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17. Convoluted

The convolution of two functions f, g : R®™ — R is defined by

()

(b)
(c)

(fxg)(z) = . fy)g(x —y) dy.

Let fn(x) = 0.5n for x € [-n~!,n~!] and 0 otherwise. Show that the following bounds
hold

inf g(y) < (g* fu)(0) < sup g(y).
lyl<n ly|<n—1

(2 points)
Suppose now that g is continuous. Show that (g * f,,)(0) — ¢g(0) as n — oo. (2 points)

Show that the convolution of C5°-functions on R" is a bilinear, commutative, and associative
operation. (1+2+2 Points)

Solution.

(a)

(b)

(c)

We compute

e O = [ s = [ o= g0

1 [ 1 .
<-n sup g(y) = sn sup g(y) x 2n

2 Jon-1ogy<n? lyl<n—1
= sup g(y)

ly|<n—1

In a similar manner, we see that (g * f,,)(0) is bound below by inf},<,,-1 g(y).

Clearly supjy<,,—1 g(y) > ¢(0). On the other hand, choose any € > 0. By the continuity of
g, there exists § > 0 such that |g(y) — g(0)| < € for all y € (—9,5). Choose N such that
N1 < 6. That means for all |y| < N~ we have |g(y) — g(0)] < e. For all n > N the
interval [-n~1, n7! is a subset of [-N~!, N~1]. Tt follows that

sup g(y) < sup g(y) < sup (g(0)+e¢€)=g(0)+e.
ly|l<n—1 lyl<N—1 ly|l<N—1

These two inequalities together say that Ve > 03N Vn > N it holds that

| sup g(y) — 9(0)] <e.
yeln

This is the definition of supj,.,-19(y) — ¢(0). The same argument shows that
inf},|<,,-1 9(y) — g(0) also. By the sandwich rule/squeeze rule, the result follows.

Formal bilinearity follows from the linearity of the integral and the bilinearity of the product
of functions. The smoothness and compact support of all functions involved means that
the integrals always exist.

In the following we make substitution of the form z = x — y. The Jacobi matrix of this

transformation is —1I, so the factor is |det —I| = 1. We say that these transformations are
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volume preserving. By dxr we mean d"x or dug» or whatever your preferred notation for
integration on R" is.

Commutativity:
frg(@)= A fWg(x —y) dy = A flx—2)g9(z) dz = g * f(x).
Associativity

fr(g=h)(x)= [ fy)lg*h)(z—y)dy

R’I’L

= [ [ swent -~ dzdy
= [ [ 5wt - e+ 2) dedy
~ [ ] wgtw =gt~ w) dyd

- /R () (w)h(z — w) du
— (f xg) * h(x)

18. Distributions

(a) Choose any compact set K C R. Since it is bounded, there exists R > 0 with K C [-R, R].
Now choose any test function ¢ € C§°(R) with compact support in K. Since it is continuous,

sup,cx |@(x)| is finite. Prove the following inequality (1 point)
< 2R sup [¢(x)].

| o) da
0 zeK
(b) Define the Heaviside function H : R — R by H(z) :=1 for x > 0 and H(z) := 0 for x < 0.

Show that the distribution associated to the Heaviside function

Fr : Ci°(R) — R, ¢»—>/OOO<Z>(3:) dz

is in fact a distribution on R using part (a) and Definition 2.14 directly. (1 point)

(c) Calculate the first and second derivatives of H as a distribution. If they are regular distri-

butions, describe the corresponding function. (2 points)

(d) Consider the circle C' = {2 + y?> = 1} C R?. Show that

Gly) = /C o do

defines a distribution in D’(R?). Note that the do indicates this is an integration over the

submanifold C. Does there exist a locally integrable function g : R? — R with

G(y) :/Rzgﬁp da

for all ¢ € C§°(R)? (Hint. Use Lemma 2.15) (2 Points + 2 Bonus Points)
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Solution.

(a)

(b)

(c)

(d)

/0 ~ o) do

< /Om|¢<x>| d

B /[0 INK |6()] dz since ¢ is zero outside of K
7m m

< /[0 sup |¢(z)] dz

,oo]NK zeK
= sup [¢(z)] 1dz
zeK [0,00]NK
< sup |o(z)| 1dz since [0,00] N K C K C [-R, R]
zeK [-R,R]

— 2R sup |¢(z)).
rzeK

This is a very common idea for integrals of test functions. Because their support is compact,
it has finite area. And because the functions are continuous, they obtain a maximum. These

two factors then bound the integral of the test function.

For the reason we just articulated, test functions are always L!. Therefore the integral is
well-defined and finite. The integral is a linear operator. So the only property we need to

show is that H is continuous with respect to the semi-norms. Choose any compact set K.

Then by part (a)
| o) as
0

Thus the required inequality holds with M =1, a; =0, and C; = 2R.

[Fr(9)] = <2R sup ()] = 2R [|9] xc.0-

We use H both for the function and the distribution Fp, as is common. In one sense,
calculating the derivatives are easy, they are just 0,H(¢) = —H(9,¢) and 02H(¢) =
—0,H(0,¢) = H(0%¢). But this does not give us an insight into their behaviour. However

0.H(0) = ~H(0.0) == [ o do =[] " = ~9(o0) + 6(0) = 0(0)

This is the delta distribution (also know as the Dirac distribution). And

O2H(9) = /0 T ar =[] = ~40)

oo
0

Neither of these distribution come from LllOC functions.

G is linear in @, so that’s okay. We should check the continuity. But this is using the same
general idea as (a) and (b): Choose any compact set K and test function supported in K.
Then there is a ball B(0, R) that contains K. Then

G| < / sup |¢()] do < 27 sup |$()|.
CNB(0,R) zeK reK



The constant 27 follows since this is the maximum length of the circle C' inside the ball
B(0, R).

There does not exist such a function g. Suppose for contradiction that it did exist, that
G(p) = F4(p). For every point y ¢ C consider a small ball B(y,r) that is disjoint from
C. We will now apply Lemma 2.15 to this ball, Q& = B(y,r). For any test function
v € C3°(B(y,r)) we know that it is zero on C' because C and the ball are disjoint:

G(go):/COda:O

It follows from the lemma that g = 0 on B(y,r) or more generally ¢g(y) = 0 for y ¢ C. But
C is a null-set in R?, so we can say that ¢ = 0 as an LllOC function. This is a contradiction

because G is not zero.

19. Delta Quadrant

()
(b)

Prove that the support of the delta distribution ¢ is {0}. (2 points)

Argue from Lemma 2.12 that § is the limit of the standard mollifier (A¢)esp as € [ 0 as a

sequence of distributions. (1 point)
(c) Prove for any distribution F' that the convolution with ¢ is again F. (2 points)
Solution.

()

(b)

(c)

Choose any point z that isn’t the origin. Then the ball B(z,|z|) does not contain the
origin. For any test function ¢ € D(B(z, |z|)) we extend it by zero to a test function on
R™. Tt has 0(¢) = ¢(0) = 0. By the definition of support of a distribution, this shows that
B(z,|z|) belongs to the complement of the support. Because this holds for all x other than
the origin, the support is contained in {0}. It is either {0} or the empty set. If it were the
empty set, that would mean that § is the zero distribution. Therefore the support is {0}.

We say that F,, — F as distributions if F,(¢) — F(¢) for all test functions ¢ (pointwise

convergence). The distribution associated to a mollifier acts as

Fy(¢) = | ¢(@)Ac(x) dz = [ ¢(x)Ac(—z) dz =: $(0),
R” R

using the fact that the standard mollifier is point symmetric. Lemma 2.12 says that ¢¢(0)
converges to ¢(0). Therefore

Fy (¢) = ¢(0) = ¢(0) = 6(¢).

According to the definition F * §(¢) = F(¢ * PJ). In turn, the inner convolution defines a
test function 1 through the formula

P(x) = (¢ * Po)(z) = (P)(ToP@) = 6(PT:P¢).
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We should be careful when unwinding this stack of operators

(PT.Po)(y) = (ToP¢)(—y) = (Po)(—y — x) = ¢(y + ).

Therefore ¢ (z) = ¢(0 4+ x). Finally F x §(¢) = F(¢) = F(9).



