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6. Racecar go broooom.

In this question we look at an equation similar to Burgers’ equation that describes traffic. Let

u measure the number of cars in a given distance of road, the car density. We have seen that

f should be interpreted as the flux function, the number of things passing a particular point.

When there are no other cars around, cars travel at the speed limit sm. When they are bumper-

to-bumper they can’t move, call this density um.

(a) What properties do you think that f should have? Does f(u) = smu · (1 − u/um) have

these properties? (2 point(s))

(b) Find a function f that meets your conditions, or use the f from the previous part, and

write down a PDE to describe the traffic flow. (1 point(s))

(c) Find all solutions that are constant in time. (2 point(s))

(d) Consider the situation of the start of a race: to the left of the starting line, the racecars

are queued up at half of the maximum density (ie 0.5um). To the right of the starting line,

the road is empty. Now, at time t = 0, the race begins. Give a discontinuous solution that

obeys the Rankine-Hugonoit condition, as well as a continuous solution. (5 point(s))

Solution.

(a) The density flux of the cars should be the density of the cars multiplied by the speed they

are travelling f = us. We already know that speed depends on the car density u, being zero

for u = um and sm for u = 0. Assuming a linear relationship gives s(u) = sm(1 − u/um)

and the f in the question. A more realistic relationship between density and speed would

be non-linear, but probably still monotone and concave.

(b) Now, cars are a conserved quantity; have you ever seen a car vanish? Therefore it is

reasonable to use the conservation PDE model. Differentiating f from the previous part

gives

u̇+ sm

(
1− 2

u

um

)
∂xu = 0.

(c) If a solution is constant in time, then it must be that 1− u = 0 or ∂xu = 0. In either case,

u must be constant. Conversely, all constant solutions solve the PDE.

(d) Choose units so that sm = 1 and um = 2. The PDE is now

u̇+ (1− u) ∂xu = 0.

The characteristics are x = x0 + (1− u0(x0))t, in other wordsx = x0 for x0 < 0

x = x0 + t for x0 > 0.

Physically we can explain this as there being a region x > t where the first car at the light,

now driving full-speed, has not yet reached and another region x < 0 where the traffic
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constant density and so all moving at the same speed and hence the number of cars is

constant. In between cars can move with greater speed and race ahead of the cars behind

them, but density prevents them from moving at full speed.

This middle region is not determined by the initial conditions, so there is the possibility to

have many solutions. If there was a jump between no cars and half maximum density, then

the Rankine-Hugonoit condition would say it would have a slope of

ẏ =
sm

1
2um(1− 1

2um/um)− 0(1− 0/um)
1
2um − 0

=
1

2
sm.

The interpretation is that the lights turn green and all the racecars move forward at the

same speed s(12um) = 1
2sm. You can interpret this solution as treating the racecars at the

front as belonging to the half-maximum density region.

But we prefer solutions that are as regular as possible (and also racecar drivers who drive as

fast as possible). By characteristics, if u(x, t) is C1 in this region then it must be constant

on lines through the origin: x = ct for c ∈ [−1, 1]. It must therefore be equal to some

function g(x/t) = g(c) with g(0) = 1 and g(1) = 0. The PDE then reduces to an ODE.

− x
t2
g′ + (1− g) · 1

t
g′ = 0

−cg′ + (1− g)g′ = 0

g′ · (−c+ 1− g) = 0.

So either g(c) is constant, which contradicts the endpoint conditions, or g(c) = 1 − c. In

summary

u(x, t) =


1 for x < 0

1− x
t for 0 ≤ x ≤ t

0 for t < x

is a continuous solution.
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7. All you can eat. Consider the the scalar conservation PDE for f(u) = 1
3u

3 with the initial

condition u0(x) = x, similar to Exercise 4.

(a) Determine the characteristics of this problem. (1 point(s))

(b) Up until which time does there exist a strong solution? (2 point(s))

(c) Consider now the same PDE and initial condition, but with the domain (t, x) ∈ [0,∞) ×
[0,∞). Find the solution. Is it unique? (4 point(s))

(d) Consider now the same PDE and initial condition, but with the domain (t, x) ∈ [0,∞) ×
[1,∞). Find two solutions. (3 point(s))

Solution.

(a) The function is constant along the characteristics, which obey t(s) = s and x′(s) =

u(x(s), t(s))2 = u0(x0). With the initial condition, we have then x = x0 + x20t.

(b) We see characteristics cross immediately. For example, the characteristic with x0 = 0 is

x = 0. It is crossed at time τ by the characteristic with x0 = −τ−1, namely x = −τ−1+τ−2t.

Since this holds for all τ > 0, there is not a time when the characteristics have not yet

crossed. This question is then a trick question, there is no such time. Or maybe you want

to define this to be T = 0.

(c) On this restricted domain, every point belongs to exactly one characteristic, so there exists

a unique solution. The point (t1, x1) belongs to the characteristic with

x1 = x0 + x20t1 ⇒ x0 =
−1 +

√
1 + 4t1x1

2t1
.

As we have already said, u is constant along the characteristic, so its value at (t1, x1) is

u0(x0) = x0. In other words

u(x, t) =
−1 +

√
1 + 4tx

2t

(d) From the previous part, we know that the point (t1, x1) lies on the characteristic with

x1 = x0 +x20t1. However, if we are only on the domain with x ≥ 1 then the initial condition

is only given on the boundary with t = 0 and x ≥ 1. But, for example, the point t = 3, x = 2

belongs to the characteristic with x0 = 2/3, which does not meet the initial boundary. We

cannot say then what the value of u should be on this characteristic. This is also true for

all points {(t, x) ∈ [0,∞)× [1,∞) | x < t+ 1}.
Let’s give specific examples of solutions then. The restriction of the solution of part (c) is

a solution to this question also. If you give any smooth monotone function u0 : [0,∞) →
[0,∞) such that u0(0) = 0 and u0(x) = x for x ≥ 1, then there is a unique solution on the

positive quadrant and its restriction to this domain is another solution of this initial value

problem.
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8. Method of characteristics for an Inhomogeneous PDE Use the method of characteristics

to solve the following inhomogeneous PDE. Note, the function u will not be constant along the

characteristic, but its value along the characteristic will be determined by its initial value.

x∂xu+ y∂yu = 2u

on the domain x ∈ R, y > 0, with initial condition u(x, 1) = x. (5 point(s))

Solution. As before, we consider a path (x(s), y(s)) in the domain and compute how u changes

along this path:
du

ds
= ∂xu · x′ + ∂y · y′.

If we choose a path with x′ = x and y′ = y, then

du

ds
= x∂xu+ y∂yu = 2u.

The characteristic is the parametric curve x(s) = x0e
s, y(s) = y0e

s. We want that the char-

acteristic is at the boundary y = 1 for s = 0, which means we should choose y0 = 1. In

non-parametric form the characteristics are the lines x0y − x = 0. These are lines which pass

through the origin. The point (x1, y1) belongs to the characteristic with x0 = x1/y1. Every point

in the domain belongs to exactly one characteristic and every characteristic passes through the

boundary condition, so there is a unique solution.

If we integrate the differential equation for u, the value of u changes along the characteristic

according to u(s) = u0e
2s where u0 = u(s = 0) = u(x0, 1). So to find the value of u at the point

(x1, y1), not only do we have to find which characteristic the point belongs to, we also have to

find out the value of s at that point. The value of u0 is

u0 = u(s = 0) = u(x0, 1) = x0 = x1/y1.

The value of s at (x1, y1) is es = y1, which is easily seen from the equation for y(s). Therefore

u(x1, y1) = u0(e
s)2 =

x1
y1

(y1)
2 = x1y1.

Since this holds for any point (x1, y1), we should write u(x, y) = xy. This is the solution.

Another way to explain this is that we labelled the point (x1, y1) with subscript 1 to distinguish

it from the parametric functions x(s), y(s), but now we have finished the question we can throw

away the characteristics.

Solutions are due on Monday 12 noon, the day before the tutorial. Please email to

r.ogilvie@math.uni-mannheim.de as a pdf. One possibility is to write your solutions neatly

by hand and then scan them with your phone. There are many apps that do this; two examples

on Android are ‘Tiny Scanner’ and ‘Simple Scanner’.
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