�!W�Q+�EQqL op~,QqL!Q�L!cXORO T���~,QqcXM!Q.QqLUTmW�NPL![�M!QqZ �E�,QqjUTml9K!ORZwZkrVs(L!QqcXM!QSTRK!L!M¸M!c�Q.~,Qqc�M(QqL
�d}2�!cXQqL�MBN�L!L �¥c�Q_t�}2WX[PTd¬qK!ZkNPOROwQqL(j�WXQq~(TqG&g�c�Q 5­~,Qql9ZkQqcHTmQ �9QqM!QSZ��ErVs!L(cXTkTkZ

[ω2i−1, ω2i]
NPK(tpM(Qql

QSc�L!QSLJ��}P�!c�Q �¥c�l9MªOwcXT]M!Qql ¿�LUTmQSlkZ9QqcXTkQ M!QSZ [2WXQqc�rVs(QqLJ��rVs!L!cXT9TmZ N�K(t�M!QSl¢NPL!M(QqlkQSLJ��}P�!c�Q��2QSl£e
j8WXQq~(T^K!L!M K(OR[2QSjPQSs!l9TqG 
 QqL!Lª¬ � Qqc
� NPLUTmcfe��£�,Qql9c�}�M!c�Z9rVs!Q�opc�[2QSL��¨QSl9TmQRL!c�rVsUT ¬qK!ZkNPOROwQqLEt NPW�WXQqL �
Z9} ZkcXL!Mv~,QqcXM!Q_�«Qqlk¬ �¨QSc�[2K(L![2Zk�(K!L!jUTmQ N�K(tpM!QSl­�¥c�QqORNPL!L(ZkrVs!QSL�I�W��PrVs!QPG��E}PORcHT�QSlksB��WXTdO N�L;M!cXQ
�«QSlk¬ �¨QSc�[2K!L([2Zk�!K(L!jUTmQ]M!Qql��¥c�QSO N�L!L!ZkrVs(QqL�I�W ��rVs!QiM!cXlkQSj8T�NPK!Z�M!QSl�§ NPL!M(Z9Tml9K!jUTmK!lSG1§¨QSTklmNPrVsUTkQST
ORNPL NPW�Z ¬ � QqcXTkQqL�I1NPWXW1MBNPZ�����QSj8TklkK!O M!QSZ�5­��QSlmN�Tk}2lkZ �EM!QSl¨L8K!l¨NPK(t

[0, 1]
M!Q{�BL!cXQql9T¨c�Z£T ��Zk}¢Z9c�L!M

M(c�Q�o«cX[2QqL�� Qql£TmQ­N�LBNPW��8Tkc�ZkrVs NP~!sB��L![2c�[_�2}PL M!Qql 
 NPs!W1M!Qql¨��N�L!M!~,QqM!cXL![2K!L![PQqL½G � NPLRj�NPL!L Z9c�rVs
¬SK!O §¨QqcXZk�!cXQqW�M!cXQ �8KBN�Zkc��,Qql9c�}�M!c�Z9rVs!QqLv��N�L!M!~,QqM!cXL![2K!L![PQqL

y(0) = µy(1)
�¥cXQ^}2~,QqL��2}2l9[2Qq~,QqL&G

8 O I1NPWXW��2}PLJgic�l9c�rVs!WXQSTklmNPL!M(~�QSM!c�L![PK!L![2QSL
y(0) = y(1) = 0

Qql9sB�PWXT]ORNPL�M!c�QwgicXlkc�rVs(W�QSTkQqcX[2QqLEe
� Qql£TmQ�G�gicXQ gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9TkQ WXc�Qq[PQqL�~�QSc l9QqQqWXW�QSL |�}�TmQqLUTkc NPWXQqLª[PQqLBNPKªc�LªM(QqLJ§ N�L!M!W�	(rVjPQqL
K(L!M �9QqM!QSl�g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£T�j�NPL!L.ZkcXrVs.c�L M!cXQqZ9QqL �:	(rVjPQqL�Zk}P[UNPl�NPL �9QSM!Qql�~,QqWXc�Qq~(c�[2QSL.��TmQSW�WXQ
~,QS�!L!M!QqL �&K!LBN�~!sB�PL![Pc�[��2}2LxN�W�W�QSLvN�L!M!Qql9QqLxg�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TmQSL½G,§¨Qqc>jP}2Ow�!WXQ��EQqLv|�}PTkQqLUTmc�N�e
WXQqL©c�Z£TRM(Qql �(NPrVsU�2QSlksBNPWHT Q{T � N�Z jP}POR�!WXc�¬Sc�Qql£TmQSlqG�g�c�Q;gic�l9c�rVs!WXQSTmQSc�[2QSL��¨QSl9TmQ.~,QS�BL(M!QqL¸Zkc�rVs NPK(t
M(Qql }2~�QSL ~,QqZ9rVs!lkcXQq~,QqL!QSL��dcXQqORNPL!L!Z9rVs!QqL I�W ��rVs!QPG8g­N]M!c�QSZkQ¥QqcXL!Qd¬ � Qqc�~(W ��T9TmlkcX[2Q���~,Qql9W NP[PQqlkK(L![
M(Qql­j�}2OR�(W�Q��EQSL�o«~,QqL(Q c�Z9T���~,QqL(YPTmcX[PT­ORNPL�L!}�rVsxQqcXLv�«}2l9¬qQqcXrVs!QqL �&MBNPOwcXT�QqcXL!M!QSK(TmcX[ �¥c�l9MxNPK(t
� QqWXrVs!QqO�§¨W N�T9TiZ9c�Q¢Z9c�rVsx~,QS�BL(M!QqL½G � NPLx~,QqZkrVs(lkQqcX~(T_M!cXQ¢gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9TkQ¢c�LvM!c�QSZkQqO�I1NPW�W

¦
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NPW�Z¥gicH��c�Zk}Pl�NPK(t�M!Qqld�¥c�QqORNPL!L(ZkrVs!QSLvI�W��PrVs!Q�G
g­NPZ�cXLU�2Qql9ZkQ�|pl9}2~!W�QSO sBN�T�L!c�rVsUT�Zk}iTkc�QSt�l9QqcXrVs!QqL!M(Q 
 K!lk¬SQqWXL �¥c�Q M!c�Q¨�E�,QqjUTmlkNPWXTks!Qq}Plkc�Q�G�gic�Q Qql9Z9TmQ
�ilk~,QqcHT �2M(c�Q¥ZkcXrVs NPK!Z£t
	!s!l9W�c�rVs�MBN�ORcHT«~�QSZkrVsB��tuTkc�[PT��UZ9TmNPORO^T NPK!Z M!QqO F2NPs(lkQ_F%nPyU���2}PL §¨}Plk[ B#`DC G
8 O I1NPWXW�Q¥NPWXW�[2QSORQSc�L!QSl«��N�L!M!~,QqM!cXL![2K!L![PQqL ~,Qqc,lkQSQqWXW�QqL |�}PTkQqLUTmc�NPW�QSL �¥K!l9M!QiQSc�L!cX[2QqZ NPL <�s!Qq}2l9c�Q
QqLUT �¥c�rVj�QqWXT��PZ9c�Qqs(Q s!c�QSlk¬SK �2}2l�NPW�WXQqO BfF±��C �-BfF%�DCEK!L!M'B#a2��C��2}2L 8 ZkN2NPrSZk}2L K!L(M � r	��Q	N�L½G � N�L Z9TVN�l£e
TmQST¥OwcXT¨QqcXL!Qql��¥c�QSO N�L!L!ZkrVs(QqL�I�W ��rVs!Q�ORcHT¨M(Qql¥}2~,QqL�~,QqZkrVs(lkc�QS~�QSL!QqLv§ NPL!M(Z9Tml9K!jUTmK!lSG1g­N M!c�QSZkQ
�dcXQqORNPL!L!Z9rVs!Q¢I�W��PrVs!Q]QqcXL!M!QqKETmc�[RM!K!l9rVs�M!c�Q^��QSlkcX}EM!cXZkrVs!QSLvK!L(MxNPLUTmcX��QSlkc�}�M!cXZkrVs!QSL�opc�[2QSL��¨QSl9TmQ
~�QSZ9TmcXORO^T �¥c�l9M �¨Z9c�L!M NPK(rVs M(c�QqZ9Q�[2Qq[2QS~�QSL½G�g­N �¥cXQ�}2~,QqL ~�QSZkrVs!l9c�QS~�QSL �9QSM!Qql�gicXlkc�rVs(W�QSTkQqcfe
[2QqL�� Qql9T_cXlk[2QSL!M � }.c�L�Z9Qqc�L(Qql_§ NPL(M!W�	!rVj�Q ~!¬ �_G½NPK(t ZkQSc�L!QSl­¬ � QqcX~!W ��T9Tml9c�[2QSL ��~,Qql9W NP[2QSlkK!L([�M!Qql
jP}2Ow�!W�Q+�EQqLxop~,QqL!Q¢WXc�QS[2QqL;j�N�L!L �&[Pc�~(T�QqZ�N�K!rVs���c�QqWXQ |>}PTmQSLUTmc N�W�Q��,M!cXQ^M!cXQ [2WXQqcXrVs!Q¢§ N�L!M!Z9TklkK!j2e
TmK!l¥~,QqZkcHTm¬SQqL �BORNPL.O¢K!Z9Z�L8K!l �9QqM!QSLvg�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TdQST �¨NPZd�PQql9ZkrVs!cXQq~,QqL½G � NPL�ZkK!rVsUT�L�K(L
Qqc�L(Q¥§¨QqZ9rVs!lkQSc�~!K!L([¢M!Qql � QSL![2QdNPWXW�Qql�|�}PTkQqLUTmc�NPW�Q�OwcXT«M!QSl«[2W�QSc�rVs!QSLR§¨NPL!M!Z£TmlkK(j8TkK!l��8M!cXQqZ9QqZ |«l9}�e
~!W�QSO�~�QS¬qQqcXrVs!L!Q{T­ORNPL�NPWXZ 8 Zk}2Z9��QSj8TklmNPWX�!lk}P~!W�QSO;G 
 QqL!LvO NPL;M!c�Q 8 Z9}2Zk�,QqjUTmlkNPW�OwQqL([2Q [2QS[2Qq~,QqL
sBN�T �«OwYErVsUTkQvORNPL NPK(rVs [2Qql9L!Q��¥cXZkZkQSL � � QqWXrVs!Q �&K!ZkN�Tm¬Sc�L(t�}PlkORN�TmcX}2L!QqL MBN�L!L MBNPZ |�}PTkQqLUTmc�NPW
Qqc�L(M!QqK(Tkc�[ t�QSZ9TmWXQq[2QSL½G 8 L�K!L!Z9QqlkQSO I1NPW�W>ZkcXL!M�[2QqLBN�K M!cXQ gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9TkQ QqcXL!Q Zk}2WXrVs!Q �&KEe
ZmN�Tk¬qc�LEt�}2lkORN�TmcX}2L½G,��c�~(TiO N�LxZkc�rVsxL8K!L�~,QqWXc�Qq~(c�[2Q^gicX��cXZk}2l9QqL�t
	!l­M(c�Q gicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£TmQ NPKEt
M!Qql^�dcXQqORNPL!L!Z9rVs!QqL I�W �PrVs(Qw�P}2l��>Zk};ZkK!rVsUT ORNPLªQSc�L!QRIB}2lkOwQqW�t
	(l^MBN�Z¢|�}�TmQqLUTkc NPW �AMBNPZ [PQqLBNPK
M!c�QSZkQ § NPL!M!Z£Tml9K!jUTmK!l�K(L!M¢gicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£TmQ ~�QSZkcXTk¬STqG�opcXL!Q¨N�L!M!Qql9Q IBlmN�[2Q ~,QSTklkc ��T>M!cXQ � QqL![2Q
NPW�WXQql¥ORYP[2W�cXrVs!QqL;§ NPL!M(Z9Tml9K!jUTmK!l9QqL ��O N�LvZkK(rVs8T_QSc�L!Q � sBNPlkNPjUTmQSlkc�Z9c�QSlkK!L![ NPW�WXQqld�dcXQqORNPL!L!Z9rVs!QqL
I�W �PrVs(QqL �!M(c�Q�M!cXQ_§ NPL!M!Z£Tml9K!jUTmK!ldQqcXL!Qqldb�cXW�WfehgicXZkj8lkcXORcXLBNPLUTmQ¥MBNPl9Z9TkQqW�WXQqL½G
8 O�QqcXL(t NPrVs!Z£TmQqL;I1NPW�W � � QqL(LvORNPL�gic�l9c�rVs!WXQSTmlkNPL!M!~,QqM(c�L![2K(L![2QqL

y(0) = 0, y(1) = 0
K!L!M�Qqc�L�lkQSQqWXW�QqZ_|>}PTmQSLUTmc N�W��2}2l9[2c�~(T��A[2c�~ET�QqZ]QqcXL!Q�Qqc�LEt NPrVs!Q��!s���Zkc�j�NPWXc�Z9rVs!Q 8 L8TkQql9�!lkQ{TVN�Tkc�}2L�M!QqZ
c�LU�2QSlkZkQSLx|plk}2~(W�QqOwZqGB�EQSTk¬qQqL��¥c�l

u = u(x, t)
t
	(l

x ∈ [0, L]
�BZ9} Qql£t
	!W�WHT�QqcXL!Q_t�lkQqcAZ9rVs��¥c�L![2QSL!M!Q

�(NPcXTkQ�M!Qql6���PL![PQ
L

ORcHT ��NPlkc�NP~!WXQql � NPZkZ9QqLU�2QSl9TmQSc�WXK!L![
ρ(x) > 0

M!c�Q 
 QqWXW�QSL![2W�QSc�rVs8K!L![
ρ(x)utt = uxx

ORcHT M(QqL.�dNPL!M!~,QqM!cXL![2K!L([2QqL
u(0, t) = 0

�
u(L, t) = 0

G(opc�L(Qi�,QqlkcX}EM(c�ZkrVs(Q��­cX~!lmN�Tmc�}PLRM!QSl�IB}2lkO
u = y(x)(a cosωt+ b sinωt)

ORcHT I1l9Q��8K!QSL!¬
ω

s(Qqc���T¨l9Qqc�L(Qql <�}2L&G(��Qq�BNPl9c�QSl9T O NPLRM!c�Q�� NPl9c NP~(W�QqL �UZk} QSl9t
	!WXWXT
y

M!cXQ­��W�QSc�rVs8K!L![
y′′ + ω2ρ(x)yt = 0

ORcHT�M!QqL;�dNPL!M!~,QqM!cXL![2K!L([2QqL
y(0) = 0, y(L) = 0.

�
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 K!L�j�NPL!LvO NPL;QqcXL!c�[2Q]IBlmN�[2QqL;Z9TmQSW�WXQqL½G �iKEt �¥c�Q_�EcXQqWXQ9��l9TmQSL�j�NPL!L�M(c�Q � NPZkZ9Q NPK(t«M(Qql��ENPcXTkQ
�PQql£TmQqcXWXT_Z9Qqc�L �½K!O QSc�L!Q [PQq[2QS~�QSL!Q � QqL![PQ��P}2L I1l9Q��8K!QSL!¬qQSLª¬qK�QSlk¬qQSK![2QSLª}�M!Qql �¨NPL!L�c�Z£T_QqcXL!Q
� QqL![2Q­�P}2L��½NPs!WXQqLRM!c�Q � QqL![2Q��2}2L.IBlkQ �8K!QqL!¬SQqL�NPK(t�QSc�L!QSl¨TVN�TmZm��rVs!W�cXrVs ZkrVs��¥c�L([2QqL!M(QqL;�(NPcHTmQ��
giNPZ¢}2~!cX[2Qw|plk}2~!WXQqO j�NPL!L c�LªM(QqL©��TkK!lkO e �Ac�}PK(��c�W�WXQ{e I,N�WXWATmlkNPL!Z£t�}2lkOwc�QSl9T �¨QSlkM!QSL � � QqL(L

ρ(x)¬ �¨QSc�ORNPW!Z£TmQSTkc�[�M!c �&QSlkQSL!¬qcXQqlk~!NPl�c�Z£T	G8��}2ORcHT�j�NPL!L�MBN�Zpc�LU�2QSlkZkQdgicXlkcXrVs!W�Q{Tm�!l9}2~!W�QSO NPW�ZpLBN�T 	!l9W�c�rVs(Q
IBlkNP[2QqZ£TmQSW�W�K(L![�NPL�M!c�Q�l9Qqc�L(QqL'<�Y2L!Q_�2}2Lv�(NPcHTmQSL�cXLUTmQql9�!lkQ{TmcXQql9T � Qql9M!QqL&G
g�c�Q �il9~�QScXT¥c�Z£T �¥c�Q­t�}2WX[PT�[2QS[2W�cXQqM!QSl9T��
8 O F2G#�_NP�!cHTmQqW8~,QqZ9rVsB��tuTmcX[2QqL �¥c�l>K!L!Z�OwcXT>M!QSlp�E�,QqjUTklmNPWHTms!QS}2lkcXQ M!QSZp�ErVs(lkY�M!c�L![PQqlk}P��QSlmN�Tk}2lkZSG 
 cXl
~,QSTklmNPrVsUTkQqLvM!NPZdo«cX[2QqL�� Qql£Tm�!l9}2~!W�QSO�OwcXT�M!QSLv�dNPL!M(~�QSM!c�L![PK!L![2QSL

y1(0, λ, q) = y′2(0, λ, q) = 1,

y′1(0, λ, q) = y2(0, λ, q) = 0.giNPL!Lv¬SQqcX[2QqL �¥c�l �!MBNPZ9ZdM(c�Q]IBK!L!jUTmcX}2L!QqL
y1(x, λ, q)

K!L!M
y2(x, λ, q)

QSc�L�IBK!L!MBN�ORQSL8TmNPW�Z ��Z9TmQSO
~(c�W�M(QqL½GBopZ¥j�NPL!L�NPWXZk} �9QqM!Q �AY2Z9K!L![

y
NPWXZ=�Ac�L!QqNPlkj�}2O¢~!cXLBN�Tkc�}2L �P}2L

y1(x, λ, q)
K!L(M

y2(x, λ, q)[PQqZkrVs(lkc�QS~�QSL � Qql9M!QqL&G 
 c�l � Qql9M!QqL�¬SQqc�[PQqL �2M!NPZkZpM!cXQ¨~,QqcXM!QqL�IBK!L!jUTkc�}2L!QSL c�L��¥QqcXs!QqL QSL8T �¥cXrVjPQSWXT
� Qql9M!QqL jPY2L!L(QqL ��c�L_M!QSL!QqL¢�Ec�L8K!Zhe&K(L!M � }PZkc�L8K!Z£t�K!L!jUTmcX}2L!QSL¢NPK(tuTklkQ{TmQqL&G���L!ZkrVs(W�c�Q �2QqL(M^~,Q � QqcXZkQqL
�¥cXl��i~!Z9rVsB��Tm¬SK!L![2QSLvt
	!l�~,QqcXM!Q]I1K(L!jUTmc�}PL!QqL �BM(c�Q�ZkcXrVs �¥cXQ

cos
√
λx

~!¬ �_G 1√
λ

sin
√
λx

�2QSlksBNPWfe
TkQqL½G�opc�L!Q �¥cXrVs8Tkc�[2Q ��W�QqcXrVs8K!L![�t
	!l¥M!c�Q^§¨Qq¬Sc�QSs�K(L![ ¬ �¥c�ZkrVs(QqL�M!QSL�~,Qqc�M(QqL�IBK!L(j8Tkc�}2L(QqL�c�Z9TdM!cXQ

 lk}PL!Zkj8cHe 8 M!QqLUTkcXTV��T

y1y
′
2−y′1y2 = 1

GUgiN]K!L(ZkQql |>}PTmQSL8Tkc NPW(c�L�M!QqO\b�c�WX~�QSl9TklmNPK!O
L2

C

W�cXQq[PT��PjPYPLEe
L(QqL��¥cXl¥NPK!rVs;LBNPrVsvM(c�QqZ9QqO |>}PTmQSL8Tkc NPW�N�~!W�QScXTmQSL�K!L!M;Qqlks!NPWXTkQqL;I1}PlkOwQqW�L t
	(ldM(c�QqZ9Q �i~!WXQqcXTkK!L![!G
g�c�QqZ9Q §¨QSTklmNPrVsUTmK(L![2QqL^ZkcXL!M]NPW�WXQ�ZkQSs!l>NPK!Z£t
	!s!lkWXc�rVs_K!L!M]j8W NPl&c�O ��TVNPL(MBNPlkM �¨QSlkj Bz`2°DC2�P}2L |>Y2ZkrVs(QqW
K(L!M <>lkK!~,} �¥cXTk¬^~,Q �¥cXQqZkQSL½G �iWXZdL 	(Tk¬qWXc�rVs!QSZibdc�WXt�Z9ORcHTkTkQqW ��MBNPZdK!L!ZdMBNPZ¥[UN�L!¬qQ]c�LU�2QSlkZ9Q¢|plk}2~(W�QqO
~,Qq[PW�QqcHTmQSL �¥c�l9M �«Qql �¨QSc�Z9T ZkcXrVs M!c�Q;b�cXW�WfehgicXZkj8lkcXORcXLBNPLUTmQ

∆(λ) = 1
2
(y1(1, λ, q) + y′2(1, λ, q))

G
g�c�QqZ9Q �¥K!lkM(Q �2}2L � NP[PL�K(Z K!L!M 
 c�L(j�WXQql^c�L B#aP`�C¨Qqc�L([2Qqs!QSL!M K!LUTmQSlkZkK(rVs8TqG 
 c�l �¨QSlkM!QSL ��~Ee
Z9rVsB��Tk¬qK!L![PQqL t
	(l­M!c�QSZkQ�gicXZkj8lkcXORcXLBNPLUTmQ ~�Q �¨QSc�ZkQSL K(L!M�M!c�Q���~!W�QScXTkK!L![ �P}2L

∆(λ)
LBNPrVs

λ
~,Q{e

l9QqrVs!L(QqL½G��iK@�2QSlkM!QSO ~�Q �¨QSc�ZkQSL �¥c�l �pMBNPZ9ZRM!cXQvIBK!L(j8Tkc�}2L
∆(λ)

K!L!QSL!M!W�cXrVs¸��c�QSW�Q 
 K(W�W�Z£TmQSW�W�QSL
~,QqZ9cXTk¬ST �8M!cXQqZ �¥c�l9MRK!L(Z¨c�O ¬ � QqcXTkQqL��_NP�(cXTmQSWBs!QqWHt�QqL½G 8 O I1NPWXW�Q¨�P}2L�gicXlkc�rVs(W�QSTklmNPL(M!~�QSM!c�L([2K!L![2QSL
y(0) = y(1) = 0

ZkcXL!MvM!cXQ opcX[2QqL�� Qql9TkQ M!cXQ 
 K!W�WXZ9TkQqW�WXQqL.M!QSliIBK!L!jUTkc�}2L
y2(1, λ, q)

G1§¨Q{TmlmN�rVs8TkQST
ORNPL M!NPZ¨t�lkQSc�Qi|�}PTkQqLUTmc�NPW

q ≡ 0
�EZ9} Zkc�L(M�M!c�Qigic�l9c�rVs!WXQSTmQSc�[2QSL��¨QSl9TmQiM!c�Qi|«K(L!jUTmQ

n2π2 G 8 O I,N�W�W�Q
QSc�L!QSZ ~,QqW�cXQq~!cX[2QqL |�}PTkQqLUTmc�NPW�Z W�c�QS[2QqLRM!c�Qigic�l9c�rVs!WXQSTkQqc�[PQqL��¨QSl9TkQ�NPK!rVs.LBNPs(Q­~�QSc&M!cXQqZ9QqL.|pK!L!jUTmQSL �
� }2~,QqcdZkcXQ�L(}ErVs¸K!O�QqcXL!Q���}2L!Z£TVNPLUTkQ��PQqlkZ9rVs!}2~,QqL Z9c�L!M½G ¿dO M!c�QSZR¬SK ~,Q � QqcXZkQqL©t
	!s!l9QqL �¥cXl
M(c�QRb�c�WXW�[2WXQqcXrVs�K(L![.c�L � N�Tml9c#�EZkrVs(lkQqcX~��¨QSc�ZkQ�QSc�L K!L!M ¬SQqc�[PQqLªQSc�L!cX[2Q �i~!Z9rVsB��Tk¬qK!L![PQqLJt
	!l]M!c�QSZkQ
� N�Tml9c#��G 
 c�l QSlksBN�WXTmQSL;cXL!Zk[PQqZmN�O T�t
	!l�M!cXQ_gic�l9c�rVs!WXQSTmQSc�[2QSL��¨QSl9TmQ

µn(q)
M!cXQ �i~!Z9rVsB��Tk¬qK!L![

µn(q) = n2π2 +

1
∫

0

q(s)ds+ en.

n



���������	��

�����

g­NP~,QqcUc�Z£T
en

Qqc�L(Q �8KBN�M!lmN�TkZkK!OwOwc�Qql9~BNPl9Q«I1}PW�[2Q��	M½Gzs½G%QqZ>[2c�WHT ∑
e2n <∞ G 
 cXlAQqlks!NPWXTkQqL]ORcHT�b�cXWHe

t�Q�M!c�QSZkQql¥g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TmQ_NPK(rVs;L!}�rVs.M!c�Q_|pl9}EM!K(j8TkQqLUT �¥c�rVj8WXK!L![wM!Qql¥IBK!L!jUTkc�}2L
y2(1, λ, q)NPW�Z

y2(1, λ, q) =
∏

m≥1

µm(q) − λ

m2π2
.

�E}2OwcXT­cXZ9T_M!cXQ [UNPL!¬SQ 8 L(t�}2lkORN�Tkc�}2L?	!~,Qql�M(c�QwIBK!L!jUTmcX}2L
y2(1, λ, q)

~�QSlkQScXTmZ�cXO�gicXlkcXrVs!W�Q{TmZk�,Qqj2e
TmlkK(O�QqLUTms!NPWXTkQqL½G
8 O aEG#�]N��!cXTkQqWB~,QqZkrVs!��tuTmcX[2QqL �¥c�l«K!L!Z OwcXT«M!QSOÀc�LU�2QSlkZkQSL�|plk}2~(W�QqO�G 
 cXlp[2Qq~,QqLRK!L!Z Qqc�L(Qi§ N�L!MEe
Z9Tml9K!jUTmK!l K!L!M�|pK!L(j8TkQi�2}Pl���M!c�Q�gic�l9c�rVs!WXQSTkQqc�[PQqL��¨QSl9TkQ�Z9Qqc�L Zk}2WXW�QqLwK!L!M M!c�Q6�i~!Z9rVsB��Tk¬qK!L![PQqL�NPK!Z
M!QqO QqlkZ£TmQSL �_NP�!cHTmQSW(Qql£t
	!W�WXQqL½G 
 K!L�Z£TmQqWXW�QSL �¥c�l�M!cXQ�IBlmNP[PQ��P}P~w¬SK�M!c�QSZkQqL 
 Qql£TmQqLwQqcXL�|�}PTkQqLUTmc�NPW
Q��Ec�Z£Tmc�QSl9T K!L!M �¥cXQ �¥c�l M!c�QSZkQSZ ~�QSZ9Tkc�OwORQSL jPYPL!L!QqL&G 
 c�l t
	!s!l9QqL MBN�¬qK�QqcXL!Q­�¥c�QSO N�L!L!ZkrVs(Q­I�W���e
rVs!Q QSc�L �%M(c�Qp�«Qql9¬ � Qqc�[PK!L![2Z9�!K!L!jUTmQ¨M!c�QSZkQql>I�W��PrVs!Q«ZkcXL!M]M!c�Q«�,QqlkcX}EM(c�ZkrVs(QqL]K!L!M¢N�L8Tkc��,Qql9c�}�M!c�Z9rVs!QqL
o«cX[2QqL�� Qql£TmQ¨M(Qql�b�c�WXW�[2WXQqcXrVs�K(L![ �qM&G#s½G±M!cXQ 
 K!W�WXZ9TkQqW�WXQqL_M!QSl�IBK!L!jUTkc�}2L!QSL

∆(λ)±1
G�� �¥c�ZkrVs(QqL¢¬ �¨QSc

NPK(t�QqcXLBNPL!M(Qql9t�}PW�[2QSL!M!QqL opcX[2QqL�� Qql9TkQqL
ω2j−1

K!L(M
ω2j

M!QS�BL(c�Qql£T.K!L!Z�M!cXQxb�cXW�WfehgicXZkj8lkcXORcXLBNPLUTmQ
¬ � Qqc §¨W ��T9TmQSl��ANPKEt M!QSL!QqL M(Qql^gic�l9c�rVs!WXQSTmQSc�[2QSL��¨QSl9T]W�cXQq[2QSL�O K!ZkZSG�opcXL!Q |�NPlmN�ORQ{TmlkcXZkcXQqlkK(L![.M!Qql
�dcXQqORNPL!L!Z9rVs!QqL;I�W ��rVs!Q�c�Z£T

K : y2 = R(λ) =

∞
∏

j=0

(

1 − λ

ωj

)

.

8 Z9T­M!NPZ­|>}PTmQSL8Tkc NPW�l9QqQqWXW�� Qql£Tmc�[ �,Z9} Z9c�L!MxN�W�W�Q_opcX[2QqL�� Qql9TkQ¢lkQSQqWXW�K!L(M�M!c�Q^§¨W���TkTkQql��2QSlkZkrVs(ORQSW�¬qQSL
¬qKJQqcXL!Qql���cXL!c�QR¬ �¥cXZkrVs!QSL©M(QqL©opc�[2QSL � Qql£TmQSL½G FPQqM(Qql�gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9T¢O¢K!ZkZ Z9c�rVsJcXL Zk}xQScHe
L!Qql]§ NPL(M!W�	!rVj�Q�~�Q{�BL!M!QSL½G>§¨Qqcpj�}2OR�(W�Q��EQSLª|>}PTmQSL8Tkc NPWXQqL�Z9TkQqWXW�QqL �¥cXl�M!c�Q�g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TmQ
NPW�Z�gicX��cXZk}2liNPK(t«M!QSl��dcXQqORNPL!L!Z9rVs!QqL�I�W �PrVs(Q MBNPlSG 
 cXldt
	!s(lkQqLxM(c�Q¢��M(�dehbdc�QqlkNPlkrVs(c�Q]Qqc�L ��QSc�L!Q
I1}PW�[2Qd�2}2L;gic���Qql9QqLUTmc�NPW N�K!ZkM!l 	!rVjPQSL;K(L![2QqlkNPM!QSl65�l9M!L8K!L![ �BM(c�Q­OwcXT¨M!QqO ��rVs!lkY�M!c�L([2Qql9}2��QSlmN�Tk}2l
jP}2OwO¢K(Tkc�Qql9QqL½G(gic�Q_giNPlkZ£TmQqWXW�K!L([ M!Qql¥��M(�dehb�cXQqlkNPlkrVs!cXQ­~BNPZ9c�QSl9TdNPK(t�BfF%°DCAK(L!M.M!c�Q�opl �¨QScXTmQSlkK!L([
NPK(t¥M!QSLJI1NPW�W

n = ∞ �BL(M!QST ORNPL c�L BznDC G � cHT¢bdc�WHt�QRM!QSl¢��M(�dehb�cXQqlkNPlkrVs!cXQ ¬SQqc�[PQqL �¥cXl���MBNPZ9Z
MBNPL!L�M!c�Q_g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TmQ

µi(x)
M!cXQ_gic���Qql9QqLUTmc�NPW�[PW�QqcXrVs8K!L![

∂µi

∂x
= −

(

∏

j∈N

(µj(x) − λ)

)′

∏

j∈N

j 6=i

(µj − µi)
, i ∈ N

Qql9t
	(W�W�QSL½G 
 QqL(L �¥cXl�K!L!Z¥¬qK!Zk��Tm¬SW�cXrVs�QSc�L!QSLvg�cX��c�Z9}2l�NPK(t�M!QSl��¥c�QSO N�L!L!ZkrVs(QqL;I�W �PrVs(Q�NPW�Zd�8TVNPl£T9e
~�QSM!c�L![PK!L![�M!cXQqZkQSl gic���Qql9QqLUTmc�NPW�[2WXQqcXrVs�K(L![i�2}Plk[2QS~�QSL �UZk}_Q��EcXZ9TmcXQql£T«Qqc�L�}���QqL(QqZ 8 LUTmQql£��NPW�W �Pc�L M(QqO

F%°



� � ����� � 
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M(c�Q �AY2ZkK!L([RM!QSldgic���Qql9QqLUTmc�NPW�[2WXQqcXrVs�K(L![ QqcXL!M!QqKETmc�[�cXZ9T	G-�iK!ZdM!Qqld§¨Q{TmlkNPrVsUTmK!L![w�2}2L;NPZ �EOw�(Tk}PTmcfe
Z9rVs!QqL�o«cX[2QqL(ZkrVsBN�tuTkQqL�M!QqldIBK!L!jUTkc�}2L

g(P, x) :=
1

2

∏

j∈N
((µj(x) − λ)/(ω2j−1ω2j)

1/2)

[(ω0 − λ)
∏

m∈N
(1 − (λ/ωm))]1/2

QSlksBN�WXTmQSL �¥cXl�M!c�Q]���!K!l9t�}PlkOwQqW

q(x) = ω0 +
∑

j∈N

(ω2j−1 + ω2j − 2µj(x)) .

¬SK!l �dQSjP}2L!Z£Tml9K!jUTmc�}PL M!QSZ¨|>}PTmQSL8Tkc NPWXZ NPK!Z M!QqL o«cX[2QqL�� Qql£TmQqL&G(g­N�Z 8 Z9}2Zk�,QqjUTmlkNPW��(lk}2~!WXQqO � Qql9M!QqL
�¥cXl�c�O ��NPs(ORQSL�M(c�QqZ9Qql��il9~�QScXT¥L!cXrVsUT�WXY2ZkQSL �!MBN�M!cXQqZ�M!QSLv¿dOwt NPL([w¬SK;Z£TVNPl9j Qql9s!Y2sUTdsB��T9TmQPG
giNPZ¨`EG8�]N��!cXTkQqWB~!cXQSTmQ{T«QqcXL!QqL ��~,Qqlk~(W�c�rVjA	!~�QSl«M!c�Q��il9~�QScXT6Bz`2�DCB�P}2L <�j�NPrVs!QSL!jP}(G 
 cXlpW�Y2Z9QqLwMBNPZ
|pl9}2~!W�QSO�� � QqWXrVs!Q­opcX[2QqL!Z9rVsBN�tuTkQqL QSc�L!Qd�¥c�QSO NPL(L!ZkrVs!Q�I�W��PrVs!Q¥sBNP~,QqLRO¢K!ZkZ �8MBNPOwcXT«ZkcXQ¥¬qK QSc�L!QSl
bdc�WXWHehg�c�Zkj8l9c�Owc�LBNPLUTkQ¨[2QSs!Y2l9TqG(giNP~�QSc��(lm�PZ9QqLUTmcXQqlkQSL �¥c�l M!cXQd�P}2W�WXZ9TV��L!M!c�[PQ�|�NPlmN�ORQ{TmlkcXZkcXQqlkK(L![^M(Qql
� QqL![2Q¢NPW�WXQqldb�cXW�WHe gic�Z9j8lkc�Owc�L!NPLUTmQqL M!K!lkrVsvQqc�L(Q¢��W NPZ9ZkQ]®±¯ �P}2L��¥c�QqORNPL!L(ZkrVs!QSLxI�W ��rVs!QqL½G,gicXQ
��W�NPZkZ9Q­®±¯ ~,QqZ£TmQqsUTdNPK(Z�NPW�WXQqL �dcXQqORNPL!L!Z9rVs!QqL.I�W��PrVs!QSL �EM(c�QiQSc�L(t N�rVs�¬qK!ZkNPOROwQqL(sB�PL![2QSL!M�ZkcXL!M
K(L!M ~�QSciM!QSL!QqL NPWXW�Q.�«Qqlk¬ �¨QSc�[2K(L![2Zk�(K!L!jUTmQ�QqL!M(W�c�rVs(Q 5­lkM!L8K!L![Js!NP~�QSL½G g�c�Qv�«QSlk¬ � QqcX[2K!L![PZ£e
�(K!L!jUTmQ �¨QSlkM!QSL ¬SK!Zm��Tk¬qWXc�rVs�c�L M!cXQ 
 �Ps(Q �2}2L

(−1)n �!lk}��9cX¬qcXQql9T�K!L!MwQqc�L(Q¥�dcXQqORNPL!L!Z9rVs!Q¥I�W ��rVs!Q
S ∈ ®±¯\~�QSZ9TmQSsUT­NPK(Zi§¨W���TkTkQql9L

Sn, n ∈ Z
� �¨}P~�QSc>M(c�Q­�«Qql9¬ � QqcX[2K!L![2Z9�!K!L!jUTkQ¢NPK(t

Sn
K!L!M

S−n¬SK!ZmN�OROwQqL(t N�W�W�QSL;K(L!Mv[2QSORQSc�L!ZkNPOwQ_�«QSlk¬ �¨QSc�[2K!L([2Zk}2l9M!L8K!L![�sBN�~�QSL½G 
 cXl �¨QSlkM!QSLx¬qQqcX[2QqL � �¥cXQ
ORNPL¢Z£TVNPl£TmQSL!M�~�QSc(QqcXL!Qql�b�c�WXWHe gic�Z9j�l9c�Owc�LBN�L8TkQ�¬qK QSc�L!QSlp�¥c�QqORNPL!L(ZkrVs!QSL�I�W �PrVs(Q�NPK!Z�®%¯ jP}2OwO T��
M(c�QqZ9Q¥��}2L(Z9Tml9K!jUTmcX}2L �¨QSlkM!QSL �¥cXlpNPK!Z£t
	!s!l9W�c�rVs M!NPlkZ£TmQqWXW�QSL½GP¿dOR[PQqjPQSs!l9T � Qql9M!QqL �¥c�l�M!QqLw§¨Q �¨QSc�Z
�P}2L <�j�NPrVs(QqL!j�}�NPK!Z6B#`P�DC,NPL!M!QSK(TmQSL � �¥c�Q¥O N�LRN�K!Z QSc�L!QSl �dcXQqORNPL!L!Z9rVs!QqL I�W �PrVs(Q¥�P}2O < �E�R®±¯
QSc�L!Q¨b�cXW�WHe gic�Z9j8lkc�Owc�L!NPLUTmQ�QSlksB��WXT	G�giQSl�NPK!Z£t
	!s!l9W�c�rVs(Q §¨Q �¨QSc�Z ��	!l9M!Q M!QSL �dNPs!OwQqL M(c�QqZ9Qql ��lk~,QqcHT
Z9�!lkQSL![2QSL½G
8 O �iL(sBNPL![�Z£TmQqWXW�QSL �¥c�l�c�O�Qql9Z9TkQqL <�QSc�W>M!QqL��EN�Tm¬ �P}2L��¥}2K!rVs��¢M!NPl���M!Qql­QSc�L!Q9�iK!Z9ZmNP[PQ 	!~�QSl
M!NPZ 
 K!WXW�Z9TkQqWXW�QqLU�PQqlks!NPWXTkQqLx¬ � QqcXQql]IBK!L!jUTmcX}2L!QSL

f
K(L!M

g
Tml9c��,T	G � cXT_bdc�WHt�Q¢M!c�QSZkQSZ �EN�Tm¬SQqZ �¨QSl£e

M(QqL �¥cXl Qqc�L(QqL § Q � Qqc�ZwM!QSZ IBK!L!MBN�ORQSL8TmNPW�ZkN�Tm¬SQqZ�M!QSl ��W�[2QS~!lmN�NPL![2QS~�QSL K!L(M MBNPZ <�s!QS}2lkQSO
�P}2L b�K(l �¥cXTk¬ ~,Q � QqcXZkQqL&G 8 O ¬ � QqcHTmQqL <>QqcXW M(QqZ���L!sBNPL![PZ ~,QqZkrVs!��tuTmcX[2QqL �¥cXl K!L(Z OwcXT][UNPL!¬SQqL
IBK!L(j8Tkc�}2L(QqL ��M!cXQqZ]Zkc�L(M s!}PW�}2Ow}2lk�(s!QwI1K(L!jUTmc�}PL!QqL��2}2L

C
LBNPrVs

C
G �&K!LB��rVs!Z9T ZkK!rVs!QSL �¥c�l_Qqcfe

L(Q |plk}�M!K!jUTmM!NPlkZ£TmQqWXW�K!L([��P}2Lª[UN�L!¬qQSLJIBK!L!jUTmcX}2L!QqL �AM!c�QRNPLBNPWX}2[.¬qK!l9�Ac�L!QqNPl9t N�j8Tk}2lkM!NPlkZ£TmQqWXW�K!L([
cXZ9TqG�giNPZ |pl9}2~!W�QSO��AM!NPZ^M!NP~�QSc«QqLUTmZ£TmQqsUT cXZ9T��AMBNPZkZ^ORYP[2W�cXrVs!Qql �¨QSc�ZkQ�K!L(QqL!M!WXc�rVs��EcXQqWXQ 
 K!W�WXZ9TkQqWHe
WXQqL�NPK(tuTklkQ{TmQqL&G�gic�Q�g­N�lkZ9TkQqWXW�K!L![�t�}2WX[PT�N�K!Z_M!QqL I1NPjUTm}2l9c�ZkcXQql9K!L![2Z9Zm��Tk¬qQqLx�P}2L 
 QqcXQql9Z9TmlkN��.K!L!M
b�NPMBNPORNPl9M½G 
 cXl­M!Q{�BL!c�QSlkQSLx¬qK!Zk��Tm¬SW�c�rVsxL(}ErVs�M!cXQ¢§¨QS[2lkc �&Q �dNPL![ �½��QqZ9rVs!W�QSrVs8T]K!L(M 5�l9M!L8K!L![
QSc�L!QSl�[UNPL!¬SQqL IBK!L!jUTmcX}2L½G ��K@�2QSlkM!QSO�~�Q �¨QSc�Z9QqL �¥c�l­QSc�L!cX[2Q��i~(ZkrVsB��Tk¬qK!L([2QqL 	!~�QSl�K!L!QSL!M!W�cXrVs!Q
|pl9}EM!K(j8TkQ��1M!cXQ �¥c�l�c�L.M!QSL;QSlkZ£TmQqL;~�QSc�M!QSL��]N��!cXTkQqW�L�~,QqL(YPTmcX[2QqL½G

F2F
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 QSL!M!QSTvO N�L ZkcXrVs²M!QSl;~!cXZks!QSlvQSlkZkrVs(c�QqL(QqL!QSL ��cHTmQSlmN�TkK!l;¬SK �dZk} �¥K(lkM!QSL ORQSc�Z9TkQqL!Z;L8K!l;l9Q{e
QqW�W �¨QSl9Tkc�[2Q�|�}�TmQqLUTkc NPWXQ�~,QSTklmNPrVsUTkQST � M!c�QSZkQ <�s!Qq}2l9c�Q�c�Z£T cXL!¬ �¥cXZkrVs!QSL �9QqM!}�rVs t NPZ£TR�P}2W�WXjP}2OwOwQqL
QqlkZ9rVs!Y2�(tuTqG¥opc�L ZkQSs!l.[2K(TkQqZ 
 QSlkj 	!~�QSl�MBNPZ;��TkK!lkO e �Ac�}PK(��c�W�WXQ.|plk}2~!WXQqO K!L!M M!c�QxN�W�W�[PQqOwQqcHe
L!QJ�E�,QqjUTklmNPWHTms!QS}2lkcXQ Z9QqW�~(Z9TVN�M��9K!L![2cXQql£TmQql 5­��QSlmN�Tk}2lkQSL²c�Z£T B#aEF C]�2}2L �AQ{�EcHTVNPL K!L!M��(N�lk[2Z �kNPL½G
�iW�Zw|pc�}PL!c�QSlmNPl9~�QScXT M!QSZRcXLU�2Qql9ZkQSL |plk}2~!WXQqOwZ lkQSQqW�W �¨QSl9Tkc�[2QSlR|>}PTmQSLUTmc N�W�Q�c�Z£TwZkc�rVs(QqlkWXc�rVs©M!c�Q'��l£e
~�QScXT.�2}2L²§¨}2lk[�Bz`DC]c�O F2NPs(lkQ©F%nPyU� ¬qK²L(QqL!L!QSL½G�b�}�rVs!Z9TmNPM(Tv�PQql9Qqc�LEt NPrVsUTmQªcXL BfF	y�C]M!cXQ�§¨Q{e
�¨QSc�ZkQ �P}2L¸§¨}2lk[xK(L!M K!LUTmQql9ZkK!rVsUTkQvc�L BHF%`�C�~�QSlkQScXTmZ M!c�Q.bdc�W�WfehgicXZkj8lkcXORcXLBNPLUTmQ�GAopc�L §¨K(rVs �pMBNPZ
Zkc�rVsvNPK!Z£t
	!s!lkWXc�rVs.OwcXT¥M!QSlibdc�W�WfehgicXZkj8lkcXORcXLBNPLUTmQd~,QqZkrVs!��tuTmcX[PT �BcXZ9T9B a�`DCA�2}2L � NP[2L8K!Z�K!L!M 
 c�L!j2e
W�QqlSG 8 O �>N�K(t�QRM(Qql ¦�°PQqlAF2NPs!l9QRQSL8TkZ9TmNPL!M!QSLJM!c�QRbiNPK(�(T �¨QSlkj�Q�M!Qql]c�LU�2QSlkZ9QqL©�E�,QqjUTmlkNPWXTks!Qq}Plkc�Q��
s!c�QSl ZkcXL!M �2}Pl NPW�WXQqO giK(~!lk}%��c�L � 8 ZmN2NPrSZk}2L � 8 TmZ � ��N�� � � N�Tk�2QSQS��� � rq�_QqNPL � 
 }%�EcXjP}%��� <>lkK!~,}�e
�¥cXTm¬�K!L(Mª��NPL � }EQSlk~,QqjPQR¬qK L(QqL!L!QSL �>M!c�Q�c�L�QqcXL!c�[PQqL �ilk~,QqcHTmQSL MBN�Z¢|plk}2~(W�QqO K!LUTmQql9ZkK!rVsUTkQqL
� B#��C � BfF±� C ��BfF%�DC � BHF±¦ C � BHF	nDC � B#aP°DC ��B#a2� C � B aP��C � B aP¦�C � B#aPnDC �{G � cXTiM!QqO�I1NPW�W½�P}2LxK!L!QSL!M!W�cXrVsv��c�QSW�QqL;�«Qqlk¬ �¨QScHe
[2K!L![2Z9�!K!L!jUTkQqL�~�Q{t NPZkZ£TmQqL�Z9c�rVs�MBNPZ­QSlkZ£TmQ � NPW � r	��Q	N�L�K(L!M?<�l9K!~,} �¥cHTm¬ cXL B aP��C5G 8 L�L!QqK!QSlkQSL
�il9Tkc�j�QqW�L;�BL!M!Q{T_O NPLvsBNPK!�(TkZm�PrVs(W�c�rVs?��~!ZkrVs!��Tm¬SK!L![2QSL�t
	!liM!c�Q o«cX[2QqL�� Qql£TmQ��&Zkc�QSs!Q MBNP¬SK��_NP�Ee
��QSW�Qql�K!L(M � cXT �2NP[2cXL BfF%��C �«QqcXL!c�[2Q'��lk~,QqcXTkQqL©�2}2L ��}2l9}PT �UNPQ{�©K!L!M �_NPl9[UNPQ{� �«Z9} �¥cXQ���l �S~�QSl9T
BHF±a C5G opc�L¸��TmNPL!MBN�lkM � Qql9j t
	(lwM(c�Q.c�LU�2QSlkZ9Q��E�,QqjUTklmNPWHTms!QS}2lkcXQ�~�QScdl9QqQSW�W�QSL©|�}PTkQqLUTmc�NPW�QSL¸cXZ9T B#`P°�C
�2}2L |�Y2Z9rVs!QqW K!L!M <�l9K!~,} �¥cHTm¬��AM!c�Q M!cXQ jP}2Ow�!WXQSTkTkQw¿�LUTmQSlkZkK(rVs�K(L![v�2}PL opc�[2QSL��¨QSl9TmQSLªOwcXT_g�cHe
lkc�rVs(W�QSTklmNPL(M!~�QSM!c�L([2K!L![2QSL�NPK(t�[2QSZkrVs!l9c�Qq~,QqL�sBNP~,QqL&G �&K!M!QqO��BL!M!Q{T^ORNPL�c�L�M!cXQqZ9QqO�§¨K(rVs QSc�L!Q
jP}2Ow�!W�Q{TkTkQ ��LBNPW���Z9QiM!QSZ c�LU�2QSlkZ9QqL�|plk}2~!WXQqOwZ ~,Qqc�gicXlkc�rVs(W�QSTklmNPL(M!~�QSM!c�L([2K!L![2QSL K!L(M lkQSQqW�WXQqL |�}�e
TmQqLUTkc NPWXQqL½G � cXT¢M!QqO c�LU�2QSlkZkQSL |pl9}2~!W�QSO ~,Qqc jP}2Ow�!W�Q+�EQqL©|�}PTkQqLUTmc�NPW�QSLJ~�QSZkrVsB��tuTmc�[PQqL ZkcXrVs©M(c�Q
�ilk~,QqcHTmQSL BHF;C½K!L!M B a C&�2}PLv§¨cXlkL!cXl���Zk} �¥c�Q�B#`2��C½�2}2L'<�j�NPrVs!QSL!jP}(G>��K@�2QSlkM!QSO ZkcXL!M.QqcXL!c�[2Q �il9~�QScHe
TmQqL �P}2L���QqZk¬{TmQSZ � � 
 QSc�j�NPlkM K!L!M.b�}PW�M!QSL ¬qK�L!QSL!L!QSL �!¬PG#§iG B#n�C � BHF%° C � B a�yDC �(M!cXQiZkcXrVs.NPK!Z£t
	!s!lkWXc�rVs
ORcHT j�}2Ow�!W�Q+�(QSL�|�}�TmQqLUTkc NPWXQqL K(L!M M!QSl ��M(��e b�cXQqlmN�lkrVs!cXQ�~,QqZ9rVsB��tuTmcX[2QqL&G 8 L?BznDC �¥K!l9M!Q­MBNPZ Qql9Z9TmQ
� NPW!QSc�L!Q¥���!K!l9t�}PlkOwQqW(t
	!l�NPW�WX[2QqOwQqcXL!Q j�}2Ow�!W�Q+�(Q¥|>}PTmQSLUTmc N�W�Q ~,Q �¥cXQqZkQSL½G2�­cXQqWXQ �il£Tmc�j�QqW!~,QqZ9rVsB��t e
Tmc�[PQqL�ZkcXrVs NPK(rVsROwcXTpM(QqO 8 Z9}2Zk�,QqjUTmlkNPW��(lk}2~!WXQqO\~,QqcBQSL!M!WXc�rVs ��c�QqWXQqLw§ NPL(M!W�	!rVj�QqL �8s!cXQqlpZ9c�L!M BHFPF C
�2}2L �_QSZk¬{TmQqZ �wK!L!M 
 QSc�j�NPlkM �UZk} �¥c�Q Bz`2n�C � Bzy2°DC1K!L!M Bzy(F;CB�2}2L <>lkQqcX~!c�rVswK!L!M��«Qql9M!c�QSlp¬qKRL!QqL!L(QqL½G
8 L�M!Qql �P}2lkWXc�Qq[PQqL!M!QSL'�ilk~,QqcHT �¥cXlkM�M!cXQ0<�s!Qq}Plkc�Q�j�}2Ow�!W�Q+� � Qql£TmcX[2Qql�|>}PTmQSLUTmc N�W�Q­MBN�lk[2QSZ9TmQSW�WHT K!L!M
NPL QqcXL!c�[PQqL.��TkQqWXW�QqL Qql � QqcHTmQSl9T �EM!c�QSZ¨~,QSTklkc��,T Z9} �¨}2s(W½M!c�Q­�E�,QqjUTmlkNPWXTks!Qq}2l9c�QiNPW�Z¨NPK!rVs�MBNPZ¨c�LU�2QSlkZkQ
|«l9}2~!WXQqO�G
�iL M!cXQqZ9Qql��8TmQqWXW�Q�ORY�rVsUTmQ;c�rVs Owc�rVs¸~�QScibdQqlkl9L |plk}PthG gilSG � NPl£TmcXL �ErVs!Owc�METRt
	!lRZkQSc�L!Qv¿�LEe
TmQql9Z9TH	(Tm¬SK!L![�~,QqMBNPL(jPQqL&G 8 rVsxsBNP~,Q �¨�Ps!l9QqL!MxM!cXQqZ9Qql ��lk~,QqcHTi��c�QSW�[2QSW�QSlkLUT � �¨}P¬qK��2}Pl­NPWXW�QqO�M(c�Q
�_QSZk�!lk�PrVs!Q�QqcXL!QqL ��lk}2�PTkQqcXW�~,QqcX[2QSTklmNP[2QSLxsBNP~,QqL½G>��Qqc�L(Q��iL!l9Qq[2K(L![2QqL�K!L!M�Z9TkQSTkZ_�P}2lks!NPL!M!QSL!Q��
jP}2L!Z£Tml9K!jUTmcX�PQ­��QqZ9�!lm��rVs!Zk~,Qql9QqcXTkZkrVsBN�tuT sBNP~,QqL � QqZkQSLUTmW�cXrVs ~,QqcBM!QSl«Qql9t�}PW�[2l9Qqc�rVs(QqLwIBQql9Tkc�[2Z£TmQSW�W�K(L![
M!c�QSZkQql���lk~,QqcXT [2Qqs!}PWXt�QqL&G
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8 L�M(c�QqZ9QqO �_NP�!cXTkQqW � QqlkM(QqL �¥c�l M!c�Q­�E�,QqjUTmlkNPWXTks!Qq}2l9c�QdM!QqZ¨Qqc�L(M!c�OwQqL!Z9c�}2L!NPW�QSL ��rVs!lkY�M!c�L([2Qql9}2��QCe
lkN�Tm}PlkZ

L = − d2

dx2
+ q(x)

�£F2GHF �
QSLUT �¥c�rVjPQSW�L½G 
 cXl�ZkK(rVs!QqLwQqcXL!Q�g­NPl9Z9TkQqW�WXK!L![­M(Qql«IBK!L!MBN�ORQSL8TmNPW�WXY2ZkK(L![iM!QSl �_WXQqcXrVs�K(L![

Ly = λy
G

giNP¬qK � QqlkM(QqL �¥c�l�¬ �¨QSc1IBK!L!jUTmcX}2L!QqL
y1(x, λ, q)

K!L!M
y2(x, λ, q)

QqcXL(t
	!s!l9QqL ���2}2L�M!QSL!QqL �¥c�l�¬qQqcfe
[PQqL �¨QSlkM!QSL �1MBNPZkZ¥Z9c�Q_QqcXL;IBK!L(MBNPOwQqLUTVNPWXZ ��Z9TkQqO�~(c�W�M(QqL½G 8 O�¬ � QqcHTmQqL��i~(ZkrVs!L!cHTkTd~,QqZkrVs!��tuTmcX[2QqL
�¥cXl^K(L!Z^OwcXT]M!QSl bdc�WXWHehg�c�Zkj8l9c�Owc�LBNPLUTkQ

∆(λ) = 1
2
(y1(1, λ, q) + y′2(1, λ, q))

K(L!M � QqlkM(QqL cXs!lkQ
N�LBNPW��8Tkc�ZkrVs(QqL^o«cX[2QqL(ZkrVsBN�tuTkQqL^K!LUTmQql9ZkK!rVs(QqL½GPbiNP~,QqL �¥c�lAM!cXQ opcX[2QqL!Z9rVsBN�tuTkQqL M(Qql>gic�Z9j8lkc�Owc�L!NPLUTmQ��
Z9} � QqL!M!QSL �¥c�l K!L!Z¨M(QqL.opc�[2QSL!ZkrVs!N�tuTmQSL M!Qql¨IBK!L!MBNPOwQqLUTmNPW�WXY2ZkK!L([^¬SK½G ��L!ZkrVs(W�c�Q �2QqL(M�~�Q{TmlmN�rVsEe
TkQqL �¥cXl�M!NPZ­gicXlkcXrVs!W�Q{T9eh�dNPL!M �¨QSl9Tm�(lk}2~!WXQqO

y(0) = y(1) = 0
K!L!M��¨QSlkM!QSLxM!c�Q^NPZ ��Ow�(Tm}�Tmc�Z9rVs!Q

��NP[PQ]M(Qqldgic�l9c�rVs!WXQSTkQqc�[PQqL��¨QSl9TkQ�~�QSZ9TmcXOROwQqL&G


���
�� ����������������� �"!#!%$�&'�(��)
8 L M!QqO ��TmNPL!MBNPl9M � Qqlkj�Bz`2°DCd¬qK M(c�QqZ9QqO <�s!QSO N �P}2L |>Y2ZkrVs!QSWiK!L(M <�l9K!~,} �¥cHTm¬ �¥K!lkM(Q�QqcXL!Q
Z9rVs!Y2L!Q_giNPlkZ£TmQqWXW�K!L([^[2Q{t�K!L!M!QSL �(M(c�QqZ9Q � Qql9M!QqL �¥cXl NPK!rVs ~�QSL�KETm¬qQSL � �9QSM!}�rVs.NPL QSc�L!cX[2QqL ��TmQSW�W�QSL
QSl � QqcHTmQql9L½G 
 c�l�~,QSTklmNPrVsUTmQSL;M(QqLvQSc�L!M(c�OwQqL!Z9c�}2LBN�W�QqL��ErVs!lkY�M!cXL![2Qql9}2�,QqlmN�Tm}2l

L = − d2

dx2
+ q(x)

K(L!M;M(c�Q_MBNP¬SK![2Qqs(Y2lkQSL!M!Q^b�c�WXW�[2WXQqcXrVs�K(L![
−y′′ + q(x)y = λy.

�£FPG a �
q(x)

c�Z£T¢QqcXL!Q j�}2Ow�!W�Q+� � Qql£TmcX[2Q �8KBNPM(lmN�Tkc�LUTmQS[2lkcXQqlk~!NPlkQ I1K(L!jUTmc�}PL ORcHT^|�Qql9c�}�M!Q�F �>M!QSL ��NPK(O
N�W�W�QSl�M!c�QSZkQSl­IBK!L!jUTmcX}2L!QSL;~,Qq¬SQqc�rVs(L!QqL �¥cXldOwcXT

L2
C
[0, 1]

G��iW�Z6�i~(j$	(lk¬qK(L![ MBN�t
	(l�~,QqL8K(Tk¬qQqL��¥c�l

F%`
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L2
C

� � QqL!L j8W NPl­cXZ9T��½MBNPZ9Z]QSZ_Zkc�rVs�K!O���QSlkcX}EM!cXZkrVs!Q�IBK!L(j8Tkc�}2L(QqL�ORcHT�|>QqlkcX}EM(Q�Fws!NPL!M!QSWXT	G 
 c�l
~�QS¬qQqcXrVs!L!QSL

q(x)
NPK!rVsªNPW�ZA
���������������� �AcXO�I1NPW�W

q(x) ≡ 0
L!QqL!L(QqL �¥cXl_QqZ�(+&3���.� 
A
6��������������� G

λc�Z9TiQqcXL�jP}2Ow�!WXQ��EQqli|�NPlkNPORQ{TmQSlqGA��QqZ9K!rVsUT_ZkcXL!M�L8K!L �AY2ZkK!L([2QqL
y1(x, λ, q)

K(L!M
y2(x, λ, q)

M!Qql
�_WXQqc�rVs8K!L([ �hF2G a �¨¬qK�M!QqL��iL(t N�L![2Zk~,QqM(c�L![2K(L![2QqL

y1(0, λ, q) = y′2(0, λ, q) = 1,

y′1(0, λ, q) = y2(0, λ, q) = 0.
<�QSc�W�� QqcXZkQ �¨QSlkM!QSL �¥c�l |�N�lmNPOwQSTkQql M!Qql¨I1K(L!jUTmc�}PL!QqL

y1(x, λ, q)
K!L(M

y2(x, λ, q)
� Qq[2W�NPZkZ9QqL �EK!O

M!c�Q_��rVs!lkQSc�~��¨QSc�Z9Q^N�~!¬qK!j 	!l9¬qQSL½G1g­NPZ6�&cXQqW&M(c�QqZ9QqZ=��~!ZkrVs!L(cXTkTkZ�c�Z£T�QqZ�¬SK�¬SQqcX[2QqL �(MBNPZkZ
y1(x, λ, q)K!L!M

y2(x, λ, q)
QSc�L IBK!L(MBNPOwQqLUTVNPWXZ ��Z9TkQqO�~!cXW�M!QSL �±MBNPZkZ �¥c�l�N�W�Zk} �9QqM!Q NPL!M!QSlkQ=�AY2Z9K!L![i�P}2L �£F2G a �

ZkrVs!l9Qqc�~,QqL�jPYPL!L!QqLvNPW�Z
y(x) = y(0)y1(x) + y′(0)y2(x).biNP~,QqL �¥c�l�M(c�QqZ�QSlkl9Qqc�rVsUT��AMBNPL!L�jPYPL!L!QqL �¥c�l�M(K!lkrVs �iLBN�W���ZkQ�M!QSZ^IBK!L(MBNPOwQqLUTVNPWXZ ��Z9TkQqOwZ�MBNPZ

�«Qqlks!NPWXTkQqL M(Qql¥��W�QSc�rVs8K!L![ �hF2G a �«~,QqZ£TmcXOROwQqL½G �&K!L!�PrVs!Z9T Qqc�Lw�2}2l9~�QSlkQScXTmQSL!M!QSZ���QSORORN �UMBN�Z¨K!L!Z
Qqc�L(Q¨NPWXW�[2QSORQSc�L!Q �AY2Z9K!L![­M(QqZ�cXL!s!}2Ow}2[2QSL!QqL |«l9}2~!WXQqOwZ>�P}2L �£FPG a �Ac�O I1NPWXWUM!QqZ>t�lkQqcXQqL |>}PTmQSLUTmc N�W�Z
W�c�Q{t�Qql£T	G
� ��!"!$#&%�'�%�' / ���

f ∈ L2
C

*$���
a, b ∈ C (*) �.����� ���$��*$���#"$��+-, 
�*$�$"/.����

−y′′ = λy − f(x), 0 ≤ x ≤ 1

0 * �$���21 �)( ���$"�
�%!��&+�����
y(0) = a, y′(0) = b

� 
�� "$�."$��3���� ��* & ��4

y(x) = acλ(x) + bsλ(x) +

x
∫

0

sλ(x− t)f(t)dt.

b�c�QSl�ZkcXL!M
cλ(x)

K!L!M
sλ(x)

NP~!j 	!lk¬SQqL!M(Q¢§¨QS¬qQqcXrVs!L8K!L![2QSLvt
	!l

cλ(x) = cos
√
λx, sλ(x) =

sin
√
λx√
λ

.
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yf(x) =

x
∫

0

sλ(x− t)f(t)dt.

F	y
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 QqL(M!QqL �¥c�l�MBNPZ���M!M(cXTmcX}2L!Z£Tms!QS}2lkQSO t
	!l�M!cXQ]�Ec�L8K!Z£t�K!L!jUTmcX}2LvN�L �!Zk}�t�}2WX[PT

yf(x) = sλ(x)

x
∫

0

cλ(t)f(t)dt− cλ(x)

x
∫

0

sλ(t)f(t)dt.

yf
cXZ9TdNP~!Z9}2W�KET¥Z9TmQ{TmcX[ �!MBN

cλf
K!L(M

sλf
c�LUTmQS[2lkcXQql9~BNPl�ZkcXL!M½GBopZ¥[2cXWXT�Z9}2OwcXT t NPZ£T�	!~,QqlmN�W�W

y′f(x) = cλ(x)

x
∫

0

cλ(t)f(t)dt− λsλ(x)

x
∫

0

sλ(t)f(t)dt.

g�c�Q¨�_WXQqc�rVs(s!QqcHT�[2c�WHT�Zk}2[UN�l 	!~,QqlkNPW�W �	MBNdM!c�Q«lkQSrVsUTmQ¥�EQScXTkQ Z£TmQ{Tmc�[�c�L
x

c�Z£T	G�opc�L!Q � QqcHTmQql9Q!��~!W�QScXTmK(L![
WXc�Q{t�Qql9T

y′′f(x) = −λsλ(x)

x
∫

0

cλ(t)f(t)dt+ λcλ(x)

x
∫

0

sλ(t)f(t)dt+ f(x).

��}2ORcHT�c�Z£T
yf

Qqc�L(Q ��YPZkK!L![��2}PL −y′′ = λy − f(x)
¬qK�M!QqL��iLEt NPL![2Z �¨QSl9TmQSL

yf(0) = 0, y′f(0) = 0.

giN
cλ

K!L(M
sλ

M(c�Q�s!}2Ow}2[2QSL!Q]��W�QqcXrVs8K!L![ �
a = b = 0

�¨W�Y2Z9QqL �BcXZ9T

y(x) = acλ(x) + bsλ(x) + yf(x)

QSc�L!Q �AY2Z9K!L![��2}2L −y′′ = λy − f(x)
¬SK;M(QqL��iL(t NPL([2Z � Qql£TmQqL

y(0) = a, y′(0) = b
G

opZ¥c�Z£T�L8K!L.L!}�rVs;M!cXQ�opc�L!M(QqK(Tkc�[2j�QqcXT ¬qK.¬qQSc�[2QSL �!MBNP¬SK.ZkQqc
ỹ

QSc�L!Q_NPL(M!Qql9Q ��YPZkK!L![�M!QSl�c�L!s(}2OR}�e
[PQqL!QSL��_WXQqc�rVs8K!L([ OwcXTdM!QqLv[2W�QSc�rVs!QSL �iL(t N�L![2Z � Qql£TmQSL½G½g­N�L!LxQql£t
	!W�WHT�M(c�Q^gic���Qql9QqL!¬

v = y − ỹM(c�Q]gic���Qql9QqLUTmc�NPW�[PW�QqcXrVs8K!L![

−v′′ = λv, v(0) = 0, v′(0) = 0.

opZ¥t�}2W�[�T
v ≡ 0

K!L(M;Z9}2OwcXT
y = ỹ

G

¿dO
y1(x, λ, q)

K!L!M
y2(x, λ, q)

¬qK;jP}2L(Z9Tml9K!c�QSlkQSL � �¨QSlkM!QSL �¥c�l¥ZkcXQ]NPW�Z¥|>}PTmQSL!¬ql9Qqc�s(QqLvcXL
q

QSLUT9e
�¥cXrVjPQSW�L½G 
 c�l¨~�QS[2c�L!L(QqL�ORcHT

y1(x, λ, q)
K!L!M;L!Qqs!OwQqL;NPL �(MBNPZkZ �¥c�l

y1(x, λ, q) = C0(x, λ) +
∑

n≥1

Cn(x, λ, q)

F±�
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	�� ��
�
 ����	
��������� ��� 
�	���� � � ����	�� � ��	���
���	��

ZkrVs!l9Qqc�~,QqL�jPYPL!L!QqL;ORcHT
Cn(x, λ, q) = Cn(x, λ, q1, . . . , qn)|q1=···=qn=qb�c�QSlk~,Qqc�c�Z£T

Cn(x, λ, q1, . . . , qn)
t
	!l �9QSM!QqZ

x
K!L!M

λ
QqcXL!Q ~,QqZ9rVs!lm�PL(j8TkQ��½O K!WXTkc�W�cXL!Q	N�lkQ­Z �EOwOwQ{e

TmlkcXZkrVs!Q¢I1}PlkO c�L
(L2

C
)
n G
C1

cXZ9T­NPW�Z9} W�cXL!Q	NPldc�L
q
�
C2

��K!NPM!lmN�Tmc�Z9rVsxc�L
q

K!Z �_G 
 QSL!LxO N�L �¥c�Q
~�QSc¨QqcXL!QqlA<�N ��W�}2l9QqLUT �¥c�rVj8WXK!L![

q = 0
ZkQ{Tm¬ST���W ��ZkZ9T¢Zkc�rVsJM(Qql L8K!W�WHTmQ <�QSlkO ~,QqZ£TmcXOROwQqL½G�g­NPL(L

W�c�Q{t�Qql£T�K!L!Z6�AQqOwO N FPGXF_OwcXT
f(x) = 0

K!L!M
a = 1

�
b = 0

C0(x, λ) = cos
√
λx.


 c�l¢WXQqcXTkQqL L8K!L©M!cXQ�|�}PTkQqL!¬SlkQSc�s!Q�t
	!l
y1

¬ � Qqc�ORNPW L!NPrVs
x

NP~�� ��ZkrVs(lkQqcX~�QSL¸M(c�Q�gic �&QSlkQSL8Tkc NPWfe
[2W�QSc�rVs8K!L![�NPK!ZwK!L!M �2QSlk[2WXQqcXrVs!QqL¸M!c�Q'<>QqlkOwQ��pM(c�Q.s!}2Ow}2[2QSL �P}2O�[2WXQqc�rVs(QqL �_lkNPM c�L � ZkcXL!M½G
g­NPM!K!l9rVsvQSlk[2cX~(T�ZkcXrVs�t
	(l�N�W�W�Q

Cn
M!c�Q_g�c���QqlkQSLUTmc N�W�[2WXQqc�rVs8K!L([

−C ′′
n = λCn − qCn−1, n ≥ 1.

�iW�Z�L!�PrVs!Z9TkQqZd~�QSZ9Tkc�OwORQSL �¥cXl�M!c�Q ��L(t NPL![PZ � Qql9TkQ]t
	(l�M!c�QSZkQ]gic���Qql9QqLUTmc�NPW�[PW�QqcXrVs8K!L![!G(g­N
y1(0) = 1 +

∑

n≥1

Cn(0) = 1

K!L!M
y′1(0) =

∑

n≥1

C ′
n(0) = 0

t
	!l¥NPW�WXQ
q

[2cXWXT��(O¢K!Z9Z¥M!c�Q�}2~(c�[2Q_gic �&QSlkQSL8Tkc NPWX[2W�QSc�rVs8K!L![ M!c�Q ��L(t NPL![2Z �¨QSl9TkQ
Cn(x, λ, q) = 0, C ′

n(x, λ, q) = 0, n ≥ 1
sBNP~,QqL½G1gicXQqZ9QqZ��iL(t N�L![2Z � Qql£Tm�!l9}2~!WXQqO�sBNP~,QqL �¥c�l�cXL���QSORORN F2GHF_~�QSsBNPL!M!QSWXT��BNPW�Z9}�c�Z9T

Cn(x, λ, q) =

x
∫

0

sλ(x− t)q(t)Cn−1(t, λ, q)dt, n ≥ 1

M!c�Q QqcXL!M!QqKETmc�[PQ �AY2ZkK(L![!G 
 K!L¢~,Qql9QqrVs!L!QSL �¥c�l�Q+�E�!W�cX¬qcXT>M!cXQ¨QSlkZ9TkQqL ~,QqcXM!QqL
Cn

G�giK!lkrVswopc�L(ZkQSTk¬qQSL
�2}2L

C0(x, λ) = cos
√
λx = cλ(x)

Qqlks!NPWXTkQqL �¥c�l
C1

NPW�Z

C1(x, λ, q) =

x
∫

0

sλ(x− t1)q(t1)C0(t1, λ)dt1

=

x
∫

0

cλ(t1)sλ(x− t1)q(t1)dt1

�������
	���
������
q ��������� ������� � � �"! ��#$�$%�& � � �
����
 ��� ���
' ����� �(')� �*� � �,+���� q

�
� � �"������� �.- ��/ ��� �����10 ��� � ��2 
��3� - �
4

F%�
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 � � � ��� ��� �

K(L!M;M(K!lkrVs;QqlkL(QqK(TkQqZ�o«cXL!ZkQ{Tm¬SQqL
C2

NPWXZ

C2(x, λ, q) =

x
∫

0

sλ(x− t2)q(t2)C1(t2, λ, q)dt2

=

x
∫

0

sλ(x− t2)q(t2)





t2
∫

0

cλ(t1)sλ(t2 − t1)q(t1)dt1



 dt2

=

∫∫

0≤t1≤t2≤t3=x

cλ(t1)
2
∏

i=1

[sλ(ti+1 − ti)q(ti)] dt1dt2.

I 	!s!l9TiO N�LvM!cXQqZkQSZ��«QSl9t NPs!l9QqL��,Qql 8 L!M!K!jUTkc�}2L�t�}2l9T��,Z9} Qql9[2c�~ETiZ9c�rVs�QSc�L!Q][2QqZ9rVs!W�}PZkZkQSL!Q�IB}2lkOwQqW
t
	(l�N�W�W�Q

Cn
G

Cn(x, λ, q) =

∫

· · ·
∫

0≤t1≤···≤tn+1=x

cλ(t1)

n
∏

i=1

[sλ(ti+1 − ti)q(ti)] dt1 . . . dtn
�hF2G#` �


 cXl�sBNP~,QqL;NPW�Z9}
y1

NPW�Z t�}PlkORNPW�Qi|�}PTkQqL!¬SlkQqcXs!Q

y1(x, λ, q) = cλ(x) +
∑

n≥1

Cn(x, λ, q)

cXL
q

QqLUT �¥c�rVj�QqWXTqG 
 QqL!L �¥cXlRM(c�Qv}P~!c�[2Q��il9[2K!OwQqLUTVN�Tmc�}PL¸t
	!l
y2(x, λ, q)

�¥c�QSM!Qql9s!}2W�QSL � MBNPL!L
j�Y2L!L!QSL��¥cXl¥NPK!rVs

y2
NPW�Z t�}2l9O N�W�Q­|>}PTmQSL!¬ql9QqcXs!Q

y2(x, λ, q) = sλ(x) +
∑

n≥1

Sn(x, λ, q)

cXL
q

ZkrVs!l9Qqc�~,QqL�OwcXT

Sn(x, λ, q) =

∫

· · ·
∫

0≤t1≤···≤tn+1=x

sλ(t1)

n
∏

i=1

[sλ(ti+1 − ti)q(ti)] dt1 . . . dtn.
�hF2Gzy �

g�c�QqZ9Q §¨QSlkQqrVs(L�K(L![2QqL �¨NPlkQSLx~!c�Z9s!Qql­L8K!lilkQqcXL;t�}2l9O N�W�Qql 
 N�TmK!l �&cXO�t�}2W�[2QSL!M!QSO <�s(Qq}2l9QqO ¬SQqcfe
[PQqL �¥c�l �«MBNPZkZ Zkc�QvNPK!rVs [2QS[2QqL QSc�L!Q �AY2ZkK!L([ M!Qql��_WXQqc�rVs8K!L([ �£F2G a ��jP}2LU�2QSlk[2cXQql9QqL½G�¿dO��2}2L
�d}2LU�2QSlk[2QSL!¬ Z9�!lkQSrVs!QqL�¬SK;j�Y2L!L!QSL �1O�	!Z9ZkQqL �¥c�l�¬SK!Qql9Z9T�QqcXL!Q 
 }2l9O M!Q{�BL!c�QSlkQSL½G

F±¦
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	�� ��
�
 ����	
��������� ��� 
�	���� � � ����	�� � ��	���
���	��

�2���������	��
�� %�'�
*'�� �$&
f, g ∈ L2

C
[0, 1]


 ���

�
f, g � :=

1
∫

0

f(t)g(t)dt, ‖f‖ :=
√ �

f, f � .

) �.� 
 
�� ��� ���.� / �.����� ��& � �$��� ��� ���.��� ��� ( � & � ��
 � ��� ��& �0
�& � ��* ,���*$��� ���.���9��&+4 ��*+(
L2

C
[0, 1] (

��� ��
�����! % '�� ' ) �.� ()��&+4 ��������
���� ��� 0 & ��� 4����

y1(x, λ, q) = cλ(x) +
∑

n≥1

Cn(x, λ, q)

* ���
y2(x, λ, q) = sλ(x) +

∑

n≥1

Sn(x, λ, q)

, ����.���&."��.��& ��� ��*+( 3�� 
 ��4$& � �-,�������� ��� � 4 ���$"$��� .����
[0, 1] × C × L2

C

"������ ��4$4 � � �#"?"$�."$��� ���.�
��� ���$��* ���#"$� +-, 
�* �$" .���� −y′′ + q(x)y = λy 0 * �$��� 1 �)( ���$"�
�%!��&+� ���

y1(0, λ, q) = y′2(0, λ, q) = 1,

y′1(0, λ, q) = y2(0, λ, q) = 0.
1 * � ��& �$��4 "$��� � ��� ���.�"!������."�&H��� "������ ��4$*$�$"$���

y1(x, λ, q) = cos
√
λx+

x
∫

0

sin
√
λ(x− t)√
λ

q(t)y1(t, λ, q)dt,
�£FPG � �

y2(x, λ, q) =
sin

√
λx√
λ

+

x
∫

0

sin
√
λ(x− t)√
λ

q(t)y2(t, λ, q)dt
�£FPG � �

* ��� ���.� 1�3 
 ��4 � � 0 *$�$"$���

|y1(x, λ, q)|, |y2(x, λ, q)| ≤ exp
(

| !�4 √
λ|x + ‖q‖

√
x
)

.

576�896�:�; ( 
 cXl�~�Q �¨QSc�ZkQSLªs!cXQql�L8K!l_M!cXQ �iK!Z9ZmNP[2Q t
	!l
y1
�½M!QSl^§ Q � Qqc�Z_t
	!l

y2
�PQqlkW��PK(tuT]NPL!NPW�}2[(G

� cXTdbdc�WXt�QiM!Qql��i~(ZkrVsB��Tk¬qK!L([

cλ(x) ≤
1

2

∣

∣

∣
ei

√
λx + e−i

√
λx
∣

∣

∣
≤ exp

(

| !+4 √
λ|x
)

F%�
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 � � � ��� ��� �

QSlksBN�WXTmQSL �¥cXl t
	!l
x ∈ [0, 1]

|sλ(x)| =

∣

∣

∣

∣

∣

∣

x
∫

0

cλ(t)dt

∣

∣

∣

∣

∣

∣

≤
x
∫

0

exp
(

| !�4 √
λ|t
)

dt ≤ exp
(

| !�4 √
λ|x
)

.

g�Qql
n

e5TmQ <>QqlkO c�L�M!Qql_|>}PTmQSL!¬ql9QqcXs!QqL!QSLUT �¥c�rVj8W�K!L([;�2}PL
y1

j�NPL(L�M!NPORcHT_NP~![PQqZkrVs!��Tm¬{T � Qql9M!QqL
M(K!lkrVs

|Cn(x, λ, q)| ≤
∫

· · ·
∫

0≤t1≤···≤tn+1=x

|cλ(t1)|
n
∏

i=1

|sλ(ti+1 − ti)q(ti)|dt1 . . . dtn

≤ exp
(

| !�4 √
λ|x
)

∫

· · ·
∫

0≤t1≤···≤tn+1=x

n
∏

i=1

|q(ti)|dt1 . . . dtn.

g�Qql 
 QSl9T.M!QSZ 8 L8TkQq[2lkNPW�Z �PQqlk�PL!M!QSl9T;Zkc�rVs K!LUTkQql�|�QSlkO¢K(TmN�TmcX}2L!QSL �P}2L
t1, . . . , tn

L!cXrVsUT	G�gicXQ
�«QSlkQSc�L!cX[2K!L![wNPWXW�Qql ��QSlkO¢KETmc�QSl9TkQqL 8 L8TkQq[2lkN�TmcX}2L!Z9~�QSlkQqcXrVs!Q_c�Z£T

[0, x]n
�!Zk}PORcHT t�}2W�[�T

∫

· · ·
∫

0≤t1≤···≤tn+1=x

n
∏

i=1

|q(ti)|dt1 . . . dtn =
1

n!

∫

[0,x]n

n
∏

i=1

|q(ti)|dt1 . . . dtn

=
1

n!





x
∫

0

|q(t)|dt





n

≤ 1

n!
(‖q‖

√
x)n.

g�c�QwW�QSTk¬STkQ ¿dL![2W�QSc�rVs8K!L![.t�}2WX[PT]NPK!Z^M!Qql �ErVs�� N�lk¬qZ9rVs!QqL©¿dL![2W�QSc�rVs8K!L![(G 
 cXl_Qqlks!NPWXTkQqL NPW�Z9};M!cXQ
��~!ZkrVs!��Tm¬SK!L![

|Cn(x, λ, q)| ≤ 1

n!
exp

(

| !+4 √
λ|x
)

(‖q‖
√
x)n.

g�c�QqZ¥¬SQqc�[�T �!MBN�ZkZdM!c�Q­t�}2l9O N�W�Q­|>}PTmQSL!¬ql9QqcXs!Q

y1(x, λ, q) = cλ(x) +
∑

n≥1

Cn(x, λ, q)

N�K(t&~,QqZ9rVs!lm��L!jUTmQqL <�QSc�WXORQSL![2QqL¢�P}2L
[0, 1]×C×L2

C

[2WXQqcXrVs!O �D�2c�[d[2Qq[PQqLwQqc�L(Q�Z9TmQ{TmcX[2Q¥IBK!L!jUTmcX}2L
j�}2LU�2QSlk[2cXQql9TqG,§¨QqL8K(Tk¬ST�O NPL.L8K!L�L!}�rVs

∞
∑

n=0

1

n!
(‖q‖

√
x)n = exp(‖q‖

√
x),

F%n
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Zk}wQqlks!NPWXTkQqL �¥c�l�M!cXQ �i~!Z9rVsB��Tk¬qK!L![wt
	!l
y1

G-�iW�Z�L!�PrVs!Z9TkQqZ�~�QS}2~BNPrVsUTmQSL��¥cXl

y1(x, λ, q) = cλ(x) +
∑

n≥1

Cn(x, λ, q)

= cλ(x) +
∑

n≥1

x
∫

0

sλ(x− t)q(t)Cn−1(t, λ, q)dt

= cλ(x) +

x
∫

0

sλ(x− t)q(t)

(

∑

n≥1

Cn−1(t, λ, q)

)

dt

= cλ(x) +

x
∫

0

sλ(x− t)q(t)y1(t, λ, q)dt.

gic�QSZkQ���W�QqcXrVs8K!L![2QSL©[PQqWXTkQqL ��MBN �¥c�l NPKEt�[2lkK!L(M©M(Qql�[2W�QSc�rVs!OR���2cX[2QqLª��}2LU�PQqlk[PQqL!¬ 8 LUTmQq[PlmN�Tkc�}2L
K!L!M���K!ORORN�Tkc�}2L �2QSl9TmNPK!ZkrVs(QqL�jPYPL!L!QqL&G!�E}PORcHT«c�Z9T M!cXQ 8 LUTkQq[2lkNPW�[2WXQqcXrVs�K(L![]t
	(l

y1
~,Q �¥cXQqZkQSL½GEo«Z

t�}2W�[PT �¥c�Q]c�O�§ Q � Qqc�Zd�2}2L �AQqOwO N�F2GHF �BMBNPZ9Z
y1

QSc�L!Q �AY2Z9K!L![R�P}2L −y′′ + q(x)y = λy
¬qKvM(QqL

lkc�rVsUTkc�[2QSL���L(t NPL![PZ � Qql9TkQqL;c�Z9TqG
¿�O M!c�Q opcXL!M!QqKETmc�[PjPQqcHT�¬qK�¬SQqc�[PQqL ��L!Qqs!OwQqL �¥cXl�NPL ��MBNPZkZ

ỹ1
QqcXL!Q � QqcXTkQql9Q ��YPZkK!L![.M!QSl]�_WXQqcfe

rVs�K(L![ �£FPG a �¨¬SK;M(QqL�[2W�QSc�rVs!QSL���L(t NPL![PZ � Qql9TkQqL;c�Z9TqG��iK!Z6�AQqOwORN F2GXF�t�}2WX[PT

ỹ1(x) = cλ(x) +

x
∫

0

sλ(x− t)q(t)ỹ1(t)dt.

g­NPL!L�Qql£t
	!W�WHT�M!c�Q_g�c���QqlkQSL!¬
v(x) = y1(x) − ỹ1(x)

M!cXQ]�_WXQqcXrVs�K(L![

v(x) =

x
∫

0

sλ(x− t)q(t)v(t)dt

K!L!M�Zk}2OwcXT�[Pc�WXT

|v(x)|2 ≤
x
∫

0

|sλ(x− t)q(t)|2dt
x
∫

0

|v(t)|2dt

≤ c

x
∫

0

|v(t)|2dt.

aP°
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bdc�QSl c�Z£T
c := ‖q‖max{|s2

λ(t)| | 0 ≤ t ≤ 1} K(L!M �¥c�l^sBNP~,QqL �¥cXQqM!QSl¢M!cXQ �ErVs��¨NPlk¬SZkrVs!Q;¿�L�e
[PW�QqcXrVs8K!L![�~�QSL8K(Tm¬{T	G,opZ¥t�}PW�[PT��(MBNPZ9Z�M(c�Q�L!cXrVs8TkL!Qq[2N�TmcH�2Q]IBK!L!jUTmcX}2L

e−cx
∫ x

0
|v(t)|2dt QSc�L!Q�L!cXrVsUT9e

�,}2Z9cXTmcH�2Q �i~(W�QqcHTmK!L([ NPKEt
[0, 1]

sBN�T	G1g­NwZkc�Q]~,Qqc>°��PQql9ZkrVs��¥c�L!M(QST �&O¢K!ZkZdZkcXQ N�K(t
[0, 1]

c�M!QSL8Tkc�Z9rVs
�PQql9ZkrVs��¥c�L!M(QqL½G½�E}2OwcXT�[2cXWXT

v(x) ≡ 0
� �¨NPZdM!c�Q_opcXL!M!QqKETmc�[PjPQqcHT¥~�Q �¨QSc�Z£T	G


 QqL(L �¥c�l�M!cXQ 8 LUTkQq[2lkNPW�[2WXQqcXrVs�K(L![2QqL^cXTkQqlkcXQql9QqL]K!L!M¢N�L^M!QSlp��TkQqWXW�Q
x = 1

N�K!Z � Qql£TmQqL �PZk}�Qql9sBNPWXTkQqL
�¥cXl

y1(1, λ, q) = cos
√
λ+

sin
√
λ

2
√
λ

1
∫

0

q(s)ds+O

(

1

λ

)

,
�hF2G ¦ �

y2(1, λ, q) =
sin

√
λ√

λ
+

cos
√
λ

2λ

1
∫

0

q(s)ds+O

(

1√
λ3

)

,
�hF2G#� �

y′1(1, λ, q) = −
√
λ sin

√
λ+

cos
√
λ

2

1
∫

0

q(s)ds+O

(

1√
λ

)

,
�hF2G#n �

y′2(1, λ, q) = cos
√
λ− sin

√
λ

2
√
λ

1
∫

0

q(s)ds+O

(

1

λ

)

.
�£FPGXF%° �


 K!L sBN�~�QSL �¥c�l_QSc�L!QwIBK!L!MBN�ORQSL8TmNPW�WXY2ZkK(L![.M!Qql^b�cXW�W�[PW�QqcXrVs8K!L![�[2Q{t�K!L!M!QSL½G>gic�QSZ^t
	!s!l£T]¬qKªM(Qql
t�}PW�[2QSL!M!QqL;giQ{�BL!cXTkc�}2L&G
� ���������	��
 � %�' � ' ) �.� � * ��� ��4 �����.��� � , 
�* �$" � 
���� ��� ����&+��� 
 ��4$&3����3;%!��� 
 �

Y (x, λ, q) =

(

y1(x, λ, q) y2(x, λ, q)
y′1(x, λ, q) y′2(x, λ, q)

)

.

) �.��� ����&+���
M(λ) = Y (1, λ, q)

4���� � ���
	��
	�����	�� :�6 (
I 	!l�MBNPZ t�}2WX[2QqL(M!Q <�s!Qq}PlkQqO ~!lmNPK(rVs!QqL �¥c�l QSc�L!QSL�b�c�WX~�QSl9TklmNPK!O ��M!Qql¥NPK(rVs�[PQ �¥c�Z9ZkQ �i~(W�QqcHTmK!L�e
[PQqL�¬qK!W��PZkZ£T	G
� ���������	��
 � %�'��*'�� �$&

k ≥ 0

 ���

Hk
C

= Hk
C
[0, 1]

�$��&�� � � 3���&���& ��* 4 ��� ����& , ��4 1>�����2%!��&����#"$���
� *$�-,����.��� ��� ��*+(��������� !� ���.�

k
1�3;����� ��*$�$"$��� � �

L2
C

3�� 
�� � 0 ��� ( !+� 
�3�� 
 �����$��&3� � 
�� L2
C

= H0
C
(

aEF
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x ∈ [0, 1]

�� ���

yj(x, λ, q), y′j(x, λ, q), j = 1, 2

" ��� 0 � � *$�-,����.��� ���?��*+(
C × L2

C
(� 3�� ) �.� +-, 
�*$�$"
yj(·, λ, q), j = 1, 2

� 
�� ��� 
 1�3 3;� � ��*$�$"/.����
C × L2

C

�>� ��4
H2

C

���>�����D��� 
 ��4 (
576�896�:�; ( � N � 
 c�l�t
	(s!lkQSLRM!QSLw§¨Q � QqcXZ �¥cXQqM!QSlpL�K(l�t
	!l

y1
�UM(Qql«§¨Q �¨QSc�Zpt
	!l

y2
�PQqlkW��PK(tuT NPL!NPW�}2[(G

giQql
n

e5TmQ <>QqlkO c�L.M!Qqld|>}PTmQSL!¬ql9Qqc�s(QqL!QSL8T �¥cXrVj8W�K!L![Rc�Z£T¥[2Qq[2QS~�QSL;M(K!lkrVs

Cn(x, λ, q) =

∫

· · ·
∫

0≤t1≤···≤tn+1=x

cλ(t1)
n
∏

i=1

sλ(ti+1 − ti)
n
∏

i=1

q(ti)dt1 . . . dtn.

gic�Q_Qql9Z9TkQqL�~,QqcXM!QqL�<�QSlkOwQ^cXO 8 LUTmQS[2lmN�L!M!QqLvZkc�L(M;[UN�L!¬qQ^IBK!L!jUTmcX}2L!QqL�c�L
λ

G1giQql6�iK!Z9M!lkK(rVj;cXZ9T
NPW�Z9}­t
	!l �9QqM!QSZ

x
Z9TmQ{TmcX[]M(c���QqlkQSL!¬qcXQql9~BNPlpLBNPrVs

λ
K!L!M

q
N�K(t½[UN�L!¬

C×L2
C

K!L!MwZk}2OwcXTpQSc�L!Q¥[UN�L!¬qQ
I1K(L!jUTmc�}PL^cXL

λ
K!L!M

q
G 
 Qq[2QSL¢M!Qql>[2WXQqc�rVs(O ���Pc�[2QSL^�d}2LU�2QSlk[2QSL!¬ M!QSl��EK(OROwQ NPW�WXQql�M!cXQqZkQSl <>Qql9ORQ

NPK(t�~,QqZkrVs(lm�PL!jUTkQqL�<�QSc�W�OwQqL([2QqL �P}2L
[0, 1]×C×L2

C

� �¥cXQ­c�L <�s!Qq}2l9QqO�F2G `¢[PQq¬qQSc�[PT �¥K!lkM(Q��!cXZ9T
y1

QqcXL!Q_[UNPL!¬SQ^IBK!L(j8Tkc�}2L �P}2L
λ

K!L!M
q

G1gicXQ 8 LUTmQq[PlmNPWX[2W�QSc�rVs8K!L![wNPK!Z=<�s(Qq}2l9QqO�F2G#` W�cXQSt�Qql£T�K!L!Z

y′1(x, λ, q) = −
√
λ sin

√
λx+

x
∫

0

cos
√
λ(x− t)q(t)y1(t, λ, q)dt.

�iW�Z9}�c�Z9T¥M(c�Q �i~(W�QqcHTmK!L([
y′1

t
	!l �9QqM!QSZ
x

Z9TkQSTmcX[�M!c���Qql9QqL!¬Sc�Qql9~BNPl�K!L(M;MBN�ORcHT�Qq~,QqL(t N�W�W�Z¨[UNPL!¬�G
� ~ �6FPQqM!QSl0<>QqlkO

Cn
ZkQSc�L8K!LxQSc�L!Q �i~!~(c�W�M(K!L![R�P}2L

C × L2
C

LBN�rVs
CC

�,M!QSLx��N�K!O NPW�WXQql¥jP}2O e
�!W�Q+� � Qql£TmcX[2QqL;Z9TmQ{TmcX[2QqL;IBK!L!jUTmcX}2L!QqL;NPK(t=B#° �HF;CA�PQqlkZ9Qqs!QSLxORcHT¥M!Qqli�EK!�(lkQqO K!ORZ9L!}2l9O;G1g­N�L!LvcXZ9T
�9QqM!QSl0<�QSlkO�Z9TmQ{TmcX[�M!c���Qql9QqL!¬Sc�Qql9~BNPl�K!L!M�Zk}2OwcXTiNPK!rVs�[UN�L!¬PG&gic�QSZ­[2c�WHT � Qq[PQqL�M!Qql�[PW�QqcXrVs!OR���2cHe
[2QqL���}PL8�PQql9[2QqL!¬]K!L!M�M!QSl 8 L8TkQq[2lkNPW�[PW�QqcXrVs8K!L![ Qq~,QqLEt NPW�WXZ¨t
	!l

y1
K!L!M

y′1
GBopZ�t�}2W�[PT��(MBN�ZkZ

y1
K!L!M

y′1
NPK(rVsxNPW�Z6�i~(~!c�WXM!K!L![2QSLv�2}PL

C × L2
C

LBNPrVs
L2

C

NPLBNPW ��Tkc�Z9rVs�ZkcXL!M �,MBNRM!cXQ �EK(�!lkQSO¢K!OwZkL!}2l9O
Z9TV��lkjPQSl¥c�Z9TdN�W�Z�M!cXQ

L2 e 
 }2l9O;G 
 QS[2QqL;M!Qqldgic �&QSlkQSL8Tkc NPWX[2W�QSc�rVs8K!L![

y′′1 = (q − λ)y1

c�Z9T
y′′1

c�O [2W�QSc�rVs!QSL��Ec�L(L!Q NPLBN�W��8TmcXZkrVs½G&gic�QSZ�¬qQqcX[PT ��MBNPZ9Z
y1

QqcXL!Q NPL!NPW��8TmcXZkrVs!QA�i~!~!cXW�M!K(L![ �2}2L
C × L2

C

LBNPrVs
H2

C

c�Z9TqGBgiQSli§¨Q �¨QSc�Z�t
	!l
y2

�PQqlkW��PK(tuTdNPL!NPW�}2[(G

a2a
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 � % '�� ' ) �.��� ��	 � ;�� :��	� 6�
�6 � � : �
��� 
�6 0 %!���.��& ��� �0��& ��� 0 �.��&�33��& ��& � *$�-,����.��� ���
f*$���

g
� 
�� ���.� � *$�-,����.���

[f, g] := fg′ − f ′g.

giNPZ�L!�PrVs!Z9TkQ9<�s(Qq}2l9QqO�WXc�QSt�QSl9T�K(L!Z�QSc�L!Q �¥cXrVsUTmc�[PQ ��K!ZkZkNP[2Q��BM!c�Q �¥cXl�}PtuT¥~�QSL8K(Tm¬SQqL � Qql9M!QqL½G
� � � 
�����! %�'�� ��� �	
���
�� ��� ®�� ��� �	����� � � '

[y1, y2] = 1

5 6�896�:�; ( opZd[Pc�WXT¨t NPZ9T�	!~,QqlkNPW�W

[y1, y2]
′ = (y1y

′
2 − y′1y2)

′

= y1y
′′
2 − y′′1y2

= y1(q − λ)y2 − (q − λ)y1y2

= 0,

N�W�Zk}wNPK(rVs
[y1, y2](x) = [y1, y2](0) = 1

� Qq[PQqLvM(Qql���TmQ{TmcX[2jPQScXT�	!~,QqlkNPW�W G


 cXl�j�Y2L!L!QSLxL8K!L?�AQqOwO N�F2GHF^�2QSlmNPWXW�[2QSORQSc�L!QSlkL;NPK(tpM!NPZicXL!s!}2Ow}2[2QSL!Q]|«l9}2~!WXQqO M!Qqlib�cXW�W�[PW�Qqcfe
rVs8K!L([!G
� � � 
�����! %�'�� ' / ���

f ∈ L2
C

*$���
a, b ∈ C ( ) ����� ���2� 
����.��&+����� � � ��� ���$��*$���#"$� +-, 
�* �$" �$��&

� � 4���4 �H"$��� ����� ����� ��4$* �$"

−y′′ + q(x)y = λy − f(x), 0 ≤ x ≤ 1

0 * �$��� 1 �)( ���$"�
�%!��&+� ���
y(0) = a, y′(0) = b.

) �.� +-, 
�* �$" � � 
 
�� 
�� ��4 
 ��4$& ����3����?��� 


y(x) = ay1(x) + by2(x) +

x
∫

0

(

y1(t)y2(x) − y1(x)y2(t)
)

f(t)dt.

aP`
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576�896�:�; ( giQSl §¨Q �¨QSc�Z��2QSlkW ��K(tuT N�LBNPW�}P[�¬SK M!QSO §¨Q � QqcXZw�P}2L �AQqOwO NJF2GHF2G � N�L O¢K!Z9Z L8K!l
sλ(x−t) = sλ(x)cλ(t)−sλ(t)cλ(x)

M!K(lkrVs
y1(x)y2(t)−y1(x)y2(t)

QSlkZ9QSTm¬SQqL K!L(M M!cXQ 
 lk}2L(Zkj8cHe
8 M!QqLUTmcHTV��T¥~,QqL8K(Tk¬qQSL½G

giK!lkrVs MBNPZ t�}PW�[2QSL!M!Qd��}2l9}2W�W�NPl �¥c�l9MRL8K!L MBNPZ �iL(t NPL([2Z � Qql£Tm�!l9}2~!W�QSO M!Qql¨b�c�WXW�[2WXQqcXrVs�K(L![�[2QqWXY2Z9TqG
� 
��	
 � ��# � %�'�%��-'�� � �$� +-, 
�* �$" �$��& � � � � "������ ��4$* �$" � 
������ ���$��*$���#" "$�."$��3���� ��* & ��4

y(x) = y(0)y1(x) + y′(0)y2(x).

� � 
�� � 0 � ��* � ��& �$��4���� � � +-, 
�* �$" ��� � � �$�31 1���� ��� �0*$� � 
������ ��� � �
[0, 1]

� 
 � .���& 
 ��4$% � ���$��� 
��.�6� �$�����
��� 
 ��4 (

576�896�:�; ( 
 QqL!LxORNPL
f(x) ≡ 0

Z9QSTm¬{T �,t�}2W�[PTdM!cXQ^QSlkZ£TmQ §¨QSsBNPK!�ETmK!L![ M!c�l9QqjUT�NPK(ZiM!QSO�}2~(c�[2QSL
<�s!Qq}2l9QqO�G�I 	!l�M!cXQ�¬ � QqcXTkQw§¨QqsBN�K!�(TmK(L![v~,QSTklmNPrVsUTmQSL �¥cXl_NPL QSc�L!QSl�M!}2�!�,QqWHTmQSL 
 K!W�WXZ9TmQSW�WXQ

x0
�

NPW�Z9}
y(x0) = y′(x0) = 0

�!M!QSL ��K!ZkM(lkK!rVj
(

y1(x0) y2(x0)
y′1(x0) y′2(x0)

)(

y(0)
y′(0)

)

=

(

y(x0)
y′(x0)

)

= 0.

g­NPL!L [Pc�WXT
y(0) = y′(0) = 0

��M!N M!c�Q � N�Tklkc �wNPK(t�[2l9K!L!M M(Qql 
 lk}PL!Zkj8cHe 8 M!QqLUTkcXTV��T L(c�rVsUT Z9c�L![2K(W �Pl
c�Z9TqG
�2���������	��
��"%�'
% %�' � ���-"$�."$��3���� ����� ����� 3�� ��� �$"�*$�$"$���94���� � � ��� �
	 ��&+�

λ
�D( �$&��$���'��� � � +-, 
�* �$"

�$��&�� � � � "������ ��4$* �$" ���2� 
����.��&�� ��� :
� 6 � 896 � 
 ( ) �.� � � 0 *2"$��4�,�&+�#"$� � * �-,����.���
y(x)

4���� � ��� :
� 6 � �
��� � � 
 : 	 � (


 c�l>jPY2L!L(QqL
y1

K(L!M
y2

NPW�Z>�«QqlmN�W�W�[PQqOwQqc�L(QqlkK(L![2QqL]M!QSlpIBK!L!jUTmcX}2L!QqL
cos

√
λx

K!L(M
sin

√
λx/

√
λNPL!ZkQSs!QqL&G�I 	!l�[2lk}��2QqZ

λ
j�Y2L!L!QSL��¥c�l�Z9}2[UNPl¥N�Z ��OR�ETm}PTkc�ZkrVs(Q ��~!ZkrVs!��Tm¬SK!L![2QSLxNPL![2QS~�QSL½G

��� ��
�����! % '�%�
 � ��� 

� � � ����� � � ��� � ' 1 *+(
[0, 1] × C × L2

C

"$��� � ��� ���.� 1�3 
 ��4 � � 0 *$�$"$���
∣

∣

∣
y1(x, λ, q) − cos

√
λx
∣

∣

∣
≤ 1

|
√
λ|

exp
(

| !+4 √
λ|x+ ‖q‖

√
x
)

,

∣

∣

∣

∣

∣

y2(x, λ, q) −
sin

√
λx√
λ

∣

∣

∣

∣

∣

≤ 1

|λ| exp
(

| !�4 √
λ|x+ ‖q‖

√
x
)

a�y
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 � � � ��� ��� �

*$���
∣

∣

∣
y′1(x, λ, q) +

√
λ sin

√
λx
∣

∣

∣
≤ ‖q‖ exp

(

| !�4 √
λ|x+ ‖q‖

√
x
)

,

∣

∣

∣
y′2(x, λ, q) − cos

√
λx
∣

∣

∣
≤ ‖q‖

|
√
λ|

exp
(

| !�4 √
λ|x + ‖q‖

√
x
)

.
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∣

∣

∣
y1(x, λ, q) − cos

√
λx
∣

∣

∣
≤
∑

n≥1

|Cn(x, λ, q)|.

FPQSM!Qql6<>QqlkO
Cn

QqLUTms!�PWXTdQqcXL!QqL�I1NPjUTm}Pl
sλ(x− tn)

�!M(Qql¥~�QSZkrVs!lk�PL!jUT­cXZ9T¥M!K(lkrVs

|sλ(t)| =
| sin

√
λt|

|
√
λ|

≤ 1

|
√
λ|

exp
(

| !�4 √
λ|t
)

, 0 ≤ t ≤ 1.

��L!M!QSlkQql9ZkQScXTmZdjPYPL!L!QqL �¥c�l �¥cXQ�c�L'<�s!Qq}PlkQqO�FPG `¢�2}Plk[2QSs!QqL;K!O�M!cXQ �i~!Z9rVsB��Tm¬SK!L![

|Cn(x, λ, q)| ≤
1

|
√
λ|

exp
(

| !�4 √
λ|x
) (‖q‖√x)n

n!

¬SK;QSlksBN�WXTmQSL½G 
 QqL!L �¥c�l�M!cXQqZ9Q � N �9}2lmN�L8TkQqL�ZkK!OwOwc�Qql9QqL.K!L!M�M!QSL <>Qql9O t
	!l
n = 0

s!c�L(¬qK!L!QSsEe
OwQqL �,QSlksBN�WXTmQSL��¥cXldM(c�Q]QqlkZ£TmQ^¿�L![PW�QqcXrVs8K!L![!G,gicXQ^¬ �¨QScXTmQ ¿�L![PW�QqcXrVs8K!L![ �¥c�lkM;~�Q �¥c�QSZkQqL ��cXL!M!QqO
ORNPL¸M!c�Q�<�QSlkOwQ

sλ(t1)
K!L(M

sλ(x − tn)
cXL
Sn

�¥c�Q�}2~,QqL N�~!ZkrVsB��Tm¬STqG¨g�K!lkrVs ��~!W�QScXTmQSL¸M(Qql
8 LUTkQq[2lkNPW�[2WXQqcXrVs�K(L![ t
	!l

y1
Qql9[2c�~(T¥Z9c�rVs

y′1(x, λ, q) = −
√
λ sin

√
λx +

x
∫

0

cos
√
λ(x− t)q(t)y1(x, λ, q)dt.

��K!Z]M!Qql �i~(ZkrVsB��Tk¬qK!L([v�2}2L <�s!Qq}PlkQqO�FPG `�K!L!M M!Qql]¿dL![2W�QSc�rVs8K!L![ |cλ(t)| ≤ exp
(

| !+4 √
λ|t
)

t�}PW�[PT
∣

∣

∣
y′1(x, λ, q) +

√
λ sin

√
λx
∣

∣

∣
≤ exp

(

| !+4 √
λ|x
)

x
∫

0

|q(t)|e‖q‖
√

tdt

≤ exp
(

| !+4 √
λ|x+ ‖q‖

√
x
)

x
∫

0

|q(t)|dt

≤ ‖q‖ exp
(

| !�4 √
λ|x+ ‖q‖

√
x
)

.
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gic�QSZd~,Q � QqcXZ9TdM!cXQ�M!lkcHTkTmQ_¿dL![2WXQqc�rVs8K!L([!GB¿�O M!c�Q­��c�QSl9TkQ]¬SK;~,Q � QqcXZkQSLv¬qQSc�[PT¥ORNPL �(MBNPZkZ

|y2(x, λ, q)| ≤
1

|
√
λ|

exp
(

| !+4 √
λ|x+ ‖q‖

√
x
)

[2c�WHT K!L!M �¥c�QSM!Qql9s!}2WHT¥M!c�Q�}2~(c�[2QSLv��rVs!lkcHTkTmQ�G

gic�Qp[2WXQqcXrVs!QqL �i~(ZkrVsB��Tk¬qK!L([2QqL �¨QSlkM!QSL �¥c�lAOwcXT½NPW�WXQql9M!c�L![PZANPL!M!QSlkQSl>�ErVs!lkQSc�~�� Qqc�Z9Q Z9�B��TkQql�Qql9L!QqK(T
~�Q �¨QSc�ZkQSL½G
giQql¥}2~!cX[2Q_§¨Q �¨QSc�Z¥sBN�Td[2QS¬qQqcX[PT �(MBNPZkZ

y1(x, λ, q) = cos
√
λx+

N
∑

n=1

Cn(x, λ) +O

(

exp(| !�4 √
λ|)

|
√
λ|N+1

)

[2c�WHT	GpgicXQ ��~!ZkrVs!��Tm¬SK!L![Jc�Z£T cXL M!cXQqZ9QqlRI1}PlkO�L!cXrVs8T ZkQSs!l L 	(Tk¬qW�cXrVs �«MBN
Cn

¬Sc�QqOwW�cXrVs¸j�}2Ow�!W�cfe
¬qc�QSl9T c�Z9TqG�opc�L(Q j8W�QqcXL!QR�«QSlk~,QqZ9ZkQql9K!L![�c�Z£T¢OwY2[2W�cXrVs � �¨QSL!L �¥c�l]TmlkcX[2}2L!}PORQ{TmlkcXZkrVs!Q 8 M!QqLUTkcXTV��TmQqL
~�QSL�KETm¬qQSL½GB§¨QSL8K(Tm¬SQqL �¥c�l ¬qK!O §¨QqcXZk�!cXQqW

2 sinα cos β = sin(α+ β) + sin(α− β)
��Zk}¢QSlksBNPWHTmQSL

�¥c�l

C1(x, λ, q) =
1√
λ

x
∫

0

sin
√
λ(x− t) cos(

√
λt)q(t)dt

=
sin

√
λx

2
√
λ

x
∫

0

q(t)dt+
1

2
√
λ

x
∫

0

sin
√
λ(x− 2t)q(t)dt.

8 O �iWXW�[2QSORQSc�L!QSL j�NPL!L�ORNPL�L!cXrVs8TkZ¥~�QSZkZkQSlkQSZ�QSlklkQSc�rVs!QSL½G1§¨QSZkcXTk¬ST
q
�9QqM!}�rVs;QSc�L!Qi}EM!QSl�ORQSs!lkQSlkQ

�i~!WXQqcXTkK!L![2QSL � MBNPL!L j�Y2L!L!QSL �¥cXl NPK(rVs L(}ErVs �BN�l9TmcXQqWXWdcXLUTmQq[Plkc�QSlkQSL½G §¨QSciQSc�L!QSlR�2}PlksBNPL(M!QqL!QSL
�i~!WXQqcXTkK!L![ QSlk[2cX~(T¥ZkcXrVs

C1(x, λ, q) =
sin

√
λx

2
√
λ

x
∫

0

q(t)dt+
cos

√
λx

4λ
(q(x) − q(0))

− 1

4λ

x
∫

0

cos
√
λ(x− 2t)q′(t)dt,

�¨}2~,Qqc&M!Qql¥W�Q{Tm¬{TmQ <>QqlkO t
	!l |λ| → ∞ �P}2L.M!Qql65­l9M!L8K!L![
o
(

exp(| !�4 √
λ|x/|λ|)

) cXZ9TqG!§¨QSZkcXTk¬ST
q

Qqc�L(Qd¬ �¨QScXTkQ ��~!W�QScXTmK(L![_c�L
L2

C

�UMBNPL(LRj�Y2L!L!QSL �¥c�lpL!}�rVs QSc�L!ORNPW!�!NPl9Tkc�QqWXW(cXL8TkQq[2l9c�QSlkQqLwK!L!MRM!QqL

aP�



��� ��� � ��� � ��� � � 
 � � � ��� ��� �

M(lkcXT9TmQSL�<>Qql9O�Qql9ZkQSTk¬qQSLvM!K!l9rVs

−sin
√
λx

8
√
λ

3 (q′(x) + q′(0)) − 1

8
√
λ

3

x
∫

0

sin
√
λ(q − 2t)q′′dt.

g�Qql«W�Q{Tm¬STkQ�<�QSlkO\cXZ9T«L8K!L
o
(

exp(| !+4 √
λ|x)/(|

√
λ|3)

) t
	!l |λ| → ∞ G 8 L�M!Qql«}2~(c�[2QSLRopLUT �¥c�rVj2e
WXK!L![�Z9c�L!MJM(c�QE<>Qql9ORQ L!NPrVsJc�LU�2QSlkZ9QqL¸|�}PTkQqL!¬SQqLJ�2}2L

λ
[2Qq}2l9M!L!Q{T	G FPQSM!Qql <>Qql9O � NPK@�2QSl¢M!QSO

IBQSs!W�QSl9TmQSlkO � c�Z9TdQSc�L;|«l9}EM(K!jUT��P}2L ��K!ZkM!l 	!rVjPQSLxc�L
λ

K!L!M
q
� � QqL!L �¥cXl¥M!c�Q

x− �i~!s!�PL![2cX[2jPQScXT
cX[2L!}2l9c�QSlkQqL&GU�E}2OwcXT�c�Z£TpQqZ«LBN�TH	!lkWXc�rVs ��M!c�Q¨QqlkZ£TmQSL

N
�d}EQ��R¬Sc�QSL8TkQqL �2}PL

Cn
NP~(¬qK!Z9�BNPWXTkQqL�K!L!M�M!cXQ

<>Qql9ORQ^¬qK;ZmNPOwORQSW�L �(M!c�Q]M!c�Q][2WXQqc�rVs(Q^|>}PTmQSL!¬^�P}2L
1/λ

QqLUTms!NPWXTkQqL½G,g­NPZioplk[2QS~!L!c�ZdM!cXQqZkQSZ��«QSl£e
t N�s!lkQSL!Z¥c�Z9T¥QSc�L!Q­t�}PlkORNPW�QiNPZ ��Ow�(Tm}PTkc�Z9rVs!Q_opL8T �¥cXrVj8W�K!L![��2}PL

y1(x, λ, q)
cXL�cXLU�2Qql9ZkQSLv|>}PTmQSL!¬qQSL

�P}2L
λ

G 
 cXl�~�Q �¨QSc�ZkQSLvL8K!L�QqcXL�<�s(Qq}2l9QqO�t
	!l�¬ �¨QSc�ORNPWAM!c���Qql9QqL!¬Sc�QSlk~BNPl9Q_|�}PTkQqLUTmc�NPW�Q�G

� � � 
�����! %�'�%�� '"� �$&
q ∈ H2

C

"�� � �

y1(x, λ, q) = cos
√
λx+

sin
√
λx

2
√
λ

Q(x) +
cos

√
λx

4λ

(

q(x) − q(0) − 1

2
Q(x)2

)

+O

(

exp(| !+4 √
λ|x)

|
√
λ|3

)

4 � �

Q(x) =

x
∫

0

q(t)dt.

5 6�896�:�; ( 
 c�l�sBN�TkTmQSL.~�QSlkQqcHTmZ¥M!cXQ �i~!Z9rVsB��Tm¬SK!L![

C1(x, λ, q) =
sin

√
λx

2
√
λ

x
∫

0

q(t)dt+
cos

√
λx

4λ
(q(x) − q(0))

−sin
√
λx

8
√
λ

3 (q′(x) + q′(0)) − 1

8
√
λ

3

x
∫

0

sin
√
λ(q − 2t)q′′dt.

a2¦
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�	���� � � ����	�� � ��	���
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�iK(t�M!c�Q_[2WXQqcXrVs!Q0�il£Tdj�N�L!L;ORNPL�L8K!LvNPK!rVs�Qqc�L(Q �i~!Z9rVsB��Tm¬SK!L![ t
	(l
C2

QSlksBNPWHTmQSL½G

C2(x, λ, q) =
1

λ

x
∫

0

sin
√
λ(x− t2)q(t2)

t2
∫

0

sin
√
λ(t2 − t1) cos

√
λt1q(t1)dt1dt2

=
1

2λ

x
∫

0

sin
√
λ(x− t2)q(t2) sin

√
λt2

t2
∫

0

q(t1)dt1dt2

+
1

2λ

x
∫

0

sin
√
λ(x− t2)q(t2)

t2
∫

0

sin
√
λ(t2 − 2t1)q(t1)dt1dt2

= I + II.
§¨QqL8K(Tk¬qQqL �¥c�lpL8K!L M(c�Q��_WXQqcXrVs�K(L![

2 sinα sin β = − cos(α+β)+cos(α−β)
K!L!MRc�LUTmQS[2lkcXQqlkQSL

�BNPl9Tkc�QSW�W ��Zk}wQql9sBNPWHTmQqL �¥cXl

I = −cos
√
λx

4λ

x
∫

0

q(t2)

t2
∫

0

q(t1)dt1dt2

+
1

4λ

x
∫

0

cos
√
λ(x− 2t2)q(t2)

t2
∫

0

q(t1)dt1dt2

= −cos
√
λx

8λ





x
∫

0

q(t)dt





2

+O

(

exp(| !+4 √
λ|x)

|
√
λ|3

)

.

o«cXL!Q � QqcXTkQql9Q]�!NPl9Tkc�QqWXW�Q 8 LUTkQq[2lkN�TmcX}2L.W�c�Q{t�Qql£T

II =

(

exp(| !�4 √
λ|x)

|λ|2

)

.

I,N�ZkZkQSL �¥c�l�L�K(LwM(c�Q!<>Qql9ORQ¨¬qK!ZkNPOROwQqL �PZk}iQqlks!NPWXTkQqL �¥c�l�M!c�Q��i~!Z9rVsB��Tk¬qK!L![_t
	!l
y1(x, λ, q)

G

�iLBNPWX}2[ ~,Q � Qqc�Z£TdO NPL�t
	!l
y2(x, λ, q)

M!cXQ �i~!Z9rVsB��Tk¬qK!L![

y2(x, λ, q) =
sin

√
λx√
λ

− cos
√
λx

2λ
Q(x) +

sin
√
λx

4
√
λ

3

(

q(x) + q(0) − 1

2
Q(x)2

)

+O

(

exp(| !+4 √
λ|x)

|λ|2

)

.
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 K!L t
	!s!l9QqL �¥cXl^QSc�L!QSL �¥c�rVsUTkc�[2QSLJ§¨Qq[Plkc��©QSc�L �>M!Qql^K!L!Z¢~,Qqc QqcXL!c�[PQqL ¿dLUTmQql9ZkK!rVs8K!L([2QqL©s!c�WHtuT	G
��K@�2QSlkM!QSO �¥c�lkM.QSldZ9�B��TkQql¥QqcXL!QqL ��~,Qql9[UNPL![�¬qK�M!QSLv�¥c�QSO NPL(L!ZkrVs!QSLvI�W �PrVs!QSL;M!NPlkZ£TmQqWXW�QSL½G
� ���������	��
 � %�'
% � ' ) �.� � *$�-,����.���

∆(λ) =
1

2
(y1(1, λ, q) + y′2(1, λ, q))

�hF2GHF2F �

4���� � ��� :������	� :�; � � : � : �
��� 
�6 (

��W�ZdoplkZ£TmQqZd[2QS~�QSL �¥cXl�Qqc�L(Q_I1}PlkOwQqW�t
	(ldM(c�Q �i~(W�QqcHTmK!L([ M!Qqldb�cXW�WfehgicXZkj8lkcXORcXLBNPLUTmQ¥LBNPrVs
λ

NPL½G
� ��!"!$#&%�'�% � '  
 "�� � �

2
∂∆(λ)

∂λ
=(y1(1, λ, q) − y′2(1, λ, q))

1
∫

0

y1(x)y2(x)dx

− y2(1, λ, q)

1
∫

0

y1(x)
2dx + y′1(1, λ, q)

1
∫

0

y2(x)
2dx.

�£FPGXF±a �

5 6�896�:�; ( �iWXZ¥NP~!j 	!lk¬SQqL!M(Q¢�ErVs(lkQqcX~��¨QSc�ZkQ]t
	!s!l9QqL �¥c�l

∂y1(x, λ)

∂λ
= z1,

∂y2(x, λ)

∂λ
= z2,

∂y′1(x, λ)

∂λ
= z′1,

∂y′2(x, λ)

∂λ
= z′2

QSc�L½G 
 cXl W�QScXTkQqL −y′′ + qy = λy
LBNPrVs

λ
N�~;K!L(M;QSlksBNPWHTmQSL �ut
	!l

y = y1
~!¬ �_G

y = y2
�

z′′1 + (λ− q)z1 = −y1(x, λ),

z′′2 + (λ− q)z2 = −y2(x, λ).

�£FPGXF%` �

g�c�Q¢N�W�W�[PQqOwQqc�L(Q^IB}2l9ORQSW½t
	!liM(c�Q��AY2Z9K!L![ QSc�L!QSlicXL!s!}2Ow}2[2QSL!QqL;W�c�L(Q	NPl9QqL�g�c���QqlkQSLUTmc N�W�[2WXQqc�rVs8K!L([
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¬ � QqcXTkQql 5­lkM!L8K!L([RcXL���K!ZkM(lH	!rVj�QqL�M!QSl6��YPZkK!L![wM!QSlds(}2OR}P[2QqL!QSL;�_WXQqc�rVs8K!L([wWXc�Q{t�Qql9T

z1(x) = y1(x, λ)

x
∫

0

y2(t)y1(t)dt− y2(x, λ)

x
∫

0

y1(t)
2dt,

z′1(x) = y′1(x, λ)

x
∫

0

y2(t)y1(t)dt− y′2(x, λ)

x
∫

0

y1(t)
2dt,

z2(x) = y1(x, λ)

x
∫

0

y2(t)
2dt− y2(x, λ)

x
∫

0

y1(t)y2(t)dt,

z′2(x) = y′1(x, λ)

x
∫

0

y2(t)
2dt− y′2(x, λ)

x
∫

0

y1(t)y2(t)dt.

�hF2GHF	y �

gic�Q�IBK!L!jUTkc�}2L!QSL
z1

K!L!M
z2

Z9c�L!M�M!cXQ ��YPZkK!L![PQqLª¬SK M(QqL �iL(t NPL([2Z � Qql£TmQqL
z1(0) = z′1(0) = 0K!L!M

z2(0) = z′2(0) = 0
GAg­N

z1 = ∂y1/∂λ
K!Z �_G�c�Z£T_K!L!M M!c�Q ��L(t NPL![2Z �¨QSl9TkQw�P}2L

y1
K!L!M

y2K!LBNP~!s!�PL![2cX[¢�2}2L
λ

ZkcXL!M �!Z9c�L!M.QSZ�M!c�Q�l9c�rVsUTmcX[2QqL��AY2ZkK(L![2QqL&G1gic�Q]��W�QSc�rVs8K!L![ �£FPGXF±a � t�}2W�[PT¨MBNPL!L
M!c�l9QqjUT � � QqL(L��¥c�l

x = 1
ZkQ{Tm¬SQqL½G


 K!L�~,Qql9QqrVs!L!QSL �¥c�l N�K!rVs.L!}ErVs
∂2∆/∂λ2 G!g­NP¬SK�W�QScXTmQSL �¥c�l �£F2GHF±a �pLBNPrVs

λ
NP~ K!L(M�~,QqL8K(Tk¬qQSL

�£F2GHF	y � t
	!l
x = 1

G½�E}PORcHT�QSlksBN�WXTmQSL �¥c�l�M!c�Q �i~(W�QqcHTmK!L([2QqLv�P}2L
∂z1/∂λ

K!Z �_G 
 KETm¬qQSL �¥c�ldL8K!L
L!}ErVs�M!cXQ_gic�l9c�rVs!WXQST9e ��N�L!M!~,QqM!cXL![2K!L![PQqL.NPK!Z �BZk}�Qql9sBNPWHTmQqL �¥c�l

∂2∆

∂λ2
=





1
∫

0

y1(x)y2(x)dx





2

−
1
∫

0

y1(x)
2dx

1
∫

0

y2(x)
2dx

�£F2GHF±� �

NPW�Z¥IB}2l9ORQSW�t
	!l�M!cXQ_¬ � QqcXTkQ �i~!WXQqcXTkK!L![¢�P}2L
∆

LBNPrVs
λ

G
��� ��
�����! %�'
% � ' ) �.� � *$�-,����.���

∆(λ)
� 
�� ��� � � " ��� 0 � � *$�-,����.��� �$��&�� & ����*$�$"

1/2
�	� ( 4 ( � 
���2� 
����.��&+�=��� � ��� ��� 
�� �������

M
� 
 � � ��
 


|∆(λ)| exp(−M
√

|λ|) �£F2GHF%� �
( � &9��� ���

λ
3�� 
 ��4$& � �-,�� � 
�� (

576�896�:�; ( gicXQ^�EK!OwORQSL!QqLUT �¥c�rVj8WXK!L![�t
	!l�M!c�Q_bdc�WXWHehg�c�Zkj8l9c�Owc�LBNPLUTkQdcXZ9T

∆(λ) =
∑

n≥0

(Cn(1, λ, q) + S ′
n(1, λ, q)) .

`2°



����� ��� ��� ����� � � � 	 � � � ��� � 
 �

giNP~�QScAc�Z£T
S ′

0(x) = cos
√
λx

K!L!M

S ′
n(x, λ, q) = −

x
∫

0

cos
√
λ(x− t)q(t)S ′

n−1(t, λ, q)dt.

I 	!l¥��}2Z9cXTkcX�2Q��!lkQSQqWXW�Q
x

[2c�WHT

|C0(x)| = | cos(
√
λx)| =

1

2

∣

∣

∣

(

ei
√

λx + e−i
√

λx
)∣

∣

∣

≤ 1

2

(

e|
√

λ|x + e|
√

λ|x
)

= e|
√

λ|x

K(L!M |S0| ≤ xe|
√

λ|x G��EQqc�L8K!L
M∗ QqcXL!Q^�,}2Z9cXTmcH�2Q]��}PL!Z9TmNPLUTmQ��,Zk}wMBNPZ9Z |q(x)| ≤ M∗ t
	(ldl9QqQSW�W�QSZ

x
[2c�WHT	G!giNPL!LvQSlksBN�WXTmQSL �¥c�l¥��QSl 8 L!M!K!jUTmcX}2L;NPK!ZdM!QqL��EK!OwORQSL!QqLUT �¥c�rVj8WXK!L![2QSL�t
	!l

Cn
K!L(M

Sn
�

Z9} �¥c�Q
| sin

√
λ(x− t)| ≤ |

√
λ|(x− t)e|

√
λ|(x−t)

M(c�Q �i~!Z9rVsB��Tk¬qK!L![PQqL
|Cn(x,

√
λ)| ≤ e|

√
λ|x (M∗x2)n

(2n)!
,

|Sn(x,
√
λ)| ≤ xe|

√
λ|x (M∗x2)n

(2n+ 1)!
.

opZd[2c�WHT Z9}2ORcHT¥NPK!rVs
|S ′

n(x,
√
λ)| ≤ xe|

√
λ|x (M∗x2)n

(2n)!
.


 cXl�Qql9sBNPWXTkQqL�NPWXZk} t
	!l |∆(λ)| M!c�Q ��~!ZkrVs!��Tm¬SK!L![

|∆(λ)| ≤ 2e|
√

λ| cosh(
√
M∗).

g�c�QqZ¥¬SQqc�[�T �!MBN�ZkZdM!Qql��iK(ZkM!l9K!rVj �£F2GHF%� �¨~,QqZ9rVs!lm��L!jUTicXZ9T � � QqL(L �¥cXl
M = 1

�¨�Ps!WXQqL½G

giN QqcXL!Q�[2NPL!¬qQ�IBK!L!jUTmcX}2LwM!Qql 5�l9M!L8K!L![
1/2

K!L!QSL!M!WXc�rVsR��cXQqW�Q 
 K(W�W�Z£TmQSW�W�QSL�~�QSZkcXTk¬ST�� �¥cXQ¥c�L��EN�Tm¬
§�GXF%��~,Q �¥c�QSZkQSL �¥cXlkM �(t�}PW�[PT�Z9}Pt�}2l£T¥Qqc�L;��}Plk}2WXW NPlSG
� 
��	
 ��� # � %�'
% � ' ) �.� � *$�-,����.��� ���

∆(λ)+1
* ���

∆(λ)−1
4-� 3���� *$� �����-� � ��49. �.����� � * � � 
������ ����� (

giNPZ;L!�PrVs!Z9TkQ <�s!QS}2lkQSO W�cXQSt�Qql£T.QqcXL!Q�NPZ ��Ow�(Tm}PTkc�Z9rVs!Q ��~!ZkrVs!��Tm¬SK!L![¸�P}2L
∆(λ)

t
	!l��,}2ZkcHTmcX�PQ

 Qql£TmQ_�2}2L

λ
G

`(F
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	�� ��
�
 ����	
��������� ��� 
�	���� � � ����	�� � ��	���
���	��

��� ��
�����! %�'�% � ' / ���
q(x)


 �9� ��&+4 �.��&+� � � ��
 
 ∫ 1

0
q(t)dt = 0

"�� � � � � ����� ()��� "�� � ��& ��* 
 ( �$& ��� ���
, ��4 1>����� ��� 	 ��&+� � .���� √

λ
4 � ����� ��4$��� �." ����� .���4 ���H��� � ��� �

|∆(λ) − cos
√
λ| ≤ 2e| ���

√
λ|
(

exp
(

M/|
√
λ|
)

− 1
)

.
�hF2GHF±¦ �

�0�.��& 3���� � 
��
M


 �9"$��% � 4$� � � � ��
 
 |q(x)| < M
"�� � � (

576�896�:�; ( � cHT 8 L!M!K!jUTkc�}2L�	!~,Qql
n

t�}2W�[�T�Qq~,QqL!Z9} �¥cXQ�c�O�§ Q � Qqc�Z¥�2}PL <�s!QS}2lkQSO�F2GHF%�

|Cn(x, λ, q)| ≤ e| ���
√

λ|xMnxn|
√
λ|−n/n!,

|S ′
n(x, λ, q)| ≤ e| ���

√
λ|xMnxn|

√
λ|−n/n!.


 c�l�O�	!Z9ZkQSL;L8K!l¥M!cXQ �i~!Z9rVsB��Tm¬SK!L![2QSL�c�O §¨Q � QqcXZd�P}2L�<�s!Qq}2l9QqO�F2GHF%� Qql9ZkQ{Tm¬qQSLvM!K(lkrVs

|C0(x)| ≤ e| ���
√

λ|x, |S0(x)| ≤ xe| ���
√

λ|x

K!L!M

| cos
√
λ(x− t)| ≤ exp | !�4 √

λ|(x− t),

| sin
√
λ(x− t)| ≤ exp | !�4 √

λ|(x− t).

¿�OÀ¬qKR¬qQSc�[2QSL �8MBNPZkZ √
λ|∆(λ)− cos

√
λ| → 0

t
	!l
λ→ ∞ [2cXWXT��PO�	!Z9ZkQSL �¥c�l«W�QSM!c�[PW�c�rVs ¬SQqcX[2QqL �

MBNPZkZ
lim√
λ→∞

√
λ|C1(1, λ, q) + S ′

1(1, λ, q)| = 0

[2c�WHT ��MBN�t
	!l
n > 1

K(L!M √
λ → ∞ M(c�Q�IBK!L!jUTmcX}2L!QqL

Cn(x, λ, q)
K!L!M

S ′
n(x, λ, q)

�2}PL M!Qql
5�l9M!L8K!L![

O(1/λ)
ZkcXL!M½G 
 K(L;[2cXWXT �¨QS[2QqL;M!Qql 
 }PlkORNPW�cXZkc�QSlkK!L([ �2}2L

q(x)

√
λ (C1(1, λ, q) + S ′

1(1, λ, q)) = −
1
∫

0

sin(
√
λ)q(t)dt = 0.

�2���������	��
�� %�'
% � ' ) �.� � * � � 
������ ����� .����
∆(λ) − 1

4���� � ����� 6 � : 	�� :�;��	� 6  ��#"$����%!��&+� � �$��&
�0� � � "������ ��4$*$�$" ( 	'� & 3�� 0 ��� ��4$� ��� 
��.�94 � �

ωi
( � &

i = 4n− 3, 4n− 2
�
n ∈ N ( ) �.���0*$� � 
������ �����

.����
∆(λ)+1

4���� � ��� ��� 
 : � 6 � : 	�� :�;
���-6  ��#"$����%!��&+� � �$��& �0� � � "������ ��4$*$�$" ( 	'� & 3�� 0 ��� ��4$� ��� 
��.�
4 � �

ωi
( � &

i = 4n− 1, 4n
�
n ∈ N (
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 �

��W�Z¥QqcXL!Q � QqcXTkQql9Q ��~!ZkrVs!��Tm¬SK!L![ t
	!l�M(c�Q_b�cXW�WfehgicXZkj8lkcXORcXLBNPLUTmQ¥Qql9sBNPWHTmQqL �¥cXl
� ��!"!$#&%�'�
 �*'�� � & 3�� 
 ��4$& � �-,����

q ∈ L2
C

"�� � �

∆(λ) = cos
√
λ(1 +O(1/λ)).

!+4 /21�� 0 �.��� ����� "�� � � |∆| > 1
��* � ��&�4-��� 3	�$��&!& �3��� ����� 1 ��4 
 � ( ) �.� + � ���.��� √λ = a+ib

� ��*+( �$��� ���
∆

& �3��� � � 
�� � 4-� 3���� ���.�9��
���4 1>� ����� 
 ��4��0 �����% � �3,�� *$�$"
a = nπ + c1/b + c2/b

2 + . . . , n ∈ Z (

5 6�896�:�; ( �iK!Z�<�s!QS}2lkQSO�F2GHF%� Qqlks!NPWXTkQqL �¥c�l�M!cXQ_¿�L![PW�QqcXrVs8K!L![

|∆ − cos
√
λ| ≤

√
2 cosh bΣ,

OwcXT √
λ = a + ib

K!L!M
Σ =

∑∞
n=1 ‖q‖n/|

√
λ|n G � cXT�� NPrVs(ZkQqL(M!QqO

a
K!L!M�j8W�QSc�L!QSO��!t�QSZ9TkQqO

b�¥cXlkM
Σ

j8W�QSc�L�K!L!M
∆

[2K(T NP~([2QqZ9rVsB��Tm¬{T¨M(K!lkrVs
cos

√
λ

G ��K@�2Qql9M!QqOÀ[Pc�WXT�t
	!l |b| > sinh−1 2
NPK!rVs

|∆| ≥ ( � sinh b| −
√

2 cosh bΣ) ≥ 1
2

� sinh b| > 1
K(L!M�QqLUT � QqM!QSl

a
}EM(Qql |b| ZkcXL!MvZ9} [2lk}�� �BMBNPZ9Z

Σ ≤ � coth b|/2
√

2
cXZ9TqG1gic�QSZd¬SQqcX[PT �BMBN�ZkZ

∆(λ)
t
	(ld[Plk}2�2QSZ √

λ
M!c�Q 
 Qql£TmQ ±1

L!cXrVs8T�NPL(L!c�OwO T �
N�K@�2Qql�LBNPs!Q^NPL;M!Qql�lkQqQSW�WXQqL ��rVs(ZkQ����¨} M!c�Q^IBK!L!jUTmcX}2LvN�K!ZkZ9c�QqsUT �¥c�Q

cos
√
λ

G 
 K!L;~�Q{TmlkNPrVsUTmQqL
�¥cXl�M!c�Q �AcXL!c�QSL �BNPK(t�M!QSL!QqL

∆
lkQSQqW�W&c�Z9TqG

∆ = cos(a+ ib)[1 + α + iβ]

= (1 + α) cos a cosh b + β sin a sinh b

+i[β cos a cosh b− (1 + α) sin a sinh b].

g�Qql 8 O NP[Pc�LB�Pl£TmQSc�WU�2QSlkZkrVs��¥cXL!M!QST¨t
	!l
tan(a) = [coth b]β/(1+α)

GPgic�Q¥}2~(c�[2QSL ��~!ZkrVs!��Tm¬SK!L![2QSL
WXc�Q{t�QqlkL � tan a � ≤ coth b|β|/(1− |α|) ≤ 1

2
coth bΣ

t
	!l
b

Z9}¢[2lk}�� �8MBNPZkZ |α| ≤ Σ ≤ 1
2

G$<�N�TmZk�PrVsEe
WXc�rVs c�Z9T

α = O(1/λ)
��NP~�QSl^M(c�QqZ^~!lmN�K!rVs!QqL �¥c�l]L!c�rVsUT	G�I 	!l][2l9}2�2QqZ |b| c�Ow�!W�cX¬qcXQql9T­M!c�QSZ���MBNPZ9Z

� tan a| j8W�QSc�L_c�Z£T �%MBN�t
	!l |b| → ∞ M(Qql �iK!Z9M!lkK!rVj | coth b| [2Qq[PQqLwF [2QSsUT	G�giQqZ9sBNPWX~ c�Z£T
a = nπ+δOwcXT

n ∈ Z
K!L(M�j8W�QqcXL!QqO

δ
G 
 K!L�~,QSTklmNPrVsUTmQSL �¥c�l

0 ≤ � tan a| = tan(±δ) ≤ 1
2
(coth bΣ)

G&I 	!l
[Plk}2�2QSZ |b| cXZ9T M!c�Q¥l9QqrVsUTmQ_��QqcXTkQ�j8WXQqc�LwK!L!MRW�cXQq[PT«cXLRQSc�L!QSO 8 L8TkQql£�PN�W�W1K!OÀM!QSL ¿�l9Zk�!l9K!L![ ��c�LwM!QSO
tan−1 �¨}Ps!W�M!Q{�BL!cXQql9TdcXZ9T	G!§¨QqL8K(Tk¬STdO N�L�M(c�Q <�N ��WX}2lkl9Qqc�s(Q­�2}2L

tan−1 �!Zk}wQql9[2c�~(T¥Z9c�rVs

0 ≤ ±δ ≤ tan−1

[

1

2
coth b

∞
∑

n=1

‖q‖n

|
√
λ|

]

≤ coth b‖q‖
2b

+O

(

1

|b|2
)

.
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 c�l�K!LUTmQSlkZkK(rVs!QqL�L8K!L¢M!cXQ���~!sB�PL([2c�[2j�QqcHT�M!QSl�IBK!L(j8Tkc�}2L(QqL
y1(x, λ, q)

K!L!M
y2(x, λ, q)

�2}2L^M!QqO
|�}PTkQqLUTmc�NPW

q
G�giK(lkrVs M!cXQ �d}2L!Z£TmlkK(j8Tkc�}2L�ZkcXL!Mª~,QqcXM!QwZ9TmQ{TmcX[;~,Qq¬ 	![2W�cXrVs M(Qql]Z9TVN�lkjPQSL <>}2��}PW�}2[2cXQ

NPK(t
L2

C

G>o«Z]jP}PORO T]s!QSlmNPK(Z���MBNPZ9Z^Z9c�QwZk}2[UN�l]j�}2Ow�BNPjUT]Zkc�L(M ��MBNPZ_s!Qqc �PT]Z9TkQSTmcX[;~,Qq¬ 	![2WXc�rVs�M!Qql
ZkrVs�� N�rVs!QqL?<>}2�,}2W�}2[Pc�QPG
��� ��
�����! % '�
*%�' � ����.���&�"��.��&+� ���.� � ��� "$�

qm

 ��4$% � ��4 "$�."$���

q
� �
L2

C

� � ����� "�� � �

yj(x, λ, qm) → yj(x, λ, q) j = 1, 2
"������ ��4$4 � � �#" ��*�( 3�� 
 ��4$& � �-,������ �>��� � 4 ���$"$��� .����

[0, 1] × C ( ) �.� 
 3�� �$��* ����� �	� ��
 
 y1
*$���

y2"������ ��4$4 � � �#"�, ��4 1-��,��!��*+( 3�� 
 ��4$& � �-,�� ��� � ��� � 4 ���$"$��� .����
[0, 1] × C


�� ��� (
576�896�:�; ( 
 cXli~,QSTmlkNPrVsUTmQSL ¬SK!LB�PrVs!Z£T_L8K!l

y1
G½�EQqc

qm
Qqc�L(Q IB}2W�[2Q���M(c�Q Z9rVs�� NPrVs [2Qq[PQqL

q
j�}2LEe

�2Qql9[2c�QSl9TqG 
 QS[2QqL;M!Qql¥[2WXQqcXrVs!O �D�2c�[2QSL §¨QSZkrVs!lk�PL!jUTms(QqcXT�[2cXWXT
‖q‖ ≤ sup

m
‖qm‖ ≤M <∞.

�iK(t�QqcXL!Qql¥~,QqZkrVs(lm�PL!jUTkQqL <>QqcXW�OwQqL![2Q
A

�2}2L
[0, 1] × C

[2c�WHT�MBNPL(L;[2WXQqcXrVs!O �D�2c�[

|Cn(x, λ, p)| ≤ 1

n!
exp

(

| !+4 √
λ|x
)

(‖p‖
√
x)n ≤ c

Mn

n!
, n ≥ 1.

b�c�QSlk~,Qqc½s!NP~�QSL �¥cXl�M!c�Q ��~!ZkrVs!��Tm¬SK!L![Rt
	(l
Cn

NPK!Z6�AQqOwO N F2GHF_~�QSL8K(Tm¬{T	G,opZd[Pc�WXT�NPW�Z9}

|y1(x, λ, qm) − y1(x, λ, q)| ≤
N
∑

n=1

|Cn(x, λ, qm) − Cn(x, λ, q)|

+

∞
∑

n=N+1

(|Cn(x, λ, qm)| − |Cn(x, λ, q)|)

≤
N
∑

n=1

|Cn(x, λ, qm) − Cn(x, λ, q)|

+2c
∞
∑

n=N+1

Mn

n!

[2W�QSc�rVs!OR���2cX[;N�K(t
A

G�g�c�Q ¬ �¨QScXTmQ���K!OROwQ j�}2LU�2QSlk[2cXQql9T�[PQq[2QSL 
 K!WXW t
	!l
N

[2Qq[PQqLJK!L!QSL!M!WXc�rVs½G
�iW�Z9}­lkQSc�rVsUTpQSZ�¬qK�¬qQSc�[2QSL ��MBNPZkZ �9QSM!Qql <�QSlkO

Cn(x, λ, qm)
NPK(t

A
[2W�QSc�rVs!OR���2cX[d[PQq[2QSL

Cn(x, λ, q)jP}2LU�2QSlk[2cXQql£T	G 
 K(L;sBN�WXTmQSL �¥c�l
n ≥ 1

t�QqZ9TdK!L(M;K!LUTkQqlkZ9K!rVs!QSL�M!c�Q_IBK!L(j8Tkc�}2L
∆m(x, λ) = Cn(x, λ, qm) − Cn(x, λ, q).

`Py
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g�c�QqZ9Q IBK!L(j8Tkc�}2L�W��PZkZ£TdZkc�rVs;NPK!rVs�ZkrVs(lkQqcX~�QSLvN�W�Z

∆m(x, λ) =

〈

px,λ �

n
∏

i=1

qm(ti) −
n
∏

i=1

q(ti)

〉

OwcXT
px,λ(t1, . . . , tn) = cλ(t1)

n
∏

i=1

sλ(ti+1 − ti)1{0≤t1≤···≤tn+1=x}

K(L!M
1{... }

NPW�Z 8 L!M(c�j�N�Tm}Pl9t�K!L!jUTkc�}2LxM!QSl � QqL![PQ {. . . } GAgiNPZ^cXL!L!QSlkQ�|plk}�M!K!jUT]~�QS¬qcXQqsUT]Zkc�rVs NPK(t
M(QqL��dNPK!O

L2
C
([0, 1]n)

G 
 c�l�O�	!Z9ZkQSLv¬qQSc�[2QSL �BMBNPZ9Z

sup
A

|∆m(x, λ)| → 0
t
	!l

m→ ∞

[Pc�WXTqG 
 QS[2QqL M!Qql���TmQ{Tmc�[PjPQqcHT �¥cXlkM^MBNPZp��K!�!lkQSO¢K!O �2}PL |∆m(x, λ)| t
	!l��9QqM!QSZ
m

cXL QqcXL!QqO |pK!L!jUT
(xm, λm)

NPL![PQqL!}2OwOwQqL �SM!Qql�c�O jP}POR�BN�j8TkQqL �i~!Z9rVs!W�K(ZkZA�2}2L �JW�cXQq[PTqG�� �8K!cH��NPW�QSL8T�M!NP¬qK_jPYPL!L!QqL
�¥cXl¥NPW�Z9}�¬qQqcX[2QqL �BMBNPZkZ

|∆m(xm, λm)| → 0
t
	(l

m→ ∞
[Pc�WXTqG 8 Z9T�M(c�QqZRL!c�rVsUT M!Qql�I1NPWXW ��M!NPL!L jPYPL!L!QqL �¥cXlRM(K!lkrVs M!QSL ��~,Qql9[UNPL![ ¬SK QqcXL!Qql <�QSc�WHt�}2W�[2Q
N�L!L!Qqs(ORQSL �BMBNPZ9Z

(xm, λm)
[2Qq[PQqL

(x∗, λ∗)
jP}2LU�PQqlk[Pc�Qql£TdK!L!M�¬qK!Zk��Tm¬SW�c�rVs

|∆m(xm, λm)| ≥ δ > 0

[Pc�WXTqG-��K(t�[2lkK(L!M;M(QqZ�<�s!Qq}PlkQqOwZ¥M!Qql¥~,QqZ9rVs!lm�PL(j8TkQqLx�d}2LU�2QSlk[2QSL!¬ [2cXWXT

pxm,λm
−−→�	��

�	� px∗,λ∗

cXL
L2

C
([0, 1]n)

G���L!M!Qql9Qql9ZkQqcHTmZ¥[2cXWXT¥NP~,Qql
n
∏

i=1

qm(ti) −−−−→��������

���

n
∏

i=1

q(ti)

QS~�QSL(t NPWXW�Zdc�L
L2

C
([0, 1]n)

G�gic�QSZi¬qQSc�[PT�ORNPL �1c�L!M(QqO O N�LvM!cXQ � }PL!}2OwQ
tk1

1

� · · · � tkn
n

�1M!c�Q^Qqc�L(QqL
M(c�rVsUTmQSL�¿�LUTkQqlklkNPK!O �P}2L

L2
C
([0, 1]n)

NPK(t�Zk�!NPL!L!QSL �Bc�LUTmQS[2lkcXQql£T	GBopZ�t�}2W�[�T�MBNPL!L

|∆m(xm, λm)| → 0,

�¨NPZ.QqcXL 
 c�M!QSlkZ9�!lkK!rVs cXZ9T	G �E}2OwcXT c�Z9T MBNPZ <�s!QS}2lkQSO t
	!l
y1

~�Q �¥c�QSZkQqL ��M!Qql�§ Q � Qqc�Z�t
	!l
y2�PQql9W �PK(tuT�NPL!NPW�}2[(G

`U�
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 c�l �¥cXZkZkQSL �«MBNPZ9Z
y1

K!L!M
y2

NPLBNPW �8Tmc�Z9rVs!Q�IBK!L!jUTmcX}2L!QqL cXL
q

Zkc�L(M©K(L!M¸M!N �¥cXl K!L!Z�c�LJM(QqO
b�c�WX~�QSl9TklmNPK!O

L2
C

~�Q{�BL!M!QSL � j�Y2L!L!QSL �¥c�l N�K!rVs �_lkNPM!cXQqLUTmQSL K!L!M ��~!W�QScXTmK(L![2QqL¸~�QSZ9Tkc�OwORQSL½G
�&K!LB�PrVs!Z£T¥TmlkQ �&QSL �¥cXl�QqcXL!Q �iK!Z9ZmNP[2Q 	!~,Qql¥M!cXQ_IBK!L!jUTmcX}2L!QqL

y2
1, y1y2, y

2
2

G
��� ��
�����! % '�
�
 '"� �$&��)� �$� 
0
 � ��&

(λ, q) ∈ C × L2
C


�� ��� ���.� � *$�-,����.��� ���

y2
1, y1y2, y

2
2� � � �H��& * �>� 3�4 � �$"��#" ��*�(��������� (

576�896�:�; ( 
 QqL!L �¥c�l M!c�Qi�_WXQqcXrVs�K(L![
y′′j = (q−λ)yj

t
	!l
j = 1, 2

~�QSL�KETm¬qQSL.K!L!M
2(q−λ)

e@O NPW
M!c�Q�QSlkZ9TkQ9�&Qqc�WXQi�2}PLvM!QSldM(lkcXT9TmQSL�Z9K!~(TklmNPs!cXQql9QqL �BQSlksBNPWHTmQSL �¥cXl

det





y2
1 y1y2 y2

2

(y2
1)

′ (y1y2)
′ (y2

2)
′

(y2
1)

′′ (y1y2)
′′ (y2

2)
′′





= det





y2
1 y1y2 y2

2

2y1y
′
1 y′1y2 + y1y

′
2 2y2y

′
2

2(y′1)
2 + 2y1y

′′
1 2y′1y

′
2 + y1y

′′
2 + y′′1y2 2(y′2)

2 + 2y2y
′′
2





= det





y2
1 y1y2 y2

2

2y1y
′
1 y′1y2 + y1y

′
2 2y2y

′
2

2(y′1)
2 2y′1y

′
2 2(y′2)

2





= 2y2
1(y

′
1y2 + y1y

′
2)(y

′
2)

2 + 4y1(y
′
1)

2y2
2y

′
2 + 4y1(y

′
1)

2y2
2y

′
2

−2(y′1)
2 (y′1y2 + y1y

′
2) y

2
2 − 4y2

1y
′
1y2(y

′
2)

2 − 4y2
1y

′
1y2(y

′
2)

2

= 2y3
1(y

′
2)

3 − 2y3
2(y

′
1)

3 − 6y2
1y2y

′
1(y

′
2)

2 + 6y1y
2
2(y

′
1)

2y′2
= 2(y1y

′
2 − y′1y2)

3

= 2
gic�Q^W�QSTk¬STkQ ��W�QqcXrVs8K!L![Rt�}PW�[PT�NPK!ZiM!Qql 
 l9}2L!Zkj8cfe 8 M!QSL8TkcXTm��T	G&�E}2OwcXTdZkcXL!M

y2
1

�
y1y2

�
y2

2

WXc�L!QqNPl¥K!LEe
NP~!sB�PL([2c�[!G


 K!L � Qql9M!QqL �¥cXl�¬SQqc�[PQqL �±MBNPZ9Z�M!cXQ���~!W�QScXTmK(L![2QqL]�2}2L
y1

K!L(M
y2

~,Qq¬ 	![2WXc�rVs
q

ZkcXrVs¢c�L |plk}�M!K!jUTmQSL
�2}2L

y1
K!L!M

y2
NPK!Z9M!lH	(rVjPQqLvW NPZ9ZkQqL&G

��� ��
�����! % '�
�� ' � ���� 
 "�� � �
∂yj

∂q(t)
= yj(t)[y1(t)y2(x) − y1(x)y2(t)]1[0,x](t),

∂y′j
∂q(t)

= yj(t)[y1(t)y
′
2(x) − y′1(x)y2(t)]1[0,x](t)

`2�



������� � � ��� ��� � 
 ��� 
 � � ����	 � ��� � ��� � � 
 � � � ��� ��� �

( �$&
j = 1, 2 (-) �.� � & � ���.����� ��� 
�� ��� 
�� �����#" 3�� 0 �2"�� � ��4 x, λ, q (� 3�� ) �.� 1�3;����� ��*$�$"$��� �$��& � * �-,����.��� ���

yj
��& ( �$� �����A( �$&

j = 1, 2
���.� � ����� ��4$*$�$"$���

∂yj

∂λ
= −

1
∫

0

∂yj

∂q(t)
dt,

*$���
∂y′j
∂λ

= −
1
∫

0

∂y′j
∂q(t)

dt.

5 6�896�:�; ( (a) 
 cXl�~�Q{TmlmN�rVs8TkQqL �¥c�QqM(Qql¥M!c�Q_bdc�WXW�[2WXQqc�rVs8K!L([

−y′′j + q(x)yj = λyj.

�AQScXTmQSL �¥cXl�M!c�QSZkQ_LBNPrVs
q

cXL;�¥c�rVsUTkK!L![
v

NP~ �!Zk}wQql9sBNPWXTkQqL �¥c�l

−dqy
′′
j (v) + q(x)dqyj(v) = λdqyj(v) − vyj.


 QqL(L
q

Z9TmQ{TmcX[xc�Z9T���MBN�L!L c�Z9T
yj

¬ � Qqc�ORNPW Z£TmQ{Tmc�[xM(c���QqlkQSL!¬qcXQql9~BNPl¢cXL
x

K(L!M �¥c�l¢j�Y2L!L!QSL¸M!cXQ
��~!W�QScXTkK!L![�~!¬q[PW5G

x
K!L!M

q
�2QSl9TVN�K!ZkrVs!QSL½G�o«Zd[2cXWXT�N�W�Zk}

dqy
′′
j (v) = (dqyj(v))

′′ .

g�c�QE��L(t NPL![2Z �¨QSl9TkQ �2}2L
dqyj(v)

�PQql9ZkrVs��¥c�L!M(QqL ~,QqcXM!Q��>MBN�M!cXQ ��L(t NPL![2Z �¨QSl9TkQ �2}2L
yj

K!LBN�~Ee
s!�PL![2cX[��P}2L

q
ZkcXL!M½G,�E}2OwcXT¨W�cXQSt�Qql£T�K!L!Z6<�s!QS}2lkQSO�F2G n

dqyj(v) =

x
∫

0

yj(t)[y1(t)y2(x) − y1(x)y2(t)]v(t)dt.

§ Qqc�M(Qi��QqcXTkQqLwZkcXL!M�c�L
q

Z9TkQSTkc�[2QdIBK!L!jUTmcX}2L!QSLRN�K(t
L2

C

K!L!MwM!cXQd�_WXQqc�rVs8K!L([][Pc�WXT�NPK(t&Qqc�L(QqlpM!cXrVs8TkQqL
<>QqcXW�OwQqL![PQi�2}2L

L2
C

�(LB�POwW�c�rVs M!QqL�Z9TkQSTmcX[2QqL�IBK!L!jUTkc�}2L!QSL½G1�E}PORcHT [2cXWXT M(c�Q]��W�QqcXrVs8K!L![¢t
	!l¥NPWXW�Q
qK(L!M

∂yj

∂q(t)
= yj(t)[y1(t)y2(x) − y1(x)y2(t)]1[0,x](t)

cXZ9T¥~,Q �¥cXQqZkQSL½G 
 QSL!L �¥c�l�~,Qqc�M(Q ��QqcXTkQqL.LBNPrVs
x

NP~(W�QqcHTmQSL �Et�}2WX[PT t
	!l�Z£TmQ{Tmc�[PQ
q

dqy
′
j(v) =

x
∫

0

yj(t)[y1(t)y
′
2(x) − y′1(x)y2(t)]v(t)dt.
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gic�QSZd[Pc�WXT¨MBNPL!L �¥c�QSM!Qql�t
	!l¥N�W�W�Q
q

NPK(t�[2l9K!L!M�M!Qql���TkQSTkc�[2j�QqcXTqG

(b)
gic�Q_§ QqsBNPK(�(TmK!L([wt�}2WX[PT¥NPK(ZdM(Qql 8 M!QqLUTkcXTV��T

yj(x, λ+ ε, q) = yj(x, λ, q − ε),

M!QqL!L�M!cXQqZkQ_cXOR�!WXc�¬Sc�Qql£T

∂

∂λ
yj(x, λ, q) =

∂

∂ε
yj(x, λ, q − ε)

∣

∣

∣

ε=0

= −
1
∫

0

∂yj

∂q(t)
dt.

�E}2OwcXT�c�Z£T
∂yj/∂λ

M(c�Q �dcXrVsUTmK!L![PZmNP~!WXQqcHTmK!L![��P}2L
yj

cXL
q

cXL �¥c�rVsUTkK!L![iM(Qql>jP}2L!Z£TVNPLUTkQqL IBK!L!jUTkc�}2L
eVF2G � cXT¥M!QSO�[2W�QSc�rVs!QSL'�ilk[PK!ORQSLUT�t�}2W�[PT M!c�Q_§¨QSsBNPK!�ETmK!L![wt
	!l

y′j
G


���� � ��� � � � ��! � � 
�� �����"!%���
gic�QSZkQql ��~!ZkrVs!L(cXTkT�~,QqZ9rVsB��tuTkc�[PT�Z9c�rVs©ORcHT¢M!QSO QqcXL(t NPrVs!Z£TmQqL¸�dNPL!M � Qql£Tm�!l9}2~!W�QSO t
	!l M!cXQ�b�cXW�Wfe
[2W�QSc�rVs8K!L![!G 8 L�M!cXQqZkQSO I1NPW�W�W��PZkZ£T]Zkc�rVs�QqcXL!QwZkrVs!Y2L(Q ��K!ZkZkNP[2Q 	(~�QSl]M(c�Q ��NP[2Q�M!Qql^opc�[2QSL��¨QSl9TmQ
TmlkQ �&QSL½G
�2���������	��
�� %�'�
 � ' ) �.� ) � �0��& ����������� "������ ��4$* �$"

−y′′ + q(x)y = λy, 0 ≤ x ≤ 1

4 � � �$��� � ������%!��&+�����
y(0) = 0, y(1) = 0

4���� � � � : � : �	� ��6 
 � ��		� �
6 � (
) �.�0 ��#"$����%!��&+� � 0 * ���.� 
 ��4 
�& ��3;����4 4���� � ��� � : � : �	� ��6 
�6�:
� 6 � 896 � 
�6 � 3�� 0 ��� ��4$� ��� 4 � � µ(q) (
) �.��� ���$"$�9��� ����& ) � &+� ��4$����� ���#"$����%!��&+��� 3;� � �$��� � ��
 � : � : �	� �
6 
 ; � 6 � 
 � � � (
8 L8TkQql9QqZkZkNPLUT�Z9c�L!M s!cXQqlk~,QqciLBN�T 	(lkW�cXrVs L�K(l�M(c�QxL!cXrVs8T9Tml9cX��c NPWXQqL �AY2Z9K!L![2QSL½Gdgic�Q�t�K(L!MBNPOwQqLUTVN�W�Q
��YPZkK!L![wM!cXQqZkQSZd��NPL(M �¨QSl9Tk�!lk}2~(W�QqOwZ¥Qql9sBNPWXTkQqL �¥c�l�OwcXT���}2l9}2W�W�NPliF2GHF%° NPWXZ

y(x) = y′(0)y2(x, λ, q),

`2�



����� � � � 	 � � 
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 ��� 	���� � � �

M!N
y(0) = 0

[2cXWXT	G�¿�O NPK!rVs�M!QqL IBK!L!jUTmcX}2L!Z �¨QSl9T^NPO l9QqrVsUTmQSL �dNPL!M NPK(t
0

¬qK�ZkQ{Tm¬qQSL ��O¢K!Z9Z
λ

��NPlkcXc�QSl9T �¨QSlkM!QSL �½MBN NPL�M!QSl���TkQqW�WXQ
x = 1

M!cXQ¢IBK!L!jUTmcX}2L
y2

M!QqL�I1K(L!jUTmc�}PL!Z � Qql£T
y2(1, λ, q)~,QqZ9cXTk¬ST	G

λ
�¥c�l9M;L8K!LvZk}R��NPl9c�cXQql9T��!MBNPZ9ZiM!cXQqZ9Qql�I1K(L!jUTmc�}PL!Z � Qql£T

0
�¥c�l9M½G1opc�L!Q_�«}2lk~,Qql9QqcHTmK!L![w¬qK

M(c�QqZ9Qql�� NPl9c N�Tkc�}2L!Z9ORQ{Tms!}�M!Q�c�Z9T¥M(c�Q�t�}2W�[PQqL!M!Q_§ Qq}2~BN�rVs8TkK!L![!G
8 Z£T

µ
QqcXL!Q 
 K(W�W�Z£TmQSW�W�Q.�2}PL

y2(1, λ, q)
�¨MBN�L!L c�Z£T

y2(x, µ, q)
QSc�L!QxL(c�rVsUTkTklkcX��c�NPW�Q �AY2ZkK!L([JM!Qql

bdc�WXW�[2WXQqc�rVs8K!L([;¬SKJM!QqL©gicXlkc�rVs(W�QST£eh�dNPL!M � Qql£TmQSL ��N�W�Zk}vc�Z9T
µ

MBNPL!LJQSc�L gicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£T	G 8 Z9T
K(OR[2QSjPQSs!l9T

µ
QqcXL g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£T¨¬SK M!QSl opc�[PQqL(t�K!L(j8Tkc�}2L

y(x)
�UMBNPL!LR[2c�WHT �¨QS[2QqL��d}2lk}PW�W N�l

FPGXF%°
y(x) = y′(0)y2(x, λ, q)K(L!M Z9}2ORcHT � Qq[2QSL M!QSL �dNPL!M!~,QqM!cXL![2K!L([2QqL

y2(1, µ, q) = 0
G8g­NPZ gic�l9c�rVs!WXQSTmZ9��QSjUTmlkK(O �2}2L �£FPG a �

cXZ9T¢NPW�Z9};cXM!QqLUTmcXZkrVs OwcXT]M!QSl 
 K!W�WXZ9TmQSW�WXQqL!OwQqL![PQ��P}2L
y2(1, λ, q)

G ��~ Zk}�t�}2l9T �¨QSlkM!QSL �¥c�l^L!c�rVsUT
OwQqs(l­¬ �¥cXZkrVs!QSL�M(c�QqZ9QqLx~,QqcXM!QqL�K(L8TkQql9ZkrVs!QSc�M!QSL½G 8 O t�l9QqcXQqLxI1NPWXW>W��PZkZ£T­Z9c�rVsxMBNPZigic�l9c�rVs!WXQSTkZk�,Qqj2e
TklkK!O W�QSc�rVsUT�~�QSZ9Tkc�OwORQSL ��M!N�M!NPL!L

y2(1, λ, 0) = sin
√
λ/

√
λ

c�Z£T	G��E}2OwcXT¢cXZ9T M!NPZwgic�l9c�rVs!WXQST9e
Z9��QSjUTmlkK(O�¬qK

q ≡ 0
[2Qq[2QS~�QSLvM!K(lkrVs

π2, 4π2, 9π2, . . . , n2π2, . . . .

¿dL!ZkQSl��&c�QqW�c�Z£TpQqZpL8K!Lw¬qK ~,QqZ£TmcXOROwQqL ��c�L � QqWXrVs!QqO\§¨Qql9Qqc�rVs�M!cXQ�gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9TkQ�¬qK�QqcXL!QqO
~,QqWXc�QS~!c�[2QSL |�}�TmQqLUTkc NPW

q
W�cXQq[2QSL½GPopZ �¥cXlkM ZkcXrVs�Qqlk[PQq~,QqL �2M!NPZkZpM!cXQ�gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9TkQ�¬qK�QqcXL!QqO

~,QqWXc�QS~!c�[2QSL_|�}PTkQqLUTmc�NPW2cXOROwQql�lkQqW�N�TmcH�iL!NPs!Qp~,Qqc2M!QSL g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TmQSL^M!QSZAt�lkQqcXQqL_|>}PTmQSL8Tkc NPWXZ
WXc�QS[2QqL½G


 cXl � Qql9M!QqL L8K!L^M!c�Q b�cXW�WX[2W�QSc�rVs8K!L![�cXL � N�Tklkc �(Z9rVs!lkQSc�~�� Qqc�Z9Q¨QSc�L(t
	!s(lkQqL K!L!M M!NPORcHT 8 L(t�}2lkORN�Tkc�}�e
L(QqL 	!~,Qql�M!c�Q!�>N�[2Q¨M!QSl�gicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£TmQ¨QSlksBN�WXTmQSL½G�g­NPZp|>}PTmQSL8Tkc NPW

q ∈ L2
C

ZkQqcEZk}­L(}2lkOwc�QSl9T �
M!NPZkZ ∫ 1

0
q(s)ds = 0

[Pc�WXTqG½gicXQqZ_ORNPrVsUT ~,QqcpM!QSl]§¨QSTklmNPrVsUTmK(L![�M!QSl ��Z ��Ow�(Tm}PTkc�j�M(Qql^gic�l9c�rVs!WXQ{e
TkQqcX[2QqL�� Qql9TkQ��«M!cXQ �¥c�l �9QSTk¬STwM!K!l9rVs(t
	!s!l9QqL � Qql9M!QqL � j�QqcXL!QqL ¿�LUTmQSlkZkrVs(c�QqM � M!N�QSc�L!Q ��L!M!Qql9K!L![
M(QqZ 8 LUTmQS[2lmN�W�� Qql9TkQqZ�L�K(liM!QSld�«QSlkZkrVs(c�Qq~(K!L![ �9QqM(QqZ­g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TmQSZiK!O�M!cXQqZ9Q¢��}PL!Z9TmNPLUTmQ
QSLUTmZk�(lkc�rVsUTqG
g�c�Q]b�cXW�W�[PW�QqcXrVs8K!L![

−y′′ + q(x)y = λy
�¥cXlkM�¬qK

(

0 1
q − λ 0

)(

y
y′

)

=
d

dx

(

y
y′

)

.

� cXT¥M!QSl�g�QS�BL!cHTmcX}2L
κ2 := −λ Qqlks!NPWXTkQqL �¥c�l¥NPWXZ � N�Tklkc#�

H :=

(

0 1
κ2 + q 0

)

.

`2n



������� ��� 

	�� ��
�
 ����	
��������� ��� 
�	���� � � ����	�� � ��	���
���	��

gic�Q � N�Tmlkc �
H

� QqlkM(QqL �¥cXl L8K!L�NPM �9K!L![2cXQqlkQSL.ORcHT�QqcXL!Qql � N�Tmlkc �
G = TA

�!M!Q{�BL!cXQql9TdM!K(lkrVs

A :=

(

1 0
0 1/κ

)

, T :=
1√
2

(

1 1
−1 1

)

.

o«Z¥QSlk[2cX~(T¥ZkcXrVs
G =

1√
2

(

1 1/κ
−1 1/κ

)

, G−1 =
1√
2

(

1 −1
κ κ

)

K!L!M
GHG−1 =

(

κ 0
0 −κ

)

+
1

2

(

q/κ −q/κ
q/κ −q/κ

)

=: β0 + β1.


 c�l�sBNP~,QqL M!K!l9rVs M!cXQ ��M �9K!L![2cXQqlkK(L![ N�W�Zk}©QqcXL!Q �iK(tuTkQqcXW�K!L![ M!QSl � N�Tml9c#�
H

Qql9sBNPWHTmQqL&G¥o«Z
Zkc�L(M©M(c�Q�gic�NP[2}2L!NPW�ORN�Tml9c#�

β0
K!L!M M!cXQ � N�Tklkc#�

β1
��M!QSZkZ9QqL 
 }2lkO t
	!l¢[2l9}2�2QSZ

κ
j8W�QSc�L �¥c�l9M �

QqLUTmZ£TVNPL!M(QqL½G
g­NPZ t�}2WX[2QqL!M(Q?�AQqOwO NªWXc�Q{t�Qql9T QqcXL!Q �iK(ZkZmN�[2Q 	!~�QSl�M!c�Q���}2LU�2QSlk[2QSL!¬�M!Qql M!NPlmNPKEt^t�}2WX[2QqL(M!QqL
|«cXr	NPl9MEe 8 TkQqlkN�TmcX}2L½G!opcXL!QqL��Ps!L(W�c�rVs(QqL�§¨Q � QqcXZ�s!N�TkTkQqL �¥c�l�~,QqlkQScXTkZ�c�L'<�s!Qq}PlkQqO�FPG `(G
� ��!"!$# % '�
 � ' / ���

α : [0, 1] → C
2x2 + ��3�� 
H"�*�� ��� �����."�&��.��& 33��& ( ) ����� , ����.���&�"��.��&�� ���.� 1�3 3;� � ���* �$"

x 7→ 7 +
∞
∑

n=1

x
∫

0

tn
∫

0

· · ·
t2
∫

0

α(t1)α(t2) · · ·α(tn)dt1 · · ·dtn
�hF2GHF%� �

"$�."$��� ���.� +-, 
�* �$" .����
F ′ = Fα

4 � �
F (0) = 7 (

576�896�:�; ( gicXQ]�dQSc�s!Q �hF2GXF	� �¨jP}2LU�PQqlk[Pc�Qql£T �¨QS[2QqL
∥

∥

∥

∥

∥

∥

x
∫

0

tn
∫

0

· · ·
t2
∫

0

α(t1)α(t2) · · ·α(tn)dt1 · · ·dtn

∥

∥

∥

∥

∥

∥

≤
x
∫

0

tn
∫

0

· · ·
t2
∫

0

‖α(t1)‖‖α(t2)‖ · · · ‖α(tn)‖dt1 · · ·dtn

≤ 1

n!

x
∫

0

x
∫

0

· · ·
x
∫

0

‖α(t1)‖‖α(t2)‖ · · · ‖α(tn)‖dt1 · · ·dtn

≤ 1

n!





x
∫

0

‖α(t)‖dt





n

.

yU°
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I 	!s!l9TiO N�L�L8K!LxQqcXL!Q^� NPl9c N�Tkc�}2L.M!QSl�|�N�lmNPOwQSTkQqliM(K!lkrVs ��Zk}�QSlk[2cX~(TiZ9c�rVs ��MBNPZ9Z­M!c�Q]QqcXL!M!QSK(TmcX[2Q
�AY2Z9K!L![w�2}2L

F ′(x) = F (x)α0 + B(x)
ORcHT

F (0) = 7 K!L!M
x

e K!L!NP~!sB�PL([2c�[2QSO
α0

[PQq[2QS~�QSLvc�Z£T
M(K!lkrVs

F (x) = exp(xα0) +

x
∫

0

B(t) exp((x− t)α0)dt.

��}2ORcHT�c�Z£T¥M!c�Q �AY2Z9K!L![��2}2L
F ′(x) = F (α0 + α1)

ORcHT
x

e K(LBNP~!sB��L![2c�[PQqO
α0

[2Qq[2QS~�QSL;M(K!lkrVs

F (x) =

∞
∑

n=0

Cn(x)

OwcXT

C0(x) = exp(xα0)
K!L!M

Cn+1(x) =

x
∫

0

Cn(t)α1(t) exp((x− t)α0)dt

t
	(l�N�W�W�Q
n ∈ N0

G


 K!Lªj�Y2L!L!QSL �¥cXl]M(c�Qwgic���Qql9QqLUTmc�NPW�[PW�QqcXrVs8K!L![�W�YPZkQqL �AM!c�Q�M!K!l9rVsªM!cXQ�~�QSc�M!QSL � N�TmlkcX¬qQSL
β0

K!L!M
β1

[2QS[2Qq~,QqL;c�Z9TqG 
 c�l¨W�Y2Z9QqL
E ′ = E(β0 + β1)

K!L!M
E(0) = 7 OwcXT¨M!QqO ��L!ZmN�Tm¬

E(x) =
∞
∑

n=0

En(x)
ORcHT

E0(x) = exp(xβ0).

opZdQql9[2c�~(T Zkc�rVs;NPWXZ�lkQqj8K!l9ZkcH�2Q �_WXQqc�rVs8K!L([�t
	(l
En, n ≥ 1

En+1(x) =

x
∫

0

En(t)β1(t) exp((x− t)β0)dt =

x
∫

0

En(t)β1(t)E0(−t)dtE0(x).

��QSTm¬SQqL �¥cXl �9QSM!QqZ
En(x)

lkQSj8K!lkZ9cX�wc�LRM!c�QSZkQi�_WXQqc�rVs8K!L([^QSc�L �8Zk} Qqlks!NPWXTkQqL �¥c�l Qqc�L(Q­�ErVs(lkQqcX~��¨QSc�ZkQ
N�W�Z

n
e5t NPrVs!QSZ 8 LUTmQS[2lmN�W5G

En(x) =

x
∫

0

tn
∫

0

· · ·
t2
∫

0

E0(t1)β1(t1)E0(−t1)E0(t2)β1(t2)

· · ·E0(−tn)dt1dt2 . . . dtnE0(x)

y!F
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 K!L�ZkrVsB��Tm¬qQSL��¥cXl�M!c�Q 
 }2lkO �P}2L
En(x)

NP~&G

‖En(x)‖ ≤
x
∫

0

tn
∫

0

· · ·
t2
∫

0

‖E0(t1)‖‖β1(t1)‖‖E0(t2 − t1)‖‖β1(t2)‖

· · · ‖E0(x− tn)‖dt1dt2 . . . dtn

≤
x
∫

0

tn
∫

0

· · ·
t2
∫

0

‖β1(t1)‖‖β1(t2)‖ · · · ‖β1(tn)‖

‖E0(t1)‖‖E0(t2 − t1)‖ · · · ‖E0(x− tn)‖dt1dt2 . . . dtn
gic�QSZ [2cXWXT_t
	!l¢N�W�W�Q ‖E0(t1)‖‖E0(t2 − t1)‖ · · · ‖E0(x − tn)‖ ≤ ‖E0(x)‖

G�I��Ps!l£T¢ORNPL � QqcHTmQql
t�}2l9T �¥cXQ�c�O�§ Q � Qqc�Z¥�2}PL �AQqOwORN F2G aP� �!Zk}wQql9[2c�~ET�ZkcXrVs;M!cXQ �i~!Z9rVsB��Tk¬qK!L![

‖En(x)‖ ≤ ‖q‖n‖E0(x)‖
|κ|nn!

.
�hF2GHF%n �

8 L!Zk~,QqZ9}2L!M!QSlkQ �¥c�l9M�NPWXZk}
En(x)

j8WXQqc�Lwt
	!l¨[Plk}2�2QSZ
n

G(gicXQqZ¨t�}PW�[PT NPK!rVs�~,Qql9QqcHTmZ N�K!Z M!QSl ��}PL8�PQqlhe
[2QqL!¬_M!QSl��EK!OwORQ

E(x)
G1o«Z¥[2cXWXT¨L�K(L

1
∫

0

‖β1(t)‖dt =

1
∫

0

∥

∥

∥

∥

1

2

(

q(t)/κ −q(t)/κ
q(t)/κ −q(t)/κ

)∥

∥

∥

∥

dt = O

(

1

|κ|

)

� cXTiM!QqL�§¨QS¬qQSc�rVs!L8K!L![PQqL
M

t
	!l­M!cXQ � }PL!}EM(lk}2Owc�Q]QqcXL!QqZ�~�QSW�c�QS~!c�[PQqL�|>}PTmQSLUTmc N�W�ZiK(L!M
M0

t
	!l
M!c�Q � }PL!}EM(lk}2Owc�Q¢M(QqZ�t�lkQSc�QqL�|>}PTmQSL8Tkc NPWXZ�ZkQSc�QqL�M!cXQ�NPM��9K!L![Pc�Qql£TmQSL � }PL!}EM(lk}2Owc�QSL

N
K!L!M

N0
�

M!QS�BL(c�Qql£T_M!K!l9rVs
N := GMG−1 = E(1)

K(L!M
N0 := GM0G

−1 = E0(1)
G 
 cXl­Qql9sBNPWXTkQqL�OwcXT

b�c�WHt�Qi�2}PL �hF2GXF	n �¨M!c�Q ��~!ZkrVs!��Tm¬SK!L![

‖N −N0‖ =

∥

∥

∥

∥

∥

∞
∑

n=1

En(1)

∥

∥

∥

∥

∥

≤ ‖E0(1)‖
(

e
‖q‖
|κ| − 1

)

.

gic�QSZkQ �i~(ZkrVsB��Tk¬qK!L([;sBN�TkTmQSL �¥c�l­OwcXT�QqcXL!Qql_N�L!M!Qql9QqL �ErVs!l9QqcX~ � QqcXZkQ�~,QqlkQScXTkZ­c�L <�s(Qq}2l9QqO F2GHF±a
~�Q �¥c�QqZ9QqL½G1g�c�Q �i~!WXQqcHTmK!L![¢�P}2L

E0(1)
LBNPrVs

κ
cXZ9T

∂

∂κ
E0(1) =

∂

∂κ

(

eκ 0
0 e−κ

)

=

(

1 0
0 −1

)

E0(1).

y8a
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8 O LB�PrVs!Z£TmQqLx�ErVs!lkcHTkT¥~,Qql9QqrVs!L!QSL��¥cXl�M!c�Q �i~(W�QqcHTmK!L([¢�2}2L
E1(1)

G

∂

∂κ
E1(1) =

∂

∂κ

1
∫

0

E0(t)β1(t)E0(1 − t)dt

=

1
∫

0

[(

t 0
0 −t

)

E0(t)β1(t)E0(1 − t) − E0(t)
1

κ
β1(t)E0(1 − t)

+E0(t)β1(t)

(

1 − t 0
0 −1 + t

)

E0(1 − t)

]

dt.


 Qqs!OwQqL �¥c�l�L8K!L;M!c�Q 
 }2lkO �(Z9}RQSlksBN�WXTmQSL �¥c�l¥NPWXZ=�i~!Z9rVsB��Tm¬SK!L![
∥

∥

∥

∥

∂

∂κ
E1(1)

∥

∥

∥

∥

≤
1
∫

0

(

1 +
1

|κ| + 1

)

‖E0(t)‖‖β1(t)‖‖E0(1 − t)‖dt

≤
(

2 +
1

|κ|

)

‖E1(1)‖.

�AQScXTmQSL �¥cXlwQSc�L!QSL N�L!M!Qql9QqL ��K!ORORNPL!M(QqL
En(1)

L!NPrVs
κ

NP~ �pZk}ªOA	!ZkZ9QqL �¥cXl �¥c�Q�}2~�QSL¸M(c�Q
|pl9}EM!K(j8TklkQS[2QqW�~,Q	NPrVsUTmQSL½G 
 c�l�QSlksBNPWHTmQSL;N�W�Zk}wNPL!NPW�}2[¢NPW�Z=��~!ZkrVsB��Tm¬qK(L![ t
	!l�M!cXQ 
 }2l9O

∥

∥

∥

∥

∂

∂κ
En(1)

∥

∥

∥

∥

≤
(

(n+ 1) +
n

|κ|

)

‖En(1)‖.

�&K(ZmNPOwORQSL.ORcHT �£F2GHF%n �¨QSlksBN�WXTmQSL �¥c�l¥NPWXZk}
∥

∥

∥

∥

∂

∂κ
En(1)

∥

∥

∥

∥

≤
(

(n+ 1) +
n

|κ|

) ‖q‖n‖E0(1)‖
|κ|nn!

≤ ‖E0(1)‖
((‖q‖

|κ| +
‖q‖
|κ|2

) ‖q‖n−1

|κ|n−1(n− 1)!
+

‖q‖n

|κ|nn!

)

.

g�c�Qwgic�l9c�rVs!WXQSTkQqc�[PQqL��¨QSl9TkQ M!QqZ_t�lkQSc�QqL�|>}PTmQSL8Tkc NPWXZ�~�QS¬qQSc�rVs!QSL �¥c�liL�K(LªOwcXT
ρn

G � cHT_M!c�QSZkQql]§¨QCe
¬SQqcXrVs!L8K!L![ [2cXWXT

ρn = nπi
K(L!M�Zk}2OwcXT

exp(ρn) = (−1)n G 
 cXl QSlksBNPWHTmQSL ~,Qqc,Qqc�L(QqO gic�l9c�rVs!WXQSTkQqcHe
[PQqL��¨QSl9T�M!c�Q ��~!ZkrVsB��Tm¬qK(L![
∥

∥

∥

∥

∂

∂κ
N(ρn) − ∂

∂κ
N0(ρn)

∥

∥

∥

∥

=

(‖q‖
nπ

+
‖q‖
n2π2

) ∞
∑

n=1

‖q‖n−1

(nπ)n−1(n− 1)!
+

∞
∑

n=1

‖q‖n

(nπ)nn!

≤
((‖q‖

nπ
+

‖q‖
n2π2

)

e
‖q‖
nπ + e

‖q‖
nπ − 1

)

.

yU`
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��cXQq[PT�L�K(LRQSc�L�gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9T
κ

QqcXL!QqZ«~,QqW�cXQq~!cX[2QqL¢|�}PTkQqLUTmc�NPW�ZpLBN�s!Q�~�QSc
ρn
�PMBNPL!L�Qql9sBNPWHTmQqL

�¥c�l t
	!l�M!cXQ �i~!WXQqcHTmK!L![
∥

∥

∥

∥

∂

∂κ
N − ∂

∂κ
N0

∥

∥

∥

∥

≤ ‖E0(1)‖
((‖q‖

|κ| +
‖q‖
|κ|2

)

e
‖q‖
|κ| + e

‖q‖
|κ| − 1

)

.

�iW�Z�QSc�L!Q � QqcHTmQSlkQ �i~!Z9rVsB��Tm¬SK!L![RQqlks!NPWXTkQqL �¥c�l
∥

∥

∥

∥

∂N0

∂κ
(κ) − ∂N0

∂κ
(ρn)

∥

∥

∥

∥

=

∥

∥

∥

∥

(

eκ − eρn 0
0 −e−κ + e−ρn

)∥

∥

∥

∥

≤ eρn
(

eκ−ρn − 1
)

≤ e| ��� κ||κ− ρn|.


 c�lpM!Q{�BL!c�QSlkQSL L8K!L
N1(ρn)

NPW�Z«M!cXQ�N�~![2Qq~(lk}�rVs!QqL!Q��¥Qqc�s(QqL!QSL8T �¥cXrVj8W�K!L![ M!Qql � }2L(}EM!l9}2Owc�Q�~,Qqc
Qqc�L(QqO�gicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£T

ρn
M!QqZ�t�lkQSc�QSL;|>}PTmQSLUTmc N�W�ZqG

N1(ρn) := E0(1, ρn) + E1(1, ρn)


 c�Q�~�QScpQqcXL!Qql <�N ��WX}2lkQSL8T �¥cXrVj8W�K!L![;Qql9sBNPWXTkQqL �¥c�l]NPWXZ �i~!Z9rVsB��Tm¬SK!L![vt
	(l
N

cXL�M(Qql 
 �Ps!Q��2}PL
ρn

¬qK�Qqc�L(QqO ~,QqWXc�QS~!c�[2QSL.|�}PTkQqLUTmc�NPW
∥

∥

∥

∥

N(κ) −
(

N1(ρn) + (κ− ρn)
∂N0

∂κ
(ρn)

)∥

∥

∥

∥

=

∥

∥

∥

∥

N(κ) −N(ρn) +N(ρn) −N1(ρn) − (κ− ρn)
∂N0

∂κ
(ρn)

∥

∥

∥

∥

≤

∥

∥

∥

∥

∥

∥

κ
∫

ρn

∂N

∂κ
(φ)dφ− (κ− ρn)

∂N0

∂κ
(ρn)

∥

∥

∥

∥

∥

∥

+ ‖N(ρn) −N1(ρn)‖

≤
κ
∫

ρn

∥

∥

∥

∥

∂N

∂κ
(φ) − ∂N0

∂κ
(ρn)

∥

∥

∥

∥

dφ+ exp

(‖q‖
nπ

)

− 1 − ‖q‖
nπ

≤
κ
∫

ρn

∥

∥

∥

∥

∂N0

∂κ
(φ) − ∂N0

∂κ
(ρn)

∥

∥

∥

∥

dφ+

κ
∫

ρn

∥

∥

∥

∥

∂N

∂κ
(φ) − ∂N0

∂κ
(φ)

∥

∥

∥

∥

dφ+
‖q‖
n2π2

exp

(‖q‖
nπ

)

≤ |κ− ρn|2e| ��� κ| + e| ��� κ|
(‖q‖

|κ|

(

1 +
1

κ

)

exp

(‖q‖
|κ|

)

+ exp

(‖q‖
|κ|

)

− 1

)

+O

(

1

n2

)

≤ |κ− ρn|
(

e| ��� κ||κ− ρn| +O

(

1

n

))

+O

(

1

n2

)

.
�hF2G aP° �

y2y
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 � ' � � &0��� � � � ��� 
��.����� �
K
�
n
"�& � � "$����*2"A*$��� |κ−nπi| = K

n

"�� � � ���.� 1�3 
 ��4 � � �
0 *$�$"

| sinh κ| >
(

exp

(‖q‖
|κ|

)

− 1

)

e| ��� κ|.

5 6�896�:�; ( 
 c�lwZkQ{Tm¬qQSL
κ = a + i(b + nπ)

K!L!M j�Y2L!L!QSL NPL!L!QSs!OwQqL � MBNPZkZ
b < π

[2cXWXT��pMBN
N�K(t�[2lkK(L!MRM(Qql |�QSlkc�}�M!QSLw�P}2L

sinh
M!cXQd�_WXQqc�rVs8K!L([ | sinh(i(b+nπ))| = | sinh ib| t
	!l«NPWXW�Q

n ∈ N[Pc�WXTqG2�iKEt�[2lkK!L(M M!Qql«�«}2lkNPK!ZkZ9QSTk¬qK!L![ |κ−nπi| = K
n

�¨QSlkM!QSL t
	!l [Plk}2�2QSZ
n

Zk} � }2s!W
a

NPW�Z NPK!rVs
bj8WXQqc�L&G 
 c�l �¨�Ps!W�QSLv¬SK!LB�PrVs!Z£T

n > N1
�BZ9} MBNPZ9Z�M(c�Q �i~!Z9rVsB��Tk¬qK!L![PQqL | cos b| > 1

2

� | sin b| ≥ |b|
2K(L!M

e|a| ≤ 2
[PQqWXTkQqL½G 
 c�l �¨�Ps!W�QSL.L�K(L

K > 8
π
‖q‖ K(L!M

n > N2
�BZk}�MBNPZ9Z�M(c�Q_¿�L([2W�QSc�rVs8K!L![

K

n
>

8

nπ
‖q‖ =

8

|nπi|‖q‖ >
4

|κ|‖q‖

[Pc�WXTqG � cHT
n > max{N1, N2}

[2c�WHT MBNPL(L

� sinh(κ)| = � sinh(a+ ib)| = � sinh a cos b+ i cosh a sin b|

>

∣

∣

∣

∣

sinh a

2
+ i sin b

∣

∣

∣

∣

≥ 1

2
|a+ ib|

≥ K

2n
≥ 2

‖q‖
|κ|

≥ e|a|
(

exp

(‖q‖
|κ|

)

− 1

)

.

g�c�Q�opc�LUTmlk�P[2Q cXLxM!QqL � N�Tklkc�¬SQqL
N

K!L(M
N0

�&M!c�Q¢l9QqWXQS��NPLUT_ZkcXL!Mxt
	!l�M!c�Q�g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TmQ��
Z9c�L!MxL8K!l�M(c�Q¢opcXL8Tklm�P[PQ lkQSrVsUTmZ_}2~,QqL½G 8 LxM!Qql � N�Tmlkc �

N
~,Qq¬qQSc�rVs!L(QqL �¥c�liM(c�QqZ9QqLxOwcXT

g(κ)
��c�L

M(Qql � N�Tklkc#�
N0

ORcHT
f(κ)

G1opZ¥Qqlk[Pc�~(T¥Z9c�rVs

f(κ) =
1

2

(

− cos
√
λ+ cos

√
λ+ κ

sin
√
λ√

λ
− 1

κ

√
λ sin

√
λ

)

=
1

2

(

κ√
λ

sin
√
λ−

√
λ

κ
sin

√
λ

)

.


 K!L�ZkQSTk¬qQSL��¥c�l −iκ =
√
λ

QSc�L �!M!NPL!L�Qqlks!NPWXTkQqL �¥c�l

f(κ) = 1
2
(i sin(−iκ) + i sin(−iκ)) = sinh(κ).

y8�
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�iK(t�M!QqLv��}2LUTkK!lkQSL;M!QSld�_l9QqcXZkQ |κ− nπi| ≤ K
n

[2cXWXT �¨QS[2QqL ��QSORORN F2G aP� M!c�Q_¿dL![2WXQqc�rVs8K!L([

|g(κ) − f(κ)| < |f(κ)|.
g­NPL!L�t�}2W�[PT�NPK(Z�M!QSO��(N�Tm¬]�2}2L��d}2K(rVs����,MBNPZ9Z

f(κ)
K(L!M

g(κ)
c�O 8 L(L!Qql9QqL�M!QSl­��lkQSc�Z9Q^[2WXQqcXrVs

�EcXQqWXQ 
 K!W�WXZ9TkQqW�WXQqLwsBNP~,QqL �
g(κ)

sBN�T [2QSLBNPK M!cXQ�QSc�L(t N�rVs!QqL 
 K!WXW�Z9TkQqWXW�QqL
nπi

�8Zk}2OwcXT ~,QqZ9cXTm¬{T N�K!rVs
f(κ)

[2QSLBNPKwQqcXL!Q 
 K!WXW�Z£TmQqWXW�Q c�L�M!QqL�t
	!l �¨NPrVs!Z9QqL!M!QSZ
κ

cXOROwQql�j�WXQqcXL!Qql � Qql9M!QqL(M!QqL���l9Qqc�Z9QqLwK!O
nπi

G,�E}2OwcXT�sBN�~�QSL �¥cXl�MBNPZ�t�}2WX[2QqL!M(Q ��QSORORN¢~,Q �¥c�QSZkQSL½G
� ��!"!$# %�'�
 � '  
 ���2� 
����.��&+� ��� �

N ∈ N
� 
 � � ��
 
 � � �$��� � &3��� 
 ��� |κ − nπi| < K

n

( �$&
n > N

"$���>��* ��� � ) � &+� ��4$���������#"$����%!��&+��� �.�."�� ( ) �.� �����$��& ��� N ) � &+� ��4$���������#"$����%!��&+� �9� �.�."$��� � �
�$��&A���0��� ��� � ��� 3���3���� � �6�

κ < (N + 1
2
)π (

giQqld§¨Q �¨QSc�Z¥M!QqZd¬ � QqcHTmQSL <>QqcXW�Z�M!QSl6��K!ZkZkNP[2Q��BL!M(QSTdO N�L�cXL B#`2° �,��G aP�DC �!MBNPZ¥[2QSZmNPO TkQ ��QSORORN
c�Z9T¥QSc�L!Q­�«QSlkZ9rVsB�Pl9t�K(L![ M!QSl��iK!Z9ZmNP[2Q_M!QSZ�� � }PK!LUTmc�L([ �AQSORORN���NPK(t�M!Qql¥[2WXQqc�rVs(QqL;�EQqcHTmQ�G
¿�O�M!QSL ��K!ZkM(lkK!rVj

E1(1)
[2QqLBN�K!Qql¥¬qK.�2QSlkZ£TmQqs(QqL �,~�QSlkQSrVs!L!QqL��¥c�l�c�s(L�Q+�E�!W�cX¬qcXTqG

E1(1) exp(−β0) =

1
∫

0

exp(−β0s)β1(s) exp(β0s)ds

=

1
∫

0

exp(−β0s)
1

2

(

q(s)
κ

− q(s)
κ

q(s)
κ

− q(s)
κ

)

exp(β0s)ds

=

1
∫

0

1

2κ

(

q(s) −e−2sκq(s)
e2sκq(s) −q(s)

)

ds

=
1

2κ

(

0 −
∫ 1

0
e−2sκq(s)ds

∫ 1

0
e2sκq(s)ds 0

)


 K!L�~�QSlkQSrVs!L!QqL �¥c�l�M!cXQ_gic�l9c�rVs!WXQSTkQqc�[PQqL��¨QSl9TkQ_�P}2L

N1(ρn) + (κ− ρn)
∂N0

∂κ
(ρn),

M!c�QSZkQ ~,Qq¬SQqcXrVs!L!QqL �¥cXl�OwcXT
δ

G �iK@�2QSlkM!QSO�Z9Qqc
q̂(n) =

∫ 1

0
e−2πinsq(s)ds

M(Qql
n

e@TkQ¢IB}2K!l9c�Qql9jP}�QSt e

yU�
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�!¬qc�QSLUTd�P}2L
q

G

G−1

(

N1(ρn) + (κ− ρn)(−1)n

(

1 0
0 −1

))

G

= G−1(−1)n

(

1 + κ− nπi −
R 1

0
e−2sπinq(s)ds

2πin
R

1

0
e2sπinq(s)ds

2πin
1 − κ+ nπi

)

G

= (−1)nG−1

(

1 + κ− nπi − 1
2πin

q̂(n)
1

2πin
q̂(−n) 1 − κ+ nπi

)

G

= (−1)n

2

(

2 + 1
2πin

(q̂(n) − q̂(−n)) 1
κ

(

2κ− 2nπi− 1
2πin

(q̂(n) + q̂(−n))
)

κ
(

2κ+ 2nπi+ 1
2πin

(q̂(n) + q̂(−n))
)

2 + 1
2πin

(q̂(−n) − q̂(n))

)

giNPORcHT
δ

QqcXL gic�l9c�rVs!WXQSTkQqc�[PQqL��¨QSl9T c�Z9T�� O K!ZkZ M(Qql�opc�LUTklmNP[ c�L M!QSl � N�Tklkc � }P~�QSL lkQSrVs8TkZ �2QSl£e
Z9rVs��¥c�L!M!QSL½G�g­NPlmN�K!Z¥Qqlks!NPWXTkQqL �¥c�l�M!cXQ]�_WXQqcXrVs�K(L![

δ − nπi =
1

4πin
(q̂(−n) + q̂(n)).

��}2ORcHT c�Z9T
δ−nπi

�!l9}2�,}2l9Tkc�}2LBN�W!¬qK M(QqL�IB}2K!l9c�QSlkrq}PZkc�L8K!Z9jP}�Q �w¬qcXQqLUTmQSL �2}PL
q

G$��K@�2QSlkM!QSO Z9c�QqsUT
ORNPL ��MBN�ZkZ M(c�Q g�c���QqlkQSL!¬

δ − nπi
t
	!l][2lk}��2QqZ

n
Z£TVNPl9j N�~(t �PW�WHT	GAgiNvM!c�QR¿�L([2W�QSc�rVs8K!L![ �hF2G a�° �

N�K!rVs;t
	!l�M(c�Q_gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9TkQ_[2c�WHT ��Qqlks!NPWXTkQqL �¥c�l

κ− nπi = κ− δ + δ − nπi

= κ− δ +
1

4πin
(q̂(n) + q̂(−n))

≤ (κ− nπi)

(

K1(κ− nπi) +O

(

1

n

))

+O

(

1

n2

)

+
1

4πin
(q̂(n) + q̂(−n)) ,

M!NPlmNPK(Z¥t�}PW�[PT

(κ− nπi)

(

1 −K1(κ− nπi) −O

(

1

n

))

≤ O

(

1

n2

)

+
1

4πin
(q̂(n) + q̂(−n)) .


 Qq[PQqL �AQqOwO N FPG a2¦i[PQqsUT�t
	!l �¨NPrVs!Z9QqL!M(QqZ
κ

M!QSl �iK!Z9M!lkK!rVj
1−K1(κ−nπi)−O (1/n)

[2Qq[PQqL
F]K!L!M�QqZ�t�}2WX[PT

κ = nπi +O

(

1

n2

)

+
1

4πin
(q̂(n) + q̂(−n)) .

y8¦
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� K!NPM!lkcXQql£T�O N�L�M(c�QqZ �BZk}wQql9[2c�~(T Zkc�rVs

−λ = −n2π2 +
1

2
(q̂(n) + q̂(−n)) +O

(

1

n

)

.


 QSL!L �¥cXl^L8K!L �¥c�QqM(Qql ∫ 1

0
q(s)ds

~�QSlH	!rVj8ZkcXrVsUTmc�[PQqL �>MBNPL!L sBNP~,QqL �¥c�l_MBNPZ_t�}2W�[PQqL!M!Q �AQqOwO N
~�Q �¥c�QqZ9QqL½G
� ��!"!$#$%�' 
 � ' � �$& ���.� ) � &�� ��4$���������#"$����%!��&+� � µn

��� � � 
 , ��4 1>�����2%!��&+���#"$��� 
���������������� 

q ∈ L2

C"�� � � ���.� 1�3 
 ��4 � � 0 *$�$"

µn = n2π2 +

1
∫

0

q(s)ds+
1

2
(q̂(n) + q̂(−n)) +

�
(

1

n

)

= n2π2 +

1
∫

0

q(s)ds+ en,

%!��3����
en

��� � � � ��� "$�0� �
l2
� 
�� (

gic�Q�g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TmQ­QSc�L!QSZ�~�QSW�cXQq~!cX[2QqL�|>}PTmQSLUTmc N�W�Z
q ∈ L2

C

W�c�QS[2QqL NPW�Z9} � ~!cXZ�NPK(t>QSc�L!Q_�d}2LEe
Z9TVN�L8TkQ ∫ 1

0
q(s)ds

�AM!cXQRM!K(lkrVs MBN�Z |>}PTmQSL8Tkc NPW«~,QqZ£Tmc�OwO T �¥cXlkM �­LBNPs(Q ~,Qqc«M!QqLªgic�l9c�rVs!WXQSTkQqc�[PQqLEe
�¨QSl9TmQSLvM!QSZ�t�lkQqcXQqL�|�}�TmQqLUTkc NPWXZqG
�2���������	��
�� %�'�
 � ' ) ��& �0� � 3���&+��& ��* 4 l2

� 
�� �$��& �=��*$4 ��� ����& � ��� "$���
(a1, a2, . . . )

4 � �
∑

n≥1

a2
n <∞.

8 L BfF%�DC � Qql9M!QqL �P}2L �_NP�(��QSW�Qql NPK(rVs L!}�rVsR¬ �¨QSc�� QqcHTmQSlkQ6�i~!Z9rVsB��Tm¬SK!L![2QSL t
	!l M!c�Q��,Qql9c�}�M!c�Z9rVs!QqL
o«cX[2QqL�� Qql£TmQ]~�Q �¥c�QqZ9QqL½G1opZd[2c�WHT

∑

n≥N

|ω4n−3 − ω4n−2|2 ≤ K1(1 + ‖q‖)K2
�hF2G aEF �

K!L!M
∑

n≥N

|µ2n − ω4n−3|2 ≤ K1(1 + ‖q‖)K2.
�hF2G a2a �

b�c�QSlk~,Qqc½Z9c�L!M
K1

K!L(M
K2

¬ �¨QSc��d}2L!Z£TVNPLUTmQSLvK!L(M
N := K1(1 + ‖q‖)2 G

8 O �E�,Qq¬qc�NPWXt N�W�WE�P}2L l9QqQSW�W�� Qql£TmcX[2QqLR|�}PTkQqLUTmc�NPW�QSL�j�N�L!L ORNPL�Zk}Pt�}Pl9T M!c�Q���Z ��OR�ETm}PTkc�j¢M!QSZ¨g�c�lkcXrVsEe
W�QSTkZk�,QqjUTml9K!OwZd~,QqZ£TmcXOROwQqL½G

yU�
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q
� 
������ � � *$� �������

� � ��4�� � ��� "$� .���� &3�3��� ������� � 4$������� ���.� �>� ��4'*$��� ��� 3�� 
 ��4$& � �-,�� � 
�� * ��� "$�."$��� *$� �����-� � ��4 "$��4$� (

5 6�896�:�; ( 
 c�l¥O�	!Z9ZkQSL�L8K!l�¬SQqcX[2QqL �1MBN�ZkZdM!c�Q^IB}2W�[2Q�l9QqQSW�WA~!WXQqc�~ET	G1g­NP¬SK�ZkQSc
λ

QSc�L;gic�l9c�rVs!WXQSTkQqcHe
[PQqL��¨QSl9Td�2}2L

q
OwcXT�M!QSldo«cX[2QqLEt�K!L!jUTmcX}2L

y(x)
GBgiNPL!L�[2c�WHT

−y′′ + q(x)y = λy.


 QqL(L��¥c�l�M(c�QqZ9Q^�_WXQqc�rVs8K!L([ jP}2Ow�!W�Q+�.jP}PL��9K![2cXQqlkQSL �BMBNPL(L;QSlksBNPWHTmQSL �¥cXl

−y′′ + q(x)y = λy,

M!N
q

l9QqQSW�W c�Z9TqG 
 K!L O¢K(WXTmcX�!W�cX¬qcXQqlkQSL �¥c�l]M!c�QRQqlkZ£TmQ.��W�QSc�rVs8K!L![vORcHT
y
�>M!cXQ ¬ � QqcHTmQ OwcXT

y
K!L!M

~(c�W�M(QqL.M!c�Q_g�c���QqlkQSL!¬PG

[y, y]′ = y′′y − y′′y = (λ− λ)yy = (λ− λ)|y|2

8 LUTkQq[2l9c�Qql9QqL �¥c�l�M!cXQ�W�Q{Tm¬STkQ^�_WXQqc�rVs8K!L([ �!Zk}wQql9sBNPWHTmQqL �¥cXl

[y, y]
∣

∣

∣

1

0
= (λ− λ)

1
∫

0

|y|2dt.

g�c�Q]W�c�L(jPQ^�EQqcHTmQ_�2QSlkZkrVs��¥cXL!M!QST � Qq[PQqL�M!QSLv[2QS[2Qq~,QqL(QqL ��L(t NPL![2Z �¨QSl9TkQqL
y(0) = y(1) = 0

�BMBNPZ
8 LUTkQq[2lkNPW �9QqM!}�rVs�L!c�rVsUT �1N�W�Zk}�[2cXWXT

λ = λ
K!L(M

λ
cXZ9T¥l9QqQqWXW5G


 QqL(L �¥cXlRK(L!Z.gic�l9c�rVs!WXQST£eh�dNPL!M!~,QqM!cXL![2K!L([2QqL �2}2l9[2Qq~,QqL � Zk}JW��PZkZ£T ZkcXrVs �9QqM(Q�o«cX[2QqLEt�K!L!jUTmcX}2L
y(x)

Z9rVs!lkQSc�~,QqLvNPW�Z
y(x) = y′(0)y2(x, λ, q)

�BZ9}2ORcHT�c�Z£T �9QqM!Q^opc�[2QSL(t�K!L!jUTmcX}2L.¬qK;Qqc�L(QqO�gicXlkcXrVsEe
WXQSTkQqc�[PQqL��¨QSl9T

λ
QSc�L]�­c�QSWXt NPrVs(QqZ��P}2L

y2(x, λ, q)
G�gicXQ���~!W�QScXTkK!L![

∂/∂λ
Z9Qqc�L�K(L ORcHT · ~,Qq¬SQqc�rVs(L!QSTqG

� � � 
�����! %�'��*%�' 	 �����
λ
��� � ) � &+� ��4$���������#"$����%!��&�� .���� q ∈ L2

C

� 
�� � � �����'"�� � ���

ẏ2(1, λ, q)y
′
2(1, λ, q) =

1
∫

0

y2
2(t, λ)dt

yUn
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 NPrVs <�s(Qq}2l9QqO�F2G aP` [2c�WHT��

ẏ2(1, λ) = −
1
∫

0

∂y2(1)

∂q(t)
dt

= −
1
∫

0

y2(t)[y1(t)y2(1) − y1(1)y2(t)]1[0,1](t)

=

1
∫

0

y2
2(t)y

′
2(1, λ)−1dt

gic�Q¥W�Q{Tm¬{TmQi�_WXQqc�rVs8K!L([^[2cXWXT��2MBN�t
	!l QSc�L!QSL gicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£T
y2(1, λ) = 0

c�Z9T K!L(M Zk}PORcHT NPK!rVs
M!c�Q 
 lk}2L(Zkj8cHe 8 M!QqLUTmcHTV��T¥¬SK

y1(1, λ)y′2(1, λ) = 1
�¥cXlkM½G

8 O lkQSQqWXW�QqL.I1NPWXW&cXZ9T�MBN�Z 8 L8TkQq[2lkNPWA[2WXQqc�rVs ‖y2(·, λ)‖2 K!L!M.Z9}2ORcHT�M!cXQ�NPW�[PQq~!lkNPc�Z9rVs!Q­�­cXQqWXt N�rVs!s!QqcHT
M!QqZRopc�[2QSL � Qql£TmQSZ

λ
[2WXQqcXrVs FPG 8 O jP}2Ow�!WXQ��EQqL¸I1NPW�W c�Z9TwMBN�Z 8 LUTkQq[2lkNPW�L!c�rVsUTwOwQqs!l�L!}PT � QqL(M!cHe

[2Qql �¨QSc�ZkQ]�,}2ZkcHTmcX�,G 
 cXl � Qql9M!QqLvZk�B��TkQqld¬qQSc�[2QSL �1MBNPZkZdM!cXQ_�ic�QSWXt NPrVs!s(QqcXT �9QSM!QqL;~�QSW�c�QS~!c�[PQqL 
 QSl9T
NPL!L!QSs!ORQSL;j�NPL(L½G
� ��!"!$#&%�'���
*' ) �.�0 ��#"$���)(+*$�-,����.��� ���', ,���� ��� � ��&+4 ��� � 
��.��&�� %!��& �$�����!� 
 "�� � � ∫ 1

0
f 2

i 6= 0 (

576�896�:�; ( �EQSc
q̂

QqcXL!Q¢cXL(�BL!cHTmQqZ9c�ORNPW�Q­�«QSlm�PL(M!Qql9K!L![ �2}PL
q
� �¥c�l�~�Q{TmlmN�rVs8TkQqL�M!cXQ^� NPl9c N�Tkc�}2L�M!Qql

b�c�WXW�[2WXQqcXrVs�K(L![
L̂fi + Lf̂i = λ̂if + λif̂ .

b�c�QSl�Zkc�L(M M!cXQ;opcX[2QqL(t�K(L!jUTmc�}PL!QqL¸Zk}ª[PQ �¨�Ps!WXT��«MBNPZkZwZkcXQ;WX}2j�NPW�[2W�N�TkT�cXL
q

ZkcXL!M½G g­NPOwcXT�cXZ9T
λ̂�¨}2s(W�M!Q{�BL!c�QSl9T��BMBNwM!NPL!L�N�K!rVsvM!cXQ�QqcXL(t NPrVs!QSL�opc�[2QSL��¨QSl9TmQ^W�}2j�NPW&[2W N�T9T�c�L

q
ZkcXL!M½G 
 Qqs!OwQqL �¥c�l

L�K(L;MBN�ZdcXL!L!QSlkQ]|plk}�M!K!jUTdORcHT
fi
�!Zk}wQql9sBNPWXTkQqL �¥c�l

1
∫

0

q̂f 2
i dx = λ̂i

1
∫

0

f 2
i dx.

8 Z9TdL8K!L ∫ 1

0
f 2

i dx = 0
�BMBN�L!L;[Pc�WXT ∫ 1

0
q̂f 2

i dx = 0
G��i~,Qql¥MBN

q̂
QqcXL!Q_~�QSW�cXQq~!cX[2Q�IBK!L!jUTmcX}2L.c�Z£T �![2cXWXT

f 2
i = 0

G1gicXQqZ�cXZ9T¥QqcXL 
 cXM!Qql9Zk�!l9K!rVs½G

�P°
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 K!L �¨QSc�Z9QqL �¥c�l �9QqM!QSO�opc�[2QSL��¨QSl9T_QqcXL!Q¢opcX[2QqL(t�K(L!jUTmc�}PL
gn = gn(x, q)

¬SK �½M!cXQ �¥cXliL!}2l9O N�W�cHe
Z9c�QSlkQqL�M!K!l9rVs

‖gn‖ = 1, g′n(x) > 0.
��K!ZdM!QqO�}P~!c�[2QSL'<�s!Qq}2l9QqO�t�}2WX[PT M!NPL!L

gn(x, q) =
y2(x, µn, q)

√

ẏ2(1, µn, q)y′2(1, µn, q)
.

8 O��E��QS¬qcXQqW�WXQqL.[2cXWXT
gn(x, 0) =

√
2 sin nπx.


 cXl_~�Q{TmlmN�rVs8TkQqL L8K!L M!c�QwgicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£TmQ
µn

NPW�Z]IBK!L!jUTkc�}2L�c�L �i~(sB�PL![2cX[2jPQScXT_�2}PLªM!QSO
|>}PTmQSLUTmc N�W �(t
	!l�M(c�QqZ9Q]I1K(L!jUTmc�}PL

µn(q)
j�Y2L!L!QSL��¥cXl�M!QqLv�_lkNPM!cXQqLUTmQSL�~,Qql9QqrVs!L(QqL½G

� � � 
�����! %�'���� '
µn

4-��� �$��� � &H� ���.���������

∂µn

∂q(t)
= g2

n(t, q).

5 6�896�:�; ( 
 c�l�~,Qq}2~!NPrVsUTmQqL

0 =
∂

∂q
y2(1, µn(q), q)

= ẏ2(1, µn)
∂µn

∂q
+

∂

∂q
y2(1, λ)

∣

∣

∣

λ=µn

.


 NPrVs <�s(Qq}2l9QqO�F2G aP` c�Z£T¥M!Qql¥¬ �¨QScXTmQ <>QqlkO [2W�QSc�rVs

y2(t) [y1(t)y2(1) − y1(1)y2(t)] = −y1(1)y2
2(t) = − 1

y′2(1)
y2

2(t),

M!N�N�K(t�[2lkK(L!MxM!Qql 
 lk}2L(Zkj8cHe 8 M!QqLUTmcHTV��T
y2(1, µn) = 0

K!L!M
y1(1)y′2(1) = 1

[2cXWXTqG 
 cXl­Qql9sBNPWHTmQqL
N�W�Zk}

∂µn

∂q(t)
=

y2
2(t, µn)

ẏ2(1, µn)y′2(1, µn)
= g2

n(t, q).

��LBNPWX}2[ ¬SK!O rVs!NPlmNPjUTkQqlkcXZ9Tkc�ZkrVs(QqL�|�}2W ��L!}2O QqcXL!Qql
n× n

e � N�Tml9c#�wQql9sBNPWHTmQqL �¥c�l N�K!rVs�QqcXL!Q­g­N�l£e
Z£TmQSW�W�K(L![R�P}2L

y2(1, λ, q)
G��iW�WXQql9M!c�L![PZdOA	!ZkZ9QqL �¥cXl�M!cXQ]��}2LU�2QSlk[PQqL!¬ M!QSZ­|plk}�M!K!jUTkQqZi~,Q	N�rVs8TkQqL �

M!NwM!cXQ_IBK!L!jUTmcX}2L
y2(1, λ, q)

K!L!QSL!M!W�cXrVs���cXQqW�Q 
 K!W�WXZ9TkQqW�WXQqL ~,QSZkcXTk¬STqG

�EF
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q ∈ L2

C

"�� � �

y2(1, λ, q) =
∏

m≥1

µm(q) − λ

m2π2
.

576�896�:�; ( opZd[2c�WHT
µn = n2π2 +O(1)

GB§ QqL8K(Tm¬SQqL �¥c�l��AQqOwO N §�G aP° �!Zk}wQql9sBNPWXTkQqL �¥c�l �!MBNPZ9Z

p(λ) =
∏

m≥1

µm(q) − λ

m2π2

Qqc�L(Q�[UNPL!¬SQ^IBK!L(j8Tkc�}2L.cXL
λ

c�Z9TqG
p(λ)

QSl9t
	!WXWXT

p(λ) =
sin

√
λ√

λ

(

1 +O

(

logn

n

))

[2W�QSc�rVs!OR���2cX[�NPK(t&M!QqL���l9Qqc�Z9QqL |λ| = rn = (n+ 1
2
)2π2 t
	!l

n
[2l9}2�_[2QqL8K![(GEg�c�Q 
 K!WXW�Z9TkQqWXW�QqL Z9c�L!M

[2QqLBN�K M!c�Q�g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TmQ¨�P}2L
q
��Zk}2OwcXT�c�Z£T�M!QSl � K(}PTmcXQqLUT

p(λ)/y2(1, λ, q)
QS~�QSL(t NPWXW�Z�QSc�L!Q

[UNPL!¬SQ^IBK!L(j8Tkc�}2L&G@�iK(t�[PlkK!L!M.M!QSl��i~!Z9rVsB��Tm¬SK!L![2QSLvt
	!l
y2

t�}2WX[PT

y2(1, λ, q) =
sin

√
λ√

λ
+O

(

exp(| !+4 √
λ|)

|λ|

)

=
sin

√
λ√

λ

(

1 +O

(

1

n

))

[2W�QSc�rVs!OR���2cX[^t
	!l |λ| = rn
G1��}2ORcHT�[2cXWXT

p(λ)

y2(1, λ, q)
= 1 +O

(

log n

n

)

t
	!l |λ| = rn
GBI 	!l

n→ ∞ [Pc�WXT NPW�Z9}

sup
|λ|=rn

∣

∣

∣

∣

p(λ)

y2(1, λ, q)
− 1

∣

∣

∣

∣

→ 0.

�iK!Z�M!QSO � N �(cXO¢K!OwZk�!l9c�L!¬Sc��vt�}PW�[PT���MBN�ZkZ�M!cXQ gic���Qql9QqL!¬ cXM!QqLUTkc�ZkrVsx�PQqlkZ9rVs��¥c�L!M!Q{T	G��E}2OwcXT�[2c�WHT
p(λ) = y2(1, λ, q)

G

�Ec�L!M M!c�Q�¬ � QqcAIBK!L!jUTkc�}2L!QSL
y2(1, λ, q)

K!L!M
y2(1, λ, p)

[2WXQqcXrVs �EZ9}¢c�Z£T Z9c�rVs!QSlkW�cXrVs
µn(q) = µn(p)t
	!ldNPW�WXQ

n ≥ 1
G��iWXZk}�sBNP~,QqL

p
K!L!M

q
M!NPZ¥[2W�QSc�rVs!Q_gicXlkcXrVs!W�Q{TmZk�,QqjUTklkK!O�G 
 K!L �¥c�Z9ZkQSL��¥c�l �!MBNPZ9Z

M!c�Q_¿dORj�Qqs!l9K!L![wQq~,QqL!Z9} lkcXrVsUTmc�[ cXZ9TqG@�iL!M(QqlkZd[2QSZmNP[PT��!M!cXQ�[UNPL!¬SQ 8 LEt�}2lkORN�TmcX}2L 	!~,Qql
y2(1, λ, q)c�Z9T¥~,Qql9QqcHTmZ�c�O gic�l9c�rVs!WXQSTkZk�,QqjUTml9K!O

µn(q), n ≥ 1
QqLUTmsBN�WXTmQSL½G

�2a
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8 O QqlkZ£TmQSLª�_NP�!cHTmQSW�sBN�T9TmQqL �¥cXl­[2Qq¬SQqcX[PT �½M!NPZkZ_M!cXQ�gic�l9c�rVs!WXQSTmQSc�[2QSL��¨QSl9TmQ QSc�L!QSZ_~�QSW�c�QS~!c�[PQqLx|>}�e
TkQqLUTmc�NPW�ZdLBNPs(Q ~,Qqc�M(QqLxgicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£TmQqLvM!QqZit�l9QqcXQqL�|>}PTmQSLUTmc N�W�ZiWXc�QS[2QqL½G 
 K!Lxc�LUTkQqlkQSZkZ9c�Qql£T
K(L!Z M(c�Q�K!Ow[2Qqj�Qqs!l£TmQ�IBlmNP[2QSZ9TkQqW�WXK!L![!G 
 c�lp[2QS~�QSL K!L(Z ~,QqWXc�QS~!c�[2Q |«K(L!jUTmQ���M!cXQ�LBNPs!Q¥~,QqcBM!QSL gicfe
l9c�rVs!WXQSTkQqc�[PQqL��¨QSl9TkQqL�M!QqZ¥t�lkQSc�QqL�|>}PTmQSL8Tkc NPWXZ�W�cXQq[2QSL�K!L!M �¨}2WXW�QSL�MBNPZd|�}PTkQqLUTmc�NPW½~,QqZ£Tmc�OwOwQqL �EMBNPZ
M(c�QqZ9Q�|pK!L!jUTmQwNPWXZ­gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9TkQ¢~,QqZkcHTm¬{T	G½¿dO M!cXQqZ9QqZ_|plk}2~(W�QqO W�YPZkQqLx¬SK�jPY2L!L(QqL �&t
	(sEe
l9QqL �¥cXl«Qqc�L(Q��¥c�QSO N�L!L!ZkrVs(QiI�W��PrVs!QdQqcXLRK!L(M ~,QSTmlkNPrVsUTmQSL�gicX��cXZk}2l9QqL N�K(t½M!cXQqZ9Qql �dcXQqORNPL!L!Z9rVs!QqL
I�W �PrVs!Q�G

� ��
�� � ��� � � � � � � �(� ��� � ��� ������&�������� � !
	 �����
§ QqlkQScXTkZ�cXO Qql9Z9TkQqL¢�_NP�(cXTmQSWUsBN�T9TmQqL �¥c�l�MBN�Z�IBK!L(MBNPOwQqLUTVNPWXZ ��Z9TkQqO M!QSl>b�c�WXW�[2WXQqcXrVs�K(L![ ~,QqZ9Tkc�OwO T	G
giNP¬qK�sBN�T9TmQqL �¥cXl�NPK!rVs.M!cXQ � }2L!}�M!l9}2ORcXQiK!L(M�M(c�Q�bdc�W�WfehgicXZkj8lkcXORcXLBNPLUTmQ�QSc�L![PQSt
	!s!l£T	GBbdc�QSl QqcXL!Q
j8K!l9¬qQ 
 c�QSM!Qql9s!}2W�K(L![�M!Qql��ErVs!l9QqcX~ � QqcXZkQ�G�giNPZiIBK!L(MBNPOwQqLUTVNPWXZ ��Z9TkQqO�cXZ9T¥[2QS[2Qq~,QqL�M!K!l9rVs

Y (x, λ, q) =

(

y1(x, λ, q) y2(x, λ, q)
y′1(x, λ, q) y′2(x, λ, q)

)

.

g�c�Q � }PL!}EM(lk}2Owc�Q]c�Z£T­MBNPZiIBK!L!MBNPOwQqLUTmNPW�Z �EZ£TmQSO�NPK!Z9[2Q � Qql£TmQ{T]NPL�M!QSl_��TmQSW�WXQ
x = 1

�
M(λ) =

Y (1, λ, q)
K(L!M;M(c�Q_b�cXW�WfehgicXZkj8lkcXORcXLBNPLUTmQ¥c�Z£T¥M!QS�!L!c�QSl9T�NPW�Z

∆(λ) =
1

2
(y1(1, λ, q) + y′2(1, λ, q)) .

§ QqL8K(Tm¬SQqL �¥cXl^M!cXQ 
 l9}2L!Zkj8cfe 8 M!QSL8TkcXTm��T
y1(x, λ, q)y

′
2(x, λ, q) − y′1(x, λ, q)y2(x, λ, q) = 1

NPK!Z
<�s(Qq}2l9QqO�F2G#� �!Z9}RQSlksBNPWHTmQSL �¥cXl¥NPW�Z�rVs!NPlmNPjUTkQqlkcXZ9Tkc�ZkrVs(QqZ�|�}2W �EL(}2O�M!QSl � }2L!M!l9}2ORcXQ

det(m 7 −M(λ)) = m2 − 2∆(λ)m+ 1.
�AY2Z£T ORNPL M!cXQ MBNP¬SK![2QSs!Y2lkcX[2Q �8KBN�M!lmN�Tkc�Z9rVs!Q.��W�QqcXrVs8K!L![�LBN�rVs

m
N�K(t ��Z9}�Qql9[2c�~(T ZkcXrVs t
	!l M!cXQ

opcX[2QqL�� Qql9TkQ^M(Qql � }2L!}�M!l9}2ORcXQ
m± = ∆(λ) ±

√

∆(λ)2 − 1.

�P`



� ��� ��� ��	 � ��� � 	���� � � �

gic�Q 
 K!l9¬qQSW
(∆2 − 1)1/2 M!QS�!L!c�QSl9T¢QSc�L!Q �dcXQqORNPL!L!Z9rVs!Q I�W �PrVs!QRORcHT]¬ � Qqc § W ��T9TmQql9L½G�gic�QwK!LEe

QqL!M!WXc�rVsª��cXQqW�QSLªOwY2[2WXc�rVs!QSL �«Qql9¬ � QqcX[2K!L![2Z9�!K!L!jUTkQ�K(L!M���}�M!Qql^ZkcXL![2K!W��PlkQSL |pK!L!jUTmQ�M(c�QqZ9Qql �¥c�QCe
O NPL(L!ZkrVs!QSL�I�W �PrVs(Q¢~�Q{�BL!M!QSL�Zkc�rVs�N�LxM!QqL�§¨QSlH	!s!l9�!K!L!jUTkQqL�M!Qql�§ W ��T9TmQqlSG&§ QqL8K(Tm¬SQqL �¥c�l�L�K(L
M!c�Q�§¨Qq¬SQqcXrVs!L8K!L![2QSL;N�K!Z giQ{�BL!cHTmc�}PL;F2GHF%n �8MBN�L!L c�Z£T

ωi
t
	!l

∆(ωi) = 1
K(L!M

i = 4n− 3, 4n− 2
�

n ∈ N
QqcXL �,QqlkcX}EM(c�ZkrVs(Qql opc�[2QSL � Qql£T K!L(M

ωj
Qqc�LRNPLUTmcX��QSlkcX}EM!cXZkrVs!QSl o«cX[2QqL�� Qql£T¨t
	!l

∆(ωj) = −1K!L!M
j = 4n − 1, 4n

�
n ∈ N

G ��L M!cXQqZkQSL ��TkQqWXW�QqL¸c�Z£T
m+ = ±1 = m−

K!L!M
M

s!N�T M(c�Q
j�N�L!}2L!cXZkrVs!Q9FP}2l9MBNPL(t�}2l9O

(

±1 α
0 ±1

)

.

8 Z9T
α = 0

�!Zk}�Q��EcXZ9TmcXQql9QqL.¬ � QqcAWXc�L!QqNPl¨K!L!NP~!sB�PL([2c�[2Qi��QSlkc�}�M!cXZkrVs!Q�}�M!Qql NPLUTmc��,Qql9c�}�M!c�Z9rVs!Q�opc�[PQqLEe
t�K!L!jUTmcX}2L!QqL.K!L(M�M(c�Q­[2QS}2OwQSTml9c�Z9rVs!Q­�­cXQqWXt N�rVs!s!QqcHT M!QSZ�¬qK![PQqs!Y2l9c�[2QSL�o«cX[2QqL�� Qql£TmQqZ¥cXZ9T�ORN��Ec�ORNPW �
NPW�Z9} [2W�QSc�rVs ¬ �¨QSc5G 8 Z£T

α 6= 0
�¨MBN�L!L Q��Ec�Z£Tmc�QSl9T�L8K!l�QSc�L!Qv��QSlkc�}�M!cXZkrVs!Q�}�M!QSl�NPLUTmcX��QSlkc�}�M!cXZkrVs!Q

o«cX[2QqLEt�K!L!jUTmcX}2L.}EM!QSl�M!c�Q�[PQq}2OwQSTklkc�Z9rVs!Q��­cXQqWXt N�rVs!s!QqcHT�c�Z£T_F2G
�iK(t�[2l9K!L!M���}Plk}2WXW NPldF2GHF±¦ ~�QSZkcHTm¬qQSL.M!c�Q�IBK!L(j8Tkc�}2L(QqL

∆(λ)− 1
K!L!M

∆(λ) + 1
K!L!QSL!M!W�cXrVs��EcXQqWXQ


 K!WXW�Z9TkQqWXW�QqL �&Zk}PORcHT�~�QSZkcHTm¬ST^NPK(rVsªM!cXQRIBK!L(j8Tkc�}2L
∆(λ)2 − 1

K(L!QqL!M(W�c�rVs���c�QSW�Q 
 K(W�W�Z£TmQSW�W�QSL½G½giN
∆(λ)

NPZ �EOw�(Tk}PTmcXZkrVsx[2WXQqc�rVs
cos

√
λ

cXZ9T �1t�}2WX[PT­N�K!Z­M!QSl���W�QqcXrVs8K!L![
cos2

√
λ − 1 = − sin2

√
λ
�

MBNPZkZ
∆(λ)2 − 1

NPZ ��OR�(Tk}PTmcXZkrVs�[2WXQqc�rVs − sin2
√
λ

t
	!l­[2l9}2�2QSZ
λ

c�Z£T	G 8 L � §�G a �dsBN�TkTkQqL �¥c�l�M(c�Q
|«l9}EM(K!jUTmMBNPl9Z9TkQqW�WXK!L![

sin
√
λ√

λ
=

∞
∏

n=1

(

1 − λ

π2n2

)

NPW�Z¥b�NPMBNPORNPlkM(�!lk}�M!K!jUT	G-�iW�Z9} jPY2L(L!QqL �¥c�l¥NPK!rVs
∆(λ)2 − 1

NPW�Z¥|pl9}EM!K(j8T

∆2 − 1 = −(λ− ω0)

∞
∏

n=1

(λ− ω2n) (λ− ω2n−1) /n
4π4 �5aEGHF �

ZkrVs!l9Qqc�~,QqL&GEg�c�Q�[2QSORQSc�L!ZkNPORQ¥opLUT �¥c�rVj8WXK!L![^�P}2L
ω2n−1

K(L!M
ω2n

cXZ9T«t
	!l
n→ ∞ NPLBN�W�}2[�¬SK M!QSL

gic�l9c�rVs!WXQSTmQSc�[2QSL��¨QSl9TmQSL
n2π2 +

∫ 1

0
q(s)ds+ c1n

−2 + c2n
−4 + . . .

� �¥cXQ�c�L BHF	��C�~,Q �¥c�QSZkQSL��¥c�l9M½G
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g�c�Q�g�c�lkcXrVs!W�Q{TmQSc�[2QSL � Qql£TmQ �¨QSlkM!QSL L8K!L ¬qK QSc�L!QSO gicXlkcXrVs!W�Q{T9ehg�cX��c�Z9}2l P = p1p2 . . .

NPK(t�M(Qql
�¥c�QSO N�L!L!ZkrVs(QqL I�W �PrVs!Q K ¬SK!ZmN�OROwQqL![PQSt NPZ9Z9T	G8g�Qql |«K(L!jUT

pi = (λi, yi)
c�Z9T«[PQq[2QS~�QSL M!K!l9rVs M!cXQ

|pl9}��9QqjUTmcX}2L
λi = µi

K!L!M
yi = y(λi) =

(

−∏∞
j=0(1 − µi/ωj)

)1/2 GUg­NPZ«§¨W�N�TkT � M!NPZ��«}2lk¬SQqcXrVs!QqL
�P}2L

yi
���¥c�l9M�M!K!l9rVs�M!c�Q 
 }2l9ORcXQqlkK(L![2Zkj�}2L!Z£TVNPLUTmQSLxM!Qql­o«cX[2QqLEt�K!L!jUTmcX}2L!QqLx~,QqZ£TmcXORO T�� �¥c�Q �¥cXl

�9Q{Tm¬{T�QSlkj8W ��lkQqL � QqlkM(QqL½G,gicXQ 
 }2lkOwc�QSlkK!L([2Zkj�}2L!Z9TmNPLUTmQ_c�Z£T

1
∫

0

y2
2(x, µi)dx = −ẏ2(1, µi)y

′
2(1, µi).

g�c�Q ��W�QqcXrVs8K!L![2QSL
∆ = 1

2
(y1+y

′
2)

K!L!M
y1y

′
2−y2y

′
1 = 1

c�Ow�!W�cX¬qc�QSlkQSL
y′2 = ∆±(∆2−1−y2y

′
1)

1/2 G
�&K(LB�PrVs!Z£Ti~,QSTklmNPrVsUTmQSL��¥cXl�Qqc�L(QqL.QqcXL(t NPrVs!QSLvgicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£T

y2(1, µi) = 0
K(L!M 1

∫

0

y2
2(x, µi)dx = −ẏ2(1, µi)

(

∆(µi) ± (∆2(µi) − 1)1/2
)

.

��c�L!M MBNPZ]Qqc�LEt NPrVs!Q�����QSj8TklkK!O K!L(MªM!cXQ gicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£TmQw~�QSj�N�L!LUT ��Zk};Zkc�L(M
y2(1, λ)

K!L!M
∆(λ)

NPWXZRIBK!L(j8Tkc�}2L(QqL �2}2L
λ

~,QqZ£TmcXORO TqGpgicXQ;QSc�L!¬Sc�[2Q�L!QSK!Q 8 LEt�}2lkORN�TmcX}2L ��M!c�Q�M!c�Q 
 }2lkOwc�QCe
l9K!L![2Z9jP}2L(Z9TVN�L8TkQqL�W�cXQSt�Qql9L �Bc�Z£T­MBN�Z��«}2l9¬qQqcXrVs!QqL �½NPWXZk} M!NPZ�§¨W�N�TkT¥�2}PL K N�K(t«M!QqO

pi
WXc�QS[PT	G���LEe

M(QqlkQSlkZ9QqcXTkZ^�PQqlkZ9rVs��¥c�L!M!QSLJM!c�Q 
 }2lkOwc�QSlkK!L![PZkjP}PL!Z9TmNPLUTmQqL � � QqL(L M!c�QwgicXlkcXrVs!W�Q{TmQqcX[2QqL�� Qql£TmQ�QqcXL!Q
s(Y2s!Qql9Q��­c�QSWXt NPrVs(s!QqcHT sBNP~,QqL&G��iK(t��9QqM(QqL;I,N�W�W,j�N�L!L

y′2(1, µi) 6= 0
c�OwOwQql¨~,QqL8K(Tk¬ST � QqlkM(QqL�K!O

M!NPZi§ W N�T9T�¬qK;~�QSZ9TmcXOROwQqL �!MBN
y′2(1, µi)

L!c�rVsUTd[2W�QSc�rVs!¬SQqcHTmc�[ ORcHT
y2(1, µi)

�2Qql9ZkrVs��¥c�L(M!QqLxj�NPL!L �
� QqcXW

y2(x, µi) 6≡ 0
[Pc�WXTqG

� ��!"!$# 
 ' � '
y′2(1, µi)

3�� 
���� 4 4 ��� ��
 � �#�����6��*�( �$��4
pi = (λi, yi)

� �.�."�� ( � ���=��� � ��4 4 ��4$& �
( � ��4���� ) � &+� ��4$���������#"$����%!��&+��4 � 
 
 ��� ���.� 0 *�"$��4�,�&+�#"$��� pi

��*�( �$��4 
 ��� 3���� � �#����� .���� K � �.�."$��� ( �� � � 
 ��� ��4�� � �.��� ( � ��4 4���� �0,������ 3����9��� � ��4 ��� �)( � ��4���� 1���&+�.� ��� 
 ��4���� � �$��& ������� 1���&+�.� ��� 
 ��4����
 ��#"$����%!��&+� ��� ��4$�!��*+(+��&3������� (

§ QSTmlkNPrVsUTmQJ¬SK!LB�PrVs!Z£T?�i~(~!c�WXM!K!L![ aEG ��GigicXQªQSc�L!¬Sc�[2Q�Qql9W NPK!~ETmQ �ic�QSWXt NPrVs!s(QqcXT�cXZ9Tv�P}2L < �E��` �
M(c�QqZ�L(QqL!L!QSL �¥cXliQSc�L!Q ��� ��4$� � 
�1�� 0 �.��� ��� |>}2ZkcHTmcX}2L �>F K!L!M a ZkcXL!M 
�1�� 0 �.��� ����|>}2ZkcHTmc�}PL!QqL ��M!c�Q ~�QSc
g�c�lkcXrVs!W�Q{T9e gicX��c�Z9}2lkQSL�L!c�rVsUTdQql9W NPK(~(T¥ZkcXL!M½G
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K

p1 p1 = p2 p1 = p2

p2< ���ªF < �E�va < ����`
�i~(~!c�WXM!K!L![RaEG �EG � � Y2[2WXc�rVs!Q_|>}2ZkcHTmcX}2L!QqL.M!QSldo«cX[2QqL�� Qql£TmQ

576�896�:�; ( §¨QSc½QqcXL!QqO ORQSs!l9t N�rVs!QqL�gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9T [2c�WHT
µi = µj = µ

K(L!M.L�K(l�Qqc�L �«}Plk¬qQScHe
rVs!QqL �¥c�lkM��2}PL

y′2(1, µi)
~,QqlkQScXTk[2QqZ£TmQqWXWXTqG �iWXZk}�c�Z9T

(µi, yi) = (µj, yj)
G�gicXQ ��~!W�QScXTkK!L![��2}2L

∆~�QS¬;	![2WXc�rVs
λ

cXZ9T

∆̇ =
∂∆

∂λ
= [y1 − y′2]

1
∫

0

y1y2dx− y2

1
∫

0

y2
1dx+ y′1

1
∫

0

y2
2dx,

�¥c�Q]c�L �hF2GHF±a ��~�QSlkQqrVs(L!QSTqGA§¨Qqc>QqcXL!QqO QSc�L(t NPrVs(QqLxopc�[PQqL��¨QSl9T
ωi

c�Z9T
∆̇ 6= 0

G 
 QqL!LxQSc�Lvgic�l9c�rVsEe
W�QSTkQqcX[2QqL�� Qql9TdOwcXT

ωi
¬SK!ZmNPOwOwQqL(t �PWXWXT��EZ9}RcXZ9T

y1(1, ωi) = y′2(1, ωi) = ±1, y2(1, ωi) = 0,

NP~�QSl
y′1(1, ωi) 6= 0

G1giQqZ9sBNPWX~;cXZ9T
∆̇ = ±y′1ẏ2

�1NPW�Z9}
ẏ2 6= 0

G,�E}PORcHT�O¢K!Z9ZdM(c�Q��­cXQqWXt N�rVs!s!QqcHT�M!QSZ
gic�l9c�rVs!WXQSTmQSc�[2QSL��¨QSl9TmQSZ_F]Z9QqcXL½G


 K!L^jPY2L!L(QqL �¥cXl>M!NPZ�|pl9}2~!W�QSO Z9TkQqW�WXQqL �%M!NPZ �¥cXl�W�Y2Z9QqL �¨QSlkM!QSL½G 
 cXl>[PQq~,QqL K(L!Z�g�c�lkcXrVs!W�Q{TmQSc�[2QSLEe
�¨QSl9TmQ­�P}2l K!L(M�ZkK!rVs!QSL;M!NPZ ¬qK([2Qqs!YPlkc�[PQ­|�}�TmQqLUTkc NPW G(g­N�¬qK�Z9TkQqWXW�QqL �¥cXl gic �&QSlkQSL8Tkc NPWX[2W�QSc�rVs8K!L![PQqL
NPK(t ��M!c�Q­K(L!Z M!cXQ�§¨Q � Qq[PK!L![�M!Qql gic�l9c�rVs!WXQSTmQSc�[2QSL��¨QSl9TmQi~�QSZ9TmcXOROwQqL K!L!M�QqLUT �¥cXrVjPQqWXL.MBNPL!L�QSc�L!Q
�E�!K!l£t�}2lkOwQqW �(OwcXT�M!QSlkQSLvbdc�WXt�Q �¥c�l�MBNPZd|>}PTmQSL8Tkc NPWA~,Qql9QqrVs!L(QqLvj�Y2L!L!QSL½G
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 c�lit NPZ9ZkQSL ¬SK!LB�PrVs!Z£T]M!c�Q¢~,QqL(YPTmcX[PTmQSL opl9[2Qq~!L(c�ZkZ9Q�NPK!Z_M!QSO Qql9Z9TkQqL �]N��!cXTkQqW�¬SK!ZmN�OROwQqL �&K!O
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x ∈ I G

�Py



� � ��� � � � 	�� � � � ��� � � � � 
 ��� ��� � ��� � ��� � 	 � ��	 � �	�

� c � gic�Q � QSL![2QwM!Qql]��QSlkcX}EM!cXZkrVs!QSL�K!L!M N�L8Tkc��,Qql9c�}�M!c�Z9rVs!QqL�opc�[2QSL��¨QSl9TmQ {ωm}m∈N0
⊂ C

QSl£e
t
	!W�WHT ∑

m∈N
|ωm|−1 < ∞,

���
(ωm) → +∞,

!+4
(ωm) → 0

t
	!l
m → ∞ G�gicXQ

ωm
ZkcXL!M

MBNP~,Qqc½LBN�rVs�cXs!lkQSO ��~!Zk}PW�K(Tk~�Q{TmlmN�[ NPL![2QS}2lkM(L!QST�� �¨}P~�QSc½M!c�Qd�­cXQqWXt N�rVs!s!QqcHTmQSL�~�QSlH	!rVj8ZkcXrVsEe
Tmc�[�T�ZkcXL!M½G

��c�c � I 	!l¨M(c�Q � QqL![PQiM!QSl�gic�l9c�rVs!WXQSTkQqc�[PQqL��¨QSl9TkQ {µj(x)}j∈N ⊂ C
[2cXWXT«t
	!l NPW�WXQ

x ∈ I �(MBN�ZkZ¨M(c�Q
�EK!OwORQ ∑

j∈N

(

1 − (µj(x))/(ω2j−1ω2j)
1/2
) QqL!M!WXc�rVs�~!WXQqc�~ET	G�b�c�QSlk~,Qqc�L(Qqs!OwQqL �¥c�liM!QqL

biNPK!�ETm¬ � QqcX[w�P}2L
(ω2j−1ω2j)

1/2 �!Z9}RM!NPZkZ
arg((ω2j−1ω2j)

1/2) → 0
t
	!l

j → ∞ [2c�WHT	G
� cXc�c �Ro«Z¨[2c�WHT ∑

j∈N
ω2j−1 +ω2j − 2µj(x) <∞ K!L(M ∑

j∈N
(ω2j−1ω2j − µj(x)

2)/ω2j <∞ t
	!l
NPW�WXQ

x ∈ I G

g�c�QqZ9Q opc�[PQqL!Z9rVsBN�tuTmQSL^t�}2WX[2QqL]Zk}�t�}2l9T�NPK!Z>M!QSL¢NPZ �EOw�(Tk}PTmcXZkrVs!QSL¢opc�[2QSL!ZkrVs!N�tuTmQSL¢M!Qql>�,QqlkcX}EM(c�ZkrVs(QqL
K(L!MvN�L8Tkc��,Qql9c�}�M!c�Z9rVs!QqL�opc�[2QSL��¨QSl9TmQ��1Zk} �¥c�Q_M!QSL!QqL;M!QqldgicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9TkQPG
g�c�Q]opc�[2QSL!ZkrVsBN�tuT ��c � WXc�Q{t�Qql9T MBNPL!L�¬qK!ZkNPOwORQSL�OwcXT M!Qql��ErVs��¨NPlk¬SZkrVs!QSL ¿dL![2WXQqc�rVs8K!L([

∑

j∈N

|ω2j−1ω2j|−1/2 ≤
(

∑

j∈N

|ω2j−1|−1

)1/2(
∑

j∈N

|ω2j|−1

)1/2

.

g�c�QqZ�K!LUTmQSlkZ£T 	(Tk¬ST�OwcXT.M(QqL }P~!c�[2QSL opcX[2QqL!Z9rVsBN�tuTkQqL M(c�Q�giQS�!L!cXTkc�}2L aEGHF M!QSl��dcXQqORNPL!L!Z9rVs!QqL
I�W �PrVs!Q

K : y2 = R(λ) = −
∞
∏

j=0

(

1 − λ

ωj

)

.


 cXl­L!QSs!ORQSL�NPL �&M!NPZkZ
R(λ)

QSc�L!Q Qqc�LEt NPrVs!Q 
 K(W�W�Z£TmQSW�W�Q]c�L
ω0

~,QqZkcHTm¬{T	GAgicXQqZ�j�NPL!LxM(K!lkrVs�QqcXL!Q
QSc�L(t N�rVs!Q <�lkNPL!Z9W N�Tkc�}2L

q(x) → q(x) + λ0
t
	!l QSc�L

λ0 ∈ C
c�OwOwQql Qqlkl9QqcXrVs8T � Qql9M!QqL&G��iK@�2QSlkM!QSO

Z9c�L!M�c�L.M!QSL;~,QqcXM!QqL�IBK!L!jUTkc�}2L!QSL

g(P, x) :=
1

2

∏

j∈N
((µj(x) − λ)/(ω2j−1ω2j)

1/2)

[(ω0 − λ)
∏

m∈N
(1 − (λ/ωm))]1/2

�5a�GXF±a �

t
	(l
P = (λ, y) ∈ K K!L!M

F (λ, x) :=
∏

j∈N

µj(x) − λ

(ω2jω2j−1)1/2

�5a�GXF%` �

N�W�W�Q NPK(tuTklkQSTkQqL!M(QqL¸|«l9}EM(K!jUTmQ�jP}PL8�PQql9[2QqLUT	G gicXQ�I1NPjUTm}2l9QqL
µj(x)

K(L!M
ωj

c�LJM!QSL¸|pl9}EM!K(j8TkQqL
Z9}2W�WXQqL.[2QSO ��� cXs!lkQSl �­cXQqWXt N�rVs!s!QqcHT �¥c�QSM!Qql9s!}2WHT �¨QSlkM!QSL½G
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Cε := {z ∈ C | �6� (z) > 0, | arg(z)| < ε}
� 
�� ��� � � �."$��� �������#���$" �$��& 1�� 
�� ��� .���� & �3��� ����� 1 ��4 
 � 4 � � �$��& � �."$��� 
�1>� � 0 � � 4 �:& 
�1>&�*$�$" *$���

� ����* �$"�
�% � �-, ���
ε
�
0 < ε < π/2 (


 K!L.t NPs!l9QqL �¥c�l t�}2l£T¥ORcHT�K!L!Z9Qql9Qqli�(NPOwORWXK!L![¢M!QSldo«cX[2QqL(ZkrVsBN�tuTkQqL½G

� cX� �.gic�Q_IBK!L(j8Tkc�}2L
g(P, x)

Qql£t
	!W�WHT

−2g′′(P, x)g(P, x) + g′(P, x)2 + 4(q(x) − λ)g(P, x)2 = 1.
�5aEGHF	y �

��� �.I 	!l �9QSM!QqZ
x ∈ I [2c�WHT

g(P, x) = − i

2
√
λ
− i

4
√
λ3
q(x) + o

(

1√
λ3

)

� aEGHF±� �

t
	!l
λ→ ∞ �

λ ∈ C \ Cε
G

����c �.I 	!l
λ→ ∞ �

λ ∈ C \ Cε
[2cXWXT¨[2W�QSc�rVs!OR���2cX[

g(P, x) = − i

2
√
λ

+ o

(

1√
λ

)

,
� aEGHF%� �

g′(P, x) = o

(

1√
λ

)

� aEGHF±¦ �

~�QS¬;	![PW�c�rVs
x
�BZ9}wW�NPL![2Q

x
c�L.jP}POR�BN�j8TkQqL�<�QSc�WXc�LUTmQSl9��NPW�WXQqL �P}2L I ��NPlkcXc�Qql£T	G

gic�Qdopc�[2QSL!ZkrVs!N�tuT ��cX� ��t�}2W�[PT«M(K!lkrVs 
 NPrVs!l9QqrVs!L(QqL½GB¿dOÀM!c�Qdopc�[PQqL!Z9rVsBN�tuTmQSL ��� �pK!L!M ����c ��¬qKR¬qQScHe
[2QqL.cXTkQql9c�Qql£T�ORNPL.M!c�Q 8 LUTmQS[2lmN�W�[2WXQqc�rVs8K!L([2QqL t
	!l

y1(x, λ, q)
K!L(M

y2(x, λ, q)
�!cXLUTmQq[Plkc�QSl9T��!NPl9Tkc�QqWXW

K!L!M�~�QSL�KETm¬STdMBN�Z��¥c�QSO N�L!LEe �AQS~�QSZk[2K!QCe �AQqOwORN � �¥cXQ_c�L'<�s!Qq}PlkQqO�G@��K@�2Qql9M!QqO�Z9rVs!lkQSc�~,QqL �¥c�l

g(P, x) =
y2(x, λ, q)

2
√

∆2 − 1
K!L!MxZkQ{Tm¬SQqL�M!c�Q NPZ ��Ow�(Tm}�Tmc�Z9rVs!QqL�IB}2l9ORQSW�L;Qqc�L&G 
 cXliQqLUT �¥cXrVjPQqWXL�M!c�Q9<�s!Qq}2l9c�Q t
	(l

x ∈ I K!L!M
L!c�rVsUT�t
	!l

x ∈ R
��}EM!QSl

x ∈ C
� �¨K!O QSc�L ORYP[2W�cXrVs!QqZ OwQql9}2Ow}2lk�!s(QqZ �«QSlksBNPWHTmQSL �P}2L

q(x)Qqc�L(¬qK!~,Qq¬Sc�Qqs(QqL½G 
 c�l�~,QqZ9rVs!lm�PL(jPQqL K!L(Z NPK(rVs L!c�rVsUT NPK(ti[2W N�T9TmQ��pZk}2L!M(QqlkL NPK(t­QSc�L!ORNPW�Z£TmQSTkc�[
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M(c���QqlkQSL!¬qcXQql9~BNPlkQ.|>}PTmQSLUTmc N�W�Q
q ∈ C1(I)

G 
 K!LJt�}2W�[2QSL QqcXL!c�[PQ ��~,Qql9W�Qq[PK!L![2QSL ��K!O M!c�Q �_ME��e
bdc�QSlmNPl9rVs!c�Q«NPK(rVs^cXO K!L!QSL!M!WXc�rVs!QSL^I1NPWXWP¬SK^M!Q{�BL!cXQqlkQSL½G �AQqcHTmQqL �¥cXl �5aEGHF	y �&L!NPrVs

x
NP~ �%Z9}¥Qqlks!NPWXTkQqL

�¥cXl�QqcXL!Q]gic���Qql9QqLUTmc�NPW�[2WXQqcXrVs�K(L![¢M!l9cXTkTkQql65­lkM(L�K(L![

−g′′′(P, x) + 4(q(x) − λ)g′(P, x) + 2q′(x)g(P, x) = 0, P ∈ K, x ∈ I. �5aEGHF%� �


 cXl t
	!s!l9QqL�M!c�Q_IBK!L!jUTkc�}2L
H(λ, x)

Qqc�L�NPWXZ

H(λ, x) =
1

2
F ′′(λ, x) + (λ− q(x))F (λ, x), λ ∈ C, x ∈ I. �5a�GXF%n �

��QSTm¬SQqL �¥c�l�L8K!L
g(P, x) = F (λ, x)/2y(P )

c�L �5aEGHF	y � K!L!M �5aEGHF%� �¨QSc�L �!Z9}RQSlk[2cX~(T¥ZkcXrVs

−1

2
F ′′(λ, x)F (λ, x) + (q(x) − λ)F (λ, x)2 +

1

4
F ′(λ, x)2 = R(λ)

� aEG aP° �
K(L!M

−F ′′′(λ, x) + 4(q(x) − λ)F ′(λ, x) + 2q′(x)F (λ, x) = 0.
�d}2O¢~!cXL!c�QSlkQSL �¥cXl�L8K!L � aEGHF%n �¨K!L!M �5a�G aP° � �BZ9}wQSlksBN�WXTmQSL �¥cXl

−R(λ) +
1

4
F ′(λ, x)2 = F (λ, x)H(λ, x).

� ��!"!$# 
 '��*'  


 ���
P = (λ, y) ∈ K ( ) ����� "$��� ����� ���.� � ����� ��4$* �$"$���

[

g(P, x)
d

dx
− 1

2
g′(P, x), L

]

∣

∣

∣

ker(L−λ)
= 0,

� aEG a�F �
(

(g(P, x)
d

dx
− 1

2
g′(P, x))

∣

∣

∣

ker(L−λ)

)2

=
1

4

∣

∣

∣

ker(L−λ)
.

�5a�G a2a �

5 6�896�:�; ( �5aEG aEF � t�}PW�[PT¨M!c�l9QqjUT�NPK!Z �5aEGHF%� �¨K(L!M � aEG a2a � t�}2WX[PT¥NPK(Z � aEGHF	y �VG

¿dO\M!cXQ���M(�dehbdc�QqlkNPlkrVs(c�Q �2}PW�W�Z£TV�PL(M!c�[­¬SK M!Q{�BL!cXQqlkQSL �2t
	!s!l9QqL �¥c�l NPWXZpW�QSTk¬STkQqL �ErVs!lkcHTkT gic �&QSlkQSLEe
Tkc NPW�NPK!Z9M!lH	!rVj�Q_K!L!QqL(M!W�cXrVs!Qql 5­lkM!L8K!L([RQSc�L �BN�LBNPW�}P[ ¬qK!ldgiQ{�BL!cXTkc�}2L��P}2L

P2n+1
NPK!Z �5a�G ` �VG

P∞ := F (L, x)
d

dx
− 1

2
F ′(L, x)

P∞

∣

∣

∣

ker(L−λ)
=

(

F (L, x)
d

dx
− 1

2
F ′(L, x)

)

∣

∣

∣

ker(L−λ)

�U¦



� ��� ��� ��	 � ��� � 	���� � � �

�iK!Z6�AQqOwO N�a�G �¢t�}2WX[PT

[P∞, L]
∣

∣

∣

ker(L−λ)
=

(

−1

2
F ′′′(λ, x) + 2(q(x) − λ)F ′(λ, x)

+q′(x)F (λ, x)
)∣

∣

∣

ker(L−λ)
= 0

K!L!M
(

P∞

∣

∣

∣

ker(L−λ)

)2

= R(L)
∣

∣

∣

ker(L−λ)
.

�iLBNPWX}2[ ¬SK �5aEGzy � � � aEG � ��K!L!M � aEG � �djPYPL!L!QqL �¥c�l�M!c�Q Z9TVN�Tmc�}PLB�PlkQ ��M(��eh�_WXQqc�rVs8K!L([ Qq~,QqLEt NPW�WXZ�t
	!l
n = ∞ M!QS�BL(c�Qql9QqL;M!K!lkrVs

s
e
KdV∞(q) = −1

2
F ′′′(0, x) − 2q(x)F ′(0, x) + q′(x)F (0, x) = 0.

�5a�G aP` �
�E}2OwcXT�sBN�~�QSL �¥cXl¥NPK!rVs;c�O K!L!QqL(M!W�cXrVs!QqLvI,N�W�W&M(c�Q_��M(��e b�cXQqlmN�lkrVs!cXQi�2}2WXW�Z£TV�PL!M(c�[ M!Q{�BL!c�QSl9TqG


 c�l­l9QqM!K!¬Sc�QSlkQqL�L8K!L�MBNPZ]|plk}2~(W�QqO M!QSl9�AY2Z9K!L![.M!QSl_�_ME��ehbdc�QSlmNPl9rVs!c�Q N�K(t¨M!NPZ_|plk}2~!WXQqO�M!Qql
Qqc�L(M!QqK(Tkc�[2QSL �AY2Z9~BNPl9jPQqcHT QSc�L!QSZR� ��Z9TmQSORZw�2}2L gic���Qql9QqLUTmc�NPW�[PW�QqcXrVs8K!L![2QSL©QSlkZ£TmQqlE5­lkM!L8K!L![ � M(c�Q
giK!~!l9}±��cXLEe£��W�QSc�rVs8K!L![2QSL½G
� ��!"!$# 
 '�� ' ) ��
0
���������������� q ��& ( �$� ��� ���.�

n
����� � ��� � � ����� ��4$* �$" �5aEGzy �

[P2n+1, L] = 0
� �$��& � 4 � ��� ���

n = ∞ ���.� � ����� ��4$*$�$" � aEG a�` �
[P∞, L] = 0.

1 * � ��& �$��4 
 ���.��� ���.� ) � &+� ��4$���������#"$����%!��&���� µi
.���& 
 ��4$�.� �$��� ( ) �.� 
�*$�-,�� � pi = (µi, yi)

��*�( �$��&
���.��4 ����� 
 ��4���� � � � ��4�����& ( � � ����� � ����� ���.� ) * 3;&3� . � ��� � ����� ��4$*$�$"$���

∂µi

∂x
= −

(

∏

j∈N

(µj(x) − λ)

)′

∏

j∈N

j 6=i

(µj − µi)
, i ∈ N.

�5aEG a�y �

�0*$��"$��3���� % � & * � 
 � � ��4 / � ��&+� 3�� ��� �$"�* �$"$���

{(µi(x0), yi(x0))} ⊂ K �5aEG a2� �
��*�( �$��& �=�.��4 ����� 
 ��4���� � � � ��4��!( � &E��� �

x0
.���& �=%!��3��������.�

µi(x0)
.���& 
 ��4$�.� �$��� 
�� ��� ( ) ��������2� 
����.��&+�A��� �����0��� � 
 !�������&�.���� �

Ωµ ⊂ C
4 � �

x0 ∈ Ωµ
� 
 � � ��
 
 � ��
 1 �)( ���$"�
�%!��&+� 1>& ��3;����4

�5aEG a�y � � �5aEG a2� �A��� � ����� ���$��*$���#"$� + , 
�*$�$" 3�� 
�� � 0 � (

�2�
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5 6�896�:�; ( g­NPZ9Z
µi

M(c�Q_gic �&QSlkQqLUTkc NPWX[2W�QSc�rVs8K!L![ �5a�G a�y �¨Qql9t
	(W�WXT��Et�}2WX[PT�N�K!Z �5aEGHF%` �¨K!L(M

y2 = −1

4
F ′(λ).

§ Qqc½M!QSl�opc�L!M(QqK(Tkc�[2j�QqcXT¨c�Z£T M!QSl QqcXL!¬qcX[2QiL!cXrVsUTkTml9cX��c N�W�Q�I,N�W�W � � QqL(L
µk

QqcXL!QqL�M(Qql¨�«QSlk¬ � QqcX[2K!L![PZ£e
�(K!L!jUTmQ

ωi
Tklkc ��T�K(L!M;Z9}2OwcXT�M!cXQ�lkQSrVs8TkQ¢��QqcXTkQ��2}2L �5aEG a�y � �PQql9ZkrVs��¥c�L!M(QST	G�g­NP¬SK;L(Qqs!OwQqL �¥c�l

µk → ωi
t
	(l

x→ x0 ∈ Ωµ

N�L ��t
	!l�~�QSW�cXQq~!cX[2Q
k, i ∈ N

G ��K@�2QSlkM!QSO t
	!s!lkQSL �¥cXl t
	!l
x

cXL¸QSc�L!QSO }���QqL!QSL 8 LUTmQSl9��NPWXW�ORcHT
�&QSLUTmlkK(O

x0

ζk(x0) = η(µk(x0) − ωi)
1/2, η = ±1, µk(x) = ωi + ζk(x)

2

QSc�L½G1giNPL!L �¥c�lkM.M!cXQ_gic���Qql9QqLUTmc�NPW�[PW�QqcXrVs8K!L![ �5aEG a�y �¨¬SK

∂ζk(x)

∂x
x→x0= c(η)







∞
∏

m=0

m6=i

(ωi − ωm)







1/2

×







∞
∏

m=1

m6=k

(ωi − µm(x))−1






(1 +O(ζk(x)

2)).

g�c�QqZ¥[2cXWXT t
	(l�Qqc�L |c(η)| = 1
K!L!M�Zk}PORcHT�c�Z£T¥M!c�Q_opc�L(M!QqK(Tkc�[2j�QqcHT¥[2Qq¬SQqc�[�T	G

giNPZkZwNPK!rVs©~,Qqc��d}2W�WXc�ZkcX}2L!QSL
(µj = µi)

M(c�Q���W�QqcXrVs8K!L![2QSL �5aEG a�y �^QSc�L!M(QqK(Tkc�[xW�YPZk~BNPl Zkc�L(M ��c�Z£T
Q{T � N�Z lmN �RL(c�Qql£TmQSl�K!L!M �¥c�lkMx�P}2L §¨cXlkL!cXl­c�L BfF C«K!L(M B#a�C NPK!Z9[2QSt
	(s!l9TqG�giQql �iL!ZkN�Tm¬�cXZ9T �9QqM(}ErVs
¬SK.NPK!Z£t
	!s!lkWXc�rVs �8K!O cXs!L cXO ��NPs(ORQSL M!cXQqZkQSl!��lk~,QqcXT ¬qK ~�QSZk�!l9QqrVs!QSL½GBopc�L �¥c�rVsUTmcX[2Qql¨|«K(L!jUT c�Z£T
s(c�Qql9~�QSc �!M!NPZkZ¥M!QSl�g�cX��c�Z9}2l�L!c�rVsUT£e Zk�,Qq¬Sc�QSW�W½~!WXQqcX~(T � �¥c�Q < ���v`�cXL'�i~!~!cXW�M!K(L![waEG �EG


 K!LxZkK(rVs!QqL �¥c�l�~�QSc�[2QS[2Qq~,QqL!QSL�gic�l9c�rVs!WXQSTkQqc�[PQqL��¨QSl9TkQqLxMBNPZ­|�}PTkQqLUTmc�NPW�K(L!MxQqLUT �¥c�rVj�QqWXL�M!NP¬qK
QSc�L!Q �E�!K(l9t�}2l9ORQSW5G 8 O I1NPWXW�lkQSQqWXW�Qql_K!L(MªjP}POR�!WXQ�� � Qql9Tkc�[2QSl]NPW�[2QS~!lk}�e [2QS}2ORQ{Tml9c�ZkrVs(Qql�|>}PTmQSL8Tkc NPWXQ
cXZ9T¨M!c�QSZkQ_�E�(K!l9t�}2l9ORQSW�Z9Qqs!l�[PK(T ~,Qqj�NPL!LUT��(c�O �&K!ZkNPOwORQSL!sBNPL![ ORcHT NPWXW�[2QSORQSc�L!QSL�jP}2Ow�!W�Q+� �¨QSl£e
Tkc�[2QSLª|>}PTmQSLUTmc N�W�QqL�K!L!M �_K(l9�2QSLªK!L(QqL!M!WXc�rVs!QSLJ��QqZ9rVs!W�QSrVs8TkZ �¥K!l9M!Q M!cXQqZ9QRMBN�Z^QSlkZ9TkQ � NPWp�2}2L
��QqZ9¬STkQqZ � B#nDC�~�Q �¥c�QSZkQqL&G 
 c�l­~,QqZ9rVs!lm��L!jPQSL K!L(Z_NPK(t M!QqL�I1NPWXW

q(x) ∈ C1 �½K!O QqcXL!Q¢QqcXL(t NPrVs!QCe
l9Qw§¨QSTklmNPrVsUTmK(L![v¬SK QSlksBNPWHTmQSL½G 
 c�l�QSL8T �¥cXrVjPQSW�LªQSc�L!QwIB}2l9ORQSW �,M!c�Q�K!L!Z_MBN�Z^|>}PTmQSLUTmc N�W

q(x)
c�L

��K!ZkM(lH	!rVj�QqLxM!QSl {µj(x)}j∈N

M!NPlkZ£TmQqWXWXTqG

�2n



� ��� ��� ��	 � ��� � 	���� � � �

� ��!"!$# 
 '�� '  
 "�� � � ( � &
x ∈ I

q(x) = ω0 +
∑

j∈N

(ω2j−1 + ω2j − 2µj(x)) .
�5aEG aP� �

576�896�:�; ( ��K(t�[2lkK(L!M;M(Qqldopc�[2QSL!ZkrVsBN�tuTmQqL � c � e ��c�cXc ��Qql9sB�PWXT O NPL�t
	!l
x ∈ I

log





(

∏

j∈N
(µj(x) − λ)2(ω2j−1ω2j)

−1

∏

m∈N
(1 − λ

ωm
)

)1/2




=
1

2

∑

j∈N

log

(

(µj(x) − λ)2

(ω2j−1ω2j)(1 − λ
ω2j−1

)(1 − λ
ω2j

)

)

=
1

2

∑

j∈N

log

(

λ2 − 2µj(x)λ+ µj(x)
2

λ2(1 − ω2j−1

λ
)(1 − ω2j

λ
)

)

=
1

2

∑

j∈N

log
(

1 +
ω2j−1 + ω2j − 2µj(x)

λ(1 − ω2j−1

λ
)(1 − ω2j

λ
)

+
µj(x)

2 − ω2j−1ω2j

λ2(1 − ω2j−1

λ
)(1 − ω2j

λ
)

)

=
1

2λ

∑

j∈N

(ω2j−1 + ω2j − 2µj(x)) + o
(

λ−1
) t
	!l

λ→ ∞, λ ∈ C \ Cε.
� aEG a2¦ �

8 Lv§¨QS¬qK![RNPK(t�M!QSL
o(λ−1)

e <�QSlkO�cXL �5aEG a2¦ �¨sBN�~�QSL �¥cXl�M!c�Q]��W�QSc�rVs8K!L![
µj(x)

2 − ω2j−1ω2j

λ2(1 − ω2j−1

λ
)(1 − ω2j

λ
)

= λ−1 µj(x)
2 − ω2j−1ω2j

(1 − ω2j−1

λ
)(λ− ω2j)

,

M!c�Q�opcX[2QqL!Z9rVsBN�tuT ��c�c�c �_K(L!M M!QqL �(N�Tk¬E	!~,Qql M!cXQ�M!}2Owc�L!cXQql9TkQ �d}2LU�2QSlk[2QSL!¬�t
	(l M!c�Z9j�l9QSTkQ � N��2Q
~�QSL�KETm¬STqG>�&K!ZmN�OROwQqL.OwcXT

g(P, x) =

(

1
4(ω0−λ)

∏

j∈N
((µj(x) − λ))2(ω2j−1ω2j)

−1

∏

m∈N
(1 − λ

ωm
)

)1/2

t
	!l
P = (λ, y)

�(WXc�QSt�QSl9T�K(L!Z �5aEG a2¦ �

g(P, x) =
1

2
√
ω0 − λ

exp

(

1

2λ

∑

j∈N

(ω2j−1 + ω2j − 2µj(x)) + o(λ−1)

)

.

¦P°
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��QSTm¬SQqL �¥c�lRL8K!L M!c�Q <�N ��W�}PlklkQSc�s!Q;M!Qql o �E�,}2L!QSL8Tkc NPWHt�K!L!jUTmcX}2L QSc�L K!L(M ~�QSL�KETm¬qQSL NPK@�2QSlkM!QSO
(ω0 − λ)−1/2 → −iλ−1/2 t
	(l

λ→ ∞ �BM!NPL!L.Qql9[2c�~(T¥Z9c�rVs

g(P, x) = − i

2
√
λ
− i

4
√
λ3

(

ω0 +
∑

j∈N

(ω2j−1 + ω2j − 2µj(x))

)

+ o

(

1√
λ3

)

�5a�G aP� �

t
	(l
λ → ∞ �

λ ∈ C \ Cε
G 
 QSL!L O N�L©L8K!L � aEG a�� � ORcHT � aEGXF%� �]�2QSlk[2WXQqcXrVs8T��pQql9[2c�~(T¢Zkc�rVs M!cXQ

���!K!l9t�}PlkOwQqW �5a�G aP� �CG

opcXL!Q � QqcHTmQql9Q c�LUTkQqlkQSZkZkNPLUTmQ.IBlmNP[PQqZ9TkQqWXW�K!L![.�BL!M(QST ORNPL cXL B#a�y�C �2}2L � N�lkW�Q{TkTmN;K!L!M 
 QSc�j�NPlkM&G
bdc�QSlk~,Qqc>sBN�T�O NPL;L8K!liM!cXQ^QSlkZ£TmQqL

N
gicXlkc�rVs(W�QSTkQqcX[2QqL�� Qql9TkQ^OwcXTdQSc�L!QSl���QqLBNPK(c�[2j�QqcXT

ε
[2QS[2Qq~,QqL

K(L!M�ORY�rVsUTmQ NPK(Z­M!c�QSZkQSL�QSc�L!Q ��TVNP~(c�W�cHTV��TkZmNPK(ZkZmN�[2Q]t
	(l­MBNPZ�|>}PTmQSLUTmc N�W�Qql9sBNPWHTmQqL&G½§¨QSc�L8K!l�QqL(MEe
WXc�rVsv��cXQqW�QSLv[2QS[2Qq~,QqL(QqL 
 QSl9TkQqLx~,QqjP}PORO T�ORNPL�K!L!QSL!M!WXc�rVsv��c�QSW�Q |�}PTkQqLUTmc�NPW�Q^NPW�Z �AY2ZkK!L([ K!L!M
QSZRQSlkZ9rVs!QqcXL8TRK!L!OwY2[2WXc�rVs �8TVNP~!cXW�cHTV��TkZkQql9[2Qq~(L!c�Z9ZkQ ¬SK Qql9sBNPWHTmQqL&Gpgic�Q��8TVNPL!M!NPlkM!�(s!c�WX}2Zk}2�(s!c�Q M(Qql
L8K!OwQql9c�Z9rVs!QqL ��LBNPW���Z9c�Z c�Z9T QqcXL!QqL �iWX[2}2lkcHTms!O K!Z«¬qK QSL8T �¥cXrVjPQSW�L �EM!Qql Qqc�L(Q�M!QSl¨K!L(QqL!M!WXc�rVsw�EcXQqWXQqL
OwY2[2WXc�rVs!QSL �AY2ZkK(L![2QqLwNPK(Z �¨�Ps!WXTqG2¿dO M!cXQqZkQSL �iW�[P}2lkcHTms!O¢K(Z�¬SK�TkQqZ£TmQqL t
	!s(l9TpORNPL�NPL!Z9rVs!W�cXQ;�2QSL!M
L8K!OwQql9c�Z9rVs!Qi�«Qql9ZkK!rVs(Q]M(K!lkrVs �Ec�L M(QqL!QSL�QqL!M!WXc�rVs!Q­�E�,QqjUTmlkNPW�MBN�TmQqL NPK!Z ~,Qqj�NPL!LUTkQqL.|�}�TmQqLUTkc NPWXQqL
[PQqL!QSlkc�QSl9T � Qql9M!QqL½G1giNP~�QSc½~,QqL8K(Tm¬{TdO NPL Qqc�L(Q 
 }2l9O K!O M!QqL�¿dL8TkQql9ZkrVs!cXQqMv¬ �¥c�Z9rVs!QqL�M!QqO ~�QCe
j�NPL(L8TkQqL�|>}PTmQSLUTmc N�WBK!L!M M(QqO �¥c�QSM!Qql9s!Qql9[2QqZ£TmQqWXWXTkQqL |>}PTmQSLUTmc N�WB¬qK ~,QqZ£TmcXOROwQqL½G8g�c�QqZ9Qi|pl9}2¬qQSM!K!l
j�NPL(L¸L!cXrVsUT�Zkc�L(L8�P}2W�W¨ZkQqcXL � � QqL!L©O N�L©L(c�rVsUT�~�Q �¨QSc�Z9QqL j�NPL(L ��MBNPZ9ZwNPW�WXQ M!Qql K(L!QqL!M(W�c�rVsJ��c�QCe
WXQqL?�AY2Z9K!L![2QSL � LBNPs(Q � ~�QSc�QSc�LBNPL(M!QqldW�cXQq[2QSL½G 8 LvM!QqO �il£Tmc�j�QqW!B a�yDC �¥cXlkM�~,Q �¥cXQqZkQSL �½MBN�ZkZ­M!cXQqZ9QqZ
opl9[2Qq~!L(c�Z¥Z9Tkc�OwO T �EO NPL.O¢K(ZkZdNP~,Qql�QqcXL!Q_lkQSW N�TkcX�RZkrVs�� N�rVs!Q 
 }PlkO ~,QqL8K(Tk¬qQSL½G
�&K(LB�PrVs!Z£T�¬qcHTmc�QSlkQSL �¥cXlR¬ �¨QSc­NPL!M(QqlkQ���TVN�~!c�WXcXTV��TmZmN�K!ZkZkNP[2QqL&G 8 L Bz`Ua�CdZkrVsB��Tm¬ST�� �2NP~!K!Z9s!jP}JM!cXQ
g�c���QqlkQSL!¬ ¬ �¨QSc�Qql�|�}PTkQqLUTmc�NPW�Q

q1
K!L!M

q2
ORcHT � cXT9TmQqW �¨QSl9T�°�cXL

L2
C
[0, 1]

N�~½G�§¨Qqc�~�QSc�M!QSL¢Zk}PW�W�QSL^M(c�Q
opcX[2QqL�� Qql9TkQ

µn(q)
t
	!ldgicXlkcXrVs!W�Q{TmlmN�L!M!~,QqM!cXL![2K!L![PQqL�NPL�~�QSc�M!QSL��d�PL!M!QSlkL�K!L!MvM(c�Q]opc�[2QSL � Qql£TmQ

λn(q)
t
	!l�gic�l9c�rVs!WXQSTklmNPL!M(~�QSM!c�L![PK!L![2QSL]~,Qqc8°¥K!L!M 
 QSK!ORNPL!LEe ��NPL(M!~�QSM!c�L([2K!L![2QSL^~,QqcBF«~,Qqj�NPL!LUT

Z9QqcXL½G � cXT¥M(c�QqZ9QqL;§¨Qq¬SQqcXrVs!L8K!L![2QSL�~�Q �¨QSc�Z£T�QSl¥M!c�Q_IB}2l9ORQSW
‖q1 − q2‖ ≤ C (‖λ(q1) − λ(q2)‖ + ‖µ(q1) − µ(q2)‖) .

opcXL;N�L!M!Qql9QqZdoplk[2QS~!L!cXZ�Z9TVN�ORO T �2}2L � r;�>N�K![2s!WXc�L?B#aP�DC G1�EcXL!M�M!c�Q � cXTkTkQqW �¨QSl9TmQiM!Qql¥|>}PTmQSL8Tkc NPWXQ
° �BMBNPL!L.Q��EcXZ9TmcXQql£T¥Qqc�L.WX}2j�NPW�QSl�gic���Qq}POR}2l9�!s!cXZkO¢K!Z¨¬ �¥c�Z9rVs!QqL;M!QqL;|�}�TmQqLUTkc NPWXQqL.c�L

L2
C
[0, 1]

K!L!M
IB}2WX[2QqL {λn − n2π2, ρn}

c�L
l2 × l2

� � }2~�QScAM!c�Q {ρn} 
 }2l9ORcXQqlkK(L![2Zkj�}2L!Z£TVNPLUTmQSL;Z9c�L!M&G


 K!L�¬qKxM!QSl0�iK(ZkZmN�[2Q¢�2}2L � NPlkWXQSTkTmN K!L!M 
 QqcXj�NPlkM B#a�yDC G½opZ�Z9Qqc�QSL
q, q0 ∈ L2

C
[0, 1]

jP}POR�!WXQ��8e
� Qql£TmcX[2Qw|�}PTkQqLUTmc�NPW�Q K!L(M

µj(q), j ∈ N
M!cXQ�gic�l9c�rVs!WXQSTkQqc�[PQqL��¨QSl9TkQPG �iK-�2Qql9M!QqO�Z9Qqc�QSL

λj, j ∈ NM(c�Q]opc�[2QSL � Qql£TmQ_¬qK�M!QSO ��NPL(M �¨QSl9Tk�!lk}2~(W�QqO
−y′′ + q(x)y + λy, y(0) = 0, y′(1) = 0.

¦EF



� ��� ��� ��	 � ��� � 	���� � � �

§¨QqcXM!Q­opc�[PQqL��¨QSl9TkQ�Zk}2WXW�QqL ORcHT �ic�QqWHt NPrVs!s!QScXTkQqL [2QS¬	�Ps(WXT � Qql9M!QqL&G@�iLBN�W�}2[¢M(QS�BL!cXQql£T ORNPL
λj(q0)K!L!M

µj(q0)
G

��� ��
�����! 
 ' � '  
 
 ���.���
q
*$���

q0
0 %!���-
6�����������������!� � L2

C
[0, 1]

4 � � �$��4�"������ ��4���� � � ��� ��� %!��&+� (
) ��� ���.��& � aj := |λj(q) − λj(q0)|

*$���
bj := |µj(q) − µj(q0)|

�6��* � ��& �$��4 
 ���.���
ε0 ≥ 0

*$���
N0 ∈ N

()� 
�� ( ) ����� ���2� 
����.��&�� ��� � � � ��� 
�� �������
C
�
���.� ��*$& .����

q0, ε0
*$���

N0
� 3�4 � �$"�� � 
 �

� ��
 
 ���.� ()��� "$�����$� 1 * 
 
;� "$� ( �$&A��� ���
x ∈ [0, 1]

"�� � � �
! 
��

0 ≤ ε ≤ ε0, N ≥ N0
* ���

max{a1, . . . , aN , b1, . . . , bN} ≤ ε,
� �����'"�� � �

∣

∣

∣

∣

∣

∣

x
∫

0

(q(t) − q0(t))dt

∣

∣

∣

∣

∣

∣

≤ Ce‖q‖
(

ε logN +
‖a‖ + ‖b‖√

N

)

.

¦2a
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����� �"!�#$!�%'&)(+*,�"-.!0/�12!�3$� !���14�532� �5!768(+3.(�%�!9-.3:�"#:�"!�3:;,� <=� !0#?>@*�!0AB-:3:; %C#D�E(�3:#$-:!�/"/5!���FG14�5!?#:�5!7�"��,!�%IHJ3$-:�5A+!0/LKNMPORQ�S+TP��UVAR(+WYX !��,A+TC* 3.Z+#$!��[-.�"!�3\-V14�53:��],^?�"!`_a!��,<P!����5�b� !�3VA�TP%�*,/5!9cG!0�adLef!�� !�F�,�5!D�E(�#g>G*�!0A[-.3:;,%h!��"� !�#g>GWYX,3:i@� �5� <+!�3:T+*�!03.(�-:TP3:#j#$!��"�kA+iP� �,!���FP12!�3$� !��C�E(+ef!�� �,; 3:WYXlef!�#$-:�5%C%lm-:!Cno�"!�%�(+� � #$WYX !Cpq/rZ+WYX,!��s*E(+3.(�%�!9-.3:�"#:�"!�3$-�]�^t(�u�;�14�"3:�v!��"� !�_a!��,<P!lwyxzS+TP��no�"!�%�(+� � #$WYX !��p8/rZ+WYX !0�{%��|-o!��5�,�5<P!0�{dL�5<P!0� #:WYXE(R}~-.!��{!0�5� <+!0}�� X 3\-�F�; �[-.!�3t(+� � !03:!�%�#:�"� ��� �"!k�t3:� �B; �,<P!��s(+/"/5!�3��!03:u91�!0�5<P; �,<P#:* ;,� A[-.!�!0� � /"�5WYX�]

�{����� ���7�4��!~�q�`���
��T+3.(+e�14�5!0� !�3$X TP/5!0��14�"34� �5!�>GWYX 3$!��"eB12!��"#:!�F��E(�%��|-V#:�"!)14�"!�� !03J*,3.Z+#$!��[-J14�"3:��] �	�"3Ve�!9-.3:(+WYX[-.!���,!��{>@WYX 3:i@� �5�,<P!�3$TP*�!03.(�-:TP3

L = − d2

dx2
+ q(x) � M,]|�y�

%C�"-D!��5�,!�%
1
m�*f!�3:�"TG�,�5#:WYX,!���68T+-:!��[-.�5(+/

q(x)
; � ��� �"!7�E(+u�;,<P!�X i+3:!��,� !��o�5/"/5<P/"!��5WYXB; �,<

−y′′ + q(x)y = λy � MG]��P�
%C�"-=!��5�,!�%�A�TP%�*,/5!9cG!0��68(+3.(+%C!0-:!�3

λ
]j�	�53=ef!�u0!��"WYX � !���%��|-

y1(x, λ, q)
; � �

y2(x, λ, q)
�,�5!� iP#$; � <P!0�¡u0;a� !0%zno(+� �,12!�3\-.* 3$TPe /5!0%

y1(0, λ, q) = y′2(0, λ, q) = 1,

y′1(0, λ, q) = y2(0, λ, q) = 0.

^J�5!�_aTP� T@� 3$TP%��"!t�5#\-
M(λ) =

(

y1(1, λ, q) y2(1, λ, q)
y′1(1, λ, q) y′2(1, λ, q)

)

. � M,]¢M[�

£ M
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H?;,}�<P3$; � ��� !�3V��3:TP�,#:AB�|m ��� !��[-.�|-YZ�-D�5#$-4�,�5!`^?!0-:!�3$%��"�E(+�[-.!7� �"!�#$!�3J_¡(�-:3:�|c��P]E^?�"!`p ;,� A[-.�5T+�
∆(λ) = 1

2
(y1(1, λ) + y′2(1, λ))

�5#$-4�,�5!)�J�"/5/ m ^?�"#:AB3:�"%��"�E(+�[-.!�]G^?(+#V}�TP/5<P!0� � !7UVX !0TP3:!0%'-.3$�"-f-4!��5�,!7H?; #$#.(+<P!`� ef!�34!��"� !`6q(+3:(+%C!9m-.3:�"#:�"!�3:;,� <k� !�#?>G*f!�A[-.3$; %C#o�,!�#J>GWYX 3$iG� �"� <P!03:TP*f!�3:(�-.TP3$#�]
.0/21�3)4�1�5 687�9:7<;>=*?A@CB:D�E*F�GIH�JLK�D�?A@NM�O�G	P�K�QSR�T�DUG	V�B:DUG�=�FWV*G	?&?UF�QSJXJXFZY�[UDUG	DUQSR\JXQSF]K�DUG_^`DUR�T�D

σ(L) = {λ = κ2|∆(κ) ∈ R,∆(κ) ∈ [−1, 1]}. � M,]baB�
^?!��dc�!012!��"#o}�� 3V�,�5!�#$!�#oUVX !�T+3:!�%z�"%zp (+/5/"!?3$!�!�/"/5!03468T+-:!��[-.�5(+/5!_eE�,� !0-J%b(����"�sK¢MgfyQ FEA�TP%�*,/5!9cG!68T+-:!��[-.�5(+/5!t12!�3$� !��a�5�sK¢MG�0Q F K¢MPMRQ ; � ��K¢M £ Q ef!0-.3:(+WYX[-.!9-�]
H?e�#:T+}�TP3\-4#:!0� �5%C%�!03

λ = κ2 ] dL�5�,!)p ;,� A[-.�5T+� u X !��"h+-4<P!03.(+� !�F 1�!0� �
u(−x) = u(x)

<P�5/|-�]
.0/21�3)4�1�5 6N7"i87AjkQSRlDnmNH�R�E*F�QoV*R

δ(κ)
Q�?UF�T�DURp=�HqKg=�R:RrDUQSRlDns_QStSt � ;uQ�?�E*GIQSJXQSRp=�R:F,D�v<w]DUR:Rx?UQoD

DUQSRlD Tg=�R�y*D T�DUG�=gK�D_mlHzR�E*F�QoV*R\Q�?UFSvkK�QoDA?UQoM�O{=�t|?

δ(κ) = cos κ+
Q

κ
sin κ− Q2

2κ2
cos κ +

f(κ)

κ2
� M,]|fP�

Kg=�G�?UF,DUtSt�DUR}t�~*?�?UF��]s&QoDUG�[UDUQ<Q�?UF
Q
DUQSRlD�EgV*J&Bpt�D��zDn��=*O�tZHzRpK

f
DUQSRlD�Tg=�R�y*D(mlH�R�E*F�QoV*R�v_K�QoD�K�QoD

� D�K�QSR�T�HzR�T�DUR
+∞
∫

−∞

|f(κ)|2dκ <∞,
∞
∑

n=−∞
|f(n)| <∞ � MG] O[�

DUG��IY�tSt�Fo�

d��"� !���c�!91�!0�5#ou�;�� �5!0#:!0%'UVX !�T+3:!�%�e � � !0-o%�(+���5�sKNMC�RQ ]
�J; � 12!�3$� !�� 14�"3�� �"!b&oTP� #\-.3:;,AB-:�5TP� � !�3�&)/5(+#:#$!bw�x e�!0#:WYX 3$!��"e�!0��Fj� �"!�; �,#=#:*EZR-.!�3�� �5!��J�"/5/ m^?�5#$A@3$�5%C�5�E(��B-:!�* (+3.(+%C!0-:3:�"#:�5!03:!0� 14�53$��]��	�"3=ef!�<P�"� � !�� %��|-k&JT+* �5!0� � !�3kA�TP%C* /5! c,!0� dLe�!0� !+F� �5!�14�53�%C�"-

Sn
}�� 3�(+/5/"!

n 6= 0
ef!�u0!��"WYX � !���]<�+!�� !{� �"!�#$!�3�A�TP%�*,/5!9cG!0�	d�ef!��,!�� #:WYX � !0�5� !0�14�537!��[-:/r(+� <�!��"� !�#�>��@#$-:!�%C#`S+TP� #$�5WYX�� �5WYX[-`#:WYX �,!��5�,!�� � !0� <P/r(R-:-.!0�s&);,3$SP!0� %C�"-)ef!�#$WYX 3.Z+�,A[m-.!�3�&73:� %C%=; � <,]8^J�5!�#$! &7; 3$S+!�� #:T+/5/5!0� (+��SP!�3$#:WYX �"!�� !0� !�� !�� �,/5�5WYX,!�� 6L; � A[-:!�� #$-.(+3$-:!�� ; � �(+#��@%C*,-.T+-:�5#$WYX��5�{n4�5WYX[-:; � <�; �,!�� � /"�5WYX�* (+3.(+/"/5!0/�u0; 3t�"%b(+<+�5�EZ+3$!���HVWYX #$!lS+!�3$/r(+;,}�!0��]��	�"3J�,!�XGm%�!0�a(���F �E(+#$#4� �5!7ef!��"� !��a>G!0�"-.!0� SPTP�a(+/5/"!���>GWYX,� �"-$-.!����"���,!�3o_a!0� <P! S = {Sn}n6=0

�5��6q(+(+3:!(+;,}�<P!0#:*E(+/|-.!0�v12!�3$� !���A+iP�,� !���]�^?�"!�#$!�68(P(+3$!C#$TP/5/"!��v#:T�u0; !��"�E(+� � !03)*E(+#:#$!���F �E(�#:#��$!�� !0#�68(P(+3

£ a



�����C���A�	� ��!o
���
,�

(�; #g>G!��|-.!0�C�"� !��[-:�5#:WYX,!�3g>GWYX �,�"-:-:!Ve�!0#$-:!�X[-�]��J;,�lS+!�3$A@/"!�ef!��l14�53p�$!0� !�#�68(P(+3�(+�l� !0�l�5� !0�B-:�5#$WYX !��6L; �,AB-:!��s; � �{%�(+WYX !0� S #:TP%C�"-Ju�;v!0�5� !037no�"!�%�(+� � #$WYX !��vp8/rZ+WYX !�]lc2�5/5�,!���u91�!0�g>G!��|-.!��¡!��5�,!�#>@WYX � �"-$-.!0#t!��"��6q(+(+3�Ff�E(+� �a14�53:�¡�E(+WYX�� !0% ��!03:AB/5!0e�!0��� !037>@-.(+3$-:* ; � A[-t�,�5!�#$!�#768(P(+3$!�#tu0;�!�� m�,!�% <P!012iPX � /"�5WYX !0�{6L; � A[-�]�H?� #$TP� #\-.!��{%�� #:#$!��{#:�"WYX�%C!�X 3J(+/5#ou012!��j>G!��|-.!0�¡SPTP�¡�5� !0�B-:�5#$WYX !��>@WYX � �"-$-.!0��ef!��j�,!�%C#:!�/"e�!0�v6L; � A[-)-.3:!U-�!0��F � �"!�#:!03t14�53$�{�E(+� �vu�;v!0�5� !0%���!�3$u012!��"<P; � <P#$* ; � A[-S+TP� S ]
�+!0� !�3�6L; �,AB-

w ∈ Sn

AR(+� �=}��,3
n 6= 0

%C�"-8� !0% }�� 3j(+/5/"!
n
<P/5!0�5WYX !0�l6�;,� A[-

w ∈ C
�5� !0�B-:�"eEu0�5!03$-12!�3$� !���]E^?�5!0#:!t���,!��[-.��eEAR(�-.�"TP��/5�"!0}�!03$-2!��5�,!JSP!03:u91�!0�5<+-:!��Jef!�3:/5(+<P!03:; � <`SPTP�

C
F,#$�5!J� ! eE�,�5!�3\-D� �"!6L3$T*�$!�A[-.�"TP��SPTP� S (+;,}

C
]

dL�"� !tn4�5!0%b(+�,� #:WYX !Jpq/5Z+WYX ! S <P!0X iP3\-�u0;�� !�3�&7/r(+#$#:!owyx�F[1�!0� � #:�"!J�,�5!4}�TP/5<P!0� � !0�b� 3$!���d��"<P!��@m#$WYXE(�}~-:!��¡!03$}�� /"/"-�]
Q�� S �5#\-j!0�5�,} (+WYX�u�; #:(+%�%C!��,XEZ+� <P!0� �k; � �=(+/5/"!g��!03:u012!��"<P; � <+#:* ; �,AB-:!4XE(+ef!��=!0� � /5�"WYX !V�t3$�Gm�@;,� < ]
QSQ�� S ef!�#\-.!0XB-�(+; #�c�/rZR-:-.!03:��FL�,�5!�%��|- ±n, n = 1, 2, . . .

�B; %C%�!03:�5!03$-l#$�5� ��FL#$T �E(�#:#C� �5!��!�3:u91�!0�5<P;,� <P#:*,; � A[-.!)(+;G} � !�� c�/rZR-:-.!03:�
Sn

;,� �
S−n

u�;,#.(+%C%�!0�,} (+/"/5!��l; �,��� �5!4<P/"!��"WYX !��!�3:u91�!0�5<P;,� <P#:T+3:� �B; � <vXE(�e�!0��]j^?!03l�t*�!03.(�-:TP3
J
F8�,!�3=!0�5� !0� 6�;,� A[-

w ∈ Sn

(+;G}4� !��6�;,� A[-
w ∈ S−n

(+e e �"/5� !9-�F��"#$-)!0�5� !lX TP/"TP%CTP3:* X,!k���BS+TP/5;G-.�5T+��(�;,} S ] c�!��"� !C6L; � A[-.!
wXE(+ef!����E(+ef!�� � �"!�#:!0/5ef!)6L3:T*�$!0AB-:�5TP�a(+;,}

C
]

QSQSQ�� pq� 3�� (+#Xc�/5(�-:-
Sn

! c,�"#$-:�5!�3$!�� }�� 3`} (+#$-k(+/5/"!
n
�@;,3=<P!�%C!��"� #.(�%�!l��!�3$u012!��5<+; � <P#$* ; � A[-.!%��|-k� !�� c�/5Z�-:-:!�3:�

Sn−1

; �,�
Sn+1

]�^?�5!���!03:u91�!0�5<P; �,<P#:TP3$� �B; � <�� �5!0#:!�3C6L; � A[-:!a�"#$-
1; � ��1�!0� �

γn−1

e u91)]
γn

� �5!)6L3:T��$!�A[-.�"TP� !���� �"!�#:!03o6�;,� A[-.!�(+;,}
C
#:�5�,��F �E(+�,�a<P�"/"-

∞
∑

n=1

|(−1)n − γn|n2 <∞. � M,] £ �

�+!0� !�no�"!�%�(+� � #$WYX ! p8/rZ+WYX !{�,�5!�#$!�3a&7/r(+#$#:!v�5#\-a* (+3.(+efTP/"�5#:WYX�FD(+/"#:T A+TP�,}�T+3:% Z	�B; �|S�(+/5!0�B-�u0; 3A�TP%C* /5! c,!0�¡dLef!�� !�]p�J; ��}�TP/5<�-V� �5!)�J(+; *,-.(+; #$#.(+<P!)� !0#JHJ3$-:�5A+!0/5#DS+TP�aUVAR(+WYX,!�� A�T ]
. / 1 3)4�1�5 6N7"6N7k;uQoD�s&QStSt � ;uQ�?�E*GIQSJXQSRp=�R:FWD

∆(λ)
K�DUG�s_QStStbT�t�DUQoM�O�H�R�T0JXQSF DUQSRlDUJ EgV*J&Bpt�D��Cw]DUGIF�Q �

T�DUR�
<V*F,DUR:F�Q�=�t
q ∈ L2

C

JXQSF�
�DUGIQoV�K�D�
0[�QSt�K�DUF K�QoDkEgV*J&Bpt�D��zD]j�[UDURlD]EgV*R � V*GIJ HzRpK Q�? V*J V*G�B:On=�HU�
DUQSRlD � QoDUJ(=�R:R�? M�O:DAm t�~�M�O:D S ∈ ��� =g[ ���	?UF�HzJ>T�D�EgD�O�GIF DUQSRlD � QoDUJ(=�R:R�? M�O:DAm t ~�M�O:D S ∈ ���T�DoT�D�[UDUR�v�? V D��CQ�?UF�QoDUGIF]DUQSR{@NM�O�G	P�K�QSR�T�DUG	V�B:DUG�=�F,V*G	v�? VnKg=*?�? ? DUQSRlD s_QStSt � ;AQ�?�E*GUQSJXQSRp=�R:F,DAK�QoD&EgV*J �
Bpt�D��zD&j�[UDURlDAEgV*R � V*GIJ HzRpK Q�? V*J V*G�B:O{=�HI� S =g[ [�QSt�K�DUFo�

£ f



���������	��
���
����������������������	��� ��!"!$#�%&����'�����
(���)�*�+
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��; �EZ+WYX #\-b#\-.!0/5/5!0� 14�"3C!0�5� �"<P!���TP3$� e�!03:/"!�<P; �,<P!���(+��F�e�!9SPTP3l14�53l� �"!�#$!�#bUVX,!�TP3$!�% e�!91�!0�5#$!���]>G!��
P

!0�5� !`6L3:T*�$!0A[-.�5T+�¡� !03Jn4�5!0%b(�� � #:WYX,!���p8/rZ+WYX ! S (+;,}
C
]fd��"� !��J� �|}�TP3:%C�5#$�5!03:; � <

Φ � ��]NX�]!��5�,!{; � �"}�T+3:%C!¡H?e,e �5/"� ; � <B�lSPTP� !��"� !�3�pq/5Z+WYX ! S ∈ wyx�FD#$T � (+#:#
u = PΦ−1 !0�5� !{<[(�� u�!p ;,� A[-.�5T+� �5#\-�Fq�"#$-ke,�5#k(+;G}4!��5�,! /5�5�,!�(+3$!�pE; � A[-.�"TP� ef!�#\-.�5%C%�-�]q^?�"!�#$! /5�5�,!�(+3$!�pE; � A[-.�"TP� AR(+� �(+;,}�<P3$; � �vUVX !�T+3:!�%�M,] M�#$Ta<+!01�Z+X /"-?1�!03:� !0��F �E(+#:#

u
� �5!lpETP3$% � M,]|fP�JXE(�-�]8�J;,�s}�TP3$� !�3$�{14�53u�; #:Z�-.u0/5�5WYX�FV�E(+#:#

Φ−1 !��5�,!�� 6�;,� A[-�F4� !�3�#$�5WYX !��[-./5(+� < � !�3�*fTP#:�|-.�"S+!��	3:!0!�/"/5!�� HVWYX #$!��E(�WYX; � !��,� /5�"WYX¡ef!012!�<+-�F�(�;,}L!��"� !��¡6L; � A[-t(�e e �5/"� !0-�FE� !�3o#:�"WYX�(+;G}L� !��dc�/rZR-:-.!03:�
Sn

e�!91�!0<+-J}��,3
n<P!�<P!0��;,� !�� �,/5�5WYX�]���#$-�� �5!0#:!2pETP3:� !03:; �,<o!0e�!0�,} (+/"/5# !�3\}�� /5/|-�F0#:To�5#$-�� �"!��J� �|}�TP3:%C�5#$�5!03:; � <�!��5�,� !�;,-:�5<e�!0#$-.�"%�%�-�],�	�"3Ve�!0u�!��"WYX � !0��#:�"!�(�/5# E�=�RlV*R:Q�? M�O:D��2R:Q � V*GIJXQ�?UQoDUGUH�R�T ] ���a� !�3V}�TP/"<P!�� �,!���/5TPAR(+/"!��

c�!0-:3.(+WYX[-.;,� <��"� !��[-:�"eEu0�5!�3$!�� 14�53
Φ−1 %C�"-�� !�3l<[(+�,u�!�� pE; � A[-:�5TP�

u = PΦ−1 ]�>G!0� I(S)
� �5!_a!�� <+!�(+/5/"!�3=6L; �,AB-:!�� !�3lpq/5Z+WYX ! S ∈ w�xCFj� !03:!0� 6L3$T*�$!�A[-.�"TP� !0� �"% ���[-:!�3$S�(+/"/

[−1, 1] ⊂ R/5�5!0<P!���]2&oTP%=e �"� �5!03:!0� 14�"3��B; � � �"!¡UVX !0TP3:!0%�!¡M,]|�¡; � �	MG]��GF�#$T !�3$XE(+/"-:!���14�"3��,�5!a}�T+/5<P!0� � !
c�!�#$WYX 3:!0�5e ; �,<b� !0#?>@*�!0AB-:3:; %C#4� !�3o�o�5/5/"<P/5!0�5WYXB; � <,]
.0/21�3)4�1�5 6N7��27<jkQSRlDA^ DUR�T�D

σ ⊂ C
Q�?UF T�DURp=�HdKg=�R:R Kg=*?u@CB:D�E*F�GIH�J DUQSRlD�?A@NM�O�G	P�K�QSR�T�DUG�V�B:D �

G�=�F,V*G	?>JXQSF�DUQSRlDUJ 
�V*FWDUR:F�Q�=�t
q ∈ L2

C

K�DUG 
�DUGIQoV�K�D 
*v w]DUR:R

σ = {µ ∈ C|µ = Φ(w)2, w ∈ I(S)} � MG]|�[�
T�QSt�F�v w]V�[UDUQ

Φ
K�QoD&E�=�RlV*R:Q�? M�O:D��2R:Q � V*GUJXQ�?UQoDUGIH�R�T
	�V*R S Q�?UF��

d��"�a��TP3\-.!0�5/ � �"!�#:!0#?HJ� #.(�-:u�!0#tT�-�!��BeE(+3\-t#:�"WYX�F 1�!0� ��%�(+�¡AB/5!0�5� !�>@-:iP3:; �,<P!��¡S+TP�{6�T+-.!0�B-:�r(+/"!��e�!9-.3.(�WYXB-:!0-�] dL�5� !03:#$!��"-:#�A�iP� � !0��14�53�}�� 38�$!0� !�#�e�!0/5�5!0e �5<+!J6�T+-.!0�[-.�r(�/�!0�5� �"<P!J>GWYX � �|-:-.!J!0-�1�(+#DSP!03\m/rZ+� <+!�3:��FG; % !��"� !7n4�5!�%�(+� �,#:WYX !7p8/rZ+WYX !?u�; !�3$XE(+/|-.!���F,ef!����,!�3VA+!0�5� !t��!03:u91�!0�5<P; �,<P#:* ;,� A[-.!)�5��E(+#7���[-.!03$S�(+/5/
[−1, 1] ⊂ R

* 3:T*�$�"u��"!�3$-J1�!03:� !0��] ^?�"!�#:!0#7��!�3$} (�X 3:!0�su0!��"<+-�F�� (+#:#7�E(�#`>G*�!0A[-.3:;,%!��5�,!�#j-,�@* �5#$WYX !��b>GWYX 3$iG�,�5� <P!03:TP*f!�3:(�-.T+3:#jA�!��5�,!?>@* �"-:u�!��l!0�B-:XEZ+/|-�]+HJ� � !03:!�3$#:!0�"-.#�AR(+� �l%�(+�k(+;,WYX� �5!�dL� � !0��!0�5� �"<P!�3 >GWYX � �|-:-.!�/"!��5WYX[- #\-.iP3$!���F�; % #:To!��5�,!�pq/rZ+WYX,!Lu�;`!�3:X (+/"-:!���F�}��,3 � �5!
γn = (−1)n}�� 3�} (+#\-o(+/5/"!

n
<P�"/"-�]B�	�"3:� � �"!�#VA�TP%=e �"� �5!03$-D%C�"-�AB/5!��"� !���>B-.iP3$; � <P!0���,!�#4^?�"3:�5WYX,/5!0-:#:*f!�A[-.3$; %C#�F#:TCA�(�� �¡%�(+��� �5!0#4e�!0�@;G-.u�!0��Ff; %zu�;au�!��"<P!���FE�E(+#:#o� �"!�6�T+-.!0�[-.�r(�/5!7%C�"-4!��,� /5�"WYX�S@�5!0/5!0�dcD(�� �Gm/5� WYA�!���� �5WYX[-o�5%InJ(+;,%z(+/5/"!�3�68T+-:!��[-.�5(+/5!

L2
C
[0, 1]

/5�"!�<P!0��]
�J; ��� !�X %C!���14�53)u012!��gA+TP�G}�TP3:% Z	�B; �|S+(�/5!��[-:!�p8/rZ+WYX !0� Si ∈

wyx
, i = 1, 2

F ��]NX�] !�#�!9cG�5#\-.�"!�3$-!��5�,!a�"�*�$!�A[-.�|SP!a(+�E(+/��B-.�5#$WYX !¡HJe e �"/5� ; �,<
Ψ : S1 → S2

]2>G�"� �
Φ1

; � �
Φ2

�,�5!�A�(�� TP� �"#:WYX !0�
�J� �|}�TP3:%C�5#$�5!�3$; � <P!0�¡SPT+� S1

e u01)] S2
F�� (+� �s�5#$-)�,�5!lpE; � A[-.�"TP�

w = Φ2ΨΦ−1
1

!0�5� !kA�TP�,}�TP3$%�!H?e e �"/5� ;,� <t� !03jA+TP%C* /"!9cG!��ldLef!�� !4(+;G}�#$�5WYXk#$!�/5e,#$-�FR1�T+e�!0� ; � !0� � /5�"WYXk!��"�lpq�|cG* ; �,AB-j�5#$-�]P>@TP%��|-/rZ+#$#$-o#:�"WYX
w
#:WYX 3$!��"e�!0�{(+/5#

w = aλ + b
]fpq� 3��$!�� !0#

z ∈ C
! c,�"#$-:�5!�3\-o!��5�,!��o%�<P!0e ; � <

Vz
; � �!��5�,!)p ;,� A[-.�5T+�

ψz

FE� �"!t�5�
Vz

(��E(+/"�B-:�5#:WYX��"#$-�F,#:Tl�E(+#$#
ψ′

z(z) 6= 0
; � �

δ2(aλ+ b) ≡ ψz(δ1(λ))}�� 3
λ ∈ Vz

<P�"/"-�]8>GWYX,3:!��"e�!0� 14�53��,�5!�#=(+� (+/5/"!���A@3$�"-:�5#:WYX,!�� 6L; � A[-.!0� S+TP�
δ1(λ)

F8� (+� � u�!0�5<+-� �5!0#:!
�7/5!0�5WYX X,!��"-�FE�E(+#$#?� �"!0�o; /5/"#$-.!0/5/"!�� %C!�� <+!���SPTP�
δ′2(aλ + b)

; � �
δ′1(λ)

u0; #.(+%C%C!��,} (+/"/5!0��F

£ O
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12!��,� %�(+� � �5!��t�"!�/"} (�WYX X !��|-.!0��%C�"-Ce�!03:� WYAB#$�5WYX[-.�"<+-�]]c�!0-:3.(+WYX[-.!9- %�(+��u0; #.Z�-:u�/"�5WYX � T@WYX � �"!(�#��@%�*G-.T+-:�5#:WYX,!��)��!�3$-:!��"/5; � <+!��)� !�32�o; /5/"#$-:!�/5/"!��tef!��"� !�3 pE; �,AB-:�5TP��F�� �5!�(�; # � M,]|fP��}�TP/"<+-�F9#:To!�3$<P�5eG-#$�5WYX
a = 1

; � �
b = 0

] >GT+%��|-?�"#$-
δ′2(λ)/δ′1(λ)

!��"� !�<[(�� u�!lpE; � A[-:�5TP��T+X � !X�o; /5/"#$-.!0/5/"!���Ff(+/"#:TA�TP� #\-Y(+�[-�]o^t( #$Ty12TPX /
δ1

(�/5# (+;,WYX
δ2

�,�5!vpETP3:% � MG] fP�bX (+e�!0��FD%=�,#:#:!0� #$�5!��"� !��[-.�"#:WYX #:!0�5�;,� � � �5!b_a!0� <P!�� � M,] �[� F�� �"!�� ;,3:WYX A+T+�,}�TP3:% Z	�B; �|S�(+/5!0�B-:!bp8/rZ+WYX !0� � !UeE� �"!�3$-�1�!03:� !0��Fq} (+/"/5!0�u0; #.(�%�%C!���]GH?/"#:Tk�5#\-D� �"!76q(�3.(+%C!0-:3:�5#$�5!03:; � <�� !�3o>@*�!0AB-:3:!0�a(�; #VUVX !�T+3:!�%IM,]ba=�5�[S�(+3:�5(+�[-D; �[-:!�3A�TP�,}�TP3$%�!0�aHJe e �"/5� ; �,<P!���]
���C� !03�� (+X / S+TP�b>GWYX � �|-:-.!0��F[� �"!

Sn

� ! eE�,�5!�3$!���F[X (+e�!0�C14�"3L!��"� !��l<P!914�5#:#$!��bp 3$!��"3.(+; %�FR#:TPeE(�/5��,�5!C>@-.(+3$-:* ; � A[-.!C<P!91DZ+X,/"-714; 3$� !���] dL�"� !kAB/5!��"� !k/5T+A�(�/5!��J� � !�3$; � <�!��"� !�#`>GWYX,� �"-$-.!�#0F � �5!=#$�5WYX�,�5WYX[-�%C�"-j� !�%�>B-Y(+3\-.* ; �,AB-2� ef!�3$#:WYX � !0�5� !9-�F@* 3:T@� ; u0�5!03$-�!��"� !4A+TP�G}�TP3:% Z �@;,�"S�(+/5!0�[-.!ono�"!�%�(+� �Gm#$WYX !�pq/rZ+WYX,!7; � ��#:TP%C�"-D� �5!t<+/5!��"WYX !`_a!0� <P! � M,] �[�Y]E^?�"!�#4!�3$/r(+; eG-V; � #0F } (+/5/"#�� i+-:�5< F >GWYX � �|-:-:!`�"�
Sn

� ; 3$WYXl&);,3$SP!0�l%��|-qu0; #.(+%C%C!��,} (+/"/5!0� � !���dL� � * ; �,AB-:!��Cu�;k!03:#:!9-.u0!���]P��% >G*f!�u0�5!�/"/5!0��A+i+� � !��14�"37(+� �,!�X %C!���F � (+#:#t}�� 3t} (�#$-)(+/"/5!
n
� �5!k6L; �,AB-:!C(+/5/"!�37>@WYX � �"-$-.!l(+;�hP!�3$XE(+/5e{!0�5� !0#7<P!��B� <+!�� �<+3:TChP!0�¡&73$!��5#$!�#o(+;,}8� !03o3$!�!0/5/5!0��HVWYX #:!`/5�"!�<P!0��]

�J(+ef!�� 14�"3�� �"!�>@WYX � �"-$-.!
Sn

}��,3�(+/"/5!
n 6= 0

e,cG�5!03$-�F8#$T¡A+i+� � !�� 14�"3�(�; WYX � �"!b68(P(+3:e,�5/5�,; � <!9-�1D(�#�S�(+3$�5�"!�3:!0��]DdL�"� !¡�g(+3$�r(�-:�5TP� � !�3�68(P(+3:e,�5/5�,; � < * 3$TG�,; u��"!�3$-�A+TP�,}�T+3:% �,�5WYX[-YZ	�B; �|S�(+/5!0�B-:!p8/rZ+WYX !0��%C�"-8SP!03:#:WYX,�5!��,!�� !0��_a!�� <+!�� � M,] �[� ][��% �EZ+WYX #\-.!���H?e #$WYX � �|-:-�1�!03:� !0��14�"3L!��5�(c�!0�5#$* �5!0/X,�5!�3\}�� 34(+� <+!�ef!���]
�o%�� �"! TPe �5<+!�c�!0-:3.(+WYX[-:; � <su�; #:(+%�%C!��,u�;,} (+#$#:!0��F�A+iP� �,!�� 14�"3=#.(�<P!���FL� (+#:#C(+/"/5!�%CiP<P/"�5WYX !0�>@*�!0AB-:3:!0�¡!��"� !�#J>GWYX,3:i@� �5� <+!�3:T+*�!03.(�-:TP3:#7�	�|�)*E(+3:(+%�!9-.3$�5#:�"!�3\-V#:�"� ��� ; 3:WYXa� �5!)&7/5(+#:#$!`w�xC]

�{��
v� �	��
 ����
 � ! �
�o%h�E(+#gUVX !0TP3:!0%�M,] a)u0;CS+!�3.(�� #:WYXE(�; /5�"WYX !���FB12!�3:�,!���14�"3L�B; �b!0�5� �"<P!Vpq/5Z+WYX !���(+; #�� !03g&)/5(+#:#$!w�x�e�!9-.3:(+WYX[-.!�� ;,� � � �"! _a!0� <P! � M,]|�P�)ef!�#\-.�5%C%C!���F � �"!CS+TP� � !�3��$!012!��"/5�5<+!�� p8/rZ+WYX !C!�3$u�!0; <+-14�"3:��]
� 1���������1��>6N7��N7u@NDUQ

Sn
�IYzG

n 6= 0
K�QoDnEgV*J&Bpt�D��zD(j�[UDURlD�v�T�D�? M�O�R:QSF�FWDURrDUR:F�t�=�R�T K�DUGn@)F�G�DUQ � DUR

c−n = (−∞, 1]
HzRpK

c+n = [1,∞)
=�HI�nK�DUG0G	D�DUtSt�DUR��_M�Og? D�� ��QSG0E*t�D�[UDUR R:H�RqK�QoDAT�DoT�DUR:Y�[UDUGUt�QoD �

T�DURpK�DUR @NDUQSF,DUR 	�V*R 
�=g=�G	DUR{y�H ?�=�JXJ DUR�v
(c+1 , c

+
−1)
v
(c−2n+1, c

−
2n+2)

v
(c+2n+2, c

+
2n+3)

�IYzG
n ≥ 0

v
? V*w QoD2�IY�G

n ≤ 0
K�QoD�
�=g=�G�D

(c−2n−1, c
−
2n−2)

v
(c+2n−2, c

+
2n−3)

�+@NV*JXQSF DUG	O�=�t�F,DUR�w QSG K�QoD � QoDUJ(=�R:R �
? M�O:DAm t�~�M�O:D>K�DUG_mNH�R�E*F�QoV*R

arccosw = −
w
∫

1

1√
1 − t2

dt,

£P£
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K�QoD�QSR 	�DUG	?ny�H
δ(κ) = cos κ

Q�?UFo� �&tSt�D � DUG�y�w]DUQ�T�H�R�T*?,BpH�R�E*FWD(O�=g[UDURrK�QoD���G�K�R:HzR�T 
 H�RpKxKg=
γn = (−1)n �IY�G0=�tSt�D n 6= 0

T�QSt�FSvZQ�?UF�K�QoD���t�DUQoM�O�HzR�T � M,] £ � V��_DUR�?UQoM�O�F�t�QoM�O\DUGS�IY�tSt�F��
� 1 ��������1��k6N7	�N7 � QSGuJ V�K�Q 
�y�QoDUG	DUR K�QoD�V�[�Q�T�D��XV*R�?UF�GIHgE*F�QoV*R DUF�wZ=*?uH�RpK�DUG�? DUF�y*DUR K�QoDu@NM�O�R:QSF�FWD

c−n
HzRpK

c+n
K�HzG	M�O

c−n = (−∞,−γ−|n|]
[�y�wZ�

c+n = [γ+
|n|,∞)

v]w]V�[UDUQ
γ±n > 0, γ−2n−1 = γ−2n

H�RpK

γ+
2n = γ+

2n+1

�IY�G
n ≥ 1

T�QSt�F�� �&H�
 DUG�K�DUJ�? V*tSt � M,] £ � DUGS�IYztSt�Fk? DUQSR JXQSF γ2n = γ+
2n, γ2n+1 = γ−2n

�
^\QSFNK�DUR0T�t�DUQoM�O:DUR 
�=g=�G	DUR 	�V*R�@NM�O�R:QSF�FWDURnw QoDZQSR � DUQ�?,BpQoDUt�� ���_Q�?UF S DUQSRlD � QoDUJ(=�R:R�? M�O:D�m t�~�M�O:D
K�DUG��>t�=*?�? D ��� HzRpK =�tSt�D � DUG�y�w]DUQ�T�H�R�T*?,BpHzR�E*F,D&O�=g[UDUR���G�K�R:H�R�T 
g�

� 1 ��������1�� 6N7��+7 ��QSG wZ~*O�t�DUR y�w]DUQuTg=�R�y*D ��=*O�t�DUR
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; %

γm
#$TP/5/8� !��6�;,� A[-

(−1)m !��[-.XE(�/"-.!0��] _��"-
cm

ef!�u0!��"WYX � !��v14�53J!��"� !=!��"�,} (+WYX !k#\-.3:(+X /5!0�E(+3\-.�5<+!�&7; 3\SP!+F �,�5!�5�
γm

ef!�<+�5� �[-�; � � �,!�3:!0� 6L; � A[-.!�(+;�hP!03:XE(+/"esS+TP�
dm

!��[-�12!�� !03l(+;,}�*�TP#$�"-:�"SP!0� T@� !�3`� !0<[(Rm-.�"S+!�� 3$!�!�/"/5!0� >@-.3:(+X /5!0� /5�"!�<P!0��]����
Ω− /"�5!0<+-

∆(κ)
�E(+X ! ef!��

cos κ
; � � (+;G} �$!0� !�%

cm
/"�5!0<+-�@;,3`!0�5�sAB3:�"-:�5#$WYX !�3t��!�3\-

γm

] ^?!0#:XE(+/"e �"#$-)� �"!C_a!�� <+!
lm = {κ |∆(κ) ∈ cm,∆(κm) = γm}!��5�,!b!��"�,} (+WYX !�&);,3$SP!b�5�

C
Fq� �"!�(+;,#=u012!��D#\-.3:(+X /5!0�E(+3\-.�5<+!�� (��E(+/"�B-:�5#:WYX,!�� &7; 3$S+!�� %C�"-�� !�%km#:!�/"e�!0�¡dL� �,* ; � A[-

γm

<P!�e �"/5� !9-D14�53$��] ^?�"!�#:!`&7; 3\SP!)�5#\-?(�#��@%�*G-.T+-:�5#:WYX�<P/"!��"WYX {κ | � D κ = m} ]^t(+#D#\-.3:!0�"}�!0�E(+3$-:�5<P! �7!�e �"!0-
Πm+1

FG�E(�#�SPTP� u91�!0��(+;G}�!��5� (+� � !03$}�TP/"<P!�� �,!�� &7; 3\SP!��
lm

; �,�
lm+1e�!0<P3:!0� u0-414�53$��F !0�B-:XEZ+/|-4A+!��"� !`A@3$�"-:�5#:WYX,!��a6�;,� A[-.!7SPTP�

∆(κ)
]

pq� 3 <P!�3:(+� !0#
m > n

� !�X,%�!0��14�53 �B; ��u012!��@A+TP%C* /"!9cG!�dLef!�� !0�
Sm

; � �
Sm+1

F��,�5!�#$!2#$WYX � !0�5� !0�14�53t!0�B-:/r(+�,< � !��s&7; 3$S+!��
cm−1 ∪ cm

e u91)]
cm ∪ cm+1

F�}�� 3
m < −n #$!��

S−m = Sm

] ^?; 3$WYX

���



��� ���������\���	� % ����' ����
(���)���p
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∆(κ)
14�"3:� �,!�3�>@-.3$!��"}�!0�

Πm

(�;,}
Sm

(+e,<P!�e �"/5� !9-�] ��#\-
a ∈ Sm

!0�5�se�!0/5�5!0e �5<+!�3)6L; � A[-�F #$T¡�5#\-�,�5!¡HJ� u�(�X /?� !03
a
m�6�;,� A[-.!�SPT+�

∆(κ)
�5�

Πm

!�� � /"�5WYX ;,� � <P/5!0�5WYX � !�3C�	�5� � ;,� <P#:u�(+X /oSPTP�
∆(κ) − a

(�;,}V� !0% no(+� � !0�5� !0#
�7!�e �"!0-:!�# {κ | | �UJ κ| < N, κ ∈ Ω−} }�� 3�<P3$TChP!0#���]8^t(
Πm+1

(+# �@%�*,-:T+-.�"#:WYX u0; {κ |m <
� D
κ < m + 1} �"#$-�; � �

∆(κ)
� (+X !�ef!��

cos κ
/"�5!�<�-�F �5#\-�,�5!�#$!7�	�5� � ;,� <P#:u�(+X /L�P]f>@TP%��|-D14�53$�

Πm

� ;,3:WYX�� �5!`pE; � A[-.�"TP�
∆(κ)

A+T+�,}�TP3:%I; � ���5#:T+%�TP3$* X(�;,}
Sm

(+e <P!0e �5/"� !0-�; � � !�#l!9cG�5#\-.�"!�3$-=!��5�,! �5�[SP!03:#:!�pE; � A[-:�5TP�
φm(κ)

Fj� �"!
Sm

A+T+�,}�TP3:% ; � ��"#:TP%CTP3$* X�(+;,}
Πm

(+e,e �5/"� !0-�]
�o% �,�5!�&JTP� #\-.3$; A[-.�5T+� � !�3

Sm

u0; SP!03$S+TP/5/"#$-YZ�� � �5<+!�� ef!0-:3.(+WYX[-:!�� 14�53 |m| ≤ n
]
Ω+ #$!��g�E(+#

�7!�e,�5!0-�F��E(+#)� ;,3:WYX
ln

; � �
l−n

ef!�#$WYX 3.Z�� A[-��"#$-�F�� �5!0#:!0#)14�"3:�v� ; 3$WYX
∆(κ)

(�;,}��,�5!kA+T+%�* /"!9cG!dLef!�� !�Fj� �"!b!��[-:/r(+� <
cn

<P!�#$WYX � �|-:-.!0� �5#$-�Fq(�e <P!�e,�5/5�,!0-�] ��#\-
a 6∈ cn

F8�E(+� � �"#$-�� �5!�H?� u�(+X /��,!�3
a
m�6L; � A[-.!��"�

Ω+ <P/"!��5WYX�� !�3`�	�5� �,; � <P#$u�(+X /gSPTP�
∆(κ) − a

(+;,}4� !0% no(+� ��!��"� !�# �7!�e,�5!0-:!�#
{κ | | �UJ κ| < N, κ ∈ Ω+} %C�"-&� <P3:T�h�<P!��B; <,]�^?�"!�#:!=�	�"� � ; �,<P#:u�(+X /q�"#$-

2n
F��E(

Ω+ (+#��@%km*G-.T+-:�5#:WYX�u0; {κ | − n <
� D
κ < n} �5#\-�]GH?/5#$Tl�5#$-

∆(κ)
!��"� !

2n
m 1�!03$-:�5<P!7pE; �,AB-:�5TP� �"�

Ω+ ; � �Z�X � /5�"WYX !=HJ3:<P; %C!��[-:!ku�!��"<P!���F��E(+#$#)!�#
2n − 2

6�;,� A[-.!l<P�5eG-t%C�"-
∆(κ) = γn

F�12!��,��%�(+��� �"!�?�5!0/"} (+WYX X,!��"-:!���%C�"-Vef!�3$� WYAB#:�5WYX[-:�5<+-�]
�	�"3�}��,X 3:!0� �B; �

2n
&JT+* �5!0� � !03¡A+T+%�* /"!9cG!�� d�ef!��,! %C�"-�SP!03:#:WYX,�5!��,!�� !0� #\-.3:(+X /5!0�E(+3\-.�5<+!��>@WYX � �"-$-.!0��!0�5��]G^?�"!)>GWYX � �|-:-:!t#:TP/"/5!0��}�� 3 �$!0� !7&oTP* �5!J<P/5!0�5WYX�#$!��"� ; � � ef!����,!�� AB3:�|-.�5#$WYX !�����!�3 m-:!��

∆(κm) = γm, ∆′(κm) = 0
#$-.(+3$-:!���]��	�53t�B; %C%�!03:�"!�3:!0��� �"!�#:!l&oTP* �"!��{%C�"- ±1, . . . ,±n;,� �=}�� <P!0�=u�; #:Z�-.u0/5�"WYX !4>GWYX �,�"-:-:!�!0�B-:/r(+�,<

cn
X �"� u�;�] ��; #:(+%C%�!0��%C�"-8� !�38TPe �5<+!���c2!�#:WYX,3:!��"e ; � <}��,3 |m| > n

�"#$-4� �"!�#4� �5!tS+TP/5/"#$-.Z+� � �"<P!Ac�!0#:WYX 3$!��5e,; � <b�,!�3J_a!��,<P! S = {Sm}m6=0

]
^J�5!kpE; � A[-:�5TP�

∆(κ)
e �"/5� !9-?!0�5� !��J%C<P!�e ;,� <

V ⊂ Ω+ SPTP�
κn

�5�*�$!0AB-:�"Sa(+;,}�!0�5� !��J%C<P!�e,; � <
W ⊂ Sn

S+TP�
γn = ∆(κm)

(+e�] �	�"3V� ! e � �5!03:!��a�5�
Sn

� �"!`u0;
∆(κ)

�"�[SP!�3$#:!�p ;,� A[-.�5T+�
φn(w)

F#$T �E(+#$#
φn(w)

;,� �
φn+1(w)

� �"!�ef!���� !�% ��!�3$u012!��"<P; � <P#$* ; � A[-`/5T+A�(�/ (+�E(+/��@-:�5#$WYX !kpE; � A[-.�"TP��,! eE� �"!�3$!���F�� �"! e�!0�D� !�% ��; #.(+%C%C!�� AB/5!0e�!0� � !�3l<P!0<P!��B� ef!�3$/5�5!0<P!��,� !���>G!��|-.!0� S+TP�
cn

�"�
Sn;,� �

Sn+1

!0�[-.#$-:!�X[-�]fH?;�hP!�3$� !�%'#$!��
φ−n(w) = −φn(−w)

]
p8� 3

m = ±1, . . . ,±(n − 1)
� !UeE� �"!�3:!0� 14�53��5% �7!�e �"!0-

W ⊂ Sm

*E(P(+3\1�!0�5#$!�SP!03:#$WYX �5!0� !�� !(��E(+/"�B-:�5#:WYX,!�pE; �,AB-:�5TP�,!��
φm(w)

F��"�BS+!�3$#�u�;
∆(κ)

F � �"!k1�!0� !�3`%��|-
φn(w)

� TGWYX�%��|-
φ−n(w)u0; #.(�%�%C!��,} Z�/5/"-�]9�	�"3�A+i+� � !��

φm(w) = −φ−m(w)
(+� �,!�X %C!���F��E(

∆(κ)
!��5�,!j<P!�3:(+� !gpE; � A[-:�5TP��"#$-�] �+!�� !0# �)!0e �5!9-

Sm
�"#$-L!0�5�,} (+WYXlu0; #.(+%C%C!�� XEZ�� <P!��,�C;,� �k14�53jA�iP� � !0�A�$!0� !4pE; � A[-.�"TP�

φm(w)(�/5#V!��"� � !0;,-.�"<P!)(+�E(+/��B-.�5#$WYX !`pE; � A[-.�"TP��(+;,}
Sm

}�TP3$-:#:!9-.u�!0��]
�J(+WYX	� !�3 T+e �5<P!0� &JT+� #$-:3:; A[-.�"TP�	�5#\->�$!��,!�% c�/5(�-:-

Sm

!0�5� !�p ;,� A[-.�5T+�
φm(w)

u�;,<P!�TP3$� � !9-�F�,�5!
Sm

A+TP�G}�TP3:% ; � �{�"#:TP%CTP3:*,X�(+;,}g!0�5��!0e�!0� !�#��7!�e �"!0-
Πm

(�e e �5/"� !0-�F �E(+#tA�!��5�,!kA@3$�"-:�5#:WYX,!��6L; �,AB-:!oS+TP�
∆(κ)

!��[-.XEZ�/"-�]+H?/5/G� �5!0#:! �7!�e �"!0-.!
� *�� (+#\-.!03:���V� �5!VA�TP%�*,/5!9cG!odLe�!0� !+F[�,�5! �73:!��,u�!���,�5!�#$!�3���6��E(+#$-:!�3:#\-.!0�5� !��l#:�"� �v� �5!�c��5/"� !�3oSPTP� >GWYX � �|-:-:!���] p (+#\-)(+/"/5!=6�� (�#$-.!03:#\-.!��"� !l#:�"� �v#$-.3$!�� m

�,�
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}�!��E(+3\-.�"<P! �7!�e �"!0-.!�FP� �"!4�?(+/"e #$-:3:!��|}�!��l#:�"� �kSP!03:AB�B� *,}~-V(��C%C!�X,3$} (+WYX !0��AB3$�"-.�"#:WYX !0�b6L; �,AB-:!���� !�3p ;,� A[-.�5T+�
∆(κ)

]E� !0� �¡14�534�E(�#?<P!0#.(+%�-:!=_�; #$-:!�3?ef!0-:3.(+WYX[-:!���F�#:Tb�"#$-o� �"!�#:!0#?# �G%C%C!0-.3$�5#$WYX¡�5�
c�!�u0; <¡(�;,}

κ = 0
] dL#�Z+� � !03$-`#:�"WYX %C�"-k�$!0� !�3�^?!9}�TP3:%�(�-.�"TP�{� !03�>@WYX � �"-$-.!�F8(�e�!03`�,�5!lH?� u�(+X /� !�3?&)�,T+-.!0��e /5!0�5e,-J<P/"!��5WYXa� !�3JH?� u�(+X /�� !�3JAB3:�"-:�5#$WYX !��v6L; � A[-:!�SPTP�

∆(κ)
]�>GTP%C�"-?Z+� � !03$-?� �5!^?!0}�TP3$%b(R-.�5T+� � �5!`>@-:3:; A[-:; 34� !�#J_a; #\-.!03:#?�,�5WYX[-4<P3:;,� � /5!0<P!��,��]

^?!�34/5!9-.u9-.!`>GWYX 3$�"-$-4� !�34&oTP� #$-:3:; A[-:�5TP� SPT+� S �"#$-o(+/"/5!7>@!��"-:!�� SPT+�¡(+/"/5!0��>GWYX � �|-:-.!0�au0;�*E(+#:#$!��Gm� !��s6q(+(+3:!0��u0; #.(+%C%C!�� u0;,} (+#:#$!���] dL#7�"#$-7� �"WYX[-)� e�!03:3:(+#:WYX !0� ��F �E(+#$#)�E(+#7H?;G}~-.!��"/5!0�{�5�v6q(+(+3:!� ; 3:WYX{�,�5!kpE; � A[-:�5TP�
∆(κ)

e�!0#$-:�5%C%�-J14�"3:��] �	�53J#$-.(+3$-:!��{%C�"-J� !�3?��!03:AB�B� *,}�; �,<�S+TP�{<P!0<P!��Gm� e�!03:/"�5!�<+!�� � !0�a>G!��|-.!���SPT+��>GWYX,� �"-$-.!���}�� 3
2m ≥ n

] �o� �au91D(�34S+!�3$A@�B� *G}�!��¡14�"3V� �5!�>GWYX �,�"-:-:!+F� �5!�(+#��@%C*,-.T�-.�5#$WYX u�;
[1,+∞)

(+;G}
S2m

; � �
S2m+1

#:�"� � %C�"-`� !0� !���F8� �5!b(+#��@%C*,-.T�-.�5#$WYX u�;
(−∞,−1]

(�;,}
S2m+1

;,� �
S2m+2

#:�"� ��] pq�,3
2m ≤ −n !�3:#$!0-:u�!��s14�53t� (+#7!�3$#$-.!l68(P(+37� ;,3:WYX

S2m
; � �

S2m−1
FE� (+#4u012!��"-:!`6q(P(+34� ;,3:WYX

S2m−1
; � �

S2m−2
]

>G!��
c
!0�5��>GWYX � �|-:-`�5�

Sm

}�� 3
0 < |m| ≤ n

F � !037}�� 3
m = ±n � �"WYX[-�%C�"-

cn
u�; #:(+%�%C!��G} Z+/5/|-; � �

w ∈ c
#$!��D� !03C>@-Y(�3$-.*,; � A[-�]�pq�,3

κ ∈ Ω+ %��|-
∆(κ) = w

<P�"/"-��E(+� �
∆′(κ) 6= 0

;,� �
φm(w)

�"#$-D(+/5#g!��"� � !�;G-.�5<+!?(+� (+/"�B-.�"#:WYX !?pE; � A[-.�"TP�b!0�B-:/r(+�,<�!��"� !�#�c�TP<P!0� #D(+;G}
c
�"�BS+!�3$#Du�;

∆(κ)}�TP3$-:#:!0-:u�eE(�3�]�>GTP%C�"-V! cG�5#$-:�5!03$-J!��5�
p = p(m)

F #:Tb� (+#:#o� �5!0#:!�pETP3$-:#:!0-:u�; �,<b/5T+A�(�/�%��|-
φp(w)

u�;Gm#.(+%C%�!0�,} Z+/"/"-�]0dL#8<+�5e,-�(+/"/5!03:� �"� <P#�A�!��"� !���(+� � !03:!��`� !03$-
q = q(m)

%C�"-�� !�3$#:!�/"e�!0�=dL�5<+!�� #$WYXE(�}~-�F�E(�#:TP�,#$-
φp

; �,�
φq

�5�¡!��5�,!�3 �o%�<P!0e ; � <�S+TP�
w

u�;,#.(+%C%�!0�,} (+/"/5!��a14� 3:� !0��F�1�Z+X 3$!�� �s#:�"!=�5�� !�37HJ�,} (+� <P#$; %C<P!�e ;,� < SPTP�
γn
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��; #.(+%C%C!�� AB/5!0e�!0� (+/5/"!�3k68(P(+3$! /5�5!9}�!�3\-k; � #l!��"� !�n4�5!�%�(+� �,#:WYX !pq/rZ+WYX,! S ∈ wyx
%C�"-�!0�5� !03�!��5�[12!�3\-.�5<+!���pE; �,AB-:�5TP�
Φ
FB� �"!4�5�[SP!03:#gu�;

∆(κ)
�5#\-�]B^?�"!od��"<P!��,#:WYXE(�}~-

QSQ�� �"#$-oZ	�B; �|S�(+/5!0�B-Du�;
∆(−κ) = ∆(κ)
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�[�



����� � ����� �������A!S�����U����
 �C��� % ����' ����
(���)���p
,�

p8/rZ+WYX !b!��5��Fq� �"!b�5�}c2!�u�;,<v(+;,} QSQ�� #��@%C%�!9-.3$�5#:WYX �"#$-�]j^t(+�,� S+!�3$#:WYX �"!�ef!�� 14�53�u0; #.ZR-.u�/"�5WYX � �"!��!03:u91�!0�5<P; �,<P#:* ;,� A[-.!�(+;,}
Sm

}�� 3 |m| > n
/5!��"WYX[-�F,e,�5#D� �"!_c�!0� �5�,<P; � < � M,] £ �2!�3\}�� /5/|-��"#$-�],^?�5!0#:!��!03:#$WYX �5!0e ; � < 14�53:�	� ;,3:WYX !��5�,!

ε
m�^?!0}�T+3:%�(�-.�"TP��� !03�no�"!�%�(+� � #$WYX !�� pq/rZ�WYX !¡SPT+�

arccoswS+TP/5/"u�TP<+!���]L^J�5!�no�"!�%�(+� � #$WYX !�pq/rZ�WYX !�14�53$� #$Ts�,!0}�TP3$%��"!�3$-�Fj�E(+#$#C(+/5/"!b��!�3$u012!��5<+; � <P#$* ; � A[-.!
γm

!0�5�,} (�WYXae /"!��"e�!0� ; � ��� �5!uc�!0� �5�,<P; � <

|1 − γ0| +
( ∞
∑

n=1

|(−1)n − γn|n2

)1/2

≤ ε � M,]"�+�y�
!03$}�� /"/5!0��]
. / 1 3)4�1�5 6N7��87<m YzG�� D�K�D�?

ε > 0
HzRpK&�IY�G � D�K�D

ε
� ;�D�� V*GIJ(=�F�QoV*R K�DUG

arccos
� m t�~�M�O:DXD��CQ�?UF�QoDUGUF

DUQSRlD HzR:Q � V*GIJ D �A[ [�QSt�K�HzR�T JXQSF>K�DUG Kg= y�H�T�D�O:P*GUQ�T�DUR QSR 	�DUG	? DUR �A[ [�QSt�K�H�R�T
δ(κ)

QSRrK�DUG�m�V*GIJ
� � ��� � v w]V�[UDUQ K�QoD � D�K�QSR�T�H�R�T�DUR

|Q| ≤ Cε





+∞
∫

−∞

|f(λ)s|2dλ





1/2

≤ Cε

+∞
∑

−∞
|f(n)| ≤ Cε � M,]|�y�P�

JXQSF�DUQSRlDUG<T�t�V�[�=�t�DUR��XV*R�?UFo=�R:FWDUR�� DUG��IY�tSt�F ?UQSRpKg�

�o; ��1�Z+X /"!��v14�53)!��"� !l*�T+#:�"-:�"S+!k<P!�3:(+� ! ��(+X /
n
F #$Ta� (+#:#�(+/5/"!=��!�3$u012!��5<+; � <P#$* ; � A[-.!b(+;,}�� !��

c2/rZ�-$-.!�3$�
Sm

%��|- |m| ≥ n
!0�5�,} (�WYXa#$�5� ��; � ��� �"!uc�!�� �"� <P; �,<




∑

|m|≥n

|(−1)m − γm|m2





1/2

≤ ε � M,]"��M[�

!03$}�� /"/5!0��]j^?�"!�pq/rZ�WYX ! S 14�53$� �5� � 3:!0�D!��"�,} (+WYX u�;,#.(+%C%�!0� XEZ+�,<P!�� �,!an4�5!0%b(�� � #:WYX,!�pq/rZ+WYX,!��(�;,}�<P!0-:!��"/"-�F8�5� �,!�% 14�"3 S (+� �,!���>GWYX � �|-:-.!0�
cn

; � �
c−n

Fj�,�5!�(+� � !�� ��!�3$u012!��"<P; � <P#$* ; � APm-:!��
wn

; � �
w−n

#\-Y(+3\-.!0��F u�!03:#$WYX � !��"� !���]�>G!0� S0 � �"!t%��|-:-:/5!�3$!tpq/5Z+WYX !�FE(+/5#$Tk!��"� !
2n
m�e /5Z�-:-:3:�5<+!!0�5�,} (�WYX u�;,#.(+%C%�!0� XEZ+�,<P!�� �,!bn4�5!0%b(+�,� #:WYX !Cpq/5Z+WYX !l%C�"-7� !0� �73:!0� u�!0�

cn
;,� �

c−n

] S0 X (�-�"� AB/5; #$�"S+!o�?�5!�/|} (+WYX X !0�"-:!��l<P!�� (+;
2n−1

��!�3:u91�!0�5<P;,� <P#:*,; � A[-.!�]G�	�53�!03:XE(+/|-.!0��� �"!4*�!03:�5T@� �"#:WYX !pETP3\-.#$!0-.u0; � < S �	��

S+TP� S0 F+�5� � !0% 14�"3p�$!��,!�3L<[(+�,u�!�� ��(�X /

m
!��"� !V&JT+* �5!

S0
m

u�; T+3:� � !0�l; � �C(+��,!��b<+!�<P!0�@�,e�!03:/5�"!�<P!0� � !0� >GWYX �,�"-:-:!��
cn ∈ S0

m

; � �
c−n ∈ S0

m+1

S+!�3$A@/"!�ef!���]@^?�"!�#$!J*f!�3$�5T@� �5#$WYX !pETP3\-.#$!0-.u0; � <=/5Z+#:#\-g#:�5WYX�; � �|}�TP3:%C�5#$�5!�3$!���]�� !0� ��14�"3�(+�,#$-.!0/5/"!4S+TP� S0 � !0��!��[-:#:* 3$!�WYX !0� � !���U�!��"/�,!�3ono�"!�%�(+� � #$WYX !���pq/5Z+WYX !tS+TP�
arccosw
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∮
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<P�5/|-�}�� 34<P!0�@�,<P!�� ��<P3$TChP!�#
n

|f(z) − fn(z)| < ε ≤ |f(z)|
}�� 3 |z− z0| = r

]G^?�"!_c�!0XE(+; *,-:; � <=}�TP/"<+-2(+; #D�,!�%I>,(�-.uoSPTP��n4TP; WYX��+F (�� <P!01�(+� �G-4(+;,}
fn

; � �
f
]

�C�



� � � � � � � � � � � � � � �z���

������� ��� �o� � � 
 ��
 ���f� �����j���`� ��� ��� � � �a��� � ���

�	�"3�#:; WYX !0� �E(+WYX (+�E(+/��@-:�5#$WYX !�� pE; � A[-.�"TP� !���Fo�,�5!v!��"� S+TP3:<P!0<P!�ef!��,!�#\�o; /5/"#$-:!�/5/"!��[SP!03:XE(�/"-.!0�ef!�#$�"-:u�!���]D^t(+u0; <P!�ef!�� 14�53C; � #�!0�5� !¡p T+/5<P! {an}n∈N

SPT+3�Fg� �5!�; � #��,�5!{�J; /"/5#$-:!�/"/5!�� /5�"!0}�!03$-�]^J�5!�#$!sp T+/5<P!��E(+3\}�A�!��5�,!�� �?Z+;G}�; � <P#$* ; � A[-�e�!0#:�|-.u�!0��FD!0�5� u0!�/5�,!{pETP/5<P!0� <P/"�5!��,!�3CA+iP� �,!�� (+e�!03�"��!0� � /"�5WYX !03�HJ� u�(+X,/�(+;G}~-.3:!9-.!0��]�^?! eE�,�5!�3$!�� 14�"3)�E(+�"S�� �5!�pE; � A[-.�"TP�
h(z) =

∏

(z − an)
F #:Tef!�A�TP%C%�!0�l14�"3L6L3:TPe,/5!�%C!D%C�"-q� !�3�&oTP�[SP!�3$<P!��,uJ� !0#g6�3$TG�,; A[-.!�#0F[� !�#\1�!0<P!���%=� #$#:!��l14�53q!��5�,!��(�� � !�3$!���� !0<l!��5�,#:WYX /5(+<P!���]E^?�5!J}�TP/5<P!0� � !0�a^J! eE� �|-.�"TP� !�� ;,� �a>,Z�-.u0!AeE� � !9-4%b(+� <+3:iCh+-:!��[-.!0�5/"#�"�sKba+Q FE� �"!uc�!012!��"#:!`A�(�� ��%b(+��� T+3$-o(+; WYXa�E(+WYX /"!�#$!���]

	 1�

��� 
 ��3�� � 7�9:7�jkQSRlD_mlH�R�E*F�QoV*R
f : C → C

O:DUQ 
 F��������*v w]DUR:R ?UQoDAY�[UDUG�=�tStpO:V*t�V*J V*G,B:O Q�?UFo�

��T+3.(+e !0�5� �"<P!C� !�%C%b(+#0F � �5!�H?; #$#.(+<P!0� � ef!�3��,�5!�&JTP�[SP!03:<P!0� u�SPT+� ; � !0� � /5�"WYX !�� 6L3$TG� ;,AB-:!��/"�5!9}�!�3:��]E^t(+u0;a#$!�� {zn}n∈N

!��5�,!)p T+/5<P!tA�TP%C* /5! c,!03 ��(+X /5!0��]
� 1�5x5 � � 7"iN7k@)QSRpK K�QoD � D�=�t�FWDUQSt�D�K�DUG���=*O�t�DUR

zn
=�tSt�D B:V ?UQSF�Q 	�v�Kg=�R:RnEgV*R 	�DUGoT�QoDUGIF Kg=*? 
kG	V�K�HgE*F

∞
∏

n=1

zn
T�DURp=�HdKg=�R:R�v w]DUR:R K�QoD � DUQ�O:D ∞

∑

n=1

log zn
EgV*R 	�DUG�T�QoDUGIFo�

� 1�5x5 � � 7"6N7&@)QSRpK�K�QoD � D�=�t�F,DUQSt�D�K�DUG ��=*O�t�DUR
zn
=�tSt�DuT�G	P 
 DUGX=�t|? � 
*v�Kg=�R:R EgV*R 	�DUG�T�QoDUGIF�K�QoD

� DUQ�O:D ∞
∑

n=1

log(1 + zn)
=g[U? V*t�HzF T�DURp=�H{Kg=�R:R�v w]DUR:R K�QoD � DUQ�O:D ∞

∑

n=1

zn
=g[U? V*t�HzF�EgV*R 	�DUG�T�QoDUGIF��

	 1�

��� 
 ��3�� � 7 �27_@)QSRpK{K�QoD � D�=�t�FWDUQSt�D�K�DUG���=*O�t�DUR
zn
=�tSt�D B:V ?UQSF�Q 	�v<Kg=�R:R O:DUQ 
 F_Kg=*? 
kG	V�K�HgE*F

∞
∏

n=1

zn
=g[U? V*t�H�F EgV*R 	�DUG�T�DUR:F�T�DURp=�H{Kg=�R:R�v w]DUR:R K�QoD � DUQ�O:D ∞

∑

n=1

log zn
=g[U? V*t�H�F EgV*R 	�DUG�T�QoDUGIFo�

. / 1 3)4�1�5 � 7 �87�j ?&? DUQ
G
DUQSR � D�[�QoDUF QSR

C
H�RpK {fn}

DUQSRlD m V*tbT�D_=�Rp=�t���F�Q�? M�O:DUG mlHzR�E*F�QoV*RlDUR�v
? VXKg=*?�?�EgDUQSR

fn
Q�K�DUR:F�Q�? M�O 	�DUG	? M�O�w QSRpK�DUFo� �(DUR:R ∑

(fn(z)− 1)
=g[U? V*t�H�F H�RpK>T�t�DUQoM�O�J(~ 
�Q�Tn=�HI�

EgV*J&B�=*E*F,DUR �pDUQSt�J DUR�T�DUR 	�V*R
G
EgV*R 	�DUG�T�QoDUGUFSvkKg=�R:RdEgV*R 	�DUG�T�QoDUGIF ∞

∏

n=1

fn(z)
T�DoT�DUR DUQSRlD =�Rp=�t�� �

F�Q�? M�O:D<mNH�R�E*F�QoV*R
f(z)

� �	?UF
a
DUQSRlD "&HztSt|?UF,DUtSt�DAK�DUG�mlHzR�E*F�QoV*R

f
v�Kg=�R:R Q�?UF

a
DUQSRlD "&HztSt|?UF,DUtSt�D_R:H�G

� �
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DURpK�t�QoM�O 	 QoDUt�DUG mlH�R�E*F�QoV*RlDUR
fm

H�RpKuK�QoD � QoDUt � =�M�OgO:DUQSF 	�V*R
a
Q�?UF8K�QoD @)H�JXJ D]K�DUG � QoDUt � =�M�OgO:DUQSF,DUR

	�V*R K�DUR "&HztSt|?UF,DUtSt�DUR K�DUG_mNH�R�E*F�QoV*RlDUR
fm

QSR
a
�

H?;,}�<P3$; � �l� �"!�#:!0#LUVX !�T+3:!�%C#LA+i+� � !��l14�53q� �5!�}�T+/5<P!0� � !�c�!0TPeE(+WYX[-:; � <)%b(�WYX !���]�� !0� �k14�53j!0�5� !p ;,� A[-.�5T+�
gn(z)

eE�,� !��CA+iP�,� !���FB� �"!4(+�E(+/��B-.�5#$WYXC(+;,}�!0�5� !0% �7!�e �"!0-��5#\-�FP�,TP3$-�A�!��5�,! �o; /5/"#$-:!�/5/"!��e�!0#:�"-:u0-C; � � ∑ |(z − an)gn(z) − 1| (+;,}?A+TP%C*E(+A[-.!0� U�!��"/5%C!�� <+!�� � !�# �7!�e �"!0-.!0#l<P/5!0�5WYX %�ZRm
hP�5<�A�TP�[SP!03:<P�"!�3$-�F �E(+� �vA�TP�[SP!�3$<P�5!03$- ∏

(z − an)gn(z)
<P!�<+!��v!��"� !l(+�E(+/��B-.�5#$WYX !kpE; � A[-:�5TP��F�� �5!!9c,(+A[-)� �5!��J; /"/5#$-:!�/"/5!��

an
e�!0#:�|-.u0-�] �o%�(+; #$u�; �,3:� WYA�!���F �E(+#$#

gn(z)
� �53$<P!��,�,1�T�S+!�3$#:WYX[14�5� �,!0-#:WYX 3$!��5ef!���14�53

gn(z) = exp(hn(z))
FEX �5!03:ef!����"#$-

hn(z)
!��"� !)(+�E(+/��B-.�5#$WYX !`pE; � A[-.�"TP��]
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��� 
 ��3 � � 7 �87>j]QSR %�� %�� % �	� ��
 % 

� ��������
 Q�?UF DUQSRlD K�DUG�mlH�R�E*F�QoV*RlDUR
Ep(z)

v(K�D�
 R:QoDUGIF
K�HzG	M�O

E0(z) = 1 − z,

Ep(z) = (1 − z) exp

(

z +
z2

2
+ · · ·+ zp

p

)

�IYzG
p = 0, 1, . . .

^?�5!bp ;,� A[-.�5T+�
Ep(z/a)

XE(�-�!��5�,!b!��"�,} (+WYX ! �J; /"/5#$-:!�/"/5!l(+� � !03k>@-:!�/"/5!
a
;,� � A+!0�5� !�1�!0�"-.!03:!0��]_a�"-q�J�"/"}�!�� !�38!�/"!�%C!��[-Y(+3$!��kp (+A[-:TP3:!0��12!�3:�,!��k14�53��B; �k(+�E(�/"�B-.�"#:WYX !�p ;,� A[-.�5T+� !���!�3:u0!�; <+!���FP�,�5!SPTP3$<P!�<P!0e�!0� !��J; /"/5#$-:!�/"/5!��¡e�!0#:�"-:u�!0��] ��; �EZ+WYX,#$-�!��5�,!=1�!0�"-.!03:!
�J� <+/5!��"WYXB; � < F��,�5!k; � #`�E(+�,�s!03\m/r(+; ef!��k14�"3:��FPUVX,!�TP3$!�% c?]|f7(+� u0;B12!��,� !���;,� ��#$TP%C�"-L!0�5�lA+TP�[S+!�3:<+!��[-.!0#D; � !0� � /5�"WYX !�#g6L3:T@� ; A[-u�;�!�3:X (+/"-:!���]

� 1�5x5 � � 7��+7 �	?UF |z| < 1
HzRpK

p ≥ 0
v]Kg=�R:R T�QSt�F |1 − Ep(z)| ≤ |z|p+1 �

�J; ��A+TP%C%C!�� 14�53Vu0;a!0�5� !0%zdL3:<P!0e � �5#D}��,3o<P(+� u�!`pE; � A[-:�5TP� !0��]
.0/21�3)4�1�5 � 7��87 j ?�? DUQ {an}

DUQSRlD�m V*tbT�D�QSR
C
JXQSF

lim |an| = ∞ H�RpK
an 6= 0

�IY�G =�tSt�D
n ≥ 1

�
��?UF R:HzR {pn}

DUQSRlD&m�V*tbT�D 	�V*R Tg=�R�y*DURd��=*O�t�DUR�v�? V�Kg=*?�?

∞
∑

n=1

(

r

|an|

)pn+1

<∞

�IYzG =�tSt�D
r > 0

T�QSt�F � K�QoD�?uQ�?UFp�IY�G
pn = n− 1

QSJXJ DUG0DUGS�IYztSt�F � v]Kg=�R:R{EgV*R 	�DUG�T�QoDUGIF

f(z) =

∞
∏

n=1

Epn
(z/an)

� �
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T�DoT�DUR\DUQSRlD�Tg=�R�y*D�mNH�R�E*F�QoV*Rp�l;AQoD�? D<mlH�R�E*F�QoV*R�[UD�?UQSF�y�F "&HztSt|?UF,DUtSt�DUR T�DURp=�H =�R\K�DUR 
kH�R�E*FWDUR
an
�

��GIQSF�F
α
QSRqK�DUG>m�V*tbT�D {an}

D�� =*E*F
m
� J(=�t =�HI�	v<Kg=�R:R O�=�F

f
DUQSRlD#"&HztSt|?UF,DUtSt�D(K�DUG ��G�K�R:H�R�T

mQSR
α
�

^J�5!CpETP/5<P! {pn}
AR(+� �s; �[-.!03:#:WYX,�5!��,/5�5WYX�<P!01�Z+X /|-71�!03:� !0��]8^?�5!
�73:iChP!k�,!�3)<[(+� u0!�� ��(+X /5!0�

pn14�"3:� ef!�#\-.�"%�%�-�� ; 3$WYX �E(+#l_a(�h F 14�5!b#\-Y(+3$A��,�5!�pETP/"<P! {an}
<P!0<P!�� ; � !��,� /5�"WYX A+TP�[SP!03:<P�"!�3\-�F�,�5!�#o1�!03:� !0��14�53o� T@WYX�<P!�� (+; !�3J; �[-.!03:#:;,WYX !���]�^?!�3J�EZ+WYX #\-.!l>,(R-.u�14�"3:�a; � #?u0!��"<P!���FE14�"!�%�(+�(��E(+/5T+<�u0; 3�� �"� !�(+3\} (+A[-.TP3$u�!03:/5!0<P; � <`ef!�� !�� �,/5�5WYXCS@�5!�/"!�� �J; /"/5#$-:!�/"/5!���FP!��"� !J<P(+� u�!JpE; � A[-.�"TP�b%C�"-;,� !�� �,/5�5WYX�S@�5!0/5!����o; /5/"#$-.!0/5/"!��b} (+A[-:TP3:�"#:�5!03:!0��AR(+�,��]
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f
DUQSRlD�Tg=�R�y*D�mlHzR�E*F�QoV*R�HzRpK

{an}
K�QoD�m�V*tbT�D�K�DUG "&HztSt|?UF,DUtSt�DUR 	�V*R

f
JXQSF � QoDUt � =�M�OgO:DUQSF,DURxT�D�y ~*O�t�FSvAKg=g[UDUQ<? DUQ

an 6= 0
�IY�G

=�tSt�D
n ≥ 1

� �&R}K�DUG @)FWDUtSt�D�
�O�=g[UD
f
DUQSRlD)"&HztSt|?UF,DUtSt�D�K�DUG ��G�K�R:H�R�T

m ≥ 0
� ; =�R:R}D��CQ�?UF�QoDUGIF

DUQSRlD�Tg=�R�y*D<mNH�R�E*F�QoV*R
g
HzRpK DUQSRlD m V*tbT�D 	�V*R Tg=�R�y*DUR���=*O�t�DUR {pn}

v�? VXKg=*?�?
f(z)

T�D�? M�O�GIQoD�[UDUR
w]DUG�K�DUR{E�=�R:R =�t|?

f(z) = zmeg(z)

∞
∏

n=1

Epn

(

z

an

)

.

�o; ��}�TP/5<+-D!��5�,!�&7/5(+#:#$�"eEu0�5!�3$; � <=S+TP�a<P(+� u�!0�¡pE; �,AB-:�5TP�,!���]
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 ��3�� � 7�9��87�j ?&? DUQ

f
DUQSRlD�Tg=�R�y*D mNH�R�E*F�QoV*R�JXQSFZK�DUR "&H�tSt|?UFWDUtSt�DUR {an}

vZK�QoD_JXQSF � QoDUt �
� =�M�OgO:DUQSF,DURxw QoD�K�DUG	O:V*t�F�w]DUG�K�DURp� �&H�
 DUG�K�DUJ ? DUQoDURqK�QoD "&H�tSt|?UFWDUtSt�DUR}[UDUF�G�= T*?UJ(~ 
�Q�Td=�R�T�D�V*G�K�RlDUF
|a1| ≤ |a2| ≤ . . .

��; =�R:R`Q�?UF
f
	�V*R % ��� � *�����%�� � ��� �zv�w]DUR:R DUQSRlDATg=�R�y*D0��=*O�t

p
D��CQ�?UF�QoDUGIF

JXQSF
∞
∑

n=1

|an|−p−1 <∞.

�	?UF
p̂
K�QoD<E*t�DUQSR�?UFWD�Tg=�R�y*D���=*O�t+K�QoD_K�QoD�?uDUG��IY�tSt�FSv Kg=�R:R Q�?UF

f
	�V*J � ��� �

p̂
�+jkQSRlD�mNH�R�E*F�QoV*R JXQSF

R:H�G�DURpK�t�QoM�O�	 QoDUt�DUR "&HztSt|?UF,DUtSt�DURdO�=�F � =�R�T�
��

��!��,�
f
!�� �,/5�5WYX,!��anJ(+�,<CX (�-�F � (+� ��AR(+� �

f
<+!�#:WYX,3:�5!0e�!0�a12!�3$� !��¡(+/5#

f(z) = zmeg(z)P (z)

%C�"-
P (z) =

∞
∏

n=1

Ep(z/an). � c?]|�y�
^?(+#?6L3$TG� ;,AB-oX !0��h+- 
�
�� ��� � 4����o3p4*5 SPTP�

f
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 ��3 � � 7�9)9)7�jkQSRlD�Tg=�R�y*D mNH�R�E*F�QoV*R
f
O�=�F % � � � *�����%+, � %+,���� � %���� �,vlw]DUR:R

f
DURpK�t�QoM�O:DUR

� =�R�TXO�=�FkH�RpK�Kg=�G	?UFWDUtSt�[�=�GAQ�?UF]=�t|?

f(z) = zmeg(z)P (z),
w]V�[UDUQ

P
QSR\@)Fo=�RpKg=�G�K�� V*GUJ H�RpK

g
DUQSR 
�V*t���RlV*J Q�?UFo� ��?UF

p
K�DUG � =�R�T 	�V*R

f
H�RpK

q
K�DUG ��G�=gK

K�D�? 
�V*t���RlV*J0?
g
vkKg=�R:R�O:DUQ 
�F

ρ = max(p, q)
� %+, � � � % � � � 	�V*R

f
�

^t(+# �7!�#:WYX,/5!�WYX[-4SPT+�
f
�"#$-V!0�5� !t12TPX /"� ! e � �5!03$-.!7<P(+� u�!���(�X / ],>GTPeE(�/5�

P
�"��>@-Y(�� �E(+3$�,}�TP3:% �5#\-�F�E(+� �l�5#\-

g
!0�5� �,!�;,-:�5<7ef!�#$-:�5%C%�-Le �"#L(+;,}�� �"!VHV� � �"-:�5TP�=S+TP�l�t�5!0/"} (�WYX !��=S+TP�

2πi
]P���,#:ef!�#:T+� � !�3$!�5#$-4�,!�3 �)3:(+� SPTP�

g
}�!0#$-:<P!�/"!�<+-�]
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f
DUQSRlD Tg=�R�y*DXmlHzR�E*F�QoV*R 	�V*J � D�? M�O�t�D�M�O�F

µ
v&Kg=�R:R D��CQ�?UF�QoDUGIF �IY�G � D�K�D

B:V ?UQSF�Q 	�DA��=*O�t
α
DUQSRlDA��=*O�t

r0
v ? V�Kg=*?�? �IY�G |z| > r0

|f(z)| < exp(α|z|µ+1)
T�QSt�F��
	 1�

��� 
 ��3 � � 7�9�6N7<jkQSRlDATg=�R�y*D>mlH�R�E*F�QoV*R

f
O�=�F % � � � *�� � %�� 
 ����� � �zv�w]DUR:R}DUQSRlD�B:V ?UQSF�Q 	�D

�XV*R�?UF�=�R:F,D
α
H�RpK DUQSR

r0 > 0
D��CQ�?UF�QoDUG	DUR�v�? V(Kg=*?�?

|f(z)| < exp(|z|α)
�IYzG |z| > r0

T�QSt�Fo� �(DUR:R
f
DURpK�t�QoM�O:D ��G�K�R:HzR�TnO�=�FSv]Kg=�R:R{O:DUQ 
 F�K�QoDu��=*O�t

λ = inf{a | |f(z) < exp(|z|a) �IYzG z T�G	V 
 T�DUR:HCT }
� 
 ����� ��� 	�V*R

f
�
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f
DUQSRlD Tg=�R�y*DZmlHzR�E*F�QoV*RnJXQSF DURpK�t�QoM�O:DUG���G�K�R:H�R�T

λ
H�RpK

ε > 0
v8Kg=�R:R

T�QSt�F |f(z)| < exp(|z|λ+ε)
�IY�Gu=�tSt�D<T�DUR:Y�T�DURpK>T�G�V 
 DUR |z| �8j ?&E�=�R:R\=�H�
 DUG�K�DUJ DUQSR

z
T�D��IH�RpK�DUR

w]DUG�K�DUR�v ? V�Kg=*?�? |f(z)| < exp(|z|λ−ε)
T�QSt�Fo�

_a�"-4� �"!�#$!��{c�!�<P3$�"-�!���A+i+� � !���14�53VUVX !0TP3:!0%Lc?]|�y�=; %�#$WYX 3:!0�5ef!����5���E(+#V}�TP/"<P!��,� !7&JT+3:TP/"/r(+30]
� 3p4�3 ��� � 4 � 7�9��N7��	?UF

f
DUQSRlD Tg=�R�y�D mNH�R�E*F�QoV*R 	�V*R DURpK�t�QoM�O:DUJ � D�? M�O�t�D�M�O�F

µ
v0Kg=�R:R O�=�F

fDURpK�t�QoM�O:D���G�K�R:HzR�T
λ ≤ µ+ 1

�
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λ
JXQSF

f(0) = 1H�RpK`? DUQoDUR {an}
K�QoD "&H�tSt|?UFWDUtSt�DUR 	�V*R

f
JXQSF � QoDUt � =�M�OgO:DUQSF,DUR}T�D�y ~*O�t�F>HzRpK}[UDUF�G�= T*?UJ(~ 
�Q�T ? V

=�R�T�D�V*G�K�RlDUFSvkKg=*?�? |a1| ≤ |a2| ≤ . . .
T�QSt�F����	?UF

p > λ− 1
DUQSRlD Tg=�R�y*D_��=*O�t|vkKg=�R:R T�QSt�F

dp

dzp

[

f ′(z)

f(z)

]

= −p!
∞
∑

n=1

1

(an − z)p+1

�IY�G
z 6= a1, a2, . . .
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λ
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λ
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f
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$&%(')%+*-, � �	�53`� !�X,%�!0� (+��F �E(+#$#
f
�@;,3�!��,� /5�"WYX S@�5!�/"!(�J; /"/5#$-:!�/"/5!�� {a1, a2, . . . , an}

e�!0#:�|-.u0-�F�,�5!�#$!?#$!��5!0��%C�"-��t�"!�/"} (�WYX X !��|-.!0�b<P!0u�Z+X /|-�]@^t(+�,��<P�5/|-
f(z) = eg(z)(z− a1) . . . (z− an)

}�� 32!��"� !<P(+� u�!�pE; �,AB-:�5TP�
g
] ��!�<P!0� � !�% pf(�AB-:TP3:�"#:�"!�3:;,� <P#:#:(�-.u��5#\-

g
!��"� 68TP/��@� TP% SPTP% �)3:(+� ≤ λ

]HJe�!03
f
; � �

eg(z) %=� #$#:!��b� �5!o<P/5!0�5WYX !J�t3:�,�@;,� <�XE(�e�!0��]@^t(�� �"!J�73$� �B; � <`SPTP�
eg(z) � !�3 �)3:(+�S+TP�

g
�5#\-�F %�; #:#

λ
!0�5� !)<[(+�,u�!���(+X / #$!��"��] >GTP%C�"-D�5#$-4�,�5!uc�!0XE(+; *,-:; � <Ce�!914�5!0#:!���]

����
v� � ����� ��� 
������ 	 ��� � � �4���
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sin

√
λ/

√
λ
]

� 1�5x5 � � 7�9 � 7
� = �Xj ?A? DUQoDUR

anm, m, n ≥ 1
EgV*J&Bpt�D��zD_��=*O�t�DUR�v K�QoD

|amn| = O

(

1

|m2 − n2|

)

, m 6= n

� M
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DUG��IY�tSt�DURp�2; =�R:R�T�QSt�F

∏

m≥1

m6=n

(1 + amn) = 1 +O

(

log n

n

)

, n ≥ 1.

� [ � ��?UF y�H ?�~�F�y�t�QoM�O {bn} DUQSRlD���H�=gK�G�=�FS?UH�JXJXQoDUG�[�=�G	D_m V*tbT�D&EgV*J&Bpt�D��zDUG_��=*O�t�DUR�v Kg=�R:R T�QSt�F
∏

m,n≥1

m6=n

(1 + amnbn) <∞.

$ %(')%+*-, �
� ([��HJ;,}�<P3:;,� �a�,!�34H?� � (+X %C!7<P�5/|-

∑

m≥1

m6=n

|amn| ≤ C
∑

m≥1

m6=n

1

|m2 − n2|

%��|-V!��"� !�34&oTP� #$-.(+�[-.!0�
C
]E^?�5!�>G;,%�%C!7(+;,}q� !�343$!�WYX[-.!0�{>G!0�"-.!7AR(+�,�a%�(+��(+e #$WYXEZ�-.u0!��a� ; 3:WYX

∑

m≥1

m6=n

1

|m2 − n2| =
∑

1≤m≤2n

m6=n

1

|m− n|
1

m+ n
+
∑

m>2n

1

m2 − n2

≤ 2

n

∑

1≤k≤n

1

k
+
∑

k>n

1

k2
≤ 2

n
(1 + logn) +

1

n
.

>GTP%C�"-V!03:XE(+/|-.!0��14�"3V%��|-V!��"� !�34(�� � !�3$!��a&JTP�,#$-Y(��B-:!��
C ′ � �"!7H?e #$WYXEZ�-.u0; � <

∣

∣

∣

∣

∣

∣

∣

∏

m≥1

m6=n

(1 + amn) − 1

∣

∣

∣

∣

∣

∣

∣

≤
∏

m≥1

m6=n

(1 + |amn|) − 1

≤ exp(
∑

m≥1

m6=n

|amn|) − 1

≤ exp

(

C ′ 1 + logn

n

)

− 1 = O

(

logn

n

)

.

� e ��HJ; # � ([��!�3$XE(+/|-.!�� 14�"3
∑

m≥1

m6=n

|amn| ≤
C

n
(1 + logn).
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∑

m,n≥1

m6=n

|amn||bn| =
∑

n≥1

bn







∑

m≥1

m6=n

|amn|







≤ C
∑

n≥1

1 + log n

n
|bn|

≤ C

(

∑

n≥1

(

1 + logn

n

)2
∑

n≥1

|bn|2
)1/2

< ∞.

�o; � ; �[-:!�3:#$; WYX !0� 14�"3��,�5!�6�3$TG�,; A[-.!��[-�14�"WYA@/"; � <�S+TP�
sin

√
λ/

√
λ
(+� � !�3�>@-.!0/5/"! √

λ = πz
F� (+u�;�ef!0-:3.(+WYX[-:!��{14�53ou�; � Z+WYX #$-t� �5!�pE; � A[-.�"TP�

sin πz
]�^?�"!0�o; /5/"#$-.!0/5/"!���� �5!0#:!�3?pE; � A[-.�"TP�¡#$�5� �

�,�5!76L; � A[-:!
z = ±n ] ^t(=�,�5!tn4!��"X ! ∞

∑

n=1

n−2 A�TP�[SP!03:<P�"!�3$-�FE(+ef!�32� �5!?no!0�5X ! ∞
∑

n=1

n−1 � �|SP!�3$<P�5!03$-�F
�"#$-4� !03onJ(+�,<C�,!�3opE; � A[-.�"TP�v�PF,14�53VA�iP� � !0�

p = 1
1�Z+X /"!���] dL#4<P�5/|-V(+/"#:T

sin πz = zeg(z)
∏

n∈Z\{0}

(

1 − z

n

)

exp
( z

n

)

.

�o%
g(z)

u0;�ef!�#\-.�"%�%C!���F@ef!�3:!0WYX � !0��14�"3�� �"!t/5TP<P(+3:�|-.X %C�5#$WYX !4H?e /"!��"-:; � < f
f ′

�,�5!�#$!�3VpE; �,AB-:�5TP��]

π cot πz =
1

z
+ g′(z) +

∑

(

1

z − n
+

1

n

)

^J�5!�#C<P�"/"-l(+;G}�<P3:; �,� � !03l<P/5!0�5WYX %�Z�hP�"<P!�� &oTP�[SP!�3$<P!��,u�(+;,}?A+TP%C*E(+A[-:!�� _�!�� <P!0��F�� �5!
z = n�,�5WYX[-�!0�B-:XE(+/|-.!���]]�o; � ef!��B;,-.u0!�� 14�"3C�,�5!�Uq( �@/5TP3$3:!0�5X !0� �E(+3$#$-.!0/5/"; � <vSPTP�

cot πz
F2#$TP%C�"-C<P�5/|-

g′(z) = 0
;,� �

g(z)
�5#\-4A+TP� #\-Y(+�[-�] � !0<P!��

lim
z→∞

sin πz

z
= π

}�T+/5<+-
eg(z) = π

]EHJ/5#$TC<+�5/"-
sin πz = πz

∏

n∈Z\{0}

(

1 − z

n

)

exp
( z

n

)
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n
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sin πz

πz
=
∏

n∈N

(

1 − z2

n2

)

.

>G!0-:u�!���14�53V�B; ��14�5!0� !�3 √
λ = πz

!��"��F #:TC!�3$<P�5eG-4#:�5WYX
sin

√
λ√

λ
=
∏

n∈N

(

1 − λ

π2n2

)

. � c?] �P�
� !0� � %�(+� �5% ��Z+X /5!03 � �5! ��(�X /5!0�

n2π2 � ; 3:WYX A+TP%C* /"!9cG! ��(+X /5!0�
zn

%C�"-�� !�% <P/"!��"WYX !��(+#��@%C*,-.T+-:�5#$WYX !�����!03:XE(�/"-.!0��!03:#:!9-.u9-�FR�E(+� �=!03:XE(�/"-.!0��14�"38!0�5� !g<[(+� u0!DpE; � A[-:�5TP��F��,�5!
sin

√
λ/

√
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� 1�5x5 � � 7"i �87 �	?UF
zm, m ≥ 1

DUQSRlD_m V*tbT�D_EgV*J&Bpt�D��zDUG&��=*O�t�DUR�v�? V(Kg=*?�?

zm = m2π2 +O(1)
T�QSt�F�vkKg=�R:R Q�?UFkKg=*?>H�RlDURpK�t�QoM�O:D 
kG	V�K�H E*F

∏

m≥1

zm − λ

m2π2

DUQSRlD Tg=�R�y*D_mlHzR�E*F�QoV*R 	�V*R
λ
JXQSF�T�DURp=�H\K�DUR "&H�tSt|?UFWDUtSt�DUR

zm, m ≥ 1
� �2Hg?�~�F$y�t�QoM�O�T�QSt�F

∏

m≥1

zm − λ

m2π2
=

sin
√
λ√

λ

(

1 +O

(

logn

n

))

T�t�DUQoM�O�J(~ 
�Q�T�=�HU� K�DUR��>G	DUQ�? DUR |λ| = (n+ 1
2
)2π2 �

�J; ��� T@WYXa!0�5� !t�g(+3$�r(+�[-:!7� !�#VSPT+3:X !03:�5<+!��a� !0%�%�(+#0]
� 1�5x5 � � 7"i29:7�@NDUQ

zm, m ≥ 1
DUQSRlD m V*tbT�D 	�V*R EgV*J&Bpt�D��zDUR ��=*O�t�DUR JXQSF

zm = m2π2 +O(1)
�

; =�R:R\Q�?UF:�IYzG�� D�K�D�?
n ≥ 1

∏

m≥1

m6=n

zm − λ

m2π2

DUQSRlD Tg=�R�y*D_mlHzR�E*F�QoV*R\QSR
λ
v ? V�Kg=*?�?

∏

m≥1

m6=n

zm − λ

m2π2
=

1

2
(−1)n+1

(

1 +O

(

log n

n

))

T�t�DUQoM�O�J(~ 
�Q�T��IYzG
λ = n2π2 +O(1)

T�QSt�Fo�
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