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1. Proof of Theorem 3.1.3

Complete the Proof of Theorem 3.1.3. from the lecture:
a) Show that defining PT on the singletons

PT ({(s0, r0, a0, . . . , sT , rT , aT )})

:= µ({s0}) · δ0(r0) · π0({a0} ; s0) ·
T∏
i=1

p({(si, ri)} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si).

yields a probability measure.

Solution:

We denote with ΩT the space of all trajectories until timepoint T ,

ΩT = ((s0, r0, a0, . . . , sT , rT , aT ) : si ∈ S, ai ∈ Asi , r0 ∈ R, ∀i ∈ {0, . . . , T}).

We show the claim by induction:

Induction beginning: Assume T = 1, then

P1(Ω1) =
∑
s0

∑
r0

∑
a0

∑
s1

∑
r1

∑
a1

PT ({(s0, r0, a0, s1, r1, a1)})

=
∑
s0

∑
r0

∑
a0

∑
s1

∑
r1

∑
a1

µ({s0}) · δ0(r0) · π0({a0} ; s0)·

p({(s1, r1)} ; s0, a0) · πi({a1} ; s0, a0, s1)

=
∑
s0

µ({s0}) ·
∑
r0

δ0(r0) ·
∑
a0

π0({a0} ; s0)·∑
s1

∑
r1

p({(s1, r1)} ; s0, a0) ·
∑
a1

πi({a1} ; s0, a0, s1)︸ ︷︷ ︸
=1

=
∑
s0

µ({s0}) ·
∑
r0

δ0(r0) ·
∑
a0

π0({a0} ; s0) ·
∑
s1

∑
r1

p({(s1, r1)} ; s0, a0)︸ ︷︷ ︸
=1

=
∑
s0

µ({s0}) ·
∑
r0

δ0(r0) ·
∑
a0

π0({a0} ; s0)︸ ︷︷ ︸
=1

=
∑
s0

µ({s0}) ·
∑
r0

δ0(r0)︸ ︷︷ ︸
=1

=
∑
s0

µ({s0})︸ ︷︷ ︸
=1

= 1
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Induction assumtion: Assume the claim holds for PT−1(ΩT−1) = 1.

Induction conclusion: Then for T ,

PT (ΩT ) =
∑
s0

∑
r0

∑
a0

· · ·
∑
sT

∑
rT

∑
aT

PT ({(s0, r0, a0, . . . , sT , rT , aT )})

=
∑
s0

∑
r0

∑
a0

· · ·
∑
sT

∑
rT

∑
aT

µ({s0}) · δ0(r0) · π0({a0} ; s0)·

T∏
i=1

p({(si, ri)} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

=
∑
s0

∑
r0

∑
a0

· · ·
∑
sT−1

∑
rT−1

∑
aT−1

µ({s0}) · δ0(r0) · π0({a0} ; s0)·

T−1∏
i=1

p({(si, ri)} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)∑
sT

∑
rT

p({(sT , rT )} ; sT−1, aT−1) ·
∑
aT

πT ({aT } ; s0, a0, . . . , aT−1, sT )︸ ︷︷ ︸
=1

=
∑
s0

∑
r0

∑
a0

· · ·
∑
sT−1

∑
rT−1

∑
aT−1

µ({s0}) · δ0(r0) · π0({a0} ; s0)·

T−1∏
i=1

p({(si, ri)} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)∑
sT

∑
rT

p({(sT , rT )} ; sT−1, aT−1)︸ ︷︷ ︸
=1

=
∑
s0

∑
r0

∑
a0

· · ·
∑
sT−1

∑
rT−1

∑
aT−1

µ({s0}) · δ0(r0) · π0({a0} ; s0)·

T−1∏
i=1

p({(si, ri)} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

= PT−1(ΩT−1)

= 1

b) Check the claimed conditional probability identity

Pπ
µ(St+1 ∈ B,Rt+1 ∈ D |St = s,At = a) = p(B ×D ; s, a),

where we assume that Pπ
µ(St = s,At = a) > 0.

Solution:
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First we have,

Pπ
µ(St+1 ∈ B,Rt+1 ∈ D,St = s,At = a)

= Pt+1(S0 ∈ S, R0 ∈ R, . . . , St = s,Rt ∈ R, At = a, St+1 ∈ B,Rt+1 ∈ D,At+1 ∈ A)

=
∑
s0

∑
r0

· · ·
∑
st−1

∑
rt−1

∑
at−1

∑
rt

∑
at+1

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

× p({(s, rt)} ; st−1, at−1) · πt({a}; s0, a0, ..., st−1, at−1, s)

×
∑

st+1∈B

∑
rt+1∈D

p({(st+1, rt+1)} ; s, a) · πt({at+1}; s0, a0, ..., s, a, st+1)

=
∑
s0

∑
r0

· · ·
∑
st−1

∑
rt−1

∑
at−1

∑
rt

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

× p({(s, rt)} ; st−1, at−1) · πt({a}; s0, a0, ..., st−1, at−1, s)

×
∑

st+1∈B

∑
rt+1∈D

p({(st+1, rt+1)} ; s, a) ·
∑
at+1

πt({at+1}; s0, a0, ..., s, a, st+1)

=
∑
s0

∑
r0

· · ·
∑
st−1

∑
rt−1

∑
at−1

∑
rt

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

× p({(s, rt)} ; st−1, at−1) · πt({a}; s0, a0, ..., st−1, at−1, s)

×
∑

st+1∈B

∑
rt+1∈D

p({(st+1, rt+1)} ; s, a)

and

Pπ
µ(St = s,At = a)

=
∑
s0

∑
r0

· · ·
∑
st−1

∑
rt−1

∑
at−1

∑
rt

Pt(S0 = s0, A0 = a0, ..., At−1 = at−1, St = s,Rt = rt, At = a)

=
∑
s0

∑
r0

· · ·
∑
st−1

∑
rt−1

∑
at−1

∑
rt

µ({s0}) · π0({a0} ; s0)·

t−1∏
i=1

p({si, ri} ; si−1, ai−1) · πi({ai} ; s0, a0, . . . , ai−1, si)

× p({(s, rt)} ; st−1, at−1) · πt({a}; s0, a0, ..., st−1, at−1, s)

Hence, using the definition of conditional probability the fraction cancels to give

Pπ
µ(St+1 ∈ B,Rt+1 ∈ D |St = s,At = a) =

∑
st+1∈B

∑
rt+1∈D

p({(st+1, rt+1)} ; s, a).
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2. Probabilistic interpretation of MDPs

Use the formal definition of the stochastic process (S,A,R) to check that

p(s′; s, a) = Pπ
µ(St+1 = s′ |St = s,At = a),

r(s, a) = Eπ
µ[Rt+1 |St = s,At = a],

r(s, a, s′) = Eπ
µ[Rt+1 |St = s,At = a, St+1 = s′]

holds if the events in the condition have positive probability under Pπ
µ, for any t ∈ IN0 arbitrary

start distribution µ and policy π.

Solution:

For the first claim we have by Excercise 1 b) that

p(s′; s, a) := p({s′} ×R; s, a)

= Pπ
µ(St+1 ∈ {s′}, Rt+1 ∈ R |St = s,At = a)

=
Pπ
µ(St+1 = s′, Rt+1 ∈ R, St = s,At = a)

Pπ
µ(St = s,At = a)

=
Pπ
µ(St+1 = s′, St = s,At = a)

Pπ
µ(St = s,At = a)

= Pπ
µ(St+1 = s′ |St = s,At = a).

For the next equation we have similar to above

r(s, a) :=
∑
r

r p(S × {r}; s, a)

=
∑
r

r Pπ
µ(St+1 ∈ S, Rt+1 ∈ {r} |St = s,At = a)

=
∑
r

r Pπ
µ(Rt = r |St = s,At = a)

= Eπ
µ[Rt+1 |St = s,At = a],

where we have used the definition of expectation for discrete random variables in the last equation.
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The last claim follows similar

r(s, a, s′) :=
∑
r

r
p({(s′, r)}; s, a)
p((s′, ); s, a)

=
∑
r

r
Pπ
µ(St+1 = s′, Rt+1 = r |St = s,At = a)

Pπ
µ(St+1 = s′ |St = s,At = a)

=
∑
r

r

Pπ
µ(St+1=s′,Rt+1=r,St=s,At=a)

Pπ
µ(St=s,At=a)

Pπ
µ(St+1=s′,St=s,At=a)

Pπ
µ(St=s,At=a)

=
∑
r

r
Pπ
µ(St+1 = s′, Rt+1 = r, St = s,At = a)

Pπ
µ(St+1 = s′, St = s,At = a)

=
∑
r

r Pπ
µ(Rt+1 = r |St+1 = s′, St = s,At = a)

= Eπ
µ[Rt+1 |St = s,At = a, St+1 = s′].

3. Bellman expectation equation for Q

Derive the Bellman expectation equation for the Q-function of a policy π:

Qπ(s, a) = r(s, a) + γ
∑
s′∈S

∑
a′∈A

p(s′ ; s, a)π(a′ ; s)Qπ(s′, a′).

Solution:

We use Lemma 3.1.17 and get directly

Qπ(s, a) = r(s, a) + γ
∑
s′∈S

p(s′ ; s, a)V π(s′)

= r(s, a) + γ
∑
s′∈S

p(s′ ; s, a)
∑
a′∈A

π(a′ ; s)Qπ(s′, a′)

= r(s, a) + γ
∑
s′∈S

∑
a′∈A

p(s′ ; s, a)π(a′ ; s)Qπ(s′, a′).
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