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For the exercise class 14.11.2019.

We denote by B(Rd) the Borel sigma-algebra on Rd (see Beispiel 3.13).

Exercise 1. (i) Recall Theorem 4.5.

(ii) Let f : R → (R,B(R)) be defined by f(x) = x2. Find the sigma-algebra σ(f) and determine
all measurable functions from (R, σ(f)) to (R,B(R)).

Exercise 2. Let (Ω,A, µ) be a measurable space with µ(Ω) > 0 and f : Ω → (−∞,+∞) be a
measurable function. Show that for every ε > 0, there exists A ∈ A with µ(A) > 0, such that for all
ω, ω′ ∈ A,

|f(ω)− f(ω′)| < ε.

Hint: For every r ∈ Q, consider Ar := {ω ∈ Ω : f(ω) ∈ (r − ε/2, r + ε/2)}.

Exercise 3. Let (Ω,A, µ) be a measurable space with µ(Ω) < ∞. For every n ∈ N let fn : Ω →
[−∞,+∞] be a measurable function. Suppose that f : Ω → [−∞,+∞] is a measurable function
such that limn→∞ fn(ω) = f(ω) for µ-almost all ω ∈ Ω.

(i) For every n, k ∈ N, define the set

En,k :=
⋃
j≥n

{
ω ∈ Ω : |fj(ω)− f(ω)| > 1

k

}
.

Show that En,k ∈ A and for every η > 0, there exists N ∈ N such that µ(EN,k) < η.

(ii) Prove that for every ε > 0, there existsA ∈ Awith µ(A) < ε, such that fn converges uniformly
to f on Ω \A.

(iii) Give a counter-example of the result of (ii) if we suppose that µ(Ω) =∞.

Exercise 4. Consider a measure space (Ω,F , µ). Let (fn, n ≥ 1) and f be measurable functions from
(Ω,F) to (R,B(R)). We say fn converges to f in measure µ if for every ε > 0,

µ(|f − fn| > ε)→ 0.

(i) For every k ≥ 1, let Ek ∈ F . Suppose that
∑

k≥1 µ(Ek) <∞. Show that µ(lim supk≥1Ek) =
0.

(ii) If fn converges to f in measure µ, then there exists a subsequence (fnk
)k≥1, such that fnk

converges to f µ-a.e. (µ-f.ü.).

(iii) Are monotone convergence theorem and dominated convergence theorem still true, if the as-
sumption is convergence in measure?
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