Chapter 4

Heat Equation

In this chapter we investigate the heat equation
uw—Au=0

and the corresponding inhomogeneous variant
u—Au=f.

The unknown function u is defined on an open domain 2 C R” xR and the inhomogeneity
f is a given function on 2. We shall extend some statements about harmonic functions
to solutions of the heat equation.

This heat equation describes a diffusion process. This means a time-like evolution of
space-like distributed quantities like heat, chemical concentration and others. Here the
flow density is proportional to the negative of the gradient. Then the heat equation follows
from the scalar conservation law.

4.1 Fundamental Solution

Since the heat equation is linear and contains only a first order derivative with respect to
time and only second derivatives with respect to space, for any solution wu(z,t) and any
A € R the function u(Az, A\*t) is also a solution. This scaling behaviour suggests to look
for solutions which depend only on % We invoke the following ansatz:

1
u(z,t) = el (t%) reR"teR".

Here o and 3 are constants and v : R” — R an unknown function. This ansatz is justified
by the scaling behaviour u(z,t) = A*u(Nz, \t). With A = } we obtain v(%) = u(%,1).

o8
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This ansatz transforms the heat equation into the following PDE

—a 7@ y(y) — pt @y Vo(y) — 7@ Au(y) =0 mit  y= t%

If we set g = %, then this equation does not depend on ¢ and reduces to
av+%y-Vu—|—Av:O.
Again we assume that v is a function of |y|. With v(y) = w(|y|) we obtain:

n—1 / . |‘T|
w =0 with r=-——.
r Vit

If we set a = 7, then we may integrate once:

1 / i
ozw—i—y‘w +w” +

(r" ') + L (mw) =0 rw' + 2w = a.
The constant a vanishes, if w and w’ vanish at infinity.

w':—%rw w=>b-e

INEY

For a special choice of the constants a and b we again obtain the fundamental solution.

Definition 4.1. The fundamental solution of the heat equation is defined as

1 7¢ n
B, 1) — e for xeR ,t>0'
0 for xeR™t<0

Lemma 4.2. For allt > 0 the fundamental solution satisfies / O(z,t)d"x = 1.

1 e | 2\
PTOOf. W/Rne 4td$—m/n€ dilj'—ﬂ_n/2(/R;€ dl’) = 1. O

The fundamental solution is similar to a mollifier on R™. So we may expect that the
convolution with ® converges in the limit £ | 0 to the identity.

Theorem 4.3. For h € C,(R™,R) the following function u has the properties (i)-(iii):
uet) = [ 0wy by

(i) ue C®(R" x RT)
(ii) ©« — Au=0 on R" x R*
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(iii) w extends continuously and bounded to R™ x [0, 00) with Pr% u(z,t) = h(zx).
—

Proof. Since ®(x,t) is smooth on R™ x R* the foregoing lemmas and the boundedness
of h implies that u(z,t) is well defined, bounded and continuous on R™ x [0,00). On
(z,t) € R? x R* all partial derivatives of (z,t) — ®(z —y,t) belong to [}(R") considered
as functions on y € R™ and depend continuously on (z,t) € R". So they define a smooth
map from (z,t) € R” x R* into L!'(R"). The integral is a linear continuous operator from
LHR™) to R. So u is smooth. No (ii) follows, since ® solves the heat equation on R" x R*.
The continuity of h implies uniform continuity on compact subsets. For any € > 0 and
any x in a compact subset of R™ there exists 6 > 0, such that |h(x) — h(y)| < € for all
|z — y| < . Furthermore there exists 7' > 0, such that

/ O(y,t)d"y = / Oy, 1)d"y < € forallt <T.
R™\ B(0,5) R\ B(0,6/v/%)
This implies lu(z,t) — h(z)| = / O(z —y,t)(h(y) — h(x))d"y
<[ @G-yt (b -hle) [y 4 [ ey )lh) - Al
B(x,0) R\ B(z,6)
< e+ 2esup{|h(y)| |y € R"} for all t < T.
So u(x,t) converges in the limit ¢ | 0 uniformly on compact subsets of R" to h. ]

In this limit ¢ | 0 ® converges as a distribution (and as a measure) to the d—distribution.
Note that by this formula the speed of propagation is unbounded.

4.2 Inhomogeneous Initial value problem

In the forgoing section we constructed a solution of the initial value problem
t—Au=0 and u(x,0)=h(z).

Duhamel’s principle derives solutions of the inhomogeneous initial value problem from
solutions of the homogeneous initial values problem. If we write the heat equation
as u = Awu and recall that the Laplace operator is a linear map from the space of
smooth functions on R" into itself, then the heat equation becomes a linear ODE in
the (infinite-dimensional) space of smooth functions on R™. For linear ODEs the vari-
ation of constants is also a method to obtain the solutions of the inhomogeneous equa-
tion in terms of homogeneous solutions. In fact if we take the integral over the interval
[0,¢] of the corresponding homogeneous solutions which are at s € [0,¢] equal to the
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inhomogeneity at s, then we obtain a solution of the inhomogeneous equation which
vanishes at ¢t = 0. Now Duhamel’s principle is just the application of the variation of
constants to the heat equation considered as an ODE in the space of functions on R™:

t
Let u(z,t) = / / O(x —y,t — ) f(y,s)d"yds.  Then formally we obtain

w(z,t) — Au(z,t) = hm <I>(x —y,8)f(y,t —s)d"y+

// Oz —y,t —5) — DaB(z yat—8)>f(y,S)d"ydszf(:c,t).

Theorem 4.4 (Solution of the inhomogeneous initial value problem). If f is twice con-
tinuously and bounded differentiable on R™ x [0,00), then

u(:v,t):/ot/n (I)(x—y,t—s)f(y,s)d"yds:/Ot/n O(y,s)f(x —y,t — s)d"yds

solves the inhomogeneous initial value problem

w—Au=f on R" x R and limu(z,t) =0.

t—0

Proof. We already proved that vs(x,t) = [, P(x—y,t—s)f(y, s)d"y solves on R" X (s, c0)
the initial value problem vy — Avs = 0 with 11m vs(z,t) = f(x,t). So vgis on R™ X [s,00)
—S

continuous. This implies for all € > 0 the relation

ue(x,t):/o vs(ac,t)ds:/o /n O(x—y,t —3)f(y,s)d"yds

ue(x,t)—AuE(x,t):/n @(x—y,t—(t—e))f(y,t—e)d”y:/ O(x—y,e)f(y, t—e)d"y.

n

Theorem 4.3 (iii) implies lim,_,o . — Au. = f on R® x R*. On the other hand we have

(x,t) / / (x —y,t —3)f(y,s d"yds-// (y,s)f(z —y,t —s)d"yds.

By the second integral in the Theorem and the assumptions on f we conclude that
i (i 1) — S, 1)) = (2 = A ) im0y = (9= 2 ) (e, )
lim (de(2, 1) — Aue(z, 1)) = | 5 — lim ue(z,t) = | 57 —

holds. The continuity of v gives u(x,0) = 0. O

Corollary 4.5. The inhomogeneous initial value problem has the following solution:

u—Au=f u(z,0) = h(x)
u(z,t) = /n Oz —y, t)h(y)d"y —i—/ﬂ /n O(x —y,t—s)f(y,s)d"yds. O
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4.3 Mean Value Property

We use the fundamental solution ®(x,¢) in order to determine the value u(x,t) as a mean
value on some ball like domain which has to be chosen properly.

Definition 4.6. For all (z,t) € R" xR and all r > 0 we define

E(z,t,r) = {(y,5) € R™ | s <t,®(x —y,t —5) > )

67 4(t—s) 2 <“— e 4(t—s) é

oyl (47)Y2(t — 5"/ oo 1 ( r? )"/2
At = s)

rn /2 t—s
— % < g(2ln(r) —In(4(t — 5)) — In(n))

— |z —y[’<2(t—s)n(2In(r) — In(t — s) — In(47)).

Theorem 4.7 (mean value property of the heat equation). Let u be a solution of the
heat equation on an open domain Q@ C R™ x R. For any (z,t) € Q and any r > 0 with
E(x,t,r) C Q we have

1 |z —yl? . ly[?
u@1) Cnr™ /E(Lt,r)U(y?S) (t —s)? e v E(0,0,1) 52 v

Proof. Due to the translation invariance we may assume (x,t) = (0,0). We define

1 2 1 2 2
S(r)= o u(z, q)|2—|2d”qu = T—n/u(ry, 725s) (|:2‘7{9|)2 d"(ry)d(r?s) :/u(ry, r23)|‘z—ldnyds.
E(0,0,r) E(0,0,r) E(0,0,1)

Here we used the fact that the bijective map (y,s) — (ry,r*s) maps E(z,t,1) onto
E(rz,r*t,r) since ®(r(z — 2),r’t) = r"®(x — y,t). We calculate

S'(r) = / =5 (y- Vulry, r®s) + 2rsi(ry,rs)) d"yds
B

n1+1 / %y - Vu(y, s)d"yds + n1+1 / 2u(y, S)| Y |2dnyds
r E(0,0,r) S r E(0,0,r) S

For ¢ = —% In(—4mws) + % +nlnr we obtain E(0,0,7) = {(y,s) | ¥(y,s) > 0}. Further-
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more 1 vanishes on the boundary of E(0,0,r).

1 Ay l? 1 - n
| 2u——d"yds = e duy - Vipd"yds
r E(0,0,r) o r E(0,0,7)

1
=—— / (Anap + 4y - Va)d"yds
T JE©0r)

1 )
=— / (—4niyp + 4y - Vu)d yds
" JE0,0r)

1 . n o |yl
- —4 4 (=2 VYN ) dryds.
rrt /E(0,0,r)( riinp ( 25 4s? gy e ve

1 2
Hence we have S'(r) = o / (—4nAu1/1 - —ny : Vu> d"yds
r E(0,0,r) S

1 2
= / (4nVu -V — —ny . Vu) d"yds = 0.
T Jee0n s

This shows that S is constant. By the continuity of u and by the equation
| ry |
r

1 2 1
_n/ ’y2| d”yds:—n/ 20\2
™ JE@©O0r) S ™ JE©,0,r) (r2s)

we obtain lim S(r) = C,u(0,0). O

r—0

2

2
d"rydr’s = / @dnyds =C,
E(0,0,1) S

Let us calculate the constant explicitly. The heat ball E(0,0,1) contains all (y,s) €
R" x (—00, 0] with s < 0 and |y|* < —2sn(2In(1) — In(—s) — In(47)) = 2nsIn(—4ns). By
the positivity of |y|* we have —4ms < 1 and —ﬁ < s < 0. This gives

ly[*d"yds
—47ms)CR™

0 1
—L 57 JB(0,4/2ns1In(
0 2nsIn(—4ms) = v/ —2nsIn(4ms)
1 ir ]
= / - w1 drds = / - / nw,r"drds
_1 S 0 0 S 0

L 2nslIn i) n+2 L
i 1 rn+2 (47‘rs nwn(Qn) 2 4 1 n+2 ds
[T L[] ds =" [T e () T S
0 0 0
Now we substitute 47s = e~ a'" with 2% =In(gy;) and jtdt = —2.
nt2 oo/ 22\ 3 n+2-n o0
C, = nwn(2n) 2 / e n' (2752)% A¢dt = M/ 2t€_t2tn+2dt
n+ 2 0 AT " n (n+2)nmz J
_ _Ln [e—tzt””ro + 8&:‘ /00 e Pty = 4in" /00 e Ut dt
(n+2)mz 0o 7Tz Jo Tz Jo

4w, oo 4 [ 4 ee "
= — ui [e’tQt"} + — nwne’t{zt"’ldt = — (/ e’““%i:v) =4.

n n n
T 2 0 T2 0 T2 0o
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4.4 Maximum Principle

For any open domain €2 C R"™ we define the parabolic cylinder as Qp = Q x (0,7]. The
parabolic boundary d€Qr of Qr is defined as Qr \ Qr. It is the union of (9Q x (0,T]) U
(Q X O) and does not contain at time t = T' points inside of €.

Theorem 4.8 (strong maximum principle of the heat equation). Let Q be path connected
(i.e. any z,x' € Q are connected by a continuous path from x to x') and let u be twice
continuously differentiable solution of the heat equation on Qp with continuous extension
to Qp. If u takes the maximal value in Qp, then u is constant on Q.

Proof. Let (xg,t) be an element of Q7 at which u takes the maximal value. Then there
exists 1o > 0 such that E(xz,y,ro) is contained in Q7. By the mean value property w is
constant on F(zg, to, 79). Since 2 is path connected there exists for any (x,t) € 2 x (0, %)
finitely many E(zo, to, 7o), E(x1,t1,71), ..., E(xp, ty, 7n) in 2% (0, ¢0) containing the points
(z1,t1), ..., (0, tn), (x,). So u is constant on Q. O

Theorem 4.9 (weak maximum principle for the heat equation). Let Q@ C R"™ be open and
bounded and u a twice differentiable solution of the heat equation on Qr which extends
continuously to Qr. Then the maximum of u is taken on 0Qr. 0

Again this Maximum principle implies the uniqueness of a boundary value problem:

Theorem 4.10 (uniqueness of the boundary value problem). On an open and bounded
domain ) C R™ there exists at most one solution u of the inhomogeneous heat equation
which extends continuously to Qr and coincides on 0y with a given function.

Proof. Apply the weak maximum principle to the difference of two solutions. n

In order to prove on R" x R* the uniqueness of the initial value problem we need as in
the case of the Poisson problem a bound on the growth at infinity.

Theorem 4.11 (maximum principle for the Cauchy problem). For a bounded and con-
tinuous initial value h on R™ let u be a solution on R™ x (0,T] of the problem:

i—Au=0onR"x(0,7) u(z,0) = h(x) on R™ x {0},
which is bounded by u(z,t) < Ae¥™ on R x [0, T]
for some positive constants A,a > 0. Then u is bounded by sup u = sup h.

R"x[0,7] Rn
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Proof. We first consider the case where a and T obey 4aT" < 1. Then there exists an € > 0
with 4a(T +¢€) < 1. For all y € R" and p > 0 the following function v solves together
with the fundamental solution on R™ x (0,7 + €) the heat equation:

_n T— 2
v(@,t) = u(e,t) = (T + e~ )75 exp (5725 )

On any domain of the form Qp = B(y, r)x (0, T] the weak maximum principle applies. Due
to the assumptions both function u and h are bounded by Ae®*’. Since the inequality
m > a holds for t > 0 there exists for any © > 0 a R > 0 such that v(z,t) <
sup{h(z) | x € R} holds for all » > R on 0B(y,r)r = B(y,r) x {0} UdB(y,r) x (0,T].
Hence the weak maximum principle implies v(z,t) < sup{h(z) | x € R"} for all (z,t) €
R™ x [0, T]. This holds for all g > 0 and by continuity also for pu = 0.

For 4aT > 1 we decompose the time interval into [0,7] = [0,71] U ... U [T, T] with the
property 4a(T,,,+1 — T;,) < 1. By induction the general case follows. ]

Theorem 4.12 (existence and uniqueness of the initial value problem). For h € C'(R™)
and f € C(R™ x [0,T]) there exists at most one solution of the initial value problem

w—Au=f onR"x (0,T) u=nh on R" x {0}
on R*x [0, Ty] which is bounded by |u(z,t)| < Ae® for some A>0, a>0 and 0<Ty<T.
If hoand f are bounded by |h(z)| < Ae™” and f(x,t) < Ae®™” on (z,t) € R" x [0,T] for

some A >0, a>0, and T > 0 then this unique solution is given by

u(z,t) = /n O(z —y, t)h(y)d"y + /0 /n O(x —y,t —s)f(y,s)d"yds.

1

This solution might explode at some finite t T Ty > 14

Proof. By the maximum principle for for the Cauchy problem Theorem 4.11 the difference
of any two solutions vanishes. This shows uniqueness.

In order to prove existence we apply Corollary 4.5 and show that the given u(z,t) has a

bound as stated. For 0 <t — s < ﬁ we have —Lz(t’j/g < —2alz —y|? — \892215 and
xr— 2 T— 2
—2alz|? a|y‘2q)( y ) < 672a|x|2+a|y\272a\m*y|2e— |8(th) 2n/267a|2x7y‘26_%
e e T — — s —
. N (47 (t — s))/2 (8m(t—s))/2

Oz —y,t —s) < 2M2®(x — y, 2(t — 5))e2 el

The inequalities |h(x)] < A" and f(x,t) < Ae®*!” which hold for (z,t) € R™ x [0, T]
first imply u(z,t) < A'e?el® for t € [0, Ty] with Ty = min{7, -} and some A’ > 0. For



CHAPTER 4. HEAT EQUATION 66

f = 0 the maximum principle for the Cauchy problem Theorem 4.11 implies

sup e~ jy(z, )| < 2% sup /<1>(93 —y, 2t)e W h(y)|d"y
(2,4)ER" % [0,T)] (2,£)€R™ X [0,Th]

< 2% sup e_“|y|2\h(y)| <22 A
yeR?

n

t

For non vanishing f we get sup e 2 lu(z, 1)) < 27 A (1 + /ds) <22 A(1+T).
(z,t)€R™ % [0,Tp] 0

So the given u obeys locally in ¢ € [0,7] a bound as stated and is the unique solution,

as long as it obeys such a bound. The solution u(x,t) = (Ty —t)~2 exp (4(‘7?' - ) of the

homogeneous heat equation shows that this might not be true for all ¢ € [0, 7. O]

Improved arguments yields the sharp bound on the extinction time Ty > t.

Example 4.13. We show by a counterexample the non uniqueness of solutions without
any bound of the initial value problem. For n =1 we make the ansatz

)=> g, dalx,t) = Aule,t) =Y (@) — [+ 2)(1+ 1)ga(t)z'.

=0

For a given function go(t) = g(t) we thus obtain the following formal solution of the
homogeneous heat equation.:

u(z,t) =

[
/\Q/_\
N =
=
S—
)
N

=0

We now show that for g(t) = exp(—t~2) this power series indeed converges to a solution
such that on every compact subset of R™ the uniform limit t | 0 vanishes. We first
calculate g (t) for any | € Ny by a real polynomial p; of degree | solving the relation

g(l)(t) = t_lpl(t_2) exp(—t2)  with p(2) = 2z2p(2) — Ipy(2) — 22p;(2).

This recursion relation for p; follows by differentiating by t. The first two polynomials are
po(2) =1 and p1(2) = 2z. We claim that the coefficient of pi(z) in front of 2* is bounded
by U For | = 0, k=0 this is clear. By induction we obtain with k <1+ 1

Y oFgi-
07 N ike N urt 0T 4k + 1+ 2k) - N+ 1) - (I + 1)t7t+t
2k=1(fk — 1) * 2Kkl kKl 2k k| - 2k T 2kl
This proves the claim. Using the inequalities (211) = m < %, we conclude

ml 2 1722\ ' S g(t) (1" 21
t (= L= )= A —
lu(z,t)| < it Z Qkkthk = Zo ! < 2t ) — k! (2t2> p( 2t 2252)

Therefore the series converges absolutely and for t | 0 uniformly on compact sets to 0.
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In analogy to the Laplace equation one can show the uniqueness of the boundary value
problem Theorem 4.10 and of the initial value problem Theorem 4.12 also with the mono-
tonicity of an energy functional. We define

e(t) = /QUQ(a:,t)d”a:.

If u solves the homogeneous heat equation and vanishes at the boundary of 2, then this
functional is monotonically decreasing with respect to time:

&(t) —2/u(x,t)ﬂ(x,t)d"x—2/

u(z, t) Au(x, t)d"x = —2/ (Vu(z,t)* d"z < 0.

Q

If u(x,t) vanishes at t = 0, and if u(-,¢) and Vu(-,t) are square integrable for ¢ > 0, then
u vanishes identically since Vu(-,t) vanishes and (-, t) is constant for ¢ > 0.

4.5 Heat Kernel

In analogy to the Green’s function of the Laplace equation we define for open subsets
) C R” the heat kernel Hq,.

Definition 4.14. For an open domain Q C R™ the heat kernel Hg : Q X Q x Rt — R of
Q s characterised by the following two properties:

(i) For (x,t) € Q x R* y s Hq(x,y,t) extends continuously to Q with value 0 on 9.

(ii) Forz € Q the function (y,t) — Ho(r,y,t) — ®(x —y,t) solves the homogeneous heat
equation and extends continuously to Q x RS with value 0 on (y,t) € Q x {0}.

Lemma 4.15. If u and v are two functions on Q x RY with an open domain @ C R"
which all three have appropriate reqularity, then we have

/T/ u(x,t)(Ow(z, T —t) + Av(z, T —t))d"xdt

o Jo

+ /0 /Q(atu(x,t) — Au(z,t))v(z, T — t)d"xdt =

= /0 /aQ(U(yvt)Vyv(y,T —t) = Vyu(y, )o(y, T —t)) - N(y)do(y)dt

+ /Q(u(:zr,T)v(x,O) —u(z,0)v(z,T))d"x.

Proof. The fundamental theorem of calculus gives for the terms with t-derivatives the
final integral over 2 and the boundary terms of a partial integration with respect to y
yields the two gradients with respect to x in the integral over 0f). [
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The function v(y,t) = Hq(z,y,t) has at v(x,0) a singularity and is not defined there.
Hence we integrate with respect to dt over the interval ¢ € [0, T — €] instead of t € [0, T
and take afterwards the limit € | 0. Then Theorem 4.3 gives

/ / uw(y,t) — Au(y, t))Ho(z,y, T — t)d"ydt =

N / /aQ u(z,t)VaHa(z, 2, T —t) - N(2)do(2)dt + u(z, T) — /Q“(y, 0)Ho(z,y, T)d"y.

This shows also u(z, T) / / u(y,t) — Au(y, t))Ho(z,y, T — t)d"ydt

— / /mu(z, t)V.Ho(z, 2, T — t)N(z)do(z)dt + /Qu(y, 0)Hq(x,y, T)d"y.

Theorem 4.16 (solution of the initial and boundary value problem). Let f be a function
on Q x (0,7), g a function on 0 x [0, T] and h a function on ) which together with the
open domain 2 C R™ have appropriate reqularity such that all appearing integrals converge
absolutely. Then

T
u(x,T):/O /Qf(y,t)HQ(x,y,T—t)d”ydt

_ /0 /8(2 g9(z, )V Ho(x,z, T —t)N(2)do(z)dt + / h(y)Ho(z,y, T)d"y

Q

18 the unique solution of the initial and boundary value problem

w—Au=f onQx(0,T) u=g on 0 x[0,T] u(z,0) = h(z) on Q.

We prepare the proof by showing that the heat kernel is symmetric:
Lemma 4.17. For all T > 0 and z,y € Q we have Ho(z,y,T) = Ho(y,z,T).

Proof. We insert u(z,t) = Hgq(z,z,t) and v(z,t) = Hq(y,z,t) in Lemma 4.15. By
Theorem 4.3 (iii) and the property (ii) of the heat kernel the following integral vanishes:

/(HQ(:U, 2, T)Hq(y, z,0) — Hqo(x, 2,0)Hq(y, 2,T))d" 2= Ho(z,y,T) — Ho(y,z,T). O
Q

Sketch of the proof of Theorem 4.16. The case f = 0 = g follows from the defin-
ing properties of the heat kernel. This implies that in the second case ¢ = 0 = h

v(z,T) = / Ho(z,y,T —t)f(y,t)d"y solves the initial value problem
Q

0v—Av=0o0nQx (t,00) v(z,t)= f(x,t) on Q@ x {t} v(x,t) =0 on IN x [0, c0].
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If we assume that f has appropriate regularity and extends twice continuously differ-
entiable to Q x [0, 7] as in the homogeneous initial value problem Theorem 4.4, then

/ / Ho(z,y, T —t)f(y,t)d"ydt  solves the initial value problem

Wz, t) — Au(z,t) = fon Q@ x (0,7) u(z,0)=00nQ wu(x,t)=0on 2 x[0,T].
Finally we consider the inhomogeneous boundary value problem: In this case u solves
Wz, t) — Au(z,t) =00n Q x (0,7) wu(z,0)=00nQ wu(zx,t)=gon dQx[0,T].

We first extend any function g on 992 x [0,7T] with appropriate regularity to Q x [0, 7T
such that it vanishes outside a tubular neighbourhood of 992 x [0, T]. If we subtract from
this extension @ the solution of f = % — A# and h(z) = @(z,0) then we obtain a solution
of the desired boundary value problem. O

The appropriate regularity conditions depend on the heat kernel and therefore also on
the domain. All the time we assumed that the divergence theorem holds for the open
domain €2 C R". Before we construct the heat kernel for some special domains, we prove
the following general property of the heat kernel:

Lemma 4.18. For any bounded connected open domain €2 C R™ the corresponding heat
kernel is positive on the corresponding parabolic cylinder, if it exists.

Proof. The fundamental solution ®(x,t) is positive on (z,t) € R™ x R*. For bounded
open domains 2 C R"™ and given x € Q the difference ®(x — y,t) — Hq(z,y,t) of the
fundamental solution minus the heat kernel is the unique solution of the heat equation
on €2 x [0, 7] which vanishes on Q2 x {t = 0} and coincides on 992 x [0, 7] with ®(z —y, t).
This solution is for all € > 0 on Q x {t = ¢} and on 92 x [0, T] not larger than ®(z —y,t).
By the Maximum Principle it is not larger than ®(z —y,t) and Hq(z,y,t) is positive. [

4.6 Spectral Theory and the Heat Equation

In this section we solve the initial value problem
t—Au=0 on Qx[0,7] wu=0 ondx[0,7] wu=h onQx{0}

with the help of the Laplace operator on . If h is an eigenfunction of the Laplace
operator:

—Ah=MAh on § and hlsgg =0,

then the initial value problem can be solved by the following ansatz:

u(x,t) = @(t)h(z)  G()h(x) + Ap(t)h(z) = 0.



CHAPTER 4. HEAT EQUATION 70

The general solution is ¢ = —Ay, @(t) = e M=) With ¢(0) = 1 we obtain the unique
solution of the corresponding initial value problem wu(x,t) = e *h(x). By linearity the
corresponding solution for initial value h = hy + ... + hy; with —Ah; = \h; on
and hipq = 0 is given by u(z,t) = e hy(z) + ... + e ™ hy(z). Hence it suffices to
decompose h into a sum of eigenfunctions of the Laplace operator on {2 with Dirichlet
boundary conditions.

To explain this strategy we first interpret the fundamental solution as such a decomposi-
tion. On R™ the Laplace operator has the following eigenfunctions:

_A€27rik-a: — 47_‘_2]{26271'7;]6:)3

The following equation of powerseries on z € R™ implies that the Taylor coefficients, i.e.
the terms for each | € Ny on both sides coincide. Hence it holds also for z € iR™:

00 2]
n/2 § : (Zl'f ) —(k—z)? 422 n [ —k2§ 2]{3{[’ n § —k2 2l

=0

z—y)? n/2 z—y)2 .
This implies e_( =0 &erg =0 /e (%WE iZ=y ) D — / —4m2k2t 2mie—y)k gn].
)" n n

So by our considerations above the solution of the initial value problem

t—Au=0 on R"xI[0,T] u(z,0)=h on R"

U(l',t) _ / / e—47r2k2t€27ri(:c—y)kh(y)dnkdny‘

For an integrable function h we can apply Fubini’s Theorem. So for continuous and
integrable h we conclude from hm u(z,t) = h(z) also

is given by

— hm/ / —4m2k2t 27r7,x y)k’h( )dnydnk,

tl0

We define the Fourier transform of h as  h(k) = / e 2 M (y)d™y.  This gives
u(z,t) :/ et 2Tk (Y and h(z) = ltiﬁ)l e~ AR 2Tk ]y (Y

Definition 4.19. The Schwartz space .# contains all smooth complex valued functions f
on R"™ whose functions x — |x|*|0%f(z)| are bounded for alll € Ny and all o € N

Lemma 4.20. The Fourier transformation maps S onto S. The inverse is given by

PoF:8—S8, heh, with h(z)= / ™ (k) d k.
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Proof. By two partial integrations we calculate
—ﬂ(l{:) = —/ e M AR (y)d"y = / AT K2 e 2" () dMy = ATk h(k).

So by |h(k)| < Jzn |R(y)|d"y the Fourier transform of any Schwartz function decays faster
then every inverse power of the coordinate. For any h € C§°(R"™, C) we obtain

1Plloe < WAll 2 m)-

Since C§°(R", C) is dense in I}(R"), the Fourier transform extends to a continuous linear
map from I!(R") into the Banach space C,(R", C). Furthermore, we have

(O:(k)| = < 27 ||ly[h(y) || 2 @y

/ —2miy;e "R (y)d y

So h is smooth, if h decays faster than every inverse power of the coordinate. So the
Fourier transform of an integrable function is continuous and the Fourier transform of a
Schwartz function is smooth.

Theorem 4.3 implies for any h € S

h(x) = lim e R TR () d ke with  h(k) = / e~ 2R () d™y.
R~ n

Since 6_4”2ka converges in the limit ¢ | 0 on any compact subset K C R™ uniformly to

1 and since h € S belongs to L'(R™), we also have Po F o F = 1s and F o F = P,

respectively. Now the equation

/ 62mkach<k)dnk _ / e_%ikxiz(—k:)d"k:

implies P o F = F o P and therefore also FoPoF = FoFoP = 1s. O

For any Schwartz functions h and g we apply Fubini’s Theorem and obtain

/ h(k)g(k)d"k = / / )2k gy k
/ / 25 (0 Ry — / h(y)a(y)d"y.

This shows that the Fourier transform preserves the hermitian scalar product and the
I[*(R™)-norm. Since the Schwartz space is dense in [?(R") this implies that the Fourier
transform extends to an unitary operator from I*(R") to I*(R"™).

Definition 4.21. For any open connected domain Q C R™ let W*(Q) be the closure of
C5e(R2) in the Hilbert space with the scalar product

<fag>wo2v2(g) Z/Q(Af)Agd"x—l—/Qfgd”x.
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All functions h € C§°(2) obey

(A, AR ey = /Q (AR AR < (h, By
Therefore for any h € Wa*(Q) the function Ah belongs to I2(Q). For f € I?(Q) the
Cauchy Schwarz inequality implies

’<f7 Ah>L2(Q)‘ < | fllz2ee - ||h||W§’2(Q)‘

A sequence (h,)nen in C5°(Q) converges together with (Ahy,)nen in I2(Q), if and only if
it converges in W%2(2). So the operator H = —/\ is a closed self adjoint operator on
I7(92) with domain W3*(Q) C I?(Q). By the inequality

/(—Ah)hd”a: = / IVh|? >0 forall he C§(RQ),
Q Q
tH

H is non negative. Hence the operator H has a spectral decomposition and e™* is a
bounded operator from I?(Q) to I?(2) such that the following equation holds:

le™ All2) < Nl 2e)-

This shows that u(z,t) = (e7h)(z) solves u(z,t) = —(He ") (z) = Au(x,t) with
Dirichlet boundary condition

u(z,0) = h(x) u(z,t) =0 for =z € .

We shall calculate with the help of this relation between the spectral theory of the Laplace
operator with Dirichlet boundary condition and the heat equation the heat kernel of the
circle S' and the interval [—1, 1].

4.7 Heat Kernel of S!

2

We identify the circle S* with the quotient R/Z. The eigenfunctions of —dd? on R/Z are
equal to e?™* with k € Z with eigenvalues 472k2. This eigenfunctions build an orthogonal
system of the Hilbert space I?(R/Z). By the Theorem of Stone and Weierstra$ the algebra
of polynomials with respect to sin(27z) and cos(27z) are dense in the real Banach space
C(R/Z,R). This in turn implies that the same holds for polynomials with respect to e*™*
and e~ in the complex Banach space C'(R/Z, C). Therefore the orthogonal complement
in [?(R/Z) of the former orthogonal system is trivial, and this system is an orthogonal
basis. So any h € I*(R/Z) may be decomposed into a series of the eigenfunctions e*7**

of —&, on R/Z with eigenvalues 472k>:

h(z) = Zake%im with ar = /R/Z e 2D (y)dy.

kEZ
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Therefore the heat kernel of R/Z is given by
Hyyz(z,y,t) = Z e~ Am Ktk 2mik(a—y) O(z — y,4mit) with ©(x, 1) Z g2mikatmiTh?
keZ keZ

Here ©(x, ) is Jacobi’s Theta function. This sum converges on the domain (z,7) €
Cx {r € C|S(r) > 0} to a holomorphic functions since e™™** decays exponentially with
respect to k2. This Theta function is characterised by the following properties:

O(x+1,7) =O(z,71), Oz +7,7) = O(x, 7)e ™7 @(% + %T, 7)=0.

The first property follows from the periodicity of e?™** with period 1. The other two
properties we show by direct calculation:

2 . ) 2
iB + 7, 7_ E 627rzk (z+7)+mik*T _ § 627rzka:+7rz(k+1) T—TiT
kEZ kEZ
) , o0 o o
_ § 627rz(k+1)a:+7rz(k+1) T—2mWix —TIT _ @(ZL’, ’7')6 2T —TUT
keZ
L4z —-§ : kemit((k+3)*—1) _ i mir(i+3)>2 _
Oz +3%.t)=)> (=1 2771 =e 4 e 2(1-1)=0.
keZ 1eNy

Exercise 4.22. (i) Show that for all t > 0 the fundamental solution ®(z,t) belongs to
the Schwartz space considered as a function on x € R™.

(ii) Calculate for all t > 0 the Fourier transform of the fundamental solution ®(x,t)
considered as a function on v € R™.

(iii) Show that for any Schwartz function f on R the following series converges to a
smooth function f on R which is periodic with period 1:

= fla+n).

nez

(iv) Let h be a periodic continuous functions on R with period 1. Show that the solution
of the heat equation with initial values h preserves periodicity with period 1 for all
t > 0. Conclude that the following series is the heat kernel of S*:

> (@ —y+nt).

ne”

(v) Due to Poisson’s summation formula every Schwartz function on R satisfies

S ) =3 flee

nez neL
Show with the help of this formula the relation

Hgi(z,y,t) Z@x—y—l—nt)

nez

(vi) Show that f(z) = e (e™*" 4 sinx) is a positive Schwartz function on R, whose
square root does not belong to the Schwartz space.
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4.8 Heat Kernel of (0,1)

The eigenfunctions of —% on (0,1) with Dirichlet boundary conditions, this means roots

at 0(0,1) = {0, 1}, are given by
V2sin(krz) with keN

These functions again build an orthogonal system:
1 1
/ V2 sin(krz)y/2 sin(Krz)de — / (cos((k — K)mz) — cos((k + K)mz))dz = S
0 0

For any continuous functions f on [0, 1] with roots at 9(0,1) the function

(@) flx—2n)  forx € [2n,2n+ 1] withn € Z
xT) =
—f(2n—2x) forxe€[2n—1,2n| withn € Z

is continuous on R with roots at Z and is periodic with period 2. By the Theorem of
Stone and Weierstra$ the finite linear combinations of (z — exp(kmiz))gen build a dense
subalgebra of C(R/2Z) and therefore are also dense in I?(R/2Z). The map f — f obeys
f02 f(@)§(z)dx = 2f01 f(x)g(x)dx and maps I*(0,1) onto

A= {f c I*(R/27)

f(x) for even n € 2Z and x € R
fn+zx) =
—f(1—2z) foroddne€2Z+1andzeR

This space A consists of all periodic odd functions on R with period 2, since n = —1 gives
f(x —1) = —f(1 —z). A linear combination ), ai exp(kmx) belongs to A, if and only
if a_;, = —ay, for all k € Z. Hence the linear combinations of (v/2sin(k7rx))en are dense
in A and build an orthonormal basis of I?(0,1). This implies

1
h = Z apV2sin(krz)  with  a, = / V2sin(kry)h(y)dy — for h e I2(0,1).
keN 0

We conclude that the unique solution of the initial value problem

w(z,t) — Au(z,t) =0 u(z,0) = h(x) u(0,t) =u(l,t) =0 for (x,t) € (0,1) x RT

1
is given by u(z,t) = / Hoy(z,y,t)h(y)dy with
0
Ho1)(z,y,1) = Z et sin(krz) sin(kwy)
k=1

= Ze_”%zt(cos(lmr(x —y)) —cos(km(z +y))) = %@(ﬂ,m’t) - %@(x—ﬂ’, mit).

2 2
k=1
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Exercise 4.23. (i) Show that the heat kernel H 1y is given by

1 . 1
Hon(z,y,t) = 5@(%—y,mt) — 5@(%”,7?@75).

(ii) Let A be the space of all continuous functions on R with the following properties:

f(z) for evenn € 27 and x € R

f(n—i—:U):{_f(l_x) for oddn € 2Z + 1 and v € R.

Show that the functions in A vanish at Z and that A contains all continuous odd
and periodic functions with period 2.

(iii) Show that for any Schwartz function f on R the following series converges to a
smooth functions f in A:

flz) = Zf(2n + ) — Zf(Zn — ).

neL neZ

(iv) Show for any h € A, that the solutions of the heat equation with initial value h is
for allt > 0 a smooth function in A. Conclude from this that the following sum has
the properties of the Heat kernel of (0,1):

ZCID(x—i—Zn—y,t)—Z@(m+2n+y,t).

neZ ne”

(v) Show the relation

Hop(a,y,t) =Y @z +2n—y,t) = > O(x+2n+y,t).

nez neL

The heat kernel of the Cartesian product of two domains can be easily calculated in terms
of the heat kernels of both domains:

Lemma 4.24. If Q C R™ and Q' C R"™ are two open, bounded and connected domains
with given heat kernels Ho and Hqr, then the heat kernel of 0 x € is given by

HQXQ’((xu‘r/)) (yay,)7t> - HQ(I7y7t>HQ’(x,7y,7t> (I,I/), (y7y/) € Q X Q/ le R+'

Proof. For any (z,2/,t) € Q x Q' x Rt the function (y,y’) — Hq(z,y,t)Ho (2", t)
extends by the value zero continuously to 9(Q2 x Q') = (92 x ') U (w x 0Q). The
Laplace operator of the Cartesian product is the sum of the corresponding Laplace op-
erators. Hence for all (z,2") € Q x Q' the function (y,y',t) — Hq(x,y,t)Ho ('Y, t)
solves the homogeneous heat equation. The product of both fundamental solutions is the
fundamental solution on R™™". Hence for all (z,2") € Q x Q' the function (y,y,t) —
Ho(z,y,t)Ho (2, y't) — ®(x — y,t)®(z' — 9/, t) extends continuously to Q x ' x R by
setting it zero on (y,9/,t) € Q x ' x {0}. O
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So we might have a formula for the heat kernels all tori (R/Z)" and all Cartesian products
(0,1)™. However the boundaries of the Cartesian products (0,1)" C R"™ are no contin-
uously differentiable submanifolds of R™ and our proof of the divergence theorem does
not apply to these Cartesian products. However, the divergence theorem holds for these
Cartesian products and we prove this in the lecture Partial Differential Equations. So
we have determined the heat kernel of all tori (R/Z)" and all Cartesian products (0, 1)".
Hence the unique solution of the initial value problem

i —Au=0on (0,1)" x (0,7], u(xz,0)=h(z)on (0,1)", w=0ond(0,1)" x[0,7]

18 given by U(l’, t) = f(071)n H?zl H(O,l)(xia Yi, t)h<y>dny

1
From ®(z — y,t) = L®(£ — £, £) we obtain Hyg,n(z,y,t) = — HH(O (%, 2% L),
rm ’
i=1
Corollary 4.25. Any solution u(x,t) of the homogeneous heat equation on a neighbour-
hood of [0,7]™ x [0,T] C R™ x R satisfies

T
u(z,T) = —//u(z,t)VZH[o,r]n(x, 2, T —t)N(z)do(z)dt +/u(y, 0)Hion (2, y, T)d"™y.
0J [0, [0,r]" ]

In the proof of Theorem 4.3 we show that in the limit ¢ | 0 ®(xz — y,t) converges on the
complement of y € B(x,d) uniformly to zero. The same is true for all partial derivatives
and due to condition (ii) in Definition 4.14 also for H1y»(x,y,t). By Lemma 4.17 the
integral for u(z,T) is smooth at all z € (0,r)". For (z,t) € 9(0,r)" x [0,T] the Taylor
series of x +— Hjo,n(x, 2, T — t) converges uniformly on compact subsets of € (0,7)" to
Hyn (2, 2,T —t). This implies the following Corollary:

Corollary 4.26. Any solution u of the homogeneous heat equation on an open domain
Q C R™ x R is smooth and for fixed t analytic with respect to x. O



