Chapter 3

Laplace Equation

One of the most important PDEs is the Laplace equation

0u 0u
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The corresponding inhomogeneous PDE is Poisson’s equation
—Au = f.

Both equations are linear PDEs of second order with the unknown function u : R™ — R.
They show up in many situations. In physics they describe for example the potential
of an electric field in the vacuum with some distribution of charges f.

3.1 Fundamental Solution

The Laplace equation is invariant with respect to all rotations and translations of the
Euclidean space R™. Therefore we first look for solutions which are invariant with
respect to all rotations. These solutions depend only on the length r = |z| = /2 - = of
the position vector . For such functions u(x) = v(r) = v(y/z - ) we calculate:

2
Vou(z) =v' (Vo -z) Ver =0 (Vo - ) %
Hence the Laplace equation simplifies to an ODE
2 2
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Beu(w) = Vo Vau = 0'(r) T3 +0/(0) 7 = 0'(r) g2 =) + T /() =0,

Let us solve this ODE:
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Definition 3.1. Let ®(x) be the following solutions of the Laplace equation:

q)(x):{—%lnm forn =2

L forn > 3.

n(n—2)wny, |z|"—2
Here w,, denotes the volume of the unit ball B(0, 1) in Euclidean space R™.

This solution has a singularity at the origin z = 0. We have chosen the constants
in such a way that the following theorem holds:

Theorem 3.2. For f € CZ(R") a solution of Poisson’s equations —/\u = f is given
by
ue) = [ @@y = [ o)1

Proof. The equality of both integrals in the definition of u(z) follows from the substi-
tution z = x — y. The second integral is twice continuously differentiable, since f is
twice continuously differentiable and has compact support. We calculate

9*u 0 f -~

In particular, Au(z fRn Y) A f (x—y)d™y. We decompose this integral in the sum
of an integral nearby the smgularlty of ® and an integral away from this singularity:

sy = [ ewasenty 5[ e Ay

=1 +Je.
We use [rInrdr =2 (Inr—1) and [rdr = 2 and estimate the first integral for |, 0:
Cé*(|lnel +1) (n=2)
I| < ClALf| o ®r d"y
1] < ClA s <R>/LQ(075)\ ) {02 i

Integration by parts of the second integral yields

J = / D(y) o f(z — y)dy
R\ B(0,¢)
=— / Vy,@(y) - Vyf(z —y)d"y +/ O(y)Vyf(x —y) - Ndo(y)
R7\B(0,¢) 0B(0,¢)
~ K. +L..
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Here N is the outer normal and do the measure on the boundary of R™\ B(0,¢). The
second term converges in the limit € | 0 to zero:

Ce|lne| (n=2)

1L < 19 fluwa [ e

9B(0,¢)

[®(y)|do(y) < {
Another integration by parts of the first term yields

K. = Ay® r—y)d"y — V,o x —1v) - Ndo
[ 2=y = | (1) f(z —y) - Ndo(y)

0B(0,¢)

- /63(0 ) Vy@(y)f(z —y)  Ndo(y).

Here we used that ¢ is harmonic for y # 0. The gradient of ® is equal to V& (y) =
L% The outer normal points towards the origin and is equal to — 11 Let on(r)

nwn |y[™

denote the area of 0B(0,r) C R". By the divergence theorem for x — z we have

nwpr" = | V-xdp = /x - N(z)do(z) = /x . ‘—ﬁ‘da(z) =ro,(r), ou(r) =nw,r" .
B(0,r) oB(0,r) oB(0,r)

Now K, is the mean value of —f on 9B(0,€), since 0, (€) = nw,e" ! is the area of
0B(0,¢€). By continuity of f this mean value converges for € | 0 to — f(x). q.e.d.

By this theorem we have —A®(x) = §(x) in the sense of distributions. This relation
justifies the choice of the constant in the definition of ¢. The convolution of f with
® is defined for continuous functions f € I}(R™). On can show that as a measurable
function the convolution is defined even for f € [}(R") and belongs to L!'(R"). In this
case the convolution is in the sense of distributions a solution of Poisson’s equation.
In general, for a continuous f € I}(R™) the corresponding u is not twice differentiable,
and the theorem is not valid for such f. But it is valid for all Lipschitz continuous
functions f in I'(R"). Since Poisson’s equation is an inhomogeneous linear PDE, all
solutions are defined up to adding a solution of the homogeneous equation which is
Laplace equation.

3.2 Mean Value Property

In this section we shall prove the following property of a harmonic function u on an
open domain 2 C R™: the value u(z) of u at the center of any ball B(x,r) with compact
closure in €2 is equal to the mean of u on the boundary of the ball. Conversely, if this
holds for all balls with compact closure in €2, then u is harmonic. The mean of u on
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the ball B(z,r) is the mean over ' € [0,7] of the means of u on the boundary of
B(z,7"). Therefore the same statement holds for the means of u on the balls B(z,r).
This relation is called mean value property and has many important consequences.

Mean Value Property 3.3. Let u € C%*(Q) be harmonic on an open domain 2 C R™
containing the closure of the ball B(x,r). The mean of w on the ball B(x,r) and on its
boundary is equal to the value u(x) of u at the center. Conversely, if the means of a
function u € C*(Q) on all balls B(x,r) with compact closure in Q or on all boundaries
of such balls is equal to the value u(x) at the center of the ball, then u is harmonic.

Proof. We define ®(r) for € Q as the mean of v on 0B(z,r) C

1 1
O(r) i= —— d = d .
)= st [ 1000 = [ e re)dote

Here w, denotes the volume of the unit ball in Euclidean space R™. We apply the

Divergence Theorem and calculate the derivative d'(r) =
1 1 1
= Vu(z +r2)-2do(2) = ——— [ Vu(y)-Ndo(y) = ——— [ Dudpu.
nWn JaB(0,1) W0 JoB(,r) W J Bayr)

Hence for harmonic u this function is constant as long as B(x, ) has compact closure
in Q. By continuity of w this function ®(r) converges in the limit limr — 0 to u(x).
This shows that the means of u on all spheres 0B(z,r) are equal to the values u(zx) of
u at the center x. Now we claim that the integral of the function u over B(z,r) is

/U(y)du(y) =/ (z +y)duly // u(z +y)do(y)ds Z//U(y)da
B(z,r) B(0,r) 0B(0,s) 0JOB(x,s)

In fact for any linear rotation O the square of the determinant of the Jacobean of the
map (z,r) — O(z,vVr? — 22) is equal to T,J_zzz which is equal to det ((®'(2))7®'(z)) =
1+ (V.12 — 22)? of the pasteurisation z — ®(z) = O(z, V12 — 22) of dB(0,r). Hence
the claim follows from Jacobi’s transformation formula and the Definition 2.3 of the
integral over 0B(0,7). So the mean of u on the ball B(z,r) is equal to

1 " 1 "
. / Oy —— / " lu(y) do(y) ds = - / S10(s) ds
T Wn JB(x,r) r 0o S NWn JoB(z,s) r 0

For constant ® this is again equal to the value u(x) of u at the center x.
Conversely, if the means of w on all balls B(z,r) with compact closure in {2 is equal
to the values u(z) of u at the center x, then we have

1

T

~ / nw,s" 1 ®(s)ds = n s"1(s) ds.
0

n
™ Jo

u(zr) =
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The vanishing of the derivative with respect to r of the right hand side yields

7’L2

" n—1 ﬁ n—1 — _ﬁ ﬁ
] /0 s (s)ds + an O(r) = u(z) + T(I)(T).

r

0=—

Therefore also the means ®(r) of u on the boundaries 0B(x,r) are equal to the value
u(z) of u at the center z. Since u is twice continuously differentiable, the function ®
is twice continuously differentiable. We have seen that ®'(r) is the mean of Awu on
B(x,r). In particular, if the mean of u on all 0B(z,r) C € is equal to the value u(zx)
of u at the center x, then the integral of Au over the balls with compact closure in 2
vanish. If there exists x € 2 with Au(x) # 0, then there is a ball B(z,r) with compact
closure in €, such that either Au < —|Au(z)|/2 or Au > |Au(z)|/2 on B(z,r) and
fB(m) Au(y)d™y # 0. Therefore Au vanishes and u is harmonic on €. q.e.d.

Corollary 3.4. Let u be a smoothl harmonic function on an open domain 2 C R" and
B(z,7) a ball with compact closure in . For all multi-indices o we have the estimate

1
Jee| € ;\a\)nm"

P u(@)] < Cnlalr "l g, with Clnlal) =2

Proof. All partial derivatives of a harmonic function are harmonic. The Mean Value
Property and the Divergence Theorem yield for i =1,...,n
2TL 2TL

‘ = 0“uN;do

~ 0;0%udp -
WnT"™ JB(a,r/2) WnT™" JoB(z,r/2)

|0:0%u ()| =

2N an
< 7||8 || 17 (3B /2)) -

The inductive application gives first C'(n,1) = 2n, and using the induction hypothesis
[0%u(m)ll < 29, ol Jullqpier) for all y € IB(z,r/2)
the relation C(n, 1+ |a|) = 21+9nC(n, |a]). The given C(n, |a|) is the solution. q.e.d.

Liouville’s Theorem 3.5. On R" a bounded harmonic function is constant.

Proof. The foregoing corollary shows that |d;u(z)| is bounded by 2n|jul| e gnyr~" for
each i =1,...,n and x € R". In the limit r — oo the first partial derivatives vanish
identically. Therefore u is constant. q.e.d.

Let us now transfer the Mean Value Property to a property of distributions. If
u € C?() is harmonic, then for B(z,r) C Q and ¢ € C§°((0,7)) we have

f s = [ [ artas= (o) ue)

So the distribution F), has the following property:

1'We shall see in Weyl’s Lemma that this assumption can be replaced by the assumption u € L3.(Q).
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Weak Mean Value Property 3.6. Let U € D'(Q2) be a harmonic distribution on an
open domain 2 C R™. For each ball B(x,r) with B(z,r) C Q and each 1p € C§°((0,r))
with [ dp = 0 the distribution U vanishes on the following test function:

fecy (), y— fly) = M with  supp f C B(z,r) C Q.

a n|y - $|n_1wn
Proof. 1t suffices to show that there exists a test function g € C§°(Q2) with Ag = f.

By the assumptions on v there exists a test function ¥ € C§°((0,7)) with ¥ = ). We

define L
g(y) = v(ly —zf) with v(t):/ nﬂ

This function g has compact support in B(z,r) C €2, depends only on |y — z| and is
constant on B(x,¢€) for some € > 0. We calculate for y # x:

ds.

-1
Sy,

Ml — 2 n—lv, -
Dyg(y) =v"(ly |)+|y_x‘ (ly — /)
This implies
Aygly) vly—2) (-D¥(y—al) n-1 ¥(y—al) _ f(y). qed

n nly — z|" lw, nly — x|"w, ly — x| nly — z|" 1w,

Weyl’s Lemma 3.7. On an open domain 2 C R™ for each harmonic distribution
U € D'(Q) there exists a harmonic function u € C*(§2) with U = F,.

Proof. Let us first define u. For all z € €2 choose a ball B(z,r) C  and a test function
¥ € Cg°((0,7)) with [ ¢(s)ds = 1. Then we define

u(e) = Ulg,) with galy) = %

If U is harmonic, then the Weak Mean Value Property implies that u(z) does not
depend on the choice of r and . Hence we can use in the formula for u(z) the same r
and v for all x in a small neighbourhood of each xy. Then u is the convolution of the
test function gy = Pgg with the distribution U. Due to Lemma 2.8 w is smooth.

Next we prove that the distribution U = F, has the Weak Mean Value Property.
By the discussion which motivates Lemma (2.8 this distribution U is the convolution
of go = Pgo with U, conceived not as the function u but as a distribution F,. The
functions f in the Weak Mean Value Property are characterised by three properties:
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1. they depend only on the distance |y — x| of the variable y to some center = € €,
2. they vanish on a neighbourhood of the center x and

3. their integrals vanish.

The first property is equivalent to the invariance of f with respect to all rotations
around the center. We show that the convolution g * f of a test function g which is
invariant with respect to all rotations around the center x with a test function f which
is invariant with respect to all rotations around a center z is invariant with respect to
all rotations around the center x + z. In fact, for all O € O(n,R) we use the invariance
of the Lebesgue measure with respect to translations and O and obtain

(ge0)(+2+0y) = [ glatz+0y—)f0) &y = [ gla+O(—)f(e+02) a2

Furthermore, the integral of g x f is the product of the integrals of g and f:

[y R
(e (o)

In particular, the convolution gq * f of the test functions gy with the test function f in
the Weak Mean Value Property is again a test function which is invariant with respect
to the rotations around the same center as f with vanishing total integral. Since
has compact support in (0,7) the function f vanishes on B(x,¢) for sufficiently small
€ > 0. If the support of gy is contained in B(0,€/2), then go * f vanishes on B(z,¢/2).
This implies that gy * f is again a function of the form considered in the Weak Mean
Value Property and U(f) = U(go * f) = 0. So U has the Weak Mean Value Property.

Next we prove that u is harmonic. Let ¢po € C5°(R) be the mollifier defined
in Section 2.4l For any B(x,r) with compact closure in €, there exists R > r with
B(xz,R) C Q. For all 0 < r; < ry < R and sufficiently small € the function ¥(t) =
?B0,0)(t—71) —@B(0,e) (t—12) has compact support in (0, R) and vanishing total integral.
Let f. denote the corresponding functions in the kernel of U. Since u is continuous,
the limit € | 0 of U(f.) exists and converges to the difference of the means of u on
OB(x,r5) and B(z, ). Since U has the Weak Mean Value Property these differences
vanish for all 0 < r; < ro < R and the means of u on all 0B(x,r) C € coincide. In the
limit 7 | 0 these means converge to u(x), since u is continuous. Therefore u has the
Mean Value Property and is a smooth harmonic function.

Finally we prove U = U. The functions ¢ (t) = ®B(0,¢/3)(t — 2/3€) have support
[€/3, €] and total integral 1. The corresponding functions gy are smooth mollifiers A..
By definition of U we have U = A * U. Now Lemma implies U = U. q.e.d.
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Actually we have proven that any distribution U that has the Weak Mean Value
Property corresponds to a smooth harmonic function. Therefore the weak solutions of
the Laplace equations coincide with the strong solutions, and all solutions are smooth.

Let us finish this section with a proof of Harnack’s inequality. This inequality
estimates the values of a positive harmonic on a path—connected domain in terms of
the value at any point in the domain.

Harnack’s Inequality 3.8. Let € be an open path—connected domain with compact
closure in the open domain 2 C R™. Then there exists a constant C' > 0 depending
only on Q' and Q, such that any non-negative harmonic function u on 2 satisfies the
Harnack inequality

sup u(z) < C inf u(z).
zeQ! zesY

1
In particular, for all x,y € Q' we have au(y) < u(x) < Culy).

Proof. Let r be the minimal value of the continuous function on the compact set €)'
Q' - R, x—sup{R>0]| B(x,2R) C Q}.

For z € ¥ and y € B(x,r) we have B(y,r) C B(z,2r) C Q. The Mean Value Property
implies
1 2" _
u(z) = udp > udp = 27"u(y).
2mrwy, B(z,2r) "Wy, B(y,r)

Since € is compact and path-connected, it can be covered by finitely many balls
By, ..., By of radius § such that B,.1 N B, # 0 for n = 1,...,N — 1. An N-fold
application of the special case implies for general z,y € ¢V

u(z) > 27" Nu(y).

Taking the infimum over x € ' and the supremum over y € ' gives

sup u(z) < 2" inf u(x). q.ed.
zeQ zelY

Harnack’s Principle 3.9. On an open and path—connected domain 2 C R™ a mono-
tone sequence of harmonic functions (u,)nen converges uniformly on all compact subsets
if and only if there exists x € £ such that (|u,(x)|)nen is bounded.

Proof. 1f (uy)nen converges uniformly on compact subsets, then (u,(z)),en converges
for all z € Q. Conversely, let (|u,(z)|)nen be bounded for some = € §2. By monotonicity
the sequence (u,(x))nen converges. Furthermore, we may assume that (u, — Um )n>m 18
non-negative. Harnack’s Inequality implies that (u,, —ty, )n>m is uniformly bounded on
compact subsets of €2 and monotonic. Hence it converges uniformly there. The limit
has together with all w, the Mean Value Property and is harmonic. q.e.d.
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3.3 Maximum Principle

Let the harmonic function u take in a point x of an open path—connected domain
2 C R™ a maximum. The Mean Value Property implies on all balls B(z,r) C €2

1

7w,

1

W,

ulz) —u d™y = ulx) —u d"y = 0.
/B ) )y / () —uty)ay

Hence u takes the maximum on all these balls B(x,r) C €. Since (2 is path—connected
every other point y € Q is connected with x by a continuous path v : [0,1] — Q with
v(0) = z and (1) = y. The compact image [0, 1] is covered by finitely many balls

B(y(t1),71),. .., B(y(tn),rn) CQ with 0 <t; < ...ty <1and r,...,ry > 0. Hence
u is constant along v, and on €2 since this is true for all y € 2. This proves

Strong Maximum Principle 3.10. If a harmonic function u has on a path—connected
open domain 2 C R™ a mazimum, then u is constant. q.e.d.

Weak Maximum Principle 3.11. Let the harmonic function u on a bounded open
domain ) C R"™ extend continuously to the boundary 0X). The maximum of u is taken
on the boundary 0S2.

Proof. By Heine Borel the closure Q) is compact and the continuous function u takes
on 2 a maximum. If it does not belong to 0f2, then u is constant on the corresponding
path—connected component and the maximum is also taken on 0f2. q.e.d.

Since the negative of a harmonic function is harmonic the same conclusion holds for
minima. Now we generalise the Maximum Principle, but not the Mean Value Property.

Definition 3.12. On an open domain 2 C R™ an differential operator L

n 8%u(x) n Ou(x)
Lu= Zmzl ai(¥) 5 oz T > bi@) oz

with symmetric coefficients a;; = aj; s called elliptic, if

S La(2)kik; >0 for all w € Q and all k € R\ {0}.
1,]=—

If we replace a;; by %(aij + aj;), then the assumption a;; = aj; is fulfilled. Due to
the commutativity of the second derivatives this replacement does not change L.

Theorem 3.13. Let L be an elliptic operator on a bounded open domain {2 C R™ whose
coefficients a;; and b; extend continuously and elliptic to OS). Every twice differentiable
solution w of Lu > 0 which extends continuously to 0S) takes its maximum on OS).
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Proof. Let us first show that L is uniform elliptic, i.e. there exists A > 0 with

> ai(x)kik; > XYk forall z € Q and all k € R™.

ij=1 i=1

The continuous function (z, k) = 3°" | a;;(x)k;k; attains on the compact set (v, k) €
Q x 8" 1 Q x R" a minimum A > 0. Hence L is uniform elliptic.
For v(z) = exp(ax;) with a > 0 we conclude

Lv = a(aay (x) + bi(z))v > a(aX + by (z))v.

The continuous coefficients b; are bounded on the compact set (2. Therefore there exists
a > 0 with Lv > 0. By linearity of L we obtain L(u + ev) > 0 on Q for all € > 0. The
continuous functions u+ev attains on {2 a maximum. The first derivative of the function
u-+ev which is twice differentiable on €2 vanishes at a maximum zg € 2 and the Hessian
is negative semi-definite. In particular there exists an orthogonal matrix B € O(n) and

non-positive Ay, ..., \, with 82(#325%) = > . Bri\Bi;. Now the ellipticity implies

—L(u + ev)(z9) > —A >, M B > 0 and contradicts to L(u + ev) > 0. Therefore for
all € > 0 the maximum belongs to the boundary zy € 0€:

inf < = < .
sup u(z) +¢ inf v(z) < sup(u(z) +ev(z)) = max(u(z)+ev(z)) < maxu(z)+emaxov(z)

Because this holds for all € > 0 the boundedness of v on € implies the theorem. q.e.d.

The negative of the functions u in the theorem obey Lu < 0 and take a minimum
on the boundary. In particular, the solutions u of Lu = 0 take the maximum and the
minimum on the boundary.

3.4 Green’s Function

In this section we try to find some conditions which ensure the existence and uniqueness
of a harmonic function on a path—connected, open and bounded domain Q C R™. A
natural candidate for further conditions are boundary value problems. This means
that we assume that either the harmonic function or some of its derivatives extends
continuously to the boundary and coincides there with a given function. We call a
function v on the closure 2 of an domain m times continuously differentiable, if it is
m times continuously differentiable on {2 and all partial derivatives of order at most m
extend continuously to 0f2.
In the following formula we apply the Divergence Theorem to x — v(z)Vu(x):
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Green’s First Formula 3.14. Let the Divergence Theorem hold on the open and
bounded domain @ C R™. Then for two functions u,v € C*(Q) we have

/Qv(y)Au(y)d"y—l—/QVv(y)-Vu(y)d"y: /é)ﬂv(z)Vu(z)Nda(z). q.ed.

If we subtract the formula for interchanged u and v, then we obtain:

Green’s Second Formula 3.15. Let the Divergence Theorem hold on the open and
bounded domain Q C R™. Then for two functions u,v € C*(Q) we have

[ st = utav@) 'y = [ (0G)T0(E) — 0 Vo) Ndo(e). - aed
Q 0

Let us apply this formula to the fundamental solution v(y) = ®(x—y). This solution
is harmonic only for y # z. Like in the proof of Theorem [3.2] we restrict the integral
to the compliment of B(z,¢€). For u € C*(R™) we showed in the proof of Theorem

lim / u(z)V,®(x—2)- Ndo(z) = lim / u(z—2)VP®(z)-Ndo(z) = u(x).

e—0 e—0
O(R™\B(z,€)) O(R™\B(0,¢))

We also showed that the other integral over O(R? \ B(z,¢€)) converges to zero in the
limit € = 0 and A,®(x — y) vanishes on R™ \ B(z,€). This proves

Green’s Representation Theorem 3.16. Let the Divergence Theorem hold on the
open and bounded domain Q2 C R™. Then for x € Q and a function u € C*(Q) we have

u(z) = —/ Oz —y)Au(y)d"y + / (P(x — 2)Vu(z) —u(2)V.®(x — 2)) - Ndo(z).
Q o9

This implies that on €2 each solution of the Poisson equation is uniquely determined
by the values of u and the normal derivative Vu- N on 0€2. Conversely, we look for such
functions, such that there exists a solution of Poisson’s equation with the additional
condition that v and Vu- N take on 0 the given values. The Weak Maximum Principle
implies the harmonic function is already uniquely determined by the values of u on 9.
So we formulate the following boundary value problem:

Dirichlet Problem 3.17. For a given function f on an open domain 2 C R™ and g
on 0 we look for a solution u of —Au = f on Q which extends continuously to OS2
and coincides there with g.

Green’s Function 3.18. A function Gq : {(z,y) € Q@ x Q | x # y} — R is called
Green’s function for the open domain 2 C R", if it has the following two properties:
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(i) For x € Q2 the function y — Go(x,y) — ®(x — y) is harmonic on y € ).

(ii) For x € Q2 the function y — Gq(z,y) extends continuously to 02 and vanishes on
y € 0fL.

Green’s Second Formula yields for the function v(y) = Go(z,y) — ®(x — y):

— /Q Oz — y)Au(y)d"y + /BQ (P(x — 2)Vu(z) —u(2)V.@(x — 2)) - Ndo(z)

- | Galenduay - [ w(z)V.Gola.2) - Nia(2),

Now Green’s Representation Theorem implies

u(x) = —/QGQ(:z,y)Ayu(y)d"y —/ u(2)V,Gqo(x, z) - Ndo(z).

o0

If, conversely, the functions f : Q — R and g : 9Q — R have sufficient regularity, then

u(x) = / Gale,y) fy)dy — / 4(2)V.Gafz, 2) - Ndo(z)

o0

solves the Dirichlet Problem. In fact by Theorem the first term solves the Dirichlet
Problem for ¢ = 0. If g : 9 — R is the boundary value of a function on € with
sufficient regularity, then the difference of ¢ minus the corresponding first term is
harmonic and coincides with the second term. Therefore the Dirichlet Problem reduces
to the search of the Green’s Function.

For z € Q the difference y — Gq(x,y) — ®(z — y) is harmonic on y € © and on the
boundary 0f2 equal to —®(x — y). Hence the difference is the solution of the Dirichlet
Problem for f =0 and g(z) = —®(x — y).

Theorem 3.19 (Symmetry of the Green’s Function). If there is a Green’s Function
Gq for the domain Q, then Go(x,y) = Go(y, x) holds for all x # y € Q.

Proof. For © # y € Q let € > 0 be sufficiently small, such that both balls B(x,¢)
and B(y, €) are disjoint subsets of Q. Green’s Second Formula implies for the domain
Q\ (B(z,€e) U B(y, €)) and the functions u(z) = Gg(z, z) and v(z) = Ga(y, 2)

[ (Goly V-Gale.2) = Gl 2V Cialy. ) - N2
OB(x,e€)
— [ (Ga(e.9)9.Galy.2)  Galy.2)V-Gals,2)) - Ndo2).
OB(y,e)
For ¢ — 0 the estimate for L. in the proof of Theorem shows that both second

terms converge to zero. The calculation of K, in the proof of Theorem carries over
and shows that the first terms converge to Go(y, z) and Gq(z,y), respectively. q.e.d.
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We shall calculate Green’s function for all balls in R™. Let us first restrict to the
unit ball @ = B(0,1). We may use the inversion =z — & = 2 in the unit sphere

0B(0,1) in order to solve the corresponding Dirichlet Problem. The inversion maps
the inside of the unit ball to the outside and vice versa. It helps to solve the Dirichlet
Problem for f =0 and g(z) = ®(z — y):

Green’s Function of the unit ball 3.20. The Green’s Function of B(0, 1) is

O(x —y) — |z]*"P(z — y) formn > 2

Gy (e,y) = Bz —y) — (|z[(Z —y)) = {q)(x ) —d(i—y) — D) forn=2.

Proof. For |y| =1 we have |z]*|7 —y|* =1 — 2y -2 + |z|* = |z — y|>. Hence ®(|z|(7 —
y)) and ®(x — y) coincide on the boundary y € 0B(0,1). q.e.d.

Poisson’s Representation Formula 3.21. For f € C*(B(z,r)) and g € C(0B(z,1))
the unique solution of the Dirichlet Problem on Q = B(z,r) is given by

1 _ |:E—z\2

—— S e glzt+ry
w0 = s [, Gron( ey o [ SR )

nw, )52 =yl

Proof. The affine map x +— “—= is a homeomorphism from B(z,r) onto B(0,1) and
from 0B(z,r) onto dB(0,1). The difference r* "® (=2 — L=5) — &(x — y) vanishes for
n > 2 and is constant for n = 2. Therefore the Green’s function of B(z,r) is equal to

T—z Y—%2

Griem(,y) = 177" Gy (55, 47)

It suffices to consider the two cases ¢ = 0 and f = 0 separately. The properties of
the Green’s function together with Theorem show, that for g = 0 the function u
differs by a harmonic function from a solution of Poisson’s equation. By the symmetry
of the Green’s Function the map x — G (., (y, z) extends continuously to B(z,r) and
vanishes on the boundary = € 0B(z,r). This finishes the proof for g = 0.

For |y| = 1 and n > 2 we observe (the reader should check this formula for n = 2):

K(l’, y) = _VyGB(O,l) (Ia y) . %

Ly ( 1 1 )
n(n—2)w, lyl I \|z —y["2 |zr2|E—y["?
_ 1y (y—x lez(y—i))

nwn lyl - \Jz =yl Jaf |7 —y["

l—z-y—|zP+z-y 11—z

(for [y| =1) = ~ = ~.
nwy|T — Y| nwy|T — Y|
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By the Symmetry of the Green’s Function the function x — K(x,y) is harmonic. Hence
for f = 0 the given function u is harmonic. For finishing the proof we show that

u(z +rx) = /aB(o . g(z+ry)K(x,y)do(y)

extends continuously to = € 9B(0,1) and coincides there with g(z + rx). We observe
(i) the integral kernel K (x,y) is positive for (x,y) € B(0,1) x 0B(0,1).

(ii) For all x € 0B(0,1) and € > 0 the family of functions y — K (Az,y) converge
uniformly to zero for A1 1 on y € 9B(0,1) \ B(z,¢), and

(iii) The formula which follows from Green’s Second Formula and Green’s Represen-
tation Formula yields for the function v = 1 on the domain ©Q = B(0, 1)

/ K(z,y)do(y) =1 for =€ B(0,1).
aB(0,1)

For continuous ¢ the properties (i)-(iii) ensure that in the limit A 1 1 the family of
functions = — faB(o D 9(y)K(A\x,y)do(y) converge on 0B(0, 1) uniformly to ¢g. q.e.d.

A harmonic function u on B(z,r) which extends continuously to 0B(z,r) obeys

1—@ ulz +r r?— |z —z? U
wry =1 [ e gy STl [ )
28(0,1) | P

nwy =yl nrw, B |2 =yl

In particular, u is completely determined by the values on 0B(z, ). Partial derivatives
with respect to x yield similar formulas for the values of all partial derivatives of .
This formula implies the Mean Value property. For all y € 0B(z,r) the Taylor series
of v — |z —y|™ = (y? — 2xy +2?)"2 in x = 2z converge on all balls B(z,r') with 7’ < r
uniformly to |x — y|™". Consequently all harmonic functions are analytic.

Corollary 3.22. Harmonic functions on an open domain €2 C R" are analytic.q.e.d.

Exercise 3.23. 1. Show the estimate |0%|x|™"| < C(n,|a|)|z|™ 1 for all |z| # 0
and all multi-indices o with a constant C'(n,|al) depending only on n and |«|.

2. Give another proof of Corollary[3.4)

Lemma 3.24. Let Q2 C R" be an open neighbourhood of 0 and u a bounded harmonic
function on Q\ {0}. Then u extends as a harmonic function to €.
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Proof. On a ball B(0,r) with compact closure in €2, Theorem [B.2]] gives a harmonic
function @ which coincides on 0B(0,r) with w. The family of harmonic functions
ue(x) = u(x) —u(x) +€Gpo,n(x,0) on B(0,r)\ {0} vanish on dB(0,r). If for any € > 0
the function u, takes on B(0,7)\ {0} a negative value, then due to the boundedness of
v and @ and the unboundedness of G (o) (-, 0) the harmonic function u. has a negative
minimum on B(0,r) \ {0}. This contradicts the Strong Maximum Principle. Hence
u, is non-negative. Analogously u. us for negative € non-positive. Otherwise u, would
have a positive maximum in B(0,7) \ {0}. In both limits € | 0 and € 1 0 up = @ — u
vanishes identically on B(0,7) \ {0} and @ is a harmonic extension of u to 2. q.e.d.

The proof shows a slightly stronger statement. Each harmonic function on €\ {0}
whose absolute value |u(z)| is for all € > 0 bounded by eG (o) (z,0) on B(0,4) \ {0}
with sufficiently small 6 > 0 depending on € has an harmonic extension to 2.

3.5 Dirichlet’s Principle

The unique solution of Dirichlet’s Problem solves also a variational problem.

Dirichlet’s Prinzip 3.25. Let (2 C R" be bounded and open and obey the assumptions
of the Divergence Theorem. For continuous real functions f on Q and g on 0 the
solution w of the Dirichlet Problem[3.]] is the minimizer of the following functional:

I:{weC*Q)|wpa =g} =R, le(w):/Q(%Vw-Vw—wf) d"x.

Proof. Let u be a solution of the Dirichlet Problem and w another function in the
domain {w € C?*(Q) | w|sq = g} of I. An integration by parts yields

0— /Q(—Au P w)dhs = /Q (Vi V(u—w) — f(u—w))d"z.
/Q(Vqu—fu)d":c = /Q(VU-Vw—fw)d”xg

< /EVU-VUCZ”{E—I—/ <1Vw-Vw—fw) d"x
G2 o \2

Here we used the Cauchy-Schwarz inequality:

/Vu -Vwd"z < / Vu - Vwd"z + % /(Vu — Vw) - (Vu — Vw)d"z =
Q Q

/ 1Vu -Vudz + / 1Vw -Vwd"z.
Q2 Q2
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This shows I(u) < I(w). )
If, conversely, u is a minimum, then all v € C?(2) which vanish on 9 obey

2
O:il(u%—tv) = i(](u)jtt/ (Vu-Vv—fv)d":E+t—/Vv-Vvd"x)
dt =0 dt Q 2 Ja t=0
= / (Vu - Vv — fo)d'z = /(—Au — flvd x.
) Q
The final integration by parts shows —Au = f on (2. q.e.d.

Finally we remark that one can also prove the uniqueness of the solution with the
help of this functional. The difference of two solutions solves the Dirichlet Problem for
f =0and g = 0. In this case the functional is non-negative, and vanishes if and only if
u is constant. The boundary conditions forces this constant to be zero. By using this
principle one can show in a larger class of functions, that this functional has a unique
minimizer, which thereby solves the Dirichlet Problem.



