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Exercise 1. Let (X;,¢ > 0) be a continuous stochastic process on (2, F,P). For 0 < a < b < o0,
define a function f; X;dt from Q to R:

b b . . .
Xy(w)dt, if (Xy(w),t>0 tnuous;
y / X, (w)di = {fa (W) if ( t(w) ) is conitnuous
a , otherwises.

Show that f; X¢dt is a random variable on (€2, F,P): i.e. this function is (F, B(R))-measurable.

Exercise 2. A stochastic process (X¢)o<t<1 is called a Brownian bridge if:
* it is a centred Gaussian process with covariance function given by
Cov(Xs, Xy) =s(1—1t), s<t,
* and it is a.s. continuous.

(i) Let (B¢, t > 0) be a standard Brownian motion. Show that the process
X¢ =B, —tB;, tel0,1]
is a Brownian bridge. Moreover, prove that B is independent from (X, ¢ € [0, 1]).
(ii) Let (B, t > 0) be a standard Brownian motion. Show that the process
X = (1—t)Bl%t, t € [0,1].
is a Brownian bridge.
Exercise 3. Let (B;,t > 0) be a standard Brownian motion.

(i) For an arbitrary ¢ > 0, calculate E [B}}] and E [| By].
(ii) For an arbitrary ¢ > 0, and a € R, calculate E [exp(aBy)].

(iii) Let 7y := o(Bs, s € [0,1]). Calculate E [Bs|Fy] and E [ B2|F1].
(iv) Show that E Hf[o 1 B/ dsH < 0.

(v) Let 8; := By — f[o . %ds. Show that (5;,t > 0) is a Brownian motion.



Exercise 4. A partition IT = (tg, - - , t,) of an interval [a, b] is any sequence of values a = ty < t1 <
<+ otp—1 < tp, = b. We fix an arbitrary [a, b], such that 0 < a < b. For n € N, we pose a partition II,,
for [a, b]:

Uy, = (a7a+(b_a)2_nv T 7a+k(b_a)2_nv a+(k+1)(b_a)2_nv e 7a+(2n_1)(b_a)2—n7 b)
Let (B, t > 0) be a standard Brownian motion.
(i) Define Ay, = Byyp(p—a)2-» — Bat(k—=1)(b—a)2-—n for k =1,--- 2" Prove that the sequence
(Agp,k = 1,---,2") is a sequence of i.i.d. random variables with Gaussian distribution
N0, (b—a)2™™).

(i1) Let X,, be a random variable defined by:

2™ on
Xp = Z Afn = Z(Ba%(bfa)zfn — By (h-1)(b—-ay2-n)’
k=1 k=1

Calculate E [X,] and Var (X,,).

(iii) Prove that X,, =% b — a.
n—oo

(iv) Given a continuous function f : [a, b] — R, its total variation on [a, b] is defined to be

TV(f) = Sup > | ft) = flte—1)] €[0,00],

1<k<n

where the supremum runs over the set of all partitions.

Show that almost surely, the path of a Brownian motion has infinite total variation on any
interval [a, b].

Hint: Use the continuity of a Brownian motion and (iii).



