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1. Policy evaluation

Consider Algorithm 8 from the lecture. In Theorem 3.3.2 we proved convergence for this algo-
rithm if v < 1. Now assume 7 = 1 and set A = 2¢ in the initialisation and choose termination
condition A < e. Give an example such that Algorithm 8 does not converge using v = 1. Your
are allowed to initialise the value function V' arbitrarily.

Solution:

For exzample define S = {0,1} and A = {A, B}. Furthermore we assume that the reward Riq

is determinstic given Sy, Ay and given by the function R(s,a) with values

R(0,A)=1, R(0,B)=0
R(1,A)=0, R(1,B)=1.

The transition probabilities are independent of the reward given in the following table

p(s,s,a) | 0|1
LA |1]0
0,B 0|1
LA |10
LB |01

We define the policy m by

and initialise the value functions V.= Vyey by V(0) = 1, V(1) = 0. Furthermore we choose
e<1.
We start with the first loop and calculate

Vaeuls) = > w(a;8)(r(s,0) + > pls's5,0)V (s)),

acA s'eS

i.e we get
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7(B;0)(R(0,B) +p(1;0,B)V(1)) =1(0+1-0) =0
Vnew(1) = m(A; 1)(R(1, A) + p(0; 1, A)V(0)) =1(0+1-1) = 1.



We see that A = 1 and thus we set V = Ve, and continue with net next loop:

Vinew(0) = 7(B;0)(R(0, B) + p(1;0, B)V(1)) = 1(0+1-1) =1
View(1) = m(A;1)(R(1, A) +p(0; 1, A)V(0)) = 1(0+1-0) = 0,

which results in the value function we started with. We see directly that we iterate between these

two value functions and never converge.

. Convergence of the in-place policy evaluation algorithm

Recall Algorithm 9 from the lecture. We aim to prove convergence of the algorithm (without

termination) to V7. Therfore label the state space S by s, ..., sk and define

T™V(s) :s=4s

TIV(s') =
V(s) is#£ s
Define the composition T" : U — U, T" (v) := (TS”K 0---0 Tg;) (v) on the space of all functions
U ={u:8 — R} equiped with the supremums norm.

a) Argue why T" is different from the Bellman operator T™.
Solution:
Appling the Bellman operator T™ updates the function v in every state s using the fized

values v(s) for all s. More precisely, we store all values v(s) for all s € S and calculate

vneals) = 3 m(ai5) (r(s, @) + Y w5, a)u(s)),
acA s'€S

FOR ALL s €S and afterwards we set T™v = Upeqp-

If we apply the operator T, we first apply the operator T7 : For s1 we get a new va-
lue Tpew(s1) = EaeAﬂ(a;sl)<r(31,a) + Zslesp(s’;sl,a)v(s’)> and for all other states
we change nothing. We set 11(81) = Vnew(s1), 01(sx) = v(sg) for all k > 1 and conti-
nue with T . The next operator Ty, applies the Bellman operator at state s2 and leave
all other wvariables untouched. The fundamental change is mow that we apply the Bell-
man operator at state s for the wvector U1 and not for v, i.e. we have Tpey(s2) =
ZaeAﬁ(a;52)<r(52,a) + Zs,esp(s’;SQ,a)Tl(s’))! Hence vpew(s2) from the Bellman ope-
rator is different from Tpew(s2) which we get from the operator T . We set Ta(sy,) = U1(s)
for allk # 2 and U3(s2) = Upew(s2). We continue after this scheme and see that the operators

are different.

b) Show that V™ is a fixpoint of the operator T .
Solution:
We have that T only changes the i-th coordinate of the vector v € RIS By induction we
show that (T" ) (V™) = V™, by proving that V™ is a fized point in every coordinate s € S.



So for s1 we have

(TT)(VT)(s1) = (TT 0+ 0 T5)(V™)(51)
=T5(V™)(s1)
=T7(V7™)(s1)
=V7(s1),
because V™ is a fixpoint with respect to the Bellam operator. We see also from this calcula-
tion, that (T")(V™) = (TF o+ o TE)(V™) = (IT. o--- o TT)(V™).

Now we assume that (T")(V™) = (T 0 0T7, )(VT), and (TTY(V™)(s:)V™(s;) for fized
1 < K, then for i+ 1 we get

(T (V™) (si41) = (T 0+ 0 TE)(VT)(sir1)
= (T 0o Ty, )(VT)(si+1)
= (T, ) (V) (sit1)
=T7(V")(sit1)
= V7(si41)

This proves the claim.
¢) Prove that T" is a contraction on (U, || - [|so)-

Solution:

Consider u and v in U, then

(TS 00 T () = (T 0+ 0 TG ) (V) [loo

= max {|(T7, 00 TH)(w)(s:) = (TF, 0+ 0 TH)(v) (1)

)

i=1,...K
= max {|(I7 0 o TR)(u)(s:) — (TF o+ 0 T7)(v)(s1)| |

= max{ T2 (u)(s1) — T2 (0)(s0)], 1T (@) (52) = T5D)(s2)],
5 @5 0) (sx0) = T (05 7D) (s56)
where 1) := (IFo---oTf )(u). Then we can continue
|(T5, 0+ 0 TE) () = (T 0+ 0 TH)(®)loo
= max{ |77 (u) (1) = T (0) (s1), | T (@) (52) = T" (D) (s)], .
T (@50 (sx0) = T D) (s}
< max{llu = vllsos W@ = 5O locs .., Y75 = 5KV ).

By induction we will show that | — 79||o < ||u — v|jeo for alli=1,..., K — 1.



First for i =1 we have

@™ = 50oe = IT7 (w) = T (0) o
= max {|T7; (u)(s:) — T3 (0) ()]}
= max{ |77 (u) (s1) = T"(0)(s1)]; [u(s2) = v(s2)], . Julsx) = v(sx)| |
< max{yu = vlloos 1 = vllocs - |11 = ol }
< flu = vllco-
Now we assume that |a) — || < |Ju —v||e for alli < k < K —1. For k we follow then
@ — 58 oo = (7, 0+ 0 TE)(w) — (TF 0+ 0 TH)(v) o
= (T7) @) = (T7) (D) oo
= max {|(T7)(@* V) (s) — (T7) (0% )(s9)] |

i=1,...,
= max{max{ | () (s1) — @) (s . 177 @4) — 77 (@)

< max{ a5 — 5D oo, y [V — 54D |

= max{Hu — Voo, V[Ju — ”HOO}

IN

[ = 0]l
Overall we follow that
I(TE 0o TE)(u) = (T 0+ o T ) (v)]loo

< max{llu = vlloo, M@ = 5V loc, ..., M@ = 5K}

< u = vl



