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Week 2

Exercise 1. Let (a,),>1 be a sequence of real numbers. Prove the following statements:

limsupa, <a = In>0,Vk >n,a; < a.
n—o0

dn >0,Vk > n,ar < limsupa, < a.
n—o0

n—oo

=
limsupa, >a = VYn>0,3k >n,a; > a.
Vn>0,Fk>na<a =

limsupa, > a.
n—oo

Write down similar statements for lim inf,, o a@y,.

Exercise 2. Let (A,),>1 be a sequence of subsets of R. Prove the following statements:

<lim sup An) = liminf(A,)¢,

n—0o0 n—00

limsup(A,, U By,) = limsup A,, U limsup B,

n—oo n—oo n—oo

lim sup(4,, N B,) C limsup A,, Nlimsup B,.

n—oo n—oo n—oo

Exercise 3 (Indicator function). Let A C E. We define a function 14: E — {0,1} by

14(x) 1, ifx e A,
€T =
4 0, ifx¢ A

(i) Let A, B C E. Write 1 gng and 1 4 in terms of 1 4 and 1.

ey
2
3
“

(i) Let (A;,)n>1 be a sequence of subsets of E. Rewrite Ilﬂn>1 A, and ]lUn>1 A, interms of 1 4,.

Exercise 4. Let (A,,),>1 be a sequence of subsets of R.

(i) Prove that

Timsup,,_, ., A, = limsuply4,.
n—oQ

Diminfn—yoo An = hﬂrr_l}gf 1a,.

(i1) Prove that

limsup A, = {(Z:HA”) = 00}7

n—00 n>1
lim inf A, = {(gl La,e) < oo},



Exercise 5 (Cantor Set). The Cantor ternary set C is created by iteratively deleting the open middle
third from a set of line segments. We begin with the closed unit interval Cy := [0, 1] and let C; denote
the set obtained by deleting the open middle third interval, i.e.

Cy =10,1/3]U[2/3,1].
Next, we delete the middle third interval of each subinterval of C'1; so at the second stage, we get
Cy=10,1/9]U[2/9,1/3]U[2/3,7/9] U [8/9,1].

We repeat this procedure for each subinterval of C'y and so on; see Figure.

So we obtain a sequence of compact sets
CoDCiDCyDC3D -+

We define the Cantor set C to be the intersection of all C};:

C .= ﬁ Ci.
k=0

Prove the following statements:
(i) C is compact.
(i1) Given any z,y € C, there exists z ¢ C that lies between x and y, i.e. z < z < ¥.
(iii) C has no isolated points.

(iv) C is uncountable and has the cardinality of the continuum.



