Introduction to Partial Differential Equations

Ross Ogilvie Exercise sheet 12 18th November, 2024

35. Some like it hot

Find the solution u : (0,7) x R* — R of the initial and boundary value problem: (6 points)

U — 70w =0 for x € (0,7), ¢t >0
u(0,t) = u(m,t) =0 fort >0

u(z,0) = 3sin(2z) — 6sin(bz) for x € (0, ).
Solution. Firstly, this isn’t quite the heat equation, but we can rescale time to absorb the
factor 7, namely s = 7t. We have just calculated the heat kernel for an interval, so let’s use it!

By Theorem 4.16

u(z,s) =0—0+ / [3sin(2y) — 6sin(5y)] Hio» (7, y, s) dy
[0,7]

. . 1 . s
=0—-0+ /[ ][3 sin(2y) — 6 sin(5y)] ;H[O,l] (;, Z, W—Q) dy
0,7

oo

Z ) sin(kx) sin(ky) dy
k=1

Sy

:/ [3sin(2y) — 6sin(5y)]

0

=— Ze “sin(kx) [/ 3sin(2y) sin(ky) dy —/ 6 sin(5y) sin(ky) dy| .
0 0

Now it is relatively easy to see, by applying integration by parts twice, that foﬂ sinmzsinnz is

zero if m # n and is 7/2 if they are equal. Thus all but two terms of the sum are zero.
2 2
u(x,s) = ;6748 sin(2x) 3% - ;67258 sin(5z) 6%
= 3¢ % sin(2z) — 6~ 2% sin(5x)

u(z,t) = 3¢~ sin(2z) — 617 sin(5z)

The temperature falls very quickly, so make sure you have a jacket. We can also check our

solution:
w(z,t) = —28 - 3¢ 28 sin(2z) + 175 - 617 sin(5x)
Opzu(z,t) = —4 - 3¢ 28 5in(2x) + 25 - 6e ™ sin(5z).

36. Out of the frying pan, into the fire
Find the solution u : (0,7) x Rt — R of the initial and boundary value problem:
U — Opgu =0 for x € (0,7),¢t>0
uw(0,t) = u(m,t) =0 fort >0
u(r,0) = 2%(m —z) for x € (0,7).



m
1
Further, show that your solution obeys / u(z,t) de =8 Z He_k%. (7 points)
0

Solution. We will again use the heat kernel and the representation formula, except this the

solution will not be elementary:

1
u(w, 1) =o—o+/[0 V=) o (5.4 ) dy

— Z bsin (k) / y*(m —y) sin(ky) dy.
[0,7]

The integral can be computed by repeated integration by parts and is —27k=3(1 + 2cos k).

Hence

= —42 E3(1+2cosknm)e” tsin(k:z:).

This is the solution. We can easily compute its value numerically because the series is so rapidly
convergent. But we see that it is quite difficult to understand the overall shape. For example,
what it the highest temperature of the rod at any given time? Despite the initial condition being
positive, it is even not immediately clear that the solution is even positive (though it is, this
follows because it is an alternating series and so is bounded between its partial sums). Let’s

split this into even and odd terms:

u(z,t) =4 Z k3 Fsin(kx) — 12 Z k3 sin(ka:).

k odd k even

Because foﬂ sinkx dx is zero if k is even and 2/k if k is odd, the result about the total heat
in the domain follows. Notice that the total amount of heat is not conserved in this situation,
because the ends of the rod are being kept at a constant temperature of zero and so heat is

escaping through these ends.

37. Method of images for the heat kernel on [0, 1]

(a) Show the following formula for theta functions

o0
O(3,mit) =1+ Z e ™ cos(mkz),
k=1

and therefore that . )
H[O,l] (JI, Y, t) = 56(12;‘7;7 7TZt) - ie(L—;ya WZt)
as claimed in the script. (2 points)

(b) Let A be the space of all continuous functions on R with the following properties:

fx) for even n € 2Z and z € R
fn+zx) =
—f(l—2) foroddne€2Z+1and zeR.

Show that the functions in A vanish at Z and that A contains all continuous odd and

periodic functions with period 2. (1 point)



(c)

(d)

(e)

Show that for any Schwartz function f on R the following series converges to a smooth

function f in A: (2 points)
fl@)=) f@n+z) =) f2n—2).
neEZ neZ
Conclude that the following sum is a heat kernel of [0, 1]: (2 points)
Zq)(q:+2n— y,t) — Zq)(q:—l—2n+y,t).
nez nez

Using Poisson’s summation formula
S fatn) = 3 e
neZ neZ
and part (a), show the relation
H[O,l](xayvt) = Z @(I‘ +2n — yvt) - Z @(I‘ +2n + yvt)7
neZ ne”L

where the left hand side the heat kernel in terms of theta functions as given in the lecture
script. Thus the method of images gives the same heat kernel as the Fourier series method

(of course, the heat kernel is unique). (2 bonus points)

Solution.

()

(b)

We begin with a theta function:

O(5, mit) = Y _ exp(wikz + (mi)*tk?)
keZ

= Z e TIR exp(mikz)
keZ

=1+ Z eIk {exp(m’kz) + exp(—mikz)
k=1

oo
=1+ Z e ™y cos(mkz).
k=1

Taking the difference with z = x — y and z = x + y gives the the result.

The functions of A are clearly periodic with period 2, since for n = 2 we have the relation
f(24z) = f(z). For n =1 we have that f(1 +xz) = —f(1 —2) = —f(—(1 + z)), which
shows that these functions are odd. Therefore it vanishes at 0 and all even integers. Setting
x = 0 also gives f(1+0) = —f(1 — 0) showing it vanishes at 1, and hence all odd integers
also.

Now take any odd function f with period 2. Then clearly we have f(n+z) = f(x) for any

even integer n; this is the definition of ‘period 2’. For an odd integer n:

fntz)=fA+2z)=-f(-=(0+2)=-f(-1-2) = —f(1 - 2).

This shows f € A.



(c) Just consider one sum. Because f is a Schwartz function, it is straightforward to prove
the bound f(x) < C(1 + 22)~!. This is a sufficient to show that the sum exists for all z.
Moreover, we have uniform convergence on compact subsets, and so the resulting function

is also smooth.

By shifting the summation indices we see that it has period 2 also. It remains to show that

it is an odd function

fla)y =) f@n—a) =) f@n+z)=—f(x).

nez neL

(d) We have to check that it fits Definition 4.14 with Q = (0, 1). This sum is the transformation
of part (c¢) applied to y — ®(z —y, t), with the index of the sum negated. For positive time
the fundamental solution is smooth and Schwartz. The sums are therefore smooth too and
defined on all of z,y € R. Because they belong to A, it is zero at y € Z. But this implies
it vanishes on 092 = {0,1}.

Now we need to verify condition (i). It is a sum of fundamental solutions, so it solves the

heat equation for t > 0. Consider
ne€Z,n#0 nez

We know that ®(z,t) extends continuously with value 0 as ¢ — 0 if z # 0 (at (0,0) there is
a singularity). If z € Q = (0,1) and y € Q = [0,1] then z—y € (—1,1) and so x+2n—y # 0

for n # 0. Similarly x 4+ y € (0,2) so the singularities are avoided in the second sum too.

(e) The Fourier transform of the fundamental solution is
®(k,t) = exp(—4n2k>t).
Now use the hint applied to a sum of fundamental solutions

Z (I)(Z + n,t) _ Z 6—47r2n2t627rinz _ Z ei7r2n2(4it)€27rinz _ @(Z,47Tit).

ne”L nez neZ

Now we use the theta function equation of the heat kernel

2

1 _ 1
=D () =) S 40 f)

Hoq)(z,y,t) = 59(—?’ mit) — 5@(#,mt)

nez neZ
:Z@(:p—y+2n,t)—Zq)(:v+y+2n,t),
neE”L nez

using the rescaling property of the fundamental solution.



