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Solution Sheet 2

For the exercise class on the 15.10.2026 at 12:00.

Exercises from the in-class test
Exercise 1 (Strict & Strong Convexity). (0 Points)

Prove the following statements

(i) p-strong convexity implies strict convexity.

Solution. Assuming x # y we have

9 fL-strong conv.

< fl@) - fly) —(Vfy),z—-y)

But after moving the negative parts to the left we are left with a condition which is equivalent
to strict convexity by Proposition A.1.8 in the lecture. O

0 < §llz—yl

(ii) For twice differentiable f, the following are equivalent
() V2f(x) = pl
(b) 2"V ()2 > pll|?

(¢) fis u-strongly convex
where I is the identity matrix and

A > B: <= A — Bis (weakly) positive definite.

Solution. Let us get|(a)}={(b)|out of the way first:
T2 ()2 — pll2ll? = (2, V2F(2)2) — (2 plz) = 2T (V2 f () — )z

If we have then the rightmost side is positive and thus we also have For the other
direction we simply start from the left.

For[(c)={(a) let
9(y) = f(y) — &llyl?,

because f is u strongly convex
9(y) = f(y) = 5llylI?

f p-strong conv.

> f@)+ (Vf(@),y— )+ 5y —z* = Syl
= f(z) — Bllz|* +4)z)* + (Vf(z) — px,y — 2) + plz,y — 2) — plz,y) + &)z
——— N———
=g(x) V()
=g(z) +(Vg(z),y — )



g is still convex. So we know by the lecture that
Vig(z) = V2 f(x) — ul

is positive definite.

On the other hand for [(a)={(c) if V2f = ul, we know that V?g is positive definite and thus
that g is convex by the lecture. Reusing the equations above except for the inequality we obtain

F@) +(Vf(@),y =)+ Glly — = = §llyl® = g(x) + (Vg(2),y — )

g conv.
< g(y)
= f(y) - 5llyl?
Adding £||y||* on both sides results in the definition of y-strong convexity of . O
Exercise 2 (Directional Minima). (0 Points)

Let f be some differentiable function. For every direction d € R" define

ga(@) := f(z* + ad).
Assume that for every d, g4 is minimized by o« = 0. Prove that

(i) We have necessarily V f(z*) = 0.

Solution. If we select a standard basis vector as the direction, then

0=gc(a)] = (V" +ae)e)| =(Vf@)e)

a=0 o=

So the i-th entry of V f(z*) is zero. As ¢ was arbitrary, we are done. O
(ii) f(z*) is not necessarily a minimum of f.

Solution. Let 0 < p < g and define

fy.2) = (z—py*)(z — @)

then for p < m < g we have for y # 0

fly,my®) = (my* — py?)(my® — qv®) = v* (m —p) (m—q) <O0.
>0 >0 <0

This means that f(0,0) = 0 is not a minimum since we can get arbitrarily close to z* = (0, 0)
with (y, my?) with smaller and smaller .

Let d = (d1, d2) be an arbitrary direction. Then
ga(a) = (ady — p(ady)®)(ady — q(ady)?)
= a?(dy — pad?)(dy — qad?)
= o’(d — ady(p + q)di + a’pqdy)

Thus ¢'(0) = 0 and g”(0) = 2d3 > 0 which implies g has a minimum in zero. O



Exercise 3 (Convergence to Stationary Point). (0 Points)
Let f : R? — R be a continuously differentiable function.

(i) Let (xf)ren be defined by gradient descent
Tq1 = T — aka(a:k), o € Rd

with diminishing step size o, > 0 such that Y ;- ; o, = oco. Suppose that (x)ren converges
to some z, € RY. Prove that z, is a stationary point of f ,i.e. Vf(z,) = 0.

Solution. For any € > 0 there exists n > 0 such that for all 7,7 > n we have by Cauchy-
Schwarz and convergence of V f(x;) to V f(x,) due to continuity of V f

(Vf(zi), Vf(z)))

= IV (@) 2 + (V@) = Vf(2), V(@) + (VF(2), V(x;) = V()

CNIVF@)I? — IV f(@) — V@ V@) = IVF@)] [V F@;) — Vi)
W7zl .
<e SV S ()| +e <e
> |V F (@) = 26|V f(@)]] — € =: p(e)

This results in

ln = 2l = Hmz_:lakvf(%)‘r =3 iy (5w, Vi)
2 |

> (lezl ozk) 229(6) :

k=n

Taking the limit over m results in

0> o = .l = (3 ak>2p<e>.

So we necessarily need p(e) < 0. But as € was arbitrary, we have

0 < [[VF(z)|* = limp(e) < 0. O

(i) Assume that f is also L-smooth. Prove for x,, generated by gradient descent with constant step
size a € (0, %) we have

f(@n) — f(zm) < f(zn) — ming f(x)

Y V(2|
];LH flap)ll” < o(1= La) o La)

for any n, m € N. Deduce for the case min, f(z) > —oo, that we have

Iglgigllvf(ka)\\z € o(1/n).

3



Solution. By L-smoothness of f, we have

—aV f(x)

——
(@k) + (Vf(zh), Tri1 — zk) + Fllopsr — zil)?
(x1) — (= 5|V f () ||?

and therefore

f(a:k) — f ka) telescope f(a:n) — f(.%'m)
V 2 < = —
g:n |V fzp)||” < I;:n (1

(
—La) a(l - La)

Now a,, := ming<y, ||V f(xx)||* is non-increasing, therefore

2n [e'e]
nasy, < Zak < Zak =0 (n— o).
k=n k=n

Thus agy, € o(1/n). And we can simply bound the odd elements of the sequence

aon+1 < ag, € o(1/n).

Exercise 4 (Sub-gradients).
Let f, g : R — R be convex functions.

(i) Prove that 9f(z) is a convex set for any = € R¢.

Solution. Let g1, go € Of(x). Then for any A € [0, 1] and any y € R?
Fy) =Af(y) + 1 =XNf(y)
91,92€0f (2)
> A(f@) oy —a)) + 1= N (f@) + g2y )
= J@) + (A + (1= Ngay — )

thus Ag1 + (1 — X)g2 € Of(x) by definition.

O

(0 Points)

(ii) For h(z) = f(Ax + b) prove Oh(z) D ATOf(Ax + b). Prove equality for invertible A.

Solution. Let g, € Of(x)i.e. gagsy € Of (Ax +b). Then AT g4,y € Oh(x) because

h(y) = f(Ay + ) > f(Az +b) + (gazts, (Ay +b) — (Az + b))
= h(z) + (AT g pprp,y — ).

If A is invertible, we have f () = h(A~'z— A~'b) so by the previous statement with A = A~!

and b = —A~1b, we get the other direction.

Exercise 5 (PL-Inequality).
Assume f : R? — R is L-smooth and satisfies the Polyak-F.ojasiewicz inequality

IVF(@)II* > 2¢(f(x) — fi)

for some ¢ > 0 and all z € R? with f, = min, f(z) > —o0.

4
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(0 Points)

(PL)



(i) Prove that gradient descent with fixed step size ay, = % converges linearly in the sense
Flar) = fo < (L= £)"(f(x0) = fo)-
Solution. By L-smoothness and the descent lemma, we have

Flarer) < flzw) = eIV £ (@) @ flae) = £ (F(@r) = f+)-

Subtracting f, from both sides, we get
f@pg) = fo < (L= £)(f(zw) = fo) O
(ii) Prove that p-strong-convexity and L-smoothness imply the PL-inequality.

Solution. Recall by the solution of sheet 1, exercise 6 (iii), and strong convexity we have

pllz — y)1? < D (@,y) + DY (y,x)

=(Vf(x)-Vfy),z—y)
2 IVH@) - VW) - ]

0

and therefore
pllz =yl <[V f(z) = VIl )]

Finally we know by L-smoothness and V f(z,) = 0 where x, is the minimum

L-smooth [,

f@) = fa) T ET DPwa) T S

O L
; |z — 2)? < 2—||Vf(x) —Vfx)|> O
H ——

=0



