Optimization in Machine Learning Universitit Mannheim
HWS 2026 Prof. Leif Doring, Benedikt Wille

Solution Sheet 1

For the exercise class on the 01.10.2026 at 12:00.

Exercises to be solved in the exercise class

Exercise 1 (Convex Examples). (0 Points)

Prove the following functions are convex
(i) affine linear functions, i.e. f(z) = a’x + cfora € R?, ¢ € R,
Solution. We have

r—}%
fOz+A =Ny =atDz+ 1 =Ny +A+1-N)ec

fimear \ (aTz+e)+(1 =N (aTy+e). O
S——— S——
f(z) f)
(ii) norms,i.e. x — |z,
Solution. We have
A scaling
Az + (1= Nyl < Az + [[(1 = Nyll "= Azl + (1 = A)llyl]. O

(iii) sums of convex functions fy, i.e. f(z) = > p_; fu(x),

Solution. We have

O+ =M) => frQz+(1=Ny) <AD frl@)+(1 =2 frly). O
k=1 k=1

F=1 2\ () +(1-2) fio () = -

=f(=z) =f(v)

(iv) F(z) := super f(x) for a set of convex functions F.

Solution. We have

F(Az 4+ (1= A)y) <sup Af(x) + (1 = A)f(y) < sup Af(z) + sup(l — A)g(y)
feF feF geF

= AF(z)+ (1= N)F(y). O



Exercise 2 (Finite Jensen). (0 Points)
Let ¢ be convex, and ) ;" ; \; = 1 for \; > 0. Prove

w(i Aixz’) < i Aip(;)
i=1 i=1

and deduce (2 > | 2;)2 < 150 22,

—n

Solution. For n = 2 this is simply the definition of convexity. Assume it holds for n. Then the
induction step is given by

n+1
(Z Ai xz> = (P(An-i-ll‘n-&-l + 1 - n+1 Z >
=1 i=1

%/—/
=\
< Ant19(@nt1) + (1= A1) (Z >
a1 N
ind. ~
<) Niglas) <y Rl

i=1

Where it is easy to check that \; sums to one. For the second part select \; = % and p(z) = 22,

which is convex because

Az 4+ (1= Ny)? = 224 (1= N2 92 + 201 — Ny

A
<~ ,
=AA=(A=A) =(1-n)=A(1-))
=Az% 4 (1 = N)y? — M1 = \) (22 + % — 229)
—_——
=(z—y)2>0

<Az 4+ (1 - N2 O

Exercise 3 (Convexity and Minima). (0 Points)

Prove the following statements

(i) If f is convex, then every local minimum is also a global minimum.

Solution. Let * be a local minimum and assume it was not global. Then there exists y such
that

fly) < fz").
Select A small enough such that z* + A\(y — ™) is still in the € neighborhood of z* where z* is
a local minimum. Then obtain a contradiction

conv.

f@) < fla®+ My —27%) < (L=A)f(2") +

A
N~
<f(z*

(ii) If f is strictly convex, then there exists at most one minimum.



Solution. Let x # y both be minima (which are global by . Then for some A € (0,1)

strict conv.

FO+ (1= Ny) "™ A @)+ (1= ) () = min f(2),

which is a contradiction. O
(iii) If f convex and differentiable and V f(z*) = 0, then z* is a minimum.

Solution. By Proposition A.1.8 convexity is equivalent to
fl@) = f(a) + (Vf(@"),x —a%) = f(z") V.
=0

So z* is a (global) minimum. O

Exercise 4 (Descent Directions of a Maximum). (0 Points)

Let 2, € R? be a strict local maximum of f : R — R. Prove that every d € R%\ {0} is a descent
direction of f in x,.

Solution. Let € > 0 be such, that z, is a strict maximum in B¢(x,) \ {z.}, where existence of such an
€ is the strict local maximum property. We now have for any direction d that it is a descent direction,
because with & = 7 > 0 we have for all o € (0, a]

f(ze + ad) < f(z2),

since x4 + ad € Be(xy) \ {z+} as ||ad|| < a||d]| = e. O
Exercise 5 (Convergence Speed). (0 Points)
Proof that

(1) if we have

lim sup kaﬂ) =0,
koo €(Tk)

then e(z) converges super-linearly.
Solution. We define ¢, := supy>,, e(ea(?;:)ﬂ Then

lim ¢, = limsup m =0

n—00 k—o0 E(IL‘k)
and by definition

e(rrr1) < cpe(xk).

Thus we have super-linear convergence. O

(ii) If for ¢ € (0,1) we have
lim sup M
koo €(Tk)

then e(z) converges linearly with rate c.

<,



e(@k41)

Solution. We again define ¢, := supy>,, e(z1)

. . e(x
lim ¢, = limsup M <c

n—00 k—o0 e(ﬂfk)

thus there exists N > 0 such that for all n > N we have ¢,, < c and therefore for all n > N

e(rni1) < ene(xy) < ce(zy). O

(iii) If for ¢ € (0,1) we have
lim sup e(mk+12)
koo €(Tk)

<e,
then e(xy) converges super-linearly with rate c.

Solution. We similarly define ¢, := SUDg >, % and again get lim,,_,, ¢, < c. Thus there

exists N > 0 such that for all n > K we have ¢,, < c and therefore for all n > N
e(zni1) < cne(zn)? < ce(z,)? O

Exercise 6 (Momentum Matrix). (0 Points)
let D = diag(A1, ..., Aq), @, f > 0 and define

(A +p)I—-aD —pI «
T—( I O>€R2d 2d

Prove there exists a regular S € R2?*24 guch that

Ty
STITS =T =
Ty

with

T = (1-1-51— A —05> c R2%2.

Solution. We simply define for the standard basis e; € R?

o €1 O €q 0 2dx2d
S_<O € ... 0 €d>€R

in particular S7 = S, O
Exercises to be prepared at home for the next exercise class at 15.10.2026

Exercise 7 (Bregman Divergence). (0 Points)



The Bregman Divergence D;B) of a continuously differentiable function f : R? — R is defined as

the error of the linear approximation and is related to p-strong convexity and Lipschitz continuous
gradients as follows

p-strongly convex linear approximation L-Lipschitz gradient
L 9 (definition) (Descent Lemma) I 9
Sllz — ol < f(@) = f(xo) = (V[f(20),x — x0) < 3l — ol
B
=: DY) (2, 20)

For 1 = 0 this is simply the convexity condition by Prop. A.1.8. So non-negativity of the Bregman
divergence implies convexity. The L-Lipschitz gradients provide us with an upper bound on the

Bregman divergence on the other hand which immediately results in an upper bound on f
f(x) = f(xo) + (Vf(z0),x — x0) + D;B) (@, 20) . (1)
———
L
<3

llz—=oll?
(i) Prove for functions f with L-Lipschitz gradients, we have for all xq
min f(z) < f(z0) — |V f(xo)]>

By minimizing the upper bound (I)). What is the minimizer of the upper bound?

Solution. We first solve the directional minimization problem

argmin f(x0) + (V f(20), x — x0) + 5| — xo||* = 2o + argmin(V f (o), d)

z:||z—zo||=r d:||d||=r
= xo + argmax(—V f(x¢), d)
d:||d||=r
rV f(zo)
— — 2
T Sl @

where the last equation is true because by Cauchy-Schwartz

C.S.
(=Vf(zo),d) < [[Vf(xo)llr.
So in summary we have

min f(z) <min - min _ f(zo) + (V[ (20), x = zo) + Ll — wolf*-

T zi||lz—xo||=r

B (wo)—rlIV s (o) + 52

Minimizing over the length r implies minimizing a convex parabola, so the first order condition
is sufficient yielding
o IVfo)l
L
Reinserting r* into our upper bound yields the claim and we get the minimizer by inserting r*
into (2)) resulting in a gradient descent step

z* = z0 — 1V f(x0). O



(i)

(iii)

(iv)

Prove for convex functions f with L-Lipschitz gradients
D > LV f(z) -V 2
;@ 0) = 5l Vf(2) = V(o).
Solution. To apply|(1), we want to prove

o(x) := D (2, m0) = f(2) = f(w0) = (VF(w0), @ — x0)

has L-Lipschitz gradient. But the gradient of ¢ is given by

Vo(x) =V f(x) = Vf(xo),

which is merely a shift of the gradient of f and therefore still L-Lipschitz. Due to convexity we
know the Bregman Divergence is greater than zero. So we have

0= D} (w0, z0) = min g(y) < $(z) — [ Vo ()]*

Reordering and inserting the definition we obtain our claim
B
2z IVI (@) = Vi (@0)|” = gLV’ < é(x) = D) (z,x0). =
Prove for convex functions f with L-Lipschitz gradients, we have for all x, y

(Vf(@) =V ),z —y) = |Vf() = VI)|*

Solution. We simply apply |(i1)| twice:

2x[()
LHIVf@) -V ? < DY (y,2) + DY (2, y)

Tt — ) — (Vf(2),y — =) + fa) — Tl — (VI (y), 2 —y)
=(Vf(x) = Vf(y),z—y). O

Prove for convex f that the upper bound
B L
D (@,20) < 5l — ol
is sufficient for Lipschitz continuity of the gradient V f.

Solution. We deduced this upper bound in|(1)]and then never used the Lipschitz property again.

In [(i1)] we only needed it to apply [(1)] and in we only needed the property to apply So
our premise is sufficient for without Lipschitz continuity of the gradient. So by and

Cauchy-Schwarz we get

LIV () - VIWI? < (Vi) - Viw)e —v) < V@) - Vi)l - vl

Multiplying this inequality by L/||V f(x) — V f(y)|| results in the claim. O



(v) In this last part we want to assume f is u-strongly convex (and its gradient L-Lipschitz). Prove
for all x, y

(V@)= Vi), —y) = £Ele —yl? + 5V (@) = V)P

Solution. We define
92(y) = f(y) = Gllz —yl*.
for which we have
Vg (y) = VI(y) — uly — z).
Therefore we have
DP)(y, 2) = gu(y) — 90(2) — (Vga(2),y — 2)
=fy) = Blle—yl? = f(2) + §llz — 2> = (Vf(z) — u(z — x),y — 2)
B
=Dy, 2) + 4 [llo = 212 — o — yl? + 2(z — 2,y - 2)]

-~

= (~lle—2I*+lo—z+2—y|>—2(e—z2))
= D" (y,2) — = - yl”
Convexity is a given because D) > 0 since D;B) (y,2) > &lly — 2||*. Similarly we obtain
L — p-Lipschitz continuity of Vg, (y) because
Dy, 2) = D7 (y,2) = §ll= — yll” < L5411z — vl
So we can applyto Dé,f) with z = x to obtain

DYy, x) = D2 (y, 2) + iz — o
[@
> 5 1V9:(v) = Ve (@)|° + § 1z — ol
= sy IV () = ply — 2) = Vf(@)|> +5 ]z —y|*.

IV f () —py) = (V f (&) —p) |2

Which is symmetric in z and y so we can apply the same trick as in to get

(VF(y) — Vf().y—a) = D (y,2) + DY (y, )

>y VW) —ply—2) = Vi@ +ulz -yl
=VFy) =V F(@) 1220V f () =V f () ,y—z)+p2 ||y—z|2

Collecting the scalar product on the left results in

(14 22) (VF@) - V@) y o) 2 5 IV ) = VI@)I+ (25 + 1) e = ol

Multiplying both sides by é—:rﬁ we finally get

(Vi) = Vi (@)y—2) = TglIVI) - Vi@ + () Jz - g2 O
~————

_pL
T L4p



Exercise 8 (Optimizing Quadratic Functions). (0 Points)

In this exercise we consider functions of type

f(z) =2 Az + b1z + ¢,

where z € R%, A € R4 p e R ¢ € R.

(1)

(i)

Let H := AT 4+ A be invertible. Prove that f can be written in the forms
f(x) = (x —z) Az — z,) + ¢ 3)
= %(w—x*)T (AT + A)(x —z,) + ¢ 4)
_.H

for some x, € R? and é € R. Argue that H is always symmetric. Under which circumstances
18 x4 a minimum?

Solution. We want for some x,

!

fx)=(x—z)T Az —x,) + ¢ =2l Az —2T Az, — 2T Az + 2T Az, + ¢

1

=—aT(A+AT)z=bT e
So we simply select
., =—(A+ A" and é:=c—2l Ax,.

This proves our first representation (3). For () we simply note

symm.

y Ay = (y, Ay) "= (Ay,y) =y  ATy.

Applying this to y = x — x, in (3) we are done.
Symmetry of H follows directly from its definition as H;; = Aj; + A;; = Hj;.

Now z, is a minimum iff H is positive definite. If it is positive definite, then x, is a minimum
by V2f(x) = H and the lecture. If H is not positive definite, we need to show that there exists
some x such that f(z) < m for all m < ¢. Since H is not positive definite, there exists some y
such that

yI'Hy=:—<0

define x = x, + y4/ <™. Then

—
f(x):%yTHy—i—E:m. O

Argue that the Newton Method (with step size a,, = 1) applied to f would jump to z, in one
step and then stop moving.



(iii)

Solution. Taking the derivative of () we get
Vi(x)=H(x — x). (5)
So with V2f(z) = H and
to=x—H 'H(x —x,) =2 — [V2f(2)] 'V (z),

we have that the Newton Method finds . in one step. By (§) we also get V f(z.) = 0 which
stops the Newton method afterwards. O

Let V = (v1,...,v4) be an orthonormal basis such that
H =V diag[Ay,..., A\ VT

with 0 < Ay < --- < )\;4 and write ‘
y(l) = <yavi>'

Express (2, — ) in terms of (zo—x.)®, where z, is given by the gradient descent recursion
Tpt1 = Tp — WV f(zy).

For which step size h do all the components (z,, — x*)(i) converge to zero? Which component
has the slowest convergence speed? Find the optimal learning rate h* and deduce for this
learning rate

lzn — 2l < (1= 75)" lwo — l.

with the condition number x = :\\—‘f

Solution. Using the representation (9) of the gradient again and subtracting x, from our recur-
sion, we get

Tptl — T = Ty — Ty — hH (zy, — x4) = [[ — hH] (2, — x4)
Therefore

(@n+1 —22) @ = ([l = hH](zp — 2.), 03)

H symmetric <

Ty, — X, [I — hH]v;)
L (2 — iy (1= hA)Y)
= (1 — h\g) (2 — 24)D
indlgion (1 - h)\i)n+1($0 _ x*)(i).
For all components to converge we need |1 — h\;| < 1 for all 7. Since 1 — h\; < 1 is always

given, because h, A\; > 0, we only need 1 —h\; > —1or % > ); for all <. Since the eigenvalues
are sorted, this is equivalent to % > \g or



Under this condition, all components converge. The component with the slowest convergence
is given by

max |1 — h\;| = maxmax{l — hA;, —(1 — h\;)} = max{1 — hA1, —(1 — h\g)}.
7 7 SN—— ———

S1=hA1 <—(1—-h)g)
To minimize the slowest convergence, we want to take the derivative. The discontinuity is at

1—h)\ = —(1 —h)\d) <= 2= h(/\l +)\d)

SO
4 _ )M ks oY
dh N bz
So the maximal convergence speed is achieved by h* = )\li 5, With
2M\1 2
h*) = 1—h"N|=1- =1-
r(77) mlax‘ d AL+ Mg 1+k

where Kk = %i is the condition number. Putting things together, we have

2

d
2n — 242 = HZu — ) (@0 — 1) Do
=1

d
orthonormal Z (1 . h/\Z)Zn(x[()z) _ .%'8))2 — T(h*)Qn”mO _ x*HQ
i=1 ~
ST(h*)Qn
and therefore
o — ]| < (") 0 — .. O
Exercise 9 (Lasso). (0 Points)

Let
f(@) = gllz—yl* + A=l

for 2 € R? be the Lagrangian form of the least squares LASSO method.

(i) Compute a sub-gradient of f.

Solution. Using 9(g + Ah)(z) D dg(x) + AJh(x), we only need to determine the subgradient
of g(x) = 3z — y]|? and

d
h(z) = |zl = |ail.
i=1
But Vg(z) = x — y as g is differentiable. And since it is also convex, we have

dg(z) = {Vg(x)}.

10



Now the subgradient of h;(x) = |z;| is given by sgn(z;)e;, where sgn(0) € [—1,1] can be
selected arbitrarily, because

hi(z) + (sgn(xi)ei, y — x) = |x;| + sgn(w;)y; — sgn(x;)x; = sgn(x;)y;
| ]
x;

sgn(z;)€[—1,1]
< lyil = hi(y).

So again .
Oh(z) 2 Ohi(x) > (sgn(z1),. .. ,sgn(wn))” =: s(x).
=1
So putting everything toget}:er we have
Of(x) >z —y + As(x). O

(ii) Prove that f is convex.

Solution. As its sets of sub-gradients is nowhere empty, it is convex. O
(iii) Find a global minimum of f.

Solution. By the lecture it is sufficient to find a point x such that 0 € Jf(z). By the previous
exercise we therefore want to solve

0;$—y+)\5($)

entry-wise this implies

y¢+)\ z; <0

|
r; =y — Asgn(w;) = Sy — A[-1,1] 2, =0
yi—)\ x; >0

Yit+tA oy +A<0
=40 Yi € [, A
yi—)\ yi—/\>0

Yi+ Ay < —A
=<0 yie[—/\,)\] O
Yi—A Y > A

Exercise 10 (Weak PL-Inequality). (0 Points)
Assume f : R? — R is L-smooth and satisfies the “weak PL inequality”

V()| = 2¢(f(x) = f2)

for some ¢ > 0 and all z € R? with f, = min, f(z) > —oc.

11



(i) Let ap € [0, %] for some ¢ > 0 and assume for the sequence (a,)nen that it is positive and
satisfies a diminishing contraction

0 <apt1 < (1—qay)ay, Vn > 0.

Prove the convergence rate
1 1

< .
ng+1/ag — (n+1)q

ap <

Solution. Divide the reordered contraction
2
Qn 2 Gpi1 + qay,

by anan+1 to obtain

1 1 an 1
> —+q > —+q
An+1 an Anp+1 G,
>1
which leads to
1 1 =11
— - — = - — 2> ng.
(7% a =0 Af+1 ag
Reordering we obtain our claim
1
1 aOSa 1
an < — < /. O
ng+ o (n+1)q

(ii) Prove that f is bounded. More specifically e(x) := f(x) — fi < % for all z.

Solution. Using Exercise 1 (i), we get

fo < f@) = 5 IV F ()]

and therefore
||2 weak PL

e(x) > V@) = Le()

Dividing both sides by e(z) we obtain

2
1> 2¢(2)
and thus
e(z) < % O
(iii) For gradient descent x,, 11 — =, = —a,V f(x,) with constant step size o, = % prove the
convergence rate
L
— < ——
fan) = fe < 2c2(n+1)

12



Solution. Using L-smoothness, we have

F(@rgr) < flae) + (V@) thar — zr) + 5l — 2
< flar) — an(l = Sag) [V £ (z) |

>4c%e(ay,)?

L
=2r
If we subtract f, from both sides and apply our weak PL inequality we get

e(zi1) < e(mr) — Be(zp)? = (1 — %e(zy))e(zr)

with ¢ = % and e(xg) < % = % by we can applyto obtain our claim.

13



