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Exercise 5.1

(i) Let (Xt)t∈[0,T ] be an Itô process with representations

Xt = X0 +

∫ t

0
a(·, s) ds+

∫ t

0
b(·, s) dBs = X̃0 +

∫ t

0
ã(·, s) ds+

∫ t

0
b̃(·, s) dBs

for t ∈ [0, T ] and X0 = X̃0 P-a.s. Hence,

Y =

∫ ·

0

(
b(·, s)− b̃(·, s)

)
dBs =

∫ ·

0

(
ã(·, s)− a(·, s)

)
ds

is a continuous local martingale of finite variation, as the left-hand side is a local martingale and
the right-hand side is of finite variation. Consequently, we know by Lemma 2.19. that

Yt = 0, t ∈ [0, T ], P-a.s.

Particularly, ∫ t

0

(
b(·, s)− b̃(·, s)

)
dBs = 0, t ∈ [0, T ], P-a.s.

By Itô isometry we obtain

0 = E
[(∫ t

0

(
b(·, s)−b̃(·, s)

)
dBs

)2]
= E

[ ∫ t

0

(
b(·, s)−b̃(·, s)

)2
ds

]
=

∫ t

0
E
[ (

b(·, s)− b̃(·, s)
)2︸ ︷︷ ︸

≥0

]
ds, t ∈ [0, T ],

which implies that
b− b̃ = 0 P⊗ λ-a.s.

Furthermore, we know ∫ t

0

(
ã(·, s)− a(·, s)

)
ds = 0, t ∈ [0, T ], P-a.s.

which reveals
a− ã = 0 P⊗ λ-a.s.

(ii) Let X,Y be two Itô processes and f(x, y) := xy, f ∈ C2(R2). Then, XtYt = f(Xt, Yt). We
compute

∂f

∂x
(x, y) = y,

∂f

∂y
(x, y) = x,

∂2f

∂y∂x
(x, y) =

∂2f

∂x∂y
(x, y) = 1

and
∂2f

∂y2
(x, y) = 0,

∂2f

∂x2
(x, y) = 0.

By Itô’s formula for Itô processes we get

XtYt = X0Y0 +

∫ t

0
Ys dXs +

∫ t

0
Xs dYs + ⟨X,Y ⟩t, t ∈ [0, T ],

noting that
∫ t
0 1 d⟨X,Y ⟩s = ⟨X,Y ⟩t.



Exercise 5.2

(i) For f ∈ C1(R) and t 7→ Xn
t ∈ C1, we have t 7→ F (Xn

t ) ∈ C1, where F (x) :=
∫ x
0 f(y) dy. By the

fundamental theorem of calculus we get

F (Xn
t )− F (Xn

0 ) :=

∫ t

0

d

ds
F (Xn

s ) ds =

∫ t

0
F ′(Xn

s )
d

ds
Xn

s ds =

∫ t

0
f(Xn

s ) dX
n
s , t ∈ [0, T ].

(ii) Using (i), we obtain the continuous process

lim
n→∞

∫ t

0
f(Xn

s ) dX
n
s = lim

n→∞
F (Xn

t )− F (Xn
0 ) = F (Xt)− F (X0),

t ∈ [0, T ], where we applied that limn→∞ supt∈[0,T ] |Xn
t −Xt| = 0 in probability. Hence, the limit

exists and does not depend on the approximating sequence (Xn)n∈N as the right-hand side does
not depend on it.

(iii) As f ∈ C1, it follows that F ∈ C2. Therefore, Itô’s formula and (ii) give∫ t

0
f(Xs)◦ dXs := lim

n→∞

∫ t

0
f(Xn

s ) dX
n
s = F (Xt)−F (X0) =

∫ t

0
f(Xs) dXs+

1

2

∫ t

0
f ′(Xs) d⟨X⟩s,

for t ∈ [0, T ].

Exercise 5.3

(i) Let (Πn)n∈N be a zero-sequence of partitions and t ∈ [0, T ]. Then

⟨X,Y ⟩t =
1

4
(⟨X + Y ⟩t − ⟨X − Y ⟩t)

=
1

4
lim
n→∞

∑
J∈Πn

((
∆J∩[0,t](X + Y )

)2 − (
∆J∩[0,t](X − Y )

)2)
= lim

n→∞

∑
J∈Πn

1

4

((
∆J∩[0,t]X +∆J∩[0,t]Y

)2 − (
∆J∩[0,t]X −∆J∩[0,t]Y

)2)
= lim

n→∞

∑
J∈Πn

(
∆J∩[0,t]X

) (
∆J∩[0,t]Y

)
since (∗) 1

4((a+ b)2 − (a− b)2) = ab.

(ii) Itô’s formula yields for t ∈ [0, T ] that

f(Xt) = f(0) +

∫ t

0
f ′(Xs) dXs +

1

2

∫ t

0
f ′′(Xs) d⟨X⟩s

= f(0) +

∫ t

0
f ′(Xs)a(·, s) ds+

∫ t

0
f ′(Xs)b(·, s) dBs +

1

2

∫ t

0
f ′′(Xs) d⟨X⟩s

= f(0) +

∫ t

0
f ′(Xs)a(·, s) ds+

∫ t

0
f ′(Xs)b(·, s) dBs +

1

2

∫ t

0
f ′′(Xs)b

2(·, s) ds

= f(0) +

∫ t

0

(
f ′(Xs)a(·, s) +

1

2
f ′′(Xs)b

2(·, s)
)

ds+

∫ t

0
f ′(Xs)b(·, s) dBs

and, similarly,

g(Yt) = g(0) +

∫ t

0
g′(Ys) dYs +

1

2

∫ t

0
g′′(Ys) d⟨Y ⟩s

= g(0) +

∫ t

0

(
g′(Ys)α(·, s) +

1

2
g′′(Ys)β

2(·, s)
)

ds+

∫ t

0
g′(Ys)β(·, s) dBs.



f(X) and g(Y ) are again two Itô processes with

⟨f(X), g(Y )⟩t =
1

4
(⟨f(X) + g(Y )⟩t − ⟨f(X)− g(Y )⟩t) .

First, we notice that

f(X) + g(Y ) = f(0) + g(0) +

∫ ·

0

(
f ′(Xs)a(·, s) + g′(Ys)α(·, s) +

1

2
f ′′(Xs)b

2(·, s) + 1

2
g′′(Ys)β

2(·, s)
)

︸ ︷︷ ︸
=: ã(·,s)

ds

+

∫ ·

0

(
f ′(Xs)b(·, s) + g′(Ys)β(·, s)

)︸ ︷︷ ︸
=: b̃(·,s)

dBs

is an Itô process with (P-a.s.) representation

(f(X) + g(Y ))t = f(0) + g(0) +

∫ t

0
ã(·, s) ds+

∫ t

0
b̃(·, s) dBs, t ∈ [0, T ].

Hence,

⟨f(X) + g(Y )⟩ =
∫ ·

0

(
f ′(Xs)b(·, s) + g′(Ys)β(·, s)

)2
ds.

Analogously, we get

⟨f(X)− g(Y )⟩ =
∫ ·

0

(
f ′(Xs)b(·, s)− g′(Ys)β(·, s)

)2
ds,

which implies

⟨f(X), g(Y )⟩t =
1

4

(∫ ·

0

(
f ′(Xs)b(·, s) + g′(Ys)β(·, s)

)2
ds−

∫ ·

0

(
f ′(Xs)b(·, s)− g′(Ys)β(·, s)

)2
ds

)
=

∫ ·

0

1

4

((
f ′(Xs)b(·, s) + g′(Ys)β(·, s)

)2 − (
f ′(Xs)b(·, s)− g′(Ys)β(·, s)

)2)
ds

(∗)
=

∫ ·

0
f ′(Xs)g

′(Ys) b(·, s)β(·, s)︸ ︷︷ ︸
= ∂

∂s
⟨X,Y ⟩s

ds

=

∫ ·

0
f ′(Xs)g

′(Ys) d⟨X,Y ⟩s.

Here, we used that

⟨X,Y ⟩ = 1

4
(⟨X + Y ⟩ − ⟨X − Y ⟩)

=
1

4

(∫ ·

0
(b(·, s) + β(·, s))2 ds−

∫ ·

0
(b(·, s)− β(·, s))2 ds

)
=

∫ ·

0

1

4

(
(b(·, s) + β(·, s))2 − (b(·, s)− β(·, s))2

)
ds

(∗)
=

∫ ·

0
b(·, s)β(·, s) ds.


