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1. Proof of Theorem 3.1.3

Complete the Proof of Theorem 3.1.3. from the lecture:
a) Show that defining Pr on the singletons

Pr({(so, 70, 00,--.,57,r7,ar)})

T

= p({s0}) - do(ro) - mo({ao} 5 s0) - [ [ p({(siri)} 5 sic1,ai1) - mi({ai} s s0, a0, ... a1, 8i).

i=1
yields a probability measure.
Solution:

We denote with Q7 the space of all trajectories until timepoint T,
Qr = ((s0,70, a0, - - -, 7,77, 071) : 8; € S, 0; € As;,m0 € R, Vi €{0,...,T}).

We show the claim by induction:

Induction beginning: Assume T =1, then

Pl(Ql) = Z Z Z Z Z ZPT({(SO, T0,0a0, 51,71, al)})

so To ao S1 T al

= ZZZZZZM({SO}) ~do(ro) - mo({ao}; s0)-

so To ap S1 L ax

p({(s1,71)}; s0,00) - mi({a1}; s0,a0,51)

=S nlsod) -3 do(ro) - 3 mo({ao} ; so)-
SO s} s s0a0) - 3o ml{ar}s so, a0, 1)

=1
=Y u{s0}) - > do(ro) - > _mo(fao}s s0)- D> p({(s1,m1)}; s0,a0)

=D ul{s0}) - Y do(ro) - Y mo({an}: so)

=1

= ulfs0}) - Y do(ro)

—_———

= ul{s0})

——
=1

=1



Induction assumtion: Assume the claim holds for Pp_q(Qp_1) = 1.

Induction conclusion: Then for T,

=333 S3S Pr({(s0, 70, a0, - - - 5777 ar) )

= ZZZ e ZZZH({SO}) -0o(ro) - mo({ao}; s0)-
T

Hp (si,mi)}s si1,ai-1) - mi({ai}; so, a0, - .., ai-1, i)

—ZZZ T30S wlds0}) - dolro) - wo({ao} s so)-

S0 To ag ST—1TT—10a7-1
T-1
H p({(si,70)} 5 sim1,ai-1) - mi({ai} 5 s0, a0, - -, @i-1,5;)

ZZP({(STWT)}; ST—1,a7-1) * ZWT({GT}; 80, @0, - - -, AT—1, ST)

-1
=220 20 D0 D wldsol) - do(ro) - mol{ao}; so)
T-1

H p({(si, i)} 5 sim1,ai—1) - mi({ai} ;s s0,a0,-..,ai—1,5i)

SN p{(srorr)} s sr-1,a7-1)

=222 Z D= > uldso}) - da(ro) - mo({ac}  so)
o —1 —1 —1
I p((sisr)}s sici,ai1) - mi({ai}s s0, a0, - aim1, s)
=1

=Pr_1(Qr_1)

=1

b) Check the claimed conditional probability identity
Ph(St41 € B,Ri11 € D|S; = 5,4y = a) = p(B x D; s,a),

where we assume that ]P’Z(St =s,A=a)>0.

Solution:



First we have,
PZ(SH-l S B,Rt+1 e D, Sy = S,At = a)

=Pi1(So €S, RoER,...,S =5 R € R, Ay =a,5%1 € B,Ryy1 € D, A1 € A)

=22 2.2 2.2 2 nl{so}) - mo({ao}s so):

S0 To S$t—1Tt—10at—1 Tt Qt41
t—1

[Tp{siori}s sic1,ain) - mi{ai} s so,a0, .- ai1, )
i=1

X p({(S,Tt)} y St—1, at—l) . Wt({a}; S0, A0y ++y St—1, At—1, S)

X Z Z p({(st41,7e41)} 5 5,a) - me({aws1}; 50, @0, -5 8, a5 Sp41)

st+1€Briy1€D

=20 2> D> > ulso}) mo({ao}; so)

So To St—1Tt—10at—1 Tt

t—1

HP({Si,M}; Si—laai—l) : Wi({az‘}; 50, @0, - - - 7%’—1731')
i=1

X p({(57 Tt)} y St—1, at—l) : ﬂ-t({a’}v 50, A0y -y St—1, At—1, 8)

x > > p{(sern )} s0) - Y mi({ari}iso, a0, 8,0, 8141

st+1€Briy1€D at41

=333 ST S wddfso)) - mo({ao) ;s so)-

S0 To St—1Tt—10at—1 Tt

-1
HP({SuTi}; Si—1,ai—1) - mi({ai}; so,ao0,...,ai—1,si)
=1

X p({(s,re)}; st—1,a¢-1) - m({a}; s0, ao, ..., St—1, ar—1, 5)

X Z Z p({(8¢41,7¢41)}; 5, 0)

st+1€Briy1€D

and
PZ(St = S,At = a)

:ZZZZZZPt(SO :SO,AOZGO,...,At_l :at—laSt:(S,Rt :rtaAt :a)

CI A St—1Tt—10at—1 Tt
=22 2.0 2 D mllsel) - mol{aok : so):
S0 To St—1Tt—10a¢—1 Tt
t—1

[Tp{siori}s sicr,ai1) - mi{ai} s so,a0,- - ai1,5)
i1

x p({(s,74)}; st—1,a1-1) - m({a}; s0, a0, -, St—1, At—1, )

Hence, using the definition of conditional probability the fraction cancels to give

]P)Z(St+1 S B,Rt+1 eD ‘ St = S,At = a) = Z Z p({(8t+177‘t+1)}; s,a).

st+1€Briy1€D



2. Probabilistic interpretation of MDPs
Use the formal definition of the stochastic process (S, A, R) to check that
p(s';s,a) = Py (St41 = s'| Sy = s, Ay = a),
r(s,a) = EZ[RtJrl | St = s, At = a,

r(s,a,8") = E}[Ri1| St = 5, Ay = a, Sp1 = &

holds if the events in the condition have positive probability under P7, for any ¢ € INg arbitrary
start distribution u and policy .
Solution:

For the first claim we have by Excercise 1 b) that

p(s’ss,a) :=p({s'} x R;s,a)
=P} (Sip1 € {s'}, Riy1 € R| Sy =5, Ay = a)
P (St41 =5, Rip1 € R, S = 5,4y = a)
]P)Z(St = S,At = a)
_ ]P)Z(StJrl = S,, St = S,At = a)
IP)Z(St =S, At = CL)
== ]P)Z(St-i-l = S/ | St = S,At = CL).

For the next equation we have similar to above
r(s,a) = er(S x {r};s,a)
=Y rP(Si11 €S, Ry € {r}|Si =5, 4 = a)
= ZrPZ(Rt =r|S;=s,A =a)

= EZ[Rt+1 | St = s, At = a,

where we have used the definition of expectation for discrete random variables in the last equation.



The last claim follows similar

p( sr}sa)
(s,a,s") Z )

Z St+1—8 Rt+1—T’St—SAt—CL)
P” St+1 —S,|St—8 At—a)
P7(St41=5",Rey1=7,St=s,Ar=a)
Z PZ(StZS,AtZa)
= T
P7(St+1=¢",St=s,A¢r=a)
Pﬂ(StZS AtZ(l)
Z St+1—5 Rt+1—’l“St—SAt—CL)
]P)7r St+1—8 St—S At—a)

= Z TPZ(Rt_H =7|Sy1=5,5 =54 =a)

=E}[Riy1|Se = s, Ay = a, Sp1 = 5.

. Bellman expectation equation for ()
Derive the Bellman expectation equation for the )-function of a policy =:
Q™ (s,a) =r(s,a) +722 :8)Q™ (s, d).
s'eSa’eA

Solution:

We use Lemma 3.1.17 and get directly

Q"(s,a) =r(s,a) +v > _ p(s'; 8,0)V7(s)
s'eS
=r(s,a)+7 Y p a) Y w(d; 5)Q7 (s, d)
s'eS a’eA
=r(s,a)+7 > > ps "1 5)Q7 (s, d)
s’eSa’eA



