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Benedikt Wille 11.03.20253. Exercise Sheet - Solutions

1. Markov Chains

Suppose that (St)t∈N is a Markov Chain with values in some finite set S on a probability space

(Ω,F ,P) and denote by P the transition matrix. Assume further that P(Sn = s′) > 0 for some

n ∈ N and s′ ∈ S and define the probability measure P̃ = P(· | Sn = s′). Prove that the shifted

process (S̃t)t∈N = (St+n)t∈N is again a Markov chain on (Ω,F , P̃) with transition matrix P .

Solution:

We prove this by simply calculating the path probabilities. Let all si ∈ S. Then with the definition

of S̃ and the fact that P is the transition matrix of S.

P̃(S̃t = st, . . . , S̃1 = s1) = P(St+n = st, . . . , St+1 = s1|Sn = s′)

=
P(St+n = st, . . . , St+1 = s1, Sn = s′)

P(Sn = s′)

=

∑
s′0,...,s

′
n−1

P(St+n = st, . . . , St+1 = s1, Sn = s′, Sn−1 = s′n−1, . . . , S0 = s′0)∑
s′0,...,s

′
n−1

P(Sn = s′, Sn−1 = s′n−1, . . . , S0 = s′0)

=

∑
s′0,...,s

′
n−1

µ(s′0)
(∏n−1

i=1 ps′i−1,s
′
i

)
ps′n−1,s

′ps′,s1
(∏t

i=2 psi−1,si

)
∑

s′0,...,s
′
n−1

µ(s′0)
(∏n−1

i=1 ps′i−1,s
′
i

)
ps′n−1,s

′

= ps′,s1

t∏
i=2

psi−1,si .

Assume that P̃(S0 = s0, . . . , S̃t = st) > 0. We follow the Markov property from the path probabi-
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lities as follows

P̃(S̃t+1|S̃0 = s0, . . . , S̃t = st)

=
P̃(S̃t+1, S̃0 = s0, . . . , S̃t = st)

P̃(S̃0 = s0, . . . , S̃t = st)

=
ps′,s1

∏t+1
i=2 psi−1,si

ps′,s1
∏t

i=2 psi−1,si

= pst,st+1

=

∑
s1,...,st−1

ps′,s1
∏t+1

i=2 psi−1,si∑
s1,...,st−1

ps′,s1
∏t

i=2 psi−1,si

=

∑
s1,...,st−1

P̃(S̃t+1 = st+1S̃t = st, . . . , S̃1 = s1)∑
s1,...,st−1

P̃(S̃t = st, . . . , S̃1 = s1)

=
P̃(S̃t+1 =t+1, S̃t = st)

P̃(S̃t = st)

= P̃(S̃t+1|S̃t = st)

2. Proof of Theorem 3.1.3

Complete the Proof of Theorem 3.1.3. from the lecture:

a) Show that defining PT on the singletons

PT ({(s0, a0, r0, . . . , sT , aT , rT )}) := µ({s0}) · π0({a0} ; s0) ·
T∏
i=1

p({(si, ri−1)} ; si−1, ai−1)

· πi({ai} ; s0, a0, . . . , ai−1, si) · p(S × {rT }; sT , aT ).

yields a probability measure.

Solution:

We denote with ΩT the space of all trajectories until time point T ,

ΩT = ((s0, a0, r0, . . . , sT , aT , rT ) : si ∈ S, ai ∈ Asi , r0 ∈ R, ∀i ∈ {0, . . . , T}).

The corresponding σ-algebra is chosen to be the power set.

We will first prove that the total mass of the measure is indeed 1 by induction:
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Induction beginning: Assume T = 1, then

P1(Ω1) =
∑
s0

∑
r0

∑
a0

∑
s1

∑
r1

∑
a1

PT ({(s0, a0, r0, s1, a1, r1)})

=
∑
s0

∑
a0

∑
r0

∑
s1

∑
a1

∑
r1

µ({s0}) · π0({a0} ; s0)·

p({(s1, r0)} ; s0, a0) · πi({a1} ; s0, a0, s1)p(S × {r1}; s1; a1)

=
∑
s0

µ({s0}) ·
∑
a0

π0({a0} ; s0)·∑
s1

∑
r0

p({(s1, r0)} ; s0, a0) ·
∑
a1

πi({a1} ; s0, a0, s1)
∑
r1

p(S × {r1}; s1; a1)︸ ︷︷ ︸
=1

=
∑
s0

µ({s0}) ·
∑
a0

π0({a0} ; s0)·∑
s1

∑
r0

p({(s1, r0)} ; s0, a0) ·
∑
a1

πi({a1} ; s0, a0, s1)︸ ︷︷ ︸
=1

=
∑
s0

µ({s0}) ·
∑
a0

π0({a0} ; s0) ·
∑
s1

∑
r0

p({(s1, r0)} ; s0, a0)︸ ︷︷ ︸
=1

=
∑
s0

µ({s0}) ·
∑
a0

π0({a0} ; s0)︸ ︷︷ ︸
=1

=
∑
s0

µ({s0})︸ ︷︷ ︸
=1

= 1

Induction assumtion: Assume the claim holds for T − 1.
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Induction conclusion: Then for T ,

PT (ΩT ) =
∑
s0

∑
a0

∑
r0

· · ·
∑
sT

∑
aT

∑
rT

PT ({(s0, a0, r0, . . . , sT , aT , rT )})

=
∑
s0

∑
a0

∑
r0

· · ·
∑
sT

∑
aT

∑
rT

µ({s0}) · π0({a0} ; s0)·

T∏
i=1

p({(si, ri−1)} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si) · p(S × {rT }; sT ; aT )

=
∑
s0

∑
a0

∑
r0

· · ·
∑
sT−1

∑
aT−1

∑
rT−1

µ({s0}) · π0({a0} ; s0)·

T−1∏
i=1

p({(si, ri−1)} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

·
∑
sT

∑
rT

p({(sT , rT−1)} ; sT−1, aT−1) ·
∑
aT

πT ({aT } ; s0, a0, . . . , aT−1, sT )

·
∑
rt

p(S × {rT }; sT ; aT )︸ ︷︷ ︸
=1

=
∑
s0

∑
a0

∑
r0

· · ·
∑
sT−1

∑
aT−1

∑
rT−1

µ({s0}) · π0({a0} ; s0)·

T−1∏
i=1

p({(si, ri−1)} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)∑
sT

∑
rT

p({(sT , rT−1)} ; sT−1, aT−1) ·
∑
aT

πT ({aT } ; s0, a0, . . . , aT−1, sT )︸ ︷︷ ︸
=1

=
∑
s0

∑
a0

∑
r0

· · ·
∑
sT−1

∑
aT−1

∑
rT−1

µ({s0}) · π0({a0} ; s0)·

T−1∏
i=1

p({(si, ri−1)} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)∑
sT

∑
rT

p({(sT , rT−1)} ; sT−1, aT−1)︸ ︷︷ ︸
=1

=
∑
s0

∑
a0

∑
r0

· · ·
∑
sT−1

∑
aT−1

∑
rT−1

µ({s0}) · π0({a0} ; s0)·

T−1∏
i=1

p({(si, ri−1)} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

= PT−1(ΩT−1)

= 1

This proves that the total mass of the measure is 1. Next, we show that the σ-additivitiy.

Therefore we will assume a sequence of disjoint sets En ∈ FT , n ∈ N, and denote by
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τ = (s0, a0, r0, . . . , sT , at, rt) the elements of ΩT . Moreover, we write

p(τ) = µ({s0}) · π0({a0} ; s0) ·
T∏
i=1

p({(si, ri−1)} ; si−1, ai−1)

· πi({ai} ; s0, a0, . . . , ai−1, si) · p(S × {rT }; sT , aT )

to save notation. Now it holds that

PT (
⊎
n∈N

En) =
∑

τ∈
⊎

n∈N En

p(τ)

=
∑
n∈IN

∑
τ∈En

p(τ)

=
∑
n∈IN

PT (En).

This completes the proof.

b) Check the claimed conditional probability identity

Pπ
µ(St+1 = st+1, Rt = rt |St = s,At = a) = p(st+1, rt ; s, a).

where we assume that Pπ
µ(St = s,At = a) > 0.

Solution:
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First we have,

Pπ
µ(St+1 = st+1, Rt = rt, St = s,At = a)

= Pt+1(S0 ∈ S, A0 ∈ A, R0 ∈ R, . . . , St = s,At = a,Rt = rt, St+1 = st+1, At+1 ∈ A, Rt+1 ∈ R)

=
∑
s0

∑
a0

∑
r0

· · ·
∑
st−1

∑
at−1

∑
rt−1

∑
at+1

∑
rt+1

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri−1} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

· p({s, rt−1} ; st−1, at−1) · πi({a} ; s0, a0, . . . , at−1, s)

· p({st+1, rt} ; s, a) · πi({at+1} ; s0, a0, . . . , s, a, st+1)

· p(S × {rt+1} ; st+1, at+1)

=
∑
s0

∑
a0

∑
r0

· · ·
∑
st−1

∑
at−1

∑
rt−1

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri−1} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

· p({s, rt−1} ; st−1, at−1) · πi({a} ; s0, a0, . . . , at−1, s)

· p({st+1, rt} ; s, a) ·
∑
at+1

πi({at+1} ; s0, a0, . . . , s, a, st+1)︸ ︷︷ ︸
=1

·
∑
rt+1

p(S × {rt+1} ; st+1, at+1)︸ ︷︷ ︸
=1

=
∑
s0

∑
a0

∑
r0

· · ·
∑
st−1

∑
at−1

∑
rt−1

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri−1} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

· p({s, rt−1} ; st−1, at−1) · πi({a} ; s0, a0, . . . , at−1, s) · p({st+1, rt} ; s, a)

= p({st+1, rt} ; s, a)

·
∑
s0

∑
a0

∑
r0

· · ·
∑
st−1

∑
at−1

∑
rt−1

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri−1} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

· p({s, rt−1} ; st−1, at−1) · πi({a} ; s0, a0, . . . , at−1, s)
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and

Pπ
µ(St = s,At = a)

=
∑
s0

∑
a0

∑
r0

· · ·
∑
st−1

∑
at−1

∑
rt−1

∑
rt

Pt(S0 = s0, A0 = a0, R0 = r0 . . . , At−1 = at−1, St = s,At = a,Rt = rt)

=
∑
s0

∑
a0

∑
r0

· · ·
∑
st−1

∑
at−1

∑
rt−1

∑
rt

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri−1} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

× p({(s, rt−1)} ; st−1, at−1) · πt({a}; s0, a0, ..., st−1, at−1, s) · p(S × {rt}|s, a)

=
∑
s0

∑
a0

∑
r0

· · ·
∑
st−1

∑
at−1

∑
rt−1

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri−1} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

× p({(s, rt−1)} ; st−1, at−1) · πt({a}; s0, a0, ..., st−1, at−1, s) ·
∑
rt

p(S × {rt}|s, a)︸ ︷︷ ︸
=1

=
∑
s0

∑
a0

∑
r0

· · ·
∑
st−1

∑
at−1

∑
rt−1

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri−1} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

× p({(s, rt−1)} ; st−1, at−1) · πt({a}; s0, a0, ..., st−1, at−1, s).

Hence, using the definition of conditional probability the fraction cancels to give

Pπ
µ(St+1 = st+1, Rt = rt |St = s,At = a) = p(st+1, rt ; s, a).

3. Probabilistic interpretation of MDPs

Use the formal definition of the stochastic process (S,A,R) to check that
p(s′; s, a) = P(St+1 = s′ |St = s,At = a),

p(r; s, a) = P(Rt = r|St = s,At = a),

r(s, a) = E[Rt |St = s,At = a],

r(s, a, s′) = E[Rt |St = s,At = a, St+1 = s′]

holds if the events in the condition have positive probability, for any t ∈ IN0.

Solution:

For the first claim we have by Exercise 2 b) that

p(s′; s, a) := p({s′} ×R; s, a)

= Pπ
µ(St+1 ∈ {s′}, Rt ∈ R |St = s,At = a)

= Pπ
µ(St+1 = s′ |St = s,At = a).
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For the second Claim we have similarly

p(r; s, a) := p(S × {r}; s, a)

= Pπ
µ(St+1 ∈ S, Rt = r |St = s,At = a)

= Pπ
µ(Rt = r |St = s,At = a).

For the next equation we have similar to above

r(s, a) :=
∑
r

r p(S × {r}; s, a)

=
∑
r

r Pπ
µ(St+1 ∈ S, Rt ∈ {r} |St = s,At = a)

=
∑
r

r Pπ
µ(Rt = r |St = s,At = a)

= Eπ
µ[Rt |St = s,At = a],

where we have used the definition of expectation for discrete random variables in the last equation.

The last claim can be proven as follows

r(s, a, s′) :=
∑
r

r
p(s′, r; s, a)

p(s′; s, a)

=
∑
r

r
Pπ
µ(St+1 = s′, Rt = r |St = s,At = a)

Pπ
µ(St+1 = s′ |St = s,At = a)

=
∑
r

r

Pπ
µ(St+1=s′,Rt=r,St=s,At=a)

Pπ
µ(St=s,At=a)

Pπ
µ(St+1=s′,St=s,At=a)

Pπ
µ(St=s,At=a)

=
∑
r

r
Pπ
µ(St+1 = s′, Rt = r, St = s,At = a)

Pπ
µ(St+1 = s′, St = s,At = a)

=
∑
r

r Pπ
µ(Rt = r |St+1 = s′, St = s,At = a)

= Eπ
µ[Rt |St = s,At = a, St+1 = s′].

4. Proof of Proposition 3.1.13

Prove that if π ∈ ΠS then (St, At, Rt)t∈N satisfies the Markov reward process property

P((St+1, At+1, Rt+1) = (st+1, at+1, rt+1) | (St, At) = (st, at), . . . , (S0, A0) = (s0, a0))

= P((St+1, At+1, Rt+1) = (st+1, at+1, rt+1) | (St, At) = (st, at))

with time-homogeneous state/reward transition probabilities

p(s.a),(S′,a′,r′) = p(s′, r; s, a)π(a′; s′)
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Solution:

We use the calculations for the path probabilities from the lecture and the definition of a stationary

policy. Further we denote by ∗ the sum over all rt and si, ai, ri for i from 0 to t − 1, i.e.∑
∗ =

∑
s0,a0,r0

· · ·
∑

st−1,at−1,rt−1

∑
rt
. Then,

P((St+1, At+1, Rt+1) = (st+1, at+1, rt+1)|(St, At) = (st, at))

=
P(St+1 = st+1, At+1 = at+1, Rt+1 = rt+1, St = st, At = at)

P(St = st, At = at)

=

∑
∗ P(S0 = s0, A0 = a0, R0 = r0, . . . St+1 = st+1, At+1 = at+1, Rt+1 = rt+1)∑

∗ P(S0 = s0, A0 = a0, R0 = r0, . . . St = st, At = at, Rt = rt)

=

∑
∗ µ(s0)π(a0 ; s0)

∏t+1
i=1 p(si, ri−1 ; si−1, ai−1)π(ai ; si)p(S × {rt+1} ; st+1, at+1)∑

∗ µ(s0)π(a0 ; s0)
∏t

i=1 p(si, ri−1 ; si−1, ai−1)π(ai ; si)p(S × {rt} ; st, at)

=

∑
rt
p(st+1, rt ; st, at)π(at+1 ; st+1)p(S × {rt+1} ; st+1, at+1)∑

rt
p(S × {rt} ; st, at)

= p(st+1 ; st, at)π(at+1 ; st+1)p(S × {rt+1} ; st+1, at+1)

=

∑
r0,...,rt

µ(s0)π(a0 ; s0)
∏t+1

i=1 p(si ; si−1, ai−1)π(ai ; si)p(S × {rt+1} ; st+1, at+1)∑
r0,...,rt

µ(s0)π(a0 ; s0)
∏t

i=1 p(si, ri−1 ; si−1, ai−1)π(ai ; si)
p(S × {rt} ; st, at)

=

∑
r0,...,rt

P(St+1 = st+1, At+1 = at+1, Rt+1 = rt+1, St = st, At = at, Rt = rt . . . , S0 = s0, A0 = a0, R0 = r0)∑
r0,...,rt

P(St = st, At = at, Rt = rt, . . . , S0 = s0, A0 = a0, R0 = r0)

=
P(St+1 = st+1, At+1 = at+1, Rt+1 = rt+1, St = st, At = at, . . . , S0 = s0, A0 = a0)

P(St = st, At = at, . . . , S0 = s0, A0 = a0)

= P((St+1, At+1, Rt+1) = (st+1, at+1, rt+1)|(St, At) = (st, at), . . . , (S0, A0) = (s0, a0))
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