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For the exercise class on the 15.10.2026 at 12:00.

Exercises from the in-class test

Exercise 1 (Strict & Strong Convexity). (0 Points)

Prove the following statements
(i) p-strong convexity implies strict convexity.
(ii) For twice differentiable f, the following are equivalent

(@) V2f(x) = pl
(b) 2TV f(x)z > pl|z|?

(¢) fis u-strongly convex
where I is the identity matrix and

A » B: <= A — Bis(weakly) positive definite.

Exercise 2 (Directional Minima). (0 Points)

Let f be some differentiable function. For every direction d € R" define
ga(@) := f(z* + ad).
Assume that for every d, g4 is minimized by o = 0. Prove that
(i) We have necessarily V f(z*) = 0.
(ii) f(z*) is not necessarily a minimum of f.
Hint. Let 0 < p < q and define
fy,2) = (z = py*) (2 — @v°)
consider z* = (0,0) and prove that f(y,my?) < 0forp <m < q.

Exercise 3 (Convergence to Stationary Point). (0 Points)
Let f : R? — R be a continuously differentiable function.

(i) Let (x)ren be defined by gradient descent
Tyl = T — aka(a;k), X0 € Rd

with diminishing step size o, > 0 such that Y ;- ; a, = oco. Suppose that (xy)ken converges
to some z, € R%. Prove that z, is a stationary point of f ,i.e. Vf(x.) = 0.



Hint. You might want to prove for large enough i, j
(Vf(2:), V[ (7)) 2 IV f (@) = 2€l|V f @) || = € =2 p(e).

(i) Assume that f is also L-smooth. Prove for x,, generated by gradient descent with constant step
size a € (0, %) we have

f(wn) - f(xm) f(xn) — min, f((L')

a(l — %a) a(l — %a)

IN

S OIVE@))? <
k=n

for any n, m € N. Deduce for the case min, f(z) > —oo, that we have
min ||V f(zx)[|* € o(1/n).
k<n
Exercise 4 (Sub-gradients). (0 Points)
Let f, g : R¢ — R be convex functions.

(i) Prove that 9f(z) is a convex set for any = € R¢.
(ii) For h(z) = f(Ax + b) prove Oh(z) D ATOf(Ax + b). Prove equality for invertible A.

Exercise 5 (PL-Inequality). (0 Points)
Assume f : R? — R is L-smooth and satisfies the Polyak-Fojasiewicz inequality

IVF(@)II* > 2¢(f(x) = f) (PL)
for some ¢ > 0 and all € R? with f, = min, f(z) > —oo.

(i) Prove that gradient descent with fixed step size o, = % converges linearly in the sense
flar) = fo < (1= £)(f (z0) = fo)-
(i1) Prove that p-strong-convexity and L-smoothness imply the PL-inequality.

Exercises to be prepared at home for the next exercise class at 05.11.2026

Exercise 6 (Conjugate Gradient Descent). (0 Points)
Consider a quadratic function

J(@) = $a - o) H(z - 2.)
for some symmetric and positive definite I and consider the hilbert space % = (R%, (-, -) ) with

(,y)m = (z, Hy)

(i) Prove that (-, )y is a well-defined scalar product. Show that
f@) = glle —

(ii) Determine the derivative Vg f(x) of f in H



(iii)

(iv)

(v)

(vi)

Hint. Recall that V 1 f (x) is the unique vector satisfying

0 = lim [fx+v) = fl@) = (Vuf(z),v)n|
v=0 [Vl '

Since gradient descent in the space H is therefore computationally the Newton method, we
want to find a different method of optimization. Consider an arbitrary set of conjugate (H-
orthogonal) directions (v1, . ..vq), i.e. (v;,vj) g = d;;, and for some starting point x € R4 the
following descent algorithm:

Tpt1l = T — VK11 With g := argmin f(zr — avgiq). (CD)
(6%

Optimizing over « in this manner is known as “line-search”. Using Y@ = (y,v;) prove that

d

(x — x4) = Z (z0 — ) Dv; = argmin{f(z) : & € xo + spanvy, ..., v} — 24
i=k-+1 r

Deduce that conjugate descent (CD) converges in d steps.

If we had v; = V f(x;_1), then this algorithm would be optimal in the set of algorithms we
considered in the previous exercise. Unfortunately the gradients V f(x;_;) are generally not
conjugate. So while we may select an arbitrary set of conjugate v;, we cannot select the gradi-
ents directly.

Instead we are going to do the next best thing and inductively select vy 1 such that

Ky :=span[V f(xq), ...V f(z)] = spanfvy, . .., vg+1]

using the Gram-Schmidt procedure to make vy 1 conjugate to vy, . . ., vg. Since Gram-Schmidt
is still computationally too expensive for our tastes, inductively prove

Ky, = span[H " (xg — z.), ..., H" (20 — z.)]
assuming /Cj, is (k + 1)-dimensional. Le. Ky, is a “H-Krylov subspace”.

Argue that V f (x4 1) is orthogonal to every vector in Ky, and inductively deduce either

Vf(xg41) =0

which implies 211 = T, or Kg1 has full rank. Deduce from the H-Krylov-subspace prop-
erty, that V f (1) is already H-orthogonal to /Cj_1.

Hint. 251 = argmin {f(z) : x € K + 20}

Collect the ideas we have gathered to prove the recursively defined

(Vf(zk), o) m

UV
lvkll

Vg1 = V() —

are H-conjugate and have the same span as the gradients up to V f ().



(vii)

(viii)

To make our procedure truly computable, we want to show
(Vf(@e)onym _ IV f(@)]?
vk 1% IV f(2e-1)I?

Hint. Proving
Vf(zp) =V f(rr_1) — ap—1Huy

should allow you to conclude (V f(xy), vg)p = —%. Then it makes sense to calculate

(Vf(zg-1),ve)

Q-1 = —
o1 %

by solving its optimization problem. Finally you may want to consider vy, = V f(x_1) — cvk_1
and vi._1 € Kj_o.

Summarize everything into a pseudo-algorithm for conjugate gradient descent (CGD) and com-
pare it to heavy-ball momentum with

il Vi@l
art |V F )2

using identical oy, as CGD.



