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Exercise 1 (Monotone Class theorem for functions). Let (£2,0(.A)) be a measurable space, where
A is a w-system (i.e. stable under intersection). Suppose H is a space of real-valued (bounded real
valued, respectively) functions defined on (2, that satisfies the following properties:

(i) H is a vector space: if f,g € H, then cf + g € H forany c € R;
(ii) the constant function 1 belongs to #;

(iii) if (fn,n € N) is an increasing sequence of non-negative functions in A which converges point-
wise to a non-negative (bounded non-negative, respectively) function f, then f € H.

(iv) every indicator function 14 with A € A belongs to H.

Prove that, H contains all real valued (bounded real valued, respectively) (o(A), B(IR))-measurable
functions.

Hint: Consider S := {A C Q: 14 € H} and use 7 — A theorem (e.g. Theorem 1.19 in Klenke) to
show that o(A) C S.

Exercise 2. Let (F,,)nen be a filtration and F, := o(Fp,n € N) = 0(UpenFn). Fix p € [1,00).
Prove that, for every F,-measurable bounded random variable X, there is

E[X | ] = E[X | F] in LP.

Is the same statement true for every JF.-measurable random variable X in £P?

Hint: note that U,,enJF5, 1s a m-system (N-stable). Use Exercise 1.



