Martin Schmidt Analysis 111 24 May 2021

Ross Ogilvie 11. Exercises
In the exercises below, let V, Vi, ..., V,,, W be finite dimensional normed vector spaces over K.
33. (a) Dimension of L(Vy,...,V,; W).

(b)

(c)

Show that
dim £L(Vy, ..., Vy; W) =dim(Vy) - ... - dim(V,,) - dim(W)

Alternative description of the norm on £L(Vy,...,V,; W).

In the lectures we saw that the norm on L£(V,...,V,; W) was defined as
[Al] := sup{ [A(z1, ..., za) [ | 2% € Vi, [zl <1}
Prove the following alternative characterisations are equivalent:
[All = sup{ [[A(z1, ..., 2n)[[ |z € Vi, [lan] =1}
:sup{HA(H;_in,...,”;_;”)H\mkevk\{c)}}. (1)

An isomorphism between £(V; W) and L(V, W’; K).
Show that the map

O LV, W) = L(V,IWK), A— ®(A)
with
P(A): VxW =K, (v,B)— (BoA)(v)

is an isomorphism between the normed vector spaces L£(V;W) and L(V,W’';K),
i.e. ® is a vector space isomorphism and it preserves the respective norms: for all
A e L(V; W) we have ||®(A)| = ||A]|.

34. The tensor product.

(a)

Prove or disprove:

(i) the tensor product of vectors
VixX..xV,=V®...0V,, (vi,...,0,) 2 11 ®...Q00,

is not commutative in the case V; = ... =V,,.

(ii) every vector in V; ® ... ® V,, is pure (coherent).



(b) Show that in V; ® ... ® V,, the linear span of the pure tensors is V} ® ... ® V,,, ie.

every element of V; ® ... ® V,, is a finite linear combination of the pure tensors.
(c) Construct the follow isomorphisms between normed vector spaces:
i) LV,....VpuWW)=2LVI®...0 VW)
(i) i©lkez2Ve (ol = Vel el
(i) LV, W)=V W,

35. Riemannian metric.

Let X be a manifold. Let L(TX,TX;R) denote the vector bundle whose fibre over x € X
is the R-vector space of bilinear forms T, X x T, X — R. A Riemannian metric (or simply
a metric) on X is a global smooth section G of this vector bundle, such that g(z) is a

scalar product on T, X for ever x € X (it is symmetric and positive definite).
Show that every manifold has a Riemannian metric.

Hint. Choose a cover of X by coordinate charts. Construct a Riemannian metric in each

coordinate chart. ‘Glue’ them all together using a partition of unity.

Terminology

koherent = coherent. In English, we called these tensors pure, simple, or elementary.



