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For the exercise class 05.12.2019.

We denote by B(R?) the Borel sigma-algebra on R (see Beispiel 3.13). We denote by dx the Lebesgue
measure.
a.e. = almost everywhere (fast tiberall)

Exercise 1. Let f: (Q, F, u) — (R, B(R)) be a measurable function. Suppose that 1 is sigma-finite.
Prove that, for Leb-a.e. y € R, we have

p({f =y}) =0, forLeb-ae.ycR.

Exercise 2. Let f: (Q, F,u) — (R4, B(R4)) be a non-negative measurable function. Suppose that
W is sigma-finite.

(i) Letg: Ry — R, be a C''-function with g(0) = 0. Show that

/ go fdu= /OO g (t)u(f > t)dt.
Q 0

/Qfdu = /OOO p(f > t)dt.

(ii1) Suppose that p is a finite measure and there exists p > 1 and ¢ > 0 such that, for all ¢ > 0,

(i1)) Show that

u(|f1> 1) < et
Show that, for every ¢ € [1,p), [ |f|%dp < cc.

Exercise 3. (i) Lett > 0. Show that

/ MY g = / / e " sinzdx | dy.
(0t =T (0,00) \/(0,t)

(i1) Deduce that

/ sinxdx:/ 1—e W (Z/Sin2t+cost) dy 0
(ot = (0,00) 1+y

for all ¢ > 0, and conclude that

sinx T

de = 3. 2

lim
t—o00 (O,t) xT



(iii) Is the function z — e Lebesgue-integrable on (0, c0)?
x

Exercise 4 (Riesz—Scheffé lemma). Let (2, A, 1) be a measure space, and f, f1, fa,... € LP(Q, A, 1)
with p € [1,00). We suppose that, as n — oo, fr(w) — f(w) for p-a.e. w € Q and that || f,, ||, —
|| fllp- Let x: R — {—1,1} denote a function such that |x| = x(z)z for all z € R, and write
o= Iy gaisy + XUn)lf1Lg g1y forevery n € N.

(i) Show that ||f — f||, = 0asn — oo.

(i) Show that || f, — f||, — 0 as n — oo. Conclude that f,, — fin LP(2, A, p1).
Hint: Use the convexity inequality (y — z)? < y? — aP for 0 < z < y.



