Martin Schmidt Partial Differential Equations 03. April 2023

Nicolas A. Hasse Exercise sheet 8

Preparatory Exercises

27. Approximation by truncated Sobolev functions.

(a) Let © C R™ be open and u,v € WP(Q). Show for w(x) := min{u(z),v(x)} that w also
lies in W1P(€2). Determine the weak derivatives of w.
[Hint. Use the identities min{a, b} = min{a — b,0} + b and min{a,0} = 0.5(a — |a|), and
apply Propositions 3.29 (Chain Rule) and 3.30.]

(b) Show using (a) that max{u(z),v(z)} € WHP(Q) too.
(c) Prove that when u € W1P(Q) then w := min{u,1} € WP(Q). Calculate the first deriva-

tives of w.
(d) Show L*°(2) N WP(Q) is dense in W1P(€).

[Hint. For u € WP (Q) consider the sequence of truncations u, := max{—n, min{u,n}}.]

28. More Sobolev functions.

Let p ' +¢ ' =1,n>qgand Q= B(0,1) C R". Choose u € C*(2\{0}) such that
/ lu(z)|Pdp < 0o and / |Vu(z)P dp < oo.
Q\{0} Q\{0}

(a) Choose any 1 € C*°(R) with ¢(r) =1 for r > 1, ¢(r) = 0 for r < %, and 0 < ¢(r) < 1.
Let ¥ (x) = v (k|z|). Show that 1, — 1 in WH4(Q).

(b) Define uy := utyg. Show that ||0;u — djukll1 — 0 as k — oc.
(c) Complete the proof that u € W1P(Q) and 9;u is its weak derivative.
(d) Let u: Q\ {0} — R be defined by u(z) := ||z||". Show 0%u(z) = Py(z)||z||*"2%, where P,

is a homogeneous degree |a| polynomial. The exact form of P, is unimportant.

(e) Using u from the previous part show that u belongs to W*?(Q) for v > k — %.

In Class Exercises

29. An inequality for functions in VVO2 2(Q).
Let 2 € R™ be open and bounded, and u € VVO2 2(Q) Prove the following inequality:

IVull 20y < llull gy - 1 Aull g,

[Hint. Consider u € C5°(Q2) and integrate [, |Vul?dp by parts.]



30. The Divergence theorem for Lipschitz continuous vector fields.

Let Q € R™ be an open and bounded subset with boundary 9Q € C%!. We will show that the
divergence theorem also holds for f = (fi,..., fa) € (CO1(Q))™

/QV-fdu:/mf-Nda. (+)

Firstly we must modify Definition 1.7 appropriately. Concretely: We choose a finite open cover-
ing of coordinate charts {Vl}l]\; , and appropriate diffeomorphisms ®; : U; — V;, for open subsets
U; C R"™1. Next take a partition of unity (h;)¥, and define

N
” f+-Ndo = ZZ;/UZ hy(f - N) o @y /det(®))tP)dpu. ()

(a) Show: 0N is continuously differentiable when, after a permutation of coordinates, ®; has

the form ®;(y) = (y, v1(y)), with ¢, € C*(U;, R).
(b) Show: When 0% is continuously differentiable and ®; has the form as in (a), then (k)

becomes

[ f-Ndo - Z / i, o1(9) - (Vya(y), ~1) . (4 %)

(c) Let A € O(n,R) be an orthogonal matrix and f a smooth function.

Show: For fqa = A- fo A™! the normal vector N4 of the transformed domain Q4 = A[Q)]
satisfies the equation Na(z) = A - N(A7'x) and the divergence theorem () holds for
(fa,Q4), if and only if it folds for (f, ).

(d) Let ¢ € COY(B"1(0,p)) with [|¢]lsc < M and f € (ng“(B"—l(o,p) X (=M, M)))”.
Then the following holds

M
Lo [ veswaetyd= [ ) (T -0 d
Bn=1(0,p) Y o(y) B»=1(0,p)

[Hint: Approximationssatz 3.33]

(e) Show that for f = (f1,..., fa) € (C%1(Q))" the divergence theorem (*) hold.

[Hint: Show first that the expression in (c) holds also for f € (C%1(Q))" and 92 € C%1.
Then use (d).]



