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Martingales

Lemma 1. Consider a real-valued stochastic process (Xt)co,1) adapted to the filtration (Fi)iecpo1]
with the property that E[|X:|] < oo for all t € [0,T].

(i) Let ¢ : R — R be a convex function. If (Xi)icpo,r) i a martingale with E[|o(X:)|]] < oo for
t € 10,77, then (¢(Xt))iepo,r] s a sub-martingale.

(i) Let ¢ : R — R be a non-decreasing convex function. If (Xt)co1) 95 a sub-martingale with
Eflp(Xt)[] < oo fort € [0,T], then (o(Xt))ieo,r) s a sub-martingale.

Recall Jensen’s inequality for conditional expectations: Let I C R be an interval, let ¢ : I — R be a
convex function and let X be an I-valued random variable on (2, F,P). If E[|X|] < co and G C F be
a o-algebra, then

p(E[X]G]) < Elp(X)|g] < .

Proof. (i) Since (X)) is (Ft)-adapted and ¢ is measurable as a convex function, we first note
that (¢(Xt))iejo,r is (Ft)-adapted. By assumption, it holds E[|p(X¢)[] < oo for t € [0, T]. For
the martingale property, let s,t € [0,T], s < t. Then

Jensen’s ineq.

E[p(X¢)[F] > p(E[X|Fs]) = o(Xs)  as.
———
=X a.s.,
(X¢): mart.

(ii) Since (X¢)ejo,m is (Ft)-adapted and ¢ is measurable as a convex function, we first note that
(0(Xt))ico,m 18 (Ft)-adapted. By assumption, it holds E[|o(X¢)|] < oo for t € [0,7]. For the
martingale property, let s,t € [0, 7], s < t. Then

Jensen’s ineq. ¢ non-decr.
Elp(X)lFs] = w(EBXE]) = o(Xs) as.
~—
>Xs a.s.,
(Xt)t sub-m.

O]

Lemma 2. Consider a real-valued integrable random wvariable X on the filtered probability space
(0 F, (Fo)eep) P)- Let (Xe)iepr) = (BIX|F])epo,r)- Then (Xt)iejo,r) is a martingale.

Proof. By definition of the conditional expectation, E[X|F;] is Fi-measurable for all ¢t € [0,T], i.e.
(Xt)iejo,r 18 (Ft)-adapted. For ¢ € [0,77] it holds

Jensen’s ineq.

E[|X]] = E[JE[X]F]] o E[E[|IX][F])] = B[ X]] < o0

(u)=|ul
by assumption. For the martingale property, let s,t € [0,7], s < t. Then

tower_prop.

E[Xi|7,) = EELX| 7)) 2

E[X|Fs] = Xs as.

O]

Lemma 3. Consider two real-valued stochastic processes (Xi)ejo,r), (Yi)iejo,r) adapted to the same
filtration (F¢)epo,r) with E[| X¢|] < oo and E[|Y;|] < oo fort € [0,T]. Then, if (Xt)icjo,r) and (Yi)ie(o,1
are both super-martingales, then (Zi)iejo,r) with Z; == min(Xy,Y;), t € [0,T], is a super-martingale
with respect to (Ft)iefo,1)-



Proof. Since (Xy)iepor] and (Yi)iep 1 are (F)-adapted and since min : R* — R is measurable,
(Zt)ieo,m) is (Ft)-adapted. And for ¢ € [0,77] it holds

E[|Z:|] < E[[X:]] + E[JYz]] < o0

by assumption. For the martingale property, let s,t € [0,7], s < t. Then

(X¢)¢ super-m.

E[Z:|Fs] = Elmin(Xy, Y3)|Fs] < E[X¢|F] < Xs as.

and, analogously,

(Y:)¢ super-m.

E[Zi|Fs] = Emin(X;, Yy)[Fs] <E[Yi[Fs] < ¥, as,

hence, E[Z;|Fs] < min(X,,Ys) = Z; a.s. O

Hints for Exercise Sheet 3

Exercise 3.1
First, download the latest version of the Exercise Sheet, unfortunately, there was a small mistake in
the definition of uniform integrability.

(i) Assume that the random variables | X,,| are uniformly bounded by a finite constant ¢ and show
the claim.
Then consider the function ¢.(z) = (z A ¢) V (—c) for some c. Use Fatou’s lemma to show that
X is integrable. Apply the triangular inequality twice to show E[|X,, — X|] — 0 as n — oc.

Exercise 3.2
(i) Use Exercise 2.3.(ii)

(ii) (a) Use Theorem 2.20.
(b) Apply Doob’s LP-inequality.

Exercise 3.3
Find an approximating sequence of simple functions f,, such that ||f — f,||3 — 0 as n — oo for f = B
and calculate I(f1jy) = li_>m I(fnlpoy)-

n oo



