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Chapter 1

First Order PDEs

In this introductory chapter we first introduce partial differential equations and then
consider first order partial differential equations. We shall see that they are simpler than
higher order partial differential equations. In contrast to higher order partial differential
equations these first order partial differential equations are similar to ordinary differential
equations and can be solved by using the theory of ordinary differential equations. After
this introductory chapter we shall focus on second order partial differential equations.
Before we consider the three main examples of second order differential equations we
introduce some general concepts in the next chapter. These general concepts are partially
motivated by observations contained in the first chapter.

A partial differential equation is an equation on the partial derivatives of a function
depending on at least two variables.

Definition 1.1. A possibly vector valued equation of the following form
F (D*u(z), D" 'u(z),. .., Du(z), u(z),z) =0

18 called partial differential equation of order k. Here F is a given function and u an
unknown function. The expressions D¥u denotes the vector of all partial derivatives of
the function u of order k. The function u is called a solution of the differential equation,
if uw is k times differentiable and obeys the partial differential equation.

On open subsets 2 C R" we denote the partial derivatives of higher order by 97 =
[Lo)" = Hi(%)% with multi-indices v € Nj of length |y| = ). ~;. The multi-indices are
ordered by 6 < v <= ¢; < ~; for © = 1,...,n. The partial derivative acts only on the
immediately following function; they only act on a product of functions if the product is

grouped together in brackets.
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1.1 Homogeneous Transport Equation

One of the simplest partial differential equations is the transport equation:
w+b-Vu=0.

Here 7 denotes the partial derivative 88—7: of the unknown function v : R" xR — R, b € R”
is a vector, and the product b - Vu denotes the scalar product of the vector b with the
vector of the first partial derivatives of u with respect to x:

ou(z,t) ou(z,t)
Ars +...+0b, oz,

Let us first assume that u(z,t) is a differentiable solution of the transport equation. For
all fixed (zo,t9) € R™ x R the function

b-Vu(x,t) =b

2(s) = u(xo+ s-b,tg+ )
is a differentiable function on s € R, whose first derivative vanishes:
Z'(s) = bVu(xo+ s-bto+8) + u(xo+ s btg+5) =0.

Therefore u is constant along all parallel straight lines in direction of (b, 1). Furthermore,
u is completely determined by the values on all these parallel straight lines.

Initial Value Problem 1.2. We seek a solution u : R™ x R — R of the transport
equation .+ b - Vu = 0 with given b € R™, which att = 0 is equal to some given function
g:R" = R. We call this the Cauchy problem (or initial value problem) for the transport
equation.

With the additional initial data, we can now uniquely determine a solution. All parallel
straight lines in direction of (b, 1) intersect R™ x {0} exactly once. So choose ty = 0, giving
the parameterised lines

(x(s),t(s)) = (zo + sb, s) € R" x {0}.

The initial point of any line can be determined by xqg = x — sb = x — tb. Thus the value of
u on each straight line is determined by the initial condition. These lines are in general
called characteristic curves. The solution has to be equal to

u(z,t) = u(zo + sb, s) = u(xo,0) = g(xg) = g(z — tb).

If g is differentiable on R™, then this function indeed solves the transport equation. In this
case the initial value problem has a unique solution. Otherwise, if g is not differentiable
on R™ then the initial value problem does not have a solution. As we have seen above,
whenever the initial value problem has a solution, then the function u(x,t) = g(x — bt)
is the unique solution. So it might be that this candidate is a solution in a more general
sense.



CHAPTER 1. FIRST ORDER PDES 3

1.2 Inhomogeneous Transport Equation

Now we consider the corresponding inhomogeneous transport equation:
uw+b-Vu=f

Again b € R" is a given vector, f : R x R — R is a given function and u : R* x R —+ R
is the unknown function.

Initial Value Problem 1.3. Given a vector b € R, a function f: R" x R — R and an
initial value g : R™ — R, we seek a solution to the Cauchy problem for the inhomogeneous
transport equation: a function v : R™ x R — R that satisfies

u+b-Vu=f with u(z,0) = g(x).

Similar to the homogeneous case, we define for each (z(,0) € R™ x R the function z(s) =
u(xo + sb, s) which solves

2'(s) = b- Vu(xg + sb, s) + w(xg + sb,s) = f(xo + sb, s).

Notice that the right hand side is only a function of s. Moreover z(0) = u(xg,0) = g(xo)
is known. Thus we can integrate and determine z(s) completely. This tells us the value
of u and any point on the line (2 + sb, s) € R" x R.

We can also gather this information into a formula for u. The point (z,t) lies on the line
(xo + sb, s) with s =t and xy = x — tb. Therefore

u(z,t) = 2(t) = 2(0) +/0 Z'(s) ds = g(zo) —l—/o f(zo+ sb,s) ds
= g(x — tb) —|—/0 flx+ (s—1t)b,s) ds.

We observe that this formula is analogous to the formula for solutions of inhomogeneous
initial value problems of linear ODEs. The unique solution is the sum of the unique
solution of the corresponding homogeneous initial value problem and the integral over so-
lution of the homogeneous equation with the inhomogeneity as initial values. We obtained
these solutions of the first order homogeneous and inhomogeneous transport equation by
solving an ODE. We shall generalise this method in Section 1.5 and solve more general
first order PDEs by solving an appropriate chosen system of first order ODEs.

1.3 Scalar Conservation Laws

In this section we consider the following class of non-linear first order differential equations

u(z,t) + M — iz, ) + f'(u(z, 1)) - 8u§§; t)

ox =0
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for a smooth function f : R — R. Here u : R x R — R is the unknown function. This
equation is called a scalar conservation law and is a non-linear first order PDE. For any
compact interval [a,b] we calculate

b b b9 F(ulx
%/ u(zx, t)dx :/ U(z, t)dx = —/ de = f(u(a,t)) — f(u(b,t)).

This is the meaning of a conservation law: the change of the integral of u(-,t) over [a, b]
is equal to the 'flux’ of f(u(z,t)) through the 'boundary’ d[a,b] = {a, b}.

Thinking of ¢ as time, the natural boundary condition to consider is u(x,0) = g(x) for
all x € R with some given function ¢ : R — R. Let us try to apply the method of
characteristics to these equations, namely we assume that there exists a solution u try
to understand how the value of u changes along a curve (z(s),s) in its domain. The
difference to the transport equation is that we do not assume that the curves are straight
lines; it remains to be seen which curves we should choose. Let z(s) = u(xz(s),t(s)). The
derivative is

Hence if we choose the curve z(s) with the property that z/(s) = f'(u(z(s), s)) and t(s)
with the property that t'(s) = 1 then

Z(s) = Wﬂ(u(x(s), s)) + u(z(s),s) = 0.

This shows that z is constant along these particular curves.

There remain two things to determine: what is the value of z and does there even exist a
curve x(s) with the required property? We make the assumption that the characteristic
curve begins at the point (z¢,0). In other words x(0) = x¢. By the constancy of z and
the initial conditions we have z(s) = u(2(0),0) = u(x,0) = g(xp). This answers the first
question. The second question is now answerable too: the derivative of x(s) is constant
equal to
'(s) = ['(u(z(s), 5)) = f(2(s)) = ['(9(x0))-

The characteristic curve is therefore z(s) = xo + sf’(g(zo)). Together this shows that the
solution of the PDE is uniquely determine from the initial condition, if it exists.

Instead of thinking about a single characteristic curve and initial point, let us think about
all characteristic curves. This point of view implies the solution obeys

w(zo +tf'(g(xo)),t) = g(xg) for all zg,t € R.

The characteristic curves with initial points z1, x5 € R with g(x1) # g(x2) might intersect
at t € R*. In this case the method of characteristic implies g(z1) = u(x1 +tf'(g(x1)),t) =
w(zgy + tf'(g(x2)),t) = g(xs), which is impossible. This situation is called crossing char-
acteristics. But otherwise the above implicit equation for v can be solved and defines a
solution to the PDE.
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Theorem 1.4. If f € C*(R,R) and g € C'(R,R) with f"(g(x))g (x) > —a for allx € R
and some o > 0, then there is a unique C'-solution of the initial value problem for the
scalar conservation law
ou(z,t)

ot

on (z,t) € R x [0,a™ ') for a >0 and on (z,t) € R x [0,00) for a = 0.

+ f’(u(x,t))auéz’ D0 with u(x0) = g(x)

Proof. By the method of characteristics the solution u(z,t) is on the lines o+t f'(g(zo))
equal to g(zg). For all ¢ > 0 with 1 —ta > 0 the derivative of x¢ — zo + tf'(g(zo)) obeys

L4+ tf"(g(x0))g (z0) > 1 —ta > 0.

Hence zo +tf'(g(xg)) is a strictly increasing function of z, and therefore injective. More-
over limg, 400 o + tf'(g(x9)) = Fo0, because there is a minimum rate of growth. So
zo — o + tf'(g(x0)) is a C'-diffeomorphism from R onto R. Therefore there exists for
any r € R a unique xy with zo + tf'(g(zo)) = x. Then u(z,t) = g(zo) solves the initial
value problem. O

2 we obtain Burgers equation:

Ou(x,t)
Ox

The solutions of the corresponding characteristic equations are x(t) = xo+ g(xo)t. There-
fore the solutions of the corresponding initial value problem obey

Example 1.5. Forn =1 and f(u) = ju

w(z,t) + u(z,t) =0.

u(z +tg(z),t) = g(x).

If g is continuously differentiable and monotonic increasing, then for all t € [0,00) the
map v — = + tg(z) is a Cl-diffeomorphism from R onto R and there is a unique C*-
solution on R x [0,00). More generally, if ¢'(x) > —a with a > 0, then there is a unique
C*-solution on R x [0,a™") for a > 0 and (z,t) € R x [0,00) for a = 0.

1.4 Noncharacteristic Hypersurfaces

Until now we have only considered specific PDEs where one variable was labelled ‘time’
and the initial conditions was ¢ = 0. In this section we shall consider boundary conditions
for the general first order PDE:

F(Vu(x),u(z),x) =0

on the domain  C R"™ with the boundary condition u(y) = g(y) for all y € 3. Here
u is a real unknown function on an open domain €2 C R"™ and F' is a real function
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on an open subset of W C R"™ x R x 2. For the boundary condition we assume that
Y ={z € Q| px)=¢(xn)} is the level-set of the function ¢, which we call a hypersurface.

We will first show that locally every Cauchy problem can be brought into the following
form:
u(y) =g(y) forally €e QN H with H ={z € R" |z - e, = x¢ - €,}.

Here e,, = (0,...,0,1) denotes the n-th element of the canonical basis and H the unique
hyperplane through zy € Q orthogonal to e,,. If Vo(xy) # 0 we may assume without loss of
generality that gz—i(xo) # 0 (relabel the variables if necessary). Then we apply the inverse
function theorem to x — ®(z) = (1,...,2,_1,p(z)) to get a continuously differentiable
coordinate transformation x = ®~1(y) in a neighbourhood of xy. This coordinate change
has the property that ¢(x) = p(x¢) if and only if y - e, = y, = ¢(xg). We say that the
boundary has been straighten at zy. Then by the chain rule the composition © = v o ® of
a function v : Q" — R with ® obeys

Vu(z) = Vo(®(z)) - ¥ (z) = Vu(y) - ¢ (27 (y)) .
Here Vv and Vu are row vectors and ®'(z) the Jacobi matrix. Hence u solves the PDE
F(Vu(z),u(z),z) =0
if and only if v solves the PDE
G(Vo(y),v(y).y) = F (Vu(y) - @ (27} () . v(y), 2 (y)) = 0.

Thus we can indeed assume locally (the coordinate change is only guaranteed to exist in
a neighbourhood of xy) that the boundary is a hyperplane, at the cost of changing the
form of the PDE.

Next we ask the question: given the values of u on the hypersurface H is there anything
else we can determine about u on the hypersurface? Can we determine the value of its
derivatives for example, or can we see immediately that there is no possible u (like for
some situations of Burgers’ equation)?

We can compute the partial derivatives in most directions at xq € H. Observe
Ju(zy) u(zo + her) — u(xo) xo + hey) — g(xo)  Og(xo)

= lim = lim g =
0x1 h—0 h h—0 h 011

This also works for the directions s, ..., x,_1 which lie in the hyperplane. This idea does
not determine agio), but we have not used the PDE yet. If we substitute all the values
we know, there is only one free variable in the PDE:

F(Vu(xg),u(rg), x0) = F (8%(;;0)’ e a@ig(:c_ol) 7Pn,g($o),$o) —0.

Whether or not this has a solution depends on both the PDE F' and the initial condition
g. However, if there does exist a solution then there is a simple criterion depending only
on F' that ensures further that it is solvable in a neighbourhood of x;.
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Definition 1.6. Consider the PDE as a function of 2n + 1 variables F(p, z,x) = 0 and
suppose that there is a solution (po, 20, %¢). The hyperplane H = {x, = xo,} is called
noncharacteristic at xq if

OF

a_pn(p(J?meO) 7& 0.

To understand the name ‘noncharacteristic’ let us consider the example

Ju
— =0, u(z1,0) = g(x1).
axl ( 1 ) g( 1)
The PDE in this case is F'(p1,p2, 2,1, 22) = p1, which clearly does not enjoy the non-
characteristic property. We see that the initial condition is fighting against the PDE;
they are only compatible if ¢ is constant. And even if they happen to be compatible then
the initial condition does not determine 88—:?2 on H = {xy = 0}. If we apply the method
of characteristics to this PDE, we must try to find a curve (z1(s),z2(s)) along which
2(s) = u(z1(s), z2(s)) is nicely behaved. Differentiating z gives
,  Ou N ou
2 =—ux+—=x
1 8552 29
which ‘aligns’ with the PDE if we choose 7 = 1 and 2}, = 0. However this choice
of characteristics gives z1(s) = xo1 + s, x5(s) = g2, which lies in the hyperplane. The
method fails to be useful because no points in the domain can be reached by characteristics
starting on the hyperplane.

Lemma 1.7. Let F: W — R and g : H — R be continuously differentiable, xg € QN H,
20 = g(xo) and po1 = %ﬁ)’ ey Do = %. If there exists po.,, with F(po, 20, o) = 0
and H 1is noncharacteristic at xo then in an open neighbourhood 2, C ) of x( there exists

for x € Q. N H a unique solution q of

F(q(l’),g(l‘),l’)zo, QZ(x>:aag_S)f0TZ:17an_]— and Q(%):Po

Proof. Consider the function (z,q,) — F(q1(2), ..., qn-1(2), qn, g(z),z). This takes the
value 0 at (zg,pon). The noncharacteristic assumption means that we can apply the

implicit function theorem to define g, as a unique function of z in a neighbourhood of
Zo- ]

1.5 Method of Characteristics

In this section continue to consider the general first order PDE and try to formalise the
method of characteristics, which thus far we have developed only ad hoc. We try to obtain
the solution to the PDE by understanding the function v along a curve in the domain.
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For a clever choice of the curve this reduces to the solution of an appropriate system of
first order ODEs. So let z(s) be a curve in the domain of the PDE and z(s) = u(z(s))
be the value of u along the curve. The new ingredient is that we must also consider
p(s) = Vu(x(s)), the gradient of u along this curve. But how should be choose the curve
s+ x(s)? For this purpose we first differentiate

d Ou(x
/
pi(s) = ds (93(;Z Z 83338:61 7j(s).
The total derivative of F(Vu(z),u(z),z) = 0 with respect to x; gives

0 = F(Vu(2),u(z),2) _
dl’i
_ Zn: OF (Vu(zx),u(z), ) 0*u(x) N OF (Vu(x),u(z), z) du(x) N OF (Vu(x),u(z), x)

O0x;0x; 0z 0x; 0x;

Due to the commutativity 0;0;u = 0;0;u of the second partial derivatives we obtain

—~ OF(p(s), 2(s), x(s)) Pu(x(s))  IF(p(s),2(s), x(s)) OF (p(s), 2(s), z(s))
Z Ip; 0z ;0x; - 0z pi(s) = ox; )

j=1
We want to eliminate the explicit dependence on u from all our equations. If we compare
this equation with the derivative of p; we see that we should choose the vector field for
the characteristic curves as

This choice allows us to rewrite the equation above for p’ as

OF (p(s), z(s), x(s))
Z 896]8:1:1 Op;

TR (s), 2(5),2()
T 0z pils) = ox;

Finally we differentiate

2 (s) = jsu(a:(s)) = M Zp] p(s), Z(s),:c(s))‘

J
In this way we indeed obtain the following system of first order ODEs:
sy = OF0(s). (). 2(5)
Ip;

i) = - 201D 200 2(0) _ OF(pl). o) 2l

L3200 el

Op;
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This is a system of first order ODEs with 2n + 1 unknown real functions. Importantly
this is a ‘closed’ system; it only depends on these 2n + 1 functions, not on any other
information from w. This is a little surprising, particularly that p’, which is effectively a
certain second derivative of u, only depends on the location x, the value z, and the first
derivatives p. The fact that this idea of characteristics leads to a finite system of ODEs is
what makes this an effective method. Let us summarise these calculations in the following
theorem:

Theorem 1.8. Let F' be a real differentiable function on an open subset W C R" x R x R"
and u : 2 — R a twice differentiable solution on an open subset Q2 C R™ of the first order
PDE F(Vu(z),u(x),z) = 0. For every solution s — x(s) of the ODE

the functions p(s) = Vu(z(s)) and z(s) = u(z(s)) solve the ODEs

__OF(p(s),2(s),2(s)) _ OF(p(s), 2(s), z(s))

pi(s) and

This theorem can be used to address the uniqueness of the solution of PDE, reducing it to
the question of uniqueness of the solution of this system of ODEs. This is useful because
we have many theorems that tell us when a system of ODEs is unique. For example, the
Picard-Lindelof theorem tells us the solution is uniquely determined by initial conditions
if the right hand side is Lipschitz.

We must also pay attention to the logical structure of this theorem. It says if a solution
to the PDE exists then it solves the ODE; it tells us where to look for potential solutions.
But that was not the task we set for ourselves at the outset of this section. We want to
prove that a solution of the PDE does in fact exist. We have seen that global solutions may
not exist due to crossing characteristics, so the best we can hope for is a local existence
result. This takes a little work but is achieved in the following theorem.

Theorem 1.9. Let F : W — R and g : H — R be three times differentiable functions.
Suppose we have a point (py, 20, o) € W with

F(po, 20, o) = 0, z0 = g(o), Po,1 = 893(920)7 <oy Pon—1 = ?,Z,f_of.

Furthermore, assume that H is noncharacteristic at xy. Then in a neighbourhood €2, C 2
of xg there exists a unique solution of the boundary value problem

F(Vu(x),u(z),z) =0 for x€Q, and uly)=gly) for yeQ,,NH.
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Proof. The strategy of this proof is to solve the system of ODEs given by the method of
characteristics and show that it does solve the PDE and the initial conditions. First we
need to translate the initial conditions of the PDE to initial conditions for the ODEs. By
Lemma 1.7 there exists a solution ¢ on an open neighbourhood of xy in H of the following
equations

Fla),9).v) =0, a(y)=%Lfori=1..,n—-1 and  g(x) = po.
If F is twice and g are three times differentiable then the implicit function theorem yields
a twice differentiable solution. The Picard-Lindelof theorem shows that the following
initial value problem has for all y in the intersection of an open neighbourhood of xy with
H a unique solution:

zi(s) = g]]; (p(s), z(s), z(s)) with  2(0) =y
P(5) = = (051,06, () = G- (ps) (), a(epils)  with p(0) = a(y)
(0) = 3 o). 2(5) ()0 with  2(0) = g(y).

We denote the family of solutions by (z(y, s), p(y, s), z2(y, s)). For a neighbourhood Q,, >
xo there exists an € > 0 such that these solutions are uniquely defined on (y,s) € (2N
H) x (—e¢,€). This is a local proof so let us just write € instead of Q,,. Since F' and
g are three times differentiable all coefficients and initial values are twice differentiable.
The theorem on the dependence of solutions of ODEs on the initial values gives that
(y,s) — (z(y,s),p(y,s),2(y,s)) is on (2N H) x (—¢,€) twice differentiable.

Now let us examine the characteristic curves in more detail. The function (y, s) — x(y, s)
on (RN H) x (—e,¢) — R" has at (y,s) = (20,0) the Jacobi matrix

10 0 9F (po,20,%0)
— o

9F (po,20,%0)
. 8171171
OF (po,20,%0)
O 8—
Pn

Since W # 0 this matrix is invertible. The inverse function theorem implies that on

the (possibfy diminished) neighbourhood €2 of xy and suitable € > 0 this map is a twice
differentiable homeomorphism (2 N H) x (—e,€) — § with twice differentiable inverse
mapping. Because we know that the inverse mapping exists, the function u : 2 — R
defined in implicit form by

u(z(y,s)) = z(y,s) for all (y,s) € (AN H) X (—¢,¢)

is well-defined.
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This function u satisfies the initial conditions of the PDE: we have x(y,0) = y and so

u(y) = u(z(y,0)) = 2(y,0) = g(y)

for all y € QN H. It remains to show that u solves the PDE F(Vu(x),u(x),z) = 0.
Observe that the ODEs imply

d%F(p(y’ s),2(y,s),2(y,s)) = 0.

Since F(q(y),9(y),y) vanishes for all y € QN H we conclude

F(p(y,s),z(y,s),z(y,s)) =0 for all (y,s) € (AN H) x (—¢,¢).

Hence to show that u solves the PDE it suffices to show p(y,s) = Vu(z(y,s)) for all
(y,8) € (QN H) x (—e¢,e€).
To this end, we need to establish the following equalities

n

_ 9;(y, s) 5% Y, s )

for all (y,s) € (RN H) x (—¢,¢) and all i = 1,...,n — 1. The first equation follows from
the ODE for z(y, s) and z(y,s). For s = 0 the second equation follows from the initial
conditions for z(y, s), p(y,s) and z(y,s). For s # 0, let us use v(y, s) for the difference
between the left and right hand sides of the second equation:

92(y, s - Ox;(y, s
ol s) = E S (g 25

Jj=1

We need to show that v is always zero. The derivative of the first equation with respect
to y; yields

z(y,s) " (0p,(y, s) Ox;(y, s) 0*x;(y, s)
Oy;0s _921( Oy; Os 19, 9) Oy;0s '
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By the commutativity of the second partial derivatives we obtain

s, 0?z(y, s nﬁ',&c, 8x,
9 oy, s) = (v )_Z p;(y, 5) Jy ij g 52 2iY:9) s)

0s 0s0y; — 0s 0s0y;
_ Z apj Y,s 8xj(ya S) 8pj (y, )axj (y: S)
y; 0s 0s y;
_ i Op;(y, s) OF (p(y, 3), 2(y, 5), 2(y. 5))
= Oy Ip;
. zn: OF (p(y, s), 2(y, s), x(y, s)) n OF (p(y; s), 2(y, s), x(y, 5))pi(y, s) \ 0x;(y, )
; Oz, 0z 0y;
7=1
0
- 8ylF(p(y’ 8)7 Z(ya 3)7 x(ya 8))
3F(p(y,s),z(y,s),m(y, S)) 0z(y,s) g a‘rj(yﬂS)
0z Oy; ;pj (. 5) Oy; '
Notice that the bracketed expression is exactly v. Inserting F'(p(y, s), z(y, s),z(y,s)) =0
we obtain P OF(p(y. ). 2(y. 5). 2(y.5))
_ p\y,s),z\y,s), 2\Y, s
5.0 8) = P v(y, ).

For each y this is a linear homogeneous ODE for v(y, s) in the variable s with initial value
0 at s = 0. The unique solution is v(y, s) = 0. This implies the second equation for all y

and s:
895] Y, 5)
8yz ij y? ayZ .

Now that we have established the two equalities, we demonstrate that they are not only
necessary but also sufficient for the conclusion p(y, s) = Vu(z(y, s)) for all (y,s) € (2N
H) x (—¢,¢€). The solution u is defined as the composition of the inverse of (y, s) — x(y, s)
with (y,s) — z(y, s). The chain rule implies

n—1 n

Ou 0z 0Os 0z Oy; u Oxy \ Os Oxy \ Oy;
Ox; CE 81; Z 0y; Ox; <g Pras ) Z (Z Pr 8yl)

i=1
= Oxy 0s 8xk Ay; - oxy
_Zpk (85 Ox; Z Oy; 8@) Zpkaxj Pi-

Thus we have shown that the function u, which was constructed from the method of
characteristics, solves the PDE.

Theorem 1.8 and the theorem of Picard-Lindelof imply the uniqueness of the solutions. [
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The relation between the method of characteristics as explained in this section and the ad
hoc versions we used in previous sections will be explored in the exercises. The important
point is they are really the same method, but in many cases the system decouples and
the ODEs for 2’ and 2’ do not depend on p. This is a nice simplification because it makes
solving the p’ equations redundant.

1.6 Weak Solutions

In the first few sections there were situations with no solutions, or the method of char-
acteristics gave a ‘solution’ that was not differentiable. In this section we take a scalar
conservation law and look for more general notions of solutions which allow us to ex-
tend solutions across the crossing characteristics by allowing a limited amount of non-
differentiability. But if we don’t have differentiability, what does it meant to satisfy a
PDE? For this purpose we use the conserved integrals. Since we will restrict ourselves to
the one-dimensional situation for the moment, the natural domains are intervals Q2 = [a, b]
with a < b € R. In this case the conservation law implies

G | e tde = flu(a. ) = fu(bn).

Now we look for functions u with discontinuities along the graph {(z,t) | z = y(t)} of a
Cl-function y. In the case that y(t) belongs to [a,b], we split the integral over [a,b] into
the integrals over [a, b] = [a,y(t)] U [y(t),b]. In such a case let us calculate the derivative
of the integral over [a, b]:

d [ d [v@® d [°
i), u(z, t)de = i), u(zx, t)dx + p /y(t) u(z,t)de =
y(t)

b
=gy(t) lim u(x,t) +/ W(z,t)de — g(t) lim u(x,t) —l—/ U(x, t)dz.
oty () a 2by(®) y(t)

We abbreviate limg ¢ u(x,t) as u'(y(t),t) and lim,,q) u(z,t) as u”(y(t),t) and assume
that on both sides of the graph of y the function u is a classical solution of the conservation
law:

d b

pr u(z, t)dz

' y(t) b
=S 600 w00 - [ L fule s - [ (o)

“ t) dx
=90 (y(t),t) — u"(y(1),1) + flula,t)) — fu(d, 1) + fu"(y(t),1)) — fu' (y(2),1)).
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Hence the integrated version of the conservation law still holds, if the following Rankine-
Hugonoit condition is fulfilled:

_ f(ur<y7t)) — f(ul(yvt))
Ur(y,t) - Ul(y,t) .

Example 1.10. We consider Burgers equation u(x,t) + u(x t)g—( ) =0 for (z,t) €
) a

R x RT with the following continuous initial values u(zx,0) = g(x
1 for x <0,
g(z)=<1—2 for0<z<l1
0 for1 <.

The first crossing of characteristics happens fort = 1:

To+ 1t for xqg <0,
T =x0+tg(xo) = w0+ t(1 —x0) for0<my <1,
o for 1 < xg.

For t <1 the evaluation at t is a homeomorphism from R onto itself with inverse

x—t forx<t,
T ”13—:; fort<axz <1,
x for1 < x.

Therefore the solution is for 0 <t < 1 equal to

1 forx <t,
wlx,t) =< =L fort <z <1,
0 for1 < x.

Att =1 the solutions of the characteristic equations starting at x € [0, 1] all meet at x = 1.

Fort > 1 there exists a unique solution satisfying the Rankine-Hugonoit condition, which

is 1 on some interval (oo, y(t)) and 0 on the intemal (y(t),00). The corresponding regions

have to be sepamted by a path with velocity 5 which starts at (x,t) = (1,1). This gives
y(t) =1+ 5. Fort > 1 this solution is equal to

1 forz<1+51L
u(z,t) = .
0 forl+5- <.

The second initial value problem is not continuous but monotonic increasing. For contin-
uous monotonic increasing functions ¢ the evaluation at t of the solutions of the charac-
teristic equation would be a homeomorphism for all ¢ > 0. Therefore in such cases there
exists a unique continuous solution for all £ > 0. But for non-continuous initial values
this is not the case.
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Example 1.11. We again consider Burgers equation u(x,t) + u(x,t)g—Z(x,t) = 0 for
(x,t) € R x RT with the following non-continuous initial values u(z,0) = g(z) and

o(z) = {O for x <0,

1 for0<ux.

Again there is a unique discontinuous solution which is 0 on some interval (—oo,y(t)) and
1 on the interval (y(t), 00). By the Rankine-Hugonoit condition both regions are separated
by a path with velocity % This solution is equal to

(2.1) 0 forz< %,
u [L’7 —=
1 for % < .

But there exists another continuous solution, which clearly also satisfies the Rankine-
Hugonoit condition:

0 forx <O,
u(z,t) =q % for0<z<t,
1 fort <.

These solutions are constant along the lines x = ct for ¢ € [0,1]. These lines all intersect
in the discontinuity at (z,t) = (0,0). Besides these two extreme cases there exists infinitely
many other solutions with several regions of discontinuity, which all satisfy the Rankine-
Hugonoit condition.

These examples show that such weak solutions exists for all ¢ > 0 but are not unique.
We now restrict the space of weak solutions such that they have a unique solution for all
t > 0. Since we want to maximise the regularity we only accept discontinuities if there
are no continuous solutions. In the last example we prefer the continuous solution. So
for Burgers equation this means we only accept discontinuous solutions that take larger
values for smaller x and smaller values for larger x.

Definition 1.12 (Lax Entropy condition). A discontinuity of a weak solution along a C-
path t — y(t) satisfies the Laz entropy condition, if along the path the following inequality
18 fulfilled:

Ful(y, 6)) > 9(t) > f'(u"(y,1)).
A weak solutions with discontinuities along C'-paths is called an admissible solution, if
along the path both the Rankine-Hugonoit condition and the Lax Entropy condition are
satisfied.

There is a justification of the entropy condition on physical grounds in Evans’ book p. 142-

3.

For continuous ¢ there is a crossing of characteristics if f'(g(x1)) > f'(g(z2)) for 1 < xs.
So this condition ensures that discontinuities can only show up if we cannot avoid a
crossing of characteristics.
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Theorem 1.13. Let f € C'(R,R) be convexr and u and v two admissible solutions of

u(x,t) + f’(u(x,t))%(x,t) =0.

in I'(R). Then t — |ju(-,t) —v(-,t)||nw) is monotonically decreasing.

Proof. We divide R into maximal intervals I = [a(t), b(t)] with the property that either
u(z,t) > v(x,t) orv(z,t) > u(zx,t) forallz € (a(t),b(t)). This means that either z +— u—v
vanishes at the boundary, or is discontinuous and changes sign at the boundary. We claim
that the boundaries a(t) and b(t) of these maximal intervals are differentiable. We prove
this only for a(t). For b(t) the proof is analogous. If either u(-,t) or v(-, ) is discontinuous
at a, then by definition of an admissible solution the locus of the discontinuity a is
differentiable with respect to t. On the other hand, suppose u and v are both continuously
differentiable at (a(t1),t1) with u(a(ty),t;) = v(a(t1),t1). Then we know that v and v
have a common characteristic through this point s — (a(t1) + sf'(u(a(ty),t1)),t1 + s),
and moreover they are equal along this characteristic. Hence the line of equality is given

by a(t) = a(ty) + (t — t1) f(u(a(ty), t1)).

To simplify notation we will sometimes write a and b instead of a(t) and b(t). Additionally,
we only consider intervals on whose interior © > v. On the other intervals these arguments
apply with interchanged u and v. Now we calculate

d [t®
dt a(t)

= /abm (u(a:, t) —o(x, t))dx +b(t) (u(b, t) —v(b, t)) — aft) (u(a, t) —v(a, t))

(®)

(u(x,t) —v(z,t))dx

— /a:)t) %(f(v(x,t)) — f(u(x, t)))dx + b(t) <u(b, t) — v(b, t)) —a(t) (u(a,t) — v(a, t))

= [(b1) = Fu(b,0)) + b(t) (ulb, 1) = v(b,1))
+ f(u(a,t)) — f(v(a,t)) + a(t) (v(a,t) - u(a,t)).

If w and v are both differentiable at (a,t), then they take the same values at (a,t) and
the corresponding terms in the last line vanishes. The same holds, if u and v are both
differentiable at (b,t). For convex f the derivative f’ is monotonically increasing and the
Lax-Entropy condition implies at all discontinuities y of u(+,t) and v(-, t)

u'(y,t) > u'(y,t), vl(y,t) > " (y,t),

respectively. If one of the two solutions v and v is at the boundary of I continuous and the
other is non-continuous, then the value of the continuous solution belongs to the closed
interval between the limits of the non-continuous solution, because at the boundary either
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u — v becomes zero or changes sign. For v being continuous and u being discontinuous
at a we would have u!(a,t) < v(a,t) < u"(a,t) by u > v on (a,b) in contradiction to
the former inequality. So either u(-,t) is continuous and differentiable at a and v(-,t) is
discontinuous at a(t) and analogously u is discontinuous at b and v is continuous and
differentiable at b. The Rankine Hugonoit condition determines a(t) and b(t). At a(t) the
corresponding contribution to 4% ||u(-,t) — v(-,t)|1 is

fula, 1)) — f(v"(a, 1) + a(t) (v"(a, 1) — u(a,t)) =
, f('(a,t) — f(v'(a,t))

:f(u(avt))_f(v (avt))+ UT(CLJ)—Ul(CL,t)
vi(a,t) —u(a,t)

~ flufa.0) - (1@,

(v"(a,t) = u(a,1))

u(a,t) —v"(a,t) ) ‘

T T AT P e ey

Since f is convex the secant lies above the graph of f. Since u(a,t) € [v"(a,t),v!(a,t)]
this expression is non-positive. At b(¢) this contribution is

F(b,)) = fu' (b, 1))+ b(t) (u' (b, 1) — v(b,t)) =
= f(v(bt)) — f(ul(b,t)) + / (Uu(lgbti; : i l((?z’(f)’ ) (W' (b, t) — v(b, 1))

s (e = )

Again due to v(b,t) € [u"(b,t),u'(b,t)] this expression is non-positive.

If finally both solutions are discontinuous at a(t) or b(t). Since u(-,t) — v(-,t) is posi-
tive on I, the Lax Entropy condition implies [u"(a,t),u!, (a,t)] C [v"(a,t),v'(a,t)] and
[0 (b, 1), v} (b, t)] C [u"(b,t),u'(b,t)], respectively. The corresponding contributions to
Lllu(-,t) —v(-, )| are again non-positive:

f(u(a,t)) = f(v"(a, 1) +a(t) (v"(a,t) — u"(a,1)) =

o . f(a.t) — f(v'(a,1))
= f(u (a,t)) - f(U (CL, t)) + Ur(a,t) — Ul(av t)

I

(v"(a,t) —u"(a,t))

u(a,t) — v’"(a,t)) |

vi(a,t) —v"(a,t)

zﬂwmib—(ﬂWMﬁ)

= f(o'(D, 1)) — <f(u’”(b> t) bt) — Zr(b, t)

(
Hence the contributions to < ||u(-, ) — v(-,t)||1 of all intervals are non-positive. O



CHAPTER 1. FIRST ORDER PDES 18

This implies that admissible solutions to an IVP are unique, if they exist. By utilising
an explicit formula for admissible solutions one can also prove the existence of admissi-
ble solutions. The following theorem is Theorem 10.3 in the lecture notes “Hyperbolic
Partial Differential Equations” by Peter Lax, Courant Lecture Notes in Mathematics 14,
American Mathematical Society (2006), which also supplies a proof.

Theorem 1.14. For f € C*(R,R) is strictly conver and g € L*(R) N [°(R) there exists
an unique admissible solution u(x,t) of

u(z,t) + f’(u(x,t))%(m,t) =0 and u(z,0)=g(x) forallzeR.



Chapter 2

General Concepts

2.1 Types of Second Order PDEs

For PDEs of order greater than one, there does not exists a general theory. Over the
time there have been discovered different methods to solve several PDEs, in particular
those PDEs which show up in physics. Afterwards these methods were extended to larger
and larger classes of PDEs. It turned out that the successful methods of solving PDEs
differ from each other substantially. As a result there does not exists one unified theory
of PDEs, but there exist several islands of well understood families of PDEs inside the
large set of all PDEs. It was Jacobi who formulated in his lectures on Dynamics in the
years 1842-43 the following general recipe:

“The main obstacle for the integration of a given differential equations lies in the defini-
tion of adapted variables, for which there is no general rule. For this reason we should
reverse the direction of our investigation and should endeavour to find, for a successful
substitution, other problems which might be solved by the same.”

The strategy is to determine for any successful method all PDEs which can be solved by
this method. We have seen that the method of characteristics is a more-or-less general
method to solve first order PDEs. Now we investigate the second order PDEs. In this
lecture we consider only second order linear PDEs. A general second order linear PDE
has the following form

Lu(x) = Z a;j(x)0;0;u + Z bi(z)0iu(z) + c(z)u(z) = 0.
ij=1 i=1
By Schwarz’s Theorem for twice differentiable u this expression does not change if we
replace a;; by %(aij + aj;). So we always assume that a;; is symmetric.

It is a theorem of linear algebra that a real symmetric matrix can be diagonalised (by

19
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an orthogonal matrix even) and the eigenvalues are all real. We use the signs of these
eigenvalues as our classification.

Definition 2.1. On an open domain 2 C R™ a partial differential operator L

n

Lu = Z a; (91:1(936] Zb (9:182 + c(z)u(z)

ij=1 i=1

with symmetric coefficients a;j = a;; s called

e clliptic if all the eigenvalues of a are non-zero and have the same sign.
e parabolic if one eigenvalue of a is zero and the others have the same sign.

e hyperbolic if one eigenvalue of a has the opposite sign to all the others.

This is not a complete classification, in the sense that there are PDEs which are not
of these three types. For example, the a matrix of a PDE may have several positive,
zero, and negative eigenvalues. If a is not constant, then of course the eigenvalues are
functions of x and may be different at different points. An operator might only be elliptic
on a subdomain of €2. And this definition only applies to second order linear PDEs.
None-the-less we will concentrate on PDEs of these three types; this is an introductory
course.

Elliptic PDEs. As we have just stated, for an elliptic PDE the eigenvalues of a all have
the same sign. Any solution of Lu = 0 is also a solution of —Lu = 0, so we can always
arrange for the eigenvalues to be positive. There is an equivalent condition that is more
often taken as the definition of ellipticity: the operator L is elliptic if and only if

viav = Z a;;(z)vv; >0  for all z € Q and all v € R™ \ {0}. (2.1)
ij=1
To see this equivalence, write a = OT DO for O an orthogonal matrix and D = diag(\y, ..., \,)
the eigenvalues. Observe

viav = vTOTDOv = (Ov)' D(Ov) = v’ Dw,

so a satisfies (2.1) if and only if D does. Now let w = e; be the jth standard basis vector.
This yields w” Dw = \;. Hence (2.1) holds if and only if all the eigenvalues are positive.

Now we consider some concrete examples. If the matrix a;; is the identity matrix and
b =0,c=0, then this is the
0?u 0?u

Laplace equation. Ay i=—=4+...+—=0.
P 4 0x? oz2
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Solutions of the Laplace equation are called harmonic functions. In Chapter 3 we present
several tools which establish many properties of these harmonic functions. It turns out
that many properties of the harmonic functions also apply to general solutions of Lu = 0,
if the matrix a;; is positive (or negative) definite. There has been done a lot of work
to extend these tools to larger and larger classes of PDEs. One of the results is that
the influence of the higher order derivatives on the properties of solutions is much more
important than the influence of the lower order derivatives. We offer another lecture
which presents many of these tools for such elliptic second order PDEs.

There are also non-linear PDEs to which these methods of elliptic PDEs apply. An
important example whose investigation played a major role in the development of the
elliptic theory is the

\Y
Minimal surface equation. V- S 0, u:Q2—=R, QCR"open.

V14 |Vul?

The graphs of solutions describe so called minimal surfaces. The area of such hypersur-
faces in R™™! does not change with respect to infinitesimal variations. Soap bubbles are
examples of such minimal surfaces. The boundary value problem of the minimal surface
equation is called Plateau’s problem. For the first proof of the existence of solutions of
this Plateau problem in the 1930s, Jesse Douglas received the first Field’s Medal. In this
non-linear second order PDE the coefficients of the second derivatives also depend on the
solution. A lot of work has been done to extend the tools of elliptic theory to elliptic
PDEs whose coefficients belong to larger and larger functions spaces. This development
induced the introduction of many new function spaces. In Section 2.4 we shall introduce
the so called space of distributions. Many of the more advanced functions spaces are
special subsets of the distributions.

Parabolic PDEs. For these linear PDEs the matrix a;; considered as a symmetric
bilinear form is only semi-definite and they belong to the boundary of the class of elliptic
PDEs. Most of the methods of elliptic PDEs have an extension to this limiting case. So
these limiting cases together with the class of elliptic PDEs form some extended class of
elliptic PDEs. In spite of the deep relationship to the elliptic PDEs these equations have
their own label. The simplest example is the:

Heat equation. u—Au=0.

These parabolic PDEs describe diffusion processes. These are processes which level inho-
mogeneities of some quantity by some flow along the negative gradient of the quantity.
A typical example for this quantity is the temperature from which the name for the
heat equation originates. Many stochastic processes have this property. So the theory
of parabolic PDEs has a deep relationship to the theory of stochastic processes. In this
lecture we present in Chapter 4 this simplest example of linear parabolic PDE. We shall
see how the tools for the Laplace equation can be applied in modified form to this heat
equation. In case of the parabolic PDEs there also exists a non-linear example from the
geometric analysis, whose investigation played a major role for the development of the



CHAPTER 2. GENERAL CONCEPTS 22

elliptic theory (the tensor fields g and R are defined below):

Ricci Flow. Gij = —2R;j.

This PDE describes a diffusion-like process on Riemannian manifolds. It levels the inho-
mogeneities of the metric, namely the Riemannian metric g. In the long run the corre-
sponding Riemannian manifolds converge to metric spaces with large symmetry groups.
Richard Hamilton proposed (in the 1970s) a program that aims to prove the geometriza-
tion conjecture of Thurston with the help of these PDEs. It states that every three-
dimensional manifold can be split into parts, which can be endowed with an Riemannian
metric such that the isometry group acts transitively. This conjecture implies the Poincare
conjecture, which states that every simply connected compact manifold is the 3-sphere.
Hamilton tries to control the long time limit of the Ricci flow on a general 3-dimensional
Riemannian manifold. In 2003 the Russian mathematician Grisha Perelman published on
the internet three articles which overcome the last obstacle of this program. This lead to
the first proof of one of the Millennium Problems of the American Mathematical Society
and was a great success of geometric analysis.

Hyperbolic PDEs. Besides the elliptic PDEs (including the limiting cases) the other
important class of linear PDEs are called hyperbolic. In this case the matrix a,; has one
eigenvalue of opposite sign than all other eigenvalues. The simplest example is the

2
Wave equation. % — Au = 0.
In Chapter 5 we present the methods how to solve this equation. We shall see that it
describes the propagation of waves with constant finite speed. The solutions of general
hyperbolic equations are similar to the solutions of this case, and many tools can be
generalised to all hyperbolic PDEs. The investigation of these PDEs depend on the
understanding of all trajectories, which propagate by the given speed. It was motivated
by the theory of the electrodynamic fields, whose main system of PDEs are the

E—-VXxB=—-41j B+VxE=0
V-E=4nmp V-B=0.
In this theory there is given a distribution of charges p and currents j on space time
R x R3. The unknown functions are the electric magnetic fields £ and B, which describe
the electrodynamic forces induced by the given distributions of charges and currents p and
j. The conservation of charge is formulated in the same way as in the scalar conservation
law. So the change of the total charge contained in a spatial domain is described by the
flux of the current through the boundary of the domain. By the divergence theorem this
means that distributions of charge p and currents j obey

Maxwell equations.

p+V-j=0.

Again there exists a non-linear version which stimulated the development of the theory:
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1
Einsteins field equations of general relativity. Ri; — 5 9ij R = KTj;.

Here for a given distribution of masses the energy stress tensor and the space time metric
gi; are the unknown functions. This metric is a symmetric bilinear form with one positive
and three negative eigenvalues on the tangent space of space time. The corresponding
Ricci curvature is denoted by R;; and the scalar curvature by R:

It = ligkl agj.l + agﬂ _ %9 (97) == (gi;)”" inverse metric
24 ozt Oxd Ozt )’ !
3 ! 3 3
ory;,  ork i
Ryi= 3" (axi = G+ 2 (kT - F??fﬁk)) DWW
k=0 1=0 i.j=0

Integrable Systems with Lax operators. Finally [ want to mention a smaller class
of PDEs, which are the main objects of my research. They are non-linear PDEs which
describe an evolution with respect to time which is very stable. This means that the
solutions have in a specific sense a maximal number of conserved quantities. The theory
of integrable systems belongs to the field of Hamiltonian mechanics, which originated from
Newtons description of the motion of the planets. The Scottish Lord John Scott Russell
got very excited in 1934 about the observation of an solitary wave in a Scottish channel
and published a “Report on Waves”. This report was quite influential. The two Dutch
mathematicians Korteweg and De Vries translated his observation into a PDE describing
the profile of water waves travelling along the channel:

0 03
Korteweg-de-Vries equation. 490 — 6u—u _gu

or 03

First by numerical experiments in the 1950s with the first computers and latter in the
1970s by mathematical theory, the solutions of this PDE were shown to have exactly
the properties which made Lord Russell so exited: they describe waves which propagate
through each other without changing their shape. This lead to the discovery of an hidden
relation of the theory of integrable systems with the theory of Riemann surfaces, which
is another field with a long history. A major step towards the discovery of this relation
was the observation of Peter Lax that this equation can be written as

- , 0? 3ud 30u
L=[A1L] with L.—@—ku A._%+2ax+1%_

2.2 The Questions

In addition to the types of PDEs we will study, let us explain some of the questions that
we are interested in answering. Broadly speaking they are existence, uniqueness, and
reqularity.
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The first two you probably have some experience with, so let us begin with the third.
The regularity of a solution of a differential equation refers to its properties. Most often
this is its differentiability, for example, twice continuously differentiable. But it can also
be about boundedness, integrability, or the growth/decay rate of the function. These
regularity properties are usually expressed in the form of a function space, e.g. C?.

Many types of regularity can be ordered in a hierarchy. Later in this chapter we will
introduce distributions. We say have the lowest regularity. Then comes the measurable
functions. Some measurable functions are locally integrable, L} . A function f belongs
to Li if for every compact set K in its domain | f|x| has a finite integral. You might also
know the Lebesgue norms. The elements of I, describe ever smaller families of functions,
whose regularity increase with p € [1,00]. The next smallest class are Sobolev functions
whose k-th order partial derivatives belong to I .. The regularity further increases for
the functions in C*. Finally we end with the smooth functions and the analytic functions

with the highest regularity.

Consider the analogy to the algebraic equation 2241 = 0. This has no solutions € R but
two solutions x € C. Likewise, the number of solutions to a PDE can change depending on
which functions we are considering. To be concrete, perhaps there are many C? solutions,
but no bounded C? solutions. There is usually a natural level of regularity to require of
a solution: the solution to a second order PDE should be twice differentiable. But as
we have seen in the previous chapter, it is sometimes necessary to change the meaning
of ‘solution’ and consider ‘non-differentiable solutions’ (weak solutions) to a PDE, even if
that sounds like a contradiction.

Sometimes allowing lower regularity doesn’t increase the number of solutions of a differen-
tial equation. A classic example from ODE theory is ' = u. Suppose u is a differentiable
solution to this equation. But then u' = u tells us that ' is equal to a differentiable func-
tion. That means that u’' is differentiable, i.e. that u is twice differentiable. Repeating
this argument, we see that u is infinitely many times differentiable (smooth). We say that
the solution has higher regularity than expected. The Laplace and heat equations both
exhibit highly regular solutions.

A problem is a differential equation on some domain together with some additional (non
PDE) conditions. A typical ODE has infinitely many solutions, but a typical partial
differential equations has an infinite dimensional space of solutions. The idea is to give
the right additional conditions so that the problem has a unique solution. A solution of
an ordinary differential equations of m-th order is in many cases uniquely determined by
fixing the values of the first m derivatives at t = 0. For partial differential equations the
solutions are functions on higher dimensional domains 2 C R™. A natural condition is the
specification of the values of the solution and some of its derivatives on the boundary of
the domain or on a hypersurface within the domain. The search for solutions which obey
this further specification are called boundary value problems. When one of the variables
represents time and we give conditions at ¢ = 0, naturally we call this an initial value
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problem.

We are most interested in problems that are well-posed. This means that (1) the problem
has a solution, (2) the solution is unique, and (3) the solution depends continuously on
the data. We have to balance the choice of regularity and how much data we give so that
the problem has a unique solution, but not too much that it doesn’t have any solution. If
we determine all possible boundary values that have solutions, then the space of solutions
is completely parameterised. Again to give an ODE analogy, the solutions of ' = u are
u(t) = Aet, so A € R parameterises the solutions.

Finally, there is the question of existence. This is perhaps the most fundamental question,
because it is about the definition of ‘a solution’. We have already mentioned how this
is affected by regularity (including weak solutions) and boundary value conditions. But
proving the existence of solutions of PDEs is in general much more difficult than for ODEs,
and there are not too many general theorems that we have. In fact, there is a famous
example of a simple-looking PDE that does not have any solutions, not even locally. This
example is a simplification by Nirenberg of an example of H. Lewy: there is no solution
u: Q — C on any open subset 2 C R? of

ou ou
I +m8_y = f(z,y),

where f is a specially constructed smooth function. Notice in particular that this is first
order PDE, with analytic coefficients and a smooth inhomogeneous term. In previous
years we gave a proof of this, but it requires certain facts from complex analysis (aka
Funktionstheorie) that many students didn’t understand. Interested students may ask
me for a copy of the old script. Instead we will give a different example of a PDE without
a solution in Section 3.5 using the techniques that fit the themes of this course.

2.3 Divergence Theorem

In this section we present a generalisation of the fundamental theorem of calculus to
higher dimensions, namely the divergence theorem. This theorem has many important
consequences. In this section we present two: First we generalise partial integration
to higher dimensions. Second we explain in which sense the higher dimensional scalar
conservation law describes a conserved quantity.

The divergence theorem is a statement about the integral over a submanifold of R", so
naturally we should define submanifolds and their integrals.

Definition 2.2. The graph of a function X : U C R¥ — R"* is the k-dimensional subset

graph(\) = {(z,y) € U x R" % | y = \(2)} C R™.
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We allow reordering of the components of R™. By this we mean that both {(x,y, z*+y?*) €
R3} and {(z,2* + 22, 2) € R3} are graphs, for example.

A subset A C R" is called a k-dimensional submanifold if it is a k-dimensional graph
locally. That means for every point x € A there exists an open O, C R™ such that
A, = ANO0O, is a k-dimensional graph.

We say that a graph or submanifold is C' (or some other regularity) if it is locally the
graph of a function \ € C'.

The classic, and for us important, example of a submanifold that is not a graph globally
is the circle S' = {(z,y) € R? | 22 + y* = 1}. This is because y = +v/1 — 22 is not a
function. However it can written as the union of four graphs

S' = {(z,+vVI—22) |z € (-1, 1)} U{(x,~vVI—2?) |z € (~1,1)}

U{(+V1I=v%y) lye (L 1D)}u{(-=v1-9%y) |y e (-1,1)}.

For practical calculation it is not always the best idea to reduce a submanifold to graphs.
Often a parameterisation can cover more of the submanifold, which means less work.

Definition 2.3. A continuously differentiable injection ® : U C R¥ — A C R™ is called
a parameterisation of a submanifold A. It is called reqular if the Jacobian ®" has rank k
at every point of U.

The Jacobian of ® is an n x k matrix, so its rank cannot be greater than k. Thus a regular
parameterisation is also called full-rank. A graph is a special type of parameterisation,
one where k of the components of ® are just the k input variables. In other words ®(x) =
(z, A(z)), or some rearrangement. This is always a regular parameterisation, because ®’
contains the k x k identity matrix. For an example of a non-regular parameterisation,
consider the parameterisation (z,y) — (z,0,0) of the x-axis in R®. We see that y is not
really playing any role and the submanifold is only one-dimensional. This is the reason
we should consider regular parameterisations.

Definition 2.4. Let A C R"™ be a subset with a reqular parameterisation ® and f a
continuous function on A. We define

/f do ::/fo<I> det((P)TD") dpgr -
A U

The symbol do can be given a formal meaning, but for us it is just a reminder that it is
a ‘submanifold integral’ and not an integral on a subset of R™ in the usual sense. The
k-dimensional parallelotope spanned by the k column vectors of a n x k-matrix A has the
volume y/det(ATA). The motivation for the v/det factor in the definition of the integral
is that it measures the distortion of the parameterisation. This value turns out to be
independent of the choice of regular parameterisation of A.
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Lemma 2.5. Let A = graph(\). Then the value of [, f do is does not depend on the
choice of reqular parameterisation.

Proof. ®(x) = (x,\(z)) is a regular parameterisation (without loss of generality we can
relabel the coordinates to achieve this form). Suppose that we have another regular
parameterisation ¥ : V' — A. Then define ¥ = &' oW : V — U. We claim that T
is continuously differentiable. This is not so clear, because ®~! is only defined on A,
not on a euclidean space, and so we can’t apply the chain rule directly. However, let
I1: R® — R* be the projection II(x,y) = z. Clearly Il o ®(x) = Il(z, \(z)) = z. This
shows that ®~! = II| 4. Therefore T = ITo ¥ is another formula for T. Now we can apply
the chain rule and conclude T is continuously differentiable.

Now we can carry out an computation that connects the two integrals

/ f oW x /det((¥)TW) dpgs
v

:/VfocI)oT VAt (@ 0 TY)T(® 0 1)) dyue
_ /V (£ 0® aet((@)7®)) o T |det T/ dugs
_ /U fod \/det((D)TD) dus.

In the last step we applied the transformation formula of Jacobi. This shows that using
any parameterisation gives the same result as using the graph parameterisation. O

This is a very practical definition in that it gives you a concrete integral to compute.
However many submanifolds that we want to consider cannot be covered by a single
parameterisation. The typical example is the sphere: any open set U C R” is not compact
and the sphere is compact, so there cannot exist a homeomorphism ® between them.
However if we use two parameterisations, then each can cover a part of the sphere and
together they can cover the whole sphere. The trouble is now these A; can overlap, so
if we just integrate in each parameterisation then we will ‘double-count’ the points of A.
The answer to this is an elegant theoretical tool, but one that is not practically useful: a
so called partitions of unity.

Definition 2.6. (Partition of Unity) Let 2 C R™ be covered by a countable family (U;);en
of open subsets of R™, i.e. |J;c Ui = 2. A smooth partition of unity is a countable family
(hi)ien of smooth functions h; : Q — [0, 1] with the following properties:

(i) Each x € Q has a neighbourhood on which all but finitely h; vanish identically.

(ii) For all x € Q we have Y .=, hi(zx) = 1.
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(iii) Fach h; vanishes outside of U;.

For every countable family of open subsets of R™ there exists a smooth partition of unity.
A proof can be found in many textbooks and in Prof Schmidt’s script of the lecture
Analysis II.

Definition 2.7. Let A C R" be compact k-dimensional submanifold. Because A is com-
pact and A C |J Oy, only finitely many parametrisations are needed to cover it. Choose
a partition of unity (h;);en subordinate to O;. Let f be a continuous function on A. We

define
/Afda:zi:/Aihifdo.

The idea of this definition is that we can write f(z) =1 x f(x) = >, hi(z)f(x). Then
each function h;f is zero outside of A; so it is only necessary to integrate it on A;, not
on all of A. We assumed that A was compact so that the sum is finite and we avoid any
issues of convergence. The restriction that A is compact is not necessary, but then one
must deal with the convergence issues.

Lemma 2.8. The integral fA f do neither depends on the choice of the partition of unity
nor on the choice of the parametrizations.

Proof. Suppose that we have two covers of parameterising sets A = U;A; = U;B; and
correspondingly two partitions of unity h; and g;. Define a new cover C;; = A; N B;.
It has a partition of unity h;g;. Each set C;; can be parameterised by restricting the
parameterisation ® of A; to ®~1[A; N B;]. Observe

Z/A hif do = Z/A (Zgj) hif do = Z/A gihif do = Z/CJ gjhif do.

The same calculation holds for the integral ; / B, 9i f do, showing that the two are equal.
We have already seen that if we use two different parameterisations for the same set that
the integral has the same value. Therefore we have shown that definition is independent
of parameterisation and partition of unity. O

Integrals over submanifolds have many of the same properties as the usual integral. This is
because ‘under the hood’ it is a the usual integral with a correction factor. An important
property that does not carry over is the change of variables formula. Only certain changes
of variables preserve the correction factor. These properties will be proved in the tutorials.

Lemma 2.9. The following properties hold for a,b € R and f,g € C(A).

(i) Linearity: [,af +bgdo=a [, fdo+b[, g do.
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(if) Order Preserving: if f < g on A then [, f do < [, g do.
(iii) Triangle Inequality: | [, f do| < [, |f] do.

(iv) Transformation: If P : R" — R™ is a euclidean motion (translation, reflection,
rotation) and s € R" is a scaling factor then [, f do = s* Jispypa fo(sP) do. O

We are almost ready to state the divergence theorem. In the divergence theorem we work
with a bounded and open set 2 C R. In general such sets can have very complicated
boundaries, for example fractals. We will require 92 to be a (n — 1)-dimensional subman-
ifold. The idea of requiring €2 to be bounded is that 0f2 is compact. This idea appears in
the proof when we say 2 is compact.

There are three more formulas that we will need. First, just in case you missed the first
tutorial, for a vector valued function F', the divergence of F is V- F = 01 Fy +---+ 0, F,,.
The - is meant to remind you of the formula for the dot product; it is not actually a dot
product. Second, because a submanifold is locally a graph, it is possible to understand its
geometry. In the situation of the theorem A : U C R""! — R is a scalar valued function.
Then e; + 0;\e,, are tangent vectors to the submanifold and so (—=V\, 1) is perpendicular
to the submanifold. Thus the unit length normal vector is

vzt (V)
VIH[VARN 1

We see that it a smooth vector field, well-defined up to a choice of sign. The last formula is
a simplification of the distortion factor for the graph parameterisation ®(v) = (v, A(v))?.
We have ® = (I,,_1|V\)T where I,,_; is the (n—1) x (n—1) identity matrix. The following
calculation makes use of the Weinstein—Aronszajn identity

det(®)T®" = det(I,_1|[VN) T (1,_1|VA)T = det(I,,_; + VAVAT)
=det(I; + VATVA) = 1+ |VA/%
Theorem 2.10. (Divergence Theorem) Let Q C R™ be bounded and open with OS2 being a

(n — 1)-dimensional submanifold of R". Let F: Q) — R™ be continuous and differentiable
on Q such that F' continuously extends to 02. Then we have

/V-qu:/ F-Ndo
Q o)

where N 1is the outward-pointing normal.

Proof. First we construct a cover for (). Because the boundary is a (n — 1)-dimensional
submanifold for every point of 92 we know that there is an open set O such that 0Q2N0O =
graph()). By shrinking O, we can assume that O is a cube. Let the cover be  and all
these cubes. Due to the compactness of  we can find a finite subcover and choose a
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subordinate partition of unity. This decomposes F' into a finite sum )  h;F'. By linearity
it suffices to show the statement for any G = h;F" individually.

This leads to two cases. For the first case, suppose we have a term G = h;F' corresponding
to 2. In particular G and G’ = (hF') are zero on J). The right hand side of the
divergence theorem is zero. By defining GG to be zero outside of {2 we can extend G to
a continuously differentiable function on R”. Choose a cube [—R, R]" which contains €.
By Fubini we may integrate the i-th term of V- G = 0,G, + ..., 40,G,, first over dz;.
Due to the fundamental theorem of calculus this integral is the difference of the values of
G at two boundary points and vanishes. For example

R
/ 81G1 = / 81G1 dx = / (/ 81G1 d$1> d$2 ce diL‘n
Q [-R,R]" [-R,R]"—1 -R

R
- / [Gl] dnly = / 0 —0]d"'z = 0.
[~ R,R]" = —H [~R.R]"1

This shows that the left side of the divergence theorem also vanishes.

In the second case, we have a term G = h;F' that corresponds to a set that covers the
boundary. We assumed the set was a cube, so write it as U x (a, b). Relabel the coordinates
so that the boundary is a graph x,, = A(x) and QN (U x (a,b)) = {(}) | vy < AMu)}. We
use the variables u = (uy,...,u,—1) = (21,...,2,-1) and y = x, for convenience. We
may assume that G and G’ are zero on OU X (a,b) and U x {a}, but not that it is zero on
0€). This is because 05 is ‘inside’ the cube U x (a,b) and we only know that h; vanishes
on the outside of the cube.

Again, we handle the terms of V-G = 0,G1+- - -+ 0,,G,, one at a time. Suppose 1 <i <n
and consider the function

A(u)
U — / Gi(u,y) dy.

It vanishes for v € QU as does its derivative

o [ OA(u) AW AG (u, y)
] B e R

Applying the same argument as in the first case, we see that the integral of 0;-derivative
over U vanishes. Therefore

, AW 9.

/ 8G:(u,y) Qi = / / 0Gi(u,y) dy "Ly = — &(u)Gi(u? Au)) 4"ty
) T on, O

Qﬂ(UX(a,b)) U Ja € U

= / Gi(u, \Mu))Niy/1 4+ |[VA2d* tu = | G, N;do.
U A’

Note that the signs required us to use the outward-pointing normal, which in this case
means that the last component of the vector IV is positive.
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For i = n, we can just use the fundamental theorem of calculus on the inner integral

/ (9G // (9G 9Gn(u.y) yd™” 1u—/Gn(u,)\(u))d"1u
QN (U x(a,b))

:/Gn(u,)\(u))Nn 1+|V/\|2d”_1u:/ G, N, do
U o

Summing these terms together proves the theorem. O]

We consider now some special cases of the theorem that occur over and over in practice.
For a scalar valued function f the divergence theorem implies for all : =1,...,n

/ Oif dp = JNido
Q o0

For two functions f and g whose product vanishes on the boundary 02 and satisfies the
corresponding assumptions of the divergence theorem we obtain by the Leibniz rule

/f@igdu:—/g&-fdu foralli=1,...,n
Q Q

This is called integration by parts. Inductively we get for any multi-index

frgdu= (=) [ gd"fdp.
/ J

As a second application of the divergence theorem we can generalise the idea of the scalar
conservation law to vector-valued functions. For any continuously differentiable function
F:R — R™ we call

wx,t) + V- F(u(z,t)) = u(x,t) + F'(u(z,t) - Vu(z,t) =0

a conservation law. For open and bounded 2 C R" with n — 1-dimensional submanifold
0f) of R" we obtain

d "r= [ u(x Yr = — Fu(z Y= — w(z,t))-N(z)do(x
7 Qu(yc,t)dx—/Q (z,t)d /QVF((,t))d /mF((,t))N()d().

This is the meaning of a conservation law: the change of the integral of u(-,t) over Q C R”
is equal to the integral of the flux —F (u(-,t)) - N through the boundary 0.

This idea also gives the following cute trick to calculate the surface area of a ball in
relation to its volume. Let the volume of the n-dimensional unit ball be w,. By scaling,
the volume of the ball B(0,r) is w,r™. Let 0, (r) denote the area of 0B(0,r) C R™. The

divergence of x — x is n, so by the divergence theorem we have

nwnr":/ V‘xdu:/ z - N(z)do(x) :/ T do(z) = ro,(r).
B(0,r) 0B(0,r) oB(0,r)
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In summary o, (r) = nw,r" 1.

The way that the divergence theorem relates an integral over a set to an integral over its
boundary can be used to decompose the set into layers. The typical example, and the only
relevant example for us, is that a ball B(0, R) can be thought of as spheres 0B(0,r) for
0 < r < R (the origin is measure zero and can be ignored). The layers are the level-sets of
a function ¢. For the ball ¢(x) = |z|, which has |V{| = 1 so the formula below simplifies
further. There will also be an exercise that proves this formula for the ball directly from
the definition of the submanifold integral.

Corollary 2.11 (Co-area Formula). Let £ : Q@ — R be a C' non-negative function.
Suppose for every t € [0,T] that Q = {x € Q | {(x) < t} is a domain to which the
divergence theorem applies. For any f € C1(Q),

[ rivd dx:/OT me da} at.

Proof. Let’s make some additional definitions to simplify the working. The gradient
of a function is always normal to its level set pointing in the direction of increase, so
N = |V/{|7'V{ is the outward pointing unit normal of 9€;. Define F = fN, a vector
valued function. In particular F'- N = fN - N = f.

Now we can begin. By the product rule for divergence

VA(T-0OF)=VT—-0)-F+(T—-{V-F
=—-V{- fN+(T—-0OV-F
= —fIVl| + (T - 0)V - F.

Rearranging this and applying the divergence theorem shows
N dx:/ (T -0V -F d:):—/ V-(T-0F) dz
Qr Qr Qr

:/ﬂ (T — )V - F dm_/zm (T —0OF - N dx.

On the boundary of Q7 the function ¢ = T, since the set Qp = {¢ < T} by definition.
Hence T'— ¢ = 0 on 0Q27 and the second term on the right is zero. The next step is a
‘magic trick’:

/QT[T—E(QZ)]V F(z) dz = /QT [

We want to apply Fubini’s theorem to change the order of this double integral. But the
limits of the inner integral depends on the variable of the outer integral, so first we use

T T
/ 1dt]V-Fda§:/ V- F dt dz.
¢ Q

(z) 7 J ()
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an indicator function to make them independent

T T T
/ / V-F dit de = / / X{tzg(x)}v -F dt de = / / X{tzg(x)}v - F dx dt
Qr J{(x) Qr J0 0 JQr

T
:/ V- F dx dt.
0o Ja

We apply the divergence theorem one more time to get the result.

T T T
/ /V-Fdxdt:/ / F-Ndodt:/ f do dt. O
o Jou 0o Joo, o Joo

2.4 Distributions

For the transport equation we developed a solution that also seems to make sense when
it is not differentiable. For the scalar conservation law we saw that there were in some
situations no solutions, except if we generalised the notion of solution to include discon-
tinuous functions. The lesson we draw from these examples is that the existence and
uniqueness of solutions depends on the notion of solution we use. In order to say that
these solutions solve the PDE, clearly all partial derivatives of a solution which occur in
the partial differential equation have to exist. The trick is to come up with a new notion
of partial derivative and interpret the PDE to be about these new derivatives.

In this section we introduce distributions (also called generalised functions) and a corre-
sponding notion of differentiation. This notion is ‘backwards compatible’: if a differen-
tiable function is considered as a distribution, the two types of derivatives are equal. Re-
markably distributions can always be differentiated and indeed they can be differentiated
infinitely many times. For this achievement we have to pay a price: these distributions
cannot be multiplied with each other in general. Linear partial differential equations
extend to well defined equations on such distributions. Distributions solving the linear
partial differential equations are called weak solutions or solutions in the sense of dis-
tributions. There exist other notions of weak solutions which also apply to non-linear
partial differential equations. The most prominent example is the notion of a Sobolev
function, which are introduced in the course “Partial Differential Equations”, the sequel
to this course. But Sobolev functions can be understood as a special type of distribution,
so even if one is interested in Sobolev functions it is helpful to start with distributions.

First we need to define a special class of very well behaved functions. The support supp f
of a function f is the closure of {z | f(z) # 0}. On an open set  C R™ let C§°(€2) denote
the algebra of smooth functions whose support is a compact subset of 2. We call these
test functions and say they have compact support in §2, symbolically supp f € 2.

Within the set of test functions there are a special families that we will often use called a
mollifier or approzimate identity. This is a family of non-negative test functions (A¢)eso
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with supp Ac = B(0,¢) and [ A dp = 1. We construct a prototype: the function

AMz) = {C’exp <|m|2 1) for |z| <1

0 for |x| > 1

is a smooth function on R", has support B(0, 1), and is non-negative. By the way, this
example shows that test functions actually exist. We can choose the constant C' such that
its integral is 1. By rescaling z and \ we obtain

Ae(x) = e "Nz /e),

which has the required properties. This particular example of a mollifier is called the
standard mollifier, but for our purposes it does not matter which mollifier we use. Any
such family is called an approximate identity because of the following property. Take any
continuous function f on €2 and suppose 0 € 2. By continuity f is approximately equal
to f(0) on a sufficiently small ball B(0, ). Therefore

/Q A du = /B L = /B . SO = 50 /B = 10)

In fact, as we will prove in the next lemma, this approximation becomes an equality in
the limit € | 0.

Lemma 2.12. Let f € C(Q) and (\)eso be a mollifier. The family of smooth functions

/f )d"y

converges uniformly on any compact subset of Q2 to f as e | 0. For smooth functions the
same holds for all derivatives of f.

Proof. Choose a compact subset of 2. There is an e such that for any point x in the
compact set the ball B(x,¢) lies in 2. For this € or smaller we have

|[fe(x) = f(x)] =

[ A=) - Fa) Py < s (7))

Q yEB(z,¢€)

On compact sets, continuous functions are uniformly continuous. This shows the uniform
convergence lim. g fe = f.

Observe that if f is smooth, then we can compute the derivatives of f. in the following
way. Choose any point zg € Q and let € be small enough that B(xg,2¢) C . Then for
all points x € B(x,¢€)

fulz) = /B IOy = / L JEm

Therefore 0“f. = (0“f). and the same convergence argument carries over to all partial
derivatives of f. O]
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The formula we see in the definition of f. turns out to be useful. We use it to define a
type of product operator on C§°(R"): the convolution

g D)= [ gle =)y = [ g@)f-av

This product is bilinear, commutative, and associative (Exercise). One advantage of the
convolution compared to pointwise multiplication is that it behaves nicely with differen-
tiation. There is no Leibniz rule, rather

0%(g * f) = (0%) x [ = g+ (9°).

Furthermore convolution is well-behaved with respect to integral norms, which is useful
in more advanced theory. We can consider the simplest case, where integral of f * g is
the product of the integrals of f and g. This follows by noticing that the coordinate
transformation z = y — x,y = y is volume preserving, thus

[a@ar= [ [ fa-nowards= [ [ fewdza

= ( Rnf(Z) d2> (/ 9(y) dy)

Finally, we include a lemma that will be necessary later

Lemma 2.13. Suppose that f and g are rotationally symmetric about a and b respectively.
This means, for example for any orthogonal transformation O that f(a+x) = f(a+ Ox).
Then the convolution of f and g is rotationally symmetric about a + b.

Proof. The proof is just a sequence of coordinate transformations. We begin with the
definition and make the euclidean motion y = Oz + b

(fxg)(a+b+Ox) = Rnf(cH—lH—O:zc—y)g(y) dy = Rnf(a#—O(x —2))g(b+ Oz)dz.

It is important to see here that dy = dz since O is orthogonal. Now we use the orthogonal
properties of f and g to continue

= Rnf(a—l—x—z)g(b—l—z)dz: Rnf(a—i-x—y/—i-b)g(y/)dy’:(f*g)(a+b+x)‘ O

Now it is time to introduce distributions. We have seen in the previous lemma that the

operation of integrating a continuous function against a test function somehow retains
the information of the function. In this spirit each f € Ii () defines a linear map

F;:CP(Q) > R, qu/quﬁdu.
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We will see that the information of f is also retained in this linear form. The idea of
distributions is consider not just functions integrated against test functions, but all linear
forms I acting on C3°(2).

There is a technical matter to discuss at this point. The set of test functions should be
given a different topology than the norm topology of C*°(Q2) with the supremum norm,
but this other topology is tricky and only used in a few places in this course. We use
the notation D(2) for the set of test functions equipped with this topology. Instead of
explaining the topology in full detail, let us give the criterion for when a sequence of test
functions converges. We define for any compact subset K C €2 and every multi-index «
the following seminorm:

|- e : C° () = R, ¢ [0 ko = su£|aa¢(a:)|.
xe

We say that f,, — f in D(Q) if there is a compact subset K C 2 such that the supports of
every f, and f are contained in K and that || f, — f|| k.o for every multi-index « (including
a = 0). This is a much stronger condition that convergence with respect to ||« |l = || |l20-

Definition 2.14. On an open subset 2 C R" the space of distributions D'(2) is defined as
the vector space space of all linear maps F : D(2) — R which are continuous with respect
to the seminorms || - ||k.a; t-e. for each compact K C ) there exist finitely many multi
indices aq, ...,y and constants Cp > 0,...,Cy > 0 such that the following inequality
holds for all test functions ¢ € D(Q2) with compact support in K :

[F(¢)| < Cillo]

Kor -+ Curll Ol k.o

The D’ for distributions indicates (for the correctly defined topology) that they are the
dual space of D. Concretely the continuity condition yields the following convergence
property for distributions: if ¢, — ¢ in D(Q2) then the values F'(¢,) converges to F(¢).
Similarly, a sequence of distribution F,, converges to F' if F,(¢) — F(¢) for all test
functions ¢.

As previously mentioned, any f € L} () defines in a canonical way a distribution Fy.

Let us verify now that it really meets the definition of distribution. For any compact
subset K C 2 and ¢ € D(2) with support K we have

F@) < [ 17116l de < suplo(o)] [ 171 do = supjota)] 1o

Let us give another example of a distribution, one that does not correspond to an element
of I}, (R™):

loc

§: D(R") > R ¢ > (0).
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Intuitively (and we will prove rigorously soon) any corresponding f € LI (R") would
vanish on R™\ {0} and would have a total integral one. Since {0} has measure zero such a
function does not exist. Distributions that come from I} _(£2) functions are called regular,
and those that don’t are non-regular. This distribution is called Dirac’s J-function. We
can also show that it is the limit of the sequence of distributions corresponding to the

mollifier A..

We now return to the question of whether the distribution F retains the information of
f. The answer is yes.

Lemma 2.15. (Fundamental Lemma of the Calculus of Variations) If f € I} () obeys
F¢(¢) > 0 for all non-negative test functions ¢ € C3°(S2), then f is non-negative almost
everywhere. In particular the map L1, () — D'(Q), f — Fy is injective.

loc

Proof. Tt suffices to prove the local statement for f € I[}(Q). We extend f to R" by setting
f on R™\ Q equal to zero. The extended function is also denoted by f and belongs to
f € }R"™). For a mollifier (\)cso we have

s f— = / / M)z — ) dy — f(z)] doa

<

B(0,¢)
[ A -y - fldedy < sup 6= g) = 1

Rn
B(0,¢) y€B(0¢)

If f is the characteristic function of a rectangle, then the supremum on the right hand
side converges to zero for € | 0. Due to the triangle inequality the same holds for step
functions, i.e. finite linear combinations of such functions. Since step functions are dense
in L}R") for each f € [}(R") this supremum becomes arbitrary small for sufficiently
small €. Hence the family of functions (A * f)cso converges in L'(R™) in the limit € } 0 to

f.

Moreover, the functions A * f are non-negative. This is because the mollifiers are non-
negative and we can write the convolution as the action of Iy on a test function

O D) = [ Ao = )i )& = FiOufe =) 2 0
using the assumption on F¥.

So it remains to show that a limit in I! of a sequence of non-negative functions is also
non-negative. In particular there exists a sequence (€, ),eny Which converges to zero, with
| fn = flls £27" for all n € N for f, = A, * f. This ensures that the series > _|fn — f|
converges in L' (R™). So for almost every point x the series > _ | fn(2)— f ()] is finite, and
in particular the tail of the series converges to zero. In other words lim,, ,, f() = f(x).
This indeed shows that f is a.e. non-negative.

In particular, if f belongs to the kernel of f +— F}, then both f and —f are almost
everywhere non-negative. So f vanishes almost everywhere. [
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Two definitions for functions carry over naturally to distributions. If Q' C Q then every
test function on ' extends to a test function on . In this way we can think of any
distribution on  as a distribution on 2, which we call the restriction. For regular
distributions, this is really the restriction of functions. Using restriction we can give a
definition of support. The complement of the support of a distribution is the union of all
sets on which the restriction vanishes. In symbols

(supp F)° = {¥ C Q| F(¢) =0 V¢ € D(Y)}.

The support of the delta distribution is {0}, and the support of the distribution of a
continuous function is its support in the normal sense.

We want to define as many operations on distributions as possible, in such a way that
they extend operations on functions. Restriction and support are two examples where
this is clear. The general strategy for making such definitions is to compare Fy to Flay
where A is the operation. If we can write the relation in a way that only depends on the
distribution and not directly on the function, then it is suitable to make a generalised
definitions. Let us consider the case of multiplication by a smooth function g € C*(€2).
Then for a regular distribution

Fop(6) = / (9f)6 = / £(96) = Fr(g0).

The product of a distribution with a function g € C*(2) is defined as
gF : D(Q) » R, 6 Flgo).

This product makes the embedding C*°(2) < D'(2) to a homomorphism of modules over
the algebra C'*°(€2). However, the product of a distribution with a non-smooth functions
is not defined because then g¢ is not a test function.

So we come to the most important operation on distributions. If f has a derivative, then
by integration by parts we obtain

Q Q
Consequently for any distribution F' € D’'(2) we define the partial derivatives as

Here we see the advantage of choosing smooth test functions: test functions are always
differentiable and so distributions have infinitely many derivatives. These two operations
we have just defined, multiplication with a smooth function and partial differentiation,
define new distributions. Clearly these new distributions are linear. We should check that
they also obey the continuity condition, but we will skip this formality.
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We also want to extend convolution to distributions. In order to extend it to a product
between a smooth function and a distribution we calculate:

Fg*f(¢):/n(9*f ¢dnx—/n/n z—y)f(y)o(z)d'yd"s
= [ ([ ot - >dn)f<y>dy—Ff<<z>*Pg>

where (Pg)(z) := g(—=z) is the point-reflection operator. Therefore we define for g €
C*(R") and F € D'(R")

gx F:DR") — R, ¢ — F(¢xPg).

Not only is this a well-defined distribution, the result of convolution is in fact always a
regular distribution that corresponds to a smooth function!

Lemma 2.16. The convolution g x F' of a test function g € C§*(R™) with a distribution
F € D'(R") belongs to C(R™). It is the function

gx F:R" = R, x— F(T,Pg)

where (T,0)(y) := ¢(y — x) is the translation operator. The support of g * F' is contained
in the pointwise sum supp(g) + supp(F).

Proof. First we show that the function defined in the lemma exists and is smooth. The
support of T,Pgis {y € R" | x —y € supp(g)} = x —supp(g). Hence for every z the value
F(T,Pg) is well defined for F' € D'(2). Since continuous functions are uniformly contin-
uous on compact sets, the map x +— T,Pg is continuous with respect to the seminorms
||| k0. Furthermore, the same holds for the seminorms || - || k.« since @ g=T,1eg
converges in the limit € — 0 for all g € C5°(R™) uniformly on R" to T, (>, —h;0:g).
This shows x — F(T,Pg) € C>*(R") for F' € D'(R").

Next we show this smooth function corresponds to the distribution g * F' we defined
immediately before the lemma. For any ¢ € D(R"™) appropriate Riemann sums define a
sequence of finite linear combinations of functions in {T,Pg € C§°(R™) | « € supp(¢)},
which converges with respect to || - || t0 [p. ToPgo(x)d"z. Hence the linearity and
continuity of F' gives

[ e r@o da = [ Frpgo o= ([ TPosta) dic) = FiPy o)

Finally, we consider the support. If F(T,Pg) # 0, then g(z — y) # 0 for an element
y € suppF. Hence x = y+ (z — y) C supp F + suppg and supp(z — F(T,.Pg)) C
supp F' + supp g. O
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This Lemma implies that even the convolution of a distribution F' € D’(R™) with a
distribution G € D’'(R™) with compact support supp G is a well defined distribution:

FxG:D() = R, ¢ > F(¢ PG) with PG(¢) := G(Pg).

In particular, we can convolve any distribution with the J-distribution. Remarkably this
returns the same distribution, i.e. F'x§ = F (Exercise). We say that 0 is the identity
element or neutral element of convolution.

Further details of the theory of distributions can be found in the short and lucid first
chapter of the book of Lars Hormander: “Linear Partial Differential Operators”.



Chapter 3

Laplace Equation

One of the most important PDEs is the Laplace equation

0%u 0?u
A=——5+...+—=— =0
x3 dx2
The corresponding inhomogeneous PDE is Poisson’s equation
—Au = f.

Both equations are linear PDEs of second order with the unknown function u : R™ — R.
A function that solves Laplace’s equation is called harmonic. As is typical with linear
inhomogeneous equations, the sum of a solution of Poisson’s equation and a harmonic
function is again a solution to Poisson’s equation.

These equations show up in many situations. In physics they describe for example the
potential u (also called the voltage) of an electric field in the vacuum with some distri-
bution of charges f. To give some more detail, perhaps you are familiar with Coulomb’s
law: if we have a particle with charge () at the origin and another particle with charge ¢
at x, then the force on the second particle is

_haQ (ker>

[ |2

where k. is an empirical constant. (If you haven’t seen this before, it is very much
like Newton’s equation for gravity.) If the charges have the same sign the force pushes
the second particle in the & direction (repulsion); if the opposite sign the force is in
the —& direction (attraction). We interpret the bracket as the electric field of the first
particle. Then this same rule could be stated that a positively-charged particle moves
in the direction of the electric field and a negatively-charged particle in the opposite
direction. And in fact this vector field is a gradient

Q.o (kQ
W—V(m)'

41
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For historical reasons, the potential is defined £ = —Vwu. So then we could say that a
positively-charged particle tries to decrease the electric potential, like a ball rolling down a
hill. The steeper the change in potential, the stronger the force. We will use this example
of electric potential to give an interpretation of some of our results. Indeed, much of this
theory was developed first by physicists and some techniques seem strange if one does not
know the physics motivation!

3.1 Fundamental Solution

The Laplace equation is invariant with respect to all rotations and translations of the
Euclidean space R". Therefore we first look for solutions which are invariant with respect
to all rotations. These solutions depend only on the length r = |z| = /- of the
position vector z. For such functions u(z) = v(r) = v(y/x - r) we calculate:

2
Vou(z) =0 (Vo -z) Ver =o' (Vo - ) 2—95
T
Hence the Laplace equation simplifies to an ODE
Ngu(x) =V, - Veu = U”(r)gl:2 + v/(r)n v'(r) o v (r) + n- 1@’(7’) 0
v e T r? r r2r r N

Let us solve this ODE:

V"(r) 1-—n , C'In(r) + C" forn =2
n(v'(r)) = (1 —n)In(r) + v(r) { e for n > 3.

v'(r) r

rn—2

We see two things here. The space of solutions is two dimensional, with one solution
being just the constant solution u = C”. The other solution is not a solution on all of R”
because is has a singularity at the origin. Never-the-less these are important ‘solutions’
to consider!

Definition 3.1. Let ®(x) be the following solutions of the Laplace equation:

_1 =
() = 5= In |z forn =2
1 forn > 3.

n(n—2)wn|z|" =2

Here w,, denotes the volume of the unit ball B(0,1) in Euclidean space R"™. We call these
fundamental solutions of the Laplace equation.

This solution lies in the space of radially symmetric solutions. And notice that for n = 3
it is the electric potential of a single particle. We have chosen C” = 0, which makes
the solution tend to zero for large x. The constant C” is chosen in such a way that the
following theorem holds:
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Theorem 3.2. For f € CZ(R™) a solution of Poisson’s equations —/Au = f is given by

u(r) =ex f= [ ®y)f(r—y)dy.

R’I’L
Moreover, the distribution corresponding to the fundamental solution obeys —AFg = 4.

Proof. We see that the function u is twice continuously differentiable since f is twice
continuously differentiable and because it has compact support we can differentiate under
the integral sign. We calculate

0*u 0*f
= o — .
o) = [ -y

In particular, Au(x fR" y) A, f(z —y) dy. We decompose this integral in the sum of
an integral nearby the Slngularlty of ® and an integral away from this singularity:

Au(z) = / SO —ydy  + / S(y) A, (x — ) dy
B(0,€) R\ B(0,¢)
=1 +J..

We use [rlnrdr = %(lnr — Y and [rdr =% and estimate the first integral for € | 0:

Cé*(|Inel+1) (n=2)
L] < 1A f]] oo dy <
10 < 181 ““/B(o,d' W) {02 -

In the J. integral, because A is second order, we can change A, f(z —y) to Ay [f(z —y)]
without changing signs. Then integration by parts yields

J = / DY)V, - V,lf(z — y)] dy
R\ B(0,¢)

- / V,0(y) V1@ —y)]dy  + / (), [f (- y)] - N do(y)
R7\ B(0,¢) 0B(0,¢)
~ K, +L..

We are able to apply integration by parts because f has compact support; we can restrict
R™ to some large ball without changing the integral. The second term converges in the

limit € | 0 to zero:
Cell =9
B(y)| do(y) < {6'”' (n=2)

=N fl“R’/ Ce (n>3).

0B(0,¢)

Another integration by parts of the first term yields

K. = / Ny®(y) f(z —y)dy — / V@) f(x —y) - Ndo(y)
R7\ B(0,¢) 0B(0,¢)

= —/BB(O )Vy@(y)f(x—y)‘Nda(y)-



CHAPTER 3. LAPLACE EQUATION 44

Here we used that & is harmonic for y # 0. The gradient of ® is equal to VO&(y) =
——L % The outer normal N of R"\ B(0, €) on dB(0, €) points towards the origin and is

nwn |y["
11

given by the expression —%. Together V,®(y)-N = T T

in Lemma 3.3, the limit of K, as € — 0 is — f(z). We can understand this intuitively by
observing that for € small and y € dB(0, €) by continuity f(x —y) ~ f(z). Therefore

As we will prove rigorously

11 1
Kemm [ @) Ao = ) [ vaot) = 5

nwy, | nwy, |€|nt
Putting these three limits together
Au(z) =1+ K.+ Le = 0— f(x) +0.

Because the left hand side is independent of €, we conclude that it must have been equal
to — f(x) all along.

It remains to prove the claim about distributions. For any test function ¢ we have per
the definition of distribution derivative

n

(AF¢)(@):F¢(A@):/ D(y)Aep(y)dy.

But then we can see this as the calculation above with ¢(y) = f(0 — y). The conclusion
is that the value of the integral is —¢(0). Moving the minus sign around we arrive at
—AFgp(p) = ¢(0). But this is the definition of the delta distribution. O

In general, a fundamental solution of a constant coefficient linear PDE Lu = f has the
property that L® = ¢ in the sense of distribution. We make these assumptions on L so
that L is just the real-linear combination of partial derivatives, and so interacts well with
convolution. In particular, if we apply L to the convolution of f and the fundamental
solution

L®xf)=(L®)x f=dxf=f.

This shows that the convolution ® x f solves the inhomogeneous PDE as long as it is well
defined and the derivative rule for convolutions holds.

To give the physics explanation, the fundamental solution is the potential of a single
particle with unit charge. The charge of a particle is described by the delta distribution
because it is only at a point but the total amount is finite. Consider the situation with
two particles f = @10, + @20,. This formula (pretending that ¢ is a function) says that
their potential is

ue) = [ 2 -)f0) Py = [ 2o -1)Qu30) Pyt [ B Qi) 'y
= Q1 P(z — p) + Q2P(z — q).
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The interpretation is that if you have charges described by f, then treat them as a sum
(or integral) of particles. Each particle produces an electric potential Q1 ®(z — p), and
the total potential u is the sum (or integral).

Fundamental solutions are not usually unique however. Consider the present case of the
Laplace equation. If we have any harmonic function v then A(® +v) = AP+ Av=§+0
shows that ® 4 v is also a fundamental solution. The difference between two fundamental
solutions solves the Laplace equation, so this is the only possibility for other fundamental
solutions. Different fundamental solutions can produce different solutions to the PDE.
We shall see that the fundamental solution we have chosen is the only one that vanishes
at infinity, which makes it in some sense the best one.

The difference between the first and second claim of the theorem is the assumption of
regularity of f: twice continuously differentiable or smooth respectively. In fact it is
possible to generalise this theorem further: the convolution of f with & is defined for
continuous functions f € I}(R") and belongs to L'(R™). In this case the result of the
convolution may not be differentiable but it is a solution of Poisson’s equation in the sense
of distributions. However, if one assumes that f is Lipschitz continuous and belongs to
L}(R™) then u is twice differentiable (in the usual sense) and solves the PDE. This situation
is typical of the delicate questions of regularity of the solution.

3.2 Mean Value Property

In the previous section we constructed a solution to the inhomogeneous equation. Any
other solution must differ from the constructed one by a harmonic function. We should
therefore understand harmonic functions in order to understand the space of solutions.
In this section we shall prove the following property of a harmonic function v on an open
domain © C R": the value u(z) of u at the center of any ball B(x,r) with compact closure
in € is equal to the mean of u on the boundary of the ball. Conversely, if this holds for all
balls with compact closure in €2, then w is harmonic. This relation is called mean value
property and has many important consequences.

Let us introduce some notation. Given a function u let

1 1
— u(y)do(y) = u(x +rz)do(z)
nwyT OB(z,r) NWrn JoB(0,1)

be its spherical mean. Here w,, denotes the volume of the unit ball in Euclidean space R"
and equality follows from Lemma 2.9(iv) using rP(z) = x + rz. We write S(r) when the
function and center point are clear.

Slul(z,r) =
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The ball mean or of u on the ball B(z,r) is

1 1 "
Mlul(x,r) == / udp = / / udo ds,
Wt B(z,r) wnt™ Jo 0B(z,s)

using the co-area formula, Lemma 2.11. Many statements can therefore be made either
in terms of ball means or spherical means.

The spherical mean, and means generally, have several nice properties. First note that
the normalisation constant in the definition ensures that S[1] = 1 and likewise for any
other constant. The mean is real-linear in the function: S[au+bv] = aS[u] + bS[v], which
just follows from linearity of the integral. Likewise it follows from the monotonicity of the
integral that if u < v then Su] < S[v]. From these basic properties follows continuity at
the center:

Lemma 3.3. If u is a continuous function then lim, o S[ul(x,r) = u(z).

Proof. By the definition of continuity for all € > 0 there is a radius ¢ such that for all
points y € B(x,0) we know |u(y) — u(x)| < e. For any r < ¢ it follows that

|S[u] — u(z)] = [S[u] = Su(2)]| = |S[u - u(@)]| < S[lu—u(=z)[] < Se] =-.
But this is the definition that lim, o S[u|(z,r) = u(x). O
Particularly important is the relationship between the spherical mean and the Laplacian of

u. Differentiating the spherical mean with respect to the radius and using the divergence
theorem gives

0 1 d 1
ES(T) = / —(u(z +rz))do(z) = /83(0,1) Vu(z +rz) - zdo(z)

nwn Jop(o,1) dr Wy,

1 1
= \Y% -Nd = Audp. 3.4
nwnrn_l /QB(x,r) u<y) O(y) nwnrn_l /B(x,r) aen ( )

Therefore if u is harmonic then S(r) is constant. With these important properties of
means prepared, we are ready to fully prove our claim.

Theorem 3.5 (Mean Value Property). Let u € C(Q2) on an open domain Q@ C R™. We
say that w has the mean value property if

1
u(zr) = Slul(x,r) = —— u(y) do
(2) = S[ul(x, 1) /BBW) () do(y)

nwy, "1
for all balls with B(xz,r) C Q. A twice continuously differentiable function u € C*(Q) has
the mean value property if and only if it is harmonic. Additionally, the same result holds
if ball means are used in place of spherical means.
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Proof. We have just calculated that if w is harmonic then S(r) is constant. From the
previous lemma we then conclude that S(r) = w(z) for all applicable . Conversely, if
Au(x) # 0, then by the continuity of Awu there is a ball B(z,r) where Au is strictly
positive (or negative). For this ball and any ball contained in it the right hand side of
equation (3.4) is strictly positive (or negative) and the spherical mean is strictly mono-
tonic. Therefore it is not constant.

To show the statement about ball means relate it to the spherical means:

1 r n—1 r
Mlul(z,r) = / udp = n S—/ udods = E/ s"1S(s)ds
W™ B(z,r) ™ Jo 7udn8n_1 0B(z,s) ™ Jo

Thus if S is constant and equal to u(z), so is the ball mean. If the ball mean is constant
and equal to u(x) then we differentiate both sides with respect to r

— 9 M) = - /0 1S (s)ds + T S(r) = —~ula) + = S(r).

rn+1 r

Therefore S(r) = u(z) too. O

Keeping with our theme of distributions, we might wonder how we can reinterpret the
mean value property for distributions. As is typical for extending definitions to distri-
butions, we first develop a formula for regular distributions. Suppose that u : 2 — R
is continuous and B(a, R) C €. For each point a € €2, we view the spherical mean as a
function 7 — S[u](a,r) on (0, R). Therefore Fsp@r) € P'((0, R)). For any test function
¥ € D((0, R)) we compute

R
F. = ) dr = d d
@) = [ Stiltarwr = [ ] et doe)a
:/ u(a:)—(lx_a| - dr = / u(x)—(|x_a|) - dx
B(a,r) nwy |z — al? 0 nwy |z — al?
g (Wle=a) \
nwy|r — a|?1
Therefore we make the following definition for any distribution ' € D'(2). For any a €

there is a ball B(a, R) C €. The spherical mean S,[F] of F' around a is the distribution
n (0, R) C R with the formula

Y(lz —al)

nwy|r — a1

Sa[F](1) = F(tha), for va(z) =

This is well-defined for two reasons. First, the support of 1 excludes 0, so 1;@ is identically
zero on a neighborhood of a. In particular, dividing by |z — a|"™! does not produce a
singularity. And second, the support of ¢, is contained in B (a, R). This shows that it is
a test function on €.
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The mean value property is that the spherical means of the function are constant in
the radius. Hence the corresponding property of distributions should require S,[F] to
be ‘constant’ in a suitable sense. We will prove in an exercise that a distribution G
corresponds to a constant function if and only if

V@GD(Q):/gpdzzO = G(p) = 0.

Together we have

Definition 3.6 (Weak Mean Value Property). Let U € D'(Q2) be a distribution on an open
domain €2 C R™. It is called harmonic if AU = 0 in the sense of distributions. We say
that U has the weak mean value property if for each a € € the respective spherical mean
S.|U] is a constant distribution. More explicitly, this means that for each ball B(a, R)
with B(a, R) C Q and each ¢ € C3°((0, R)) with [ du = 0 the distribution U vanishes

on the test function ,.

What is the relationship of the weak mean value property to the (strong) mean value
property? Suppose U = F,, for a continuous function u € C(2). If u has the mean value
property, then we observe that

Sa[FuKlﬂ) - Fu(@za) = FS[u](a,T) (¢) = Fu(a) (7/))

In other words, for each a € Q the distribution S,[F),] corresponds to the constant function
u(a). Thus F, has the weak mean value property. Conversely, suppose that F, has
the weak mean value property: For each point a € 2 there is a constant ¢ such that
F. = S,[F.) = Fspjar)- But we may use the fundamental lemma of the calculus of
variations, Lemma 2.15, to conclude that ¢ = S[u](a, ). Hence the spherical mean of u
is constant in the radius. In summary:

Lemma 3.7. Foru € C(Q), u has the mean value property if and only if F, has the weak

mean value property.

The functions 1;@ may look a little scary, but in fact they are actually friendly once you
get to know them. They are smooth functions characterised by two properties:

1. they are radially symmetric around a, and

2. they have compact support in R™\ {a}.
It is clear that any 1;(1 has these two properties. If a smooth function ¢ has Property
1, then it is a function of the distance |x — a|. Another way to state Property 2 is to

say that the support is contained in an annulus centered at a. Because it vanishes in
a neighborhood of a, there are no issues with the non-smoothness of |x — a| at = a.
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So define ¥(|z — al) = nw, |z — a|""o(z) to get the function ¢» € Cg°((0, R)) with the
relation ¢ = 1,.

These functions also behave well under convolution, so long as its the convolution of a ‘big
annulus’ with a ‘little annulus’. By this we mean the following. Consider X, ¥,. Further
suppose that Y, is identically zero on B(b, R) and the support of ¥, lies in B(a,r) for
r < R. Then Y, 1, also obeys Property 1 and 2. Let us demonstrate this now. First, due
to Lemma 2.13 we know that y, * Vg 18 rotationally symmetric around b+ a. Second, the
convolution has compact support in R™ by the addition formula for supports. It remains
to show that it vanishes in a neighbourhood of b+a. But this too follows from the addition
formula for the support of a convolution, since a +b ¢ (R™ \ B(b, R)) + B(a,r).

There is a final point to be made about the total integral of these functions. Recall the
formula F,(1)4) = Fspu(ar)(¥). We apply this to the function u = 1, which has the mean

value property, to get Fi(¢,) = Fi(¢)). Writing this out as integrals shows

/ Yo dr = Y dr.
Q (0,R)

In particular, the integral of v, is zero if and only if the integral of 1 is zero. And as
a reminder, when we introduced convolutions we noted that the integral of Y, * ¥, is
the product of the integral of each function. Important to the proof below is that if y,
has total integral zero, so too does x; * @Ea. In particular, the weak mean value property
applies to it.

Now we ready to prove that a distribution has the weak mean value property if and only
if it is a harmonic distribution. This should be seen as a generalisation of Theorem 3.5.
Something stronger comes out of this proof, a famous result known as Weyl’s lemma. It
tells us that weak solutions of the Laplace equations coincide with the strong solutions,
and all solutions are smooth.

Weyl’s Lemma 3.8. On an open domain 2 C R", a distribution U € D'(Q2) is harmonic
if and only if it has the weak mean value property. For each harmonic distribution U €
D'(Q) there exists a harmonic function u € C*°(Q) with U = F,.

Proof. The steps of the proof are as follows:

1. We show that harmonic distributions have the weak mean value property.

2. For any distribution U with the weak mean value property, we can define a function
u through spherical means. This function is smooth and harmonic.

3. We show that u corresponds to the original distribution U. So every distribution
with the weak mean value property is a harmonic distribution.
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Step 1. Suppose that U is a harmonic distribution. Choose any point a € 2 and suppose
B(a, R) C Q. For every ¢ € D((0, R)) with integral 0, we will show that there exists a
test function g € D(Q) with Ag = v,. This is sufficient to prove that U has the weak
mean value property because then U(i,) = U(Ag) = (AU)(g) = 0.

By the assumption on v that the total integral is zero we can define a test function
¥ € D((0, R)) through ¥(r) = [ ¢ with ¥’ = ¢. Then we define

: b
g(x) =v(lr —a|) with o(t) = /R = dr.
This function g depends only on |z — a|. Because one end of the integral is set at R and
U has compact support, g has compact support in B(a, R) C €. Similarly it is constant
on B(a,e€) for some € > 0. For z near a therefore, Ag = 0 = (). And for = # a
we can reuse the calculation of the Laplacian for radial function from the search for the
fundamental solution:

Bg(a) =1/ (lz = al) + o/ — a).
Note
v
V() = nw (ti)l
P B, 10 S T N U 11
nw, "1 nw, 1" nw, 11 t  nwpttt’
which implies
AQ(CC) o ¢(|x B Cll) _ 'l/;a(l').

 nwy|r — aln!
This concludes Step 1.

In Step 2, we assume that U has the weak mean value property and construct a smooth
harmonic function u. For any open subset ' € 2 there is a radius R such that ' +
B(0,R) € €. For all = € ' choose any ¥ € D((0, R)) with fOR¢(T) dr =1 and define

u(@) = (4o * U)(x).
Due to Lemma 2.16, u is smooth. But we need to check that this definition is independent
of the choice of 1. We can unwind the definitions of the convolution

u(x) = (o * U)(@) = U(TuPo) = Uly = Py — 2)) = Uly = do(x —y)) = U(d).

Now suppose that y is another choice. Then 1, — ¥, is a test function on Q with total
integral zero (it is equal to the integral of 1) minus the integral of x, both of which are
1). The weak mean value property now implies

U,) — U(Xs) = Uy — Xa) = 0.
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Next we prove that the distribution F), has the weak mean value property. How does F},
act on a test function ¢? Again this is answered by Lemma 2.16, F,(¢) = U(p * Pz/?o).
This formula simplifies a little due to )y = Py being a radial function. Let {, be any
function from the definition of the weak mean value property. Then we must show that
U(xp * @/;0) = 0. The trick is to use the freedom definition of u to choose a suitable .
We know that there is an € > 0 such that x;, vanishes on B(x,¢€). We can choose szo such
that its support lies inside the ball B(0,€¢/2). Then by the discussion above we know
that ¥, * 1 is again a function of the form considered in the weak mean value property.
Therefore F,(Xs) = U(Xs *%o) = 0. In other words F, has the weak mean value property.
By Lemma 3.7, u has the mean value property and further by Theorem 3.5, u is harmonic.

Lastly, we have Step 3, where we prove F,, = U. The functions s(t) = A¢/3(t — %e) have
support [¢/3,¢€] and total integral 1. Thus the corresponding functions %, are a smooth
mollifier on R™. We again use the freedom in the choice of 1 to see that F, = k. x U for
every e. Now Lemma 2.12 implies F,, = U. [

To conclude this section we show that the mean value property leads to a growth estimate.

Corollary 3.9. Let u be a harmonic function on an open domain Q@ C R"™ and B(x,r) a
ball with compact closure in €2. For all multi-indices o we have the estimate

1
el0tlal jo)

0% u(@)] < Cln,a)r " Jull e gy with C(n,lal) =2

Proof. We have just seen in Weyl’s lemma that all harmonic functions are smooth and
thus all partial derivatives of a harmonic function are harmonic. The mean value property
and integration by parts (the divergence theorem version) yield fori =1,...,n

|0;0%u(x)| = 0;0%udp

WnT"™ J B(z,r/2)

0“ulN; do

WnT" JoB(zr/2)

2n
< 0% ull = @Bwr/2)-

n ‘_

The inductive application gives first C'(n, 1) = 2n, and using the induction hypothesis
[0°u(w) | < 270 lol)r 1 ull sy for all y € IB(z,r/2)

the relation C(n, 1+ |a|) = 2'*1*nC(n, |a|). The given C(n, |a|) is the solution. O

Liouville’s Theorem 3.10. On R" a bounded harmonic function is constant.

Proof. The foregoing corollary shows that |9;u(z)| is bounded by 2n||u|| e rnyr~" for each

t=1,...,nand z € R"”. In the limit » — oo the first partial derivatives vanish identically.
Therefore u is constant. [
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3.3 Maximum Principle

We have already mentioned the intuition that if a harmonic function is increasing in some
direction then it must decreasing in another. This would imply that a harmonic function
cannot have a local extremum, and this is indeed the case. Suppose a harmonic function
u has a maximum at a point x of an open connected domain €2 C R". The mean value
property implies on all balls B(z,r) C

1

"W,

1

"W,

u(y) —u(z)|dy = u(z) —u(y)dy = 0.
[ ) @l = | ate) )y

By the fundamental lemma of the calculus of variations (or a standard argument from
continuity), we conclude that u(y) = u(z) for all y € B(z,r). Hence u takes the maximum
on all these balls B(z,r) C €. This shows that the set {y € Q | u(y) = u(z)} is open.
But it is also the preimage of a single value, and therefore closed. It is non-empty since
by assumption u does have a maximum. By the definition of connected, this set must be
all of Q.

Strong Maximum Principle 3.11. If a harmonic function u has on a connected open
domain 2 C R™ a mazimum, then u is constant. [

There is a more geometric proof in the case that €2 is path connected. We again begin
with showing that u takes its maximum on every ball centered at x in the domain. Since
Q2 is path-connected every other point y € € is connected with x by a continuous path
v : [0,1] — Q with v(0) = = and y(1) = y. The compact image [0, 1] is covered by
finitely many balls B(y(t1),71),..., B(v(tn),rn) C 2 with 0 < t; < ...ty < 1 and
ri,...,rn > 0. Supplementing the balls if necessary, we can assume that the center of
each ball belongs to the previous ball. Then repeating the argument Inductively, u is
constantly u(z) on all these balls too and hence u = u(z) along v, and on (2 since this is
true for all y € Q2.

A practical consequence is the following

Weak Maximum Principle 3.12. Let the harmonic function uw on a bounded open
domain Q2 C R™ extend continuously to the boundary 0). The mazimum of u is taken on

the boundary OS).

Proof. By Heine Borel the closure © is compact and the continuous function u takes on
2 a maximum. If it does not belong to €2, then u is constant on the corresponding
connected component and the maximum is also taken on 0f2. O

Since the negative of a harmonic function is harmonic the same conclusion holds for
minima.



CHAPTER 3. LAPLACE EQUATION 53

The triumph of the Maximum Principle is that it generalises to many elliptic operators
(Definition 2.1), unlike the mean value property. It really goes to the heart of ellipticity.

Theorem 3.13. Let L be an elliptic operator on a bounded open domain 2 C R™ whose
coefficients a;; and b; extend continuously and elliptic to 02, and ¢ = 0. Every twice
differentiable solution u of Lu > 0 which extends continuously to 0S) takes its maximum

on 0f).

Proof. Let us first show that L is uniform elliptic, i.e. there exists A > 0 with

> ay(@)kik; > A "k forallz € Qand all k € R,
ij=1 i=1

The continuous function (z,k) = >2;"._, a;;(x)kik; attains on the compact set (z,k) €

Q x S" 1 C Q xR" a minimum A > 0. Hence L is uniform elliptic.

Next we use a trick to move to the case where L of the function is strictly positive. For
v(x) = exp(ax;) with a > 0 we conclude

Lv = a(aay (x) + bi(x))v > ala + bi(z))v.

The continuous coefficients b; are bounded on the compact set 2. Therefore there exists
a > 0 with Lv > 0. By linearity of L we obtain L(u + ev) > 0 on € for all € > 0.

Now we show that the continuous functions u + ev cannot attain a maximum on {2 even
though they must attain a maximum on 2. At any such interior maximum z, €
the first derivative of the function u + ev which is twice differentiable on () vanishes
and the Hessian is negative semi-definite. At this point we need a little bit of linear
algebra to explain the connection between the Hessian and the Laplacian. The Hessian
is a real symmetric matrix, so it is diagonalizable by an orthogonal matrix O, that is
H = OTDO. D is a diagonal matrix whose entries are the eigenvalues of H. Because H

is negative semidefinite, all the eigenvalues are negative or zero. In symbols W =
10Tj

> & OkiAiOy;. The Laplacian is the trace of the Hessian. Therefore
Au(xg,tg) = trH = tr(OT DO) = tr(DOO™) = tr(DI) = tr(D) = Z Ai <0.

Similarly, for any elliptic operator

n

Llu+ ev)(zo) = Y i () 8 €(0) Z bi(2)0 = Y ay(2)0rMOu;

;01
Ow:0z; i.jk=1

ij=1

Because the eigenvalues are non-positive, we define By; = Og;v/— . Continuing with the
calculation

L(u+ ev)(xg) = — i i aij(7) By Bry < — i )\i Bj, <0,
k=1 =1

k=1 i,j=1
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and this contradicts L(u+ ev) > 0. Therefore for all € > 0 the maximum of u + ev belongs
to the boundary. Finally, we use the following comparison between u and u + ev to reach
the conclusion.

inf < = < .
supu(z) + ¢ inf v(w) < sup(u(z) + ev(z)) = max(u(z) + ev(x)) < maxu(z) + emaxv(z)

Because this holds for all € > 0 the boundedness of v on  implies the theorem. O

The negative of the functions u in the theorem obey Lu < 0 and take a minimum on the
boundary. In particular, the solutions u of Lu = 0 take the maximum and the minimum
on the boundary.

Now let us see why maximum principles are so important. We consider the following very
natural boundary value problem:

Dirichlet Problem 3.14. For a given function f on a bounded open domain 2 C R"
and g on OS2 we look for a solution u of —Au = f on  which extends continuously to
0) and coincides there with g.

The condition that u extends continuously to the boundary is necessary for the boundary
value problem to be meaningful. Otherwise the values on the boundary could be complete
unrelated to the rest of the function. We say that a function u is m times continuously
differentiable on the closure € of an domain, if it is m times continuously differentiable
on () and all partial derivatives of order at most m extend continuously to 0f2.

Let Q C R™ be an open and bounded domain and suppose that there are two solutions u;
and uy to the Dirichlet problem for the Poisson equation with inhomogeneous term f and
boundary value g. Then the difference v := uy — 1y solves the homogeneous problem, i.e.
it is harmonic, and v = 0 on 0f2. Therefore by the weak maximum principle we know that
both the maximum and minimum of v on every connected component of €2 is 0. The only
possibility is that v = 0 on all of €2. This shows that solutions to the Dirichlet problem
are unique.

Putting this another way, we can uniquely determine a harmonic function if we know its
values on the boundary of its domain. This gives us a way to understand the space of
harmonic functions.

3.4 Green’s Function

We just saw that the solution to the Dirichlet problem is unique, if a solution exists. In
this section we try to find some conditions which ensure the existence.
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First we prepare some well known formulas, which hopefully you have already proved as
an exercise. In first formula we apply the Divergence Theorem to x +— v(z)Vu(z):

Green’s First Formula 3.15. Let the Divergence Theorem hold on the open and bounded
domain Q C R™. Then for two functions u,v € C*(Q2) we have

/vAudy—l—/Vv~Vudy:/ vVu - N do.
Q Q o0

If we subtract the formula for interchanged u and v, then we obtain:

Green’s Second Formula 3.16. Let the Divergence Theorem hold on the open and
bounded domain Q@ C R™. Then for two functions u,v € C*(Q)) we have

/ vAu —ulvdy = / [vVu —uVv] - Ndo.
Q o0

The significance of these formulas becomes apparent when we apply them to the funda-
mental solution v(y) = ®(x — y). This function is harmonic for y # z, so we need to
exclude a small ball B(x,¢). We apply Green’s second formula on the domain Q\ B(z, €).
The left hand side becomes

/ O(z — y)Au(y) dy.
Q\B(z,€)

As argued in Theorem 3.2 (the part with /) this integral is well defined in the limit € | 0.
For the right hand side of Green’s second formula, there are two boundary components
to consider, namely 02 and 0B(x,¢€). The integrals over 0B(z, €) are of a type L, and K,
respectively. We have in the limit € | 0

/ O(x — 2)Vu(z) - N(z)do(z) — 0.
OB(z¢)

For the other integral, we must be very careful of signs. As required by the divergence
theorem, let N be the unit normal vector to dB(z,€) that points towards z. It can be
expressed as N(z) = o Therefore N(x—2") = Ii_:l is the unit normal vector to dB(0, €)

pointing away from the origin. This is the opposite sign as the N in Theorem 3.2. We
have

—/ w(2)V.(P(x — 2)) - N(z)do(z) = / u(2)Ve®(z — 2) - N(z)do(2)
OB(z,¢€)

OB(z,€)

_ / u(e — Z)\VO() - N(z — 2') do(2) = —u().
0B(0,¢)

Rearranging the terms gives
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Green’s Representation Theorem 3.17. Let the Divergence Theorem hold on the open
and bounded domain Q2 C R™. Then for x € Q and a function u € C?*(Q2) we have

u(z) = — /Q B(x — y)Auly) dy + /m Bz — 2)Vu(z) — u(2)Va(®(z — 2))] - N do(2).

This representation formula allows us to reconstruct a function u from its Laplacian and
the values of v and the normal derivative Vu-N on 0§2. But the Weak Maximum Principle
implies the function is already uniquely determined by its Laplacian and boundary values,
the normal derivatives on the boundary are redundant information. The question is, how
can we calculate the normal derivatives from the other two pieces of information? If the
domain €2 admits a function of the following type, then there is a clean formula.

Green’s Function 3.18. A function Gq : {(z,y) € QxQ | x # y} — R is called Green’s
function for the bounded open domain Q2 C R™, if it has the following two properties:

(i) For x € Q the function y — Go(z,y) — ®(x — y) extends to a harmonic function on
y € (.

(ii) For x € Q the function y — Gq(z,y) extends continuously to 02 and vanishes on
y € 0N).

From the physics perspective, a Green’s function tells us the potential at z of a single
particle at y if the potential is forced to be zero on the boundary. This is the case if the
boundary is a metal cage (a Faraday cage). The first condition can also be expressed as
ANyGo(z,y) = 6, in the sense of distributions, where §, is the delta distribution centered
at x € . We could imagine expanding the definition of a Green’s function so that
unbounded domains () were allowed, but the potential has to go to zero ‘at infinity’ in
the second condition. The shifted fundamental solution ®(x —y) would then be a Green’s
function of 2 = R".

Let’s put them to use. We apply Green’s Second Formula to the function v(y) = Gg(z,y)—
®(z — y). It is a harmonic function on all of Q so there is no need to exclude a ball this
time. Further, because we know the integrals with ® are well defined, so therefore are the
ones with Gqo. We have

| Galwsutryay [ o=y sut)ay

Q

- _ /WU(Z)VZGQ(x, z)-Ndo(z) —/m [@(z — 2)Vu(z) — u(2)V.(P(z — 2))]- N do(z).

Now Green’s Representation Theorem implies

u(z) = — /Q Go(z,y)Ayu(y) dy — /m u(z)V,Gq(x, z) - Ndo(z).
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We should think of this as an improved version of Green’s representation formula, enabled
by the existence of a Green’s function. We will shortly prove that conversely that if
functions f : 0 — R and g : 92 — R have sufficient regularity, then

ulz) = / Gale,y) fy) dy — / 4(2)V:Ga(z,2) - Ndo(2)

Q

defines a function that solves the Dirichlet Problem. Therefore the Dirichlet Problem
reduces to the search of the Green’s Function.

A Green’s function is unique. If there are two Green’s functions on €2, then their difference
is harmonic for all y € €:

G,y) = G(r,y) = Glz,y) = ®(z —y) — [G(z,y) — ®(z — y)]
and vanishes for y € 2. By the weak maximum principle, this difference must be zero. As
an aside, if we return to the generalised case where 2 = R", then the difference between
two Green’s functions is a harmonic function that goes to zero at infinity. Therefore
it is bounded and Liouville’s theorem tells us it is constant (and thus constantly zero).
Therefore the shifted fundamental solution ®(z — y) is the unique Green’s function for
R"™.

Further

Theorem 3.19 (Symmetry of the Green’s Function). If there is a Green’s Function Gg
for the bounded domain 2, then Gq(x,y) = Ga(y,x) holds for all x #y € Q.

Proof. For © # y € Q let € > 0 be sufficiently small, such that both balls B(x,¢) and
B(y, €) are disjoint subsets of Q. Green’s Second Formula implies for the domain Q \
(B(x,€e) U B(y,€)) and the functions u(z) = Gg(z, 2) and v(z) = Ga(y, 2)

/83( ) [Ga(y, z)V.Ga(z, 2) — Ga(z, 2)V.Ga(y, 2)] - N do(z)

- /aB( | (Ga(x, 2)V.Ga(y, 2) — Galy, 2)V.Gq(x, z)] - Ndo(z).

For ¢ — 0 the estimate for L, in the proof of Theorem 3.2 shows that both second terms
converge to zero. The calculation of K, in the proof of Theorem 3.2 carries over and
shows that the first terms converge to G (y, z) and Gg(z,y), respectively. O

Finding a Green’s function for an arbitrary domain can be difficult, and they do not
even exist for all domains. However it is feasible for highly symmetric domains, and the
advantage is that then the solution has a concrete formula. We shall calculate Green’s
function for all balls in R™. Let us first restrict to the unit ball Q = B(0,1). The key is
to try and add a harmonic function to ®(x — y) that equals it on the boundary. We may
use the inversion z — ((x) = ne in the unit sphere 0B (0,1). It maps the inside of the
unit ball to the outside and vice versa, fixing the boundary.
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Green’s Function of the unit ball 3.20. The Green’s Function of B(0,1) is

O(z —y) — (u(z) —y) — (z) forn =2,

GB(0,1)(x,y) = @(IL’—Z/)—CI)("’JE‘(L(IE)_Z/)) = {CID(:L“ . y) B ’$|2—n©<b(x) _ y) forn > 2.

Proof. Fix x € B(0,1). There are two properties that we must satisfy. First the function
y = Gpo)(r,y) — P(x —y) = ®(Jz|(c(x) — y)) should extend to a harmonic function on
all y € B(0,1). Observe that «(z) is a point outside unit ball, so ¢(x) — y is never zero
and thus this function is well-defined for all y € B(0,1). Moreover, we have proved in a
exercise that composing a harmonic function with rescaling, reflection or translation of
its domain creates another harmonic function.

For the vanishing on the boundary, note that there is no problem extending G p(o1)(%,y)
for y € 0B(0, 1), because x and «(z) are not in dB(0, 1). To show that it’s zero, we need
some geometry. For |y| = 1 we have

2 _ _
2] (u(z) = 9)|” = (|z] 'z = |zly) - (Jo| 'z = |z]y) =1 — 22 -y + |z*|y[?
=y —2z-y+ |z = |z -y,

Because ® is a function that only depends on the length of its argument, ®(|z|(¢c(z) — y))
and ®(x — y) are equal on the boundary y € 0B(0,1). O

Although the definition of Gp(,1) appears to treat  and y differently, in fact ||z|(«(z) —

y)‘2 = 1—2z -y + |z|*|y|* from the above proof, which does not use on |y| = 1, shows
that the it is symmetric as expected.

The affine map z +— a + rz is a diffeomorphism from B(0,1) onto B(a,r) and a homeo-
morphism from 0B(0,1) onto dB(a,r). We can use this coordinate change to transform
a Dirichlet problem on the ball B(a,r) to one on B(0,1). If u solves —Au = f on
B(a,r) and u|gp(ar) = g then v(z) = u(a +rz) solves —Av = r?f(a+rz) on B(0,1) and
v(x) = g(a+rx) for x € 9B(0,1). The same is true in reverse. Thus the ability to solve
the Dirichlet on one ball confers the ability to solve the Dirichlet problem on every ball
(and the same for other domains related by similarity).

We can use this insight to give the Green’s function for a general ball. We use an equivalent
characterisation of the Green’s function: for every x € €2 the harmonic difference u(y) :=
Ga(z,y) — (x — y) is a solution to the Dirichlet problem

Au =0 on €, u(y) =0— ®(x —y) for y € 0.

(This gives an alternative proof of uniqueness.) For 2 = B(a,r) and a point 2’ = a+rz €
B(a,r) the related Dirichlet problem on the unit ball is v(z) = u(a 4 rz) with Av =0 on
B(0,1) and

—®(r —y) -5 forn=2
—r?"P(x —y)  forn >3

v(y) = =" —(a+ry)) = =P(r(z —y)) = {
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for y € 0Q). By linearity and since constant functions are harmonic, we can write down
the unique solution on B(0,1) by inspection:

o) — 4 ~2Ul(e(2) = y)) = o7 forn =2
v {—7“2_”‘1>(|1‘|(L($) —y)) forn>3.

Putting this all together gives

Goan(®,y) = 2@ —¢) +u(y) = (r(z —y)) + v(y)

:{@(m—ywi—<I>(|x|(b<x)—y>)—% forn =2
r* Oz —y) — P e(|x](u(x) —y)) forn >3
=2 O (x — y) — (|z|(e(z) — y))]

/

= PG (52, L2,

r ) r

It remains to prove therefore that taking the Green’s representation formula and inserting
f and ¢ with sufficient regularity does indeed define a solution to the Dirichlet problem.
We do this only for the specific example of the unit ball, but by the above discussion an
analogous result will hold for any ball.

Poisson’s Representation Formula 3.21. For Q = B(0,1), f € C%*(Q) and g € C(99)
the unique solution of the Dirichlet Problem on ) is given by

u() :/B(O,l) Gy (7, y)f(y) d“y—/ 9(Y)VyGpoa)(z,y) - ydo(y).

8B(0,1)

Proof. Tt suffices to consider the two cases ¢ = 0 and f = 0 separately.

Consider g = 0 first. The essential point is the symmetry of the Green’s function, so
whatever properties hold in the second variable also hold in the first. From Theorem 3.2
we have function v(z) that satisfies —Av = f. Their difference has the formula

wtr) o) = [ [Goan (@) - o) sy

But the bracketed expression is harmonic in z and therefore v — v is harmonic. This shows
that —Au = —Av = f. Moreover, we know that G p(o1)(z,y) is zero for x € 0B(0,1) and
hence so too is u(z).

The f = 0 case is the new part. We define the Poisson kernel K (z,y) := —=V,Gpg(0,1)(z,y)-
y. By the Symmetry of the Green’s Function the function z +— K (x,y) is harmonic. Hence
for f = 0 the given function u is harmonic. It remains to show

u(z) = / o SWE @) do)
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extends continuously to z € 9B(0, 1) and coincides there with g(x). The issue is that the
integral is over y € dB(0, 1) so their is a singularity in the integration in this limit. We
compute for |y| = 1 and n > 2 (the reader should check this same formula holds for n = 2

t00):
—1 1 1
Ky =——— 4.V _
( y) n(n . 2>wny Yy (‘(L’ _ y‘n—2 ’ZL’|”_2 |L(.T)—y‘n_2>

1 (y—a Py —u@)
", (|x—y|n |x|n|t<x>—y|")

l—z-y—|zP4+z-y  1—|z]?

nwnlz =yl nwele —y[
This clearly shows the singularity at y = x but that for all other € 9B(0, 1) it is zero.
We observe

(i) the integral kernel K (x,y) is positive for (z,y) € B(0,1) x 0B(0, 1).

(ii) The following formula, which follows from Green’s Representation Formula for the
function v = 1 on the domain Q = B(0,1):

/ K(z,y)do(y) =1 for x € B(0,1).
8B(0,1)

(iii) Forallz € 9B(0,1),0 > 0, and y € 0B(0,1)\ B(z, §) there is the bound K (A\z,y) <
L—(1— A2%) Therefore the family of functions y — K (Ax,y) converge uniformly to

Nwnp o™

zero for A1 1 ony € 0B(0,1) \ B(z,?).

We will now prove that for continuous g the properties (i)-(iii) ensure that in the limit A 1 1
the family of functions x — faB(o,1) g(y) K (Az,y) do(y) converge on 0B(0,1) uniformly to
g. For any z € 9B(0,1), 0 < A < 1, and § > 0 we have estimate

[u(Az) — g(x)| = /83(0 N 9y K(Ax,y) — g(z) K (Az,y) da(y)’ using (ii)
< / 19(y) — g(z)| KAz, y) do(y) using (i)
9B(0,1)
N (/(93(0,1)\B($,5) " /83(0,1)mB(z,5)) 9y) = g(@)| K (Az,y) doy)
< yeggg Y lg(y) — g(@)| x (1 = A*)5™ using (iii)
+  sup - fg(y) —g(@)| x 1 using (ii).

yedB(0,1)NB(,5)
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Therefore for any 6 > 0 and 0 < A < 1 we have the uniform estimate

lu(Az) = g(@)llo < (1 =N%)6"  sup |g(y) —g(@)|+  sup  [g(y) — g(x)|.
z,ye0B(0,1) z€0B(0,1)
y€dB(0,1)NB(.9)
Taking the limit A 1 1 we see that the limit is bounded by the second term for any § > 0,
since the first term tends to zero. But the second term can be arbitrarily small, and
therefore the uniform limit must be zero. This proves the claim. O

A harmonic function v on B(a,r) which extends continuously to dB(a,r) obeys

_rolz—af )
u(z) = /8 do(y).

nrwy B(a,r) ’l’ - y’n

Like the Weak Maximum Principle, this shows that u is completely determined by the
values on 0B(a,r), except here the result is constructive. One can also integrate this
formula in x over a ball, and after interchanging the integral and using some geometry,
arrive at the Mean Value property.

One new consequence of this formula is an additional regularity result for harmonic
functions. The dependence on x in the formula is well-behaved for x € B(a,r’) with
r’ < r, because |z — y|~" is bounded away from its singularity. Therefore partial deriva-
tives of u with respect to x can be expressed with similar formulas depending only
on the values of u on a fixed ball B(a,r). For all y € dB(a,r’) the Taylor series of
|z —y|™ = (y* — 22y + 2?)"2 in © = 2z converges uniformly to |x — y|™™. This
implies:

Corollary 3.22. Harmonic functions on an open domain 2 C R™ are analytic. [

Another regularity result, which speaks to the connection between harmonic functions and
holomorphic functions (if you know some complex analysis), is the so called ‘removable
singularities’ theorem:

Lemma 3.23. Let 2 C R™ be an open neighbourhood of 0 and u a bounded harmonic
function on Q\ {0}. Then u extends as a harmonic function to €.

Proof. On a ball B(0,r) with compact closure in €2, Theorem 3.21 gives a harmonic
function @ which coincides on 9B(0,r) with u. The family of harmonic functions u.(x) =
u(x) — u(x) + eGpeyy(x,0) on B(0,r)\ {0} vanish on 0B(0,7). If for any € > 0 the
function u. takes on B(0,r) \ {0} a negative value, then due to the boundedness of u
and @ and the unboundedness of Gp(o,)(-,0) the harmonic function u. has a negative
minimum on B(0,r) \ {0}. This contradicts the Strong Maximum Principle. Hence u, is
non-negative. Analogously u. us for negative € non-positive. Otherwise u. would have a
positive maximum in B(0,r) \ {0}. In both limits € | 0 and € T 0 ug = @& — u vanishes
identically on B(0,7) \ {0} and @ is a harmonic extension of u to €. O
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The proof shows a slightly stronger statement. Each harmonic function on Q2 \ {0} whose
absolute value |u(x)| is for all € > 0 bounded by eGp(,(x,0) on B(0,6) \ {0} with
sufficiently small 6 > 0 depending on € has an harmonic extension to (2.

3.5 A PDE with no solutions

In this optional section we deliver on the promise in Section 2.2 to give a PDE without
any solutions. The key is the following lemma, which shows that no (nontrivial) function
has a Laplacian that grows negatively faster than the function grows. This should be
compared to Liouville’s theorem 3.10, in which a growth bound is used to show that a
harmonic function (a solution to Au = 0) is constant. Then we only need to construct
a PDE which implies this property but that u = 0 does not solve. The idea and lemma
come from the paper “Nonexistence of weak solutions for some degenerate elliptic and
parabolic problems on Rn” (Mitidieri and Pohozaev, 2001).

Lemma 3.24. Let Q = R?\ {0}. The only twice-differentiable function u : Q — R that
satisfies
—|z]PAu > u?

s u = 0.

Proof. The trick is to choose a particular family of test functions g € C3°(€2) and use
them to derive decreasing bounds on the integral of u that can only be satisfied by u = 0.
Choose a smooth bump function 1)y on R that has the value 0 for |¢| > 2, the value 1 for
|t| <1, and is monotonic increasing/decreasing for 1 < |t| < 2. We define

or(x) = Yr(|z]) and Wr(r) =1y (R_l lnr) .
Because they are radially symmetric, it is easy to describe their supports:

rEsuppyr < R 'Injz| <2 & 2R<In|z|<2R & e 2 <|z| <

So g is positive on the open annulus Ag = B(0,e*) \ B(0,e~2%). Likewise ¢ = 1 on

the closed annulus A%, = B(0,e®) \ B(0,e ).

We will bound the integral of u?/|z|* on A;. Because we are working with non-negative
functions we can increase the domain of the integral:

2 2 2
Ir ::/ u—de:/ u—ZSORdw S/ u_zsdem = Jr 5/ (—Au)prd.
Al || Al || A 7] Ag

Now we apply Green’s second formula on Agr. The test function and all its derivatives
vanish on the boundary 0Ag, the result is to transfer the Laplacian to ¢g.

JRS/ (—U)AgoRdx:/ (—u)V/Pr |x|Angdx'
Ar AR || VPR
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The introduction of these strange factors will become clear in a moment. In the next step
we use a result you might not know. You should be familiar with the Cauchy-Schwarz
inequality for vectors, which says a - b < ||a| [|b]| for a,b € R". But it holds for all inner
products, including the L? inner product on functions.

/AR( @/ﬁ |x\\/i_903d _ <(— @/ﬁ) !m\l/i_iR>L2

<|=el
(L) (f

9 1/2
dx)
= 7}’ </ oA Bom) d:c> "
Agp PR

Now we see that the choice of factors has created another Jir on the right hand side. We
can manipulate the inequality, by dividing J ]1%/ ? across and squaring:

2(A 2 1/2 2(A 2
AR AR

YR PR

2| Apr

(—u)y/Pr

]

[z|Apr

VPR

This bound is useful because u does not appear on the right hand side, it is solely in terms
of pg.

In the next phase of the proof we use the specific form of pg (until now, we have only
used that Green’s formula applies to Ag). Recall that the Laplacian in polar coordinates
is
A 82v+1av+162v
V= — - — + ——.
or2  ror  r206?

We use the chain rule:

8@3_ Inr\ 1
o 0 (7) R
Por Inr 1 , (Inr) 1
oz = U (7) Y (7) R
Inr 1 Inr 1 1 Inr\ 1
sen=1i () w4 () mr 7 () 7m0
, (1nr 1
0 (7) r2R?’

We substitute this into the integral and then make the change of variable t = R~'Inr
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(which implies dt = R™'r~1dr and ¥r(r) = o(t)):

|7[*(Apr)® Ach / / lnr 1\’
Jp < — dr dé
= /AR e—2R YﬂR r2R? mar

B SR )2 1 1P
‘ZW/eszm (R) T / (o 1 4

Now we have an integral that doesn’t even depend on R. Of course the precise value of
the integral depends on the choice of 1)y, but it is possible to choose one such that the
integral is finite. Therefore we have a bound

2
IR:/ dZL‘<JR<27TOR_
AR

.l

Finally we can prove the statement of the lemma. Choose any point z € Q = R?\ {0}
and let S be such that x € Ay. Consider Ig. For all R > S we have Ip > Ig since the
integrand is positive and this is expanding the domain. But this implies 0 < Iy < 2rCR™3
for all R > S. The only possibility is /g = 0. But this implies u = 0 on AY. Therefore
u(z) = 0. O

With this lemma it is easy to construct a PDE with no solutions, even before we impose
any boundary conditions, namely —|z|? Au = u® + 1. Any solution has the property

—|xPAu=u® +1 > u?

and therefore ©u = 0. But v = 0 doesn’t solve the PDE.



Chapter 4

Heat Equation

In this chapter we investigate the heat equation
—Au=0

and the corresponding inhomogeneous variant
u—Au=f.

The unknown function u is defined on an open domain Q x (0,7") C R™ x R. We shall
extend some statements about harmonic functions to solutions of the heat equation, but
also try to understand the important differences.

The heat equation describes a diffusion process. This means a time-like evolution of
space-like distributed quantities like heat or chemical concentration, or even probability.
Let us provide a short justification of the equation as a model of heat. We have seen for
the mean value property that the Laplacian measures the difference of a function from its
mean value: for small r from the proof of Theorem 3.5 we have §'(r) &~ n~'r Au(x) which
implies S(r) — u(z) ~ 5-r?Au(z). If the temperature u at x is cooler than the points
around it, then % should be positive, and vice-versa if u is hotter. Moreover we have seen
from the general conservation law (with F' = Vu) that the quantity u is preserved by the
heat equation (under appropriate assumptions). The simplicity of the equation together
with these properties make it a useful model to study. There is no widely agree upon
name for solutions to the homogeneous heat equation, similar to harmonic functions for
the Laplace equation, though some books use the term caloric. A previous class suggested
to call them flames, similar to how solutions of the wave equations are waves, which I find
cute.

There are two boundary value problems that we will examine in particular. The first is
the initial value problem on R" x (0,7)

w—Au=fonR"x(0,7T), u(z,0) = h(x) on R".

65
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This is sometimes called the Cauchy problem. It purports to model how the temperature
within an infinitely large body changes given the initial temperature h at every point.
The inhomogeneous term f represents the infusion or removal of heat at points within
the body. The second problem applies to a bounded spatial domain €2

u—Au= fonQx(0,T), u =g on 2 x [0,7T], u(z,0) = h(x) on Q.

This problem is called the Dirichlet problem, in analogy to the corresponding problem
for the Laplace equation. This models the temperature within a finite body but where
additionally the temperature of the boundary is also controlled (specified by ¢). In both
problems any solution should at least extend continuously to the boundary, so that the
boundary conditions are meaningful.

Before we begin the develop the theory that we will use, let’s study some monstrous
examples, to show us what to be wary of. The first shows the importance of the negative
sign in the heat equation. We give an illustration that the heat equation is not time
symmetric in the way that many models in physics are (at least conceptually) and that
the ‘reverse time’ problem is not well-posed. Consider n = 1 and for any integer m define
the function

U (2, 1) = ™ T sin ma.

They have the property that w,, = —m?u,, as well as 0*u,, = —m?u. Therefore they
all solve the homogeneous heat equation with ‘terminal’ condition w,,(7") = sinma. This
example can even be applied to a Dirichlet-type problem. Consider the spatial domain
Q = (0, 27) with the boundary values g = 0. Because m is an integer, all these functions
satisfy it. Even though these boundary conditions are smooth and uniformly bounded by
1, the solutions at any time ¢ < 7' can still be arbitrarily large

SUP |t (+, )] = ™ 0.

This is one reason to only study the forward time Dirichlet problem.

Similarly for the Cauchy problem introduced above, there is also the possibility of rapidly
growing solutions. Again for n = 1, we make the ansatz

u(m,t) = Zgl(t)xl’ U(ZL’, t) - AU(ZL‘, t) = Z(gl(t) - (l + 2)(l + 1)gl+2(t))xl'
=0

=0

Thus if u solves the heat equation then we must have a recursion relation between g; and
gi+2. For a given function go(t) = g(t) and setting ¢;(¢) = 0 we thus obtain the following
formal solution of the homogeneous heat equation:

o0

Ot) o
u(z,t) = Z g(2l()!)x :

=0

We now show that for g(t) = exp(—t2) this power series indeed converges to a smooth
solution and further that on every compact subset of R” the uniform limit of this solution
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vanishes as ¢t | 0. We first calculate ¢()(¢) for any [ € Ny by a real polynomial p; of degree
[ solving the relation

g¥ (t) =t 'p () exp(—t™%) with pryi(2) = 22p(2) — Ipi(2) — 22p)(2).

This recursion relation for p; follows by differentiating by ¢. The first two polynomials are
po(z) = 1 and p;(2) = 2z. We claim that the coefficient of p;(2) in front of z* is bounded
by U For | = 0, k = 0 this is clear. By induction we obtain with £ <[+ 1

Y g
nr N7 nr N7 4k 41 + 2k N7l +1 [+ 1)17H+1
p U7 N7 T Tk e 2k IR0 ()
2k=1(k — 1)! 2k k! 2k k! 2k k! 2k k! 2k k!
This proves the claim. Using the inequalities (21) = m < % we conclude

C 0T N gt) 1 (12 S g(t) [ 1\F 221
Hl < < B A | — | = _—— .
= oo (2D i Mk zz:; ! < 2t ) = M (2752) eXp( 2t Qtz)

Therefore the series converges absolutely and for ¢ | 0 uniformly on compact sets to 0.
This means that we can extend u smoothly to ¢ < 0 by giving it the value 0. This means
that the Cauchy problem with initial value A = 0 has a non-zero solution: The space is the
same temperature everywhere and suddenly wild temperature fluctuations begin. Even
though it seems as if the Cauchy problem should be well-posed, additional constraints
will be required.

4.1 Spectral Theory and the Fourier Transform

Let us give some motivation for introducing spectral theory, which is the theory of the
eigenvalues of the operator —A. Let us look for ‘separable’ solutions of the homogeneous
heat equation. They are solutions that neatly factorise as u(x,t) = ¢(t)h(z). These solve
the heat equation if

. p(t)  Ah(z)
o(t)h(x) — p(t)Ah(z) =0 & o) = )

Because the left if a function of ¢ and the right is a function of x, the only way that this
is possible is if the two sides are equal to some constant —A. This means that h is an
eigenfunction of the (negative) Laplace operator:

—Ah=Mh on

and ¢ = —Ap. The factorisation is only determined up to a scaling, so we set p(0) = 1.
Thus ¢(t) = e~ and u has the initial value u(z,0) = h(z).
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Turning this around, if we are given an initial value problem where A is an eigenfunction
of the Laplacian, then this method gives a solution. More generally, if the initial condition
is a linear combination of eigenfunctions then a linear combination of separable solutions
solves the problem. The question now arises can every function be written as a linear
combination of eigenfunctions in some suitable sense?

What are the eigenfunctions of —A? The trigonometric functions provide many examples
for every \ > 0:
_AeQWikm — 47T2|k|2627rik-x

The drawback of these functions are that they are not integrable on the plane because
they have modulus 1 at every point. But in a limiting sense they are all orthogonal to
one another in I? inner product

n

<e27rzk1-w7 e27rzk2-:p> _ / 627r2k1~m62m'k2.x Aty = / e27rz(k1—k2)-x dir =0
n

because the integrand is periodic and the integral over a single period is zero. This leads
us to define the Fourier transform as the coefficients of the orthogonal projection of a
function onto these functions, in the sense that for a finite dimensional inner product
space h =Y (h, e;)e; for an orthonormal basis {e;}.

Definition 4.1. The Fourier transform of a function h : R™ — R is defined to be
h(k) = Z[h](k) := / e 2R Th(z) A

Be aware: there are several definitions of Fourier transform that differ by a constant
scaling and a scaling of k. Always check which is being used.

When one learns Fourier analysis in detail, a major theme is under what conditions this
definition makes sense, how it can be extended to other classes of functions, and which
of the important properties are retained for these extensions. For example, a basic result
that we will soon prove is that if the function A € L'(R™) then its Fourier transform is
continuous and bounded.

Let us compute the Fourier transform for an important example: the Gaussian curve
e~ m” We begin

ik —|r|2 EPAD) 2 o, |2 CRI2— (i (i
/ e 2mik o || dtr = / e |k|?+|k|*—2ik-(mx)—| 7| dir = / e |k|?—(ik+7x)-(tk+mx) dvr
— k|2 —(i (i —n _—|kl? —-
—e |k| / e (ik+mx)-(ik+mz) d"r = 7 "e |k / e VY dny
n ik+R"

To finish we need to compute the value of the final integral. It is so famous that it has its
own name ‘the Gaussian integral’. It value is 7/2. Several methods to compute this will
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be explored in the tutorial. By rescaling we also have the Fourier transforms for other
Gaussians. In conclusion

—alz|? T\ "/ —Lizk|2
Fle H](k):(5> e~ almhI,

One obvious class of functions that can be Fourier transformed is the test functions because
they have compact support. But this turns out to be a little too restrictive. Instead we
consider functions that decay rapidly at infinity.

Definition 4.2. The Schwartz space . contains all smooth complex valued functions f
on R™ for which p.o(f) := sup|z|?|0% f(x)| are finite for alll € Ny and all o« € Nj.

There are other equivalent definitions in the literature. A common alternative is to use
(1 + |z|*)! instead of |z|*. One characterisation of . is that it is the largest subspace
of integrable functions that is closed under differentiation and multiplication with poly-
nomials. For following lemma however is perhaps the more important justification for
considering this space.

Lemma 4.3. The Fourier transformation maps & onto . For any function h €
and h = Z[h] we have

F[0;h) (k) = 2mik;h(k), and — F[-2miz;h)(k) = d;h(k).

Proof. If we simply take the absolute value of the definition of the Fourier transform we
get |h(k)| < [on |h(y)|d"y = ||h]|p@n). Any h € C3°(R"™,C) certainly has finite L'-norm
and by taking supremum we obtain

[1Plloe < (1Pl 2 -

This shows that % is a continuous linear operator from Cg°(R™, C) with the I!'-norm
to Cp(R™, C) with the supremum norm. Since C§°(R™, C) is dense in L'(R™), the Fourier
transform extends to a continuous linear map from L'(R™) into the Banach space C,(R"™, C),
as we claimed above.

But let us return to Schwarz functions and prove what is stated in the lemma. By
integration by parts

Fo;h)(k) = — / 0

R 83:]

(e72%) h(z) Az = —/ (—2mik;)e 2™ T h(x) A = 2mik;h(k).

To make this calculation rigorous, one should integrate by parts on a large cube [—R, R|".
But the decay properties of h ensure that the boundary terms vanish in the limit. Applying
this formula with higher derivatives gives a polynomial in k& on the right. Turning this
relation around proves that any polynomial times h is the Fourier transform of a Schwartz
function and thus bounded.
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Similarly we can differentiate h:

iﬁ = / 9 (e72%*) h(z) A"z = / e 2™k (_omizih(z)) d"r = F[—2miz;h(z)](k).
ok; rn Ok; n

This is justified by the estimate

|01 (k)| = < 27|||z|h(z)]| 22 (mny.-

/ —2mix;e "I h(z) d e

Because h decays faster than any power of |z| the right hand side is bounded. Repeatedly
applying this differentiation formula shows that h is smooth. The combination of the
differentiation and polynomial rules for the Fourier transform therefore proves that h is
Schwartz. O

The property of transforming derivatives into polynomials is what makes the Fourier
transform a useful tool in solving ODEs and PDEs. Let’s see how it applies to the heat
equation. The Fourier transform of the Laplacian is .7 [Au] = (27i)?|k[2h, where we only
Fourier transform the space variables and leave t out from the integral. Under sufficient
regularity assumptions a solution to the heat equation obeys

F O] + 47?|k|*0 = Oyt + 4% k>4 = 0

by interchanging the J; and integration. For each value of k this is an ODE for u(k,t)
in the variable {. We even get initial conditions by applying the Fourier transform to the
initial condition of the PDE w(k,0) = h(k). It has the solution

a(k,t) = e ™k, 0) = eI (k).

So if we are able to find a function that has this as its Fourier transform, we have solved
the heat equation. For this we need to understand how the Fourier transform behaves
with respect to products and convolutions.

Lemma 4.4. Let u,v € . Then Flux*v] = ud and F[uv] = 4 * .

Proof. This follows by direct calculation.

ff[u*v](k):/ ¢~k (/nu(x— y)o(y) dy >dn
/R ) ( / SRz — y) d“l“) v(y)dy
/R ek ( / e~k () d“z) o(y) dy

/ —2mik- Zy dr / e—27rik'yv(y) dny - ﬂ(k)@a{:)
Rn

R
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The second half of the lemma is an easy consequence of the first half together with the
inverse Fourier transform, which is given after Theorem 4.7. We really only need the first
half of the lemma, but it much prettier to present the two results side-by-side. n

Because of our earlier example, we know that

I e —4m?k[2
F We i | =€ .
AL

Therefore we can conclude that

1 =2
e

u(z,t) =
is a solution to the heat equation with initial condition u(z,0) = h(z), where the convo-
lution is only taken over the spatial variables.

Our derivation of the solution has assumed that the functions in question have sufficient
regularity such that we were able to interchange the order of integration or differentiate
under the integral sign as needed. In the next section we will take the formula for the
solution that we have derived and prove directly, under weaker assumptions on h, that it
solves the Cauchy problem.

4.2 Fundamental Solution

Our method of the previous section to solve the homogeneous heat equation through a
Fourier transform uncovered a particular Gaussian function. It turns out to be a funda-
mental solution for the heat equation that is well-suited to the case t > 0, which holds
for both problems we are interested in.

Definition 4.5. The fundamental solution of the heat equation is defined as

_ = n
(1) = | Gyt © Jor v €RNEZ0
0 for xeR™"t<0

For ¢ # 0 one can check that this solves the homogeneous heat equation be direct calcu-
lation (Exercise). For # # 0 we also know that ¢ — ®(z,t) is a smooth function, so in
fact ® solves the heat equation in the strong sense everywhere except (0,0). We will show
that (0 — A)® = § soon. Similar to the fundamental solution of the Laplace equation,
this fundamental solution has the scaling property ®(az,a?t) = a "®(z,t). You may be
wondering if the odd scaling factor for ® is meaningful. It is, as the following lemma
shows.
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Lemma 4.6. For allt > 0 the fundamental solution satisfies / O(z,t)d"r = 1.

1 _@n_l _xzn_l 2 n_
Proof. W/ne 4tdm_m/ne dx—ﬂnﬂ(/}Re da:) =1. ]

We can therefore understand the fundamental solution as being similar to a mollifier on
R™. As t | 0 the function grows and concentrates near the origin. It is not a mollifier
because it does not have compact support, but it does lie in . and we should expect that
the convolution with ® converges in the limit ¢ | 0 to the identity. This is the content of
the following theorem. This theorem also gives a solution to the Cauchy problem for the
homogeneous heat equation under the assumption that the initial condition is continuous
and bounded.

Theorem 4.7. For h € C,(R™,R) the following function u has the properties (i)-(iii):

ulwt) = [ @y 0w dy

(i) ue C®(R™ x RT)

(ii) © — Au=0 on R x R

(iii) w extends continuously to R™ x [0, 00) with limy o u(z,t) = h(z).

Proof. For t > 0 by the smoothness of & and the boundedness of h, the function is

well-defined and we can pass derivatives into the integral. This should that u is smooth.
Likewise (ii) follows, since ® solves the heat equation on R™ x R*.

The harder argument is (iii). For any € > 0 and any z in a compact subset of R" there
exists 0 > 0, such that |h(xz) — h(y)| < € for all |z —y| < § (continuity implies uniform
continuity on any compact subset). Furthermore there exists 7' > 0, such that

/ O(y,t)d"y = / O(z,1)d"z < € forall 0 <t <T.
R\ B(0,5) R™\B(0,6/Vt)

This implies

ua, t) — h(z)| =

[ #0000 - ha) vy

SZ%@@@—%U|Mw—h@H&w+4ﬂmm®@—gjwmg_mﬂmw

< e+ 2esup{|h(y)| |y € R"}

for all 0 <t < T. So u(x,t) converges in the limit ¢ | 0 uniformly on compact subsets of
R™ to h. O
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Part (iii) of this theorem is also an important lemma in Fourier analysis, because it leads
to an explicit formula for the inverse of the Fourier transform. Suppose that u,v € 7.
We compute the following integral parameterised in z

/ C(k)o(k)ermr d = / ) ( / Cu(y)e 0T d“y) v(k)d"k
= / ) ( / ) u(z + x)e 2mk= d“z) v(k)d"k = / ) u(z + ) ( / ) v(k)e 2mk= dnk) d"z

= / u(z + x)o(z) d"z.

The trick is to now choose v to be the fundamental solution ®(z,¢). This gives

/ ﬁ(k)e_‘l’rQ‘k‘QeeQ”k'x d"k = / u(z +x)P(z,¢)d"z = / u(y)®(y — x,e)d"y.

Taking the limit as € | 0 and applying Theorem 4.7(iii) on the right hand side proves

/ a(k)e*™ * d"k = u(x).

To summarise, the inverse Fourier transform is
T ) () = / w(k)e>™ Pk = Flu)(—a),

The fact that the Fourier transform and its inverse differ only by a sign in the expo-
nent of the exponential is the reason that it has so many ‘dual’ properties, such as for
multiplication and convolution, or for differentiation and multiplication by polynomials.

The equation above for u and v is also the important step to extend the Fourier transform
to (some) distributions. When x = 0 we have

/ (ko) 'k = / u(2)i(z)d"z.

If this was written in the notation of distributions it would be Fj(v) = F,(0). This seems
as if it would be a suitable definition of the Fourier transform of a distribution. However,
even if v is a test function, we can’t be sure that © is a test function only that it is
Schwartz, and thus F(0) is not defined for all distributions.

Unfortunately there is no way to fix this. Instead we must restrict ourselves to consider
only distributions that can act on Schwartz functions. But what does this mean? First
we recognise that sup p; o from Definition 4.2 of .%’ constitutes a family of seminorms for
Schwartz space. Further the inclusion of the space of test functions D into the Schwartz
space . is continuous and dense with respect to this topology. Therefore we can identify
the subspace of distributions that can be extended continuously to act on ..
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Definition 4.8. Let ' € D’ be a distribution. Suppose that ¢,, is a sequence of test
functions that converges to zero in .7, i.e. liMy, o0 pra(dm) = 0 for all l,a. We say
that F' is a tempered distribution F € " if limpy, oo F(¢m) = 0. If F is a tempered
distribution then it acts on a Schwartz function ¢ by

F(¢) = lim F(¢n)

m—00

for any sequence of test functions ¢ that converges to ¢ in 7. For tempered distributions,
we define the Fourier transform F(¢) = F(¢).

Many of the properties of Fourier transforms on . carry over to ., in particular the
differentiation and polynomial multiplication rules. Defining the Fourier transform on
distributions is not just a convenient way to extend it to a large class of functions but
actually essential for understanding the Fourier transforms of many common functions.
For example, the Fourier transform of the constant function 1 is the delta distribution.

Fourier analysis can also solve the inhomogeneous heat equation on R” x R*. Taking the
transform of the PDE results in the inhomogeneous ODE

Oyt + Am? || = f.
This has the solution

t
a(k,t) = e " FP (k) + / e~ IREE=9) £(k ) ds.
0

We recognise the first term from the homogeneous case. The second term is new, but
it is the integral over time of the product of ®(k,t — s) and f. Performing the inverse
transform suggests the following solution

u(z,t) = /n Oz — y,t)h(y) dny—l—/o /n O(x—y,t —s)f(y,s)d"yds.

It remains to consider the regularity of the second integral.

Theorem 4.9 (Solution of the inhomogeneous heat equation). If f is twice continuously
and bounded differentiable on R™ x [0,00), then

t
uet) = [ [ o= pt-9fsdyas
0 n
solves the inhomogeneous initial value problem

w—Au=fonR"xR" and limu(z,t)=0.

t—0
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Proof. The integrand has a singularity when s = t. Therefore consider

ue(x,t) = /t_e/ O(x —y,t —s)f(y,s)d yds
0 n
To this function we can apply the heat equation with impunity:
Ue(x,t) — Aue(z,t)
= [ et —vi— = s t-adys [ @206 -yt s dyds
~ [ va-vofwt-ody

Theorem 4.7 (iii) implies lim ¢ 4. — Au. = f on R® x RT. Additionally u.(z,€) = 0. The
assumptions on f are sufficient to conclude that

f = lim (i (2, 1) = Ducla, 1) = (% - A) lim (i, 1) = (% - A) u(, t)

and 0 = lim. o uc(z,€) = u(x,0). Properly one should bound the difference between u
and u, which is the integral in time over the short interval [t — €, ], in a similar manner
to Theorem 3.2. O

We summarise our inquiries with the following statement.

Corollary 4.10. Suppose f is twice continuously and bounded differentiable on R x [0, c0)
and h is continuous and bounded on R™. The inhomogeneous initial value problem has
the following solution:

uw—Au=f

(z,0) = h(z)
u(z,t) = /n Oz —y,t)h(y)d"y +/0 /n O(x—y,t—s)f(y,s)d"yds. O

To finish the section we make some qualitative remarks on the behaviour of these solu-
tions. The two integrals are a homogeneous solution that satisfies the initial condition 0
and an inhomogeneous solution that vanishes initially. One is reminded of the Green’s
representation formula, which was also two integrals dividing the task between themselves.
We can also see that as a physics model of heat it violates the principle of locality and
the speed of light. Consider f = 0, so there is no additional sources of heat, and suppose
the initial temperature h is non-negative and has compact support. Then for any point
and time (x,t) € R® x RT the solution is positive, because ® is everywhere positive. The
interpretation is that the heat that was present in the support of h has instantly spread
out to the whole space.
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4.3 Maximum Principle

Like elliptic PDEs, parabolic PDEs also have a maximum principle. In this section we
will prove a weak maximum principle for the heat equation and apply it to the question of
uniqueness of the Dirichlet and Cauchy problems. There is an approach to the maximum
principle based on so-called ‘heat balls’ that mimic the mean value property for the Laplace
equation (see Evans), but this is computationally messy. Instead we follow Han and give
a proof in the style of Theorem 3.13.

The domain of the heat equation distinguishes time and spatial directions. We therefore
make special definitions adapted to this distinction. For any open domain 2 C R"™ we
define the parabolic cylinder as Qpr = Q x (0,T]. The parabolic boundary 0Qr of Qo is
defined as Q7 \ Qp. It is the union of (9Q x (0,7]) U (Q x 0) and does not contain at
time t = T points inside of €.

Theorem 4.11 (Weak maximum principle for the heat equation). Let @ C R™ be open
and bounded and u a twice differentiable function on Qr that extends continuously to Qr.
Suppose that u is a subsolution to the heat equation:

w—Au<0

on Qr. Then the mazimum of u is taken on OS)r.

Proof. Note because € is bounded that {7 is compact, and thus v must have a maximum.
The theorem claims that the maximum occurs on the boundary, but does not forbid it
from also occurring on the interior. The constant function would be an example where
the maximum is taken both on the boundary and the interior.

We first prove the theorem under the stronger assumption that @ — Au < 0. Suppose that
w has a maximum at (zg,%y) € Qp. If to < T then we can also say that dyu(xg,tg) = 0,
otherwise if ¢ = T" we can only say that dyu(xg,ty) > 0. In either case we see that 0 >
(o, to) — Au(xo, to) > —Au(xg, ty). Also because this point is a maximum V,u(xg, tg) =
0 and the Hessian H in the spatial coordinates is negative semidefinite. As argued in
Theorem 3.13 at such a point Au(zg,ty) < 0. But now we have a contradiction. Therefore
the maximum cannot occur on 27.

Next we handle the general case with a trick similar to Theorem 3.13. For any ¢ > 0
define
ue(x,t) == u(x,t) — et.

This forces
(O — DNuc=10—LAu—e < —e<0.

Thus the special case applies to u. and we conclude that the maximum of u, occurs on
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the boundary. But we can now argue

max u = max(u. + €t) < maxu, + €I’ = maxu, + €I’ < maxu + €7
Qr Qr Qr 90 EIon

Taking € | 0 yields the result. O

The following is an easy consequence, similar to the uniqueness of the Dirichlet problem
for the Laplace equation.

Theorem 4.12. On an open and bounded domain 2 C R™ there exists at most one
solution u of the Dirichlet problem for the inhomogeneous heat equation.

Proof. Suppose that there were two solutions. Consider their difference u. This function
must solve the homogeneous heat equation and vanishes on both the initial boundary
2 x {0} and the spatial boundary 02 x (0,7"). In other words, it is zero on the parabolic
boundary. By the weak maximum principle applied to v and —u the maximum and
minimum of w is zero. Thus u = 0 and the two solutions are equal. O

We can also conclude the ‘comparison principle’ or ‘monotonicity property’ for the heat
equation: If one body starts hotter than another at every point h; > hs, stays hotter on
the boundary g; > go and receives more heat on the interior f; > f,, then at every point
and every time the first body is hotter than the second.

Remarkably we can also use the weak maximum principle to show a form of uniqueness
in the Cauchy problem, even though it is on a unbounded domain. We must be careful
however, as we have seen that the solution is not unique: we began the chapter with the
example of a function that is identically zero initially and then springs to life. Any such
example however must be a monster.

Theorem 4.13. Let u be a solution on R™ x (0,T] of the Cauchy problem:
—Au=0onR"x(0,T) u(z,0) =0 on R" x {0},

which, is bounded by |u(z, )| < Me Al on R™ x [0, T] for some positive constants A, M >

0. Then u is identically zero.

Proof. Choose a > A. We will prove that v = 0 on R” x [0, £]. The result then holds on

[0, 7] by induction on the decomposition [0,7] = [0, 1] U [4i 43]

For any R > 0, define the function

A]\467((17A)R2

vR(z,t) = A —da)3 exp (%)
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on B(0,R) x (0,4). It is an easy check that vg solves the homogeneous heat equation
and it is clearly positive. Moreover, on the sphere x € 9B(0, R) it is larger than u, since

]\46—((1—14)}%2
" o

(1 — dat)s = ) > Me @R oy (aR?) = MeAR > |y
(1 — dat)3 = p (af) 2 Jul

VR = 1—4at

Hence by the maximum principle we know that vg > |u| on all of B(0, R) x [0, 1]

Now choose any point (z,t) € R"x[0, =]. For all R > |z| we know that |u(z,t)| < vg(z,1).
But

alz|? ) lim e—(a—AE? _
(1—4at)s (Hat e 0

Thus u(x,t) = 0 too. O

A vg(z,t) =

The obvious question is whether the solution given by Corollary 4.10 meets this growth
condition. If it does, then it is the unique solution that does. Suppose therefore that h
and f are bounded by |h(z)| < Me** and |f(z,t)] < MeA” on (2,t) € R" x [0, T] for
some A > 0, a > 0. Observe the following doubling relation for the fundamental solution

d(x,t) = % exp (—24'?—25)) = 2"2P(x, 2t) exp (—%) :

For t < 15 =: Ty this implies ®(z,t) < 2"/2®(x, 2t) exp(—2A|z|*) We compute the first

integral from the formula for the solution:

/ (z —y, t)h(y) d"y| < / 2P (x — vy, 2t)e ATV pre A qry

_ 2n/2M (I)(QZ —, 2t)62A|m|27A|2x7y|2 dny < 2n/2M€2A|:p\2 dny
R’ﬂ

The last step of the calculation was achieved by the estimate e A2yl < 1 and using the
fact that for any positive time the fundamental solution has integral 1, Lemma 4.6. For
the second integral of in the formula of the solution, the above estimate also applies, but
further we need to integrate. Again for ¢t < T we have

t t
/ / O(z—y,t—s)f(y,s)d"yds| < / 9n/2 \f 2l g5 < 9n/2 N 2AlP T
0 n 0

Together this proves that |u(z, t)| < M'eX** on R” x [0, Ty] for A’ = 2A, M’ = 22 M (1+
Ty) and Ty = 16+A' Thus we have proven short time unique existence for the Cauchy

problem. The short time limitation is unavoidable. Consider the solution wu(x,t) =
||

(T —t)"2exp (W) of the homogeneous heat equation. It has the initial condition

h(z) =T7% exp % but explodes for t — 7.
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4.4 Heat Kernels

In the last section we proved that we found the unique (non-monstrous) solution to the
Cauchy problem and proved uniqueness for Dirichlet problem. It remains to solve the
Dirichlet problem, at least in some special cases. That is the goal of this section. In
analogy to the Green’s function of the Laplace equation we define:

Definition 4.14. For a bounded open domain Q@ C R™ the heat kernel Hg : Q x Q x RT —
R of Q) is characterised by the following two properties:

(i) Forx € Q the function (y,t) — Hq(z,y,t) — ®(x — y,t) solves the homogeneous heat
equation and extends continuously to Q x RS with value 0 on (y,t) € Q x {0}.

(ii) For (z,t) € Q x RY y s Hq(x,y,t) extends continuously to Q with value 0 on 9.

Some properties of Green’s functions carry over with essentially the same proof.

Lemma 4.15. For any bounded open domain 2 C R™ the heat kernel is unique, if it
erists.

Proof. For each x € 0Q let u(y,t) = Ho(x,y,t)—®(x—y,t). This solves the homogeneous
heat equation with initial condition & = 0 and boundary condition u(y,t) = —®(z — y, t)
for y € 09, since Hq(x,y,t) = 0 on the boundary. This defines a Dirichlet problem and
we know that there is at most one solution, due to Theorem 4.12. O

However, the heat kernel has a nice property that the Green’s function don’t have: the
heat kernel of the Cartesian product of two domains can be easily calculated in terms of
the heat kernels of both domains:

Lemma 4.16. If Q C R™ and ' C R"™ are two open, bounded and connected domains
with given heat kernels Ho and Hq, then the heat kernel of Q0 x € is given by

HQXQ’((xax/)7 (yvy/)vt) - HQ(xayat)HQ’(xlaylat) (x,x/), (y7y/) € Q X Q/ te R+'

Proof. For any (z,2',t) € Q x @ x R* the function (y,y") — Hq(z,y,t)Ha (2", 1)
extends by the value zero continuously to (2 x ') = (02 x Q) U (2 x 92'). The Laplace
operator of the Cartesian product is the sum of the corresponding Laplace operators. We
calculate

d(HoHor) — (Ay + Ay)HoHor = (0:Ho)Hor + Ha(9;Hor) — (AyHo)Hor — Ho(Ay Her)
- (8,5]']9 - AyHQ)HQ/ + Hﬂ(atHQ/ - Ay/HQ/) = 0
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Hence for all (z,2) € Qx Q' the function (y,v',t) — Hq(x,y,t)Ha (2,1, t) solves the ho-
mogeneous heat equation. The product of both fundamental solutions is the fundamental
solution on R™*". Hence for all (x,2") € Q x Q' the function

(y7 y/7 t) HHQ(Iv Y, t>HQ’('r/7 y/t> - (I)R"(x - Y, t)q)R’”(x/ - ylv t)
= [HQ — Q)Rn (.CE — y,t)”HQ/ — (I)]Rm (iL‘l — y/, t)]
+ ez — y, t)[Hoy — Pre (2" — ', 1)) + [Ho — Pre (2 — y, 1)] P (27 — ¢/, 1)

extends continuously to 2 x Q' x R} by setting it zero on (y,y/,t) € A x Q' x {0}. O

The minor technicality is that the boundaries of the Cartesian products Q x ' C R**™
are not continuously differentiable submanifolds and our proof of the divergence theorem
does not apply to these Cartesian products. However, the divergence theorem can be
extended to these Cartesian products, so this is indeed only a technicality.

We want to develop a formula for the solution to the Dirichlet problem similar to the
Poisson formula. Therefore we begin by giving a representation formula. To start, take
Green’s second formula with u(y, s) and v(y, s) = Hq(x,y,t—s), two functions on 2 x R*
with appropriate regularity, with x and ¢ treated as additional parameters. Now integrate
this over s from 0 to ¢t — € to obtain

t—e
| [ Haeowt = 9)2,000.5) - 8, oyt = s)uty,s) dyds
0 Q
t—e
= / /a [Ho(z,y,t — s)Vyuly,s) — VyHo(z,y,t — s)u(y, s)] - N(y) do(y) ds
0 Q

= —/ : VyHo(z,y,t = s)u(y,s) - N(y) do(y)ds.
0 oN

We should explain some of the choices. The choice of t—s in Hg creates a convolution type
formula, which we expect from our experience with the Laplace equation and fundamental
solutions in general. But if we were to integrate all the way to ¢, then we would have a
singularity in Hq. Integrating to ¢ — € is akin to using a ball B(x,¢€) in the derivation of
the Green’s representation formula for the Laplace equation. Finally, Ho(x,y,t — s) is
zero for y € 02, so this term drops out.

We need a similar formula with 0; in place of the Laplacian so that we can combine them
and get the heat operator. Therefore we take the expression we need and integrate by
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parts
t—e
/ / Hqo(x,y,t — s)0su(y, s)d"yds
0o Jao
gy t—e
= / Hq(z,y,t — s)u(x,s)d"y —/ /—(3SHQ)(J;,y,t — s)u(y, s)d"yds
= o Ja
T—e
/ /HQ z,y,t — 8)0su(y, s) — OsHo(z,y,t — s)u(y, s) d"yds

= / HQ(xv Y, E)u(yat - 6) - HQ(.Z',ZU, t)u(ya O) d"y.
Q

When subtracting the two equations, 0sHo(x,y,t — s) — AyHqo(z,y,t — s) = 0, leaving

/ /HQ z,y,t — s)[0suly, s) — Dyu(y, s)]d"yds
/HQLU:U, ) (yvt_e) HQ('T Y, ) (y70>dy

/ /mv Ho(z,y,t — s)u(y,s) - N(y)do(y)ds

Finally we wish to take € | 0. The interesting term is the first term after the equal sign.
We use Property (i) of the heat kernel and Theorem 4.7 to deduce the limit:

lim [ Ho(z,y,€)u(y,t —e)d"y
E\LO 9}

=lim [ [Ho(z,y,€) — P(x —y,€)|u(y,t —e)d"y + lim/ O(x —y,e)u(y,t —e)d"y
el Jo 0 Jo

=lim [ Ou(y,t)d"y + u(z,t) = u(z,t).
E\LO )

Rearranging terms we arrive at the following representation formula:

/ | Hat it =)Dt ) = Syl )] s
- / [ 9, Hoa, .t = S)uly,s)- N da(y) ds + / Ho(z,y. t)u(y, 0) d"y

As with the Laplace equation, inserting the boundary conditions and inhomogeneities
into this formula defines a valid solution, furnishing us with a solution to the Dirichlet
problem.

Theorem 4.17 (Solution of the Dirichlet problem). Let f be a function on Q x (0,7,
g a function on 0Q x [0,T] and h a function on 2 which together with the open domain
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Q C R™ have appropriate reqularity such that all appearing integrals converge absolutely.
Then

ule, ) = / / Ho(a,y,t — $)[ (4, 5) d"y ds

[ [ ittt = 9009 Ny dot)ds + [ oo, ()
0o Joo Q
18 the unique solution of the initial and boundary value problem

w—Au=f onQx(0,T) u=g on 0 x[0,7T] u(z,0) = h(z) on Q.

We do not give a full proof of this statement. Let us think through how we might try to
prove this theorem in the general case, using as few assumptions on Hq as possible. The
proof should be similar to the proof Poisson’s representation formula 3.21, but we must
argue from the definition of the heat kernel rather than having a concrete formula for the
Green’s function.

Perhaps the most important property is the symmetry of x and y. This allows us to
conclude that, away from the singularity, Hg is also a solution to the homogeneous heat
equation in x. Applying the heat operator to the second and third terms should then
cause them to vanish.

Lemma 4.18. For allt > 0 and x,y € Q we have Hq(x,y,t) = Ho(y, z,t).

Proof. We insert u(y, s) = Hq(z,y, s) into the representation formula, using limits where
appropriate to avoid the singularities:

Ho(z,2,t) =0—0+ hfgl/ Hq(z,y,t)Hq(z,y,¢) d"y = Ho(x, 2, t). ]
0 Jo

For the Laplace equation, we had Weyl’s lemma to prove the regularity of harmonic
functions. However, we also have the result that harmonic functions are analytic, using
the specific formula for the Green’s function of a ball to a neighborhood of any point of
a harmonic functions. In the next section we will derive the heat kernel on a cube. This
can also be used to prove the regularity of solutions to the homogeneous heat equation.
Then we can use the trick Hy = [Hg — ®(x — y,t)] + ®(z — y,t) to show that the first
and third integrals have the same behavior as the integrals in Corollary 4.10.

Thus it again comes down to understanding the integral over 0€2. In the proof of the Pois-
son formula, we abstracted out the properties that were required of the normal derivative
K = VG- N. The necessary properties are more difficult to establish, so we will stop the
proof here. Hopefully this gives you a taste of the task required of a proof of Theorem 4.17
for a general domain. Instead, we close with one more property of general heat kernels
(which might give you an idea of how K > 0 is proven.)
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Lemma 4.19. For any bounded open domain 2 C R™ the corresponding heat kernel is
positive on the corresponding parabolic cylinder, if it exists.

Proof. The fundamental solution ®(z,t) is positive on (z,¢) € R™ x RT. For bounded
open domains Q2 C R™ and given z € Q the difference ®(z — y,t) — Hq(z,y,t) of the
fundamental solution minus the heat kernel is the unique solution of the heat equation
on € x [0, 7] which vanishes on Q x {t = 0} and coincides on 09 x [0, T| with ®(z —y, ).
This solution is for all e > 0 on Q x {t = €} and on 9 x [0, T] not larger than ®(z —y,t).
By the Maximum Principle it is not larger than ®(z —y,t) and Hq(x,y,t) is positive. [

4.5 Heat Kernel of (0,1)

Despite our hard work, we still haven’t actually solved the Dirichlet problem for even a
single domain (2. It is long past time to rectify that. We begin with the simplest case
n = 1 where every open bounded domain is the union of intervals. Up to scaling and
translation then, we need only consider the unit interval (0, 1).

There are several ideas that lead to the heat kernel. The method of images will be explored
in the exercises. Here we give an argument based on the eigenfunctions. If you recall from
the beginning of the chapter, the special class of separable solutions is connected to the
eigenfunctions of the Laplacian —A. In dimension one the eigenfunctions e*2™k* have
eigenvalues 4m2|k|%. If we look for eigenfunctions that vanish on the boundary, then this
is only possible if k£ € %Z and then

hip(x) = V/2sin 2rka

is the unique solution up to scaling. This particular scaling has been chosen because it
makes these functions orthonormal with respect to the inner product on I*([0,1]). Due
to the Stone-Weierstrass theorem, these functions are also dense in the space of functions
that vanish at = 0,1. But by Property (ii) of heat kernels, H 1) is such a function.
Therefore we expect
H(O,l)(xvya t) = Z ak<x7t)hk:(y)
ke N+

This is essentially the Fourier series of the heat kernel. The unique solution to the homo-
geneous heat equation with A as initial condition and vanishing for x = 0,1 is

up(z,t) = e ¥ /2 sin 2k,

If H,1) is the heat kernel of (0, 1) then it must fulfil the representation for these functions.
Hence

u(e, ) = | Hon(e,y,)uy) d"y+0+0= > @k(l’i)/ hie(y)u(y) "y = ai(z, 1).

n n
R ke N+
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This brings us to a formula for the heat kernel

Hq)(z,y,t) = Z w(x, t)he(y 226 Tt sin(mna) sin(mny).

keiN+

The method of images leads to the equivalent formula
I S
Ho(w,y,1) = 500554, mit) — SO, wit)

where ©(x, 7) is Jacobi’s Theta function, a well-studied ‘special’ function defined by the

series
— E e27rika:+7ri‘rk2 .
kez

This sum converges on the domain (x,7) € C x {7 € C | ¥(7) > 0} very rapidly since
emiTk? decays exponentially with respect to k2, making it useful for computation. The sine
formula for the heat kernel also has this property, but none-the-less it is useful to be able
to call on standard functions when using a program such as Mathematica or Matlab. The
Theta function is theoretically important because of its quasiperiodicity:

O(z+1,7) =06(x,71), Oz + 7,7) = O(x, 7)e ™72,

From the heat kernel on (0,1) we can construct the heat kernel on any interval. The
fundamental solution scales according to ®(z —y,t) = & ®(% — £, L), It is also invariant
if we translate x and y by the same amount. Since the heat kernel is unique, it must be

1 r—a y—a t
H t —H .
(a,b )(.CL’ ya) b—a 01)(b_a7b_a7(b_a)2>

And further, by Lemma 4.16 we have the heat kernel on any box [a, b]” C R™.

We close this chapter with a final result on regularity. Due to the existence of monster
solutions, we cannot hope for analyticity in the time coordinate, but we at least have
smoothness.

Corollary 4.20. Any solution u of the homogeneous heat equation on an open domain
m R™ X R is smooth and for fixed t analytic with respect to x.

Proof. For any point in the domain, we can find a small cube in space and time that
contains the point. By translation, assume that the cube is [0, 7] x [0, ¢] and the point
is time t. Then using the heat kernel on this domain, we obtain from the representation
formula

/0/ 2,8)V . Hyn(x,2,t — 5) - N(2)do(z) ds +/u(y,0)H[07T}n(:z:,y,t) d"y.
G

[Oﬂ” [0,r]™
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It remains to show that the regularity of the heat kernel it transferred to u. This can
be calculated using the explicit formula, but we give a more conceptual argument. In
the proof of Theorem 4.7 we showed that ®(z — y,t) converges on the complement of
y € B(x,0) uniformly to zero in the limit ¢ | 0. The same is true for all partial derivatives
and due to condition (ii) in Definition 4.14 also for Hy»(x,y,t). By Lemma 4.18 the
integral for u(x,t) is smooth at all z € (0,7)". For (z,s) € 9(0,7)" x [0,¢] the Taylor
series of & — Hip,n(z, z,t — s) converges uniformly on compact subsets of z € (0,7)" to
Hipn (0, 2,t — ). O



Chapter 5

Wave Equation

The wave equation describes phenomena which propagate with finite speed through space
time. The example of sound and electrodynamic (light) waves motivated the investigation
of this equation in n = 3, though it is also a useful model of vibrating strings and drums
inn = 1 and n = 2 respectively. Later these methods were generalised to non-linear
hyperbolic equations in order to describe gravitational waves.

In this final chapter we consider the homogeneous and inhomogeneous wave equation on
open subsets of R™ x R for n < 3. In particular we study the Cauchy problem for ¢t > 0

Fu_ py=y (z,t) € R" x R* ith
5 u = on (z, wi
u(z,0) = g(z) and %(x, 0) = h(z).

The wave equation is a linear second order PDE. The coefficient matrix for the second
derivatives has one positive and n negative eigenvalues and is neither definite nor semi-
definite. In the second chapter we introduced this differential equation as the simplest
hyperbolic differential equation. The general theory of hyperbolic equations is distinctly
different to that of elliptic and parabolic equations.

We see for the Cauchy problem that we have given not only the value of u on the initial
boundary but also its normal derivative. The intuition is that if you choose a point (zg, 0)
then Au(zg,0) = Ag(zo). Thus d?u(zy,0) can be determined from the PDE but not
Oru(xg,0). The simple example of the linear functions u(z,t) = at + b show that these
two values are indeed independent. Conversely, for smooth functions f, g, h these initial
conditions are sufficient to determine all derivatives on u at (z¢,0). For example

OPu(z,0) = Adyu(x,0) + 07 f(x,0) = Ah(x) + 8} f(z,0),
Otu(z,0) = Adu(x,0) + 0t f(x,0) = A?g(x) + Af(z,0) + 0 f(x,0).

86
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This discussion may remind you of Definition 1.6 of characteristic and non-characteristic
curves. Let’s make a brief detour to see how the method of characteristics can be gener-
alised to the wave equation for n = 1. Consider a path (z(s),t(s)) in the domain. Let us
consider how the three functions u, v = 0yu, w = d,u behave along such a curve. We use
a dot for derivative with respect to s. By the chain rule @ = vf + wi. The derivative for
v and w are similar to one another.

0 = Ot + Opvk, W = Ot + O,wi.

We need to relate these in such a way that we remove the direct dependence on x and
t. The equality of partial derivatives implies d,v = J,w and from the wave equation we
have 0,v — 0, w = 0. Substitution shows us that

0 = Ot + Opvi, W = Oyut + O

So we can equate these two expressions if £ = ¢ = 1 or # = —f = —1. Thus there are
two characteristics through every point. Unlike for crossing characteristics in first order
systems, this is not necessarily a problem. On the characteristic z — ¢ = ¢ we have the
system of ODEs

ut=v4+w, v—w=0.

And on the characteristic z + t = ¢ we have
U=0—w 04+w=0.

The tildes indicate that these functions are on different curves We see that both systems
are underdetermined (three unknowns, two equations) so there is the possibility that they
can be made to agree everywhere. The method of characteristics for higher order PDEs
leads to the celebrated theorem of Cauchy and Kowalevski (also spelt Kovalevskaya) on the
existence of PDEs with analytic coefficients. We do not pursue this line of inquiry further,
nor shall we use Fourier analysis to solve the wave equation, though both methods work
well. Instead we will use a classical method that links back to the first chapter. Hopefully
the above digression has provided some deeper insight as to why the classical method
works.

5.1 D’Alembert’s Formula

First we solve the Cauchy problem in one dimension (of space). We may factorise the
wave operator (also called D’Alembert’s operator)

@ (o oN(o_9\_(0_0\(0, 0
o2 0x2  \ ot Ox ot or) \ot oz ot 0x )
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If u solves the homogeneous wave equation, then v(z,t) = (% — a%) u(z,t) solves %4—% =

0. This is the transport equation with constant coefficient with the unique solution
v(x,t) =alz —t) with a(z) =v(x,0).
So the solution u(z,t) of the wave equation solves the first order linear PDE

@—%—a(x—t)
ot Or '

This is an inhomogeneous transport equation with constant coefficients with the solution

u(z,t) :b(a:+t)—|—/0ta(a:+(t—s)—s)ds:b(x—l—t)—ir%/jta(y)dy

with b(z) = u(z,0). The initial values u(z,0) = g(z) and 2%(z,0) = h(z) yields

b(x) = g(x) and a(z) =v(x,0) = %(:p,()) — %(m,()) = h(z) — ¢'(x).

If we insert this in our solutions, then we obtain

ue ) =5 e +gl—0)+3 [ h)dy

Moreover, this must be the unique solution, since the transport equation has a unique
solution. In summary

Theorem 5.1 (D’Alembert’s Formula). If g : R — R is twice continuously differentiable
and h : R = R continuously differentiable, then

1 1 x4+t

(e t) =5 oo+ )+ gle = 1)+ 5 [ by

18 a twice continuously differentiable function on R x ]RaL that is the unique solution of the
Cauchy problem of the homogeneous wave equation.

First an observation on the regularity. If solution is k-times differentiable, if g and H are
k times differentiable, or equivalently if ¢ is &k times differentiable and h is (k — 1) times
differentiable. So the regularity of the solution does not improve with time, as it does for
solutions of the heat equation.
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We interpret the fact that the value of the solution at (z,t) depends only on the values
of g at x £t and the values of h at points in the interval [x — ¢, 2 + t] as a bound of 1 on
the speed of propagation, since the trajectories from these points to (z,¢) propagate with
speed not larger than 1. A stronger statement is possible. Using an antiderivative of h
then we can write

u(z,t) = F(x+t) + Gz —1).

Conversely, every function of this form is a solution of the wave equation if F and G are
twice differentiable (Exercise). Hence the value u(x,t) of the solution at (z,t) depends
only on the values of F' and G at x £t and the propagation speed is exactly 1. We call
this the decomposition into forward and backward travelling waves.

5.2 Solution on the half-line

While we are mainly interested in the Cauchy problem on R", in one dimension it is
straightforward to reflect and derive the solution on the half-line. We will need this
solution later in the chapter. Stated precisely, we solve the following problem.

Pu O*u
W_@:O for ($,t)€R+XR+, U(O,t):() for tGRS_,
u(z,0) = g(z) and %(m, 0) = h(x) for z€R".

The trick is to extend the functions g and h to odd functions on the whole space R x R
by a reflection:

i) = {g(w) for x > 0, P {h(x) for x > 0,

—g(—z) for z <0, —h(—z) forx <0.

For any solution u of the initial value problem

o*u  d*u n
W_@:O for (J],t)ERXR,
_ . ol .
t(z,0) = g(z) and E(a:, 0) = h(x) for zeR,
the function (x,t) — —u(—x,t) is also solution. Due to the uniqueness of the solution
both solutions coincide: @(—xz,t) = —u(x,t). By this argument we conclude that @ is

an odd function and @(0,¢) = 0. Hence this solution restricts to give a solution of the
half-line problem.

Conversely, if we take a solution to the half line problem, one can check that its reflected
extension solves the Cauchy problem on R™. The important point is the check the first
and second derivatives of the reflection exist at x = 0, but this is guaranteed by the fact
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that u vanishes there. Therefore there is a bijection between solutions of the two problems
and in particular the solution on the half-line is unique.

Explicitly the solution on the half-line is given by

g(x—i—t)—kg(x—t)—i—ijtth(y)dy for0<t<uz

x

u(x,t) =
@) gt +2) — gt —2) + [T h(y)dy) for 0 <z <t

= N

Note that the waves propagating towards the boundary at x = 0 are reflected at the
boundary and propagate back.

5.3 Spherical Means of the Wave Equation

When we studied the Laplace equation, we saw that the spherical means of its solutions
(harmonic functions) did not depend on the radius of the sphere. The spherical means of
solutions of the wave equation do depend on the radius of the sphere, but in a controlled
way. In fact they obey a PDE! This PDE is similar to the one-dimensional wave equation.
This opens an avenue to solve the initial value problem of the wave equation in any odd
dimension, though for this course we will stick to n = 3. We define for all x € R", ¢t >
0,7 > 0 the spatial-spherical mean

1
_— t)d .
o UL

Here t is treated as an additional parameter and not integrated. With this understanding
we reuse the same notation for the spherical means. For brevity we define U(z,r,t) =

Slul(z,r t), G(x,r) = Slg|](z,r), and H(x,r) = S[h](x,r).

Lemma 5.2. Ifu € C™(R" xR}) is a m-times continuously differentiable solution of the
initial value problem (with continuous partial derivatives of order < m on R™ x RY) of
the Cauchy problem of the homogeneous wave equation. The spherical mean U(x,r,t) for
fized x € R™ is an m-times differentiable function on (r,t) € RT x R, which solves the
following initial value problem of the Euler-Poisson-Darbour Equation (with continuous
partial derivatives of order < m):

02U 02U n—10U

—_— - - _ + +
o (x,rt) 52 (x,rt) — (x,r,t)=0 on (r,t)eR" xR

Slul(z,rt) =

U(z,r,0) = G(x,r) and aa—(t](x,r, 0) = H(x,r)

Proof. By a substitution the domain of the integral becomes independent of ¢ and r:

/ u(ry + ., t)do(y).
2B(0,1)

Ulz,rt) =

nwWy,
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Hence we may calculate the derivative

ou 1 /
—(x,r,t) = Vu(z +ry,t)-ydo(y
o @)= e [ Sl ydoty)
- / Du(z +ry,t)d'y = — — / Au(y,t) d"y.
nWn JB(0,1) nwpr B(z,r)

In the limit at r | 0, we can recognise the last expression as . multiplied with the

ball mean of Au. The mean has a limit Au(z,r), which implies lim, g %—Z(QJ, r,t) = 0.
Differentiating further we get

82U 0 1 ’ .
300 =5 (s | [, 200 )

1—n 1

= AN t)d" _— A t)d
nwy,r" /B(az,r) uly ) dy + nwy, "1 /BB(x,T) uly 9) do(y)
1—noU

= W(m,r, t) + S[Aul(x,r,t).

Finally, we use the wave equation to change this last term.

S[Au)(z,7r,t) = S[0Hu](x, 7, t) = O S[u](z,7,t) = %Tg(x, r,t).

5.4 Solution in Dimension 3

We shall see that for odd dimensions the spherical means of solutions of the wave equation
can be transformed into solutions of the one-dimensional wave equation, but not for even
dimensions. For this reason we shall next solve the initial value problem of the wave
equation in three dimensions. In this section we consider for any z € R? the following
initial value problem for the spherical means of a solution of the wave equation:

oy oY 20Y + o R
52 9 o 0 on (z,rt)e{r} xR" xR

ou
U=G and e H on (z,rt) € {z} xR" x {0}.
The substitution U = rU transforms the above into the following;
277 27 5
%Tg] — 887(2] =0on (z,7t) € {z} x R* x RT, U(x,0,t) =0 for t € R,

U(z,r,0) = G(z,7) = rG(z,r) and aa—(t](x,r, 0) = H(x,r) = rH(z,r) for r € RY.
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We solved this initial value problem in the Section 5.2. The solution is

1 5 5 1 r+t
Ulx,rt) = 5 <G(x,r—|—t) —G(x,t—r)) + 5/ H(z,s)ds for 0 <r <t.
—r+t

But this isn’t what we wanted. We wanted the solve the wave equation. Thus we must
undo all the transforms and recover u. The continuity of u(x,t) implies

t
u(z,t) = hﬂ)l Ulx,rt) = liﬁ)l M
T T T

We compute this limit for each part of the formula of U.

1 5 5 - - - -
lim— (G(SE, r+ t) . G(Qf,t . T)) — lim ! (G(ac,t+r)—G’(ac,t) + G(w,t—r)—G(m,t))

rl0 21 rl0 2 " -
_ 9G(z,t) 0 B t
== = 5 Sl(,1)) = Slgl(z, 1) + —3 - Vu(y) - Ndo(y)

using Equation (3.4), and
1 r+t 5

lr%lg . H(z,s)ds = H(x,t) = tS[h|(z,1)

Therefore we obtain for all € R3¢t > 0

B 1
Amt? Jop (et

1

— V,9) - (y—x)do(y
12y, VW) (=2 do0)

nex) (th(y) + 9(v) ) doy) +
using the fact that tN(y) = y — « for points y € 0B(x,t). The is Kirchhoff’s Formula for
the solution of the initial value problem of the three dimensional wave equation. We see,
like the one dimensional wave equation, that for the three dimensional wave equation the
value at (z,t) only depends on the values (y,0) for y € 0B(z,t). We again stylise this

fact to mean that all waves travel at speed 1.

5.5 Solution in Dimension 2

In two dimensions the Euler-Poisson-Darboux equations cannot be transformed into the
one-dimensional wave equation. We present another method, the method of descent, and
transform the initial value problem of the two-dimensional wave equation into a special
type of initial value problem of the three-dimensional wave equation: We choose initial
values which depend only on the coordinates x; and x5 and not on the coordinate x3. If
g, h are the initial values of the 2-dimensional problem, let

g(x1,x9,23) = g(x1,22), h(T1,22,23) = h(x1,T2).
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By the previous section, we know how to calculate the solution (z,t) on (z,t) € R® x Rt
of the initial value problem

2_
dulz, i) “ag’t) — Az, t) =0 for (z,t) e R’ xR*

ou

u(z,0) = g(z) and 5

(z,0) = h(x) for xR
We observe that if a function f does not depend x3 then the mean of that function over
O0B(z,r) also does not depend on x3:

0 0 1 1
S[f](z,r) s o /8 B(OﬁT)f(mﬂLy) o(y) oo /8 B(Oyr)O o(y) =0

61’3
The solution u is given by Kirchhoft’s formula. The second expression in that formula is
not quite a spherical mean, because the integrand also depends on z. We need to check
it directly

0 0

V,0() - (v — 2) do(y) = /8 o, Vo8l ) yio(y) =0

8_1'3 OB(x,t) B 8_;1:3

Together this shows that 4 does not depend on z3. If we define u(zy, xo,t) = u(xy, 22,0, t)
then
2 2 Q% 2 _
(at - AR2>U, = (at - AR2>U, ~— a3 = (@ - AR‘S)U =0.
Oxs
Hence we have found a solution to the two dimensional wave equation. The initial con-
ditions are clear. The choice of x3 = 0 is not important; @ is constant in x3 so any other

choice gives the same function.

Let’s try to use Kirchhoff’s formula but remove any mention of x3. We use the notation
T = (71,72) when z = (21,29, 73) € R3. We need to integrate over spheres. The height
function v(z) = /12 — |z — Z|? on the two-dimensional ball z € B(z,r) yields by the
formula W(z) = (z,+7(z)) a parametrisations of both hemispheres of the boundary of the
three-dimensional ball B ((z,0),r) by the two-dimensional ball B(z,r). The two hemi-
spheres do not cover 0B((z,0),r) completely, but the missing equator is one-dimensional
and has measure zero with respect to do(y). We have already made some calculations for
parametrisations that are graphs after Lemma 2.8, and using those formulas here gives

Vdet(W'(2)70(2) = V1 + (V7(2))2 =

r

V2 =z — :EP.

By the definition of integration over a submanifold:

[ e =2[  g@VIFTERE: = IO
oB((z,0),r) B(z,r) B

@) /12— |z —T|?
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This gives finally the following formula for u(z, ) on (z,t) € R? x R*:

1 5 - —
IR 9B((2,0),r) (th(y) T+ Vgl - (v - x)) do(y)

1 th(z) +g(2) + Vg(z) - (z — 7)

7% B(z,t) \/t2—‘z—f’2

This formula also carries the name Poisson’s formula. It shows that in two dimensions
the propagation speed is bounded by 1.

u(z,t)

d?z.

This method of deriving the solution of the initial value problem in a lower dimension
by transforming the initial value problem into an initial value problem in the higher
dimensional space, is called the method of descent. Here the initial values do not depend
on some of the coordinates of the higher dimensional space. Ponder this: can we obtain the
solution of the one-dimensional wave equation by this method of descent from Poisson’s
formula?

5.6 Inhomogeneous Wave Equation

We have seen in exercises how Duhamel’s principle can use the solution of the initial value
problem of a homogeneous time-evolution equation to solve the inhomogeneous equation.
It also applies to the wave equation, after we put it into the appropriate form: a first
order linear ODE on the function space consisting of pairs of functions on x € R™:

i (aen) = (2 o) (5eh) = (rion)

In accordance with the principle we try calculate the special solution of the inhomogeneous
wave equation

2
%—Au:f for (x,t) € R" x R*
du

u(x,0) =0 and E(x,O) =0 for zeR"

via the family of solutions of the homogeneous wave equation whose initial values is given
by the inhomogeneity. Suppose u(z,t,s) solves

— —Au= for (x,t) € R" x (s,00)

u(z,s,s) =0 and %(%,8,8) = f(z,s) for x eR",
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for any s € RT, then u(z,t) = fot
equation since

0*u 9, L Ou o ['ou
w(x,t) =% (u(:r;,t,t) +/ a—(q:,t,s) ds) = o | —(z,t,5)ds =

u(z,t,s)ds solves the former inhomogeneous wave

gt(:ctt / o (x,t,8)ds = f(x,t) / Au(x,t,s)ds = f(x,t) + Au(x,t).
Consequently the initial value problem of the inhomogeneous wave equation
2
%—Au:f for (x,t) € R* x R*
ou "
u(z,0) = g(z) and E(x, 0) = h(x) for zeR

is the sum of the former special solution with trivial initial value and the solution of the
corresponding homogeneous initial value problem.

Finally we investigate how the present determines the past. The wave equations is invari-
ant with respect to time translation and reversal ¢t — T —t. However, this transformation

replaces ¢ by —5¢. Therefore the values u(z,t) of the solution of the final value problem
92
(9_1;;_Au_f for (z,t) e R" xR~
ou
uw(z,T) = g(z) and E(I’T) = h(x) for zeR"

are given by the values u(x,T — t) of the solution of the initial value problem with initial
values g and —h and inhomogeneity (z,t) — f(z,T —t). This means that we can derive
both the future and the past from the present. Both solutions fit together and form a
solution u(x,t) of the wave equation on (x,t) € R" x R which is completely determined
by its values u(z, 0) and %(z,0) on z € R".

5.7 Energy Methods

Unlike elliptic and parabolic PDES, hyperbolic PDEs do not satisfy a maximum principle.
The key idea of the maximum principle was the connection between the differential oper-
ator and the Hessian, to control where extrema can occur. The case that the Hessian is
never definite is exactly the elliptic PDEs and their limiting cases as the parabolic PDEs
(Theorems 3.13 and 4.11). Our calculations above prove that solutions of the Cauchy
problem are unique, by virtue of reducing the problem to a transport equation. But is
there a similar general principle that we can call upon to prove uniqueness directly? The
class of techniques we are about to see go by the name “energy methods” due to their
inspiration from physics.
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Theorem 5.3 (Uniqueness of the solutions of the wave equation). Let @ C R" be a
bounded domain. Then the following initial values problem of the wave equation

0*u
W—Au-f on QX(O,T)
u(z,t) = g(x,t) on Qx{t=0} and on 02 x (0,7)
%(az, 0) = h(x) on Qx{t=0}

has a unique solution in C?(2 x (0,T)) with continuous extensions of d*u to 0 x [0, T]
for |a| < 2.

Proof. The difference of two solutions solves the analogous homogeneous initial value
problem with f = g = h = 0. For such a solution we define the energy as

e(t) = %/ﬂ ((%@,t))z + |Vu(x,t)|2> .

Then we calculate
de 0*u du OVu N

ou J%u .
=/ a(%t) (W(m’t) — AU(m,t)> d*z = 0.

Here we applied once the divergence theorem to the vector field %—;‘Vu which vanishes at
082 x [0, T] together with u and %—7;. Initially the energy is zero e(0) = 0. Since the energy
starts as zero, it stays zero for all positive times ¢ > 0. This shows that u is constant and
moreover it vanishes on  x [0,7") since it vanishes initially. O

The proof gives the same conclusion if we assume that the normal derivative Vu(x,t) -
N(z,t) is given on 09 x [0, 7] instead of the values of u(x,t).
We give a related proof that the length of the speed of propagation is bounded by 1.

Theorem 5.4. If u is any solution of the homogeneous wave equation obeying u = % =0
on B(xg,ty) fort =0, then u vanishes on the cone {(z,t) | |v — xo| < to —t,t > 0}.



CHAPTER 5. WAVE EQUATION 97

Proof. Again we calculate the time derivative of the energy

e(t) = %/ s (((Zf(m t))2 (vu(x,t»?) dz  as
% _ %di/ /BB . (((’% . t)) (Vu(x,t))Q) do(z) ds

/B@o,to_t)(atg( ’f)?f( )+ avu< BV, ))

/aB(mO - ((g?(x t)) + (Vu(z,t)) )

/WO , X ) (g?j(a:t Auxt)
/aB(motot(?f(w Hvula, i) Nz 1) ( ) 5 (Vul@, 1)

_ /8 Bmm_ﬂ(?ﬁj@ OVule, 1) Nie,t)— 3 ( )

Since the outer normal has length one we derive
2
1
%(m,t)Vu(:c,t) - N(x,t) < (au(x t)) + é(Vu(x,t))Q

DO | —

do(z)

(Vu(z, t))2> do(x).

l\:JIn—l

ot

with @ = Vu(z,t) and b = %(z,t)N(z,t) from the following inequality:

1 1 1
a-b<a-b+—=(a—0b)-(a—0b)==a®+ =b>. (5.1)

2 2 2
So by é(t) < 0 the energy is monotonically decreasing. Because the energy is non-negative
and vanishes initially it stays zero for all positive times in ¢ € [0, tp]. This implies u = 0
on {(z,t) | |x —xo| <to—1t,t>0}. O

The uniqueness of the Cauchy problem now follows as an easy consequence. Suppose,
as is standard, that there are two solutions to a given Cauchy problem, and consider
their difference. The above theorem now applies to this difference, and tells us that it is
identically zero.

By the invariance with respect to time reversal we can also deduce the vanishing of u
on the cone {(z,t) | |z — zo| < to+t,t < 0} from the vanishing of v and % = 0 on

(x,t) € B(xo,to) x {0}.
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Finally, let us briefly tour the energy method for the Laplace and heat equations. Suppose
that we have a solution u to the equation —Au = 0. Consider what happens if we multiply
this by u and integrate:

O:/—Auudnx:/|Vu|2dnx.
Q Q

By the fundamental lemma of the calculus of variations, we know that the integrand is
zero, i.e. u is constant. If we further know that u is zero on the boundary, then we have
that u = 0.

In analogy to the Laplace equation one can show the uniqueness for the heat equation.
From intuition, the energy of a solution to the heat equation should be proportional to
the total temperature, which we know is conserved. However we have seen that it is
important to have positive functions, so that we can conclude that the function is zero if
the integral is. Therefore we look at a simple positive quantity and define

e(t) :/Quz(x,t) d"z.

If u solves the homogeneous heat equation and vanishes at the boundary of €2, then this
functional is monotonically decreasing with respect to time:

é(t) = 2/Qu(x,t)u(x,t) &g — Q/Szu(x,t)Au(x,t) & — —2/Q Ve, ) d's < 0.

If u(z,t) vanishes at ¢t = 0, and if u(-,t) and Vu(-,t) are square integrable for ¢ > 0, then
u vanishes identically since Vu(-,t) vanishes and u(-,?) is constant for ¢ > 0.

This idea is strong enough to show the uniqueness of the solution of the Dirichlet problem
for all three of the second order equations in this course. In fact, Dirichlet’s insight was
that the unique solution of Dirichlet’s Problem solves the following variational problem:

Dirichlet’s Principle 5.5. Let 2 C R™ be bounded and open and obey the assumptions of
the Divergence Theorem. For continuous real functions f on Q and g on 0S) the solution
w of the Dirichlet Problem 3.14 is the munimizer of the following functional:

I:{weC*Q)|wlgn =g} =R, wHI(w):/Q(%Vw-Vw—wf) d"z.

Proof. Let u be a solution of the Dirichlet Problem and w another function in the domain
{we C*Q) | wlaa = g} of I. An integration by parts yields

():/Q(—Au—f)(u—w)dnx:/Q(VU-V(U—U))—f(u—w))dnx.
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We can rearrange this to give two expressions that are almost /(u) and I(w). All that
remains is to deal with the mixed term Vu-Vw using the Cauchy-Schwarz inequality (5.1).

/(Vu-Vu—fu)dnx = /(Vu-Vw—fw)dnxg
Q 0

1 1
< /—Vu-Vud“aH—/ (—Vw-Vw—fw) d"z
Q2 o \2

Moving the term across shows I(u) < I(w).

If, conversely, u is a minimum, then all v € C?(£2) which vanish on 99 obey

2
Ozi](u%—tv) = i(](u) +t/ (Vu-Vv—fv)d“x—i—t—/ Vv-Vvdnx)
dt o dt Q 2 Ja 0
= / (Vu- Vv — fo)d'z = /(—Au— fvdiz.
Q Q
The final integration by parts shows —Au = f on 2. O]

This result naturally suggests a way of showing the existence of a solution to the Dirichlet
problem for the Poisson equation, namely to show that there is a function that achieves
this minimum. Dirichlet offered this as a proof of the existence, however he took for
granted the existence of a function that attains the minimum.

The validity of Dirichlet’s proof was questioned by Weierstrass, who offered the following
example of a functional that had an infimum but no minimum. We use this as an example
of the subtlety that exists, even though it does not directly involve the Laplace equation.
Consider the set of functions in C'([—1,1]) with the boundary condition ¢(—1) = —1
and ¢(1) = 1. On this set, consider the functional J(p) = f_ll(mqb’)2 dz. Clearly we have
J > 0. On the other hand, consider the following family of functions

-1 if v < —e,
p(x) =8 —1+e(z+e) if|z|<e,
1 ifrx>e¢

Strictly speaking, these function are not continuously differentiable, so we should smooth
the function at x = +e. This will not affect the following calculation significantly. We
compute

) 1\2 ol 3 2

J(e:) :/ (xe ) *dx=¢e z2°| = -e.
3 |l 3

This shows that the infimum of J is exactly 0. However there is no function that achieves
this value. If J(p) = 0 then we must have x¢' = 0. This forces ¢'(x) = 0 for z €
[—1,1] \ {0} and hence for all x by continuity. But there is no constant function ¢ that
meets the boundary condition.

—€&
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In order that we finish the course on a positive note, we will consider one final example.
This deals with some of the subtleties of Dirichlet’s principle, which also also goes by
the name “the direct method of the calculus of variations”. In the previous example, the
issue is that limit of (. is not a continuous function (let alone a C* function). This is
typical and one must choose a larger class of functions, usually a Sobolev space. In this
example we define a notion of weak solution of the Laplace equation, namely we say that

u € {w e C(Q) | wlsga = g} on a bounded domain € is a weak solution of the Laplace
equation if for any test function ¢ € C§°(f2) it obeys

/ ulNpd'z = 0.
Q

This is precisely the statement that the distribution F;, is harmonic, which explains the
use of the term ‘weak’, but we will not use anything from Chapter 3. By integration by
parts, a (twice continuously differentiable) harmonic function is a weak solution.

Suppose that we have a sequence of weak solutions u that converge locally uniformly to a
function u. We can show that u is also a weak solution. By local uniform convergence, we
mean that every point in 2 has a neighbourhood V' such that ||z — ||z (v) tends to zero.
Equivalently we can say that the restrictions uy|y converge uniformly to u|y. This latter
phrasing shows that u is continuous, since it is the uniform limit of continuous functions.
Clearly u|sq = g. It remains to show that u has the necessary integral property.

/uAgpdnx = /uAgodnx— lim [ uzApd®z| = lim /(u—uk)Agpdnx
< lim / lu — ug| |Ap|d"z = lim lu — ug| |Ap|d .
k—o0 0 k supp ¢

The point of the last step, reducing the integration to the support of ¢, is that the support
is compact. For each point of the support, choose a neighbourhood V' such that we have
uniform convergence. Because of compactness, we can choose finitely many V; such that
the support remains covered. Moreover the integrand is positive, so if we integrate certain
parts of the domain multiple times, it only increases the value. Thus we continue with
our calculation

< li — Ap|d"xr < 1i — o (V. Ayl d" :
< fm 37 [ el 126 < i 5 el | 18600 0

This is only possible if fQ ulpd”xr = 0. T hope that this gives you an idea of what goes
into an existence proof using the energy method.



Appendix

Literature

This script derives from the script of Prof Martin Schmidt and I am very thankful to have
had such a strong base from which to work.

In PDEs there are two gospels:

e Lawrence C. Evans (1998). Partial Differential Equations. Graduate Studies in
Mathematics v. 19. Providence, R.I: American Mathematical Society. 662 pp.
ISBN: 978-0-8218-0772-9

e David Gilbarg and Neil S. Trudinger (2001). Elliptic Partial Differential Equations
of Second Order. 2nd ed., rev. 3rd printing. Classics in Mathematics. Berlin ; New
York: Springer. 517 pp. ISBN: 978-3-540-41160-4

The later is focused on general elliptic theory, which is not the focus in this course. So
for the student who want to dig deeper I would recommend Evans.
Overall, our course is most similar to:

e Qing Han (2011). A Basic Course in Partial Differential Equations. Graduate Stud-

ies in Mathematics volume 120. Providence, Rhode Island: American Mathematical
Society. 293 pp. ISBN: 978-0-8218-5255-2

There are also a number of other sources that might be a useful supplement for particular
sections of the script. We have mentioned with respect to distributions:

e Lars Hormander (1964). Linear Partial Differential Operators. 2nd ed. Grundlehren
der mathematischen Wissenschaften 116. Berlin, Heidelberg: Springer Berlin /
Heidelberg. 1sBN: 978-3-662-30724-3
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For the material on Fourier analysis I also drew from

e G. I. Eskin (2011). Lectures on Linear Partial Differential Equations. Graduate
Studies in Mathematics v. 123. Providence, R.I: American Mathematical Society.
410 pp. ISBN: 978-0-8218-5284-2

As you might have deduced, there are a great many textbooks that cover the material
and many of them are good; find one that speaks to you.

Changes for 2024

Here is a list of significant changes to the script in 2024.

e The example of a PDE with no solution is new. It is more direct, but requires tools
from Chapter 3, so has been moved from Chapter 2.

e [ once again changed the definition of a submanifold. The independence of the
integral on parameterisation is now only proved for submanifolds, which simplifies
the proof.

e Co-area formula as a consequence of the divergence theorem.

e There is a definition of the spherical mean of a distribution, which is used to explain
the weak mean value theorem.

e Green’s functions and heat kernels are only defined for bounded domains 2.

Changes for 2023

Here is a list of significant changes to the script in 2023.

e Split out the concept of non-characteristic from the proof of the method of charac-
teristics.

e Defined integrals for regular parameterisations. Changed the definition of subman-

ifolds.

e New approach to the heat equation using Fourier transforms first.
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e Prove the maximum principle for the heat equation using local methods (not heat
balls).

e Cut wave equation in dimensions > 3.

e Moved all material on energy methods to the end. Added Weierstrass’ counterex-
ample to Dirichlet principle and limits of weak solutions of the Laplace equation.
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