Partial Differential Equations
Martin Schmidt Sheet 8 20.4.2020

Ross Ogilvie
26. The Divergence theorem for Lipschitz continuous vector fields.

Let © € IR™ be an open and bounded subset with boundary 92 € C%!. We will show that the
divergence theorem also holds for f = (f1,..., fn) € (CO1(Q))™
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Firstly we must modify Definition 1.7 appropriately. Concretely: We choose a finite open covering
of coordinate charts {V;}¥, and appropriate diffeomorphisms ®; : U; — Vj, for open subsets
U; C R"L. Next take a partition of unity (k)Y and define
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(a) Show: 0N is continuously differentiable when, after a permutation of coordinates, ®; has
the form ®;(y) = (y,¢i(y)), with ¢, € C'(U, R).

(b) Show: When 0% is continuously differentiable and ®; has the form as in (a), then (sx)

becomes

[ 1 Nda—z / Wt (s o)) - (Vyou(y), —1) d"y. (s 4 )

(c) Let A € O(n,R) be an orthogonal matrix and f a smooth function.

Show: For fa = A- fo A~ the normal vector N4 of the transformed domain Q4 = A[Q)]
satisfies the equation Na(x) = A - N(A~'z) and the divergence theorem (%) holds for
(fa,Q4), if and only if it folds for (f,€2).

(d) Let o € COLBY1(0,p)) with [lploo < M and f € (Wy™(B"1(0,p) x (~M, M)))"
Then the following holds
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[Hint: Approximationssatz 3.33]

(e) Show that for f = (f1,..., fn) € (C%1(Q))" the divergence theorem (x) hold.

[Hint: Show first that the expression in (c) holds also for f € (C%1(Q))" and 9Q € C%!.
Then use (d).]

27. The equality of mixed partial derivatives.
Let Q@ C IR" be open and u € W01’2(Q), veWLH3(Q). Prove
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[Hint. Approximate u with functions from C§°(2).]



28. More about Sobolev spaces.

29.

Let n >3 and Q = B(0,1) = {x € R"| |z| < 1} and choose u € C*(Q\{0}) such that
/ lu(z)|?dp < oo und / IVu(z)|* dp < oco.
Q\{0} Q\{0}
Show both that u € W2(Q) and that ue,(z) = dju(z) for = # 0.

[Hint. Let ¢ € C§°(2) and a sequence ¢, € C°(Q\{0}) that converges ¢, — ¢ in WL2(Q).
For example we can choose ¢, (x) := ¥(n|z|) - ¢(x) with ¢ € C*(IR), ¥(r) = 1 for r > 1, and
P(r)=0forr < 3]

An inequality for functions in W02 2(Q).

Let 2 € IR"™ be open and bounded, and u € W02 2(Q) Prove the following inequality:
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[Hint. Consider u € C§°(€2) and integrate [, [Vu|*dp by parts.|



