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1. Markov Chains

Suppose that (S;)ien is a Markov Chain with values in some finite set S on a probability space
(Q, F,P) and denote by P the transition matrix. Assume further that P(S,, = s’) > 0 for some
n € N and s’ € S and define the probability measure P = P(- | S,, = s’). Prove that the shifted
process (gt)teN = (St4n)ten is again a Markov chain on (2, F, If”) with transition matrix P.
Solution:

We prove this by simply calculating the path probabilities. Let all s; € S. Then with the definition
of S and the fact that P is the transition matriz of S.
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Assume that I@’(S’o = 50,...,5 = st) > 0. We follow the Markov property from the path probabi-
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lities as follows
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2. Proof of Theorem 3.1.3

Complete the Proof of Theorem 3.1.3. from the lecture:
a) Show that defining Py on the singletons
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yields a probability measure.

Solution:

We denote with Qr the space of all trajectories until time point T,
Qr = ((s0,a0,70,- -, 87,a7,77) : 8§ € S, 0 € Ag;,70 € R, Vi €{0,...,T}).

The corresponding o-algebra is chosen to be the power set.

We will first prove that the total mass of the measure is indeed 1 by induction:



Induction beginning: Assume T =1, then
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Induction assumtion: Assume the claim holds for T — 1.



Induction conclusion: Then for T,
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This proves that the total mass of the measure is 1. Next, we show that the o-additivitiy.

Therefore we will assume a sequence of disjoint sets E, € Fr, n € N, and denote by



T = (80,00,70, - - -, ST, Gt,7¢) the elements of Qp. Moreover, we write
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This completes the proof.
b) Check the claimed conditional probability identity

PL(St41 = se1, Re = re [ St = s, Ay = a) = p(s141,71 5 8,a).

where we assume that P (S; = s, Ay = a) > 0.

Solution:



First we have,
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and
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Hence, using the definition of conditional probability the fraction cancels to give

P (St41 = st1, Re = re [ St = s, Ay = a) = p(s141,715 8, a).

. Probabilistic interpretation of MDPs

Use the formal definition of the stochastic process (S, A, R) to check that
p(s'is,a) =P(Sy 1 =8| S =s,A = a),

p(r;s,a) =P(Ry =r|S; = s, At = a),
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E[Rt ‘ St =S, At = a, St_|_1 = 8/]
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)
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holds if the events in the condition have positive probability, for any ¢ € INp.
Solution:

For the first claim we have by Ezxercise 2 b) that

p(s’ss,a) :=p({s'} x R;s,a)
=P (Siy1€{s}, Ree RIS =s,4 =a)
= PZ(SH—l = S/ ’ St =S, At = a).



For the second Claim we have similarly

p(r;s,a) == p(S x {r};s,a)
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=PL(R=r[S5 =s, 4 =a).

For the next equation we have similar to above
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where we have used the definition of expectation for discrete random variables in the last equation.

The last claim can be proven as follows
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4. Proof of Proposition 3.1.13

Prove that if 7 € IIg then (S, A¢, Ry)ten satisfies the Markov reward process property

P((St+17At+17Rt+1) = (St+17at+177°t+1) | (SmAt) = (St,at), ceey (SO,AO) = (80,(10))
= P((St41, Aey1, Rey1) = (8t41, a1, 7e11) | (St Ar) = (5¢,a1))

with time-homogeneous state/reward transition probabilities

P(s.a),(S",a'7") = p(sl’ s, CL)?T(CL/; 5/)



Solution:
We use the calculations for the path probabilities from the lecture and the definition of a stationary

policy. Further we denote by % the sum over all vy and s;,a;,7; for i from 0 to t — 1, i.e.
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