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Introduction

The sinh—Gordon equation is a classical integrable partial differential equation whose finite—type solu-
tions admit an algebro—geometric description in terms of spectral data. In the present thesis we study
this picture in spectral genus-two. Our main interest is the boundary of the corresponding moduli
space, where the spectral data degenerate and the period problem acquires a reduced genus—one form.
The central goal of the thesis is to show that this reduced conformal information already determines
the boundary data completely. More precisely, we prove that the map

S: M2U M3 — Fs, a+— ga(a) +iqr(a),
is bijective.
After the preliminaries, Chapter 2 introduces the basic dynamical framework. We define the space Ps
of genus—two potentials and the associated Lax equations, which give rise to two commuting vector

fields. Their integral curves are the Polynomial Killing Fields. A first important point is that these
flows preserve the determinant polynomial, so that every solution stays inside a fixed isospectral set

I(a) = {C € Py | det ¢ = Aa(A)}.

This chapter therefore provides the basic objects of the thesis: the potentials, the polynomial Killing
fields, the determinant polynomial, and the isospectral sets on which the later analysis is carried out.

Chapter 3 is devoted to the structure of these isospectral sets. The space Ms of determinant polynomi-
als is first described explicitly in terms of its symmetry and positivity properties, and then decomposed
into the strata M3, ..., M3 according to the multiplicities and positions of the roots. The main result
of the chapter is a complete description of the geometry of I(a) in each of these cases. In particular,
the isospectral sets are shown to be compact, the local flows from Chapter 2 extend to a global R2-
action, and the orbit structure is determined explicitly. This gives the global geometric picture of the
genus-two moduli space and shows in which way the boundary strata differ from the generic case.

In Chapter 4 we turn to the corresponding lattices of periods. For the generic stratum these lattices
encode the conformal type of the associated solutions and are represented by points in a fundamental
domain. To analyze what happens at the boundary, we introduce frames, monodromy, and the spectral
curve, and reformulate the period problem in terms of meromorphic differentials and their periods.
This leads to an extended lattice map

T: My UM;UM; — F,

whose essential property is continuity. In this way, Chapter 4 explains how conformal data extend to
the boundary and how the behavior of the lattices reflects the degeneration of the spectral data.

Chapter 5 develops the Whitham deformation theory needed for the boundary analysis. The point
here is that the stratum M2 can be reduced to a genus—one problem by factoring out the double
unitary root and passing to suitable reduced data. In this reduced setting one obtains a distinguished
pair of periods and hence a conformal class

T=q2+iq € Fs.

The Whitham equations are then used to describe this reduced deformation problem in a systematic
way, and the construction is extended continuously to the limiting stratum M3. Thus, by the end of
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Chapter 5, the boundary problem has been translated into the study of a conformal invariant attached
to reduced genus—one data.

Finally, Chapter 6 proves the main theorem of the thesis. Because the reduced problem comes with
a distinguished ordered basis of periods, the natural target is the enlarged domain F5 rather than the
usual modular domain. The chapter studies the map S in detail, analyzes the curves in the 7—plane
obtained by fixing the radial parameter, and shows that these curves fill the whole region F3 without
intersecting. This yields surjectivity, while the monotonicity properties of the construction imply
injectivity. As a consequence, S is bijective. The conclusion is that on the boundary of the spectral
genus—two moduli space, the reduced genus—one conformal class contains exactly the information
needed to recover the spectral data.




Chapter 1

Preliminaries

In this chapter we collect the facts and results that will be needed later on. We state them only
briefly, since the proofs that play an essential role for the development will be given in the subsequent
chapters. At this stage, the emphasis is on the results themselves rather than on their proofs.

1.1 A little bit of Lie theory

In this section we collect the Lie theoretic facts which will be used later on. We restrict ourselves to
the matrix setting, since this is sufficient for the applications in the thesis. In particular, we discuss
matrix Lie groups and their Lie algebras, left-invariant vector fields and their flows, matrix-valued
differential equations in commutator form, the Maurer—Cartan equation, and the differentiation of the
determinant.

The results of this section can be found, for example, in Hall [2000], chapters 1 to 3 and Trofimov
[2013], chapter 3. For the determinant identities used later on, see Magnus and Neudecker [2019],
Part L.

1.1.1 Matrix groups and Lie algebras

We begin with the basic examples of matrix groups.

Definition 1.1. For n € N we denote by M,(R) and M, (C) the vector spaces of real and complex
n X n matrices, respectively. Moreover, we set

GL(n,R) :={A € M,(R) | det A # 0}, GL(n,C):={A € M,(C) | det A # 0}.
Further classical matriz groups are
SL(n,R):={A € GL(n,R) | det A =1}, SL(n,C):={A € GL(n,C) | det A =1},
O(n) :={A € GL(n,R) | A'A = I}, Un):={Ae€GL(n,C)| A"A =1},
and

SU(n) :={AeU(n)|det A=1}.

The set GL(n,K), where K € {R,C}, is an open subset of M, (K), hence a smooth manifold. The
groups listed above are smooth submanifolds of GL(n,K) and simultaneously groups under matrix
multiplication. This motivates the following notion.

Definition 1.2. A matrix Lie group is a subgroup G C GL(n,K) which is an embedded smooth
submanifold. In this case the group operations

GxG—G, (g,h)— gh, and G—G, g—gl,
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are smooth maps.

The infinitesimal object attached to a Lie group is its Lie algebra.

Definition 1.3. Let G C GL(n,K) be a matriz Lie group and let e denote its identity element. The

Lie algebra of G is the tangent space
g:=T.G.

Since G is a submanifold of M, (K), we may regard g as a linear subspace of M, (K).

In the matrix setting the Lie bracket is given by the commutator.
Definition 1.4. For A, B € M,,(K) we define
[A, B] := AB — BA.

This bracket restricts to the Lie algebra g of every matriz Lie group G.

The Lie algebras of the classical matrix groups are given by
gl(n,R) = M, (R),  gl(n,C) = My(C),
sl(n,R) ={A e M,(R) | tr(A) = 0}, sl(n,C) ={A4 € M,(C) | tr(4) = 0},
o(n) ={A e M,(R) | A" = —A}, u(n) ={A4 € M,(C) | A" = —A},

and
su(n) ={A e M,(C) | A* = —A, tr(A) =0}.

Lemma 1.5. The commutator bracket on M, (K) is bilinear, antisymmetric, and satisfies the Jacobi
identity
[4,[B,Cll + B, [C, A]| + [C, [A, B] = 0

for all A, B,C € M,(K).

Proof. Bilinearity and antisymmetry are immediate from the definition. For the Jacobi identity we
expand:

[A,[B,C]] = A(BC — CB) — (BC — CB)A
— ABC — ACB — BCA + CBA,

and similarly
[B,[C, A]] = BCA— BAC — CAB + ACB,

[C,[A,B]]=CAB — CBA— ABC + BAC.
Adding the three expressions yields zero. O

Remark 1.6. Hence every matrixz Lie algebra is a Lie algebra in the usual sense, that s, a vector
space endowed with a bilinear, antisymmetric bracket satisfying the Jacobi identity.

Definition 1.7 (SU(2)-reality condition). A holomorphic map
g: C* = SL(2,C)
is said to satisfy the SU(2)-reality condition if

g = (gA"H") " forallxeCx.
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Remark 1.8. If A € S, then \™' = X, and the reality condition becomes

9N = (9(V))

-1

Equivalently,
9(N)g(A) = 1.
Hence g(\) € U(2) for all X € S*. Since moreover

g9(A) € SL(2,C),

it follows that
g(A\) € SU(2) for all A € S*.

Remark 1.9. This is the standard reality condition corresponding to the compact real form SU(2) in
the loop-group setting; compare, for example, Pressley [1985].

1.1.2 Left-invariant vector fields and flows

We now pass from the algebraic structure of g to vector fields on the group.

Definition 1.10. Let G be a Lie group and g € G. The map
Ly:G— G, h — gh,
1s called left translation by g. A smooth vector field X on G is called left-invariant if
(dLg)n(X(h)) = X(gh)
for all g,h € G.

The left-invariant vector fields are completely determined by their value at the identity.

Proposition 1.11. Let G be a matrixz Lie group with Lie algebra g = T.G. For every A € g there
exists a unique left-invariant vector field X4 on G such that X a(e) = A. It is given by

Xa(g) = (dLg)e(A) = gA.
Thus the assignment
g — {left-invariant vector fields on G}, A Xy,

18 a linear isomorphism.

Proof. For A € T,G define X 4(g) := (dLg)c(A). Since left translations are smooth, X, is a smooth
vector field. Moreover, for all g, h € G we have

(dLg)n(Xa(h)) = (dLg)n(dLn)e(A) = (dLgn)e(A) = Xa(gh),

hence X 4 is left-invariant. Uniqueness follows by evaluating the left-invariance identity at h =e. [

The relevance of global vector fields comes from the fact that they generate flows.

Theorem 1.12. Let M be a smooth finite-dimensional manifold and let X be a smooth vector field
on M. Then X induces a local flow, that is, for every p € M there exist an open interval I, C R

containing 0 and a smooth map
&, L, - M
such that p
(00 =p, S Bp(t) = X(2p(1)).
If X is complete, these local flows combine to a smooth action

¢:RxM— M.
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Remark 1.13. On a Lie group, every left-invariant vector field is complete. In particular, each A € g

generates a one-parameter subgroup of G.

For later use we briefly recall the exponential map.
Definition 1.14. For A € M, (K) the matrix exponential is defined by

ﬁ'
k=0

exp(4) :=

Proposition 1.15. Let G be a matriz Lie group with Lie algebra g. For every A € g the curve

Ya(t) = exp(tA)
is a one-parameter subgroup of G, and

va0) =€, 74(0) = A

Moreover, v4 is the integral curve of the left-invariant vector field X 4 through the identity.

1.1.3 Matrix-valued differential equations

Since the objects occurring later in the thesis are matrix-valued, we record the basic form of the

corresponding differential equations.

Let Q C R? be open with coordinates (x,v), and let U,V :  — M,,(K) be smooth maps. We consider

a matrix-valued map F : Q — GL(n,K) satisfying
0. F = FU, OyF = FV.

This is the form in which the frame equations appear later on.

(1.1)

Proposition 1.16. Let F : Q@ — GL(n,K) be a smooth solution of (1.1). Then U and V satisfy the

compatibility condition
0,U — 0,V +[U,V]=0.

Proof. Since mixed partial derivatives commute, we obtain
0y (0, F) = 0,(0,F).

Using (1.1) this becomes
O0y(FU) = 05(FV),

hence
(0yF)U + F(0,U) = (0, F)V + F(0,V).

Substituting again (1.1) yields
FVU + F(8,U) = FUV + F(9,V).
Multiplying from the left by F~!, we obtain
VU +0,U = UV +8,V,

that is,
0,U -0,V +[UV]=0.

The previous condition is the coordinate form of the Maurer—Cartan equation.

(1.2)

8
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Definition 1.17. Let G be a matriz Lie group with Lie algebra g. For a smooth map F : Q — G, the
g-valued 1-form
a:=F'dF

is called the Maurer—Cartan form of F'.

If we write
a=Udz+Vdy,

then (1.1) is equivalent to F~'dF = «, and (1.2) is precisely the Maurer—Cartan equation.

Theorem 1.18 (Maurer—Cartan equation). Let  C R? be simply connected and let o € Q(, g) be
a smooth g-valued 1-form. Then the following are equivalent:

1. There exists a smooth map F : Q) — G such that
FYdF = a.

2. The form « satisfies
do+aNha=0.

Moreover, if a solution exists, it is unique up to left multiplication by a constant element of G.

Remark 1.19. Ifa = Udzx + V dy, then
da+aAa=(0,V—08,U+[UV])dxAdy.

Thus the Maurer—Cartan equation is equivalent to the condition (1.2).

In the thesis we also encounter vector fields of commutator type on a vector space of matrices. We
therefore record the corresponding infinitesimal compatibility condition.

Proposition 1.20. Let V be a vector subspace of M, (K), and let U,V : V — M, (K) be smooth maps.
Define vector fields X, Y on V by

X(Q)=[UQ] Y=,V
Then their Lie bracket is given by

[X,Y)(¢) = [¢, dU(Y () — dVe(X(C)) — [U(C), V(Q)]]-

In particular, the Jacobi identity is exactly what combines the double commutator terms into a single
commutator.

Proof. For n € V we have
dX¢(n) = [0, U]+ [C, dUc(n)],
and similarly

dYe(n) = [n, V(O] + [, dVe(n)].

Hence
(X, Y](C) = dYc(X(C)) — dXc(Y(Q))
= [X(0), V(O] = [Y(€), U(O] + [¢, dVe (X (€)) — dU(Y(€))]-
Since X (¢) =[¢,U(¢)] and Y (¢) = [¢, V(C)], the Jacobi identity implies
[(X(0), V(O] = [Y(©), U(Q)] = [¢, [U(), V(OI)-
Substituting this into the previous expression gives the claim. O

Remark 1.21. In applications one chooses U and V' in such a way that the expression

dU¢(Y/(C)) = dVe(X(Q)) = [U(€), V(O]

vanishes. Then the vector fields X andY commute, and the corresponding flows are compatible.

9
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1.1.4 Differentiation of the determinant

The determinant polynomial plays a central role later on, so we collect the relevant differentiation
formulas.

Definition 1.22. For A € M, (K) we denote by At the adjugate matriz of A, characterized by
AAT = AT A = det(A) I.

Proposition 1.23 (Derivative of the determinant). Let A : I — M, (K) be a differentiable curve,
where I C R is an interval. Then

d /
= det(A(t)) = tr(A(H)T A'(1)).

If A(t) is invertible, this becomes

%det(A(t)) = det(A(t)) tr(A(t) "' A'(t)).

Proof. The determinant is a polynomial in the matrix entries, hence differentiable. Its differential at
A is given by the cofactor expansion, which yields

d(det) o(H) = tr( ATH)
for H € M,,(K). Applying this to H = A’(t) gives the first formula. If A is invertible, then
AT = det(A) A7,
and the second identity follows. O
The next consequence is the one needed most often in the sequel.

Corollary 1.24. Let A: I — M, (K) and B : I — M, (K) be differentiable curves satisfying

Then det(A(t)) is constant on I.
Proof. By the previous proposition,

%det(A(t)) = tr(A(t)T[A(t), B(1)]).

Using ATA = AAT = det(A)I, we obtain
tr(A'[A, B]) = tr(ATAB — ATBA) = det(A) tr(B) — tr(BATA).
Since ATA = det(A)I, this equals
det(A) tr(B) — det(A) tr(B) = 0.
Hence det(A(t)) is constant. O
In particular, the same argument applies to characteristic polynomials.

Corollary 1.25. Let A: I — M,(K) and B : I — M,(K) be differentiable curves satisfying

Then for every A € K the quantity
det(AI — A(t))

is independent of t. Equivalently, the characteristic polynomial of A(t) is preserved along the flow.

10
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Proof. For fixed \ we set
O (t) .= A — A(t).

Then
CA(t) = —A'(t) = —[A(t), B(t)] = [M — A(t), B(t)] = [CA(t), B(¢)].

The claim now follows from the previous corollary. O

Remark 1.26. This observation is the basic mechanism behind the preservation of determinant poly-
nomials along Lax-type flows.

11



Chapter 2

Potentials and Polynomial Killing
Fields

In this chapter we introduce the space of potentials and the associated Polynomial Killing Fields that
will be studied in the sequel. We restrict ourselves to the case of spectral genus g = 2, since this is the
relevant setting for the applications considered in this thesis. Our aim at this stage is to formulate
the basic objects and to record the corresponding differential equations, while postponing the more
substantial analysis to the following chapters.

The sinh—Gordon equation is a fundamental example of an integrable nonlinear partial differential
equation. It appears in differential geometry and mathematical physics, for instance in the theory
of surfaces with constant negative curvature. A particularly important class of solutions is given by
the finite-type, or finite-gap, solutions. These arise from the integrable structure of the equation
and are described by algebro-geometric data associated with a spectral curve of finite genus. In this
way, the nonlinear equation can be studied by methods from algebraic geometry and spectral theory.
This point of view not only provides an explicit description of special families of solutions, but also
reveals deep connections between integrable systems, Riemann surfaces, and the theory of periodic
and quasi-periodic solutions.

In the present situation, solutions are parametrized by flows on a space of potentials induced by a
particular system of ordinary differential equations. Before studying these flows, we first introduce the
corresponding space of potentials. In our case, this is the following set of matrix-valued polynomials
of degree 3:

Pyi=dc= ak —al? 74 BA— A2
S L W) ) P D ¢ —a) + ar?

a,BE(C,'yeR"‘}.

On this space, the Lax equations define two vector fields:

¢ _ ¢ _
3. = G U] oy [, VO, (2.1)
where the two 2 x 2 matrices U(¢) and V(¢) are given by
o a—a _7—1)\—1 — - ata ,771)\71 +

The two equations in (2.1) form a system of ordinary differential equations, and by standard ODE
theory there exists an integral curve for every initial potential ((0) = (y € Pa. It therefore remains to
show that these integral curves fit together to define a map

(z,y) = ¢(,y)

12
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on an open neighbourhood of (0,0) € R2. For this, it is enough to verify that the two vector fields
defined by (2.1) commute.

This is precisely the situation considered in the preliminaries. For vector fields of the form

X =1GU@] Y=V

Proposition 1.20 shows that their Lie bracket is determined by the expression

dU¢(Y(C)) = dVe(X(Q)) = [U(C), V(Q)]-

Along a solution ((x,y) of (2.1), this is exactly the quantity

Q) V()
y Ox

-0, V].

Hence, by Remark 1.21, the two flows are compatible provided that

V] + agif) - ‘Ngg(f) 0, (2.2)

This is precisely the Maurer—Cartan equation. A direct computation shows that (2.2) is satisfied for our
specific choice of U(¢) and V(¢). We do not carry out this computation here, since it is straightforward
and has already been done in Hoepner [2015], Chapter 5. It follows that the vector fields commute,
and consequently the corresponding integral curves combine to a local map (x,y) — ((z,y).

Definition 2.1. A local Polynomial Killing Field is a smooth map
C Q0 — 7)2,

where Q C R? is an open set, such that ¢ satisfies (2.1) on Q.

At this point it is not yet clear whether Polynomial Killing Fields exist globally. We will see in the
next chapter that this is indeed the case.

Remark 2.2. The relevance of Polynomial Killing Fields comes from their connection with the sinh—
Gordon equation. They may be regarded not only as flows on the space of potentials, but also as flows
on the parameter space given by o, 8 € C and v € R™. It is shown in Hoepner [2015], Chapter 5, that
for a given Polynomial Killing Field the function

u(w,y) = Iny(z,y)

solves the sinh—Gordon equation.

To conclude this chapter, we introduce the objects that will be studied in the next chapter. First, we
observe that every ¢ € Py determines a polynomial a € C*[)\] such that

det ¢ = Aa(N).
This motivates the following definition.

Definition 2.3. Let a € C*[\] be such that det( = Xa()\) for some ( € Py. We then define the
isospectral set of a by

I(a) = {C € Py | det ¢ = Aa(N)}.

Such a polynomial a is called a determinant polynomial. We denote the space of all determinant
polynomials by
My = {a € C*[\] | det ¢ = Xa()\) for some ¢ € Py}

These sets are relevant because every Polynomial Killing Field whose initial value lies in an isospectral
set remains in that set.

13
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Lemma 2.4. Let {(z,y) be a Polynomial Killing Field, such that det {(x,y) = Aa(\). Then it holds

Oda _ Oa

0= 2= 2.
or 0 dy (2:3)

Proof. We prove only the first identity in (2.3), since the second one is completely analogous. By
Proposition 1.23, we have

D (det ¢) = tr(¢T 9:¢) = tr(¢T(CU = UQ)).
Using the defining property of the adjugate matrix, we obtain
tr(CTCU) = tr(det(¢)U) = det(¢) tr(U),

and similarly
tr(¢TU¢) = det(¢) tr(U).

Since the trace is linear, it follows that
0z (det ¢) = 0.

This proves the claim. O

14



Chapter 3

Isospectral Sets

In this chapter we study the behaviour of the isospectral sets I(a) for a € Mjy. To this end, we
decompose Mo into five cases:

M3 := {a € My | a has four pairwise distinct simple roots not on S'},

M3 :={a € My | a has one double root on S' and two simple roots not on S'},
M3 = {a € My | a has two distinct double roots on S'},

M3 := {a € My | a has one root of order four on S'},

M3 :={a € My | a has two distinct double roots not on S'}.

We shall see that in all cases the corresponding isospectral set is compact, and we will record some
basic facts about its algebraic structure. Since this has already been studied elsewhere, see for instance
Knopf et al. [2025], we keep the exposition rather compact, while still including enough detail for the
purposes of this thesis.

We begin by observing that a takes a specific form in terms of the parameters «, £, and . Indeed,
by explicitly computing the determinant of { € Py, we obtain

a(A) = A+ a1A® + agA\? + @A+ 1, where
ay=-a’—-py ' =By and ay=2aa+pBB+7+7 %

In particular, a; is complex-valued, whereas as is a strictly positive real number. This allows us to
represent the map ( — a as

f:CxCxRt = C xR, (a, B,7) = (a1, az).

Before turning to the compactness arguments, we want to describe My more concretely. For this
purpose, we analyze the determinant polynomial a arising from ¢ € Ps.

First, simply evaluating at A = 0 gives
a(0) = 1. (3.1)

For convenience, we write ) in order to emphasize the value of the spectral parameter. At this point
we observe that ( satisfies the reality condition

ax"t —a\7? AN = BATZ 4y INT8 ) ¢
= —(\-

37 _ 43 -
A Cl/A =A ( 7,7—1 +B}\71 7,.7/)\*2 —a\x—! +Oz/\72 (32)

For the next step, we recall a basic fact about skew-Hermitian matrices. A square matrix A is called
skew-Hermitian if A* = —A. Let a be an eigenvector of such a matrix A with eigenvalue . Since
a/l||al| is again an eigenvector, we may assume without loss of generality that a‘a = 1. Then

X =Adta = a'ha =atra = atdla= a'(—A)a = —a'\a = —\

15
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Thus the eigenvalues of a skew-Hermitian matrix are purely imaginary.

In our case, we are interested in the matrix

)\_3/2C B ()(/\_1_/2 _ @)\1/2 _,Y—l/\—3/2 + B)\—l/Q _ ’}/)\1/2
A= FY)‘71/2 _ B/\l/Q +’771>\3/2 70»\71/2 =+ 0—[/\1/2 .

It is easily checked that this matrix is skew-Hermitian for A € S'. Moreover, it is traceless. Since the
sum of the eigenvalues is equal to the trace, it follows from the previous discussion that there exists
r € R such that the eigenvalues are of the form

A1y = Fir.
If A\; and Ay denote these two eigenvalues, then
det(A\™%/2¢) =M =72>0  for A e St
Rewriting this yields the second condition:

0 < det(A™3/2¢,) = A3 det ¢ = A 2a())  for A € St (3.3)

The final property relevant for us follows directly from the reality condition (3.2). A short computation
gives the corresponding reality condition for the determinant polynomial:

Aa()\) = det ¢\ = det(—\? ;/X

) = A0det Cix = MA-la(A=1) = Na(A1). (3.4)
We now show that these three conditions completely determine Msy. The proof of the following
theorem goes back to Hoepner [2015]. We only sketch it here in order to indicate the main ideas and
techniques.

Theorem 3.1. The conditions (3.1), (3.3), and (3.4) completely characterize the determinant poly-
nomials a € Ma, that is,

My = {a € C4[A ‘a(O) =1, Ma(Z 1) = a(\), A"2a(\) >0 for A € sl} .

Proof. We already know that each determinant polynomial a € Ms satisfies these conditions. Thus
it remains to show that every polynomial a satisfying them is in fact a determinant polynomial.

By condition (3.4), every root of a gives rise to a second root: if A\; is a root of a, then so is j\fl.
Hence a has the structure

a(X) = (A =A)A = ATHA = A)(A = A3 H).
Condition (3.1) implies that the product of all four roots is equal to 1, that is,
MATIRA =1,

Rewriting this gives - -
MATE =0t (3.5)

The idea is now to find suitable (a,3,7) € C x C x RT such that the corresponding ¢, satisfies
det ¢, = Aa(A). To do so, we choose @« = 0 and then try to determine 8 and ~ accordingly. For

convenience, we write
_( AN B
= ( AC(A) —A(N) )

where A, B, and C are polynomials of degree at most two. In our case, A(A) =0, and therefore

det ¢y = —AB(A)C(N).

16
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Thus we want to choose v and [ in such a way that

Since both sides must have the same roots, and the roots of a are already known, we make the ansatz
B(A) =7(A = M)A = A,
CO)=7"" A= X)X = A1),

It is shown in Hoepner [2015] that the following choice of 5 and « indeed makes a the determinant
polynomial of some () € Po:

N = ()\15\2—1)—1/2,
B= ()\15\2)1/2 + ()\15\2)71/?

What remains to be checked is that v is in fact a positive real number. To prove this, Hoepner [2015]

first shows that
5\ = Z\/ )\15\{1

is an element of S!. Then condition (3.3) and equation (3.5) imply that

/\a(j\) = —>\15\;1 — a15\ —+ ag — dlj\_l — )\25\51 > 07
5\0(75\) = 7)\15\1_1 =+ (115\ —+ as + (11;71 — )\25\2_1 Z 0

Adding these two inequalities is equivalent to

1 1 1
A1 A + + + 1) > 0.
o (MM 2T AP
Since the expression in parentheses is a positive real number, it follows that Ay A2 > 0. By condition

(3.1), both roots are non-zero, and hence
A1 > 0.

N\ 12 Ao —1/2
=) =(Rp) e
A2 |A2]

Before we return to the study of the isospectral sets, we need to cite one more statement. A flow
through P5 can equivalently be described by a flow through the parameter space. As shown in Hoepner
[2015], the parameters must satisfy differential equations which we will simply cite

Consequently,

O

Lemma 3.2. Let zetay be a Polynomial Killing Field. The paramters o, 3 € C and v € R satisfy
the following modified Lax equations:

foJe _— _ o ., _ = _
=By =By =7 - =iy By =Byt =P
ox dy
98 —af +aB —2ay + 2ay ! 08 =i(—aB —aB + 2ay +2ay" 1)
oz dy
@*foz -« %71'(07 —a)
Proof. For the explicit calculations, see Hoepner [2015], chapter 5. O

We finally proceed to the main theorem of this chapter. The following result is proved in Knopf et al.
[2025]. Our aim is to make the proof more accessible by presenting the argument in greater detail.

17
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Remark 3.3. The theorem below first shows that in each of the five cases the isospectral sets are
compact. We already know that if (o € I(a), then every solution of (2.1) remains inside I(a). By
standard ODE theory, compactness of the isospectral set excludes blow-up inside I(a), and no solution
can escape the set in finite time. Consequently, the local solution extends to all (x,y) € R?, and the
two commuting flows from (2.1) define a global R?-action:

¢: R = End(P2),  (z.y) = d(zy), (= dlz,y)C (3.6)

Theorem 3.4. The vector fields in (2.1) induce the action (3.6) of R? on Py. The isospectral sets
I(a) C Py are compact and have the following properties:

1. For a € M3, the isospectral sets I(a) are two-dimensional compact submanifolds of Py with
transitive group action (3.6), that is,

I(a) = {¢(z,y)¢ | (x,y) €R*}  for any ¢ € I(a).

2. For a € M3, the isospectral sets I(a) are one-dimensional compact subsets of Py with transitive
group action (3.6).

3. For a € M3 U M3, the isospectral set I(a) consists of a single fized point of the group action
(3.6).

4. For a € M3, the isospectral set I(a) is the union of two disjoint orbits of the group action (3.6),
namely

I(a) ={¢ € I(a) | Clye o, 501y # 0P ULC € 1(a) | Clyepa a1y = 03

where A1 and j\fl are the double roots of a. We denote the set on the left by K, and the set
on the right by L,. Then K, is a two-dimensional non-compact submanifold of P2 with closure
K, =1(a), and L, consists of a single point.

Proof. Step 1: Compactness of the isospectral set I(a)

By construction, the map
f:CxCxRt = CxR, (o, B,7) = (a1, az)

is continuous. Since (a1,as) is fixed on I(a), the set I(a) is the preimage of a closed set under a
continuous map and is therefore closed.

It remains to show boundedness. For ¢ € I(a) we have

as = 20a + BB+ %+ 472, (3.7)
Since the left-hand side is constant on I(a), the non-negative quantities 2|a|?, |3|2, 42, and y~=2 are
uniformly bounded on I(a). In particular, «, 3, 7, and v~! are bounded. Thus I(a) is bounded in
the parameter space C x C x Rt and therefore compact.

Step 2: The case a € M1
Let

_ ad —aN? YT EBA AT\ _ (A BV
¢= <v>\ — BAZ 447N —a\ + ar? > - ()\C(A) _A()\)> € I(a).

Since a € M3 has four pairwise distinct simple roots, the matrix polynomial ¢ has no root in C\ {0}.
Indeed, if ((Ag) = 0 for some Ao # 0, then all entries of ¢ vanish at \g. Hence A(X), B(A), and C())
are all divisible by (A — \g), and therefore

det C(\) = —A(N)? — AB(A)C(N)

is divisible by (A — X\g)?. Since det (\) = Aa()\) and Ao # 0, it follows that (A — \g)? divides a()\).
Thus )\ is a multiple root of a, which is impossible. For Ay = 0, ¢ cannot have a root, since B(0) # 0,
because v # 0.
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We now study the map f, where

a1 = —a2 — Byt = B, as =20 + BB+ % +~72.

In order to show that I(a) is a two-dimensional submanifold, it suffices to prove that the Jacobian of
f has full rank 3 on I(a) and then apply the Implicit Function Theorem A.2.

Writing the variables as («, @, 3, 3,7), the Jacobian is

0 —2a —y ' -y pyi-p
Jf=1—-2«a 0 -y —’Y*l 5772—5

200 2a  f B 20y—77?)

We distinguish two cases.

Case 1: a # 0. By Gaussian elimination, Jf can be transformed into a matrix of the form

—2a 0 =y 7! By
0 —2a _’7_1 - 67_2 - 6 ’
0 0 0 L K
where
§=8—-vyata—ylata=-ataC@a),

t=B8-vy"tata—vala=a"taB@ ta).
If Jf failed to have full rank, then necessarily § = ¢ = 0. But this is equivalent to
B(@ta)=0=C(a"'a).
Since moreover
Ala™a) =aata —alata)? =0,
1

the matrix ¢ would vanish at A = a~
rank.

«, contradicting the fact that ¢ is rootless. Hence J [ has full

Case 2: a = 0. Then A(\) = 0, so ( is off-diagonal. In this case, ¢ has a root if and only if B and
C have a common root. Equivalently, their resultant vanishes. The resultant can be computed using
the Sylvester matrix:

0 - B !
res(B,C) =det | _; -
=B 0
0 77t =P

Since ( is rootless, we have res(B, C') # 0.

For a = 0, the first two columns of Jf vanish, and we may regard the Jacobian as

-t -y ByE-p8
Jf=| — ' By?-8

B B 20y—779)

Expanding along the first row, we obtain

- By -8
VB 2y —473)

-1 By 2-8
B 20y—77?)

-2 _ 3|y =7

det(Jf) = =y

—1
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The three 2 x 2 determinants are

ol B2 _
’ % 26(3 3 Wﬁ) =—"2(v—7?) - BBy -8
= 21—~ = BBy + B,
_ By—2 _ o
‘ 57 2@ _ 735) =720y =77") = BBy - B)
= —2(y* =~7%) = By + B,
eyl _
’ 3§ =R

Substituting these expressions and simplifying yields
det(Jf) = —2y7" (7252 +y 2B+ BByt T - 2).
On the other hand, a direct computation of the resultant using the Sylvester matrix gives
res(B,C) =¥ 3% + 74722 + BB 7" =77 - 2.

Hence
det(Jf) = —2v ' res(B, C).
Since res(B, C) # 0, it follows that det(Jf) # 0, so Jf has full rank also in the case oo = 0.
The Implicit Function Theorem A.2 therefore implies that I(a) is a two-dimensional submanifold of

Po.

We now show that the R2-action is transitive. Recall that the tangent vectors to the orbit through
a point ( € Py are given by the two vector fields appearing in the Lax equations (2.1). To prove
that the orbit through ( is two-dimensional, it is enough to show that these two vectors are linearly
independent over R at every ¢ € I(a).

Assume therefore that there exist real numbers r, s € R such that

r[C, U(Q)] + s[¢, V(Q)] = 0.

By linearity of the commutator, this is equivalent to

[¢,rU(Q) + sV (Q)] = 0.

We now consider this identity pointwise in the spectral parameter A. For every A\ we obtain a 2 x 2
matrix ((\) satisfying
[C(A), rU(Q)(A) + sV () (A)] = 0.

For a non-zero traceless 2 x 2 matrix A, the set of traceless matrices commuting with A is one-
dimensional and consists precisely of scalar multiples of A. Indeed, all matrices from the above
equation are traceless. Hence for every A there exists a scalar g such that

rUQ)A) +sV(OA) = g¢(A).

In this way we obtain a meromorphic function g(\) satisfying
rU(¢) +sV(¢) = g(A)S. (3.8)

We next analyse the possible singularities of g. The matrices U(¢) and V(¢) have at most a simple
pole at A = 0, coming from the terms involving A~!. Since ( itself is meromorphic at A = 0 and has
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no pole there, any singular behaviour on the right-hand side of (3.8) must come from g. Thus g can
have at most a simple pole at A = 0.

Any additional poles of g could only occur at points where ((A) = 0. However, since ( is rootless, no
such points exist. Thus g has no poles away from A = 0. Finally, we examine the behaviour at A = co.
From the explicit formulas for U(¢) and V(¢), the left-hand side of (3.8) grows at most linearly in A,
whereas (()\) grows like A®. Hence (3.8) implies that

g\ =012 as A — 0o,

and in particular g has no pole at infinity. We conclude that ¢ is a meromorphic function on the
Riemann sphere without poles and therefore, by Liouville’s Theorem A.3, must be constant. Since
then g(A\)C()\) grows like A3, whereas the left-hand side grows at most linearly in ), this constant must
in fact be zero. Thus

and hence

rU(¢) +sV(¢) =0.

Inspecting the explicit formulas for U({) and V ({), we see that the coefficients of A~! and X occurring
in these matrices are linearly independent over R. Therefore

r=s=0.

This shows that the tangent vectors [(,U(¢)] and [¢,V({)] are linearly independent. Hence the orbit
through ( is two-dimensional. It follows that the differential of the map

¢:R*=I(a),  (z,y) — ¢(z,y)¢,

has full rank 2 at every point. Since dim I(a) = 2, the map ¢ is a local submersion and therefore open
onto its image. Consequently, the orbit

{¢(z,y)C | (x,y) € R?}

is an open subset of I(a).

Since the orbit is the continuous image of the connected set R?, it is connected. Because I(a) is
compact, every open orbit is also closed in its connected component. It follows that the orbits coincide
with the connected components of I(a).

It therefore remains to prove that I(a) is connected. To this end, we consider the function

I(a) = RY, (= (Q). (3.9)
Restricted to any orbit, this is a smooth real-valued function. Since the orbit is compact, the function
attains both a maximum and a minimum.

By using the equations from Lemma 3.2, we see that the derivatives of v vanish precisely when o = 0.
Thus at the critical points of -, one has A(A) = 0, and hence the critical points of v are exactly the
off-diagonal potentials.

Such off-diagonal potentials correspond to factorizations of the determinant polynomial a into two
quadratic factors coming from the product B(A)C(X).

Indeed, let the four simple roots of a € M3 be
AL AT Ao Ag

If @« =0, then
a(\) = —=B(A\)C(N).

Thus the roots of a must be distributed among the roots of B and the roots of C.
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Because of the reality condition, the roots of B and C occur in paired form: if A is a root of B, then
A~1is a root of C, and conversely. Therefore, for each reality pair

{A175\1_1}7 {A275‘2_1}7

exactly one element must be chosen as a root of B, and the other is then forced to be a root of C'. Once
the roots of B are fixed, the roots of C are uniquely determined as the corresponding inverse-conjugate
partners. Hence exactly four off-diagonal possibilities occur. Therefore I(a) contains precisely four
off-diagonal elements.

A direct computation of the Hessian shows that these critical points are non-degenerate, that is, the
Hessian is invertible at each of them. Consequently, v has exactly four critical points on each orbit,
namely one maximum, one minimum, and two saddle points. In order to keep the proof reasonably
transparent, we do not carry out the Hessian computation here, since it is straightforward.

In particular, there is exactly one off-diagonal element that can serve as a maximum. Therefore, (3.9)
restricted to any orbit, must achieve this value. Uniqueness of the maximum then proves that all
orbits must be the same, i.e. there is only one orbit and consequently, I(a) is connected.

Since the orbits of the R%-action coincide with the connected components of I(a), it follows that there

is only one orbit. Hence the action is transitive. This proves part 1.

Step 3: The case a € M2 Now a has one double root on S' and two simple roots away from S'. Let
Ao be the double root on the unit circle. We have already seen that for such A, the matrix A\=3/2¢y
is skew-Hermitian, and since a(\g) = 0, its determinant vanishes as well. By the structure of its
eigenvalues, this can only happen if both eigenvalues are equal to 0. In particular, a skew-Hermitian

matrix is normal:
ATA = —AA = A(-A) = AAT.

Hence the Spectral Theorem A.4 implies that
/\JS/QCAO =0,

and therefore also
G = 0.

Thus every unitary root of a is necessarily a root of ¢. Since the double root lies on S!, every ¢ € I(a)
has a common polynomial factor corresponding to this root. The idea is therefore to work with

Ovi= (A= 20) 7t
instead. This reduces a from a polynomial of degree four to a polynomial & of degree two, defined by
det €y = Aa(\).

In this way, the problem reduces to genus—one.

We therefore introduce the genus—one potentials

s (o —p! ia =B\ < 0 0\ -
Pl'{<<0 0 )+<B —z‘év)“(ﬁl 0>A2

We proceed in the same way as in the genus—two case, but only record the resulting calculations, since
the methods are identical. A direct computation yields

deR,BeR*}.

det(C) = A(N* + @\ + 1), a1 =a*>+ B2 + B2,

Hence the map (&, B) — a1 has one-dimensional target. Its gradient is

26
(23 3)
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This gradient vanishes exactly at

a=0, f=1,
corresponding to the unique degenerate case in which the determinant polynomial has a double root.
Therefore, as long as the two roots of a are distinct, the Implicit Function Theorem A.2 implies that
the level set

I(a) = {C € Py | det { = Aa(\)}

is a compact one-dimensional submanifold. Compactness follows for the same reasons as in the genus—
two case.

The Lax equations for f are

with 5—13—1 A 3—13—1 3
oAy 10 BT AT =0 SN 0 —BTAT 4+
00=(5,50 700 7) vo=i(a 5 )

An explicit computation gives

0s60 =0, 0sf} =0,
Dgiv = 2(672 — B?), 9y = 24p.

Thus the z-flow is trivial and the dynamics are effectively one-dimensional.

Now let €2** be the double root of a, and let Ae~2% and ;\1_16_2i‘p be the two simple roots of a,
where A1 € (—1,0). Define

= _e2iv) T\ _ (cosp —sinp) (x
o ’ 9)  \singp cosy y)’

o= (5 o) SEd (5 i) (0=

e'?

and

>

We now verify that this transformation identifies (a) with I(a) and intertwines the corresponding
flows.

Since 55\ is a polynomial of degree two in ;\, and \ = —e2% )\, it follows that 55\ is a polynomial of
degree two in A. Multiplication by (A — €?*) therefore produces a polynomial of degree three. A
direct computation of the entries shows that ) has the form

¢ = aX — ar? ( 71+ BA — )2
AT A= BAZ 441N —a\ + a\? ’

for suitable parameters a, 8 € C and v € R™. Hence ¢ € Ps.

Next we examine how the determinant transforms. By multiplicativity of the determinant,
det ¢y = %P (X — e2%)? det(é;\).

Since det((;) = Aa(\) and A = —e?¥), we obtain

det (= %P (A — €¥'?) (=P \) a(—e*¥X)
— xa(),
where ' _ _
a(\) = =B (X — e¥19)2a(—e?P ).
Thus ¢y € I(a).
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Finally, we show that the flows are intertwined. Let CA satisfy the genus—one Lax equations
2:(=[CUQ) 93¢ =10V
By the chain rule and the linear change of variables between (z,y) and (Z,§), we get
0.,C = esi“”M(coscpc%g: — sinapagf)Mfl()\ — %),
and similarly for 9,¢, where M denotes the constant diagonal matrix.

Substituting the Lax equations for é shows that ( satisfies

C=[GUQ],  0,C=[¢VIQ]

that is, the genus—two Lax equations.

Thus the transformation maps I(a) into I(a) and intertwines the corresponding flows. Since the
construction is reversible, it defines a bijection between the two isospectral sets.

Therefore I(a) is a compact one-dimensional manifold. Since it is the continuous image of a con-
nected one-dimensional flow and the function /5 has exactly two critical points on 1(a), the set I(a) is
connected. Consequently, I(a) is connected as well, and the induced action is transitive. This proves
part 2.

Step 4: The case a € M3 U M3}

In this case,

ad) == M)2A— M) ] =1

Arguing exactly as at the beginning of part 2, every ¢ € I(a) must vanish at the unitary roots of a,
and hence must be divisible by (A — A1)(A — A1). Because of the special form of the elements of Pa,
this forces ¢ to be off-diagonal. Moreover, the determinant condition yields

vr=MA =1,

so v = 1. Therefore there is only one possible element, namely

¢= ((8 01> + (? 8) /\> = A — A).

Hence I(a) consists of a single point, and the flow (3.6) acts trivially on I(a). Consequently, the vector
fields in (2.1) vanish at this point, so it is a fixed point. This proves part 3.

Step 5: The case a € M3

Here -
o) = (A= AP =A% AL

The condition a(0) = 1 implies

- M\ A
=1 20) =28 e
)‘0)‘0 ~ |>\0| /\O E{ ) }
Ao
e 2 e 11,4, —i
ol <1 J

& Ao € (RUGR) \ {0}.

We can exclude the unitary values, since A\; ¢ S'. Suppose now that A\; = ir with » € R\ {—1,0,1}.
Then
A 2aN) =X = (r+r 20— A+ +r ) F (rFr 2 A2

Evaluating at A = 1 gives
a(l) = —-2+r*+r ) <.
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This contradicts the condition A=2a()\) > 0 for all A € S!. Therefore,

A ERN{-1,0,1}.

We first describe L,. If ¢ € L, then ( vanishes at both double roots of a. As in part 3, this forces
to be divisible by (A — A;)(A — AT!). In particular,

B(A) = (A = A1) (A= A7)
for some constant ¢ # 0. Comparing this with
B(\) ==y 14 BA—\?

shows, by looking at the highest-order coefficient, that

c=-" and hence — 7 = AT = .

Since v > 0, it follows that
v=1.

Therefore there is exactly one such potential:

(L= ((8 _01> + ((1) 8) )\) A=A =AY,

Thus L, = {1} consists of a single point. Since the roots of ¢ are preserved along the Lax flow, L,
is itself an orbit.

We now consider
K,=1(a)\ L,.

As in part 1, the Jacobian argument shows that K, is a two-dimensional submanifold of P,. The
same commutator argument as before shows that the two vector fields are linearly independent on
K,, and hence every orbit in K, is open in K,. Since the orbits are connected, they are precisely the
connected components of K.

In contrast to part 1, these orbits need not be compact. We therefore study their closures in the
compact set I(a). The closure of any orbit is compact and is either the orbit itself or the union of the
orbit with L,. Consider again the function

¢ (¢

On the closure of each orbit, this function attains a maximum and a minimum. These extrema
are either interior critical points in K, or the boundary point in L,. In either case they must be
off-diagonal potentials.

In the present case there are exactly three off-diagonal elements in I(a): the point in L, and two
further off-diagonal elements in K,. We know that on L, one has v = 1, whereas at the two off-
diagonal elements in K, the corresponding values of «y are respectively larger and smaller than 1. The
latter follows from the symmetry of the polynomials B(\) and C'()\): whenever (8,7) is a solution, so

is (B,77").
To analyse the structure more concretely, we study the slice v = 1. Expanding

a(\) = (A=)’ (A= A7)?

gives
a(N) =X =200 FATHN + (A2 4+ AN =200 F AT+ L
On the other hand, for v = 1, the formula (3.7) and the expression for a; become
2\ + A7) =—a? =5 -5,
M +24+ A% =2aa+ B5.
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We distinguish according to the sign of ;.

If Ay <0, we write
a=V2iz, 8 =—z+ 1y, z,y,z € R.

If Ay > 0, we write
a=2uz, B =z+iy, x,y,z € R.

In both cases the equations above reduce to
A+ A =27 4 2,
M+ AP = 42?4 2R

Eliminating z yields
= (M + AT = 2)22 + 7 =0. (3.10)

Equivalently,

y:ix\/|A1+A;1|—2—x2.

Since [A; + A;*| > 2, the real solution set of (3.10) is a figure-eight curve with an ordinary double
point at (x,y) = (0,0). This double point corresponds exactly to the unique element of L,, while the
two remaining branches correspond to elements of K.

In particular, every orbit in K, intersects the slice v = 1. Since at the two off-diagonal points of K,
the function v takes values on opposite sides of 1, every orbit in K, must contain both of these points.
Therefore all points of K, lie in one and the same orbit. Hence K, is connected and consists of a
single orbit.

This orbit cannot be compact. Indeed, otherwise, as in part 1, the restriction of ~ to it would be a
Morse function on a compact surface whose critical set would force the third off-diagonal point to lie
on the same compact orbit, contradicting the fact that this point is precisely the isolated orbit L,.
Thus K, is non-compact. Since its closure in the compact set I(a) contains L,, we obtain

K, = I(a).
This proves part 4 and completes the proof. O

We want to close this chapter with an observation we will need again later.

Remark 3.5. Let a € M3. By definition, a has one double root on S' and two simple roots away
from S'. Denote the double root by \g € St. Since Ao lies on the unit circle, there exists ¢ € [0,)
such that

)\0 = 62“'0.

Moreover, by the reality condition from the Theorem above, the roots of a occur in inverse-conjugate
pairs. Hence the two simple roots are of the form

p,  pt, peCx\sh

Therefore a admits the factorisation
a(A) = (A = 20)*(A = @)X = A7H).
We now determine the argument of p. Write
1= pe’, p> 0.

Since a(0) = 1 and a is a polynomial of degree 4 and has highest coefficient 1, the product of its four
roots is equal to 1. Thus

1= X2 pfit = etive?,
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It follows that ‘ ‘
R

Equivalently, there exists £ € R\ {0,%1} such that
p=Ee %,
Hence every polynomial a € M3 can be written in the form
a(d) = A=A =g ) A —¢ Te™), e R\{0,£1}.
After interchanging the two simple roots, we may assume |£| < 1. Thus the stratum M3 is parametrised

by the angle p of the double unitary root and one real radial parameter. In Chapter 5, after fixing the
sign convention used in the reduced spectral coordinate, we denote this radial parameter by r € (0,1).
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Chapter 4

Lattices of Periods

In this chapter we study the period lattices associated with the isospectral sets introduced in the
previous chapter. For determinant polynomials a € M3, the corresponding isospectral set I(a) is a
single compact orbit of the R2-action, and hence its isotropy group defines a lattice in C. Our aim is
to describe these lattices in terms of the spectral data and to investigate how their conformal classes
behave under degeneration. To this end, we introduce frames and monodromies, relate the period
lattice to meromorphic differentials on the spectral curve, and finally show that the resulting lattice
map extends continuously on M3 U M3 U M3, while degenerating as one approaches M3 U MS3.

By Theorem 3.4, the isospectral set I(a) of every a € My \ M3 consists of exactly one orbit. Hence
the isotropy group

L¢ = {(z,y) € R? | ¢(z,y)(() = ¢}
does not depend on the choice of ¢ € I(a). Identifying (z,y) € R? with z+iy € C, we therefore define
Lo i={z+iy e C|V(eI(a): ¢(z,y)(¢) =}

Lemma 4.1. For every a € My \ M3, the set T, C C is an additive subgroup.

Proof. Let wy = x1 + iy and wy = x2 + iy2 be elements of I',. Then, for every ¢ € I(a), the flow
property gives

P(wi +w2)(C) = (w1 + 32,51 + y2)(¢) = d(21,y1) (w2, 52)(C)) = d(w1,y1)(¢) = (.

Hence wy +ws € T',.

Moreover,

P(—w1)(¢) = ¢(—z1, —y1) (¢(21,31)(Q)) = ¢,

so —w; € I'y. Since C is abelian under addition, it follows that I'; is an additive subgroup of C. [

4.1 Period Lattice for a € M3}

For a € M3, Theorem 3.4 shows that I(a) is a two-dimensional compact orbit of the R2-action. Since
the R2-action is transitive on I(a), the orbit-stabilizer theorem A.7 yields a diffeomorphism

R?/T, — I(a).

As I(a) is a compact two-dimensional manifold, it follows that R? /T, is compact and two-dimensional.
Hence I', must be a discrete subgroup of R? 2 C with compact quotient.

We now recall the relevant notion of lattice.
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Definition 4.2. Let by,...,b,, € R" be linearly independent over R. The subgroup
L= (b1,...,bm)z =4 > nbj|n; €L
j=1

is called a lattice in R™.

Lemma 4.3. Let I' C C be a non-trivial discrete subgroup such that C/T' is compact. Then I is a
lattice of rank 2. More precisely, there exist wi,ws € C, linearly independent over R, such that

I'= wlz + CUQZ.

Proof. Since T is discrete and non-trivial, there exists an element w; € T'\ {0} of minimal modulus:

|wi| = min{|y|: v € '\ {0}}.
Then wZ C T.

We claim that T' ¢ Rw;. Indeed, if I' C Rwy, then by minimality of w; one has I' = w1 Z, and hence
C/T" would be non-compact, since only one real direction is quotiented out. This contradicts the
compactness of C/T".

Therefore there exists
wo € T'\ Rwy.

Choose wq such that its distance to the line Rw; is minimal among all elements of T \ Rw;. Then w;
and wy are linearly independent over R, and hence form an R-basis of C.

It remains to show that every v € I lies in w1Z 4 woZ. Let
¥ = awy + bwa, a,beR.

Choose integers m,n € Z such that
v =7 — mwi — nws

lies in the fundamental parallelogram
P={sw;+twy|0<s,t <1}
Since 7' € T, every element of T" is congruent modulo wyZ + wsZ to a point of the bounded set P. If
I'#wnZ + weZ,
then there would exist infinitely many distinct elements of I' N P, contradicting discreteness. Hence

I'= wlZ + LUQZ.

Thus, for a € M3, the isotropy group T, is a lattice in C:
Fa = wlz + LUQZ,

for suitable wq,ws € C linearly independent over R.

The choice of generators is not unique. We therefore identify lattices up to rotation and dilation.
Definition 4.4. Two lattices T', T C C are called isomorphic if there exists ¢ € C* such that

" =¢T.
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In Freitag and Busam [2005] it is proven, that every lattice in C is, up to a rotation dilation isomorphic

to a lattice
I, =7Z+ 77,

where 7 is in

N =

TE{TEC‘ S(r) >0, |R(1)| < =, T|21}, (4.1)

and becomes unique with the boundary identifications

1 1
—§—|—iy~§—|—iy foryE[?,oo),

and

1
—z+iV1—-22~z+iV/1— 22 foer[O,z}.

We denote the resulting quotient space by F and call every 7 € F the conformal class of a, where we
impose the quotient topology of the set in (4.1).

4.2 Frames, monodromy and the spectral curve

The natural question is whether the conformal class of ', extends continuously from M3} to the
limiting cases M3 U M3.

Remark 4.5. We note very briefly that it is not possible to define a lattice for M3UMS3 as we did for
the generic case. Theorem 5.4 already showed, that the Isospectral sets are just one-dimensional. This
fact alone lets us only hope to find a meaningful extension from the generic case to this degenerate
case. It turns out that we can do that.

We first want to figure out, how the conformal class depends on the determinant polynomia a. For
this purpose we introduce frames and monodromies.

Let ¢ : R? — P, be a Polynomial Killing Field with initial value (3 € P». Consider the system

OF OF

— =FU — =FV F(0,0) =1. 4.2
G = FUQ. G =FVO.  F0.0) (42)
Its fundamental solution F is called the frame.
Lemma 4.6. The Maurer—Cartan equation
oV(Q) 9U(Q)
\% - —2 =
VO V(O + T = 757 =0

implies that the frame F is well-defined as a function of (z,y) € R2.

Proof. We must show that the mixed partial derivatives commute. Differentiating the first equation
in (4.2) with respect to y yields

Fpy=F,U+FU, = (FV)U+ FU, = F(VU + Uy).
Similarly, differentiating the second equation with respect to = gives

Fyo =F,V+FV, = (FU)V+FV,=FUV +V,).
Hence the identity Fy, = F); is equivalent to

VU+U, =UV + Vi,
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or, after rearranging,

This is precisely the Maurer—Cartan equation. Therefore the system is integrable, and F' is well-defined
on R2.

Further, by Theorem 1.18 F' exists and is unique. O

By Theorem 3.4, for a € M3, the Polynomial Killing Field is constant, and therefore also U(¢) and
V(¢) are constant. In this case one obtains

F(z,y) = exp(aU(C) +yV(Q))-
We now identify (z,y) € R? with 2 = x + iy € C, and thus regard F as a function of z € C.
For w € T',, we define the monodromy M, by

M, = F(w).
Remark 4.7. The frame recovers the Polynomial Killing Field from its initial value:
(=F'¢F.
Indeed,
%(F_1C0F) = a§;1C0F+ F_lCO% =-UF 'QF+F '(WFU=[F'(FU],

and analogously,

%(F_lCoF) = [F1GF, V).

Hence F~1(yF satisfies the same Lazx equations and the same initial condition as (, and uniqueness
therefore implies the claim.

In particular, for every w € I'y, the monodromy M, commutes with (;. Indeed, we obtain, for
z=w €Iy,
o = ((w) = F(w) ' F(w) = M; ¢oM,.

Multiplying by M,, from the left yields
M, Co = oM,
Thus M, lies in the centralizer of (j.
Hence M, preserves the eigenspaces of (y. More precisely, let
By = ker(o(A) —v1)
be the eigenspace of (o(A) corresponding to the eigenvalue v. If v € E) ,, then
Co(AN)v = .
Using the commutation relation, we compute
G (Ma(N)0) = Mu(NG(Nw = Mu(N) (v0) = » Mo, (A,
Therefore
M,(Nv € Ey .
Now assume that a € M3. Recall from the proof of Theorem 3.4 that every (o € I(a) is rootless on
Cx.
Since all potentials in P, are traceless, the eigenvalues of (o(\) are £v, where v is determined by
det (U — (o(N)) = 2 + Aa(\) = 0.
Thus the corresponding spectral curve is

5 = {(\v) € (C\{0}) x C | v*+ Aa()) =0} . (4.3)

31



4. LATTICES OF PERIODS NiLs WAGNER

Lemma 4.8. Assume that a € M}. Let ¥ be the smooth compactification of ¥*, i.e. the set obtained
by adding the points lying over A =0 and A = oo. Then ¥ is a hyperelliptic curve of genus—two.

Proof. We rewrite the defining equation as 2 = —\a()). Since a()) is a polynomial of degree 4, the
polynomial
P(A) :=—Xa())

has degree 5. Moreover, because a € M3, the four roots of a are pairwise distinct and non-zero, and
since a(0) = 1, the factor A contributes an additional simple root at A = 0. Hence P has exactly five
distinct simple roots.

Consider the projection -
7% = P (\v) = A

This is a holomorphic map of degree 2, since for every A\ with P(\) # 0 the equation v? = P()) has
exactly two solutions v = £,/ P()).

The map 7 is branched exactly at the zeros of P(\) and at A = oo. Indeed, the five simple zeros of
P are branch points, and because deg P = 5 is odd, there is one additional branch point at infinity.
Hence 7 has in total 6 branch points.

We now apply the Riemann-Hurwitz formula from Hartshorne [2013] section 4 to the double covering
738 = Pl )
29(2) — 2 =2(29(P") — 2) +6.

Since g(P!) = 0, this becomes
Therefore

O

For A € C*, the matrix (o(A) is traceless and non-zero. Hence it cannot have a two-dimensional
eigenspace. Indeed, if one eigenspace had dimension 2, then {y(A) would be a scalar matrix, and since
it is traceless, it would have to be the zero matrix, which is impossible. It follows that both eigenspaces
are one-dimensional. In particular, the points of ¥* parametrize the one-dimensional eigenspaces of

Co-
The curve ¥* carries two natural involutions. The first one is
o:(A\v)—= (N —v),

which simply exchanges the two eigenvalues of the traceless matrix (o(\).

The second involution p is induced by the reality condition

).

Indeed, let (\,v) € ¥*, then v + Aa()\) = 0. Taking complex conjugates, we obtain

Ma(A™1) = qaf

72+ Xa()) = 0.
Using the reality condition for a, this becomes
72X Ma(AH) =0,  ie 24+ Na(XYH) =0

Multiplying by A=%, we obtain

Hence
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which shows that

p:(Av)—= (AL =A7D)
maps X* to itself and is indeed an involution.
Since each eigenspace E) , is one-dimensional and M,,(\) preserves it, the restriction

MoV, |+ Exo = Bxy
is a linear endomorphism of a one-dimensional complex vector space. Therefore there exists a function

fe 1 X — C*
such that
M,(N)v = p,(A\v)v forall v € Ej ,.

To see that the value p,, (A, v) is non-zero, it is enough to show that M, () € SL(2,C), since then it
is in particular invertible. Since M, is obtained from the frame, using 1.23 we compute

0
%detF =det F-tr(U(¢)) = 0.

Analogously, the same holds for the derivative in the y-direction. Hence the determinant of the frame
remains constant, and the initial condition implies that it is equal to 1 for all (z,y). In particular, for
w €Ty,

det M, = det F(w) = 1.
It remains to justify the transformation rules

=gt P e =T (4.4)

The points (A, v) and (A, —v) correspond to the two eigenlines of (o(\). Since M, (\) commutes with
¢o(A), it is simultaneously diagonalizable with (o(A) whenever the eigenvalues are distinct. Let the
two eigenvalues of M, (\) on these eigenlines be

,U/w()‘al/) and ,uw()‘a _V)'

Because M, (\) € SL(2,C), the product of its two eigenvalues is equal to 1. Hence

Mw()\’y) Mw()"_y) =1 < ,uw()"_y) :Mw()‘vl/)_l'

This is exactly
0" o = g,

By construction, M, belongs to the loop group G_ (the definition follows in the proof of Lemma 4.9),
and therefore for A € C* it satisfies the SU(2) reality condition 1.8 for A € S*

My(N) = (My(A™1)T) ™"

Equivalently, the eigenvalues of M, (A~!) are the inverses of the complex conjugates of the eigenvalues
of M,,()\). Since the involution p maps (), ) to the point lying over A~!, we obtain

o (0 1)) = 0]

Thus

P =T

Therefore the monodromy eigenvalue is a holomorphic function
Hy  2F — C*

satisfying the symmetry relations (4.4). These functions will be the key tool for describing the period
lattice I',.
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Lemma 4.9. Let a € M. Then w € T, if and only if the function
exp(wA™tv)
on X* can be factorized as the product of
e a holomorphic function p,, : 3* — C* satisfying (4.4), and

e a holomorphic function on ¥* which extends holomorphically to A = 0 and takes the value 1
there.

Proof. We follow the standard Iwasawa factorization argument as in Dorfmeister et al. [1998], Theorem
2.2.

Let G denote the group of holomorphic maps
g: C* — SL(2,0),

and define the subgroups
G_:={gecG|g(\)€SU?2) for A € S'},

and
G4 :={g:C — SL(2,C) | g holomorphic and g(0) € SL4(2,C)},

where SL; (2, C) denotes the subgroup of upper triangular matrices with positive real diagonal entries.
Let g,9—, g+ be the corresponding Lie algebras.

We first show that
A — F(2) " exp(2A ™)

belongs to G1. Indeed, differentiating with respect to z gives
d(F~Y(2) exp(2A71¢0)) exp(—2A"1G0) F(2) = — U(C) dx — V() dy + FTIATI¢ F dz.
Using ¢ = F~1(yF, we obtain

_ 2dz+ 2dz — aldz Bdz+~vdz —~yAdz
1 _ _ — _ 2 2 _
AT edz = U(C)de = VIO dy (—B/\dz—v‘l)\dz+7‘1)\2dz —2dz— S dz+ardz)”

This one-form takes values in g;. Hence

A= F(2) texp(zA™1¢) € Gy
Consequently, F'(z) € G_, and

exp(2A7 o) = g-(2,A) g4 (2, )

is the corresponding factorization with

g-(2,) = F(2).

Next we interpret the condition w € I';. By definition,
wel, — F(w)(o = COF(W)
Since
exp(wA ™) = F(w) g4 (w, ),

this is equivalent to both factors commuting with (p.

Since a € M2, the matrix (5 has no roots in C*. Therefore its eigenspaces are one-dimensional at
every point of ¥*. Any holomorphic matrix-valued function commuting with (o must then be of the
form

FA)1+9(N) o
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with holomorphic functions
f,g:C* = C.

On the eigenspace corresponding to (A, v) € ¥*, such an endomorphism acts by multiplication with

F) +9(Nw.

Thus the G_-factor acts by a holomorphic function p, on ¥*, and the G -factor acts by another
holomorphic function A on ¥*, such that

exp(wWA ') = p h.

Lastly, we identify the two conditions. The G _-factor takes values in SU(2) on S, and this is equivalent

to the transformation laws

e =p5t P e =0

Likewise, the defining property of G is equivalent to the statement that h extends holomorphically
to A = 0 and satisfies h(0) = 1.

This proves the claimed characterization. O

The preceding proof shows that p,, is uniquely determined. Since g, : 3* — C* is holomorphic and
nowhere vanishing, its logarithmic derivative

dln p, = e

w

is holomorphic on ¥*. Hence possible poles can only occur at the points added in the compactification
of ¥* i.e. at the points over A = 0 and A = co. Near A = 0, Lemma 4.9 gives the asymptotic behavior

In jt,, = wA~'v + holomorphic terms,

so dln p,, may indeed have a pole there. By the symmetry relations, the same is true in A = c0.By
the symmetry relations (4.4), the same type of singular behavior occurs in A = co. Consequently,
dIn pu,, is a meromorphic differential of the second kind on ¥* with poles only at A = 0 and A = oo,
and therefore it is of the form

dln p, = % A\, b, €C\,  Mb,(\H = —b,(N). (4.5)

We now determine the constant coefficient of b,,. Since a(0) = 1, one has near A =0
2= —Xa(\) = =+ 0O(\?).

Hence near A =0,
v=0W\'?), and 2vdv=(-1+0))d\

As just seen, Lemma 4.9 implies that one branch of In p,, has the expansion
In pi, = WA v+ O(v) near A = 0.
Differentiating, we obtain
dln p, = d(wA™'v) + O(dv) = wv2 dv + lower order terms.
On the other hand, (4.5) gives

b, A b,
dln p, = (0) + O d\ = ©) dv + lower order terms
2U\ V2
near A = 0. Comparing the leading terms yields
b,(0) = w.

The reality condition in (4.5) then implies that b, has the form
bo(N) = a1 A® 4+ aa\? + G\ + a;. (4.6)

Therefore the coefficient of A3 in b, is equal to —@.
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Lemma 4.10. Let a € M} and let

b (A)
2U\
be a meromorphic 1-form on ¥*. Then the following are equivalent:

dX

1. There exists a holomorphic function
Hy 2 2F — C
such that dln p, = 1y, .

2. For every closed cycle v on X%,
/ Nw € 2T Z.
v
Proof. (1) = (2): Assume that there exists a holomorphic function p,, such that
Nw = d1n .
Let v be a closed cycle on ¥*. Then

/ no = / d1n 1y = In 1y (7(1)) — In iy (4(0)).

Although (1) = «(0), the logarithm is multivalued. Hence the difference of the logarithms is an
integer multiple of 27i, and therefore
/ Nw € 2mi Z.
¥

(2) = (1): Suppose that
/ Nw € 2M 7L for all closed cycles 7.
y

In i, (p) == /pnw-

Po

Fix a base point py € ¥* and define

If two paths from pg to p differ by a closed cycle v, then their integrals differ by

/nw € 2mi Z.
~

Hence In p,, is well-defined up to addition of multiples of 2.

fho (p) = exp (/pj m)

is globally well-defined and holomorphic on ¥*. By construction, it satisfies

Therefore the function

dln pry, = .

This proves the equivalence. O

We have thus obtained the following corollary.

Corollary 4.11. Let a € M3. Then the elements of T', are precisely the values w = b, (0) for which

the differential
b (A)

2UA
18 the logarithmic derivative of a holomorphic function on X*.

d\
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4.3 Extension of the Lattice map

For a € M2 U M3, the spectral curve becomes singular at the double roots of a. In order to obtain a
meaningful limiting notion, we impose the additional condition

b = fo(A) + gu(N)v, fw, 9w : C* — C holomorphic. (4.7)

This condition guarantees regularity at the singular points, since it gives a well-defined finite value at
v=_0.

In particular, at a root Ay of a, one has v = 0, hence
O'(/\O7 0) = ()\0, 0),
and therefore
Uw(/\O’ 0) = /.Lw(/\o, O)_l'
Thus
fwr (Ao, 0) € {£1}.

For every a € M3UM3UMS3, let 32° denote the variety (4.3) with the singular points over the double
roots of a removed.

Definition 4.12. An A-cycle on X° is a closed cycle which surrounds in the A-plane exactly two roots
a and &' of a.

For a € M3, there are two such A-cycles. Each of them crosses the unit circle in exactly two points
and is therefore reversed by p. Moreover, p preserves the intersection points on the unit circle. In
the limiting case where two simple roots coalesce to a unitary double root, the corresponding A-cycle
converges to a cycle surrounding that double root.

The next result is the central existence statement for the polynomials b,,.

Lemma 4.13. For every a € MU M3 U M3 and every w € C, there exists a unique polynomial
b, € C3[\] such that:

1. b,(0) = w,
2. M3b, (A1) = —b,(\) for all X € C,
8. the integral of

b ()
2UA dX
along each A-cycle vanishes.
Proof. Set
_ bV
Mo = 5 d.

By (4.6), the general form of b, is

bw()‘):w_a])‘s+61()‘_)‘2)+iﬁ2()‘+)‘2)5 61w82€R~

First we show that the A-periods of n,, are real. We already know that the involutions satisfy

0 N = — N, PN = T

Let A be an A-cycle. Since p reverses the orientation of A, we obtain

/Am=/Ap*nw=—/Ap*nw=—/A(—m))=/Am-
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Hence the integrals over the A-cycles are real.

next we reduce the vanishing of the A-periods to a real linear system in $; and 2. The conditions

/ Nw = 07 j = 1727
A

J

become, using the above expression for b,

()b
w—w ’
Az

A— A2 2
/ I / 1A+ A%)
A= A 22U\ A QV)\

A— A2 (A )\2
e
As 21/)\ Ao

By Step 1, the entries of A are real.

where

It remains to show that A is invertible.

If a € M3, then the compactification ¥ of X* is a smooth hyperelliptic curve of genus—two. The two

differentials Y (4 22)
— (A +

oA ad T

extend holomorphically to 3, and they are linearly independent. Since the space of holomorphic 1-
forms on a compact Riemann surface of genus—two is two-dimensional, these two differentials form a
basis. Their A-period matrix is therefore invertible, and hence A is invertible.

dX

If a € M3, then ¥ has genus—one. The differentials corresponding to those b, which vanish at the
double root of a and at A = 0 extend holomorphically to . The integral along the A-cycle surrounding
the simple roots is in general non-zero, and therefore imposes a non-trivial condition on £; and fs.
The integral along the A-cycle surrounding the double root is proportional to the value of b, at that
double root and therefore imposes a second condition. We shall show after this discussion that this is
indeed the case. These two conditions again determine (1, 82 uniquely. Hence A is invertible.

If a € M3, both A-cycles surround double roots, and the corresponding integrals are proportional to
the values of b,, at these roots. Since the two roots are distinct, the resulting linear system is again
non-degenerate. Thus A is invertible.

Therefore the linear system has a unique solution (81, 32) € R?, and hence b,, exists uniquely.

To complete the proof, we show that at double roots of a, the integral along the A-cycle surrounding
that double root is indeed proportional to the value of b,, there. In the case of a double root Ag, we
can write locally

a(h) = (A= Xo)%a(x),  a(ro) #0.
This implies 2 = —(\ — A\g)?Aa(\), so v vanishes to first order at A\g. Writing ¢t = A — g, we have
locally
v=ct+O(t?), c#0.
Expanding b,, at A\g gives
b (A) = by (Ao) + O(2).

co

It follows that
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Thus the integral along a small loop around ¢ = 0, and hence along A, is

/ b (M) I 2mi bu(Mo).
A)‘O

22U\ - 2¢c)\g
This completes the proof. O

The A-cycles can be chosen continuously under small deformations of a € M3 U M3 U M3. Since the
entries of the matrix A and the right-hand side of the above linear system depend continuously on
(w, a), it follows that b, depends continuously on (w,a) on this set.

In addition to the A-cycles, we now choose B-cycles.

Definition 4.14. Assume a € M3, and let ay,as denote the two simple roots of a inside the unit
disc, numbered so that the j-th A-cycle surrounds o; and 64;1.

1. The Bi-cycle is chosen as a cycle in the A\-plane which surrounds A = 0, passes through oy, and
does not surround os.

2. The By-cycle is chosen as a cycle which passes through &2_1 and surrounds all remaining roots.

Let H;(%,Z) denote the first singular homology group of % with integer coefficients, that is, the
abelian group of homology classes of closed oriented curves on .

Lemma 4.15. Let a € M3, and let ¥ denote the compactification of the spectral curve ¥*. Then the
two A-cycles and the two B-cycles constructed above form a canonical homology basis of H1(X,Z).

Proof. We already know that X is a compact Riemann surface of genus-two. We choose the orienta-
tions of the cycles in such a way that every intersection of A; with B; contributes positively.

By construction, the A-cycles are disjoint, and likewise the B-cycles are disjoint. Hence

Ai'AjZO, BZBJ:(]

Here “” denotes the intersection number of homology classes in H; (X, Z). Moreover, B; intersects A;
exactly once and does not intersect the other A-cycle. With the chosen orientations, this gives

Ai . Bj = 5ij-

It remains to show that the homology classes of these four cycles form a basis of H;(%,7Z). Since ¥
has genus—two, it is enough to prove that

[A1], [A2], [B1], [Ba] € H1(%,Z)

are linearly independent over Z.

Suppose that B
ml[Aﬂ + mQ[AQ] + nl[B1] + nQ[BQ] =0 in Hl(Z,Z)

for some integers my,mo, n1,ny. Intersecting this relation with A; yields
0= (ml[Al] + mQ[AQ] +n [Bl] + TLQ[BQ]) <Ay =n1(B1 - Ay).

Since
By Ay =—-A1- B = -1,
it follows that n; = 0. In the same way, intersecting with A, gives ny = 0.

Thus we are left with
miq [Al] + mz[AQ] =0.
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Now intersecting with By gives
0 = (ml[Al] + mQ[AQ]) . Bl = ml(Al . Bl) =ma,
hence m; = 0. Likewise, intersecting with By gives mg = 0.

Therefore all coefficients vanish, so the four classes are linearly independent. Since ¥ has genus-two,
these four classes form a canonical homology basis of Hy (X, Z). O

Lemma 4.16. The involution p preserves the B-cycles up to addition of A-cycles. Moreover, for
every w € C, the integrals of n, along the B-cycles are purely imaginary.

Proof. Since p is an orientation-reversing diffeomorphism, it preserves the intersection pairing up to
sign. In particular,
Ai - p(Bj) = £6i;.

Thus p(Bj) has the same intersection properties with the A-cycles as B;. Such a cycle is uniquely
determined up to addition of A-cycles. Indeed, let v,5 € Hy(3,Z) be cycles satisfying

Then their difference § := v — 4 satisfies

Since we already derived the basis of H(X,Z), we write
6= Z ap Ay + Z/BkBk
k k

Since the intersection numbe rof two A-cycles is zero, we obtain
0=A;-6=> Br(Ai-By) =B,
k
and hence f; = 0 for all i. Therefore § =), apAy, and thus
e :Y + Z Oék-Ak.
k
It follows that
p(Bj) ~ £B; + anAk, ng € Z.
k

Now recall that
PN = — T

/ nw:/ p*nw:_/ 7772—/ New -
o(B;) B; B, B;

J J J

Hence

On the other hand, since the A-periods vanish by construction of b,,, addition of A-cycles does not
change the value of the integral. Thus, up to sign,

[l
p(Bj) Bj

J

To determine the sign, note that p reverses the A-cycles, so
p(Ai) = —A;.
Since p is orientation-reversing, the intersection pairing changes sign under p. Hence

Ai - p(Bj) = —p(4;) - p(B;) = Ai - Bj = 6ij.
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Therefore the cycle p(B;) — B; has zero intersection number with both A; and As.

Because A1, Ao, By, By form a canonical basis, any cycle with zero intersection number with both A;
and A, is homologous to an integral linear combination of A; and A;. Thus

p(Bj) ~ Bj+> njkAy
k
for suitable integers 7.
Since the A-periods of 7, vanish by construction of b, it follows that

/ Tw :/ New-
p(Bj) B;j

J J

Combining this with the previous identity gives

/ nwzi/ Nws
Bj B

J J

so the integral over the B-cycle is purely imaginary. O
At A = 0, one has as before 2 = —\ 4+ O()\?), hence v is a local parameter and
bu (M) b.,(0)
w = d\ ~ dt,
'l 2\ 12

where ¢t = v. Thus 7,, has a pole of order two and no term of the form ¢~'dt, so the residue vanishes.
The same holds at A = co.

Since 7,, is holomorphic, it is closed, and therefore
d(R(n.)) = R(dn.,) = 0.

Hence R(n,,) is a closed real 1-form on 3°. Moreover, for every closed cycle ~,

frwr=x([+),

Since all periods of 7,, are purely imaginary, the right-hand side vanishes. Thus $(7,,) has vanishing
periods. Since the real part of a holomorphic function is harmonic, it follows that there exists a
globally defined harmonic function

he :X° =R

such that dh,, = R(n,). This function is unique up to an additive constant, which can be fixed by
imposing

We are now ready to extend the map (w,a) — b, to all of M.

Lemma 4.17. The map (w,a) — b, extends continuously to (w,a) € C x Ma.

Proof. We only need to consider limits

an = a
with
1 2 3 4 5
GHEMQUMQUMQ, a€M2UM2.
Let || - || be any norm on the finite-dimensional vector space C3[\]. For a bounded sequence w,,
consider the normalized polynomials
T . bwn
" lbu, I
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Since the unit sphere in C3[\] is compact, there exists a convergent subsequence of (l;n)

The corresponding normalized harmonic functions

s hwn
B N

converge uniformly on compact subsets of 3°. Indeed, their differentials are the real parts of the
normalized forms associated with b,, and these forms converge on compact subsets away from the
singular points.

The singular parts of
dhy,,

at A = 0 and A = oo are determined solely by w,. Hence, for bounded w,, the functions h,, are
uniformly bounded on the complement of two small disjoint discs around A = 0 and A = co. By the
strong maximum principle A.5 and the removable singularity theorem for harmonic functions A.6, the
limit extends harmonically across the remaining points of the limiting two-sheeted cover.

In the limit, the two-sheeted covering is branched only at the simple roots of a. Therefore the limiting
differential must vanish at the double roots of a, and if a has a fourth-order root, then the limiting
polynomial has a second-order zero there. It follows that the coefficients 1, S in the representation

bo(A) = w =@ X + B1(A =A%) +ifa(A 4+ 2?)

remain bounded for bounded w.

Since 1 and P2 remain bounded, the polynomials b, themselves remain bounded. Thus every
subsequence admits a further subsequence converging to the same limit, which proves continuity of

(w,a) — b,
at points of C x Mo.
Hence the map extends continuously to all of C x M. O
We are now ready to state the main theorem of this chapter.
Theorem 4.18. For every a € M3 U M3 U M3 the values
by(0) =w

of all polynomials by, in (4.5) with the following property form a lattice [, C C: they define the
logarithmic derivative
b ()

dlnp, = d\
ol 22U\

of a function u, on X* satisfying (4.4) and (4.7). The map

T: MyUMRUMS = F, a v [Ta),

which assigns to a the corresponding isomorphism class of lattices, is continuous.

Moreover, for every compact subset K C F and every a € M3 U M3 there exists a neighbourhood
O C My of a such that T~1(K)NO = 0.

Proof. For a € M5 UM3UM3 and w € C, let

bw ()
22U\

Nw = dA,

where b, is the unique polynomial from Lemma 4.13.
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We first show that I, is indeed a lattice. By Corollary 4.11 in the smooth case a € M1, and by the
discussion following (4.7) in the singular cases a € M2 U M3, an element w belongs to I, if and only
if 7, is the logarithmic derivative of a function pu,, satisfying (4.4) and (4.7). Since the A-periods
of n,, vanish by construction of b,, Lemma 4.10 shows that this is equivalent to requiring that both

B-periods of n,, lie in 27 Z.
o ([ [ n)
B Bs

has trivial kernel. Assume that both B-periods vanish. Then all periods of 7, vanish, because the
A-periods vanish by Lemma 4.13. Hence

We now show that the map

Nw = dh
for a meromorphic function h on the normalization of the compactified spectral curve 3.
In the cases a € M2 U M3, the curve ¥ is singular at the points lying over the double roots of a.
We therefore consider the normalization R -
DD
which is a smooth compact Riemann surface obtained by resolving these singularities. All differential-

geometric arguments are carried out on .

Suppose w # 0. Then 7,, # 0, since b,,(0) = w. Because o*n,, = —1n,,, the function
Y:=h—0o"h

satisfies
dy = 2n,,
so 1 is non-constant.

If @ € M3, then since 7,, has at most simple poles at the two points over A = 0 and A\ = oo, the same
is true for . At every branch point over a simple root of a, the involution o fixes the point, and hence
1 vanishes there. Thus 1 has at least four zeros and at most two simple poles. This is impossible for
a non-zero meromorphic function on a compact Riemann surface, since the orders of poles and zeros
must have the same total degree.

If a € M3 U M3, then the vanishing of the A-period around each double root implies
by (Xo) =0

at every double root Ay of a; see the last part of the proof of Lemma 4.13. Hence 7, is holomorphic at
the points over the double roots on the normalization. Again 1 has at most simple poles at the points
over A = 0 and A = oo, while it vanishes at all points over the roots of a: at the simple roots because
they are branch points, and at the points over the double roots because 7,, is holomorphic there and
anti-invariant under o. This again contradicts the degree of the divisor of a non-zero meromorphic
function.

Therefore w = 0.

So the B-period map has trivial kernel. By the lemma on the B-cycles, both B-periods are purely
imaginary. Since both domain and codomain are two-dimensional real vector spaces, the map

C — iR?, O.H—)(/ nw,/ nw)
B, B,

Indeed, by Lemma 4.13, the polynomial b,, depends R-linearly on w. Hence also 7,, depends R-linearly
on w, and therefore the period map is R-linear.

is an R-linear isomorphism.

Moreover, by the lemma on the B-cycles, both periods are purely imaginary, so the image is contained
in iR2,
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It remains to show that this map is injective. Suppose that

(mfy) =

Then all B-periods of 7, vanish. Since the A-periods vanish by construction of b,,, all periods of 7,
vanish. By the previous argument, this implies w = 0. Thus the map is injective.

Now C is a real vector space of dimension 2, and iR? is also a real vector space of dimension 2. Hence
an injective R-linear map between them is automatically surjective. Therefore the period map is an
R-linear isomorphism.

It follows immediately that

f‘a{wGC‘/ nw,/ T]w€27TiZ}
B1 Bo

is the inverse image of the lattice
(2mi Z)? C iR?

under an R-linear isomorphism. Hence I', C C is a lattice itself.

For the continuity statement, note that for the same reasons for which the A-cycles vary continuously,
the B-cycles vary continuously on M3 U M3 U M3, and that (w,a) — b, depends continuously on
(w,a) by Lemma 4.17. Therefore the B-period map depends continuously on a. Since T'(a) is the
isomorphism class of the inverse image of the fixed lattice (27i Z)? under this continuously varying
R-linear isomorphism, the map

T: MyUMRUMS = F

is continuous.

It remains to prove the last statement. Let
4 5 1 2 3
a € MyUM;, an — a, an € My U M35 U M;.

Write the two B-periods of 7, as
Hl(wvan)> H2(Waan)a
and introduce

H+ = H1 +H2, II_ = H1 — HQ.

By Lemma 4.17, bounded sequences w, give rise to convergent subsequences of b, . In the limit
a, — a, the cycle corresponding to II_ collapses. Hence, if II_(w,,a,) is a fixed non-zero element
of 27iZ, then w, cannot remain bounded; otherwise the integrals over the collapsing cycles would
converge to 0, contradicting the fact that they are equal to II_(w,,, ay).

Thus any sequence with fixed non-zero II_ must satisfy |w,| — oo.

On the other hand, if II_(wy,,a,) = 0, then the corresponding local primitives on the two-sheeted
covering near the collapsing roots are single-valued. After normalization, the resulting sequence has
a convergent subsequence, and therefore w,, remains bounded.

Consequently, near a € M3U M3, one period direction remains bounded whereas the independent pe-
riod direction becomes unbounded. After rescaling by the bounded direction, the corresponding lattice
basis therefore degenerates, and the conformal class leaves every compact subset of the fundamental
domain F. Hence for every compact subset

KcF
there exists a neighbourhood O of a such that
T-YK)noO =0.

This proves the theorem. O
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Remark 4.19. The last part of Theorem /.18 shows that the conformal classes of the lattices do not
accumulate in a compact region of the moduli space F as a approaches M3 U M3. In other words,

the corresponding lattices degenerate in the limit. This is precisely the statement needed in order to
extend the map

T:aw— [[y]

continuously to all of Mo by assigning the value oo on M3 U M3, that is, by viewing T as a map into
the one-point compactification F U {co}.
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Chapter 5

Whitham Deformations

We now introduce Whitham deformations and explain why they provide the natural framework for
defining flows on constant mean curvature tori.

The Whitham-deformation viewpoint and its interpretation as an isoperiodic deformation of spectral
data are standard in the integrable-systems approach to CMC tori; compare Kilian et al. [2010] and
Carberry and Schmidt [2012].

A finite-type CMC torus is encoded by spectral data consisting of a hyperelliptic spectral curve
together with logarithmic differentials and Sym points. From the integrable-systems point of view, a
deformation of the surface is therefore described by a deformation of these spectral data. Among all
such deformations, the distinguished ones are the Whitham deformations: they vary the spectral curve
and the associated differentials in such a way that the relevant periods remain unchanged. For this
reason they are also called isoperiodic deformations. The preservation of periods is essential, because
the closing conditions of a CMC torus are expressed precisely in terms of period and monodromy data.
Consequently, a Whitham deformation moves the spectral data inside the moduli space of periodic
solutions, and therefore defines a flow through CMC tori rather than merely through arbitrary finite-
type solutions.

In the present thesis we use them to describe how spectral data move while preserving the torus closing
conditions.

The chapter Lattices of Periods already provides the basic periodicity data needed for this discussion.
There we constructed, for

a€ MjuMIuMs,
a lattice ~
r,ccC
from the periods of the logarithmic differentials. This lattice is the spectral expression of the double
periodicity of the corresponding finite-type solution. In particular, if such a lattice exists, then the
associated monodromy closes with respect to two independent periods, and the spectral data satisfy
exactly the closing conditions required for a CMC torus.

For the boundary strata
a€ M3UM3,

this interpretation has a particularly clear geometric meaning. In these cases the genus—two spectral
curve develops double roots on the unit circle, and after normalisation the geometric genus drops to
1 or 0, respectively. Hence the spectral data lying over M3 U M3 should be understood as the lower-
genus boundary objects of the genus—two theory, and geometrically they correspond to equivariant
CMC tori. The lattices constructed in the previous chapter are therefore not auxiliary objects: in
these limiting cases they are exactly the period lattices of the corresponding equivariant CMC tori.

This also explains why Whitham deformations can be used on these strata. Since Whitham deforma-
tions preserve the periods of the logarithmic differentials, they preserve the lattice data that encode
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the closing conditions. Therefore they are tangent to the space of periodic spectral data and allow us
to move inside the family of CMC tori determined by a given period structure.

The aim of the present chapter is therefore twofold. First, we formulate the Whitham deformation
problem in the notation of this thesis and derive the corresponding Whitham equations. Second, we
explain how these equations describe deformations that preserve the period lattice, and hence define
flows on the associated CMC tori. This will make precise the role of Whitham deformations as the
infinitesimal motion of spectral data inside the moduli space of periodic finite-type solutions.

Closing condition. The closing condition is the condition that the spectral data give rise to a
doubly periodic immersion, hence to a torus rather than merely to a local or singly periodic surface.
In the spectral-curve description this is expressed by requiring that the monodromy of the associated
family is trivial, or equivalently has the prescribed period lattice, at the relevant values of the spec-
tral parameter. Thus the closing condition is the global periodicity condition that ensures that the
reconstructed CMC surface closes to a torus.

5.1 The period bundle, the Sym point condition, and the Whitham
equations in spectral genus—one

In this section we formulate the Whitham deformation theory in the special case of spectral genus—one.
Thus the compactified spectral curve is elliptic, and there is exactly one A-cycle and one B-cycle. In
particular, for this case, the relevant periods that are preserved by the Whitham Deformations are
exactly the periods over those cycles.

The genus—one Whitham formalism used in this section is adapted from the general local Whitham
theory in [Carberry et al., 2021, Section 3] and from the spectral-curve description of Whitham
deformations and Sym points in [Kilian et al., 2010, Sections 1-3].

As in the general Whitham theory, it is convenient to write the spectral curve in the form v? = \a()\),
which is equivalent to the convention v + \a(\) = 0 used earlier, after replacing v by iv.

Definition 5.1. Let H! denote the set of all polynomials a € C%[\] such that
1. a(0) =1,

2. a satisfies the reality condition

3. a has two simple roots,
4. and the hyperelliptic curve
Sa={(\v) €C* xC|v?=Aa(N)}
is the spectral curve of spectral genus—one.

5. a(1) > 0.

Remark 5.2. The last condition is usually not assumed, but since we want to show the Whitham
equations specifically for the case where a € Ms, we add this assumption because it makes the proof
of Lemma 5.12 easier.

We now define the corresponding space of period-normalised differentials.

Definition 5.3. For a € H, let B, denote the set of all polynomials b € C?[\] such that

1. b satisfies the reality condition

A2h(A=1) = b(N),
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2. and the meromorphic differential

has vanishing A-period.

Lemma 5.4. For every a € H', the space B, is a real vector space of dimension 2. More precisely,
the evaluation map
evg: B, — C, b — b(0),

18 an R-linear isomorphism.

Proof. The defining conditions of B, are linear over R, hence B, is an R-vector space.

Lemma 4.13 states that the following problem has a unique solution: for every w € C there exists
a unique polynomial b, € C?[)\] such that b,(0) = w, b, satisfies the reality condition, and the
differential

~ bu(N) dA
b, = v
has vanishing A-period.
Thus the map
C — B,, w > by,

is well-defined and R-linear, since B, is R-linear. By construction, evy(b,) = w, so evy is surjective.

To prove injectivity, let b € B, satisfy b(0) = 0. Then b satisfies the same defining conditions as by.
By uniqueness, it follows that
b= bo =0.

Hence evy is injective. Therefore it is an R-linear isomorphism. Since C has real dimension 2, the
same is true for B,. O]

Corollary 5.5. For every a € H, there exists a unique basis (by,b) of B, such that

Proof. By Lemma 5.4, the inverse images of 1 and ¢ under ev( exist and are unique. Since 1 and ¢ are
linearly independent over R, these two elements form a basis. O

From now on we fix a € H' and denote by (by,b2) the normalised basis of B,.

Definition 5.6. A point \g € S' is called a Sym point of the spectral data (a,by,bs) if
b1(Ao) =0 and ba(No) = 0.

Equivalently, the logarithmic differentials

bi(A) dA
v oA’

0, = 1=1,2,

vanish at A = \g. We say that the sym point condition is satisfied, if there exists such a point.

Remark 5.7. The Sym point condition is the spectral form of the closing condition for constant mean
curvature tori. Since the rotation '
X e\, 6 € R,

preserves St and all reality conditions, every Sym point may be moved to 1. We therefore fix the
distinguished Sym point
Ao =1

We define
Sii={acH | b(1) =0=by(1)}.
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Definition 5.8. Let a € Si. An infinitesimal Whitham deformation at a is a smooth family
t— (at7b1,tab2,t)

with ag = a such that the periods of the logarithmic differentials

b +(A\) dA
®l,t: l)t( )75 l:1a27
1% A
are independent of t.
We denote the infinitesimal variations by
d . d
a dt —o Qg I dt —o I,t) )

Remark 5.9. The Whitham problem describes isoperiodic deformations of the spectral data, that is,
deformations for which all period integrals remain fixed.

Let ¢; be a local primitive of ©;, [ = 1,2. Since O; is odd under the hyperelliptic involution o, i.e.
0*0; = —0;, we may choose ¢; locally so that

otq = —q.
Lemma 5.10. Let a € S, and let
t (ag, b, bae)

be a smooth period-preserving deformation. Then there exist unique polynomials ci,co € C?[\] satis-
fying the same reality condition as the by, namely

/\265(5\_1) = Cg()\),

such that ()
. g
qQ=—"7, l=1,2.
v
Proof. Since the periods of dg; remain fixed, the derivative ¢; is a globally defined meromorphic
function on the compactified spectral curve away from the poles over A = 0 and A = oo. Moreover, it
is odd under o. Therefore ¢; must be of the form

7"[()\)

v

G =
for a rational function r; of A.

Because ¢; may only have poles at the points over 0 and oo, and because in spectral genus—one
the admissible pole behaviour is of second-kind type with no additional poles, r; must in fact be a
polynomial of degree at most 2. Indeed, r; = ic; is such a function and we obtain

iCl(A)

14

G =

with ¢; € C2[\].

The reality condition can be verified explicitly. Recall that the spectral curve carries the anti-
holomorphic involution p.

Now let ¢; be a local primitive of ©;. Using the reality condition for b; we obtain

p O, =—06,.
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We may therefore assume that o p = — ¢q;. Differentiating with respect to ¢ yields ¢, o0 p = — ;.
Substituting ¢;, we obtain
ici(A1) B X2 (A1)

20 v ’

(A A) =
where we used the reality condition for ¢;. On the other hand,

_Z'Cl()\).

v

_le (>\a V) =
Comparing the two expressions gives
Na(AT) = alh),

which is exactly the required reality condition for ¢;.

Uniqueness is immediate: if

Xe] 1¢

)

v v
then _
cp—(C —0
v
as a meromorphic function on 3,. Since v # 0 away from the finitely many branch points, it follows
that

a(A) =a(d)
on a dense open subset of C*. As both sides are polynomials, we conclude that
Cl = El
Thus ¢; is uniquely determined. O

Lemma 5.11 (First Whitham equation). Let a € Si, let (by,bs) be the normalised basis of By, and
let
t > (ag, b1, ba)

be a smooth period-preserving deformation. If ¢; is defined by

Ql = g7 I = 17 27
v
then _
2a(N)bi(A) — a(A)bi(A) = 2ida(N)c)(A) — i (A) (a(A) + Ad’(N)), 1=1,2. (5.1)
Proof. We start from
by d\
dg = 0, = ;7

Differentiating with respect to ¢, we obtain

. by dX by b\ dA
dg = )l ===-=]=.
G =9 < v oA > ( v 2 > A
Recall that v? = \a, then differentiation with respect to ¢ gives

_Xa
o

g — [ bra d
DENT T WA N
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On the other hand, differentiating ¢; with respect to A implies
ic ic) ic
dg = d<l> = —Ld\— — dv.
v v v
Differentiating 2 = Aa with respect to A, we obtain

2vdv = (a+ \a’) dA.

i : \a/
dq = (ZCZ - fala +3 ¢ )> dA.
v 2v

Hence

Comparing the two expressions for dg; and multiplying by 2v3, we find
26l s o2 0 . /
2v S bia = 2iv°c) —ici(a + Aa').
Using once again v? = \a, this becomes

2ab; — aby = 2idac) —ic;(a + Aa'),

which is exactly (5.1).

O

Lemma 5.12 (Compatibility equation). In the situation of Lemma 5.11, there exists a unique poly-

nomial
Q€ C*[\
such that
ba(N)e1(A) — b1 (N)ea(A) = Q(N)a(N).
Moreover,

Q(1)=0.
Proof. Consider the meromorphic differential
7102 — G201.

Substituting the definitions of ¢; and ©;, we obtain

102 — 201 = ) N o

i(Cle — Cgbl) @ o i(Clbg — Cgb1) @

This differential is globally defined on the spectral curve and may only have poles at the points over
A =0and A = co. Therefore the numerator must vanish at every zero of a. Hence a divides ¢1by —c2by,

and there exists a polynomial ) such that

Clbg — Cgbl = Qa.

Since degb; < 2, degc; < 2, and dega = 2, the quotient @ has degree at most 2. Uniqueness is

immediate because a # 0.

Finally, because a € S}, we have b1 (1) = 0 = by(1). Evaluating (5.2) at A = 1 gives

Since a(1) > 0, it follows that
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Lemma 5.13 (Jets at the Sym point). Let a € 811 and let (at, b1 s, bg,t) be a deformation through 811.
Then ) )
b1(1) = 0 =by(1),

and the associated polynomials c1,ca,Q satisfy

(1) = a(l) @ + ;a((ll))> . 1=1,2, (5.3)

a(1)Q'(1) = by(1)er (1) — by (1)ea(1), (5-4)

and

a(1)Q" (1) = B ()es(1) + 265(1)ch (1) — by (L)ea(1) — 265 (1)ch(1)
— 24/ (1)Q(1).

In particular, the two values ¢1(1) and c2(1) determine Q uniquely.

Proof. Because the deformation stays inside S, the identities

b1,t(1) = 0= ba (1)

hold for all ¢t. Differentiating with respect to ¢ yields

b1(1) = 0 = bu(1).

Now evaluate (5.1) at A = 1. Since b;(1) = 0 and b;(1) = 0, we obtain
0 = 2ia(1)cy(1) — ici(1)(a(1) + a' (1)),

which is equivalent to (5.3).

Next differentiate (5.2). Since Q(1) = 0, evaluation at A = 1 gives (5.4). Differentiating once more
and evaluating again at A = 1 yields (5.5).

Finally, a quadratic polynomial with Q(1) = 0 is uniquely determined by @'(1) and Q" (1). Hence @
is uniquely determined by ¢;(1) and ca(1). O

Lemma 5.14 (Bézout identity for polynomials). Let p,q € C[)\], not both zero. Then the following
are equivalent:

1. ged(p,q) =1,
2. there exist u,v € C[\] such that
up + vqg = 1.
Proof. If up 4+ vq = 1, then every common divisor of p and ¢ divides 1, hence is constant. Therefore

p and g are coprime.

Conversely, let
I:={up+vq|u,veC[\}

Since C[A] is a principal ideal domain, there exists d € C[A] such that
I=(d).

Then d is a greatest common divisor of p and ¢, up to multiplication by a non-zero constant. If
ged(p, q) = 1, then d is constant, and after normalisation we may assume d = 1. Hence there exist
u,v € C[A] such that

up +vq = 1.

O

Finally we can state the genus—one version of the local Whitham existence and uniqueness theorem.
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Theorem 5.15. Let a € Si, and let (by,bs) be the normalised basis of B,. Assume that the greatest
common divisor of by and bs has degree 1, so that their only common zero is the Sym point A = 1.
Then for every prescribed pair of real values v1,v2 € R there exist unique polynomials

ce€C?N, QeC?), aeC?\,  bi,beC?)
satisfying the reality conditions, the values
al)=v, )=,

and the Whitham equations

2ab; — aby = 2idac) —ici(a+ Aa'),  1=1,2, (5.6)

baci — bica = Qa. (5.7)
Equivalently, the infinitesimal Whitham deformation is uniquely determined by the two values c¢1(1)
and co(1).

Proof. By Lemma 5.13, the prescribed values

c1(1) =, c2(l) =72

determine ¢} (1) and ¢5(1) through (5.3). The same lemma then determines Q’(1) and @Q”(1). Since
Q(1) = 0, the polynomial @ is uniquely determined.

Because deg ged (b1, b2) = 1, and their zeros coincide at A = 1, the common divisor is A — 1. Set

by ~ b
A—1 T

El =

Then by and by are coprime. Since Q(1) = 0, the polynomial

Qa

R =
A—1

is well-defined, and (5.7) is equivalent to

5261 76162 = R.

By Bézout’s identity there exist u,v € C[A] such that

EQU — 51’[) =1.
Hence, multiplying both sides by R gives
) = uR, S :=vR

as one polynomial solution. Every other polynomial solution is of the form
C1=C?+pg1, 02268-&-1%2,
for a polynomial p. Indeed, let (c1,c2) be any other polynomial solution of
5201 —5102 = R.
Subtracting the equation for (¢, c3), we obtain
by(er — ) —by(ca — €9) = 0 < bo(cr — ) = by(ca — ).
Since by and by are coprime, it follows that by divides ¢; — ¢} and by divides ¢y — 9. Hence there exists

a polynomial p such that _ _
cl—c(f:pbl, cz—cg:pbg.
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Conversely, every pair of this form satisfies
5201 —5162 = 52(0(1) + pgl)gl(cg +p32) = BQC? —Elcg = R,

since the additional terms cancel identically. Therefore these are exactly all polynomial solutions.
Since deg¢; < 2 and degb; = 1, it follows that p has degree at most 1. Thus the freedom in (cy, ¢2) is
a two-real-dimensional affine space.

There exists [ € {1,2} such that
bi(1) #0,

since otherwise both b; and by would vanish to order at least 2 at 1, contradicting deg ged(by,b2) = 1.

The two real conditions . )
a
1) = (1) = -
a) = 4= (5+ a1t

therefore determine the linear polynomial p uniquely. Thus ¢; and co are uniquely determined.

Once ¢; and ¢y are known, define
Fy = 2i)ac;, —ici(a + \a'), l=1,2.
Then (5.6) becomes

2ab; — ab, = F).

Let a1, as be the two simple roots of a. Since b; and by have no common root away from A = 1, for
each «; there exists an index I(j) € {1,2} such that

bigj) (a;) # 0.
Evaluating the corresponding equation at A = o, we obtain
—a(a;)big) (o) = Fi)(aj ),

hence .
ala;) = — bl(i)(a?)'
1) (@)

Thus the values of @ at the two roots of a are uniquely determined.
Since a(0) =1 for all ¢, every infinitesimal variation satisfies
a(0) = 0.

A polynomial of degree at most 2 is uniquely determined by its values at three distinct points. There-
fore the values at aj, as, and 0 determine @ uniquely.

Finally, once a is known, the equations
2ab; = Fy + ab
determine b uniquely. The right-hand side vanishes at the roots of a by construction, hence it is
divisible by a, and division by 2a yields a polynomial b, € C?[)].
This proves existence. Uniqueness follows from the same steps in reverse: @ is unique, then (cq, ¢2),

then a, and finally (by, b). O

Corollary 5.16. At every point a € Si for which the common divisor of by and by has degree 1, the
space of infinitesimal Whitham deformations is two-dimensional over R.

Proof. By Theorem 5.15, every infinitesimal Whitham deformation is uniquely determined by the two
real numbers

Cl(l), 62(1),

and every prescribed pair occurs. Hence the space of infinitesimal solutions is naturally identified with
R2. O
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5.2 Reduction of the boundary case a € M7 to a genus—one
Whitham problem

In this section we fix a € M%. By Remark 3.5, every such polynomial admits a parametrisation in
terms of an angle ¢ € [0,7) and a radial parameter r € (0,1). With the sign convention used below,
we may therefore write

a(A) = (A —re 2P) (N —rtemHP) (N — %), (5.8)
Thus a has a double root on the unit circle at A\g = e2* while the remaining two roots form the
inverse-conjugate pair \; = re~2** and )\fl = le72%,

We rotate the spectral parameter and set

M= —e 2PN\ (5.9)

Under this change of variable, the double root A = €2** is moved to A= —1, and the remaining two
roots are transformed to —r and —r~!. After passing to the normalisation and removing the double
factor corresponding to the singular point, one obtains the reduced determinant polynomial

aN) = A+r)A+r =22+ ar+1, a=r+rt>2 (5.10)
The corresponding normalised curve is therefore

i:{(;\,f/)ecx x(C‘z)QZXd(f\)}.

For notational simplicity, we now drop the hat on the spectral parameter and write again A instead
of A. Thus in the remainder of this section the reduced determinant polynomial is

aN) =N +ar+1,  a>2 (5.11)

After the reduction to genus—one, the real two-dimensional space of admissible logarithmic differen-
tials is generated by polynomials b satisfying the reality condition. In the boundary situation under
consideration, this space admits a distinguished decomposition

b(A) = y(A\2 + 1) + X —iz(\2 — 1), z,y,z €ER,

into a real part
y(A2 + 1) + A

and a purely imaginary part
—iz(A% —1).

Accordingly, one chooses b; in the purely imaginary direction and by in the complementary real
direction:

bi(\) =iy(\? = 1), b2(A) =7(\2 +BA+1).

Remark 5.17. Note that the appearance of the same factor v in by and bs is a normalization con-
vention, not a consequence of the reality condition. Since by and by form a distinguished ordered basis
of a two-dimensional real space, one may choose them with a common overall scale. This is conve-
nient because the associated coordinates q1 and qo are later combined into the conformal parameter
T =qo +iq1. Thus the common factor vy ensures that both directions are expressed in the same unit.

The zeros of by are determined by the vanishing A—period condition. As in the generic genus—one
case, the reality condition implies that the zeros are reciprocal to one another.
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Lemma 5.18. There ezists a unique number s with r < s < 1 such that
ba(A) = YA+ s)(A+s71).

FEquivalently,
bo(A) =y(N+B8A+1), B=s+s!,
and the zeros satisfy the ordering

—rl<csl<-1<—s<-r<0.
In particular 2 < 8 < «.

Proof. Since the A-cycle projects to the interval [—r~1, —r], the condition that

JI
A

T oby(A) dA
[ am5="

On (—r~1,—r) we have A < 0 and 2()\) € R\ {0}, so after fixing the sign of © on this interval, the
weight

is equivalent to

1
AD(N)
has constant sign. Since by # 0, the vanishing of the integral therefore implies that b changes sign
on (—r~1, —r). Hence by has a zero in (—r~1, —7).

By the reality condition, the zeros of by occur in reciprocal pairs. Therefore the second zero is the
reciprocal of the first one, and since by changes sign on (—r~1, —r), the two zeros are distinct and lie
on opposite sides of —1. Thus there exists a unique s € (r, 1) such that

—r sl -1l<—s<—-r<o.

Hence
ba(A) = YA+ 8) (A +s71) = y(A2 + BA + 1), B=s+s"

Finally, since the function o — x + 2~! is strictly decreasing on (0, 1), the inequality r < s < 1 yields
f=s+st<r4+rt=a.
Moreover, s € (0,1) implies 8 > 2. Therefore
2< B <a.
This proves the claim. O

By the preceding Lemma, 3 is uniquely fixed by the requirement that O, have vanishing A-period.

Once g is fixed, the differential Oy, is determined up to multiplication by a positive real constant. We
remove this remaining freedom by the normalisation

Op, = 2. (5.12)
Sl

This determines v > 0 uniquely. We then use the same factor « also in b;(\) = iy(A? — 1), so that
(b1, b2) becomes a distinguished ordered basis written in a common scale.

At this point it is important to distinguish between the periods of the logarithmic differentials and the
values of their primitives at the distinguished point over A = 1. By definition, a Whitham deformation
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preserves the periods of Oy, and Oy,, and therefore preserves this normalisation. The conformal class,
however, is encoded by the values of the corresponding primitives on the real part of the reduced
curve.

Let S = Fix(p) C 3 denote the fixed point set of the anti-holomorphic involution p on the reduced
curve. Note that its projection to the A-plane is the unit circle S!. Let y be the point over A = 1 for
which # > 0. For j = 1,2, let R
(7j :Yp — iR

be the unique primitive satisfying

dZ]f] :GbJ‘iR7 U*a}:—a}
We then define

g = —1q;(y) €R, j=12.

These are the two real parameters singled out by the chosen ordered basis.

Remark 5.19. Recall that in Section 5.1 we fixed the distinguished Sym point of the unreduced spectral
data at A = 1 by rotating the original spectral parameter. In the boundary reduction a € M3, we then
pass to the reduced coordinate

A= —e 2PN

Hence the distinguished point A = 1 is mapped to A= —e2% To analyse how the evaluation point
varies with ¢, we therefore consider the point

y(r,p) € Xr
lying over . .
A= —e %%,

chosen by the condition 0 > 0. Why this matters becomes more clear in chapter 6.

The normalisation above gives these coordinates a definite meaning. Since by is chosen as the dis-
tinguished imaginary generator with v > 0, the corresponding coordinate is taken as the imaginary
part. The condition (5.12) shows that changing the integration path by one turn around S! changes
g2 by an even integer. Hence gs is naturally defined modulo 2Z, and there is a unique representative
satisfying

“1<g <1

We therefore define the conformal parameter by
T 1= g2 +1iq1.

With the chosen orientation of the imaginary direction we have ¢; > 0, hence J(7) > 0. As imposed
in Chapter 4, we can always choose a representative, such that

7[> 1,
we can therefore choose a representative such that

TeF:={r€C|S(r) >0, -1<R(7) <1, || >1}.

Thus the conformal class is not introduced artificially. It is exactly the complex number obtained
from the two real coordinates ¢; and g2 determined by the normalised ordered basis. We will use the
identification 7 — 7 + 2 to identify the boundary strips with each other and 7 — —77! to identify the
two quarter circles, where R(7) < 0 and R(7) > 0 respectively, with each other. Lastly we equip the
space with the quotient topology.

The reality type of this basis is reflected by the quotient

A+ B8A+1 __200s0+ﬁ
iA2—1) 25sin 6

by
by

() = e RU {0}, A =e?
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The reason for considering this quotient is that it compares the two generators pointwise along the
real part of the reduced curve, whose projection is the unit circle. Since the quotient is real for A € S!,
the two differentials differ there only by a real scalar factor. Thus the chosen basis is adapted to the
real structure and does not mix the distinguished real and imaginary directions by a complex phase.

We want to summarize the above results.

Corollary 5.20. After reduction to genus—one, the boundary data a € M3 determine a reduced
determinant polynomial
a(\) = A2 4+ aX+ 1, a=r+r1>2

and a distinguished ordered pair of logarithmic differentials

~ bi(A) dx _ba(N)d
On=="% On=—77
where
bi(A) = iv(A* = 1), ba(A) = y(A* + BA + 1),
with

v >0, 2< B <a.

The coefficient B is uniquely determined by the vanishing A—period condition, and 7y is uniquely de-
termined by the chosen mormalisation of the imaginary period direction. The associated Sym-—point
coordinates q1,q2 € R define a unique conformal class

T =q2+1iq € Fs.

Thus the reduced genus—one data determine a unique conformal class, and this is the quantity that
will be studied in Chapter 6.

To close this chapter we briefly want to state the sign conventions used in this reduction.

Remark 5.21. The sign convention used in the reduced boundary problem consists of two choices.

First, in the rotated spectral parameter we set
N = —e 2iP)

rather than e 2% \. With this convention, the double root A = €2** is moved to A= —1, and the
remaining two roots are placed on the negative real axis. After removing the double factor, the reduced
determinant polynomial therefore takes the standard form

i) =A+r)A+r )= N+ad+1, a>2

Second, the distinguished imaginary direction is fixed by choosing
b =ir(N2 1), 7 >0.

Since replacing by by —by would only reverse the corresponding direction, the condition v > 0 fizes its
orientation. The complementary real generator by is then written with the same positive scale,

ba(A) = y(A* + BA+ 1),

so that (by,ba) becomes a distinguished ordered basis. With this convention, the coordinate determined
by by is taken as the imaginary part and the one determined by by as the real part of the conformal
parameter T = qa + 1q1 -
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5.3 Solutions of the Whitham Equations for a € M3

We now solve the genus—one Whitham equations for the boundary case a € M3. As explained in the
previous section, after reduction to genus—one the determinant polynomial has the form

a(A) = A2 4+ o\ + 1, a=r+rt>2 (5.13)
Moreover, we have chosen the basis of logarithmic differentials in the form
bi(A) =iv(N* = 1), ba(A) =y (A2 + BA+ 1), (5.14)

where
a:a(t)v ﬂ:ﬁ(t), 7:7@)
depend smoothly on the Whitham parameter .

Our goal is to determine the polynomials ¢; and ¢y from the compatibility equation and then to derive
the differential equations for «, 3, and ~ from the first Whitham equation.

Recall from Lemma 5.12 that the Whitham equations contain a polynomial @ € C?[)\] satisfying
equation 5.7. At this stage @ is determined only up to an overall non-zero real factor, because a
rescaling of the deformation parameter ¢ rescales the corresponding Whitham vector field. Thus one
may normalise () conveniently.

In the present genus-one boundary problem we choose

Q) = A, (5.15)

This fixes the scale of the Whitham parameter ¢. No geometric information is lost, since a different
non-zero multiple of A would merely correspond to a reparametrisation of the same flow.

We now solve the compatibility equation
b201 — b102 = \a. (516)
Substituting (5.13) and (5.14), we obtain

Y2+ BA+ 1Der (V) — iy(A2 = Dea(A) = A2 +aX +1). (5.17)

The polynomials ¢; and ¢, have degree at most 2 and satisfy the same reality condition as by and bs.
As in the previous section, this suggests the equivalent ansatz

c1(N) = u(\2 +1) + v, ca(\) = iw(\? — 1), (5.18)
with real parameters u, v, w € R.

We insert (5.18) into (5.17). A direct expansion yields

Y(A2 4 BA+ 1) (u(A* 4+ 1) +vA) +y(A\% = Dw(A* — 1)
= AN +ar+1).

Expanding both sides and collecting coefficients of powers of A, we obtain

0 = y(u + w)A* + 5(Bu 4+ v)A3 + y(2u + Bv — 2w)A? + y(Bu + V)X + y(u + w)
=A% —aX = A

Hence the coefficients must satisfy the system

u+w =0, (5.19)
Y(Bu+v) =1, (5.20)
v(2u + v — 2w) = . (5.21)
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From (5.19) we obtain w = —u. Substituting this into (5.21), we get
~y(4u + pv) = a.
Together with (5.20), this is a linear system in u and v. Solving it yields

B—a af —4 _a—f

Ty TTamE—ey YT Aoy
Therefore 5 54
B — 9 aff —
c1(A) = 77(@ >y M+1)+ 77(,6’2 >y A, (5.22)
and
c =1 _a-r b 2_
2(N) S0 (A 1). (5.23)

Thus the compatibility equation uniquely determines ¢; and ¢y for the chosen normalisation @ = A.

We now substitute the polynomials a, b1, ba, ¢1, and co into the first Whitham equation
2aby — aby = 2idac) —ici(a+ Aa'),  1=1,2. (5.24)
Since the parameters «, 8, depend on t, we have

aN) =daX, (A =302 =1),  ba(A) =52+ BA+ 1) +8 A (5.25)

We proceed in two steps.

First we look at the equations obtained from I = 1. From (5.22) we compute

B -« af —4
(T (s

) =2
1(N) 5

Moreover,
aA) +Ad’'(\) = (AN +ad+1) +A2A +a) =302 +2a) + 1.

¢

Substituting these expressions together with (5.25) into (5.24) for [ = 1, we obtain a polynomial
identity in A. After expansion

i(% A+ (20 — Y@)A3 + (7d — 209) A — 21) -
i
v(6% —4)

The coefficient of A\* gives

((5 — )X + (=202 + aff + 4N + (207 — af — DA+ (o — ﬁ)).

Hence 5
-«
Y = . 5.26
T nE - (520
Next, the coefficient of A3 yields
V(B —4)a—a? +4=0,
and therefore o
a? —
= ——7——. 5.27
V(8% —4) (5:27)

Thus the equation for [ = 1 already determines % and d.

Secondly, we use the first Whitham equation for I = 2. From (5.23) we have

_a=-08
(6% —4)
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Substituting this together with (5.25), (5.26), and (5.27) into (5.24) for [ = 2, we again obtain a
polynomial identity in A, in particular.

1 )
~ (B2 —4) ((B — )\t + (=207 + 29%(B% — 1)+ B2 + 4) X3+
(~20%8 + aB? +207%(8% — 4)B — 20+ 68) X% + (~20% + 29%(B2 ) + B2+ A+ (B - a)) =
m ((5 — )X + (208 — 20%)A3 + (68 — 6)A? + (208 — 2a*)\ + (B — a)).

Comparing the coefficient of A3, we find
29382 —4)B — 208+ B2 +4=0.
Hence

72045—62—4

B = 223 —4) (5.28)

This determines the remaining evolution equation.

We have therefore proved the following result.
Corollary 5.22. Let
aN) =X +ar+1, b\ =iy(A2—1),  be(\) = (A2 + B+ 1),
and normalise the compatibility equation by choosing
QN = A
Then the genus—one Whitham equations admit the unique solution

b —a af —4

N = ——— (N 1)+ ——— A,
T AN Ty
. a—f 2
co(N) =i ———~<(A* —1).
Moreover, the corresponding evolution of the parameters o, B, and v is governed by the system
a?—4 . 208 -pB%2—-4 08—«
a=———", =—— y = ————. 5.29
r@-n T wEon TnE-o 529

Proof. The formulas for ¢; and cs follow from the coefficient comparison in the compatibility equation
(5.17). The evolution equations (5.29) are obtained by substituting these expressions into the first
Whitham equation and comparing coefficients, as carried out above. O

Remark 5.23. The system (5.29) will be the starting point for the further analysis of the Whitham
flow on the boundary stratum M3. In particular, it describes the deformation of the reduced genus—one
spectral data, and hence the induced flow through the corresponding equivariant CMC tori.

5.4 The limiting stratum a € M;

We finally consider the limiting case r — 1, which corresponds to the boundary stratum a € Mj. By
the discussion of the previous subsection, for a € M2 the reduced data determine a conformal class

7(r, @) = qa(r, ) +iqi(r, 0) € F3.

Our aim is to identify the limiting value of this conformal class when r = 1.

61



5. WHITHAM DEFORMATIONS

NiLs WAGNER

By Lemma 5.18, we know that r < s < 1 and therefore as r — 1
a— 2, B8 — 2.
Therefore, on the limiting stratum M3, the reduced data take the form

a\)=A+1)?% b)) =iv(AN=1), b\ =y +1)%

The reduced curve is now singular,
So={(\,0) e C* xC|?=AA\+1)%},
and its normalisation is rational. We introduce a normalisation parameter u € P! by
A= —u?, v =iu(l—u?).

Then indeed
7= —u?(1—u?)? = AN\ +1)2%

The evaluation point on the reduced curve is the point lying over A = —e~2¥%_ hence in the normali-

sation it is represented by
u=-e "% 0<p<m.

We now compute the limiting primitives explicitly.
Proposition 5.24. On the limiting stratum M3, the conformal class is given by
7(p) = €', 0<p<m.

Equivalently, after the reparametrisation

x:tan(g - %) € (-1,1), 2 = tanht,
one obtains  _ tanhe
1 — tan
=AY R
1) = T tannt

Proof. We first compute the limiting differentials on the normalisation.

Using
dA d
A= S :2;“, D=iu(l —u?),
we obtain AO2_ 1)y iyt 1) d
vy — rylu” — u -2
On 1 A du(l—u?)  w 7( tu )du
Hence
Op, = d(—2y(u—u")).
Similarly,
LA DTA 0 ey
e, = 17 A du(l —u?) 2 u o 2m<u 1) du,

and therefore
Op, = d(2iy(u—+u")).

These primitives are odd under the involution u — —u, which corresponds to the hyperelliptic invo-

lution. Hence they are the primitives relevant for the definition of ¢; and ¢o.

For u = ™", we obtain

—2y(u —u"t) = —2y(e — €'?) = dirysin o,
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and
2iy(u+u™t) = 2iy(e™ + %) = 4iry cos p.
Thus
q1(p) =4ysing,  qa(p) = dycosy,
and therefore
() = 2(p) +iqr(p) = 4ye’?.
So what is left to do, is to calculate .

For r < 1, the conformal class lies in

Fy={reC|3()>0, —1<R(r) <1, |r| >1).

Hence, in the limit » — 1, we must have
T(p) e Fz  forall0< ¢ <.
Since |7(¢)| = 47, the condition |7| > 1 yields 4y > 1. On the other hand,
R(7(p)) = 4y cosp.
As ¢ — 0, this approaches 4+, while the condition —1 < ®(7) < 1 forces
4y < 1.
Therefore 1
4y =1, hence T=7
Substituting this into the formula for 7(¢), we obtain
r(p) = .

Lastly we rewrite this in the parameter ¢.

L4 W)
—tan(2 - 7)€ (-1,1).
x an(2 1 €e(-1,1)

Then the standard half-angle identities give

2x . 1— 22
Cosp = ——— singp = —.
¥ 1422’ L4 1422
Hence . ) ‘
oiv —2z+i(l—2%) i-=x

1+ 22 11—z’
Since tanh : R — (—1, 1) is bijective, there exists a unique ¢ € R such that

x = tanht.
Thus
) = i — tanht
= itanht

This proves the claim.

We can now identify the image of the limiting stratum.

Proposition 5.25. The conformal class map extends continuously from M3 to M. Moreover,

(M3 ={reC||r|=1, 3(r) > 0}.

In particular, the limiting stratum M3 corresponds exactly to the unit-circle boundary of Fs.
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Proof. By Theorem 4.18, the lattice data depend continuously on the determinant polynomial a. In
the boundary situation considered here, the normalization from Corollary 5.20 and Remark 5.21 fixes
a distinguished ordered basis, so the associated quantities ¢;(a) and g2(a) vary continuously with a
as well. Consequently,

7(a) = g2(a) +iqi(a)
extends continuously from M2 to M3.

By Proposition 5.24, for 0 < ¢ < m we have
T(p) = €.
Therefore
[T(@)[ =1, S(r(p)) =sinp > 0.
Hence

r(M3) c{reC||r| =1, S(r)>0}.

Conversely, every point of the upper semicircle may be written uniquely as e’ with 0 < ¢ < 7.
Therefore
r(M3)={reC||r| =1, S(r)>0}.

Finally,
Fs={re€C|S(r)>0, -1 <R(r) <1, || > 1},
so the set
{reC||r|=1, S(r) >0}
is exactly the unit-circle part of the boundary of F3. This proves the last statement. O
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Chapter 6

The map S and the conformal classes
on the boundary

In this chapter we show that the boundary strata
MEu M3

are parametrized by the conformal class of the corresponding reduced genus—one data. More precisely,
we prove that the map
S: M2UMS — Fs, a— ga2(a) + iq1(a)

is a bijection, where
F3:={reC|S(r) >0, -1<R(r) <1, |7] >1}.

Here the quantities g; and g2 are the imaginary and real part of the conformal class determined by
the reduced genus—one spectral data.

The proof is organized as follows. First we explain why Fj3 is the correct fundamental domain in the
boundary situation. Then we describe the conformal class attached to the reduced data and study,
for fixed 7, the corresponding curve in the 7—plane. We show that along such a curve the real part
runs from —1 to 1, while the imaginary part attains its minimum at the boundary. After that we
analyze the boundary values as » — 0 and compare them with the limiting stratum M3, which gives
the lower boundary of F3. Finally, we use the ordering of the curves and their non—intersection to
conclude that every point of F3 is attained exactly once.

In Chapter 3 we represented lattices up to rotation and dilation by points in the standard fundamental
domain

F={reC|X(1)>0, R(1)| < %, |7] > 1}.

This is the correct choice if one only wants to remember the abstract similarity class of a lattice. In
the present boundary situation, however, we have more structure. After the reduction to genus—one
we do not only obtain a lattice, but a distinguished ordered pair of period directions: one direction is
singled out by the purely imaginary differential and the other by the real complementary differential.
Thus the full modular ambiguity from Chapter 3 is no longer present. Instead we keep track of
the decomposition into the imaginary and real period direction. This leads naturally to the larger
fundamental domain
F3={re€C|X() >0, -1<R(r) <1, |7| >1}.

The difference between F and Fj3 is therefore the following: the set F parametrizes lattices only up to
arbitrary change of basis, whereas F3 is adapted to our distinguished basis coming from the reduced
Whitham problem. In particular, the horizontal strip has width 2 instead of 1, because changing the
real period direction by an even multiple of the imaginary one does not alter the chosen normalization,
while the condition |7| > 1 still removes the remaining duplication coming from swapping the two
directions.
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For a € M2, as in Chapter 5.2, we use the parametrization
a(A) = (A —re ) (A —r~le ) (X — %), r e (0,1), ¢ €[0,n].
Hence on M3 the map S can be regarded as
S:(0,1) x [0,7] — Fa, (r,p) = S(r, ).

The limiting case r — 1 yields the stratum M3. By Proposition 5.25, the conformal class extends
continuously to this limiting stratum, and its image is exactly the upper semicircle

SM3)={reC||r|=1, S(r)>0}.
Thus the stratum M3 already accounts for the circular part of the boundary of Fs.
We next fix r € (0,1) and study the map
@ = S(r,0) = q(r, ) +iqu(r, ¢).

For fixed r, this defines a continuous curve in the 7—plane. Since a(r,0) = a(r, 7), the values ¢ = 0
and ¢ = 7 do not define two different points of M2. Rather, they correspond to the two limiting
orientations of the distinguished real period direction. In the normalization 7 = gs + iq; € F3, these
two limiting configurations are represented by the two vertical boundary lines of F3. Hence

lim q2(7", 90) = _]-a lim (Z2(7'; SD) =1
p—0t T
Lemma 6.1. For every fized r € (0,1), the function @ — qa(r, ) is strictly increasing.

Proof. For the reduced genus—one data, the ¢—dependence enters through the point

Ap = —e 2P, v € (0,7).

As ¢ varies from 0 to 7, the point A, runs once around the unit circle. Moreover,

d) .
Ay = —2i )\,
de
and therefore R
Ay #0  forall p € (0,7)
—_— r ).
do ¥ )
By definition,
ba(A) dA
dQ2 = ®b2 D 5\ .

d d ba(A,) 1 dA, .
—_— = —_— = —_— = 72
dqu2(T7 90) @bQ (d@) ?

Thus the derivative can vanish only if either bg(j\w) =0or,=0.

The reduced curve is given by

72 =—Xa(\) = = A +r) (A +r7h).

Therefore the branch points in the Xfplane are

A=0, A=—r, A= —r1.
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Since 0 < r < 1, none of these points lies on the unit circle |A| = 1. It follows that v, # for all
p € (0,m).
Recall

ba(A) = y(A + s)(A +s71),
where, by the description of the zeros of bs, one has r < s < 1. The zeros of by are therefore real
negative points with moduli s and s~!, respectively. Since s # 1, neither of them lies on the unit

circle. Therefore .
ba(Ap) #0 for all v € (0, 7).

Consequently, the quantity

d . b2(5‘¢)
_— = —2
d(pqz(r7 90) g Izp

is continuous and never vanishes on the connected interval (0, 7). Consequently, it has a fixed sign
throughout (0, 7).

Equivalently, once one chooses one of the two continuous lifts

$— (S‘Wﬁw)

of the unit circle to the spectral curve, the sign of iqg(r, ©) is fixed along the entire interval. We

d
choose the lift compatible with the normalization of tﬁe distinguished real period direction.
By the discussion preceding the lemma, the endpoints of the fixed—r curve satisfy

lim QQ(T.? 80) = _17 lim qQ(Ta SD) =1
p—0t T

Hence go(r, ) increases from —1 to 1 as ¢ runs from 0 to . Since its derivative has a constant sign
on (0, 7), that sign must be positive. Therefore

d
%qg(r, p)>0 for all ¢ € (0, 7).

Thus ¢ — g2(r, ) is strictly increasing. O

As a consequence, for fixed r the image of ¢ — S(r,p) is a simple curve which runs from the left
boundary R(7) = —1 to the right boundary R(7) = 1. In particular, ¢ may be used as a parameter
along this curve.

Remark 6.2. In the paper Knopf et al. [2025], elliptic function theory was used to derive an explicit
formula for the real and imaginary parts of the conformal classes for a € M3 U M3. At the end of
Section 4 of this paper, the curves for fived r were plotted:

,&
4

" OO . ., __\_‘.___\___'_______ 18
\
W
;
/

ﬁ
/

; -
\
47 A ___1.___)'___._______

1)\

n

Figure 6.1: Reproduced from Knopf, Knopf et al. [2025|, 7, for different values of r
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This image serves as a visualization. All qualitative properties shown in the figure will be proven
rigorously below

We now turn to the imaginary part. Since the reduced polynomial @ depends only on r, the corre-
sponding coefficients § and « are functions of r alone. In particular, for fixed r all y—dependence
enters only through the evaluation point

A= —e 2%,
Lemma 6.3. For fized r € (0,1), the function q(r,¢) is given by
q1(r, ) = 29(r)y/ a(r) — 2 cos(2¢).
Proof. Recall that R R
iv(3% — 1) dA

dg1 = Oy, = - 5 I (6.1)

We claim that

A 1
q1(A, D) 75

is a primitive of (6.1). Indeed, differentiating 22 = —A\a(\) with respect to A gives

hence R o
- 7
dp = ~ SN TN 45
20

Therefore )

1 ) av A o b

d(’f) I A} S ) SRAY) §

A A A2 20 A2

Using again 72 = —Aa()), the second term becomes

It follows directly that

A 2\D
Since R R R R
aA) =X +ar+1, d(\)=2\+aq,
we obtain . o R
a(\) —Aa'(\) =1- )2
Hence

Multiplying by —2iy yields

which proves the claim.

It remains to evaluate this primitive at the point
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Since \5\¢| = 1, we compute

R 2 . R .
<ﬁ(/\so)> _ ﬁ()‘w)Q _ _)\i-l-oz)\@—&-l _ _(5\@_’_0(_‘_;\—1)
. o)

A2 A

Now . '
Ao + A1 = =77 — %% = —2cos(2p),

(W) = — (o — 2cos(2¢)).

Since o > 2, the quantity a — 2cos(2y) is strictly positive. Choosing the branch compatible with
q1 > 0, we obtain

and therefore

>

(Aj\w) =iy a —2cos(2¢).

Ap

Substituting this into the primitive gives

a1(r @) = ~2iy(r) 22) — 93(0) /alr) — Zeos(2e).

Ao

The explicit formula immediately identifies the lowest point of each fixed r curve.

Lemma 6.4. For fized r € (0,1), the function ¢ — q1(r,¢) attains its minimum at the boundary
points corresponding to (1) = £1.

Proof. By Lemma 6.3,

q1(r,0) = 27v(r)v/ a(r) — 2cos(2p).

For fixed r, the factor 2y(r) is constant and strictly positive. Thus it suffices to minimize the square
root. Since cos(2¢) < 1 for all ¢ € [0, 7], the expression

a(r) — 2cos(2¢p)

is minimal exactly when cos(2¢) = 1, that is, for ¢ = 0 or ¢ = w. These are precisely the two
endpoints of the fixed r curve, and they correspond to the two boundary values R(7) = —1 and
R(T) =1. O

We now study these boundary values more closely. Along the two boundary branches one has ¢ = 0
or ¢ = m, and therefore

q1(r) = 2v(r)a(r) — 2.

We shall show that this quantity is strictly increasing along the Whitham flow and tends to infinity
asr — 0.

Lemma 6.5. Along the two boundary branches R(t) = +1, the quantity ¢ satisfies
¢ > 0.

Moreover,
q1(r) = oo as r — 0.

Proof. Differentiating along the boundary branches with respect to the Whitham parameter ¢ gives

. . oo
=29vVa—2+ .
n== Va—2
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Using the Whitham system from Chapter 5, this becomes

. b —« — a?—4
DoV T e Ve 2

After simplification one obtains

Vo —2
V(B -2)
By the description of the zeros of b, one has 8 > 2. Since also v > 0 and « > 2, it follows immediately
from (6.2) that

G = (6.2)

g1 > 0.
It remains to analyze the behaviour as r — 0. Since
a=r+rt~rt Va ~r 2,

we only need the corresponding asymptotic scale for 7. The rescaling argument from the proof in
Chapter 5 shows that the relevant period of O, on the collapsing cycle stays non—zero, and therefore
~f has the same asymptotic order as y/a. In particular, there are constants C7,Cs > 0 such that for
all sufficiently small r,

Civa <78 < Oy
Since 8 > 2, the factor /(8 — 2) is bounded from below by 1, and by (6.2) we may rewrite

. 8 Va-—2

G=—7" :
B-2 B

For small r, the second factor stays bounded away from zero because v§ =< /a and va — 2 =< /a.
Thus there exists ¢; > 0 such that

G1=zc>0
for all sufficiently small r.
Finally, the Whitham time needed to reach » = 0 is infinite. Indeed,
a?—4 a? 1
" RF -4 " Ger - o

for small r, hence

Integrating from ag to A yields

2 4 da 2
(4) ~ tlao) 2 €} |2 = CHlog 4~ loga).
g «
and therefore the time needed to reach o = oo, equivalently r = 0, is infinite. Since ¢; stays bounded
away from zero for large time, it follows that

@1(r) = o0 as r — 0.

O

We can now compare the curves corresponding to different values of r. For fixed r, the map ¢ — S(r, )
is a simple curve from R(7) = —1 to R(r) = 1, and by Lemma 6.4 its lowest point lies at the two
endpoints. By Lemma 6.5, these endpoint heights move strictly upward as r — 0. At the other
end, when 7 — 1, the curves converge to the image of the limiting stratum M3, which is the upper
semicircle 7] = 1, $(7) > 0. Thus the family of curves starts at the circular boundary of F3 and
moves upward as r decreases.

Next we show, that for different r values, the curves don’t intersect.
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Lemma 6.6. The determinant of the Jacobian Matriz of S is strictly negative.

Proof. We compute the Jacobian determinant of the map S(p,r) = (g2(v,7), 1 (¢, r)) with respect
to the coordinates (p,r). By definition, we have:

_ 90001 _ 019
det Js = dp Or  Op Or

Since the radial parameter r depends on the Whitham flow parameter ¢, we apply the chain rule
Oy = %8,5 to rewrite the determinant as:

1 /0qs . oqy .
deth7;<aq;q1£qz>-

From Lemma 5.10, the variations of the primitives with respect to the Whitham parameter are given

by ¢ = ic’g\) for [ = 1,2. as in the proof of Lemma 6.1, we obtain:

du . b\
% = -2 > .

Substituting these expressions into the determinant yields:
1 b b 2
det Js = - [(—22'?) (zc—l) - (—2@'}) (262)} — (b1 — bcs).
T 1% 1% 1% 1% 8%

By the compatibility equation (5.16), normalized by Q(A) = X, we know that bocy — bicy = Aa(X).
Thus, the Jacobian determinant takes the form:

det J. 2 Aa(\)

e = —Aa(N).

57 02

By construction, the roots of the reduced determinant polynomial @ are —r and —r~!. Since r € (0, 1),

neither root lies on the unit circle |A\| = 1. Consequently, a(A) # 0 for all ¢ € [0,7]. Since the

determinant is a continuous function and is never zero, it must maintain a constant sign throughout

its domain.

Because the sign is constant, it is sufficient to evaluate det Jg at a single boundary configuration. We
choose ¢ = 0. By Lemma 6.3, the function ¢ — ¢;(r, ¢) attains its minimum at this boundary, which
implies:

9| _,
¢ | o
The Jacobian determinant therefore simplifies to:
g2 Oq1
det J, =0)=——.
et Js (e ) Op Or

We determine the signs of these two factors individually:

e By Lemma 6.1, the map ¢ — ga(r, ) is strictly increasing, hence %—q; > 0.

e To find the sign of %, we expand it as q71 From Lemma 6.5, it is established that ¢; > 0 along
the boundary branch. Furthermore, in the proof of the same Lemma we have seen that 7 < 0.
It immediately follows that % < 0.

Taking the product of a strictly positive and a strictly negative term, we obtain:
det Jg(¢ =0) < 0.

Therefore, the determinant of the Jacobian matrix of S is strictly negative everywhere. O
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For every fixed r € (0,1), Lemma 6.1 has already shown that ¢ — ga(r, ) is strictly increasing from
—1 to 1. Hence, for every x € (—1,1) and every r € (0, 1), there exists a unique ¢,(r) € (0,7) such
that

qo(r, (1)) = 2. (6.3)

Since 0,g2(r, @) > 0, the Implicit Function Theorem A.2 implies that r — ¢, (r) is continuous. We
may therefore define

ha(r) = qu(r, (7))
We claim that h, is strictly decreasing on (0,1). Differentiating (6.3) with respect to r, we obtain

Orq2 (1,02 (1)) + 0pqa(r, 0 (1)) @ (1) = 0,

and therefore

/ _ 9rq2(r, a(r))
21 = =g ()

Using this in the derivative of h,, we get

hy(r) = 0rqu (1, @2 (r)) + o1 (1, (1)) 5, (7)

_ 890Q2 (r, P (7‘)) orq1 (7”, P (7’)) - a«pql (7’, Px (T)) Orq2 (7’7 P (T))
9p2(r; (1)

The numerator is equal to det Jg (7, ¢, (r)), which is by Lemma 6.6 strictly negative. Since ,q2(r, ¢4 (1)) >
0 by Lemma 6.1, it follows that
h!.(r) < 0.

Thus, for every fixed z € (—1,1), the imaginary part ¢; increases strictly as r decreases.
We now determine the image of S. Fix x € (—1,1). By section 5.4, we already know that, as r — 1,
the image curve ¢ — S(r, p) converges to the upper semicircle, i.e. so that

he(r) — V1 — 22 asr — 1.

On the other hand, by Lemma 6.5, the endpoints of the curve tend to infinity in the positive imaginary
direction as r — 0. Since for fixed r the minimum of ¢;(r, ) is attained at the endpoints, it follows
that

he(r) — 00 asr — 0,

for any fixed z € (—1,1). Because h, is continuous and strictly decreasing, its image is precisely the

interval
(\/ 1— 22, oo)

Equivalently, on the vertical line (7) = x, the image of S consists exactly of those points strictly
above the unit semicircle. Since this holds for every € (—1,1), and since the limiting stratum M3
maps exactly to the upper semicircle, we conclude that

1m(S) = f3.

We have thereby shown

Corollary 6.7. The image of S is equal to Fs.

We finally show that every point of F3 has a unique preimage. This is the statement announced at
the beginning of the chapter.
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Theorem 6.8. The map
S: MZUMS = Fs, a— ga(a) +iq(a)
18 a bijection.

Proof. By Corollary 6.7, the map S is surjective.

To prove injectivity, let 7 = x + iy € F3 be given. If 7 lies on the unit semicircle |7| = 1, $(7) > 0,
then by the description of the limiting stratum there is a unique point of M3 mapping to 7.

Now assume that |7| > 1. Then z € (—1,1) and y > V1 — z2.

Suppose that 7 has two preimages in M3, corresponding to parameters (rq, 1) and (72, ¢2). Since
both points map to 7, we have

q@2(r1,01) = = qa(r2, P2).

For each fixed r, the map ¢ — ¢a(r, ) is strictly increasing, hence

01 = (1), P2 = pa(r2).
Moreover,
y=q(r1, 1) = ha(r), y = qi(r2, p2) = hy(ra).

Since h, is strictly decreasing, it follows that r; = ro. Then also

01 = 9z (r1) = a(r2) = 2.

Thus the two preimages coincide. Hence every point of the interior of F3 has a unique preimage in

M2,

Therefore S is injective. Since it is also surjective, it is bijective. O

The interpretation is therefore simple: on the boundary, the reduced genus—one conformal class con-
tains exactly the information needed to recover the spectral data. For fixed real part R(7) = z, the
imaginary part determines the radial parameter  through the strict monotonicity of h,, and once r is
fixed, the real part determines the angular parameter ¢ via the strictly increasing map ¢ — g2(r, ).
Hence the boundary strata M3 U M3 are completely described by their conformal classes.
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Appendix A

Important Theorems

Theorem A.1 (Picard-Lindelof). Let U C R x R™ be open and let f: U — R™ be continuous and
locally Lipschitz continuous in the second variable. Then for every (zo,yo) € U there exist an open
interval I C R with xzy € I and a unique differentiable map y : I — R™ such that

y'(x) = f(z,y(x)) forallzel,  y(zo)=yo.

Proof. For the proof, see Teschl [2012], Theorem 2.2. O

Theorem A.2 (Implicit Function Theorem). Let U C R™ be open and let F : U — R™ be of class
C'. Assume that for some p € U the differential DF(p) has rank m. Then there exists a neighborhood
V' of p such that

FTY(F(p)nV

is a C'-submanifold of R™ of dimension n —m.

Proof. For the proof, see Lee [2012], Corollary 5.14. O
Theorem A.3 (Liouville’s Theorem). FEvery meromorphic function on the Riemann sphere without
poles is constant.

Proof. For the proof, see Forster [2012], Theorem 2.10. O

Theorem A.4 (Spectral Theorem). Let A € C"*™ be normal, i.e. AA* = A*A. Then there exist a
unitary matriz U € C™*"™ and a diagonal matrizc D € C™"*™ such that

A=UDU".
The diagonal entries of D are exactly the eigenvalues of A.

Proof. For the proof, see Axler [2024], Section 7B. O

Theorem A.5 (Strong Maximum Principle). Let Q C R™ be a connected open set and let u : Q — R
be harmonic. If u attains a maximum or a minimum at an interior point of €, then u is constant.

Proof. For the proof, see Axler et al. [2013|, Theorem 1.8. O
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Theorem A.6 (Removable singularities theorem). Let Q@ C R™ be open, let a € Q, and let u :
Q\{a} — R be harmonic. If u is bounded in a neighborhood of a, then there exists a unique harmonic
function u : Q — R with

a=u onQ\{a}.

Proof. For the proof, see Axler et al. [2013], Theorem 2.3. O

Theorem A.7 (Orbit-stabilizer theorem for transitive Lie group actions). Let G be a Lie group acting
smoothly and transitively on a smooth manifold M, and let p € M. Denote by

Gp:={9€Glg-p=r}
the stabilizer of p. Then G\, is a closed Lie subgroup of G, and the orbit map
G — M, g—g-p

induces a diffeomorphism
G/G, — M.

In particular, if G =R"™ and dim M = n, then G, is discrete. Moreover, if M is compact, then R" /G,
18 compact.

Proof. For the proof, see Lee [2012], Theorem 21.18. O
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