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Abstract

The Wente Family is the space of polynomials in S ! whose coefficients are all
real valued. The behaviour under the Whitham deformation can be described
by a vector field. We explicitly constructed the vector field and tried to prove
uniqueness of the maximal integral curves.

'Definition 3.4
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1 Introduction

A subject in differential geometry is the construction of tori of constant mean curvature
(CMC tori). These tori are described by the solutions of the sinh-Gordon equation

Au + sinh(2u) =0

where Au means the Laplace operator of u. We only consider the solutions of finite
type. These solutions can be described by the space of potentials, which is a space of
matrix polynomials. The determinants of these matrices are called spectral curves and
are of the following form

y* = da(\) = 9AH|n A—n)A—u;1)
]

Here g is the genus of the spectral curve. In the following we will consider the spec-
tral curves of genus 2. The polynomials a(\) define the space HY of spectral curves
of genus g. The submanifold S? has a subset of polynomials with all real coefficients,
called the Wente Family. Any polynomial in the Wente Family is of the form a(\) =
M+ a1\ + as\? + a1\ + 1. Every a(\) defines a two-dimensional vector space B,.

We will use the explicit form of a(\) and by, by to solve the Whitham equations and
construct a vector field that maps the coefficients (a, by, bs) to (a, by, by).

In chapter four we will try to show uniqueness of the maximal integral curves by exam-
ining the roots of the vector field constructed before.



2 Preliminaries

Definition 2.1. Let X be a two-dimensional manifold. A complex chart on X is a
homeomorphism ¢ : U — V on an open set U C X to an open set V' C C. Two complex
charts ¢; : U; — V;,i = 1,2 are called biholomorphic compatible, if the transition map
By 01t G1[UL N Uy — ¢o[Uy N Usy] is biholomorphic.

Definition 2.2. A complex atlas is a system A = {¢; : U; — V;,i € I} of pairwise
biholomorphic compatible charts with U;c; U; = X.

Definition 2.3. A complex structure on a two-dimensional manifold is an equivalence
relation of biholomorphic equivalent atlases on X.

Definition 2.4. A Riemann Surface is a pair (X,X) where X is a connected, two-
dimensional manifold and ¥ is a complex structure.

Definition 2.5. We will define the real projective space. Therefore we will first define
an equivalence relation on R\ {0}:

r~y:=INeER\{0} 2=y

We define RP™ := (R™*!\ {0})/ ~ as the real projective space.

Definition 2.6. We will now define the process of Blowing Up.
Let A C C" be a disc. We will look at the following coordinates: z = (z1,...2,) € Al =
11, ...,1,] € CP" 1. Let A C A x CP"! be the submanifold given by

A ={(z1) € Ax CP" Y |zl; = z1¥i, j}
We now define a mapping
A=A
(2,0) = 2

This is an isomorphism ¥z # 0 in A and 771[0] = {0} x CP""'. We call (A, 7) the blow
up of A at 0.



3 Spectral curves of CMC tori in R?

Constant mean curvature tori of genus one surfaces in R® can be described by spectral
data in a way that every such immersion corresponds to a quintuple (X, A, p, Ao, L)
where X is a spectral curve, which is a special kind of algebraic curve, X is a degree two
meromorphic function which has branches at zo = A7'{0} and z,, = A'{cc}. pis an
anti-holomorphic involution that has the set S! as fixed points. )¢ is a so called sym
point in S' and finally L is a quaternionic line bundle.

Definition 3.1. A polynomial of degree n is said to satisfy the reality condition if the
following equation holds

Sppe—
NP T) =) (1)
The space of these polynomials of degree n is called Pg

We define H9 = {a()\) | a is a spectral curve of a CMC immersion of finite type} C P?9.
These polynomials a(\) satisfy

(i) the reality condition

)
(i) =
i)
v)

(iii) the highest coefficient of a has absolute value 1

(i

X, is described by the following equation

the roots of a are pairwise distinct, meaning X, is smooth

> = ha()) = gAH[” A=) (A =771 (2)

Definition 3.2. Va € HY we define B, as the real two-dimensional space of polynomials
of degree g + 1 with b € P¢™" and

has purely imaginary periods

Definition 3.3. V(a, \g) € HY x S' 3 linearly independent by, by € By, pu1, pto functions
on X, satisfying

(i) log(p1) and log(us) are holomorphic on X, \ {xo, o} and on {zg, z} they have
simple poles and linearly independent residues.



(i) ©y, = dlog(u1), Op, = dlog(pz)
(iii) p1(Ao) = p2(Ao) = £1
(iv) b1(No) = ba(Aog) =0
Definition 3.4. (i) S} = {a € HI|Vb € B, : b(A\g) = 0 holds}
(ii) P35, := {a € HY|X, is the spectral curve of a CMC torus in R*} and P§ C S,

Definition 3.5.

g _— g
P |J P
Ao€eSt
g _— g
S = U S/\O
Ap€eS?

We will consider the genus ¢ = 2 and Ay = 1 in this work. As mentioned in the
introduction, the solutions of the sinh-Gordon equation

Au + sinh(2u) =0 (3)

describe CMC tori. For genus 2 as we consider the solution of this equation is defined
on the space of potentials which we will now define.

Definition 3.6.

2 . a\ —a\? —’yil—l—ﬂ)\—’y)\2 n
P _{Q\_ <’7)\—5/\2+’Yl)\3 —a\ + a2 ya,3€CyeR }

is called the set of potentials

Every () satisfies reality condition, as shown in Hoepner (2015).
The determinant of these matrices will describe our spectral curve X, as in (2) where g
is now 2. X, is a Riemann Surface.

Definition 3.7. The Wente family is the subset of S where all coefficients are real and
can be written as {a(\) = A 4+ a1 A3 + apA? + ay A + 1]ay, a; € R}. For all these a()\), we
get two linearly independent polynomials in B, of the form b; = (A —1)%(\ + 1) and iby
= i(A = 1)(A\> + B\ + 1). Since B, has dimension two, those form a basis.



4 V\ector Field

In this chapter we will use the results of chapter 4 of B.Schmidt (2017) to construct a
vector field that describes how the Wente Family is affected by Whitham deformation.
This will describe the mapping (ay, as, 3, k1, kz) — (aq, ag, B, k1, k). The latter are the
tangent vectors at t = 0. We get 3 equations which we will solve using Mathematica to
get the explicit forms of our tangent vectors.

As seen in Definition 3.7 we have a(\) = M + a1 A3 + ao)\? + a1\ + 1 and by = k() —
1)2(A+ 1), ibg = ika(A — 1)(A? + SA + 1). From B.Schmidt (2017) we get

where ¢, are meromorphic functions on X,.
The functions ¢ have the following form
ek (A
q'k:ZCk( )7 k:172
)
where cx(\) € P2, k=1,2 and the y is from (2).
The three equations from B.Schmidt (2017) are now

(2Xac, — acy — Ad'¢1)i = 2aby — ab, (4)
(2 acy, — acy — Md'cy)i = 2aiby — aiby (5)
ciby — by = Qa, Q€ P} (6)

First we will try to determine the coefficients of ¢;(A), ca(A) so we can eliminate them
from our equations.
Since b; = ky (A — 1)%(A + 1) the right side of (4) vanishes at +1 and we get

(2a(1)c) (1) — a()er (1) = a'(1)er(1)) = 0 (7)

(—2a(=1)cy(=1) —a(=1)er(=1) + d'(=1)er(=1)) = 0 (8)

We will now use Mathematica to solve these equations with the following code.

alx_ ] = x74 + al*xx™3 + al2%x”2 + al*x + 1;

cllx ] = c13*(x)73 + cl12x(x)72 + clix(x)+ c10;

poli[x_] = Simplify[2*x*al[x]*D[cl[x],x] - alx]l*cl[x] - x*D[a[x],x]*cl[x]];
Lsgl = Solve[poll[1] == 0, poli[-1] == 0, c12, ci1];



The polynomials ¢;(\), c2(A) are here described as polynomials with arbitrary coeffi-
cients: Cl(/\) = 613/\3 + 612/\2 + Cll)\ + 610,02()\) = 023)\3 + 022)\2 + 021/\ + Co0 with
cij € CVi, 7 Doing so gives us the result 1o = 3c10 A c11 = 3cs.

We will now do the same with ¢,(\) but since by(\) = iky(A—1)(A2+BA+1)+iky(A—1) 5N
we can see that by and by only have one common root at —1 so we only get one equation.
We will again use Mathematica to solve this.

c2[x_ 1 = c23%(x)73 + c22%(x)72 + c21*(x)+ c20;
pol2[x_] = Simplify[2*x*a[x]*D[c2[x],x] - alx]*c2[x] - x*D[a[x],x]*c2[x]];
Lsg2 = Solvel[pol2[1] == 0, c21];

That yields in ¢y = —3cog + oo + 3ca3.
Since we now have used all conditions on the roots of our polynomials, we have to
calculate our equations (4) - (6) and hope to get some new results for our polynomials
c1(A) and e)).
We will again use Mathematica for these calculations:
bildot[x_]1 = kldot*(x-1)"2*%(x+1);
adot[x_] = aldot*x™3 + a2dot*x~2 + aldot*x;
cl2 = 3%c10; cll = 3%cl13;
Dgll = (2*xx*a[x]*D[cl[x],x] - alx]l*cllx] - xxD[al[x],x]*cl[x])*I -
(2xa[x]*bldot [x] - adot[x]*bl[x]);
ListDgll = Simplify[CoefficientList[Dgll,x]];

We get the following equation

—icoN + (=2iarcio +ici))A® + (=3iagcio + 3icin) A+

(—4iaicyy — iagcry + 2iarcia + bicys) A 4 (=bicyg + iascia — 2a1c11 + 4iagciz) N3
+ (=3ic1y + 3iageiz) A + (—icig + 2iaici3)\ +iciz =

2 N+ (2a1ky — arky — 2k0)ANC + (ayky — agky — 2ky — 2a1ky + 2a0ky) N

(agky + 21 — 2a9k) )N + (agky + 2k — 209k )\

+ (arky — agky — 2ky — 2a1ky — 2a1ky + 2a0k;)\?

+ (2a1ky — 2ky — a1k A + 2k,

By equating coefficients, we extract 8 new equations which we will use to describe ¢ ()
further and later construct our vector field.

I 21{31 = —iclo

II 2(11]'61 — dll{?l — 2k’1 = —22@1610 + 7:011



I Gyky — aogky — 2ky — 2a1ky + 2asky = —3iazcig + 3ici

IV aqky + 2]%1 — 2a2/%1 = —4tajc1p — 1azCy + 2taicia + Hicys

V a9k + 2]%:1 — 2a2i€1 = —bicig + 1a9c12 — 2a1¢11 + 4iac13

VI a1ky — aoky — 2k — 2a1ky — 2a1ky + 2a0k, = —3icy1 + 3iascys
VII 2a1ky — 2k — a1ky = —icio + 2iaqc13
VIII 2k = iciy

Since the equations I and VIII have the same term on the left side, we see that ¢35 =
—cyp. Therefore, we can now describe ¢1(A) with only one coefficient:
Cl()\) = 013<)\3 - 3)\2 + 3\ — 1)

We will now do the same with cg(\), where we only have one condition as of now. We
use similar coding to extract equation (5)

b2dot [x_] = Ix(k2dot*(x-1)*(x"2 + b*x +1) + k2*(x-1)*bdot*x) ;

c21 = -3%c20 + c22 + 3%c23;

Dgl2 = (2*xx*a[x]*D[c2[x],x] - alx]l*c2[x] - x*D[al[x],x]*c2[x])*I -
(2*a[x]*b2dot [x] - adot[x]*b2[x]);

ListDgl2 = Simplify[CoefficientList[Dgl2,x]];

The result is the full version of (5)

— oo\ — i((3 + 2ay1) o0 — 22 — 3¢a3) A% 4 i(—3agcag + 3ca) N’

—i(ag(coa — 3¢ + 3c23) — Beag 4 2a1 (2622 — €22))A* 4 i((6a1 — 5)cap + Ao — 2a1(Caa + C23)) N
4 3(9¢c0 — 3cag — 9ca3 + 3agca3) A: + —i(con — 2a1Co3) N +ico3 =

— ko N+ i(ka(aq — 28) + ko (2 — 2a1 — 23))N\

— i(ka(ar — az — a1 — 28 + 2a18) + ka(2 — 2a1 + 2a3 — 28 + 2a,8))\°

+i(ko(2a1 — as — a1 + o + 2a1 8 — 2a2/3) + ka(2 + 2a2 — day — 2Bas + 2B8a;))A*
— i(ko(20y — Gy — @13 + G428 — 2a98 + 2a13) + ko(2 4 2a5 — day — 2a983 + 2a15) N\
— i(ka(—a1 + a2 + a18 — 2018 + 28) + ka(—2 + 2a1 — 2a2 + 28 — 2a18)) X

+ i(ky(—ay + 28) + ka(=2 4 2ay + 2B))\ + 2ik,

Again we equate coefficients and get
I _7:020 = —2Zk2

11 —Z(<3 —+ 2&1)020 — C92 — 3C23) = Z(k)g(al — 26) -+ k2(2 — 2&1 — 25))
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I i(—3asco0+3cas) = —i(ko(ay — g — a1 —28+2a15) + ko (2— 2a1 4+ 2a5 — 26+ 2a1 3))

v _i(C'LQ(CQQ - 3620‘4- 3623> — 5623 + 2&1(2022 — 622)) = Z(k2(2(1,1 — az — (116 + agﬁ +
2a1ﬁ — 2(125) + /{32(2 + 2@2 - 4&1 — ZB(IQ + 25(11))

Vo i((6ar — 5)cao + agcan — 2a1(can + ca3)) = —i(ka(201 — dg — @18 + 428 — 2a5/3 +
2&16) + /{?2(2 + 2CL2 — 4&1 — 2&26 + 2&16

VI i(9¢a0 — 322 — 9¢as + 3aaca3) = —i(ka(—a1 + az 4 a1 8 — 2a1 3+ 23) + ko (=2 + 2a; —
2(1,2 -+ 2ﬁ — 2@15))

VII —?:(622 - 2&1623) = i(k’g(—dl + 26) + i{g(—Q + 2&1 + 25))
VIII dcyy = 2iky
We see that that the left side of I is the left side of —V IT1 which yields ca3i = —(—c201),
therefore it follows ca3 = cag
We can see that there are no other conditions we can use to describe c3(\) more exact,

so we will now make use of (6). The goal is to have c3(\) and ¢1(\) depend from only
one variable.

In B.Schmidt (2017) we see the exact values of Q(1),Q’'(1),Q"(1) which we will use to
calculate () by using the Taylor series at A = 1. The values are

Q) =0
o = AWED. - )cg<1>b1<1>
e (1) - S0 ()]B5(1) + e (DB(1) — [ea() — “Dea(D] (1) — ea(1)0(1)

a(1)

We will now calculate Q(A) = Q(1) + Q'(1)(A — 1) + %(/\ — 1)? with Mathematica
and the results we already have.

Q1’[x_]1 = (c1[x]*D[b2[x],x] - c2[x]*D[bl[x],x])/alx];

Qi"[x_1 = ((cilx] - Dlalx],x]/alx]*c1[x])*D[b2[x],x] +
cl1[x]*D[D[b2[x],x],x] - (c2[x] - Dlalx],x]/alx]*c2[x])*D[bl[x],x] -
c2[x]*D[D[b1[x],x],x])/alx];

Q1" [1]

11



We see that Q'(1) = 0 because ¢; has a root at A = 1 and b; has a double root at A = 1
which means that b/, also has a root there. Hence, we can calculate Q(\) fairly easy

Qlx_1 = (Q1"[11*(x-1)"2)/2;

Dgl3 = cl[x]*b2[x] - c2[x]*cl[x] - Qlx]*alx];

ListDgl3 = Simplify[CoefficientList[Dgl3,x]];

Lsgh = Solve[ListDgl3 == {0,0,0,0,0,0,0}, {c22, k1, k2, c23, al, a2, b}];

That yields in the following results
—1(2 — 2a1 — 3az — 28 + 2a1 8 + az8)c13ks
(—2 + 2@1 - a2)k:1

2(6 + 2&1 — Q9 — 45)013]{72
(—2 + 2&1 — CLQ)]{JQ

Co2 =

Co3 =

So now we have the following polynomials

Cl()\) = 013()\3 - 3/\2 + 3\ — 1)
Z(6 + 2&1 — a9 — 46)\3 _ Z(2 — 2&1 — 3@2 - 26 + 2&16 + GQ/B)kQ

A) = 22
CQ( ) 613( -2 + 2(11 — ay (—2 + 2@1 — ag)kl
B (2 — 2a; — 3ag — 26 4 2418 + a26)k52/\ n i(6 + 2a; —ag — 46)
(—2 + 2@1 — ag)k’l —2 + 2&1 — a9

who both only depend on ¢;3 € C. We will now prove a theorem found in M.U.Schmidt
(2018) about the integral curves of vector fields.

Theorem 4.1. V is a finite dimensional Banach space, X C 'V open.
Let F : X — V be a locally Lipschitz continuous vector field, f : X — K be a continuous
function.

(i) If 3C1 > Cy > 0 s.t. Cy > f > Cy > 0 every mazimal integral curve of fF is
the composition of the mazximal integral curves of F' with bijective maps from the
respective intervals.

(ii) If f is locally Lipschitz continuous, fF is locally Lipschitz continuous.

(7ii) If f is locally Lipschitz continuous, F and fF are complete vector fields and 3Cy >
Cy >0 st. Cp > f > Cy > 0 the respective dynamical systems have the same
trajectories.

Proof. (i) Let ty € R be arbitrary, ¢o € X and 7(f) : (o, f) — X a maximal integral
curve of fF for the initial value v;(tg) = go. We now search a real valued map ¢ :
(o, 5) — R. For the initial value exists a unique integral curve v : (a,b) — X s.t.

12



49 = F(72(t)). We now search a function ¢ : («, ) — R where v; = 5 0 ¢ holds. We
will now differentiate both sides to get a differential equation for ¢.

(i%(cb(t)) = 32(6(1))(t) = F(r2(¢(0)d(t) = F(3 (1)) f(n (1) = Ao (1)

So we get the differential equation

o(t) = fF(n(?))

Since the right hand side is integrable, we know that there exists such a function ¢(¢)
that is continuous. Since we know ¢(t) = f(71(t)) > Cy > 0 we know that ¢(t) is in-
jective. We also know that the image of a connected space under a continuous function
is connected. Therefore ¢[(c, 5)] C R is connected and as every connected subspace of
R an interval. So ¢ is a bijective continuous map that maps an interval to an interval
and therefore homeomorphic. We will call the image of ¢[(a, 3)] = (a,b) and show that
it is the maximal existence interval for the initial value problem 7, solves. Since ~v; is a
maximal integral curve we know that on the boundaries, one of three things can occur:

(i) a = —00, =0
(ii) t = ||f (7 () F(7(t))]] is unbounded for small € > 0 on (a, a +¢€), (8 — ¢, 5)

(iii) The curve 7;(¢) can be extended continuously to [«, 8), (a, 5] but limy (¢, 71(t)) ¢
R x X, limyp(t, 71(t)) ¢ R x X.

We will only show what happens for the lower boundaries. We start with (i). If @ = —o0,
the interval has no lower bound. We know that (¢~')" = 5 and hence 0 < o < Oyt
Therefore, ¢! is bijective and Lipschitz continuous because the derivative is bounded.
So ¢! is a bijective, Lipschitz continuous map from (a,b) to (—oo, 3). Therefore (a, b)
has to have no lower bound as well and we get a = —o0.

(ii) We assume that t — || f(71(¢))F (71(¢))|| is unbounded for small € > 0 on (o, a + €).
Therefore, we know that || f(v1(¢))F(71(t))]| is unbounded on («, « + €). We also know
that || f(3.(0) F (@) < CUl[F(n(®)]] = CLl[F(v2(o(t))]]. So we know that [[F(y2(t))]]
is unbounded on ¢[(a, a+-€)]. Since ¢ is monotonous, we also know that that is an interval
of the form (a,a + €). So (ii) holds for v, as well.

(iii) We see that the condition (iii) can equivalently be seen as that the curve 7, (t) can
be extended continuously to [«, 3), but lim;, 71 (t) ¢ X. We want to show that the same
thing will happen to v = 71 o ¢. We know that ¢ is a bijective continuous mapping
from an interval to an interval and therefore monotonous. That means that lim;, ¢(t) =
a A limys ¢(t) = b. Therefore we know limy|, Yo(t) = limy 71 ((2)) = limy o 71 (t) ¢ X.
Therefore the condition (iii) holds for 7, as well. So we see that 5 also has to be a
maximal integral curve, completing the proof.
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(ii) Let # € V arbitrary. Since V' is a finite dimensional Banach space, it is also locally
compact with respect to the norm topology. We choose Uy, U, K, as neighborhoods of
x s.t. Uy is the neighborhood where f is Lipschitz continuous, Up is the same with F'
and K, is a compact neighborhood of x. Therefore we get

| () = Fy)ll < Lullz —yl| Yo,y € Up
1f(x) = FWIl < Lelle —yl| Yo,y € Uy

with Ly, Ly > 0. So now we will look at z,y € Ur N Up N K,. We get

f (@) F(x) = F)FWI = |l (@)F(z) = f(y)Fly) + fF@) F(z) = fy) F(o)]| <
f (@) F(z) = f) F @)l + [Lf () F(x) = f@) F@I < [[F@)] -1 (@) = fy)ll+
@I - F (@) = F)ll < ||F@)] - Lollz — yll + [[f W] - Lallz — yl] <

()
(L2- sup  |[|[F(2)[|+Li-  sup [[fW)I)Ilz —yl|
:EGUfﬂUFﬂKz yGUfﬂUFﬂKz

—f
—f

We know that Uy NUrp N K, C K, is obviously a subset of a compact space we can look
at the supremum on K, instead of a subset, where both f and F' as continuous functions
have a maximum instead of a supremum. Therefore we get

(Lz+ sup |[|[F@)|[+Li-  sup [[f(y)IDllz—yll < (L2~ sup [[F(2)][+
CCEUfﬂUFﬂKz yEUfﬂUpﬂKz reEK,

Ly - sup || f(z)|Dl|z = yl| = (L - max || F(z)|| + Ly - max || f(z)| )|z — y|| =
zeK, zeK, €K,
(Li-ca+ Ly a)llr —yll Va,y € Uy NUp N K, = Upr

We can now define Lyp = Ly - ¢ + Lo - ¢; and get

1f(@)F(z) = () FWI < Lyplle =yl Yo,y € Usp

Since we constructed this for an arbitrary x, fF is locally Lipschitz continuous.

(iii) From (ii) we know that fF' is locally Lipschitz continuous. Take ty € R arbitrary.
The images of the maximal integral curves of fF, F for ¢, are the trajectories Orb(® sr, to)
and Orb(®p,ty). Since both vector fields are locally Lipschitz continuous, both integral
curves 7, : I — X for fF and v, : I, — X for F are unique. We will use the same
approach as in (i) and get the equation

o(t) = f(m(t) > Cy >0

Therefore, we have a monotonous function ¢ that again maps the intervals on which the
integral curves are defined. In the same way as in (i) we get

1 _ _
& 0<Cyt < — <t

—1\/ _ 1
(QS )_ ¢/
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meaning that ¢! is Lipschitz continuous and the derivative is bounded and can’t go to
zero. Therefore, ¢~ ![I;] can only be unbounded, if I; is unbounded and ¢![I;] has to be
unbounded if I; is unbounded, because ¢ is monotonous and the derivative is bounded
by a constant greater than zero. Therefore, ¢~![R] has to be the whole space R as well,
meaning ¢ maps the maximal integral curves of F' to the maximal integral curves of fF,
allowing us to write the orbits as the images of our integral curves. We get

Orb(®sr,to) = 12[R] = 71 0 B[R] = %1 [R] = Orb(Pr, to)
Therefore, they have the same trajectories. O]

We already mentioned in the beginning that in the Wente family every polynomial
has only real valued coefficients. We also know that [ is real valued. If we look
at our equations (4) and (5) we see that both left sides are complelety imaginary.
a(N),a(N),by(N), b1(\) are all completely real valued, which means the left side in the
brackets has to be completely imaginary. Since ¢;(\) or ¢} () appear in every coefficient,
this means ¢;(A) must be imaginary, so we get ¢13 € ‘R. Looking at (5) we see that
ba(N), ba(N) are completely imaginary, making the whole right side imaginary. So both
sides are completely imaginary if cy(\) is real valued, which is equivalent to ¢;3 € iR as
well. Hence, we choose c¢13 = 7, and for every other version of our vector field we only
need to multiply F' with an A € R to get the new vector field for another coefficient ¢;3.
With our completely calculated polynomials we will now go back to the equations (4)
and (5) to calculate our vector field.

c22 = -Ix((2-2xal1-3*a2-2*xb+2*xalxb+a2*b)*c13*k2)/((-2+2*al-a2)*kl);
c23 = I*((6+2%xal-a2-4xb)*c13%k2)/((-2+2xal-a2)*k2);
cl3 =1;

Dgll = (2*x*a[x]*D[cl[x],x] - alx]*cllx] - xxD[al[x],x]*cl[x])*I -
(2*a[x]*bldot[x] - adot[x]*bl[x]);
Dgl2 = (2*x*a[x]*D[c2[x],x] - alx]l*c2[x] - xxD[al[x],x]*c2[x])*I -

(2*xa[x]*b2dot [x] - adot[x]*b2[x]);

ListDgll = Simplify[CoefficientList[Dgll,x]];
ListDgl2 = Simplify[CoefficientList[Dgl2,x]];
Lsg6 = Solve[ListDgll == {0,0,0,0,0,0,0,0},

{aldot, a2dot, kldot, k2dot, k1, k2, al, a2}];
Lsg7 = Solve[ListDgl2 == {0,0,0,0,0,0,0,0},
{k2dot, bdot, aldot, a2dot, k2, kidot, ki1, all}]l;
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Those calculations yield the following solutions:

- )
S —6—2a1+02+46
"= 0t 20y — @) "
al _ (4+CL1) (11)
k1
iy — W (12)
1
8+ 60 %200 — axf - 267 (13)

(—2 + 2@1 - ag)k'l

So our vector field F' maps the quintuple (kq, ko, a1, as, f) to these solutions. One can
easily see that the last three variables depend on ki, ky the same way. We will now try

to multiplicate F' with a function f s.t. fF' is a polynomial vector field. Therefore we
will define

f:R =R
(k‘l ]{?2 a; QG B)Hkl(—2+2a1—a2)

That leaves us with

fF:R> - R
K, k1(—2+22a1—f12)
o kl(—6—2a21+a2+46)
a [ — (44 a1)(—2+ 2a; — as)
s 2(a; + as — 2)(—2 + 2a1 — ao)
p —8 460 + 2018 — as8 — 2/3°

We want to justify this approach using Theorem 4.1. But since we can’t prove that
fF and F are complete, we can’t use Theorem 4.1 (iii). Instead we will try to use
Theorem 4.1 (i). Later, we are only interested in the vector field in certain points and
their neighborhoods. Therefore, we can restrict R® to compact neighborhoods of these
points. There we know that f will have a definite sign in these special neighborhoods,
and since f is continuous we see that there are C7,Cy s.t. either 0 < C} < f < (5 or
0 < —Cy < —f < —C5 hold and we can then use Theorem 4.1 (i). So we know that
the integral curves are homeomorphic. Since the last three variables don’t depend on
the first two, we will now only look at the last three and try to parametrize the vector
field in an easier way. We can easily see that the term (—2 + 2a; — ag) appears both in
a1 and ao because we multiplied them with that term. One can also see that this term
is —a(—1) so we will now look at a;, —a(—1) instead of aj,as. We get the equations
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a = —2+ 2a; — ay and similar as = —2 + 2a; — a which we will use to calculate % a.
t=0

We know 4| =4

o Gl (=2+42a; —ap) = 241 — G. We will again use Mathematica to
=0

t=0

calculate F'

aldot = (4+al)/ki;

a2dot = 2*x(-2+al+a2)/ki;

kildot = -1/2;

atilde = -2 + 2xal - a2;

atildedot = Simplify[2*aldot - a2dot,x];
cl3 = kilxatildeneux*I;

a2dot = 2%aldot - atildedot;

aldot = 4xatildeneu + al*atildeneu;

We now see that our new vector field has a much easier form

fE:C*—=cC?
aq &(al + 4)
al|— 2a(8 — 2a; + a)
3 —(282 - (8—a)B+8)
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5 Stability Analysis

In this chapter we will examine the vector field of chapter 4. We will try to show unique-
ness of the maximal integral curves. Therefore, we will try to see whether the integral
curves are monotonous and look at roots of our vector field and how the integral curves
behave there. We will also examine the boundaries of the integral curves and look in
which ways the flows escape the Wente family there.

We will examine the roots of our vector field because they are fixed points of the cor-
responding dynamical system. There we will examine whether the fixed points are
hyperbolic, because we want to use theorem 2.40 about hyperbolic fixed points and sta-
ble and unstable manifolds found in chapter 2.6 of M.U.Schmidt (2018). In a first step
we will look at the last version of our vector field fF and calculate every root using
Mathematica

a2 = -2 + 2*%al - atildeneu

atildedot = Simplify[2*aldot - a2dot,x];

c13 = kl*atildeneuxI;

a2dot = 2xaldot - atildedot;

atildedot = 2*(8*atildeneu - 2*al*atildeneu+atildeneu”2);

bdot = -I*(8 - 8%b - atildeneuxb + 2%b~2);

Erg = Solve[{aldot, atildedot, bdot} == {0,0,0}, {al, atildeneu, b}];

We see that the only roots of this are (ay,a, ) = (—4,—16,—2) and (z,0,2),z € R.
We see that the second root is a whole linear subspace. We will now examine the first

root we found and try to apply the principle of linearized stability so we will examine
VF(-4,-16,-2).

R a 4+ aq 0
VfF(a,a,p0) = | —4a 2(8 —2a; + 2a) 0
0 B —(4f -8 —a)
Therefore, we get
) —-16 0 O
VfF(—4,-16,-2)=| 64 —-32 0
0 -2 0

One can easily see that the eigenvalues of Vfﬁ’(—él, —16,—2) are -16, -32 and 0. There-
fore (—4,—16,—2) is not a hyperbolic fixed point and we have to try something else
to examine this root. First we will again use a different parametrization for our vec-
tor field. We already substituted ay; with —a(—1), and now we will substitute a; with
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a(1). Since this is only a linear transformation, we can’t expect the roots to change in
their behaviour. Using Mathematica to transform our vector field, we get the following
formula

C~L1 - —2&1&2

a9 = —dg(dl + ELQ - 16)
B=—(20" - (8—a)B+8)

The new roots of our vector field are (x,0,2),z € R and (0,16, —2). Since the first
two tangent vectors don’t depend on 3 and we didn’t change the third, we still get an
eigenvalue of zero. Therefore, we will now blow up the root (0,16, —2). To do so we
first must parametrize our vector field so that our root is at (0,0,0). So we just look at
(@1, + 16,5 — 2) and we get

a, = —2a,(ay + 16)
dy = —(dg + 16) (a1 + as)
B=—2(8-2)" (8~ (a+16))( — 2) +8)

If we look at the definition of the blow up, we see that A is a manifold. The condition

zilj = z;l; Vi,j means that if {; # 0 we get z; = ll—?zj. Therefore, if there exists a
J

coordinate where [ does not vanish we see that our coordinates are (z,1) = (Al,1). We

will now define U; = {y € P" !y, # 0} = {y € Py, = 1} Vi = 1,...n. Now we

will define a chart ¢; : U; — C"~'. If we take y € U; we can map y — i(yl, cUYn) =

(%, U D z—z) If we take an arbitrary [y] € U; and do the calculation we used before,
we get (y1,...,1,...yn) € [y] where y; € C Vi. Therefore, we can identify [y] € P"?
with an element (y1,...,%i 1, ¥Yit1,---,%n) € C"1. So we get a map

¢i Uz — Cn_l

Y= (Y1 Uit Yit1s -5 Yn)

That is obviously a chart. We can therefore construct a chart from C" x U; as 1¢n X ¢;.
We obviously get n charts which we will consider. The next step is to look at our vector
field F' in these charts. For ¢; we get the parametrization of an = = y;(y1,...,1...,y,)
where we set x; = y; and z; = y;y; Vi # 0. If we now look at the derivatives, we get
the following using the product rule:

T; =i
Tp=vy; +viy; VjFi
We will now solve the second equation because our vector field (i1, ... &,) is mapped to
(91 ... Un). We here get the equation
Tj — Uiy

g =
! Yi
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If we solve these equations in every chart, we get the blow up of our vector field. Since
we blew up the origin, we are only looking at roots of this new vector field in the so
called exceptional fibre which means the projective space we replaced the origin with.
Therefore, we have to set y; = 0 before we look at roots.

For U; we get the new parameters y = (y1, y2,Y3)

a; = Y1

a2 = Y12

B =yys

That means we receive the derivatives
i = (y)
_aa(y) — yain
B hn

gy = B(y) — ysin

Y1

If we use Mathematica for that we have the following code

aldotneu = -2*altilde*(a2tilde+16);
a2dotneu = -(a2tilde+16)*(altilde + a2tilde);
bdotneu = -(2(b-2)"2 + (a2tilde-8+16)*(b-2) + 8);

altilde = yi;
a2tilde = ylx*xy2;
b = ylxy3;

yldot = aldotneu;

y2dot = Simplify[(a2dotneu - yldot*y2)/y1];
y3dot = Simplify[(bdotneu - yldotx*y3)/y1l;
yl = 0;

Solve[y2dot, y3dot == 0,0, y2,y3]

With that we get the vector field

(0 —291(16 + y1y2)
Y2 | = (y2 — 1)(16 + y192)
Y3 —2y3(y1y3 — 16) + 12(2 + y1y3)

With setting y1 = 0 we get §1 = 0,92 = 16(y2 — 1), Y3 = 2y» + 32y3. Therefore, our only
root in this chart is (0,1, — ).
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We will now do the same in ¢o. Here we get the coordinates

ay = Y12
ay = Y
B = y3yo

That means we get the derivatives

a1(y) — y13e
Y2
Yo = Qo
B(y) — ysy2
Yo

We now use Mathematica to get the explicit forms

U=

Ys =

aldotneu = -2*altildex(a2tilde+16);
a2dotneu = -(a2tilde+16)*(altilde + a2tilde);
bdotneu = -(2(b-2)"2 + (a2tilde-8+16)*(b-2) + 8);

a2tilde = y2;
altilde = ylx*xy2;
b = y3x*xy2;

y2dot = Simplify[a2dotneu];

yldot = Simplify[(aldotneu - y2dotx*yl)/y2];
y3dot = Simplify[(bdotneu - y2dotxy3)/y2];
y2 = 0;

Solve[yldot, y3dot == 0,0, y1,y3]

The vector field has now in this chart the form

n (y1 — D)y1(16 + yo)
Y2 | = — (1 + 1)y2(16 + y2)
Us 24 (16 + 51 (16 + 2))ys — 24213

By setting yo = 0 we get 93 = 16(y; — D)y1,92 = 0,93 = 2 + (16 + 16y;)ys. That yields
in the roots (0,0, —%) and (1,0, —3).
Now we will consider the final chart ¢3. We have the coordinates

ay = y1Y3
az = YoY3
B =y
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and the derivatives

. a(y) — s
N=——"—""">-"
Y3
da(y) —
Gy = 2(9) Y2Ys3
Y3
y3 = B(y)

With the following Mathematica code we receive the new vector field
aldotneu = -2*altilde*(a2tilde+16);
a2dotneu = -(a2tilde+16)*(altilde + a2tilde);
bdotneu = -(2(b-2)"2 + (a2tilde-8+16)*(b-2) + 8);

altilde = ylx*y3;
a2tilde = y2xy3;
b = y3;

y3dot = bdotneu;

yldot = Simplify[(aldotneu - y3dot*yl)/y3];
y2dot = Simplify[(a2dotneu - y3dot*y2)/y3];
y3 = 0;
Solve[yldot, y2dot == 0,0, yi,y2]
which has the form

Y1 —11(32 = 2y3 + y2(2 + y3))

Yo | = | —2y2(8+v2 —y3) — 41(16 + 3213)

Ys —8 = 2(ys —2)% — (y3 — 2) (323 +8)

By again setting now y3 = 0 we get 1 = —91(32+ 2y2), 9o = —16y1 — 2y2(8 + 42), Y3 = 0
and therefore the roots (—16, —16,0), (0, —8,0), (0,0,0). Note that we will not consider
(0,0,0), since it is not a direction in the projective space.

So now we know every critical point of our vector field after blowing up. We will now
again try to use the theorem about hyperbolic fixed points to show that there is only
direction to flow out of the critical points. We start with the points found in ¢;:

First we will calculate the Jacobi matrix of F'o ¢

—2y1y2 — 2(16 + y112) —2y3 0
V(Fo¢1) = (y2 = Dy2 16 4+ y1(y2 — 1) + v132 0
Yays — 243 2+ y1ys Y1y2 — 241Y3 — 2(y1y3 — 16)
If we now look at the value of our Jacobi matrix, we get
-32 0 O
0 16 0
-2 2 32

128
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One can easily see that the eigenvalues are \; = —32, A\y = 16, A3 = 32 with the cor-

8192 0 0
9
responding eigenvectors v; = 0 [|,va =1 8 |,v3 =10|. Now since we have a
1 -1 1

hyperbolic fixed point we can separate the stable and the unstable manifold which are
defined as

Ws(zo) = {x € V|t — ¢(t, x) exists for a t € [0,00) and tli)m or(t,x) =20}
Wu(zg) = {x € V|t = ¢4(t, z) exists for a t € (—oo,0] and Jim or(t,z) = x0}
We can only flow out of the exceptional fibre if the coordinate in which we use the chart
is non zero, which is only the case for the stable manifold. Since this manifold is one

dimensional, there is only one unique way out of the exceptional fibre in this root.
Now we will look at the roots found in ¢o. Our Jacobi matrix has the form

(2y1 — 1)(16 + y2) yi(1 =) 0
V(F o ¢y) = —42(16 + y2) —(y1 +1)(16 + 2y2) 0
(16 + y2)ys n1ys — 2y3 16 + y1(16 + y2) — 440y3

If we look at the Jacobi matrix at the roots of our vector field, we get

. 16 0 0
V(Fog)(10, 1) ={0 =32 0
1 -2 32

T 128

We can easily see that the eigenvalues are the same as in the first chart and the root
also has a similar form suggesting that we look at the same point in different charts.

0 0
We get the eigenvectors vy, = % for Ay = =32 and v = | 0| for Ay = 32 and v3 =
1 1

16
0 | for A3 = 16 yielding the same results as the root in chart 1. Now we examine the
1

second root in chart 2

1 —16 0 0
V(F o ¢9)(0,0, —g) = 0 —-16 0
—2— 5 16
16 —
yielding the eigenvalues and eigenvectors A\ = —16 withv; = | 0 [ andvo = | 1 |,
1 0

0
Ao =16,v3 = | 0 |. Note that Ay = —16 is a double root of the characteristic polynomial,
1
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which is why the Eigenspace is two dimensional. We see that y, only occurs in the stable
manifold, which is two dimensional. So there are two ways in which we can leave the
exceptional fibre. So we don’t have the result we searched.

We will now also examine the roots in the third chart

=32+ 2y3 — y2(2 + y3) —y1(2 +y3) —11(y2 — 2)
V(Fo¢s) = Y2y3 — 16 —2ys — 28 +y2 —y3) —Y1ys  2y2 — Y1l
0— (ys — 2)ys —8 — (4+y2)(y3 — 2) — 1ous

Looking at the first root we get

0 32 -—288
V(F o ¢3)(—16,—16,0) = | —16 48 —288
0 0 =32
9
We see that the eigenvalues and eigenvectors are \y = —32,v; = | 9|, s = 32,09 =
2

1 2
1, 3 =16,v3 = | 1|. We also see that our fixed point is hyperbolic and that the
0 0
component 3 only occurs in the stable manifold, which is one dimensional. Therefore,
there is only one way out of the exceptional fibre in this root.
We will now examine the final root

-16 0 0
V(F o¢3)(0,—-8,0)=|—-16 16 —16
0 0 -—16
-1 2 0
We see that the eigenvalues are Ay = —16,0;1 = | 0 |,vo = |1]|, A3 =16,v3 = |1
1 0 0

We note that the fixed point is hyperbolic and that the first eigenvalue is a double
eigenvalue, hence the eigenspace is two dimensional. The third coordinate occurs only
in the first space, therefore there are two ways out of the exceptional fibre. We see that
the algebraic blow up didn’t help us to show uniqueness of the maximal integral curves
of our vector field since there are still fixed points where our integral curves can leave
the space in more than one way.
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6 Conclusion

In this work we have constructed a vector field that describes the Wente family under
the Whitham deformation and we showed that the Whitham deformation leaves the
Wente family invariant, since our vector field F' was real valued.

After that we tried to show that the vector field we contructed has only one maximal
integral curve, which we coulnd’t accomplish. Now in two next steps one could try to
show that every integral curve of the Wente family flows into the root of F' (0, 16,2) we
found in chapter 5. One could also try to prove that the Wente family only consists of
one integral curve like we tried to prove by using the condition that the meromorphic
differentials ©;,, have purely imaginary periods.
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