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Abstract

This lecture course covers Optimization methods applied in the re-
search area of machine learning. In the first part of the lecture,
we will start with a detailed overview of first order gradient meth-
ods. After a brief recap of the basics of unconstrained optimization
problems, we will study (accelerated) gradient descent methods for
various conditions on the corresponding cost function. In the second
part of this lecture course, we will study stochastic variants of gra-
dient descent. We will provide a rigorous introduction of stochastic
gradient estimations and standard convergence results. Due to the
stochastic approximations we discuss the incorporation of variance

reduction methods.
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1

Introduction

These lecture notes were originally prepared for the course Optimization in Machine Learning
offered during the Spring semester of 2023 at the University of Mannheim. The current version
includes updates and modifications for the Fall 2024 iteration of the same course. Several of the
presented results are taken from books and monographs, and the corresponding references are

provided in place. I would like to thank Marc Schafer for carefully proofreading this manuscript.

In this course, we will delve into optimization methods applied in the research field of machine
learning. In Chapter 2, we provide a comprehensive introduction to unconstrained optimization,
with a particular emphasis on gradient descent methods. We will present a series of convergence
results for various assumptions regarding the cost function, such as differentiability, (strong) con-
vexity, and smoothness. Moreover, we discuss the non-smooth scenario introducing the notion of
sub-differential. The incorporation of momentum leading to accelerated gradient descent methods
will be discussed in Chapter 3. This discussion will include both Polyak’s heavy ball method and
Nesterov’s acceleration method. In Chapter 4, we study the role of empirical approximations in
the area of expected risk minimization. Building upon this foundation, we will introduce stochastic
variants of gradient descent methods, which play a crucial role in solving empirical and expected
risk minimization problems. We will discuss different types of convergence results and introduce

schemes for variance reduction.

Before we start discussing the important aspects of optimization methods, we will provide a brief
overview of the research field machine learning and position the role of this lecture within this
field. The focus of this course lies in the theoretical analysis and practical implementation of
(stochastic) optimization methods which are typically applied in the training (or learning) task of
machine learning models.

The field of machine learning is often divided into the following three classes:

1. Supervised learning: Given pairs of input and output vectors, the aim in supervised learning
is to learn/ describe connections between the input and output. This includes the task of

classification (discrete output state) and regression (continuous output state).

4
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2. Unsupervised learning: In this class, the data set is given by input vectors without specified
labels. The aim is for example to separate the data set into cluster (clustering) or to learn
a probability distribution describing the data set (density estimation)

3. Reinforcement learning: In this class, an agent aims to find an optimal strategy of actions
in order to maximize some reward resulting from the action. However, there is no access to

any pre-observed data set, and the optimal strategy needs to be learned via trial and error

of different applied actions.

A

Figure 1.2: Ilustration of clustering and density estimation problems.
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Figure 1.3: Illustration of reinforcement learning.

The presented lecture course focuses mainly on optimization methods in the area of supervised

learning. In order to introduce the learning task in supervised learning, we will introduce the

following notation:
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e Input set: Z C R% (e.g. images, observation points, features)
e Output/target set: ) C R% (e.g. label {0,1} or function evaluation in R%
e Training data: S = {(z®,yM), ..., (2™ 4™} with (2, y) € Zx Y, i=1,...,m.

The goal in supervised learning is to approximate the unknown model
p:Z=Y, ze=pz)=y

The task of the learner is to construct a prediction or approximation g : Z — ), which is actually a
task of function approximation. Typically, the learner aims to find a (finite dimensional) parameter
f € © and compute the approximation gy : Z — ). Here, we will call both G and © the learning
class of possible candidates for g € G or 8 € O respectively. We assume that the learning class G
is a Hilbert space.

In the following, we fix an underlying probability space (€2, F,P). The data model is usually
described by the training data set as a family of random variables. For example, one may assume

that Z® ~ 15 can be generated independently and pushed through the ”true” model o:
Yy .= @(Z(i)) +&9 0 i=1,....m,

where (€)™, denotes possible noise. Hence, we will model the in- and output as jointly vary-

ing random variable (Z,Y) ~ pzy) with joint unknown distribution s zy). Later, we will

)

N, with (ZW y®) ~ tzyy - In the first step, we want to define a measure of success for the
prediction of the learner. Let f: G x Z x Y — R be measurable (wrt. B(G) @ B(Z) ® B())/B(R))
and let (Z,Y) ~ pzy) with E[| f(g, Z,Y)|] < +o0o for all g € G.

(i) We define the ezpected risk F': G — R by

F(g) ==Ky, [f(9,2,Y)] == f(9,2,9) wzy)(d(z,9)) -

ZxY

(i) Let (ZW,YW), ... (Z™,Y™) be iid. random variables with (ZW,Y)) ~ 7y We
define the empirical risk F,, : G — R by

We call f the risk function, and the tasks

min F(g) (min F,(g))

geg Y
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the expected (empirical) risk minimization problem.

Example 1.0.1 (Classification problem). Let ) = {0,1} C R and assume that the training data
is generated without noise as YV = o(ZW), i =1,...,m. In a classification problem one usually
atms to classify between a finite number of classes, here for simplicity between two classes. The
first class corresponds to 0 and the second one to 1. Hence, the true model ¢ maps to the set {0,1}
and states whether the input belongs to 0 or 1.

A common choice for a risk function is an indicator function over the predicted classification
through g € G. We receive a penalty 1 if the prediction is wrong, whereas 0 if the prediction is

correct. Mathematically written, the risk function can be defined by

f(9:2,9) = Ligeyzyy = Lig(e)20(2)}

and the corresponding expected risk correspond to the probability of giving a wrong prediction

F(9) =By Mgyl = Pugsy, (9(2) #Y)

When having access to a training data set {(ZW, YD)}, the empirical risk counts the relative

number of failures in predicting the correct label

i€ {1l om} | g(Z®) £V Oy

m

1 m
Fn(g) = m Z Ligzyzyoy =
i=1

Example 1.0.2 (Regression problem). The second classical example of supervised learning tasks
are regression problems. As an example we consider the task to approzimate a function ¢ : R% —

R% based on the risk function
1 2
f(g)zay) = 5”9(2) - y”]Rdy .
The corresponding expected risk measures the expected squared distance of the prediction g
1 2
F(g) = Eu(z,y) [5”9(2) - YH]Rdy] )

and the empirical risk computes the averaged squared distance of the prediction
1 &1 .
m(9) = o 2 3ll9(Z) =Yl

within a training data set {(Z@, Y @)}m

Based on the learners chosen objective function, three central questions have accumulated signifi-

cant attention in the machine learning research field:
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1. Approximation (expressive power): In this research area, the concern revolves around the
choice of the function class used to approximate the true model. The question is whether
a suitable function class even exists for approximating the true model and how large one

should choose the class to approximate the true model up to a certain accuracy.

2. Training/ Learning task: Once we have decided on a specific class of functions in which we
aim to approximate the underlying true model, the next step is to find the best possible
representation within this chosen class G or ©. For example, assuming a parametrized
representation gy : R% — R% of the function approximation and given a training data set
{(2®, y@)}N | constructed through the true model, i.e. y@ = p(2),i =1,... N, we aim to
find # € © such that we obtain the best possible approximation y® ~ go(2"). As described
above, the task in training/learning of the model is then to solve an optimization problem

of the form
min fy (0, {(z7,y)}Y,),
6O

where fy : © x (XX, (R% x R%)) — R is a suitable cost function. As we have seen in the

example of regression, a typical example of cost function is

N
. . 1 ) )
IO 405080 = 5 3l ) = O + R(6),
=1

where R : © — R is a regularization function in order to avoid so-called over fitting.

3. Generalization: Once we learned/trained an optimal parameter 6, approximating the true
model, the natural question arises of how good does this approximation generalizes. We seek

to evaluate the quality of the approximation

ge.(2) = ¢(z),
when applied to data points (z, ¢(z)) which have not been used in the training task.
For better illustration, we consider the following example:

Example 1.0.3 (Polynomial regression). We assume that the underlying true model is described
through
y = p(z) :=sin(2rz), z€[0,1].

Given a training data set {(z9, 49 = ()Y, we want to construct a polynomial of M degrees

9o(2) =00+ 01z + ..., 002",

in order to approzimate . The coefficients 0 = (0y,...,0x)" € RMFL are the parameters to be
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learned. Therefore, we firstly minimize the cost function
XN
Y0 = D lao(=) — O,
i=1

also known as the data misfit functional. The resulting approximations are shown in Figure 1.4.

polynomial regression, M=10

——truth
===pol-approx

polynomial regression, M=3 ;

polynomial regression, M=1

4
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Figure 1.4: Polynomial approximation of ¢ for minimizing the data misfit functional for unper-
turbed data y@ = ¢(z®),i=1,... N.

In the case where the training dataset {(z®,y9 = (D) + nO)}N | is perturbed by some noise
n® € R the situation changes. The resulting optimization over the data misfit functional is ill-posed

and reqularization is needed. Therefore, we minimize the reqularized cost function
XN
Mgy _ — (@)Y _ 4,®))2
PO = 5 S lan) = P + Ra(0),

where Rg : RM* — R denotes a regularization function with parameter 3 > 0, in our case we
choose Tikhonov Regularization leading to penalization through R(0) := (05 + -+ + 03,.,) and

B = 0.01. The resulting approximation with and without reqularization are shown in Figure 1.5.
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Figure 1.5: Resulting polynomial approximation of ¢ for minimizing the data misfit functional
without (left) and with (right) regularization for perturbed data y® = @(z®) +9® i=1,... N.
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Unconstrained Optimization methods

In this chapter, we will provide a brief overview of basic concepts in unconstrained optimization.
The concepts presented in this chapter are based on [1, 17, 15]. We will introduce fundamental
definitions and properties around optimality conditions. Building upon this foundation, we will
explore a series of gradient-based optimization methods to iteratively solve the problems. The
convergence analysis of the studied schemes is presented for different classes of cost functions
((non-)convex, (non-)differentiable, (non-)smooth).

Let us consider the following problem formulation, which will be the central focus of this lecture.

Problem 2.0.1. Let f: X — R be a (continuous) function with domain X C R¢. For which

value(s) € X is the function evaluation f(x) minimal?

We will refer to Problem 2.0.1 to optimization or minimization problem and will write shortly

min f(z). (2.1)

zeX

The corresponding function f is called cost function or sometimes also objective function.

Remark 2.0.2. e In this lecture our special focus will lie in optimization problems without
constraints, in which we assume X = R% For the case X C R? we refer to (2.1) as optimiza-

tion problem under the constrain x € X, where we also write

min f(x), s.t. € X,
min f(z) x

in order to highlight the constrain. Note that ”s.t.” stands for ”"subjected to”.

e For simplicity we will consider Minimization problems, since each Maximization problem can

be equivalently rewritten as Minimization problem:

max f(z) = min —f(z).

10
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e This lecture focuses on so-called continuous optimization problems, where the feasible set is
infinite (uncountable). In case the feasible set is countable or finite, the optimization problem

is called discrete.
e Typically, the cost function f is nonlinear, such that (2.1) is often called nonlinear program.

In the following, we introduce the notion of local and global solutions for (2.1).

Definition 2.0.3. Let f : X — R for some X C R% The point z, € X is called

a) local Minimum of f over X, if there exists € > 0 such that f(z,) < f(z) forall z € X
with ||z — x| < e. If it even holds true that f(z.) < f(x) for all z € X \ {z.} with

|z — z.|| < e, we call z, strict local Minimum.

b) global Minimum of f over X, if f(z,) < f(z) for all x € X. If it even holds true that
flze) < f(x) for all z € X \ {z.}, we call x, strict global Minimum.

Remark 2.0.4. A local Minimum z, € X minimizes the cost function f only in a local neighbor-
hood B.(x.) = {zx € R? | ||z — x.| < €}, whereas a global Minimum minimizes the cost function
over the whole domain/ feasible set X. We note that this definition includes constrained opti-
mization problems. Furthermore, every global Minimum is also a local Minimum. The other way

around does not hold.

strict local minimum {local minimum } strict global minimum T

Figure 2.1: Hlustration of different types of minima of the cost function f based on Figure 1.1.1
in [1].

2.1 Optimality conditions

We will now discuss necessary as well as sufficient conditions characterizing local and global min-
ima. We start with the necessary optimality conditions of first order, which only needs differen-

tiability of the cost function.
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Theorem 2.1.1. Let f : R — R be continuously differentiable over the open set S C R? and
suppose . € S is a local minimum of f. Then it holds true that V f(z,) = 0.

Proof. Let x, € S be a local minimum of f and consider the corresponding ball B.(z,) such that
f(z,) < f(x) for all x € B.(z,). Let 2 € R? be arbitrary but fixed, such that for & > 0 small enough
z.+az € B.(z,) and hence f(x.+az) > f(z,) forall @ € [0, @). We define a — g(a) = f(z.+az),

a > 0 and observe

do a—0 Q
On the other side by chain rule we also have
dg(0
% = 2" Vf(z. + az).
In particular, this implies 0 < 2"V f(z,). Since z € R? is arbitrary, with y = —z € R? we also
obtain 0 < y'Vf(x,) = —2"Vf(z,). Therefore, for all 2 € R? we have z'Vf(x,) = 0, which
yields Vf(z,) = 0. O

Under the additional assumption that f is twice continuously differentiable there is also a necessary

optimality condition of second order.

Theorem 2.1.2. Let f : R* — R be twice continuously differentiable over the open set S C R?

and suppose x, € S is a local minimum of f. Then it holds true that V*f(z.) is positive

semi-definite.

Proof. Let again x, € S be the local minimum of f with the corresponding ball B.(z,) such that
f(z,) < f(x) for all z € B.(z.) and consider an arbitrary z € R%. With the Taylor expansion it
holds

2 2
Flae +az) — f(z) = a Vi) 2+ =2V (2.)z + o(a?) = —2TV2f(z,)z + o(a?).
Let @ > 0 be small enough such that f(z. + az) > f(z,) for all @ € [0,&). With the above

equation we obtain

o< flrtan) 2 S Lo 200 Lo

for o — 0. Since z € R? is chosen arbitrary, this leads to z' V2f(x,)z > 0 for all z € R? and the

assertion follows. ]

Remark 2.1.3. Theorem 2.1.1 and 2.1.2 characterize necessary, but not sufficient, conditions for

optimality. Firstly, consider for example f(r) = —a? with stationary point x, = 0, which is no
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local minimum. Secondly, consider f(z) = 2? — 23, © = (x1,25)" € R? with stationary point

0 0
z, = (0,0)" and positive semi-definite Hessian V2 f(z,) = (0 2), which is no local minimum.

In the following theorem, we formulate second order sufficient conditions for optimality.

Theorem 2.1.4. Let f : R — R be twice continuously differentiable over the open set S C RY.
Let x, € S with

1. Vf(z,) =0
2. V2f(x,) (strictly) positive definite.

Then x, is a strict local minimum of f and there exist v > 0, € > 0 such that
g 2
fla) 2 flz) + g lle — ]

for all x € B.(z.).

Before proving Theorem 2.1.4, we will need to prove the following auxiliary result.

Lemma 2.1.5. Let A € R%*? be a symmetric matrix with real valued eigenvalues \; < --- < \g

and corresponding eigenvectors vy, ...,vq. Then it holds true that:
LAz < 2T Az < N\g||2||? for all z € RY

2. The matrix A is (strict) positive definite if and only if all eigenvalues are (strictly)

positive.

Proof. We start with the first assertion. Let z € R? and write

d
2= &
i=1

with coefficients &; € R. Then we can write

d d d 2 2 2

> X Glluill? = =],

2TAz =) &, Av) =Y Nl PR )
i = < A2 Elluill® = Aallzll*-

A

=Aiv;

which finishes the proof of the first claim. For the second assertion we start with "=". Let
(A, v;) be eigenvalue and corresponding eigenvector of the (strictly) positive definite matrix A. By

definition of a positive definite matrix we have

0 < (<)UZTAUZ = U;r()\z’UZ) = )\Z”’UZH2
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Since ||v;]|? > 0 for v; # 0, we obtain \; > (>)0 for all i = 1,...,d. For the other way around
7" we assume that 0 < (<)A\; < -+ < Ay are eigenvalues of A with corresponding eigenvectors

v1...,0q. Then it follows with the first assertion
2T Az > M2))* > (>)0

for all z € R? with z # 0. O
We are now ready to prove Theorem 2.1.4.

Proof of Theorem 2.1.4. Let A > 0 be the smallest eigenvalue of the positive definite matrix
V2f(x.). By Lemma 2.1.5 it holds true that

22 f(x,)z > A|z|]%
Application of Taylor’s expansion around z, together with V f(x,) = 0 yields
1
f@*+d)—f@0==Vf@QTd+§JWﬁf@Qd+OWdW)
1
= §dTV2f(fE*)d +o(]|d|[*)

A
> 2l + ofld]?)
A omaW) 2
= (2420 142,
(2 TEAR

Let € > 0 be sufficiently small such that it holds O(H%H;) € (—2,2) for ||d||* < e. For x € R? with

|z — z.]| < e it follows

f@) > fla) + (i L olllz = =)

2 o=

A
2

| >

)Hx—xmzzf@0+< Yz — a2 > fla.).

——

2

]

Under the additional assumption of convex cost function f, we can further characterize sufficient

optimality conditions.

Proposition 2.1.6. Let f : R? — R be continuously differentiable and convex over the convex
set S C R?. Then it holds true that:

1. Every local minimum of f over S is also a global minimum over S.

2. If f is even strictly convex, then there exists at most one global minimum.
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3. Let S be an open set. Then the condition V f(x,) = 0 is a sufficient and necessary

condition for x, € S to be a global minimum of f over S.

Exercise 2.1.1. Prove Proposition 2.1.6.

2.2 Optimization methods based on descent directions

Recall that we are interested in solving min,cra f(x). In practical applications, it is often chal-
lenging and, most of the time, even impossible to compute solutions of this problem analytically.
Therefore, we will introduce iterative methods for solving the minimization task numerically. The

focus will lie in so-called descent methods based on descent directions.

Definition 2.2.1. Let f : R — R be the cost function. We call a vector d € R¢ descent
direction of f in x € R, if there exists @ > 0 such that

flz+ad) < f(x) forall o€ (0,a].

Our aim is to construct an iterative scheme g, 1, o, ... initialized with 2, € R? such that
f(zrs1) < f(ag) for k =0,1,2,.... The descent direction will be the key to construct this scheme.

co>C1 >y >C3

Figure 2.2: Tllustration of descent methods based on Figure 1.2.1 in [1].

Lemma 2.2.2. Let f : R — R be continuously differentiable in € R?. Then the condition

Vf(z)'d<0 (2.2)

is sufficient for d € R? being a descent direction of f in z.

Proof. We fix r € R? and d € R? satisfying (2.2) and define ¢(a) = f(z+ad). By Taylor expansion

it follows
p(a) = ¢(0) + a@'(0) + o(a).
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Note that ¢(0) = f(x) and ¢'(0) = Vf(z)"d such that

Pl0) = ¢(0) _ g pig,y o)

(67 N—— (67
<0 ~~
—0, a—0

This implies that there exists & > 0 such that

() — »(0)

<0

for all a € (0, @]. O

Remark 2.2.3. The condition (2.2) is no necessary condition for d € R? being a descent direction.

See Exercise 2.2.1 for more details.

Exercise 2.2.1. Let 2, € R? be a strict local maximum of f : RY — R. Prove that every

d € R is a descent direction of f in z,.

Example 2.2.4. The following two choices are classical examples of descent directions.

o Given v € RY, the choice d = —V f(x) is a descent direction of f in x. This direction is also

called steepest descent direction.

o Given x € RY and positive definite matriz M € R™? the choice d = —MV f(z) is a descent

direction of f in x. We also call it preconditioned gradient-based descent direction.

The resulting iterative descent method is formulated in the following algorithm.

Algorithm 1 Descent method
1: Input:

e cost function f : R — R
e initial zg € R¢

2: set k=0

3: while ”convergence/stopping criterion not met” do

4: find a descent direction dj, € R? of f in xy,

5: determine a step size ay > 0 such that f(xy + axdy) < f(zx)

6: set Tpi1 = o) + apdy, k— k+1
7. end while
Remark 2.2.5. e The ”convergence/stopping criterion” is of practical relevance. We will

suppress this criterion in our theoretical analysis and study the various types of algorithms

in its long time behavior for number of iterations £ — oc.
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e The values a4, > 0 are called step size in iteration £ € N. In the research area of machine
learning these step sizes are called learning rate. In the literature of optimization the choice
of the step size/ learning rate is often based on line-search. We will give more details on this
in Section 2.2.2.

2.2.1 Examples of descent directions

We consider a row of examples for descent directions of the unified form
dr, = =DV f(x4), (2.3)

where D), € R™? is a positive definite matrix.

Definition 2.2.6. We define iterative schemes of the form
Tpy1 = T — C(kaVf(l’k), Xo € Rd, k > 0, (24)

with a;, > 0 and D;, € R¥4 positive definite as gradient methods.

Remark 2.2.7. The particular choice dy = — DV f(xy) describes a descent direction due to
Vf(:ck)Tdk = —Vf(iCk)TDka(l'k) < 0.

We consider the following examples of gradient methods.

a) Method of steepest descent: This scheme is described by the simplified choice Dy = Id, i.e.

Ty = T — iV f(2), (2.5)

and is also known under the name gradient descent method (GD). The name "steepest de-

scent” can be motivated by the normalized descent direction

V f(wx)

dy = —

IV £ (@)l

More details will follow later.

b) Newton method: We consider the quadratic approximation (second order Taylor approxima-
tion) of the cost function f. Let f : R? — R be twice continuously differentiable, x;, € R?

be the current iteration and approximate

f(x) = fy(x) = flae) + Vf(xr) " (z — z) + %(fk —2) "V fxp) (@ — ).
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In order to find a stationary point z, € R? of f, we need to solve
Vfo(x) = Vf(zx) + V2 fap)(z — i) = 0

which yields
v = xp — (V2 f(2r)) 7V f () (2.6)

assuming that V2f(z;) is positive definite. This iteration corresponds to the Newton itera-
tion. The Newton method is a gradient method with the particular choice Dy = (V2 f(z)) ™"
provided that V2f(zy) is regular, i.e.

Ty1 = 2 — ap(V2f(24) 7V f ().

The Newton method is a second-order gradient method, since derivatives of the second order
are used to formulate the iterative scheme. However, our focus in this lecture will be on

first-order gradient methods.

Quasi-Newton method: In case the Hessian V2f(z;) is not invertible or only invertible with
high afford, in practical applications one often applies numerical schemes in order to solves
(2.6). This leads to the class of quasi-Newton methods.

2.2.2 Selection of the step size/ learning rate

After we have considered descent direction we will now take a look into the choice of the step size

/ learning rate ay.

a)

Constant step size: The most straightforward choice of step size is the constant step size
ay = s for all k£ > 0 and some s > 0 sufficiently small. However, convergence to a stationary
point might be slow for too small s. In contrast, for a too large choice of s the resulting
scheme might diverge. We will see examples for which we can derive specific upper bounds

on s in order to ensure convergence of the scheme.

Diminishing step size: Another popular choice, in particular for stochastic optimization
schemes, are diminishing step sizes o — 0 for k& — oco. Again for too large choices of ay
the resulting scheme violates the monotonic descent along the iteration. Furthermore, it can
easily happen that «; degenerates too fast such «; is too small in order to make progress
towards a stationary point, although it might be still far away. A popular condition for
choosing ay, is

[e.o] o0
E ap =00 and g aj < oo.
k=1

k=1
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c) Armijo step size rule: In the best possible way we would like to choose ay, such that the gain

along the chosen descent direction is maximized, i.e. such that the cost function is minimized.

One corresponding choice would be

oy, € arg Jél[%fi] [z, + ady)
for some pre-specified s > 0. In most scenarios it is impossible to solve this minimization task
exactly, and algorithmic schemes are applied to solve the line-search. The line-search based
on the Armijo rule is one of the most popular schemes. Here, the step size is successively
decreased until it leads to a decrease in the evaluation of the cost function.The Armijo rule
is given by the condition

flz+ad) < f(z) +oaVf(z)'d, (2.7)

where = denotes the current iteration, d is the chosen descent direction and o > 0. Assume
that d € R? is chosen such that Vf(x)"d < 0 (e.g. d = —V f(x)), then condition (2.7) leads
to an decrease of the cost function. Furthermore, there exists some @ > 0 satisfying condition
(2.7). In order to choose a suitable step size, we can apply a so-called backtracking line search.
Given a certain initial step size a!?) = sy > 0 we will reduce the step size sequentially until

condition (2.7) is satisfied. The Armijo step size rule is summarized in Algorithm 2.

fz+ ad)

Rd 4\‘
4 A LY
0.5 0.5 ’ «
a2 e Q) a®

Figure 2.3: Illustration of the Armijo step size rule based on Figure 1.2.7 in [1]. In the green area

condition (2.7) is satisfied such that « is accepted.

We refer interested readers to [1] for more information on alternative step size rules.

Exercise 2.2.2. Let f: R? — R be continuously differentiable and (z)ren be defined by

Tpp1 = T — iV f(xg), o € Rd7

with diminishing step size oy, > 0 such that >~ a, = co. Suppose that (zj)ken converges to




Optimization in ML Simon Weissmann Page 20

Algorithm 2 Armijo step size rule
1: Input:

e current iteration x; and descent direction dj,
e parameter o € (0,1), p € (0,1)
e initial step size so > 0

set £ =0, a9 =5,

while f(x;, +a¥dy) > f(x) + 09V f(z)"dy, do
Set Oé(£+1) — p . a(f)
set £ — 0+ 1

end while
set ap = a®

some z, € R%. Prove that x, is a stationary point of f, i.e. Vf(x,) = 0.

2.2.3 Discussion about convergence behavior

Our aim in this course is to analyze the convergence of various optimization algorithms. The
question is which behavior of convergence can we expect? In an optimal scenario we wish that
the optimization scheme should converge from any initial state to a global minimum of the cost
function. Unfortunately, typically this scenario is way too optimistic.

We consider a gradient descent scheme (2.5), where the state in each iteration moves into direction
of steepest descent. This means the iteration always moves downhill independent of the global
structure of the cost function. On the one side the iteration gets attracted from local minimums,
but on the other side gets stuck in any stationary point. Without in the case of convex cost
function we can only hope for convergence to stationary points. In general it is not clear if there
exists an accumulation or even limit point of the sequence (xy)ren constructed by the gradient
descent method (2.5).

v
v

Lioc Tk Lglob T T Lioc Lglob xr

Figure 2.4: Tlustration of possible terminations of the gradient descent method.
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2.3 Gradient descent method

Before going into more details of the convergence analysis for gradient descent methods, we will
motivate description of the method as steepest descent method. We have seen in Lemma 2.2.2
that Vf(z)"d < 0 characterizes the strength of the descent direction d € R? (keyword: Taylor
expansion).

Let us consider = € R% and choose a normalized descent direction d € R% such that

min Vf(z)'d, s.t.d|=1. 2.8
min V() I (28)
We consider normalized descent directions, since it only determines the direction, whereas the
length is scaled by the step size «; after the descent direction has been chosen.

By the Cauchy-Schwarz inequality we firstly observe that for ||d|| = 1
0< V(@) d < |VE@)ldl = IV f(@)]l.
Then it holds also true that
Vi@)'d >~V f(z)'d = ~[|Vf()].

Since the choice d, = —% leads to Vf(z)"d = —||Vf(z)]|, d. is a solution of (2.8). This means
that the negative gradient —V f(x) is the steepest descent direction over all possible directions in
the sense of minimizing the descent condition (2.2).

In order to do characterize limit points of the steepest descent scheme, we will need more assump-
tions on our underlying cost function f. One important property considered in this lecture course
is smoothness. This property guarantees a descent of the objective function along the trajectories

of the gradient descent method as long as the step size is sufficiently small.

Definition 2.3.1. We call a function f : R? — R L-smooth for L > 0, if f is differentiable

and the corresponding gradient V f is L-Lipschitz continuous, i.e.

IVf(z) = V)l < Lllz —yll, forall z,y € R’

If f is twice continuously differentiable, then a sufficient condition of L-smoothness is given by
sup,cga [|[V2f(2)]|? < L. Assuming that our cost function f is L-smooth allows us to apply the

following descent Lemma.

Lemma 2.3.2 (Descent lemma). Let f : R? — R be continuously differentiable and consider
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r,y € R? with
IVf(z+ty) = V()] < Lllty], (2.9)

for some L > 0 and all ¢ € [0,1]. Then it holds true that

Flae ) < @)+ 5TV ) + ol

Proof. We define ¢(t) = f(z + ty) and apply chain rule in order to derive
Ft) =y Vi +ty), telo1].

By the fundamental theorem of calculus it follows

o+ = 5@ =0 00 = [ dat= [ yTVr )
= [wrvs@ars [TV ) - Vi)
<yTI@+ [ ol 195G ) - Vi)
<yTVAG) 4l [ 1t
=TV (@) + 2 Il

where we have applied Cauchy-Schwarz followed by the assumption (2.9). O

Following the descent lemma we obtain for L-smooth functions f the upper bound
T L 2 d
fly) = f2) + V@) (y —2) + Sllz —yll°, forallz,y € R (2.10)
In comparison for p-strongly convex functions f we have a lower bound
Flo) > f() + V@)~ ) + Sl =yl for all 2,y € BY (211)

If we put both together we obtain for L-smooth and p-strongly convex functions the following

characterization

L
< =

Elle = yl? < fy) = f(2) = V@) (g = 2) < Sl =yl

This motivates the definition of the Bregman divergence.



Optimization in ML Simon Weissmann Page 23

convexity and smoothness in x=1
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Figure 2.5: Tllustration of L-smoothness and p-strong convexity. We consider the function f(z) =
x? such that f is L-smooth and pu-strongly convex with 1 := pu < f"(x) = 2 < L =: 10 for all
x € R. This plot illustrates convexity and smoothness of f in x = 1 using the upper and lower
bound (2.10) and (2.11) on f(y), y € R.

Definition 2.3.3. Let f : R? — R be continuously differentiable, then the Bregman divergence
D . R? x R? — R is defined as

D (y,x) = f(y) - flz) = Vf(2) (y—2), yzeR™

If we assume L-smoothness and convexity of f (without u-strong convexity), we are able to obtain

an additional bound on the differences of the gradient evaluation.

Lemma 2.3.4. Let f : R — R be convex and L-smooth, then

1
57 IV W) = VI@)* < DY (y.)

is satisfied for all z,y € R%

Remark 2.3.5. In general, for a convex function it only holds true that

DP(y,x) = f(y) — f(z) = Vf(z) (y —z) > 0.

With the additional assumption of L-smoothness we obtain the stronger characterization

F) 2 @)+ V@) (- )+ 59 5@) - VI



Optimization in ML Simon Weissmann Page 24

Exercise 2.3.1. Prove Lemma 2.3.4.

In the next subsection, we will begin the convergence analysis of the gradient descent method in

a non-convex setting.

2.3.1 Convergence for non-convex cost function

We start the convergence analysis of gradient descent scheme in the most general setting, where
the cost function is assumed to be continuously differentiable without any other assumption. In
this Subsection we follow very closely to Section 1.2.2. in [1].

As discussed in Section 2.2.3, we do not expect to prove convergence to a unique global minimum in
this scenario. However, assuming that there exists an accumulation point of the sequence generated

by gradient descent, we are able to characterize this point as stationary point.

Theorem 2.3.6 (GD with Armijo rule). Let f : R? — R be continuously differentiable and
(zk)ken be generated by

V f (k)

Tppr = Tp + apdy,  dpy = ——=F—

IV f (@)l

where oy, > 0 is chosen by the Armijo step size rule Algorithm 2. Then it holds true that every

accumulation point T € RY of the sequence (zy)ren is a stationary point of f, i.e. Vf(Z) = 0.

Proof. We will prove the assertion via contradiction. Firstly, suppose that z € R? is an accumu-
lating point of the sequence (zy)ren satisfying V f(z) # 0.

We consider the corresponding sub-sequence (zy, )nen converging to z. Since the cost function f
is continuous, we also have that (f(zg,))nen converges to f(Z).

Moreover, through the Armijo step size rule it follows that the sequence (f(xy))ren is monotonically
decreasing, i.e. f(zr+1) < f(zx), and hence, the whole sequence (f(xy))ren converges to f(Z).

In particular, it follows that (f(zx))ken is a Cauchy-sequence and therefore

lim (f(zrs1) — f(z)) = 0.

k—o0

Due to the Armijo step size rule it holds true that

flae) = f(@raa) = oonl|V f ()|

implying that
lim ag||V f(zg)] = 0.
k—o00
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Since we have assumed that V f(z) # 0 it follows by continuity of V f that lim,, . ||V f(x, )| # 0.
Hence, it follows that lim, . ax, = 0. By construction of the Armijo step size rule, we can write
ay, = p' - sg, where £,, € N denotes the first iteration such that condition (2.7) is satisfied. Since
lim,, o g, = 0, for n € N large enough there exists £, > 0 such that f(xy, + p™ lsods,) >
f(zr,) + optsoV f(ay,) Tdy,, which means that condition (2.7) is at least once not satisfied

during the application of Algorithm 2. Thus, we have

[, + p 'sody,) — f(a,)

g > oV () dy, . (2.12)
With the mean-value theorem there exists some 7, € [0, p™~! - 0] such that
fxn, + o tsody,) — f(on,) = Vf(n, +rady,) (21, + o™ Lsody, — 1)
= p" 5oV f (wk, + Tnd,) " di,,
and with (2.12) it follows
V f(k, + radi,) i, > oV f(21,) dy,. (2.13)

Due to continuity of V f and the assumption that lim,, ., xx, = Z, we obtain

V /() Vi)

lim dg, = lim — = —

n—o00 n—oo ||V f(a, )| IVf(@)I°

and since lim,,_,o, ag, = 0 we obtain

A

lim r, = p""lsg = “—s9 = —ay, =0
n—o00 p
Both limits together imply that
VI V@

lim Vf(xg, + rody,) " di, =

GE G

and similarly,

n—oo

Finally, taking the limit n — oo in equation (2.13) it follows
—[IVf(@) = =V (@),

which contradicts the assumption o € (0, 1) for V f(z) # 0. Hence, we have proved Vf(z) =0. O

We continue with the convergence analysis of gradient descent for L-smooth cost functions f with-
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out further assumptions such as convexity. The following Theorem then quantifies accumulation

points of gradient descent with fixed but sufficiently small step size.

Theorem 2.3.7 (GD with constant step size). Let f : R? — R be L-smooth and (zp)ren be
generated by
Tr1 = vp — aV f(zK),

where @ € [, %] for some € > 0 with e < LLH Then it holds true that every accumulation

point & € R? of the sequence (1y)ren is a stationary point of f, i.e. Vf(Z) = 0.

Proof. Since f is assumed to be L-smooth we can apply the descent Lemma 2.3.2 (with the choice

y=—aVf(xy) and x = zy),

Flex =¥ f(m))~ (o) < (~aVf (@) VI )+ 5 16V Fl? = 6V )P 1), (2.14)

Due to our choice of & < QL;E we can bound

al €
— 1< —=<0.
2 - 2

We reformulate the inequality (2.14) and obtain

flaw) = flax — aVf(ar) = SalViz)l* > %va(l’k)Hz- (2.15)

DO M

Similar to the proof of Theorem 2.3.6, we firstly assume that (zy, )n,en is a sub-sequence with
limit point Z € R? and Vf(Z) # 0. With (2.15) we can imply that the sequence (f(z))ren is
monotonically decreasing and therefore, it converges to f(z) using continuity of f. In particular,

we have

lim (f(zrs1) — flz)) = 0.

k—o0

However, with (2.15) it then follows that
lim —82\|Vf( ) =0
k—oo 2 Tk Y

which is in contradiction to V f(z) # 0. O

We can formulate a similar Theorem for gradient descent with diminishing step size choice. In
order to quantify accumulation points as stationary points, we need to force oy to degenerate but

not too fast.
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be generated by

Tpy1 = Tk — aka(xK),
with

o, ¢]
lim ap, =0 and E Qp = 0.
k—o00 —o

Then for the sequence (f(xk))ren it holds true that either

lim f(z) = —o00 or lim Vf(z;) =0.
k—o00 k—o00

i.e. Vf(z)=0.

Theorem 2.3.8 (GD with diminishing step size). Let f : R — R be L-smooth and (xy)ken

Moreover, every accumulation point & € R? of the sequence (x1)ren is a stationary point of f,

Proof. Similar to the proof of Theorem 2.3.7 we apply Lemma 2.3.2 to derive

Lo?

flarr) = flor = axVf(an) < flan) = (an = V(21 = flaw) — an(l - %}HV}‘"(%)HQ.

2

Since we have assumed limy_,., aj = 0, there exists kg > 0 such that

f@em) < flar) — o]V (2) |12

for some ¢ > 0 and all k£ > ky. Hence, the sequence (f(xy))r>k, is decreasing and it either holds

true that limg_,o f(xr) = —00 or limy_,o f(2g) = M for some M < oco.

Suppose that we are in the case where limy_,o, f(xx) = M. It follows

S el Vi@ < 3 {f (o) — Flane))

k=ko k=ko
for K > ky. Using that the rhs is a telescoping sum, we obtain

K

> {fl@n) = flaen)} = flan) — flax)

k=ko

and for K — oo we even imply

[e.9]

¢ V@)l < flan) — M < oo
k=ko

(2.16)

Since ) .7, ap = 00, there can not exist any € > 0 such that ||V f(z;)||* > ¢ for all k > k> 0.
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However, this only means that
liminf ||V f(zg)]] = 0.
k—o00

In order to prove limg_,o ||V f(21)| = 0 we will use (2.16) to prove that lim sup,_, . ||V f(z)|| = 0.
Suppose that limsup,_, . ||V f(zx)|| > ¢ for some € > 0 and consider two sub-sequences (m;);en,

(nj)jen, nj,mj € N, with m; < n; < mj; such that
€
3< IV f(zy)|], form; <k <n;

and

Vi)l < 3, forny <k <mjp.

Wl M

Moreover, let j € N be sufficiently large such that

0 2
9
> VAl < g7

J

Using L-smoothness for j > j and m; < m < n; — 1 it holds true that

nj—1 n;—1
IV f(2n,) = V@) DIV @ren) = V@)l < LY lore — 2]
k=m k=m

n;—1
3«
= LY ol Vi)
k=m

n;—1

3
<L \V4 2
< 6};%” f ()]
3 e? €
- TeoL 3

where we have used that ||V f(xy)| > § for m; <k < nj; — 1. This implies that

e 2
IV @m)ll < 1V Q@) Il + 1V F(@n,) =V @m)| < IV 2l + 5 < =
and therefore ||V f(2,,)|| < % for all m > mj;. This is in contradiction to lim supy_,. ||V f(z)| > ¢

and we have proved that

limsup ||V f(x)|| = liminf |V f(x)|| = lim ||V f(zg)]] = 0.
k—o0 k—o0 k—00
Finally, let Z € R? be an accumulating point of (x3)gen. Since (f(zx))x>k, is decreasing, it follows

by continuity that
lim f(zy) = f(z) < o0

k—o0
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and then also
Vf(z)= lim Vf(xy) =0.

k—o0

O

Remark 2.3.9. Under the conditions of Theorem 2.3.8 there is no guarantee of decrease in the
cost function f(xy) along the initial iterations k& < kg, which we have only verified for k¢ sufficiently
large. The decrease can be forced under the additional assumption a; < % for e < LLH which
was also used in Theorem 2.3.7 for an upper bound on the constant step size a.

Although in the previous theorems we have characterized accumulation points of the gradient
descent method, we are not able to characterize the existence of limit points or even the convergence
rate. However, under the additional assumption of lower bounded objective functions and following
the proofs of Theorem 2.3.7 and Theorem 2.3.8, we can quantify the speed of degeneration of the

gradients along the iterations of gradient descent.

Corollary 2.3.10. Let f: R? — R be L-smooth and (z)ren be generated by
Tpp1 = ok — o Vf(rg), ap>0.

We define g := mingeno<i<n || V.f(2zx)]|* and gy = + SV IV f(a)||? for N € N.

e For the choice of a constant step size & € [e, 2%] with e < 725 it holds true that
. 1
9n: 9 € O(5)-
e Consider a diminishing step size o, = ﬁ, k > 0, for ¢ > 0. Suppose that limy_,, f(xx) =

M € (—o0,00), then it holds true that

1
gn-GN € O(\/—N)‘

Exercise 2.3.2. Prove Corollary 2.3.10.

We will close this section with the property of gradient descent which guarantees that the itera-
tion gets captured by isolated local minimums. This means, that once the iteration moves into
a sufficiently small neighborhood around an isolated local minimum, it will remain within this

neighborhood and even converge to the corresponding local minimum.
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Theorem 2.3.11 (Capture Theorem). Let f : R — R be continuously differentiable and the

sequence (T )ken be generated by gradient descent

Tpp1 = T — apV f(zk),

with bounded step size ap < s, s > 0. Moreover, assume that the sequence (f(xy))ken 1S
decreasing and every accumulation point of (zy)ren 48 a stationary point. Let x, € RY be an
isolated local minimum of f, i.e. there exists an open neighborhood U C R® of x, such that
x, is the only stationary point within the set U. Then there exists an open set S C R% with
x, € S with the following property: If x € S for some k € N, then x, € S for all k > k and

in particular the sequence (Ty)ren converges to x..

Proof. Since z, € R? is assumed to be an isolated local minimum, we can find some r > 0 such
that within a closed Ball B,(x.) := {z € R?| ||z — z.|| < r} with radius r around =, it holds true
that

flx.) < fz), = €B ()

while there exists no stationary point 2’ € B,(z,) \ {z.}. It directly follows that

_min - f(z) > f(z.)

2€Br (x4 )\ Bt (x+)

for any open ball By(z,) := {z € R? | ||z — z.]| < t} with radius ¢ € (0, 7] and we can the function

()= min  f(z) = f(z.),

€8 () \Be ()

which is decreasing for decreasing t. Since the gradient Vf is assumed to be continuous and
Vf(z,) =0, for a fixed but arbitrary € > 0 we can find ¢ € (0, €] such that

|z — x| + s[|Vf(z)|| <e forall x € By(z,). (2.17)
We will use (2.17) in order to prove that the open set S defined by

S:={zeR| |z -z <e, f(x)< flz.)+P(q)}

captures the iteration of gradient descent, i.e. if x; € S then it also holds true that x5, € S. Let
us suppose xy € S, then for 7 = ||z — z.|| we have that ®(7) < f(zx) — f(z.) < ®(g) by definition
of S. Due to decreasing behavior of ® we obtain ||z — .|| = 7 < ¢ and therefore z;, € B,(z.). By
(2.17) we obtain

e = 2ol + sV ()] < e
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Since the step size satisfies o, < s, applying triangular inequality we can imply that
ka1 — @l < Mo — 2l + el [V f (@) [| < flow — 2l + sV f ()| <e.

By assumption (f(z))ren is decreasing such that

f(erg) = fla) < flar) = flz,) < @(g),

where we have used zj, € S, and therefore, we obtain z;,; € S as well. Once we find k € N such
that 25 € S, we can imply z;, € S for all k > k.

It is left to argue that in this case limj_,oo 5 = 2. Consider the closure S of S which is a compact
set. Then there exists at least one accumulation point Z of (xy)gen, which by assumption is a
stationary point. By construction S C B,(x,) such that z, € S is the unique stationary point of

f in S implying that lim,_,. 75 = .. O

2.3.2 Convergence for convex and smooth cost function

In the following, we will study the convergence behavior of gradient descent under the additional
assumption of (strong) convex cost functions. While in the previous section we have quantified
possible accumulation points, we will now consider the description of convergence through some
error function. Let (xy)gen be the sequence generated through some optimization scheme for a
cost function f. We consider an error function e : R — R with the property e(z) > 0 for all
r € R? and, e(z,) = 0 for some z, € RY, e.g. r, € argmingeg f(7) assuming it exists. Typical
examples include

e(x) = ||z — ]| or e(x) =[f(x) = f(z.)]

We define the following type of convergence behavior.

Definition 2.3.12. We say that the sequence of errors (e(zy))ren converges linearly, if there
exists ¢ € (0,1) such that

e(Tpq1) < ce(wy)

for all £ € N.

Since the focus of this lecture course lies in first order methods, we do not expect faster convergence
than linear such as super-linear or quadratic convergence. We will now study the convergence of
gradient descent for general convex and L-smooth cost functions. Since for general convex functions
there is no guarantee for existence of a unique global minimum, we do only expect convergence of
the error function e(zy) = f(zx) — f(x.) for some global minimum z, € R%. The convergence is

slower than linear, sometimes also referred to sub-linear convergence.



Optimization in ML Simon Weissmann Page 32

Theorem 2.3.13 (GD for convex and smooth cost function). Let f : RY — R be convex and

L-smooth, and let (x)ken be generated by
Tyl = T — de(l’k)

with a < % Moreover, we assume that the set of all global minimums of f is non-empty. Then

the sequence (xy)ken converges in the sense that

e(zk) = f(ar) — fi < k>1

)

El e

for some constant ¢ > 0 and f, = mingcra f(z).

Proof. We again apply the descent Lemma 2.3.2 (with t = 1, y = (2411 — ) and & = xy) to derive

Flonn) < F) + V@) (ren =2 + 5 o — 2l

With xpy1 — 2 = —aV f(xy) we obtain
flarg) < flaw) = allVF(@)|* + g@z‘HVf(ﬂfk)H2
L
= fla) + (5o~ Dal V()|

Since @ < 1, we have (£2a — 1) < —1 < 0 and therefore, the sequence (f(xy))ren is decreasing.

Now, let z, € R? be some global minimum of f such that due to convexity it holds true that
for) + (e — 2) "V f(21) < f).

We plug this in into the above inequality to imply

Flown) < o) +a(a — DIV )P

< fle) ~ S - ) V) + alEa - DIV )
~2
= flo)+ 3 { gllo = aull + IV I@IE = Sl - o) +aV S (@)
ra(za- DIV
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where we have used —a"b = 1|al|* + 3 ||b[|* — 1||a + b||* for a,b € R%. Rearranging the rhs leads to

L
Flain) < f@) + o (o =l =l = zeal?) + alGa - DIV @I

1
< f(w) + 5z (e = 2ell” = lloe — 2 ”)

where we have used again that a < +. Taking the sum over all iterations gives

1
-

N N

1 1
D f@ren) = )} < o= > Allwe = all® = o = anal} < = {lw = w0l =l — 2naa |2},
k=0

k=0

where we have applied a telescoping sum. With the decrease of (f(zx))ken it holds true that

Zf(mkﬂ) > (N + 1) f(zng1),

k=0

and therefore, the assertion follows with

flanan) = fe.) < rypaglle. = al* =

2.3.3 Convergence for strongly convex and smooth cost function

Under the additional assumption that the cost function f is p-strongly convex for some p > 0,
we can even prove linear convergence of gradient descent with sufficiently small constant step size.
The convergence holds even for the error function e(zy) = ||z — .||, where z, € R? is the unique

global minimum of f.

Theorem 2.3.14 (GD for strongly convex and smooth cost function). Let f : R? — R be

p-strongly convex and L-smooth, and let (xy)ren be generated by

Tpp1 = T — aV f(xy)

with a < % Then the sequence (xy)gen converges linearly in the sense that there exists

c € (0,1) such that
e(zy) =[xk — x| < ck||xo —x, k€N

where x, € R? is the unique global minimum of f with f(x.) = mingcpa f(x).

Proof. Let x, € R? be the unique global minimum of f with V f(x,) = 0. Since f is assumed to
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be p-strongly convex, by Definition A.1.10 it holds true that
Cllanes =22 = V@) (@ = 2.) + Sllan — 2l < flawn) = £,

On the other side in the previous proof of Theorem 2.3.13 we have derived that

Flarnn) = £ < oAl = 2l = s = 2.]?)

and together we obtain
L 1
(§ + ﬁ)”xk—kl — Tx

The assertion follows via induction using the inequality

1
I < ol — P,

1
a

Bt

1
I*= o — 2. ?

o = 2 < —Eplfo = o = —: g —

where ¢ = 1+1u& € (0,1). O

Remark 2.3.15. For the choice a = % the upper bound of gradient descent is given by

k
L
lzx = ]| < (”L—ﬂt) [0 — .|

This means that the speed of convergence is determined through the ratio of smoothness L and
strong convexity p:

1

1+

CcC =

Y

=

which decreases for decreasing L and increasing .

The proof of the previous Theorem 2.3.14 for convergence under strong convexity builds directly
up on the proof of Theorem 2.3.13 under convexity. However, we can even improve the rate of
convergence if we do not go the direct way from convex to strongly convex. Therefore, we consider

the following convergence result.

Theorem 2.3.16. Assume that the same conditions as in Theorem 2.3.14 are satisfied, and

assume additionally that & < min(ﬁ, ’;:—LL) Then the sequence (Ty)ren generated by

Tpp1 = T — aV f(xy)
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converges linearly in the sense that there exists ¢ € (0,1) such that
e(wx) = llzx — 2.f| < Fllwo —2.fl, kEN

where x, € RY is the unique global minimum of f with f(z,) = mingcpa f(2).

Proof. Let x, € R? be the unique global minimizer of f, i.e. Vf(z,) = 0.For k € N and z; € R¢
it holds true that

[2rs1 = 2ol* =[x — @V fa) = 2]? = llon — 2al* — 22 — 2., @V f(21)) + &V f ()|
We will make use of the inequality
(Vi(@) =~ Vi)a—y) > 22—yl + V(@) ~ V)
’ ~p+L p+ L

for any x,y € RY, which is left as exercise in Lemma 2.3.17. It then follows that

<Vf($k),il?k; - ZL‘*> > M+L

1
2 2
low =@+ =7 IVl
since V f(z,) = 0. We obtain the bound

uL
+L

_ 1 _
11 — 2l < flow — 21" — 2a( o — 2] + H—LHVf(ka)HQ) + ||V f ()

_plL 2, == 2 2

=(1—-2& T — Tyl + (e — ——)||Vf(z

(1= 26 o -l + 66— DT

_ pL 2

< 1 - 20[ Tk — Tx 9

< (1-2a Lo~

where we have used that (@ — —2+) < 0. Since we have assumed that @ < 4= we finally obtain
pu+L 2uL

linear convergence with ¢ = /1 — leﬁ—LL € (0,1) in the sense that

o — 2.l < ¢ flzo — 2.l

]

In the previous proof we have used the following bound for smooth and strong convex cost func-

tions.

Lemma 2.3.17. Let f : R? — R be L-smooth and p-strongly convex. Then it holds true that

(Vf(x) =V fy),z—y) > plz—yl?
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and
L

w+ L

(V@) = ) =) = Ello =yl + IV @) = VI

Exercise 2.3.3. Prove Lemma 2.3.17.

Remark 2.3.18. The motivation behind the alternative convergence result for gradient descent

under p-strong convexity and L-smoothness is the following. The optimal convergence rate is in

the sense of maximizing c?(a) = (1 — 25‘%) € (0,1) is obtained for the choice @ = /HLL The

upper bound of the error of gradient descent is then given by
s, = @l < Fllzo — 2|

with

(u+ L)? 4l L—p k-1
C = —_ —_= —_= s
(w+L)? (u+L)? L+p r+1

where k := ﬁ denotes the ratio between smoothness and strong convexity. We sometimes also refer
to k as the condition number of f. Usually, we have L > p, such that x € (0,1). Finally, we can
rewrite ¢ through

k—1 ] 2

/{+1: k41’

which again decreases for decreasing L and increasing .

2.3.4 Convergence under PL-condition and smooth cost function

In this section, we will consider additional properties on the cost function f under which gradient
descent converge with given rate. We will assume that the cost function is L-smooth and consider
two settings, where the function evaluation of f satisfies a regularity condition related to its
gradient norm. In [12] the authors consider a linear convergence analysis under the so-called

Polyak-Lojasiewicz (PL) condition.

Theorem 2.3.19. Let f : R? — R be L-smooth and satisfies the PL condition

IVf(@)I* = 2r(f(2) = f.) (2.18)

for some r € (0, L) and all x € R? with f. = mingcpa f(z) > —00. Then the sequence (x))ren
generated by

Tpp1 = o — aV f(xy)
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with a = % converges linearly in the sense that there exists c =1 — 7 € (0,1) such that

e(zy) = f(xx) = fo < F(f(20) = fo)-

Exercise 2.3.4. 1. Prove Theorem 2.3.19.
2. Prove that p-strong convexity and L-smoothness imply the PL condition (2.18).

3. Use a graphing calculator to find 7 such that f(x) = 2% + 3sin®(z) satisfies the PL

condition (2.18) (argue why & — oo is not a problem) and prove that f is not convex.

We can even assume a slightly weaker condition than PL (2.18) and remain convergence of gradient

descent. However, the weaker condition is not enough to guarantee linear convergence.

Theorem 2.3.20. Let f : R — R be L-smooth and satisfies the “weak” PL condition

IVf@)| = 2r(f(z) = f.) (2.19)

for some r € (0, L) and all x € R? with f. = min,cpa f(z) > —00. Then the sequence (x1,)ren
generated by
Tpp1 = T — aV f(zy)

with o = % converges with
L

G(Ik) = f(xk> f = 9 2<k+ 1)

Exercise 2.3.5. Prove Theorem 2.3.20.

2.3.5 Convergence for non-smooth and convex cost function

As last class of cost functions for which we will study the convergence behavior of gradient descent,
we will consider non-differentiable cost functions. We have to reformulate the scheme of gradient
descent in a way such that we are avoiding the computation of the gradient V f. In the following
section, we will formulate the so-called sub-gradient descent method. We begin with the definition

of sub-gradients and the corresponding sub-differential.

Definition 2.3.21. We call g, € R? a sub-gradient of f : R? — R in z € R? if for all y € R?
it holds true that
fly) > f(a) + g, (y — ). (2.20)
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‘ We call the set of all sub-gradients of f in = sub-differential of f denoted by df(x).

Note that (2.20) is closely related to convexity which can be formulated in case of differentiable

functions as condition
fly) = f(@) + V() (y— ).

This suggests that there is a close connection between sub-gradients and convexity as also stated

in the next proposition.

Proposition 2.3.22. Let C' C R? be a convex set and f : R? — R.

1. If f (z) # 0 for all z € C, then f is convex over C.

2. If f is convex, then df(x) # () for all  in the interior of C.

Proof. We will only prove the first assertion, for the second one we refer to Proposition 2.5 in [15].
Suppose that df(z) # 0 and let zy = Az + (1 — Ny € C for A € (0,1) and x,y € C. Moreover,
consider an arbitrary sub-gradient g,, € 0f(zy), then by definition of the sub-gradient it holds
true that

FW) = f(2) 9., (y—2) = FOz+ (1= Ny) + Ag., (y — @)

and similarly

f@) 2 f(2) + g2, (x = 20) = fFa+ (1= N)y) + (1 = Ng!, (z — y)—

We combine both inequalities to obtain

Q=N fy) +Af(x) > 1= NfAz+ (1= Ny)+ (1= A)Ag) (y — 2)
Az + (1= Ny) + A1 = Ng. (z—y)
= f(1 =My + Az)

which proves convexity of f over C. O

Example 2.3.23. Let f; : R — R be a family of convex and differentiable functionsi=1,..., N
for some N € N. We define F(r) = max;—;
~ fi(z). Then we can compute a sub-gradient of F' in x through V f;(x), i.e. it holds

~ fi(z) and for given v € R? we consider j €

-----

arg max;—

.....

true that V f;(x) € OF (x). To prove this, we observe that by convexity we have

fity) = fi(@) + Vfi(z) (y — )
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v
v

Figure 2.6: Illustration of sub-gradients for differentiable convex (left) and non-differentiable con-
vex (right) functions. For continuously differentiable and convex f, the sub-gradient is unique,

ie. Of(x) ={Vf(x)}.
for all y € RY. This implies
F(y) > fi(y) > fi(z) + V() (y — 2) = F(z) + Vi) (y — 2),

where we have used that F(z) = f;(x) and F(y) > f;(y) for y # x. This proves that V f;(x) €
OF(x).

v

Figure 2.7: Illustration of Example 2.3.23. We consider N = 2 and define f(z) = max(fi(z), f2(z))
for two convex and differentiable functions fi, fo. In the above Situation, we find unique sub-
gradients for fi(z) > fo(z) given by 0f(x) = {f{(x)}, and similarly for fi(z) < fa(x) given
by 0f(z) = {fy(z)}. In the case of fi(z) = fo(z), the sub-differential is given by 0f(z) =
[f2(2), fi(z)].

There are similar rules for the computation of sub-gradients, which are left as an exercise:
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Exercise 2.3.6. Let f, f1, f» : R = R be a convex functions. Then the following holds true:
e Prove that df(x) is a convex set for all z € R
e Prove for a > 0 that d(af)(x) = adf(z).
e Prove that 0fi(z) + fa(x) C I(f1 + f2)(x) for any x € RY.

o Let h(z) = f(Az +b) for A € R4 bh e RL Prove that AT9f(Az +b) C Oh(z). Prove
equality for invertible A.

In case of continuously differentiable functions, the sub-gradient is unique and corresponds to the

gradient.

Proposition 2.3.24. Let f : R? — R be continuously differentiable and convex in z € R
Then the sub-differential is a one-point set df(z) = {V f(x)}.

Proof. Firstly, it is obvious to see that V f(x) € 0f(x), since f is convex and it holds

fly) = fx) + V()" (y - 2)

for all y € R% Let us consider any g, € df(z). We will prove that it necessarily follows that
g = Vf(z). Let y = z + Az for A > 0, such that

fl@+X2) > f(2) +g: (\2)

or rewritten

fatde) = 1) | v,
A
Since f is assumed to be continuously differentiable, we obtain taking the limit A — 0
flz+Az) = f(x)

: — T > T

which implies that
(Vf(@) = g2)"z > 0.

Since 2z € R? is arbitrary, we can choose z = —(V f(z) — g¢,) in order to prove that

~(Vf(2) = g.) (Vf(2) = g:) = =V f(z) = g.[> > 0

which proves that V f(z) = g.. O
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We now formulate an additional optimality condition for non-differentiable but convex cost func-

tions, which can be characterized through the sub-differential.

Proposition 2.3.25. Let f : R? — R be convex and continuous. Then z, € R? is a global
minimum of f if and only if 0 € 0f(z,).

Proof. We start with z,, € R? being a global minimum of f, i.e. for all y € R? we have f(x,) < f(y).
Therefore, we directly obtain 0 € df(x), since

Fly) = fla) = fz) + 07 (y — 2.).
Now let 0 € df () for some z, € R% then by definition of the sub-differential we have
Fy) 2 f@) +07(y — 2.) = f(2.)

for all y € R? and it follows that z, is a global minimum of f. O

We can apply the previous stated optimality condition for solving the next exercise:

Exercise 2.3.7. Let )
f@%=jw—wﬁ+ﬂmh z e R,

be the Lagrangian form of the least squares Lasso method. Note that |- ||; denotes the 1-norm
defined as ||z||; = 2?21 2| for & = (z1,...,24)" € RY.

1. Compute a sub-gradient of f.
2. Prove that f is a convex function.

3. Apply Proposition 2.3.25 to find a global minimum of f.

We now come to the formulation of the gradient descent ”like” method for non-differentiable cost
functions - also called sub-gradient descent method. Instead of moving into direction of the steepest
descent given as the negative gradient, the iterative scheme moves into direction of some arbitrary
negative sub-gradient, see Algorithm 3. Note that in general the sub-gradient descent method is
not necessarily a descent method as defined in the beginning of this section.

Since we do not assume differentiability of f and in particular, we do not assume L-smoothness of
f, we are not able to directly apply the descent lemma 2.3.2.

Before going into details of the proof of convergence for sub-gradient descent methods, we derive

the following useful property.
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Algorithm 3 Sub-gradient descent method
1: Input:

e cost function f:R? — R
e initial 2, € R?
e sequence of step sizes (ag)gen, @ > 0
set k=0
while ”convergence/stopping criterion not met” do
find a sub-gradient g,, € 0f(xy)

set Tpy1 = Tk — QgGs,, K= E+1
end while

Lemma 2.3.26. Let f : R? = R be convex and M-Lipschitz continuous, i.e.

[f(x) = f(y)| < Mljz —y]]

for all z,y € R% Then every sub-gradient g, € df(x) for all z € R? remains uniformly
bounded by
1921l < M.

Proof. Let g, € Of(x) for any € R%. Then by definition of the sub-gradient it follows that
fla+2) = f(z) +g,z
for any z € R%. We can reformulate the inequality such that
902 < fla+2) = flz) S| f(z+2) = f2)] < M]l2].
Since z € R? is arbitrary, we set z = g, implying that
90 9o = llga]l* < Mg

and therefore ||g.|| < M. O

We are now ready to formulate the convergence of the sub-gradient descent method.

Theorem 2.3.27 (Convergence sub-gradient descent method). Let f : R — R be conver and

M -Lipschitz continuous, i.e.

[f(z) = f(y)] < Mljz =yl
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for all z,y € R%. Moreover, let (xy)ren be generated by

Tk+1 = Tk — OpGny,

with o > 0 and arbitrary sub-gradient g,, € Of(xx). Then, assuming existence of a global

minimum x, € R, it holds true that

T — Ty + M2 N_ 2
e(z) = f(Zn) — f(z.) < I 952HZ£,:O oszk_O =3

where Ty = chvzo wixy 15 a weighted average over all iterations with weights

073

wp = —k _ k=1,...,N.
Zi\[zo o, ) )
Proof. Following the iteration of (xy)gen, we have
k1 = ull? = ok — gy, — 2l* = llox — 2l” = 200Gy, 21 — ) + 3| g, |

< g — .l — 200 (f (21) — f(21)) + Qi M2,

where we have used that g,, is a sub-gradient of f and ||g,||>* < M? by Lemma 2.3.26. We

reformulate the abover inequality and proceed with summing over all iterations to obtain

2 ar(flan) = fl@)) < Y (low =l = llone — l* + afdr?)

N N
k=0 k=0

N
= [z — 2’ = lower — 2P + M2 o
k=0
N

< |lwo — x.]|* + M? Zai,
k=0

where we have used that the first two terms are a telescoping sum. We apply Jensen’s inequality,

Proposition A.1.6, to imply

Flan) — Fe) < 3w (Fla) — Fla)) < 1o =@l M D 0

N )

. o N
with wy, = Z.iiﬁak € (0,1) and >, _jw = 1. O

Remark 2.3.28. Assuming that limy Zi\;o ai < oo and limpy_ye Zivzo ap = oo implies con-
vergence of the sub-gradient descent method through the upper bound in Theorem 2.3.27. It is

left as an exercise to quantify the speed of convergence for different choices of step sizes (ay)ren-



3

Accelerated gradient descent methods

(Momentum)

We consider a class of first order optimization schemes devoted to accelerate the convergence
behavior of gradient descent methods. The idea is to incorporate information of the previous
iterations - the so-called momentum - into the iterative update scheme instead of just moving into
direction of the current steepest descent direction. We will motivate the effects of momentum

through the example of minimizing a quadratic cost function presented in [19]. As we have seen in

Section 2.3.3, in particular in Theorem 2.3.16, the convergence rate for the error e(xy) = ||z — .||
of gradient descent, given by

k=1 1 2

k1 k+1’

scales poorly when the condition number x = L/u is large, where L denotes the smoothness
parameter and p the strong convexity parameter. In case of quadratic cost functions of the form
fx) = %mTQx with positive definite matrix Q € R?*? the ratio x corresponds to the condition

number of (). We make this more precise in the following example.

Example 3.0.1 (Quadratic cost function). Let Q € R%*? be a positive definite matriz with eigen-
values Apax = A1 =+ > Ag = Amin > 0. We aim to solve

min f(e), f(r) = 50" Qe

using the gradient descent method. Let us consider an eigendecomposition of Q) such that Q) =
UDU" where U € R4 is an orthogonal matriz and D = diag(\y, ..., \q) € R q diagonal

matrix with the eigenvalues along the diagonal. The inner product scaled by Q) can be rewritten as

%xTQx = %xT(UDUT)x = %(UTx)TD(UTx) = %ZTDZ

with z = U'x. We can then consider the equivalent optimization problem (since all eigenvalues

44
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are positive) of the form

min f(z), f(r) =52 Da.

The gradient and Hessian compute as
Vf(x)=Dx and V*f(r)=D

and the unique global minimum is given by x, = 0 € R, Let z9 € RY, 2y # 0 be the initialization
and o, = o € (0, ﬁ) (smoothness parameter L = Amax) @ fized step size. Recall that the gradient

descent method is written as
Tpy1 = xp — aVf(xy) =z, — aDxy.
The distance to the global minimum is given by
261 = 2l = l[2psall = llzxe — aDal| = [|(I — aD)ap|| < max(|1 — adminl, |1 — aAmax] )|z
We can now compute the step size such that the derived upper bound is minimized in the sense that
min ~ max(|1 — aAminl, |1 — @Amax])-

ae(0, Tfax )

2
)\min +)\max

that this step size coincides with the one derived for general p-strongly convexr and L-smooth cost

It is an exercise to prove that the resulting optimal step size is given by «, = (note
functions in Remark 2.3.18). Let k = ’}CI‘]—*‘;‘ be the condition number of QQ and D respectively. Then

we have

maX(|1 - O(*)\min‘y |1 - a*)\maxD = |1 - Oé*)\min’ = |1 - Oé*Amax|
2 A max k—1 ] 2
)\min + AIna,x

:‘1_

/1+1: k41

Therefore, the gradient descent method with fized step size o, converges linearly with

k
—1
oy — ]| < ( ) o — ..

k+1

In order to achieve an error of tolerance € > 0, we need to iterate a certain amount of steps:

wol k< o tog (L) < klog (AL
k+1 c A e k-1
1 2 \ !
& k>10g(—)log(1+ > )
€ k—1
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which increases with increasing condition number k. Hence, gradient descent may perform poorly

for quadratic functions with high condition number k.

=}

o

o

o & A B O M B O ©
® & & B O M B O ©

& & A b o v A O o

L
. O

L
=)
o

Figure 3.1: Contour lines of a quadratic function for increasing condition number k.

3.1 Polyak’s heavy ball method

The idea of incorporating momentum into iterative optimization schemes goes back to Polyak’s
so-called "heavy-ball” method (1964) [18]. As the name suggest the motivation behind the method
is a heavy ball rolling down the hill into direction of a valley.

While a ”light” ball is significantly influenced by tight curvatures, such as in a ravine, and loses
in velocity through high oscillation, a heavy ball is accelerated due to low influence through cur-
vatures. From a mathematical point of view, the momentum is incorporated as form of damping
of the descent direction.

We formulate Polyak’s heavy ball method (HBM) in the following algorithm:

Algorithm 4 Heavy ball method
1: Input:

e cost function f:R? — R
e initial 2y € R?

e sequence of step sizes (ax)ren, o > 0, and sequence of momentum parameters (5 )ken,
Br > 0.

2: set 1 = w9 — oV f(xp), and k =1

3: while ”convergence/stopping criterion not met” do

4: set Tyl = T — Oszf(CL’k) + 6k<$k - Ik_l), k—k +1
5: end while

Let us take a closer look into the iterative update of HBM:

Tpe1 = Tp— V() + Bk — 20m1)
—_—

J/

~
gradient descent Heavy ball momentum
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Gradient Descent —300
0 r —==== Momentum

250

—1200

——100

Figure 3.2: Mlustration of the damping effect through momentum.

This means, we incorporate the update from the previous iteration through

T — Ty = — Q1 V (1) + Br1(Tp—1 — Tp—2)

into the next iteration. For example, in the second iteration, the HBM update is given by

To =1 — 041Vf(l‘1) — BlOZOVf(l‘O).

The hyperparameter £, > 0 controls the strength of the influence of momentum and can be seen
as damping parameter. Moreover, we can choose B = 0 to recover the gradient descent method
(without momentum). Of course, the performance of the HBM method highly depends on a good

choice the parameter [3j,.

Remark 3.1.1. In general HBM is no descent method and therefore, we do not expect a monotonic

decrease of the cost function along the iterations.

We will continue with Example 3.0.1 and derive an optimal choice of step size a; and momentum

parameter [ for quadratic cost function.

Example 3.1.2 (Continuation of Example 3.0.1). Let us come back to minimizing our quadratic
cost function f(r) = %xTDx. We consider HBM with fixed step size oy, = o« > 0 and fized
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momentum parameter B, = B > 0. The iterative scheme is given by
Tpy1 = xp — aDxy + Bz — Tp_1).

In this case, we consider the joint update of the vector

T —x T
k+1 | _ k+1 c RQd.
T — T« T
The iteration can be written as

Terr) _ ok — oD+ B(xy — x1)
Tk Lk

B (1 + 5)I$k —aDxy, — Bl
Il‘k

[+ —aD —pI T\ o
B I 0 Ty Tho1)

Since the matriz T € R?¥>24 js independent of the iteration k € N, we obtain

(%H) _ Tk <$1> ’
Tk Zo

and therefore, the error can be written as

Th41 — T _ |+ T1 — Ty T1 — T«
T — Ty Ty — Ty Ty — Ty

for some matriz norm which is consistent with the euclidean 2-norm. Let p(T) = max;—;..__aa | Ni(T)]
be the largest eigenvalue \;(T') (in absolute value) of T', also called the spectral radius of T. We
will make use of the Gelfand formula which states that p(T) = limy_.s ||A*|V* for any matriz

norm, and in particular there exists a sequence (x)ren converging to 0, such that

9

1T < (p(T) + &)

Before going into details, we transform T to a block diagonal matriz without changing the corre-

sponding eigenvalues (note that the eigenvectors change). From Ezercise 3.1.1 we observe that T
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18 self-similar to a block diagonal matrix

~)
Il

Ty
with blocks

Thzc+ﬁfa&_f>eR“?

Let p; be an eigenvalue of T with corresponding eigenvector v; € R, then we can compute

Tv; = pv; = ST'TSv; & pSv; = TSy,

which means that p; is also an eigenvalue of T' with corresponding eigenvector Sv;. Without loss
of generality we will compute the eigenvalues off instead of T'. Due to the block structure, we can
deduce the computation of the eigenvalues from the computation of the eigenvalues of each block

T; € R?**2. To do so, we aim to find p; € C satisfying

&Mﬂ—mﬂzdm(<+ﬂ aAi—p —f

)) = 12 = pu(1+ 5 — aX) + B = 0.
1 — [

For each block we obtain two eigenvalues given as

o 1+ 8—a) 1+ 8—a\\?
po = A\ ) 8

1+ 8—a\ 1+ 8—a)\?
PRSI (e o

We restrict our self to § > 0 such that (@)2 — B8 < 0 and therefore, the eigenvalues are

complex-valued. It then holds true that the absolute value is given by

1
\u§”!=\u§2)|=5\/(1—a&+6)2+\§1—a&+ﬁ)2—4@!

<0

:%\/(1—04/\14—6)2—(1—Oé>\z+ﬁ>2+4ﬁ:\/B

Motiwvated by this observation, we aim to satisfy (@)2 — B <0 for all i, such that the spectral
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radius is given by p(T) = \/B. Let us consider

AR = (BN <= 4 - 201 an) 4 (1 o)

The mapping 5 — A(B), B € R, describes a parabola, such that A(B) < 0 between two points
BW B@ satisfying A(BD) = A(BP) =0 (if two exist). Therefore, we solve A(S) = 0. We focus

on the cases where f <1 and o < /\4 such that it holds

max

— V) 11— Varhm| € (0,1).

Moreover, we observe that
(1= Var)? < max (1= Vad) (1= Vadu)?)
such that it is sufficient to choose
1> > max ((1 — vV aAmin)?, (1 — oz/\max)2> )

in order to force p(T) = /B. With the specific choice

4
= d = 1— )\min 27 1— )\max 2
a et ) and [ = max <( QAmin) 5, ( a ) )

we deduce that

rerre) - (F)

1 2 _ (1 _ )2 =
f={1=vodn)" = {1 = vadun) (mwm VE+1

and therefore, p(T) = %ﬂ Finally, using the Gelfand formula we obtain an improved upper

bound (for sufficiently large k) on the error compared to gradient descent method

Ty — Ty To — Ty

Similarly as before, in order to achieve an error of tolerance € > 0, we need to iterate a certain

(j_;i)k <eek>log (2) log <1+ \/;_1)_1,

-1
where log (1 + \/E271> < log (1+ %)_1, since k > 1 and therefore \/rk < K.

amount of steps:
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Exercise 3.1.1. Let T € R?¥%2d he defined as

- <(1+B)]—aD —51) |
I 0

with diagonal matrix D = diag(Aq,...,\¢), @, 5 > 0. Prove that there exists a regular matrix

S € R24x2d gych that
T,

STITS =T = ,
Ty

where T is a block diagonal matrix with

E _ (1 + ﬁl— Oé)\z' _05> c R2X2'

We observed that in the case of quadratic cost function we are able to improve the rate of con-
vergence compared to gradient descent. This suggests that the convergence behavior of gradient

descent, as derived in Section 2.3.2 and Section 2.3.3, might be sub-optimal.

3.2 Discussion about optimality of the convergence behav-
ior

For quadratic cost functions we have seen that the rate of convergence of the gradient descent
method can be improved through the incorporation of momentum in form of HBM. This raises the
question about optimality of gradient descent as a first order method. Or the other way around,
what is the best possible convergence behavior we can expect using only first order information.

We consider the following class of first order iterative methods.

Assumption 3.2.1. The sequence (zy)ren (generated by some iterative scheme) satisfies the

condition

Tk S Zo + span{Vf(:cO), tee 7Vf(xk‘*1>}

for all £ > 1.

Assumption 3.2.1 means that each iteration z; can be expressed as a linear combination of the
initialization xy and all previous gradients V f(xg), ..., Vf(xr_1). Both gradient descent and HBM

are examples satisfying Assumption 3.2.1.
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We recall, that for cost functions which are p-strongly convex and L-smooth, we obtain linear

convergence of gradient descent with fixed step size a = ﬁ of the form
2k
2 k=1 2
T — Tl < To — Tyl
o= < (557) o]

see Section 2.3.3. For the specific case of quadratic cost function, the upper bound can be improved

through HBM to
o\
|zn — 2. |]> < <\\;_g+ ) 2o — ..

The following lower bound from Nesterov, see e.g. [17], shows that we can not expect more than

this improvement as long as we do not include more than first order information, i.e. as long as our
iterative scheme satisfies Assumption 3.2.1. However, the lower bound is derived for a specifically

constructed function with high- or even infinite-dimensional domain, to be more precise, for a
function f : (?(R) — R, where

CR) == {(z)ien | 2 €R, Y _ |zi]* < 00}
=1

Note that £2(R) can be equipped with a norm as well as an inner product, such that it forms a

Banach and even a Hilbert space.

Theorem 3.2.2 (Lower bound strong convex and smooth, Theorem 2.1.13 in[17]). For each
xg € F2(R), p, L > 0 with k = % > 1, there exists a p-strongly convexr and L-smooth function
[ 2(R) — R such that every iterative scheme (zy)ren satisfying Assumption 3.2.1 satisfies a

lower bound on the error given by

VE—1\*
() = llow =2 2 (YT )l = P

where x, € (*(R) denotes the unique global minimum of f.

Remark 3.2.3. The proof of Theorem 3.2.2 in [17] is constructive, i.e. one can construct a certain
p-strongly convex and L-smooth function f : £*(R) — R satisfying the lower bound. We will take

a close look on this as part of the exercises.

Remark 3.2.4. We note that the lower bound in Theorem 3.2.2 covers a more general setting than
the one consider in this lecture course so far. Up to now, we have only considered cost functions
f :R? — R with finite dimensional domain R?. Strictly speaking, we would need to go back to the
beginning of this course in order to move from finite dimensional to infinite dimensional domains.

One needs to re-define derivatives and consider more general optimality conditions. This would
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lead to the so-called Fréchet derivative, which are needed to formulate gradient descent methods

in Hilbert spaces. However, this is beyond the scope of this lecture course.

We now return to the setting of Section 2.3.2, where we have assumed general convex and L-smooth
functions (without a strong convexity assumption). Under these properties, gradient descent with

a fixed step size a < % converges with upper bound of the form
flap) —fo < S keNe>0
L) — Jx ) € )
g “k+1

where f, = mingcpa f(x). Indeed, also in this scenario, it is possible to derive a lower bound
on iterative schemes satisfying Assumption 3.2.1, which suggest a gap between upper and lower
bound.

Theorem 3.2.5 (Lower bound convex and smooth, Theorem 2.1.7 in[17]). For every k € N
with 1 < k < %(d — 1), L > 0 and every zop € R? (d denotes the dimension of the domain),
there exists a conver and L-smooth function f : R® — R such that every iterative scheme

(xk)ken satisfying Assumption 3.2.1 satisfies a lower bound on the error given by

3L||g — x.|]?

elan) = Jlax) = I = "

where f, = mingega f(x) > —00 exists.

Remark 3.2.6. The considered lower bound in Theorem 3.2.5 is only satisfied for k& < 1(d — 1),
which again, particularly for high dimensional (d > 1) optimization tasks, suggests a gap between
lower and upper bound. The proof in [17] is again via construction, and will be considered in more

detail as part of the exercises.

We ask our self if we can improve the upper bounds derived for gradient descent methods (both
for convex and strong-convex setting) through momentum methods. This will be part of the next

section.

3.3 Nesterov’s acceleration method
Recall that the iteration of HBM is given by

Tpr1 = T — gV f(zr) + Br(zr — 2-1).
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We have seen that we can obtain linear convergence for quadratic cost function f(z) = %SBTQZE

with rate ¢ = ﬁ: To do so, we have derived
4 NN
— (y — a. d = = , 3]_
Ry i (ﬁﬂ) )
L

where L > 0 denotes the largest eigenvalue and g > 0 the smallest eigenvalue of ), and k = m
is the condition number. We wonder if it is possible to extend this result to general L-smooth
and p-strongly convex functions. If we similarly set «, § fixed as in (3.1), do we still obtain linear

convergence with rate ¢ = ﬁﬂrf Unfortunately, this is not true. We consider the following counter

example presented in [16], where it turns out that one can construct a one-dimensional L-smooth
and p-strongly convex function, for which HBM runs into a circle and does not converge. This

example is formulated as exercise:

Exercise 3.3.1. 1. Find a continuous function f : R — R such that

25z, r <1
flo)=L{za+24, l<a<2.
25r — 24, 2<x

Prove that f is p-strongly convex with u = 1, L-smooth with L = 25 and has a unique

global minimum in x, = 0.

2. Implement HBM with the optimal step size @ and momentum parameter [ following
(3.1).

3. Prove that the application of HBM on f with the parameters in (3.1) result in the
recursion
13 4 1

Thy1 = gfL‘k — §l'k_1 — §Vf(l’k)

4. Find a cycle of points p — g — r — p, such that for zo = p we have
T3k =Dy T3k+1 = ¢, T3k42 =T

for all £ € N. To do so, assume p,q < 1 and r > 2, apply the heavy ball recursion to
create a linear equation for p, g, and solve it. What does it mean for the convergence

behavior?

Motivation: We will try to motivate a different approach of incorporating momentum - Nesterov’s
acceleration method (NAM). Recall that the iteration of HBM firstly computes the gradient at the
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current location V f(xy) and then moves into direction of a weighted sum of all previous gradients

dy = —apV f(xr) + Br(xr — 2p—1) = =V f(ar) — Bron—1V f(2r-1) + BuBr-1(Tp—1 — Tp—2) = ... .

In NAM this step is split into two sub-steps, where we firstly move into direction of the iterated
previous gradients and then compute the next gradient correcting the first move. We can describe

this method through a coupled system of two vectors [p, gx] € R? x R%:

1. Assume that we are in location p; € R? such that we can obtain information from the

previous iterations through the computation

ar = pr + B(Px — Pr-1),
for some momentum parameter 5 > 0.

2. In location ¢, we compute the next gradient information in order to correct the previously

gained information

Prt1 = @ — aV f(qr),

where o > 0 denotes a step size/ learning rate.

3. Compute the iterated weighted information for the next iteration
Q1 = Prt1 + B(Pry1 — D).

We summarize NAM in Algorithm 5.

Algorithm 5 Nesterov’s accelerated gradient descent method
1: Input:

e cost function f:R? — R
e initial go, py € R¢

e sequence of step sizes (ax)ren, o > 0, and sequence of momentum parameters (S )ken,
Br > 0.

set p1 = qo — w0V f(q)

set 1 = p1 + Bo(p1 — po)

set k=1

while ”convergence/stopping criterion not met” do
set pry1 = @ — axVf(qr)
set qrr1 = Pry1 + Be(Pre1 — Pr)
set k— k+1

end while
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3.3.1 Convergence for convex and smooth functions

We will start the convergence analysis of NAM with the assumption of convex and L-smooth
cost functions. In order to analyze NAM, we will consider a slightly more general way of writing
the iterative scheme described through three variable (zg, yx, 2x)ren. The convergence analysis is
based on Lyapunov methods for optimization schemes as it has been analyzed in [25] for NAM.
The analysis presented in [25] covers a wide range of acceleration algorithms in continuous and
discrete time setting. In terms of the scope of this lecture course, we will focus on a very simplified

setting, where we write NAM as system of the form

x =z + (1 — 1)y,
Yrt1 = T — oV f(xg), (3.2)
2oy = 2k — VeV f(T),

with parameters ag, v, > 0 and 7, € (0,1). The variable y;, represents the current gradient step,
whereas z; iterates momentum in form of memorizing all the previous gradient steps. The variable

2, then combines both steps. Consider the following example to see that this system can be seen
as NAM.

Example 3.3.1. We ask ourselves if we can transform the system (3.2) back to the form of
Algorithm 5. Indeed, one can choose the parameters Vi, 7 > 0 such that the system reduces into

the form of Algorithm 5. Therefore, we rewrite the update
1 1
Zppl = 2t T—(l'k — ) — WV f(zr) = yk + T—(l'k =) — WV f (@)
k k

1
=Y + T—k(ﬂfk — TV f(Tr) — k)

1
=Y + —(Yrt1 — Yk),
Tk

where we have chosen (o, Vg, Tx) such that yxm = . We can plug this into the update of xyiq

in order to eliminate zx1 from (3.2):

Tk+1(1 —Tk)(

Yk+1 — yk)'
Tk

Tt = Tr12k+1 + (1= Top1) Y1 = Yor1 +
Finally, we have written the system (3.2) as update of two variables (xy, yy)ren described through
Yer1 = Tp — iV f(2),
Trp1 = Yey1 + Be(Yes1 — Un),

= Temllom) o

Tk

where [y,
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As mentioned earlier, we will consider a simplified analysis based on Lyapunov methods as pre-
sented in [25]. There are many different ways of applying Lyapunov methods for analyzing opti-
mization methods. See also Appendix A.2 for a brief motivation of Lyapunov methods in opti-
mization. We will follow a specific strategy for proving convergence of an iterative scheme (z)xen

based on Lyapunov theory:

1. We firstly choose an error function e : R — R, for which we want to prove convergence

towards 0, i.e. limy_,o, e(zx) = 0.
2. Construct a Lyapunov function of the form

Ek = E(Qik) = T(Q?k) + Ak€<xk)7

where r : R — R, is some auxiliary function, and (Ay)rey is a monotonically increasing

sequence with Ay > 0 devoted to describe the speed of convergence.
3. We aim to bound the increments of the sequence (Ej)gen by

Eyp1 — By < €pt1,

where (e )ren is a real-valued sequence with limsup,_, . €x < +o00. In our specific case, we
aim to prove that €1 < 0 for all & € N such that (Fj)ken is non-increasing and particularly
bounded by E, < Ejy. It then follows, that

Ake(xk) S T({L‘k) + Ake(xk) = Ek S EO

and therefore, we obtain

e(xy) < —

which illustrates why (Ag)ren describes the speed of convergence.

Motivated by [25], in order to analyze the convergence of the system (3.2), we will construct the

Lyapunov function of the form

B = Sllon — 2l + A () — £, (33)

where f is assumed to satisfy f, = mingcge > —o00, z, € R? is some global minimum of f and
(Ag)ken is a monotonically increasing sequence with Ay > 0. We will firstly derive the following

upper bound on the increments of (Ey)gen-
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Lemma 3.3.2. Let f : R? — R be L-smooth and convex with min,cgs f > —00, and assume

there exists at least one global minimum x, € R? of f. Moreover, let (zy, yx, 2 )ren be generated

by (3.2) with parameters oy = %, Vi = Apy1 — Ap and 73, = AZL = A’j;;A’“ € (0,1). ie.
Ap1 — A
Tk = Yp + %(Zk — Yk);
k+1
1
Yk+1 = Tg — va(xk)a

Zpp1 = 2k — (Apgpr — Ap)V f (),

initialized with (3o, 20) € R? x R% Then the increments of the sequence (E})zen defined in
(3.3) satisfy

Epp1 — Ep < €pqr = %(AkJrl — AV F (@) + A (f (Yar) — f(z1)

for all £ € N.

Remark 3.3.3. In order to show monotonic behavior of the error (Ej)ken, i.€. exr1 < 0, we will

later apply convexity and L-smoothness of f to derive

Fyesr) = flaw) o< =V f (@)

It will turn out, that the choice of (Ag)ren is the key to prove convergence of the error e, =

() — fe

Proof of Lemma 3.5.2. Firstly, we write down the increments of (Fy)ren

1 1
By — Ep = §sz+1 - 33*H2 - §sz — JU*HZ + Ak+1(f(yk+1) - f*) - Ak(f(yk) - f*)

and observe that
1 1 1 1
§sz+1 - x*HQ - §sz - 1‘*”2 = §sz+1 - 33'*H2 - §H(Zk — Z1) + (241 — fL‘*)HQ

1 1
= Sz — 2l = 5l = el

1
- (Zk = k415 Fk+1 — SU*> - §sz+1 - x*||2
1 2
= —§||Zk — Zeg1]|” = (20 — Zrg1s 21 — T)

1
= —§||Zk — 21 |]? 4 (T — 2rr1, (A — A) V().
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This leads to

Fior — B = {2 — 2, (Ains — A0V (@) — gl — 2l
+ A1 (f (1) — fo) — Ar(f(ur) — fo)
= (2 — 20, (ks — AV () + {2 = 2k, (A — AV A () — gl — 2o
+ Ap1 (f (rs1) — fo) — Ar(f(ur) — fo)-

Since 0 < L{la—b|* = 1|lal|*—(a, b)+5|b||?* for a,b € R?, we can apply the inequality (a,b)—3|a|? <

116]1? to derive

1 1
(2t = 21, (Apr — A)Vf(21)) — §sz — Zpp||” < §||(Ak+1 — AV f (i) |I?
such that

By — By = %(Ak-i—l — AP IV Fi)|? + (ze — 21, (Akgr — Ap)V (1))
+ Appr (f(Uker) = fo) — Ae(f () — fo)-

Moreover, we observe that

Apir(f(yrrr) = fo) = A(f(yr) — fo) = (A — Ap) (f (8) — fo) + Ar(f (2) — f(yr))
+ A1 (f (Yo — ).

With Eky1 = %(Ak+1 — Ak)QHVf(LEkHP + Ak+1(f(yk+1> — f(&?k)) it follows that

Epi1 — By < epp1 + (s — 21, (Agn — Ax) V()
+ (A1 — Ap) (f(zr) — fo) + Ae(f (1) — f(y),

and it is left to prove that
R = (@ — 2k, (Ap1 — Ap)Vf(@k)) + (Aer — Ae) (f (i) — fi) + Ae(f(z) — flye)) < 0.
We add —y; + yx = 0 to derive

R = (e = Y, (Ar1 — Ap)Vf(2r)) + Uk — 21, (Arrr — Ax)Vf(25))
+ (A — Ap)(f(2r) — fo) + Au(f (1) — f(y)),
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where we now aim to apply convexity of f in form of

f(z) = fly) +{y—2,V[f(z)) <0.

Therefore, using g — 2zx = 554 (yx — zx) we again rewrite R in form of

R = (@ — Yrs (A1 — Ap) V(1)) + Apr(yr — 2n, Vf (21))

+ (A1 — Ap) (f(2r) — fo) + Au(f (1) — f(yr))

= (2 — Yk, (A1 — AR)V(2r)) + Ak1 (Yp — 21, V f(21))
— Ay, V f(ar)) + Az, V f (k)
+ (Apr — Ap) (f () — fo) + Ae(f(r) — fyr))

= (App1 — Ap) (T — 21, Vf (1)) + Ae(yn — 2, V f(21))
+ (Apr — Ap) (f () — fo) + Ae(f(2r) — fur))

= (A1 — Ap) {f () — f(@0) + (20 — 23, VI (1)) }
+ A {f(x) = [(ye) + (Y — 2, V(i) }

<0

by convexity of f. Finally, we have proved that Ej 1 — Ey < €py1. [

The previous Lemma proved an upper bound on the increments of the form

Bior = Bi < 5 Ak = APIVS @0+ Ava(fee) = (@)

Next, we want to apply L-smoothness in order to derive

frsr) = flar) o = [V f (@)

and therefore, to imply the decrease of (Ej)ren. In particular, we will then obtain convergence

of the error ey = f(yx) — f« of the order O(m) Note that for gradient descent under similar

assumptions on f we did only prove convergence of order O( k%l)

Theorem 3.3.4 (NAM for convex and smooth cost function). Let f : R — R be L-smooth and
conver with mingega f > —00, and assume there exists at least one global minimum z, € R? of

f. Moreover, let (xg, Yk, 2k )ken be generated by (3.2) with parameters oy, = %, Vi = App1 — Ag
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e A4k :
and Ty = 7 o © (0,1). i.e.

1
Yk+1 = T — va(l’k)a
Zp1 = 2p — (Apgr — Ap) Vi (21),

initialized with (yo,20) € R x R, Then the increments of the sequence (Ey)ren defined in

(3.3) satisfy

1

1
B = B < (3(Auen = AP = 37 Auea ) IV S0P

for all k € N. For the particular choice Ay = - (k+ 1)k, k > 1, and Ay = Ay, we obtain

ALE

ek:f(yk)_f*gm, k> 1.

Proof. We define G (zy) = zx — %Vf(xk) and apply L-smoothness of f to deduce
F(Galn) < f(oe) + (9 (), Grlan) — ) + 5 Grlan) — P
1
= f(ze) = 57 IV (@RI,

implying that
1

Fgrsn) = flan) < =52 IV (el
With the previous Lemma 3.3.2 we obtain
1 2 1 2
Erpn — Ex < §(Ak+1 — Ap)” — iAkJrl IV f ()"

With Ay = - (k + 1)k it follows that

1 1
§(Ak+1 — Ap)? — ZAIH-I <0,
since
(A —Ap)? 1 (k+1? 1
Agt1 Lk+2)(k+1) — L

It follows that Ey.1 — Ex < 0 and therefore, we have

%sz — o ? + Ax(F(w) — £.) < Eo
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which implies convergence
4LE,

f(yk)_f*ﬁm, k> 1.

Remark 3.3.5. To draw the connection to Algorithm 5 we have to choose

Thr1 (1 — Tk)

by =—",
Tk
where
A A %kv2 2
P A (k+D)(E+2) k+2
and hence,
2 2
O i == .
= k+3
Note that 4 FRY ) . .
e = A=A 1 k427 1
Apa AL (E+1)(k+2) L

which is in minor contrast to the choice v, 7, = ap = % in Example 3.3.1.

3.3.2 Convergence for strongly convex and smooth function

We have seen that NAM leads to an improvement of the convergence for convex and smooth
functions. We now want to consider the strongly convex and smooth setting, where we again
show improvement compared to the optimal convergence behavior of the gradient descent method
discussed in Remark 2.3.18. Let f : R — R be a p-strongly convex and L-smooth cost func-
tion. Motivated from [25] we again consider a slightly different system for NAM of three variable

(Sﬁk, Yk, Zk)keN generated by

T n 1
T = z
k 1+71 k 1+ Tyk
1
Ypt1 = Tk — va<xk) (3.4)

-
21 = 2 + 7(T — 21) — ;Vf@k)

with 7 > 0. Similarly as before, the authors in [25] consider a more general family of acceler-
ated gradient methods, but due to the scope of this lecture course we again consider only the
simplified formulation. In the following example, we make the connection to NAM formulated in
Algorithm 5. We show that the system (3.4) with fixed choice 7 = \/% can be viewed as special

case of Algorithm 5 with fixed o = % and § = g;ﬁ
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Example 3.3.6. We formulate system (3.4) as update of two variables (T, Yi)ren written as

Yk+1 = Tk — oV f(2g)

i1 = Yrr1 + Be(Yrr1 — Ur)

Firstly, we observe that

1+7 1 1 T7—1
(1—T)Zk:(1—7)( xk——yk>=(——7>$k+ Yk,
T T T

T

such that we can write the update of zi1 through

-
Zkr1 = 2k + T(Tk — 2x) — ;Vf(xk)

(1 — T)Zk + TR — %vf(l’k)
— (lxk -7 +r) Ty + (1 — 1) Yk — =V f ().
T T TH

We set 7 = \/% such that T—: = % and therefore,

1 11 1 1 1
21 = —xp — —=Vf(ep) + (1= ==y +— |2 — =V f(Tr) —
T 7L T T L

1
=y + ;(ykﬂ — Y)-

We plug this into the update of xpy1 to obtain

T 1 T 1 1
Tpy1 = T+1zk+1+7_+1yk+1: " (yk+;(yk+1—yk)> +7_+13/k+1
T—1 1—71
:yk+l+7+1yk+1—|—7

B +1—T< )
= Yk+1 117 Yk+1 — Yk)-

Finally, with the choice T = \/% we can write the iterative update scheme as

1
Ykl = T — ZVf(xk)

VL
Th+1 = Yk+1 + \/Z—\/_(?szﬂ — Yk),

— VI
+ /i

such that we recover Algorithm 5 with fixed oy, = o = % and B, = = g;ﬁ

We are now ready to prove linear convergence of Algorithm 5 through system (3.4) in the strongly



Optimization in ML Simon Weissmann Page 64

convex and smooth setting.

Theorem 3.3.7 (NAM for strongly convex and smooth cost function). Let f : R? — R be
u-strongly convex and L-smooth with L > i, and let x, € R? be the corresponding unique global
minimum of f. Moreover, let (xy, yr, zx)ken be generated by (3.4) with 7 = /% € (0,1) and
initialized by (yo, 20) € RY x R?. Then NAM converges linearly in the sense that

exi= 1) — 1) + B~ < (1- \/%) () — £l + 2l — ).

Proof. We define e := f(yx) — f(2.) + §||zx — 2.]|* and aim to prove
Cr+1 S (1 — T)ek.

Firstly, applying L-smoothness of f gives

L 1
F(rer) < flan) + (VF(xa), gen = 2e) + o —yen” = flon) = 7 IV @IIP (3.5)
Next, we consider the update of e,(:) = ||zx — x|

_
el = |z + T(xx — 2) — V) = o

= [l2k — @ |® + 2(7 (s — 21) — gvm), 2 — @)+ || Tk — ) — gvmk) &

N

-

=Zk+1—2k

.
=) 4 27(wy — 2, 2 — >—2;<Vf($k)v 2 — Ty )+ |2k — 2]

=2 —TE+Tp—Tx =2 —TE+Tp—Tx

.
= 61(:) + Nl zks1 — 2l|> + 27 (ke — 2, 26 — T) — 2;<Vf($k), 2k — T)

-
+ 27(Tg — 2k, T — Ty) — 2;(Vf(a:k),xk — T)
Recall that by strong convexity it holds true that

F@) = flan) 2 (o= a0 VI (0)) + G lloe = 2
such that

_
el < e+ ||zip1 — 22 + 27 (@ — 20, 25 — TH) — 2V f (), 2 = )

20 (f (@) = fla) = Glloe = ) + 2l — o me — ),
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We observe that

T(xk—zk)=T$k—((1+7)$k—yk)Zyk—xkz

and obtain
e < e lloner = 2l = 2 () = () + §<Vf<xk>,yk — )
+ 27w — 2, Tk — o) — 27 ||lTk — 2|]? — Tl|Te — 24|
Note that
27 (), — 2yt — T) = 27 ||2p — 2zl = Tl — 2l = =7 lloe — 2 — (2 — 2)|1? = Tllze — 2

= —rel) — 7llzy, — 2%

which yields

T 2
el < (1 —1et) + znm — al® - 20 () = fl@)) + (9 )y — ) = 7l = 22

Finally, with e,(f) = f(yx) — f(x.) we consider the evolution of ej through

7 7 7
e = gephy + et < (=) + Sllzen — 2l = r(F(0) = f(2)) + (VF () g — )
il
= 7ol — 2l” + flyesr) = f()

< U=)5e” + Sllanin =l = (@) = F2) + (V) — )
=Bk = 4l + fln) — fw) = IV @I+ {0 =7l = (1= D))

= (1= m)ex — (1= ) (Fwe) — F(@) = 7(f(ox) = @) + Foe) — F(w) = 5|9 F @)l
+ Bl = a4l = 74 Nk = 24l + (95 (), i — )

= (1—-7)ex +R,

where we have used (3.5) in the first inequality and added a zero (1 — 7)(f(yx) — f(zs)) — (1 —
T)(f(yx) — f(xx)) = 0. It is left to prove that R < 0. First note, that R simplifies to

R = (1=7)(f (@)= F )~ 57 IV £ P+ s =2l = e 2 P (=77 (V F (), )

We apply strong convexity in form of

(VS (@n) v = ) < ) = F(en) = g =l
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such that

R < (1 —=7)(f(wr) = fly)) + (1= 1)(f () — f(2r)) — gHyk — z|?
1 2 M 2 H 2
= 5 IVF@n)ll” + Sllaker = all® = 75 o — 2l + 7(V f (@), g — 2

= (9 ex). g = 21 = (L= 1) Sl = el = 9 )|

+ Sl = 2l = 75l — =

Recall that we have used 241 — 2, = 7(x — 25) — in(xk), which with 7(zy — 2x) = yp — x1 gives

2
p p T
§||Zk+1 — | = §||yk: — x| > = T(V f(2p), Yk — z1) + @HVJC(%)HQ,

and therefore, we obtain

R < —(U =75y = @l + §llye = wull” + 77T (@) g — ) = 7(VF (), e — )

T2 1 wT
- v 2__ v 2 L o 2
+ VTN = S IVT @I - T Tl

2
% 2 1% 2 T 1 2
=750y, — _ = — +(———=) IV

2
_(TE_ 2 TN S 2
(%= L)l + (- - 57 ) 19,

where we have used again that (), — 2x) = yp — xx. With the choice 7 = /% € (0,1) we observe

that
72 1 1 1

pr— :O
2 2L 2L 2L
and
TH M 1

1
2 _Tr_2y<o.
3 s gt ) =0

This proves that R < 0 and the assertion follows:

T (e \/%>

Remark 3.3.8. We can rewrite the error bound for NAM of the previous theorem through

ex = il = P+ ) = ) < (1= )0 = (1- %) - (%)
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The corresponding optimal convergence rate of the simple gradient descent scheme was given by

k—1 2k
GED = ||J}k — .17*||2 S (/{—_{_1) eg'D.

In Figure 3.3 we compare both rates of convergence for increasing condition number x = £ illus-

trating the improvement through NAM.

10° S =
= ~. -~ -
—GD ] S ~~_ |—GD
—-=-NAM IENN ~ 4=--=-NAM
= = lower bound || . = = lower bound
\~\~ ~ ~ -
~ -~
~

0.2

0 . . . .
0 200 400 600 800 1000 10°
K

Figure 3.3: Illustration of the linear convergence rate depending on the condition number x = £ for
_ (E—=1)2 NAM _ (E-1
(221)" and NM(k) = < 7 ),

GD and NAM. The left plot shows the convergence rate c“P (k) —

whereas the right plot shows the difference to 1, i.e. 1 — ¢(k), in logarithmic scale.



4

Stochastic approximation in Optimization

We will start with a motivating example to introduce the problem of minimizing expected and
empirical risk. This will motivate the consideration of stochastic variants of gradient descent
methods.

Example 4.0.1. We reuvisit the regression problem discussed in Chapter 1, which arises in super-

vised learning. Recall that we aim to approximate an unknown model
2z 0(z) =y, ¢:R% 5 R

through a parametrized family of functions gy : R%* — R%, 0§ € ©. Given a training data set

{(Z(i), y(i))}f\il, we have described the training task as optimization problem
: (@) @O\ N
min I (0" ™) ),

where fy : O x (XX (R% x R%) — R denotes the to cost function. In the example of regression,

we have considered

SvOAED I = £ D 9 — O + R(6), (@)

where R : © — R is some reqularization function. We aim to incorporate a probabilistic framework
in order to introduce (empirical) risk minimization. Let (2, A,P) be our underlying probability
space. We model the input and output variable as jointly distributed random variables (Z,Y) on
(Q, A, P) with state space (R% x R% B(R%*) @ B(R¥)). The goal is to find 0 € © such that gg
represents the stochastic model

Y =9(2)[+¢, Z~ pz,

where £ denotes possible noise.
Challenge: We assume that distribution py of Z and the joint distribution puzyy respectively

are unknown. Instead, we assume that we are able to generate (arbitrarily many) i.i.d. sample

68
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(Z(i)a Y(i)) ~ Kzy)-

We are now interested in how to choose an optimal approximation gg. The natural extension of

the cost function (4.1) to the probabilistic setting is the task of minimizing the cost function

F(0) = Ezy)oncy 196(Z) = YI°] + R(0),

where Bz y) denotes the expectation w.r.t. (Z,Y). Given a training data set of i.i.d. random

~MH(Z,Y)
variables {(ZW, Y )N, distributed according to (ZW, YWY ~ iz, we can apply a Monte Carlo

approximation of the above expectation

N
1 y
Bmacen [102) = Y1) = 5 3 a2 = YO
to construct the empirical cost function
N
Z 90(Z29) = YOI + R(0),

which coincides with (4.1).

Motivated by this example we introduce the definition of (empirical) risk minimization problems.

Definition 4.0.2. Let f: R? x R? — R be B(R?) ® B(R?)/B(R) measurable and Z : Q) — R
a random variable with distribution g such that E[|f(z, Z)|] < oo for all x € R%.

1. We define the expected risk F : R* — R as
F(z) =Ezu[f(e, 2)] = | flz,2)p(d2), ze€R?
RP
We call the minimization problem

min F(z), F(z)=Ez..[f(z,Z)]

rCcRd

risk minimization problem.
2. Let Zy,...,Zy be iid. random variables with Z; ~ p. We define the empirical risk

Fy :RY — R by
N

The empirical risk is sometimes also called population risk. We call the minimization
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problem
1 N
in F Fy(z) = — Z®
min Fy(z), Fr(2) Ngl fx, Z)

empirical risk minimization problem.

This chapter will focus on analyzing stochastic optimization methods for solving (empirical and
expected) risk minimization problems. It’s important to note that this discussion only addresses

a subset of the typical challenges that arise in machine/supervised learning.

Remark 4.0.3 (Statistical learning perspective). For example, in the area of statistical learning
among other questions one is interested in the consistency of solutions of the empirical risk mini-
mization problem. Let X ~ be the minimizer of the empirical risk and x, be the minimizer of the

corresponding expected risk (provided both exist), then we can decompose the error

F(Xy)—F(2.) = F(Xy)— Fn(Xn) +Fy(Xy) = Fy (@) + Fy(z.) = F(2.) < 2sup |Fy(z)—F()|.
z€R4

We emphasize that Fiy as function depends on the random variables Z(), ..., Z(N) and is therefore

random. Hence, the minimizer X n itself is a random variable. In statistical learning theory one

concerns about questions such as the consistency of X n for number of data points N approaching

infinity.

Remark 4.0.4 (Inverse problem perspective). For a fixed number of data points N € N the em-
pirical risk minimization problem is typically ill-posed and it is necessary to include regularization.
This is the topic of the lecture course inverse problems. As motivation, we will treat the training
task of supervised learning as an inverse problem. Recall, that we are interested to approximate
a model ¢ : R%= — R% by a parametrized family of functions gy : R* — R%,  § € ©. Given a
training data set {(Z®,Y®))} we want to minimize the empirical risk

1 . A
n — zy _ y @2
min —[lge(Z™) I

An alternative persepective/interpretation is the following. Define a forward map H : © — RN,
H(0) = (g0(Z, ..., go(Z"))" € RV,

With observations Y = (Y, ... Y™)T € RV we aim to solve the inverse problem of recovering
the parameter 6 € © such that

Y = H(6). (4.2)
This problem is typically ill-posed (in the sense of a well-posed problem following Hadamard [8]),

due to the following reasons:
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1. There might not exist any 6 € © solving (4.2).

2. The solution of (4.2) is not necessarily unique, i.e. there might be 6;,60, € © with H(0;) =
H() =Y.

3. The solution of (4.2) might be instable w.r.t. changes in ¥ (e.g. due to measurement noise).

Therefore, it is not the best idea to simply solve mingee ||H(0) — }A/H2 We illustrate the resulting
issues in Figure 4.1-4.3. In inverse problems a large focus lies in the study of regularization meth-
ods, which can, for example, be incorporated as a penalty function. Instead of simply minimizing

the data misfit functional, one considers solving the regularized optimization problem
in [|H(0) — Y| +R(0
min [|H(0) = Y|" +R(0),

where R : © — R is a regularization function.

Figure 4.1: Hlustration of ill-posedness through observational noise. The occurrence of noise might
shift the observed data outside of the range of the forward map H.

Figure 4.2: Illustration of ill-posedness through multiple solutions. Two different parameters
01,65 € © might map onto the observed data Y.

In the following chapter we are going to study optimization methods for solving the expected and
empirical risk minimization problem. We do not consider questions around generalization and

regularization, which are beyond the scope of this lecture course.
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Figure 4.3: Illustration of ill-posedness through discontinuity. Even if H is invertible, the instability
may occur in the solution of the inverse problem resulting from possible discontinuity of the inverse
operator.

4.1 Stochastic gradient descent method (SGD)

We want to introduce and analyze a stochastic variant of the gradient descent method for solving
the expected and empirical risk minimization problem. For a comprehensive overview of stochastic
gradient methods, the interested reader may refer to [4, 7, 22].

In the following, let (£2,.A,P) be the underlying probability space, Z : 2 — RP be a random
variable on (€2, A, P) with distribution pz. We are interested in solving the optimization problem

min F(z),

zcRd

where the cost function F': R — R is defined as the expectation function in form

F(x) = EZN#Z [f(l‘, Z)] = f(l’, Z):U’Z(dz)a YRS Rd7

RP

for a function f : R¢xR? — R. Throughout this lecture course we make the following assumption:

Assumption 4.1.1. 1. The function f : R? x R? — R is B(R?) ® B(RP)/B(R)-measurable.
2. For every z € RP the function x — f(z, 2) is continuously differentiable.

3. For every z € R? we have
E[lf(z, Z2)| + [[Vaf(z, 2)[]] < o0

and
E[|Vaf(z, Z) = E[Vof(z, Z)]||” < b(1+ |[z]|7)

for some ¢ > 1 and b > 0.

In order to apply the gradient methods introduced in the previous sections, we run into the
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question: How do we compute the derivative of F'?7 More fundamentally, we can ask under which
conditions F' is differentiable?

The following result from [9] addresses the question about differentiability of F' and illustrates
that we can use the random variable Z to construct an unbiased estimator of V,F(z) for every
fixed x € R% The result provides confirmation that under Assumption 4.1.1 we are allowed to

interchange derivative and expectation for the computation of V,F(z).

Lemma 4.1.2 (Lemma 4.8 in [9]). Suppose Assumption 4.1.1 is satisfied, then it holds true
that

1. the function F(x) = E[f(x, Z)] is continuously differentiable,

2. V.f(z,Z) is an unbiased estimator of V,F(z) for every z € R? i.e. it holds true that

V.F(z) = E[V, f(z, Z)].

The stochastic gradient descent (SGD) method serves as an approximation to the gradient de-
scent method, where each update guides the current iteration in the direction of a (stochastic)
approximation of the negative gradient. Since we observed that V,f(z,Z) can be viewed as un-
biased estimator of V,F(x), we expect that the scheme will perform well in average. As part of
this lecture course we will verify this expectation. The algorithm is formulated in Algorithm 6.

Throughout this chapter, we assume the following scenario.

Assumption 4.1.3. We assume that we can generate arbitrarily many i.i.d. samples according
to pz. This is, we assume that we have access to a sequence of i.i.d. random variables (Z)gen,

where Z; ~ 7.

Remark 4.1.4. In Algorithm 6, for each k£ € N, the random variable Z;, is independent of X,,,
0 < m < k. In the definition of GG}, we have used the index k + 1 for Z;,; such that X} remains
measurable w.r.t. 0(Z,,,m < k) for all £ > 1. Indeed, we can then consider the natural filtration
FX =0(X,,0<m < k)=0(Xo, Zpm,m < k).

Remark 4.1.5. We note that Algorithm 6 in practice is often used to minimize cost functions in

form of empirical risks,

1 N

Fal@) =+ > £, 29) = Bz (2, 2)],
i=1
where fiy = + SV 8. denotes the empirical measure over the fixed data set {2, i=1,..., N},

For the application of SGD in each iteration a random index i, ~ U ({1,..., N}) (or even a random
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Algorithm 6 Stochastic gradient descent method (SGD)
1: Input:
e cost function f:R? x R? - R

e initial random variable X, : Q — R¢
e sequence of step sizes (aj)ren, ax > 0 (deterministic or F-adapted)
e sequence of i.i.d. random variables (Zy)keny With Z7 ~ pz.

cset k=0
3: while ”convergence/stopping criterion not met” do
approximate the gradient V,F(X}) through

[\

>

Gr = Vo f (Xk, Zi)

5: set X1 = Xj — arGr, k—k+1
6: end while

index set J, C {1,...,N}) is generated independently, and V,F(x) is approximated by

We describe this scheme in Algorithm 7.

Algorithm 7 SGD with finite data
1: Input:

e cost function f: RY x R? =+ R

e initial random variable X, : Q — R¢
e sequence of step sizes (aj)ken, ax > 0 (deterministic or F-adapted)
e fixed realization of fixed deterministic data set {z(V}¥ | with () € RP.

2: set k=0

3: while ”convergence/stopping criterion not met” do
4: generate independently ix ~ U({1,...,N})

5: approximate the gradient V,Fy(Xy) through

Gk = Va:f(Xka Zik+1)

6: set XkJrl :Xk—Oéka, k—k+1
7: end while

While Algorithm 6 generates a new independent realization of Z in each iteration, Algorithm 7
first fixes the number of realized independent samples of Z and then randomly iterates through
this data set during SGD. The randomness in Algorithm 7 occurs through the realization of the

random indices (i )gen. For both algorithms, the resulting iteration (Xj)gen is a stochastic process,



Optimization in ML Simon Weissmann Page 75

which is path-wise constructed via (Zg)ren (Algorithm 6) and (ix)ren (Algorithm 7) respectively.
In both cases, we can view the stochastic process as an adapted process with respect to the natural
filtration

F =0(Xpm,m <k)=0(Xo, Zp,m <Ek)

and
Fi¥ =0(Xm,m < k) =0(Xo, im,m <k).

This filtration will be relevant when analyzing the convergence behavior of SGD, where we take
the expectation conditioned on the information from the past.

We will first discuss SGD from an stochastic approximation perspective motivated by the Robbins
& Monro algorithm [21].

Outlook 1. (Robbins & Monro Algorithm) We consider a brief outlook to the original stochas-
tic approximation method introduced in [21] aiming to root-finding. The authors considered
the following question: Given a family of real-valued random variables (Y, ).cr one can define

the expectation function (in x)

M(z) = E[Y,] Z/Ry/t(dy;w)

where u(-;x) denotes the distribution of Y,. Given z € R, the aim is construct an algorithm

to find the (unique) solution of the equation
M(z) = z.

The challenging aspect in this question is the unknown expectation function M. However,
the authors assume that one is able to sample independently from (Y,).er (or from p(-;x)

respectively). The Robbins & Monro algorithm in its original from iterates through
Xk+1 = Xk + Oék(Z — Yk),

where Y;, k € N are independent random variables with distribution u(-; Xj) and (ag)gen is a
sequence of step sizes a, > 0. Robbins & Monro proved convergence of (X )ren in L? towards
z under certain assumptions on M and (u(-;x))zer. Slightly later Blum [3] (1954) proved

almost sure convergence under additional condition on the sequence of step sizes

[e.9] o0

— 2
E o =00 and 5 ag, < 00.
k=0 k=0

We will apply the Robbins & Siegmund Theorem based on Doob’s supermartingale convergence

theorem in order to derive an almost sure convergence result for SGD. However, this theorem
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only leads to an asymptotic convergence result. In principle, we can view the approximation Gy,
in Algorithm 6 and 7 as a form of Monte Carlo approximation, which quantifies an error to the
(exact/full) gradient descent method. A smaller variance of the estimator Gy suggests a better
convergence behavior of SGD. Therefore, we will later consider a variance reduced version of the
SGD method.

In order to analyze SGD, we rewrite the iterative scheme as follows

Xir1 = X — ax Vo f (Xk, Zit1) = X — Vo F(Xyg) + ap (Vo F(Xk) — Vo f (X, Zit))
= Xk — akaF(Xk) + OékMk+1.

Recall, that we consider (Xj)ren as an adapted process with respect to its natural filtration Fj, =

0(Xo, Zm,m < k). In the next section, it will turn out, that the process (My)ren satisfies
E[Mq1 | Fi] = E[V.F(Xi) = Vo f (Xk, Zisr) | Fi] =0, (4.3)

since we always assume that we are able to apply Lemma 4.1.2 to derive V. F(z) = E[V, f(z, Z)].
Note that this property holds for fixed z € R? and we will extend this behavior to the conditional
expectation E[- | F], where it will be particularly relevant that (Xj)ren is F-adapted and Zy,q is
independent of F.

4.1.1 Technical detail: Factorization of conditional expectation

In this section, we will discuss one important property which is needed for the verification of
Vof(Xg, Zr11) as an unbiased estimator of V,F(X}) conditioned on the iterations of SGD rep-
resented through the natural filtration (Fj)ren. In the literature of SGD it is often claimed that
E[V.F(Xy) — E[V.f(Xk, Zry1) | Fx] = 0, since it is assumed that V, f(z, Zx.1) is an unbiased
estimator of V,F(x) for every x € R%. However, in general this implication is non-trivial and we
will need to investigate some more work. It turns out that the verification will require technical
tools from measure theory such as the monotone class theorem in order to derive some form of
factorization of the conditional expectation.

We will prove the following Lemma which can be found in [5, Proposition 1.12] and [9, Corol-
lary 2.9].

Lemma 4.1.6. Let
e (2, A,P) be a probability space, F C A be some sub-o-algebra of A on 2,

e (X,X) and (Y,)) be measurable spaces, X : 2 — X be A/X-measurable and indepen-
dent of F, and Y : Q — Y be F/Y-measurable.
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e &:XXxY — Rbe (X®)Y)/B(R)-measurable with E[|®(X,Y)|] < oo, and E[|®(X,y)|] <
oo for all y € Y.

With ¢ : Y — R defined by ¢(y) = E[®(X,y)], y € Y we have
1. ¢ is Y/B(R)-measurable,

2. for all A € F it holds true that

E[@(X,Y)1a] = E[p(Y)14].

Remark 4.1.7. We consider Lemma 4.1.6 as a generalization of the following rule for conditional
expectation. Let X, Y be real-valued random variables on (2, A, P), F C A be some sub-c-algebra

and X be independent of F. Then we can compute the conditional expectation
E[X -Y | F] = E[X]-E[Y | F].

For Y being F-measurable, we deduce the assertion of Lemma 4.1.6 with ®(z,y) = z - y.

Caution: We have some minor conflict of notation. When applying Lemma 4.1.6 to SGD, the

random variables Z; will take the role of X and the random variables X, will take the role of Y.

Proof of Lemma 4.1.6. Firstly, note that it follows from Fubini’s theorem that ¢ is J/B(R)-

measurable. Let us start with a brief outline of the proof for the second assertion:
Step 1 We prove that the assertion holds for ®(x,y) = 15(z,y) with arbitrary B € X ® ).

Step 2 We use step 1 in order to prove the assertion for step functions @ (z,y) = fo:l dilp, (z,y)
fordy, > 0and D, € X ® V.

Step 3 We prove the assertion for positive functions ®, which can be expressed as limit of monoton-

ically increasing step functions.
Step 4 We finish the proof by splitting ® into positive and negative part.

We go through all of the steps.
Step 1: Let B € X®) be arbitrary and consider ®(x,y) = 1p(z,y) as well as p(y) = E[15(X, y)].
We will apply the strategy discussed in Remark A.3.6 in order to verify that the property

Elp(X,Y)14] = E[p(Y)1,4], forall Ae F
is satisfied for any B € X ® ). We define the set

M={DecXRY|E1pX,Y)14] =E[(E[1p(X,y)])|,=v1a], forall Ae F},
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which will be the candidate for the Dynkin system. Moreover, we consider the N-stable generator
SZ{SEX®y|S:E1XE2, Ele.)(', EQEJ}}

with () = X ® Y. We need to prove that M is a Dynkin system, and &€ C M. We begin with
the latter property. Let Ey € X and Fs € ), then we have for all A € F that

E[lp,m (X, V)14 = P{X € B} N{Y € By} N A)
Y T px e BI)PHY € By} N A)
[E[Lg, (X)L, (Y)14]
(g, (X)1a,u)]) ly=y 14]
(B[ 5% (X, 9)]) ly=yLal,

E
E[(
E[(

which proves that E; x Fy € M, i.e. £ C M. Next, it is easy to verify, that M is a Dynkin system
(we will skip the details here). Therefore, using Theorem A.3.5, we imply that

X®y:0_(€) & ﬂgtable d(é’) ECCM d(,/\/l) M DynlinsystemM c X@y,

which means that for all B € X ® ) we have
E[lg(X,Y)14] = E[p(Y)14], forall Ae F,

which finishes step 1.

Step 2: Let ®(z,y) = S, dilp, (x,y) for dp > 0 and Dy, € X ® Y. We apply linearity of the

expectation and step 1 to obtain

E[®(X,Y)1a] =Y dE[lp, (X,Y)14]

k=1

step 1
BN E[(E[Lp, (X, ) ly=y 14]
k=

1

[ ED_ dilp, (X, y)) ly=y La] = E[(E[®(X, 9)]) [y=y La] = E[p(Y)14].

Step 3: Let @ : XxY — [0,00) be (¥Y®Y)/B([0, 00))-measurable, then we can find a monotonically

increasing sequence of step functions (®,,),en,

Nn,
k=1
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such that lim,, ., ®,(z,y) = ®(x,y) point-wise. Monotonicity is to understand in the sense of
D, (z,y) < ®pyq(x,y) for all (z,y) € X x Y and all n € N. We apply monotone convergence and
the findings of step 2 to imply

E[®(X,Y)14]E[lim &,(X,Y)14] = lim E[®,(X,Y)1L4]

n—0o0 n—oQ

= lim E[(E[®, (X, y)]) |y=y14]

n—o0

= E[(E[®(X,y)]) [y=y1a] = E[p(Y)14],

for all A € F.
Step 4: Let & : X x Y — R be (X ® V)/B(R)-measurable and consider the decomposition

O(x,y) = ¥ (x,y) — @ (2,y)
for positive and (X ® Y)/B(R)-measurable functions &+, ®~. Moreover, we define
v (y) = E[oT (X, y)] < E[[®(X,y)[] < oo, ¢ (y) = E[®™(X,y)] <E[|(X,y)[] < o0
where we can write
p(y) =E[0(X,y)] =E[QT(X,y) - 2 (X,y)] =9 (y) — ¢ ().
We apply linearity of the expectation and the findings of step 3 to deduce
E[®(X,Y)14] = E[®(X,Y)14] — E[® (X, Y)1a] = E[p" (Y)14] — E[p~ (Y)1a] = E[p(Y)14].

]

Remark 4.1.8. We can apply Lemma 4.1.2 and Lemma 4.1.6 to verify (4.3).

4.1.2 Almost sure convergence for non-convex cost function

In the following section, we will analyze the almost sure convergence behavior of SGD. We will make
use of an almost sure convergence theorem of Robbins & Siegmund [20] which is based on Doob’s
supermartingale convergence theorem. We refer to Appendix A.4 for a brief summary /recall on

martingales.

Theorem 4.1.9 (Robbins & Siegmund). Let (2, A, F,P) be a filtered probability space, (Z)ken,
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(Ap)ken, (Br)ren and (Cy)ren be non-negative and F-adapted stochastic processes, such that

iAk<oo and in<oo
k=0 k=0

almost surely. Moreover, suppose
E[Zis1 | Fil < Zi(1 + Ag) + By, — Cy.

Then

1. there exists an almost surely finite random variable Z, such that Z,, — Z., almost surely

for k — oo,

2. it holds true that Y .-, Cj < oo almost surely.

Proof. We want to apply Doob’s martingale convergence theorem, Theorem A.4.2; in order to
prove the assertion. Therefore, we are going to construct a supermartingale based on the stated
stochastic processes.

Step 1 (construction of a supermartingale): We define the auxiliary random variables

~ VA ~ B ~ C
Zi= g Bi= o Ci=
Hz‘:o (1 + Az‘) Hi:O(]‘ + Ai) Hi:O(]‘ + Ai)

and observe that

E(Zks | Fil = (H(l + Airl) E(Zx11 | Fi] < (H(l + A»-l) (Ze(1+ Ay) + B, — Cy)

=0 =0 (44>
= Zk + Ek — é\k
Our candidate for the supermartingale is
My =2, =) (Bi—Ci),
i=0
for which we observe
E[Mys | Fil = ElZins | il = Y (BB | Fi] ~EICi | £)) < Z+ Bo— G = Y (B, - C)
=0 1=0
— 4Lk — (Bz — CZ) — Mk7
1=0

where we have used (4.4) and that Ei, @ are Jj-measurable for ¢+ < k. In order to apply Doob’s
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martingale convergence theorem, we need to verify sup,.y E[M, ] < co. Since in general, it is not

obvious that this property will hold, we introduce a localization

Step 2 (localization): We define the stopping time 7. = inf{k > 1: Zf:o B; > ¢} for e > 0.
Since (By)ren is F-adapted, 7. is a stopping time with respect to F. Moreover, (Mya.. )ren is still

a supermartingale, and additionally satisfies
(kATe)—1 (kATe)—1 (kAT)—1
Mipr. = Zinr. — Z B; + Z C, > — Z B; > —e¢,
i=0 i=0 i=0

since zgi?fg)_l éz < e by construction of the stopping time 7.. Since (Mgar. )ren is uniformly

bounded from below (and due to the monotonic decrease of the expectation for supermartingales)
we obtain

sup E[|Mpar.|] < oo.
keN

We are now ready to apply Theorem A.4.2 to find a integrable random variable M with limy_,oc Mjr,. =

M, almost surely. Next, we have to remove the stopping time.

Step 3 (remove localization): Let (¢,),eny be an increasing sequence with lim, . &, = 0.

First note, that for each n € N we have

lim Mypr, (w) = M2 (w)

k—o0

for almost all w € Q. We observe that for each w € Q with » 72, Bi(w) < oo there exists N € N
such that w € {7, = oo}, i.e. for this w it holds

Mipr., (w) = My(w)
for all £ € N, but similarly
lim Mg(w) = lim Myp,, (w) = MV (w) < o0,
k—oo k—o0 N

where the last inequality < oo holds since E[|M7V|] < oo.

Step 4 (conclusion): Finally, we move back to the assertion regarding (Zx)reny and (Ck)ken.
Observe that

T k—oo k—o0

—o0 < —Zﬁi(w) < lim My(w) = lim Zy(w) — ' (Bi(w) — Ci(w)) < o0,
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where 7, (w), B (w), Ci(w) > 0 implying that
lim Zj(w) < oo and Z@(w) < 0

k—o0 -
1=0

for almost all w € 2. Moreover, it holds true that
Zp(w) = Zk(w) | | (1 + A3(w)),

where both Zj,(w) and Hfz_ol (1+ A;(w)) converge for almost all w € 2. The latter one follows by

monotonicity and

0< | (14 A;(w)) < exp( ' Ai(w)),

i
=)
-
Il
o

where the upper bound converges by assumption. Therefore, limy o Zx(w) = Zo(w) exists for

almost all w € €. Similarly, we have

which implies

for almost all w € Q. ]

The following corollary is an easy, but very useful, extension of Theorem 4.1.9.

Corollary 4.1.10. Let (2, A, F,P) be a filtered probability space, (Z)ken, (Ak)ren, (Bk)ken

and (Dg)ren be non-negative and F-adapted stochastic processes, such that

ZAk < 00, ZBk < oo and ZDk:oo
k=0 k=0 k=0
almost surely. Moreover, suppose
E[Zy1 | Fi) < Zk(1 + Ay — Dy) + By.

Then Z, converges almost surely to 0 for k — oo.
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Exercise 4.1.1. Prove Corollary 4.1.10.

We are now ready to prove convergence of SGD in the non-convex setting. We will assume that
the cost function F' is L-smooth and lower bounded, i.e. inf cga F'(z) > —oo. Similar to the case
of gradient descent, we do not expect more than convergence to stationary points. In particular,

we are able to extend Theorem 2.3.8 to the stochastic version.

Theorem 4.1.11 (SGD almost sure convergence). Let F: R? — R be L-smooth and bounded
from below by F, = inf,cga F(x) > —00, let (ag)ren (deterministic or F-adapted) satisfy

o0 o0
ag > 0, E ap =00 and E ai<oo
k=0 k=0

(almost surely). We assume that the Assumptions of Lemma 4.1.2 are satisfied, and
E[|V.f(z,Z) = E[V.f(z, 2)]|P] < c(1+ (F(z) — F.))

for some constant ¢ > 0 and all x € R?. Moreover, let Xy be a random variable such that
E[F(Xo)] < oo and (Xi)ren be the sequence of random variables generated by Algorithm 6.
Then it holds true that the sequence of random variables (F(Xy))ken converges almost surely

to some random variable F,, almost surely finite, and

lim ||V, F(Xg)|? =0
k—00

almost surely.

Proof. We define the natural filtration F = (Fy )ken through Fi, = o(X,,,m < k) = 0(Xo, Zn, m <
k) and note that (ay)ren is F-adapted per construction. Using the L-smoothness of F' we obtain
(path-wise) that

F(Xk+1) = F(Xk - akvxf(Xk’ Zk+1))

L
< F(Xy) — oV F(Xy), Vi f (Xi, Zii)) + 04;3§||me(Xk, Ziew1)|)?
= F(Xi) — ai|| Vo F(Xp)|1? + (Vo F (Xi), Mis1)
L
+ Oéig(HVxF(Xk)HQ — 2V F(Xk), Miir) + || My,

where My := V. F(Xy) — Vo f (X, Zky1). By Lemma 4.1.2 and Lemma 4.1.6 we obtain

E[My1 | Fx] =0
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and
E[| My |? | Fi] < c(1 + (F(Xy) — F)).

This yields
L, 2, L
E[F(Xps1) = B | Fi] < (F(Xe) = Fo) + S (g, = an) [V F(Xp)II” + S eje(l + (F(Xe) = F))

L L L
=(1+ Cgﬁi)(F(Xk) —F)+ 05042 —ag(l - §Oék)||va:F(Xk)||2-

W.Lo.g. we assume that aj, < (1 — )2 for some € € (0,1) (else let k be sufficiently large), such
that (1— %ak) > ¢ > 0. We can now apply Theorem 4.1.9 to imply that limy_,., F'(X}) — F exists

almost surely and is finite, as well as

o x L
€ apl| VL F(X:)|? < ap(l — =) ||V F (X% < oo
g IV F (X _; k(1= Saw) [ Vo P (X |

almost surely. Since we have assumed - a; = oo almost surely, using the same argument as in

the proof of Theorem 2.3.8 path-wise we obtain
lim ||V,EF(X)|?=0
k—o0

almost surely. O]

Remark 4.1.12. We note that the condition
E[|Vaf(z, Z) = E[Vof(z, 2)]II"]) < c(1 + (F(z) — F))
in Theorem 4.1.11 can also be replaced by
E[|Vaf(z,Z) = E[Vof(z, Z)]II"] < c(1 + Vo F(2)]),
see for example [2]. Both conditions are relaxations of an uniform (in x € R?) variance bound
E[|Vaf (2, Z) = E[Vof(z, Z)]|°] < c.

Before delving into the derivation of convergence rates for SGD, we formulate the following Corol-
lary which states almost sure convergence under same assumptions of Theorem 4.1.11, but with

the additional property of strong convexity of F.

Corollary 4.1.13. Suppose that the assumptions of Theorem 4.1.11 are satisfied and addi-

tionally, assume that F is p-strongly convex. Then the sequence of random variables (Xj)gen
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converges almost surely to the unique global minimum z, € RY of F.

Exercise 4.1.2. Prove Corollary 4.1.13.

Similar as in the setting of the deterministic gradient descent scheme, the previous result states
convergence to a stationary point without explicit rate of convergence, but under rather mild
assumptions on the cost function F. In order to obtain a speed of convergence, additional properties
such as convexity must be assumed for F'. We will observe that the convergence behavior is worse
than in the setting of deterministic gradient descent methods. However, in order to make a fair
comparison between deterministic and stochastic gradient descent schemes, one must consider the

complexity of both algorithms, including the computational cost of implementation.

4.1.3 Convergence for convex and smooth cost function

In the following, we will prove convergence of SGD under the assumption that the cost function is
convex. Compared to the convergence result for gradient descent schemes, we will prove a slower

convergence behavior. The following Theorem presents the resulting error bound in expectation.

Theorem 4.1.14 (SGD for convex and smooth cost function). Let F': R? — R be convex and
L-smooth, and assume that the set of global minima of F' is non-empty. We assume that the

assumptions of Lemma 4.1.2 are satisfied and that there exists ¢ > 0 such that

E(|Vaof(z,Z2) —E[V.f(z, 2)]|] < ¢

for all w € RY. Let Xy be a random variable such that E[|F(Xo)| + || Xo — 2.||?] < co for some

z, € argmingcpa F(x). Moreover, let (X)ken be generated by Algorithm 6 with deterministic

and decreasing sequence of step sizes (o )gen Such that oy, € (0, %] Then for
N-1 o
o k
XN = Zw,iVXk+1, w,iv = =N_1 N Z 2,
k=0 ijo a;j

it holds true that

S [HXo—:c*H] c(l + aol) Y21 o0 Y
EIE) = Flm)] < 22 -0 O‘J i 22 -0 O‘J

Proof. Let x, € argmin,epe F'(z) and F = o(X, m < k) be the natural filtration. Similar as in
the proof of Theorem 4.1.11 we have

E[F (X)) = EEIF(Xn) | Fil] < EIF(X0)] — as(1 — “oB[| V. F(XOI] + el
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We can also derive the following,

[ Xh1 = 2]” = (| Xk = 2)1? = 200(Va f (X, Ziyr), Xi — 20) + GV f (Xk, Zig) I
= [|Xe — 2.]” = 200 (V. F(X3), Xi — @) + af [V F(X3)||?
+ 200 (M1, Xy, — ) + Q@[ My ||* + 205 (M1, Vo F(Xi)),

where again My = V. F(Xy) — V. f(Xk, Zky1). Taking the conditional expectation wrt. Fj

results in the bound

Ell| X1 — 2zl | Fu] = 1 X5 — 2] = 200 (Vo F(Xi), Xie — ) + 03| Vo F (X)) |* + aRE[|| M| | Fi]
< |1 Xp — 242 — 200 (Vo F(X3), Xi — 2.) + o | Vo F(Xp)|1? + aic.

We take again expectation and rewrite the derived inequality in form
200 E[(Vo F(X0), Xpe — 2)] < E[| Xk — 2.]1%] = E[l| X1 — 2" + GE[[ Vo F (X3) [°] + e
By convexity of F' we have almost surely that

F(Xy) < F(x,) + (Xp — 2., V. F (X)),

such that
BIF (X)) € Fo.) +E[(Xs — ., VoF(00)] — a1 = “S2EV.F(Xe) 2 + 5o
< P(a) + 5o (BDIX = 2P~ B[] Xess — .]P])
—an (5= Z2 BV OGP + (5 + Zobye

r 1 ar  La?
< F(r) + 5— (E[IXx — 2|’] = E[| Xpr —z]?) + (5 + 55 ) &
20y, 92 9

where we have used that (% — %) > 0. Note that Zg;ol wl =1, such that by Jensen’s inequality
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it follows that
1 N—
ElF(Xy) = F(z.)] £ =5~ Z F(Xy41) — F(z,)]
Z 0 @5 k=0
N—
Z Xk = 2] = Ef| Xes1 — 2[1%])
Z Qj g=
N-1
1 ai  arlL
+ <N_-1 Z (— + > C
ijo Q5 k=0 2 2
E[]| Xo _x*HQ] " c(1+ apl) Zk 0 O
B 22 =0 O‘J 22 =0 O‘J
where we have used that «y is decreasing and therefore, oy < oy ]

From the derived upper bound we obtain convergence under the sufficient condition that

o0 o0

_ 2
E a; =00 and E ag, < 00.
k=0

k=0

In order to quantify the speed of convergence, we provide a specific choice of the step sizes. Note

that in the case below, we have Y 7~ a7 = co but

Zk o%
Zk 0 Xk

Corollary 4.1.15. Suppose that the same conditions of Theorem 4.1.14 are satisfied. More-
over, let oy, 1= © \/}cﬁ Then it holds true that

E[F(Xy) — F(z.)] € O (103%\[ )) .

Proof. Firstly, we observe that

N-1

«— 1 1Nt
Sa=p3 — 27 SEsu-(F-vD2 1V

for sufficiently large N (N > 8). On the other side, we have

1 1 1 N-1 1
2 - — i 1 ——dt 1+ log(N
j:oaj L2j:0J+1 L? < +/0 t+1 LZ( log(NV)).
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By the upper bound derived in Theorem 4.1.14, we obtain

E[F(Xy) — F(z,)] < LE[[| Xo — :E*H;]NJr sz +aol) iy aoL)log(N) c o (log(N)> .

4.1.4 Convergence for strongly convex and smooth cost function

If we additionally assume strong convexity, we can further improve the derived upper bound.
Moreover, we can even prove convergence to a unique global minimum of F', as we also did for
the deterministic gradient descent scheme. However, due to the stochastic approximation of the

gradient, we lose the behavior of linear convergence.

Theorem 4.1.16 (SGD for strong convex and smooth cost function). Let F: R? — R be pu-
strongly convex and L-smooth. We assume that the assumptions of Lemma 4.1.2 are satisfied
and that there exists ¢ > 0 such that

for all z € RY. Let Xy be a random variable such that E[|F(Xo)| + | Xo — x.||?] < oo, where
x, € RY is the unique global minimum of F'. Moreover, let (X)ren be generated by Algorithm 6
with deterministic and decreasing sequence of step sizes (ou)ken such that oy, € (0, £]. Then it
holds true that

E[[| Xkr1 — 2:]°] < (1 — arp)B[| Xy, — @[] + coi

for all k > 0.

Proof. Let Fj, = 0(X,,,m < k) be again the natural filtration and recall that we have derived in
the proof of Theorem 4.1.14 that

B[ X1 — 2.”] < E[|Xe — 2.]1°] = 20 B[ Vo F (X), Xy, — 2.)] + GE[| Vo F(X5)[I°] + e
By p-strong convexity we have that
Fla.) = F(X3) 2 (&, = X, VoF (X)) + 51X — .,
which can be rewritten as

—( X — x4, Vo F(Xy)) < — (F(Xyg) — F(xy)) — g”Xk —z,]|* almost surely .
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Combining both inequalities, we obtain that
El| Xk — 2] < (1 = o) B[ Xp — 2.]°] = 204 E[F(Xy) — F(@.)] + o E[[[ Vo F (X0) ] + aje.
The assumption of L-smoothness implies that
~(F(X0) = F(r.)) < —5 IV F(X|? - almost surely,
such that

1
B[ X1 — 2] < (1= axp) B[ Xe — 2. [] + aw(an = 2RIV F (X)) + e

< (1 — app)B[| Xk — 21" + age,

where we have used that aj < % O

From the above derived error bound we observe that the iterated error decomposes into the error
arising due to the optimization error from the exact gradient descent scheme applied to strongly
convex and smooth cost functions, and into an error arising from the variance of the stochastic
approximation of the gradients. In order to obtain a convergence rate along the iterations, we
need to balance both errors by either decreasing the step size ay, sufficiently or by decreasing the
variance term. The latter one will be the topic of Section 4.2, where we consider methods of
variance reduction. In the following, we will present the former approach of decreasing the step

size to 0.

Corollary 4.1.17. Suppose that the same conditions as in Theorem 4.1.16 are satisfied. More-

over, let oy, = —~— for some 7 > 2 and s > k7 = £7. Then it holds true that oy < + and
p(k+s) w L

there exists 7 > (s + 1)2 max(E[|| Xy — z.||?], ;725) such that
f)/
k+s

E[| Xk — 2.]”] <

for all £ > 1.

Proof. Firstly, we observe that by definition it holds true that

T oo 1

aoz,u-s plt L’

such that aj, < 1 for all k& > 0. We define A, = E[|| X}, — 2.]|*] and prove the second claim via
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induction. For £ = 1 it holds true that

9 1 T2c
Al < (1 — Oéo/ﬁ)Ao + a,C < (1 — ;)Ao + TS
T2C
< (S + 1)2 HlaX(AO, m) N 0%
- s+1 T s+l

Now, suppose that the upper bound A, < k%_s is satisfied for some k£ > 1, then it follows that

2
1
Ak+1§(1_akM)Ak+@zC§(l_ T) v TC

k+s) k+s u?(k+s)?

B v ¥ T +720 1

Ck+14s (k+s)E+1+4s) (k+s)2 0 p? (k4 s)?
.

N A i

E+1+s (k+ s)?

<7

T k+1+s

Wherewehaveusedthat’y(l—r)g—’yand’yZ(s—i—l)max(Ao,Tu—Q;)z%. O

4.1.5 Convergence under PL-condition and smooth cost function

Similar to the deterministic gradient descent method, we are able to prove convergence under the
PL-condition. We obtain the same type of convergence behavior as in the strong convex setting,

with the main difference being the error discrepancy in the cost function evaluation.

Theorem 4.1.18 (SGD under PL-condition). Let F': R? — R be L-smooth and assume that
F' satisfies the PL-condition

IV.F(2)||* > 2r(F(z) — F.)

for some r € (0,L) and all € R?, where F, = infycga F(x) > —00. We assume that the

assumptions of Lemma 4.1.2 are satisfied and that there exists ¢ > 0 such that
E|[Vof(z,Z2) = E[V.f(z, Z)]|*] < ¢

for all x € RY. Let Xy be a random variable such that E[|F(Xo)| + | Xo|*] < oo, and let

(Xk)ken be generated by Algorithm 6 with deterministic and decreasing sequence of step sizes
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(o )ken such that ay € (0, ¢]. Then it holds true that

E[F(X};) — F,] < (1 — agr)E[F(X) — F.] + cgaz :

Proof. We have already seen that under L-smoothness we obtain the following bound
L 2 L,
E[F(Xkn) — B] < E[F(Xy) = B = ap(l = San)B[[ Ve F(X)[T] + e5ai.
Under the PL-condition and the fact that 1 — %ak > % > 0, we improve the upper bound to

E[F(Xy1) — B <E[F(X;) — F] — ap(1 — gak)ZrE[F(Xk) —F]+ cgag

= (1 —ag(l— gak)Qr)E[F(Xk) — F.]+ cgai

2
O
We can apply the same step size strategy as in the strongly convex setting to derive convergence.
Corollary 4.1.19. Suppose that the same conditions as in Theorem 4.1.18 are satisfied. More-
over, let aj = m for some 7 > 2 and s = %7’. Then it holds true that ag < % and there
exists v > (s + 1)2 max(E[F(Xy) — Fi, %) such that
E[F(X;) — F.] < —
“k+s
forall kK > 1.
Proof. The proof proceeds line by line as the proof of Corollary 4.1.17. n

4.1.6 Discussion about the complexity of SGD

In the previous sections, we derived convergence rates of SGD under convexity, strong convexity
and the PL-condition. We obtained similar results for the deterministic GD scheme. Comparing
both GD and SGD, we observe that the derived results for SGD are significantly worse.

convex strongly convex PL

CD | O(5) | 0%, pe(0.1) | 0@, pe(0,1)
log(k

sep [0 (FR) | o) O(zk)

However, the implementation of GD might be expensive (e.g. for large data sets in empirical risk
minimization) or even impossible. In this case, it is infeasible to implement GD and there is no
other choice to work with SGD.
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The comparison of GD and SGD gets more involved in cases where we are able to compute the

exact gradient. Let us consider the empirical risk minimization problem

N
1
min Fy(z), :NZ DeRP, i=1,...,N,

rERY

where we assume that x +— f(z, 2()) are p-strongly convex and L-smooth for all i. We have seen

that GD with a fixed step size a < % converges linearly with rate p € (0,1) such that
iy — 2nl* < pFllao — x|,

where (2} )ren denotes the iteration generated by GD and xy = argmin,egs Fy (). In compar-

ison, SGD (with decreasing step size) converges sub-linear with

7
kE+s

E[IXR% — an?] <

In order to achieve an error of a certain tolerance € > 0 we need to iterate
(i) k9P > O(log(e™")), such that ||z} — zn]* < e,
(ii) k59P > O(e™'), such that E[||X7SP — an?] <e.

The first guess is, that as long we are able to compute the full gradient, there is no reason to
implement SGD over GD. However, this train of thought is too naive. The reason is, that up
to now we have ignored the empirical error which occurs through solving xy = argmin Fy(z).
Indeed, =y should be treated as random variable X, which depends on ZW, ..., Z(N) We want
to quantify the error of both GD and SGD to z, = argmin,cga F(z), where F(z) = E[f(z, Z)]
is the expected risk. For SGD, implemented through Algorithm 6, we again obtain convergence

(with decreasing step size) in form of

Y
E[|| X350 — z.’] < s

However, the situation changes for GD. Assuming that we are not able to compute the exact
gradient of F', we firstly have to approximate F' through Fy and then apply GD to find Xy =

arg min,gcga Fy(z). The final error decomposes to
H!Xk v — 2l*] S E[IXCR — Xull) + B[l Xy — 2.*] < o E[IXGN — Xn 7] + B[ X — 2.7,

where Xy denotes the random minimum of Fy given Z1, ... Z(M) In the following, we study the

error E[[| Xy — x.||?] for strongly convex cost functions depending on the number of data points.
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Theorem 4.1.20. Let F : R? — R be p-strongly convex and let f : R? x RP — R such that
x — f(x,2) is p-strongly convex for all z € RP. Moreover, let x., = argmin,cge F(z), and
assume that E[V . f(z., Z)] = V. F(x,) and

B[V f(z., Z) — E[Vof(z., 2)||) < B

for some B > 0. Let ZN ..., ZWN) be a family of iid. random variables with distribution pz,
then it holds true that
9 B1
BIX, - 2.l < o+
1

where Xy = arg mingcga Fy(z).

Proof. Let
I, = arg min F(z), F(z)=E[f(z, 2)]
zeR
| X
Xy = F, — x, ZW),
N = argmin N (), Nz::

which means that V,.F(x,) = 0 and V,Fy(Xy) = 0 almost surely. By strong convexity we can
apply Lemma 2.3.17 to imply

1

IXn = 2 [V (2:) = Ve Fiy (2)]);

=
Tl—,rE|~

almost surely, where we have used Cauchy-Schwarz inequality in the last line. Reordering the

above inequality leads to

1
[ Xy =z < ;IIVxF(ﬂS*) — Vo Fn(z.)] (4.5)
almost surely. Note that
|
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such that we obtain

N

> (Vof (20, 29) = E[Vof (., Z9)]) |I°

i=1

E[||V,En(x,) — Vo F(z,)|*] = E[H%

N
= 3 O EVef(n, 29) ~ E[V.f(r., 2]
ij=1
Vaf(@e, Z9) = E[V, f(zy, Z9)))]
N

N % > E[|Vaf (@, 29) — B[V, f (2., ZD)]|P] <
=1

Y

=

where we have used that the Z(), ..., Z(V) are iid. random variables. Together with inequality (4.5)
we close the proof with

B[l Xy — z.%] <

B1
PN

The overall error of GD is then given by

1 1
SENIXER - 2.l) < (5 + o)

for some constant ¢ > 0. Therefore, it is sufficient to choose N > O(e™!) and k > O(log(e™),
such that the computational cost of GD are given by

costap(e) = N -k~ e tlog(e™!),

whereas the computational cost of SGD are given by

4.1.7 Lower bound of SGD

In the following, we will observe that we do not expect to improve the derived upper bound on
SGD in the strongly convex setting. Therefore, we consider the example of a simple quadratic

function. The example to be considered has been studied in detail in [10].

Example 4.1.21 (SGD lower error bound). Let (Zx)ren be a sequence of iid. random variables in
R® with distribution uy and E[||Z,||?] < co. We define
1

f@.2) = Slo =2z e R
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and the corresponding expectation function
F(z) =E[f(s,7)], ©€R, Z~py.
Firstly, observe that this expectation computes as
1 a7 _ 1 27, 1 2
F(z) = 5E[lle = 2|I") = SE[llz — EZ]|F] + SE[Z - E{Z]|]

such that we identify v, = E[Z] € R? as the global minimum of F. In this formulation we are also

able to compute exact derivatives of F and obtain
E[|V.f(z,Z) = V.F(2)|’] = E[|(z — 2) — (z - E[Z))|*] = E[|Z - E[Z]|]*] =: 0.

Next, consider the iteration generated by SGD with sequence of step sizes ap = 75, k € N for some

v >0 and T > 0, which can be written as

T

T T
X1 = Xpy = — (Xi — Zip) = (1 - E)Xk + o

Zit1 -
2 k+1

In this specific example, we are then able to compute the iterated error analytically given by

El| X511 — z.”] = E[[| Xes1 — E[Z]]7]

— (1 _ %)%E[HXIC —E[Z])?] + 2 (1 — %) %EKXI{ _E[Z], Zusr — E[Z])]
+ () Bl - B2
- (1- £) Bl - Bz + () o

It follows that

; v
j=0 J j=0 i=j+1
k—1 k—1
> g2 ™Y’ 1— L ’
Z0 v H )
7=0 i=7+1

where the lower bound behaves as Ck™" for sufficiently large k € N, see [10] for more details. In

particular, for the choice v =1 the lower bound matches our derived upper bound in Section 4.1./.
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4.2 Variance reduction

In the derived convergence results for SGD we have always assumed that V, f(z, Z) is an unbiased

estimator of V,F'(x) with uniformly bounded variance
E[|V.f(x, Z) — V. F(2)||?] < var.

This upper bound var > 0 occurs in all derived error bounds in a similar way:

Assumption error bound
Oy . log(k)
convex E + var TE

strong convex | (1 — agu)ey + var - o

PL-condition | (1 — axr)ey, + var - oz

In order to push the total error towards zero, we had to choose a;, — 0. In the specific cases
of strong convexity or under PL-condition, we lose the behavior of linear convergence which we
obtained for the exact (deterministic) gradient descent scheme. In the deterministic setting, we

were able to choose o = & > 0 such that
ey < pl@)er, pla) € (0,1)

By controlling the variance error term through a; — 0, we obtain an error bound for SGD of the
form

ek+1 < preg + varg,

where p, — 1 for £ — co. This behavior makes the analysis challenging and in particular, we have
seen that SGD does not converge linearly.

In the following section, we consider different types of variance reduction methods, which control
the variance error term in a different way. We are no longer forced to consider o, — 0 and will

choose a fixed step size o, = & > 0 for all £ € N.

4.2.1 Dynamic Sampling

Our first method to be considered is called Dynamical Sampling, where we control the variance
error term through a dynamical batch-sampling strategy. The unbiased estimator of the descent di-

rection V, F(Xy) is estimated through a batch of samples (Z ,gm)

JkeN, m=1....B,_,» where the random
variables are assumed to be independent in k£ and in m with an identical distribution py.

In the following, we will analyze SGD with dynamical batch-sampling. The focus will be placed
on the strongly convex setting and the method will be compared to a fixed batch-size B > 0 across

all iterations. For both schemes, we will consider a fixed step size a > 0.
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Algorithm 8 SGD with dynamical sampling
1: Input:

e cost function f:R? x R? — R

e initial random variable X : 2 — R¢
e sequence of step sizes (a)ken, ar > 0 (deterministic or F-adapted)

e sequence of batch sizes (By)ren

e sequence of i.i.d. random variables (Zlgm))keN, m=1...B,_, With Zl(l) ~ [iz.

cset k=0
: while ”convergence/stopping criterion not met” do
approximate the gradient V,F(X}) through

> W

By
1 m
m=1

5: set Xkiq =X, — oG, k— k+1
6: end while

Firstly, we discuss how the assumed uniform upper bound on the variance is effected through the

incorporation of batch-sampling.

Lemma 4.2.1. Let the assumptions of Lemma 4.1.2 be satisfied and assume that
E[|V.f(z,2) — V. F(z)|?] < ¢

for some ¢ > 0 and all z € R? Moreover, let ZW, ... Z®) be iid. random variables with
distribution 7. Then for G := & S8 V.of(z, Z0M) it holds true that

2 C
_ < _
E[IG ~ V.F @) < 5

for all z € R,

Proof. By E[V,f(x, Z")] = V,F(x) and the independence of Z1), ... Z(™ we have

B|G - VF@I] = 55 32 BU{Vef(r, 207) — VoF(2), Vaf (2, 27) — V. (2)
= i DBV, 2) - VF @) < -

[]

With the previous observations we are now able to extend Theorem 4.1.16 to dynamical batch-
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sampling.

Theorem 4.2.2 (SGD with dynamical sampling). Let F' : R? — R be u-strongly convex and
L-smooth. We assume that the assumptions of Lemma 4.1.2 are satisfied and that there exists
¢ > 0 such that

E[|V.f(z,Z2) = E[Vof(z, 2)]IIP] < ¢

for all z € RY. Let Xy be a random variable such that E[|F(Xo)| + | Xo — x.||?] < oo, where

x, € RY is the unique global minimum of F'. Moreover, let (X)ren be generated by Algorithm 8

with sequence of batch-sizes (Byg)ken, Br > 1 and deterministic, decreasing sequence of step

sizes (ay)gen such that ay, € (0,1]. Then for the error ey, := E[|| X}, — z.|?] it holds true that
cai

<(1- —
Crt1 = ( ak:u)ek + Bk

for all k > 0. Furthermore, for a fived step size a, = & = ﬁ with T < % = £, it holds true that

~2

ca

€k+1 S PEE + B_ (46)
k
where p = (1 —7) € (0,1).
Proof. The proof follows by Theorem 4.1.16 combined with Lemma 4.2.1. m
In the following, we will keep the step size & = T < % fixed and aim to derive an optimal
o

sequence of batch-sizes. Firstly, we need to formulate what we mean by an optimal batch-size.

Therefore, we will assume that the computation of each iteration of SGD occurs with cost which

-----

cost are normalized.

Assumption 4.2.3. The generation of the state X by Algorithm 8 with sequence of batch-

sizes (By)ren occurs with computational cost

T
L

cost(Xy) = » Bj.

<.
Il
o

We want to choose the batch-sizes such that we minimize the computational cost under the con-
straint that the final error bound is below a specified tolerance level € > 0, i.e. we want to solve

the constrained minimization problem

K-1
min 5 B; st.ex <ce¢.
Bo,...Brk-1 “

7=0
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We refer the interested reader to [24], where this approach has been considered in a more general

framework. The total error after iteration K > 1 can be upper bounded by iterating the error
bound (4.6):

K-1 1
K =2 K—1-j +
ex < peg+ et z;p B,
]:

For simplicity, we assume that K > [log(p~")log(5e;")] such that

ex <

DO | ™

For this given K we want to determine By, ..., Bx_1 under the constrain

1
; J

DO ™

We start with the following auxiliary result:

Lemma 4.2.4. Let ¢ >0,y >0and a; >0, j € {0,..., K —1}. Then the choice

. C[E-L N\
Bj:C'(a,K)-ajlj, Cle,K)=¢7~ (Zaé”)

s=0

solves the constrained optimization problem

K-1 K-1
min E B;, st E a;B;7 <e
Bo,...,Bx—1 J
J=0 J=0

Proof. We only derive a stationary point of the considered constrained optimization problem. The

Lagrange function is given by

K-1 K-1
,C(Bo,...,BK_l,/\) = ZB] + A (Z a,ij_7 _E)
=0 =0

and the corresponding optimality conditions are
D) 1-A=Ma;B; " =0, j=0,...,K -1,

K-1
(I > a;B;"—c=0.
=0

We solve (I) to derive
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which together with (II) gives

, K-l L S
)75 D a0, 7T = ()T Y el =
=0 7=0

and therefore,

This results in
N C /K1 N\
Bj=C(¢,K) - a;”, Cle, K)=¢ 7 (Z a;”) ‘
]

We are now ready to choose the optimal batch-size for Algorithm 8 under strong convexity as-

sumption:
K—1 K-1
min E B;, st. E ca’pf~1IBT < g2,
J
Bo,....Bxk—1 4 -
J=0 J=0

which by Lemma 4.2.4 leads to

=

-1

K—1 K
s . 1 _ 5
C(e,K) =2 /ea pK : =27 /ea g p? =2 ea ( P >
=0

J

Il
=)

and therefore, to an optimal dynamical batch-size

1%
— D2 K—1—j
B; =27 'ca? ( i > p2 . (4.7)

K
2

2 2
where <1_p T ) € (1, (ﬁ) ), independent of K. We compare the derived dynamical batch-

1—p2
sampling strategy to a fixed batch size B > 1 for all k = 0,..., K — 1. This fixed batch-size has
again to be chosen such that ey < e. For simplicity, let again K > [log(p™')log(Sey")] such that

peo < 5 and therefore,
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where 1; _p: < l%p. The fixed batch-size B needs to be chosen such that

B>2"ca?(1—p) ' et (4.8)

and the corresponding computational cost are given by

=

-1

Bj=K-B~|log(e ")e".

I
o

J

We summarize the derived batch-sampling strategies in the following theorem.

Theorem 4.2.5. Suppose that the conditions of Theorem 4.2.2 are satisfied and define eq =
E[| Xo — z.|?]. Fore > 0 and K > [log(p~')log(Sey')]. let (XPS)imo,..i be generated by

.....

----------

Algorithm 8 with fived batch-size By, = B given in (4.8) for k = 0,...,K — 1. Then it holds
true that

E[|Xg" —a.l*) <e
e’ =E[|Xg’ -z’ <e

DS .
ex -

while the computational cost are given by

cost?S 1= cost(XR5) = Bj~¢e !

cost™ 1= cost(XP) = K - B ~ |log(s )¢ ".

4.2.2 Stochastic average gradient method (SAG)

In the following three sections, we consider different variance reduction methods for solving the
empirical risk minimization problem. We fix the realization of the data set {z™), ... 2™} and
ignore the error of the empirical approximation. For the next three algorithms, let Fy : R? — R

be a cost function of finite sum form
1 < 1 &
N(I’) N;f(x7z ) N;fl(x)7 YIS 9
for fixed 2V, ..., 2N € R? and f;(z) := f(z, z?).

Assuming that Fly is p-strongly convex and L-smooth, the deterministic gradient descent method

applied to Fy converges linearly to the global optimum of Fy. However, in each iteration of the
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algorithm we need to evaluate the gradients
mei(xk), Z:L,N

across the entire data set. In comparison, when applying SGD with finite data, Algorithm 7, in
each iteration, we need to evaluate only one gradient V, fi, ., (X}). However, in this case, we lose
the property of linear convergence to the global minimum.

We consider a class of algorithms, which apply variance reduction techniques, in order to obtain
linear convergence for modified algorithms of SGD. In each iteration, the goal is to evaluate only
one new gradient across the family of functions {f;};=1, . n such as it is the case in Algorithm 7.
Note that all of these algorithms essentially assume that the cost function is in form of a finite
sum Fly.

In the following it is clear out of context, that the gradient V,f;(+) is computed wrt. z, such that

from now on we will omit the dependence on x and simply write V f;(-).

Motivation: Suppose that we want to estimate an unknown parameter § € R and G be an
unbiased estimator of 6, i.e. E[G] = 6. Moreover, let £ be a random variable with mean close
to zero, E[¢] ~ 0, such that the modified random variable G¢ := G — £ is nearly unbiased,
i.e. E[G¢] = E[G] — E[{] = 0. (In case E[{] = 0, G¢ even remains unbiased). The modification

becomes interesting when considering the resulting variance:
V(Ge) = V(G = ¢§) = V(G) + V() — 2Cov(G, §) .

So in case we find a high (positive) correlation between G and £, we hope for a significant reduction
of the variance without introducing a large bias. This concept can be viewed as motivation for the

following three algorithms to be considered.

We consider the first algorithm which forms the basis for introducing variance reduction in SGD.
In [23] the authors propose the stochastic average gradient (SAG) method, which achieves linear
convergence for strongly convex cost functions while having same complexity characteristics as
SGD. The idea is to reuse the gradient information obtained from the past.

The algorithm stores all gradient approximations across the entire data set ¢ = 1,..., N, and in
each iteration it updates the approximation of the gradient f; for only one randomly picked index
i. Similarly to SGD in form of Algorithm 7, only one new gradient needs to be evaluated per
iteration. However, one needs to have capacity for storing the gradient approximation for each
index ¢+ = 1,..., N, which can be seen as the main disadvantage of SAG. As mentioned above, the

algorithm achieves linear convergence toward the global optimum of Fl as shown in [23].
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Algorithm 9 Stochastic average gradient method (SAG)
1: Input:

e cost function Fy : R? —» R, Fy(z) = + Zf\;l fi(x)

e initial random variable X, : Q — R¢

e sequence of step sizes (ag)ken, ax > 0 (deterministic or F-adapted)
2. set k = 0, initialize G’ =0,i=1,..., N
3: compute Go = + S G
4: while ” convergence/stopping criterion not met” do
5: generate independently i1 ~U({1,...,N})

VIiXe), =i
GV ik
7 approximate the gradient V Fy(X}) through

6: set G,(f) =

N
_ 1 () ~ L ) 1
Gr = LG = G = GO+ gV a0

8: set Xkiq :Xk—ak@k, k—k+1
9: end while

Theorem 4.2.6 (Theorem 1 in [23]). Let Fy, fi : R¢ = R, i = 1,..., N, be u-strongly
convexr and L-smooth. Moreover, let (Xg)ren be generated by Algorithm 9 with fized step size
ar = & = —. Then it holds true that

gE[HXk — .|]*] <E[Fn(X)) — Fn(2.)] < (1 — min {16% SLN})k Co,

where Cy = E[Fy(Xo) — Fn(z.)] + 32E[|| Xo — .|| + 1”6—2L with 0 = £ SN ||V fi(z.)|%.

-----

to achieve a similar complexity as the deterministic full gradient descent scheme. To compare both

SAG and deterministic GD we can view SAG as linearly converging scheme with rate

uoo1 N
SAG :

p— 1 —_— — — .
P ( mm{16L’ 8N}>

For small N (N < %) the rate is dominated by

SAG _ M )N
= (1 - £
P ( 161

In comparison, for large N (N >

which corresponds to N steps of GD with step size a = 16%.
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% = 2k) the rate is dominated by

= (1o = < exp(—)
8N) = g

such that the rate can be uniformly controlled in N.

4.2.3 SAGA

The convergence analysis of SAG is challenging due to the biased estimation of the gradients
V Fy (X)) in each iteration:

. S (N | 1 - 1
E[Gri1 | Fil = E[G), — NG;H ) +5 VEN(Xe) = (1= 559G + -V (XG).

[\ J/

>

This problem can be solved by replacing the approximation of VFy(X}) through an unbiased

estimator of form

This estimator is unbiased since

N
S0 -G | Fl=0 and E[Vf,,,(X) | Fil = VEv (X))

=1

1
El—
[N
Note that G}, does not correspond to the mean over all stored gradients G}, # % Zf\il G,(f) anymore.

This observation led to a modified algorithm called SAGA which has been introduced in [6].

We follow the proof of linear convergence under strong convexity for Algorithm 10 presented in [6].
Let us assume that Fly, f;,i = 1,..., N are u-strongly convex and L-smooth. For X(w) = zo € R?

we define point-wise

oy (W), i # i ()
Xk(w), 1= ik+1 (w)

and consider the error function of form

N
1 ) )
B = el Xo = al?+ = 3 () — file) = (Vi) 0 = 2.)) = el| X — .|
2) =1
=:Ek2 N -
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Algorithm 10 SAGA

1: Input:
e cost function Fy : R? = R, Fy(z) = ~ SN fi)
e initial random variable X : 2 — R¢
e sequence of step sizes (a)ken, ax > 0 (deterministic or F-adapted)
2. set k = 0, initialize G’ =0,i=1,...,N
3: compute Gp = ~ vazl Gg)
4: while ”convergence/stopping criterion not met” do
5: generate independently ix ~ U({1,...,N})

6: set G,(g) = (J;( ) Z Tk“
Gk_p ? 7& 41
7 approximate the gradient VFy(X}) through

Gr = Gr1 — G(lkﬂ) + Vi (Xi) =

||Mz

8: set XkJrl:Xk—Oéka, k—k+1
9: end while

where z, = arg mingcra Fy (). Note that E,(:) > 0 by convexity of f;. We observe that
X1 — el = [ Xk = 2 * — 28(X — 2, Gi) + @2 Gy ||?
and with Fy, := 0(Xo,1im, m < k) and E[Gy, | F] = VFn(X},) we have that
B[ X1 — 2ull? | Fil = X — 2l — 26(Xg — 2., VEy(X0) + GE[Gal? | Fil.

In order to obtain an improved convergence result compared to SGD, we need to control E[||G}||? |

Fi] sufficiently well.

Lemma 4.2.8. Let Fy, fi: R* - R,i=1,..., N, be p-strongly convex and L-smooth. Then
for any 8 > 0 it holds true that

E[IGe]* | Fi] < Z IV (o) = V filw)?

+ 1+ 8)+ ZHVﬁ (X) = Vi) = BIVEy (X)),

where z, = arg mingcpa Fy(z).
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Proof. We will apply multiple times the following equality

E[lQ — E[Q]I*] = E[llQ[I*] - IE[Q]II* (4.9)

for any random vector @ with E[||Q|?] < co. By construction of G, we can write

B{IGl* | Fil = H—Zw = V) + Vi (K0I | F)
EllQI? | 7]~ Ellg~ B0 | A | 7]+ [E(Q ] 7)1
~ [l i VIO = Vi (1) + V i (X0) = VEN(XR)I| il
VARl

Let us consider the first term

N
Bl 30 VAGL) — Y firs (60540) 4 Vi (X) — VER(XOI? | Fi]
=1
m{vﬁwx o) — Vo (2) = E:Vﬁ ’)}
—{Vfiorr (Xi) = Vi, (2.) = VFN(XR) } ||2 | Fi
< (L4 BBV fir (61) = Vi (@) — Zsz 2|7
+ (L4 BBV fiy (Xi) = Vfiyy (1) - VFN<Xk>||2 | R,

where we have used that ||z + y||*> < (1 + 7Y [z]]* + (1 + B)||ly||* for any 8 > 0. We define
Q1 = Vi, (60 = Vi (2.) with

Qllfk Zv.fz VFjN f* - vaz )
and similarly

Q2 = Vi, (Xi) = Vi, (z)  with E[Qs | Fi] = VEN(Xy).
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Finally, we obtain

(1+ B OEV iy (84") = Vi () — Zsz DI | Fid
+ (L + BE[IV i, (Xk) = Vi (22) = VFN(Xk)H2 | Fi]

§(1+5‘1){ 1V fis (651) = V iy ()| | T —H—Zvﬁ H2}
+ (14 B {EIV firss (Xi) = Vi (@)lI* | F] = IV Fi (X517}

and all together
E[|Gxl* | ] < (1 + 87 Z IV fi(¢y) = V filw)|?

(1+8)— Z IV fi(Xx) = V fil@a) P = BIV Fn (Xe)[1?

O
Applying the upper bound in Lemma 4.2.8 results in
E[l| X1 — 2l* [ Fi] < [ X0 — 2® — 2@<X — 2., VEN(Xy)) — @2B|VEN (X) |
+a*(1+ 57! ZHVﬁ — Vx| (4.10)

2(1+ 8)~ Z IV £i(Xk) = V£l

With the following Lemma, we are able to control + SV IV A(Xe) — Vfi(z,)||? by setting it in
relation to —(Xj — z., VFn(X%)).

Lemma 4.2.9. Let Fy, fi: R? - R,i=1,..., N, be u-strongly convex and L-smooth. Then
for all € R? it holds true that

(VE(@),2, — ) < —=—F(Fx(x) = Fy(.)) = Slle .

~ or v LIV - Vi,

where z, = argmin,cga Fy(2).

The proof of Lemma 4.2.9 is left as an exercise for the interested reader. We can now combine the
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upper bound in Lemma 4.2.9 with (4.10) to obtain

L _
E[| Xep1 — 2. | i < (1= ap)|| Xy — x*HQ —2a——F

(Fn(Xy) = Fn(z.)) — @BIIVEN(X)|)?

+a*(1+ 7! ZHVﬁ = Vi)

It remains to control

N
1 i
5 2 NVA@) = V).
i=1
Since all f;, i =1,..., N, are assumed to be L-smooth with the same L > 0, we have that

IV fi(6)) = Vi) |12 < 2L(fi(8))) — filws) — (V filz.), 8 — x.))

(see also Lemma 4.2.14 below) implying that

N

N
¥ L IVAE) - Vil ||2<—Zfz¢>k - F(e) = 3 S(VHi(w). o) —a) = B,

=1

which also explains the origin of the error function Fj = E,(f) + E,(Cl). We are now ready to prove

the linear convergence of SAGA.

Theorem 4.2.10 (Theorem 1 in [6]). Let Fy, fi : RT = R, i = 1,..., N, be u-strongly
convexr and L-smooth, and let Xy be a random variable such that E[Ey] = cE[|| X — x.||?] +
E[Fn(Xo) — Fn(z4)] < 00. Moreover, let (X)ken be generated by Algorithm 10 with fized step

size qp = @ = W Then for ¢ = m it holds true that

E[Ek1] < (1 — ap)E[Ey].

Proof. Firstly, we observe that each (b,(ﬁrl given Fy, is distributed according to

1
k+1 | ‘Fk ~ _6Xk ( N)(Sd)l(:) )
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such that

N N

ELL " R0 | 7 = ZE 60 | Fil = Z(%fxkau—%)fiw;“))

=1 =1

= %FN(X]C (1-—= Zfz

With a similar computation we also obtain

N

=1 =1

1
El——
[N

| N
1——2Vflx* —a:*>.
i=1

Finally, we obtain the iterative error bound

1 L-
BBy, | Fi] < (N — c2a——*

+ (1= ap) e Xp — 2.

) (Fn(X0) — Fw(2.)) — ca®B]|V Fy (X

1
+ <1 -5 2c(1+ B Ha’L — ap + @u> EY

+< a(a(1+ ) ——) an (X,) = Vfila)

< (1 —au)Ey
+ (% _oeat Z £ 2u0‘4260> - (Fn(Xy) = Fn(z.))

+ <au 1y 2¢(1 + 51)@2L> EY
N
+ca(a(l+6) — — ZHsz (Xi) = Vfilz)|]?,

where we have used — ||V En(Xx)||? < —2u(Fn(Xy) — Fn(2.)) by p-strong convexity of Fy. With

the choice a = 2“]X+L and ¢ = one can verify that

1 _ 1
2(uN+L)> 5 - 2a(l—apu)N
e a(l+8)—1=0

o ap—  +2¢(1+p71)a’L <0,

° % - 20@% —2ua?Be =0,
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such that we conclude the proof with

E[Ek11] = E[E[Eppa | Fi]] < (1 — ap)E[EL].

We observe that cE[|| X}, — z.||?] < Ej such that we obtain the following corollary:

Corollary 4.2.11 (Corollary 1 in [6]). Under the same assumptions as in Theorem 4.2.10 it
holds true that

Bl - < (1= gt ) (B = P+ o BUAN() - Fate)])

where z, = argmingcga Fy ().

Remark 4.2.12. We emphasize again, that for both SAG and SAGA it is necessary to store

-----

In the following, we take a look at Table 1 of [23] (extended by the values for SAGA), where the
theoretically derived rates of convergence of SAG (and SAGA) are compared to various determin-
istic first order methods, which in each iteration need to evaluate the gradients across the entire
data set i = 1,..., N. We observe a significant improvement through SAG and SAGA.

Algorithm Qa rate u=0.01| = 0.0001
GD 1 (1—4)2 ~0.9998 | ~ 1

GD s (1 £5) ~0.9996 | ~ 1

NAM 1 (1-/5) ~0.99 | ~0.999
lower bound | — (1- A& =)’ ~ 0.9608 | ~ 0.996
SAG 4 (1 —min{£, LHY | ~0.8825 | ~0.9938
SAGA Ty (1= sok) | ~ 0635 | ~0.956

Table 4.1: For both scenarios we assume that L = 100 and N = 10°.
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4.2.4 Stochastic variance reduced gradient (SVRG)

In the following, we consider a variance reduction method for SGD that avoids storing gradients
across the entire dataset. The stochastic variance reduced gradient (SVRG) method has been
introduced in [11]. The algorithm operates cyclic by a loop of SGD followed by an exact gradient
update. Every M iterations, the scheme updates the gradient information across the entire data
set. For each cycle of SGD followed by the exact gradient iteration, we need to evaluate 2M + N
gradients. In order to compare the algorithm to GD, SAG and SAGA, we will need to pay attention

to this observation and rescale the effective rate of convergence accordingly.

Algorithm 11 Stochastic variance reduced gradient method (SVRG)
1: Input:

e cost function Fy : R? —» R, Fy(z) = + Zf\;l fi(z)
e initial random variable X :  — R¢
e length of cycle M > 1

(m)

e sequence of step sizes (a,(gm))keN, m=0,...M—1, @ ~ > 0 (deterministic or F-adapted)

-----

2: set k=10
3: set XO = Xéo), éo = VFN(X())
4: set Xéo) =Xy G(()O) = éo
5. while ”convergence/stopping criterion not met” do
6: form=0,..., M —1 do
T: generate independently i,(:ﬁ#) ~UH{1,...,N})
8: approximate the gradient V Fy (X ,gm)) through
G;Cm) = Vfi(m+1)(X]£m)) — Vfi(m+1) (Xk) + Gk
k+1 k+1
9: set X,gmﬂ) = X,gm) — a,&m)é,im),

10: end for

11: generate independently my, ~U({0,..., M —1}),
12: set Xpy1 = X,imk“),

13 set Grp1 = VEN(Xp1) = & 50, Vi(Xp)

14: set Xlg(—)f—)l = Xk+1, Gl(c(:)—l = ék+1

15: set k—k+1

16: end while

Remark 4.2.13. As mentioned above, the advantage of SVRG compared to SAG and SAGA is

the avoidance of storing all gradients for i = 1,..., N.

We will follow the proof of linear convergence of SVRG presented in [11]. Let us start with the
following auxiliary bound on the gradients Vf;, « = 1,..., N. Note that this result can be viewed
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as an extension of the inequality
1
57 IVEN () = VEN()|* < Fy(w) = Fa(a.),

which we have derived under L-smoothness and convexity of Fly.

Lemma 4.2.14. Let Fy, fi :R?* = R, i =1,..., N, be convex and L-smooth. Then for all
r € R4 it holds true that

© ST A) = VA < 2L (B (@) - F(e.),

where x, = arg mingcpa Fy(z).

Proof. For each i =1,..., N, define the function

i) = fi(x) = filzs) = (Vfilz.), 2 —2.) > 0

such that V;(z) = Vfi(z) — Vfi(z.) and Vg;(z.) = 0. Since ¢;(z,) = 0 and ¢;(z) > 0 by
convexity of f;, we observe that ¢;(x.) = mingegpa ;(z). For any z € R it holds that

0= iz < min ¢i(o - aVAE) < min (o) - all - Ve @)

1
= ¢i(@) = 57 Ve,

where we have used that ¢; is L-smooth (since Vy;(z) = Vf;(x) — V fi(z,) remains L-Lipschitz

continuous) and that max, a(l — £a) = ;1. Hence, it follows that

IVi(@)l* = IV fi(z) = Vi) I < 2Lpi(2) = 2L (fi(x) = filzs) = (VSilz.),z — 2.)) .

Taking the average over all © = 1,..., N, finishes the proof

Z ‘vfz Vfl($* H2 <2L < Zf’ _%Zﬁ(%‘)—<%ZV}CZ($*),$—$*>>

-----
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following natural filtration

oy _ J o}, (9 0 <k s <MY, s <m} {m, 0 <k}), k>1
C X 8 s < m)), F=0
Similarly as in the case of SAGA, we have that

B[ XY = ma? | ™) = (1X0Y = 2P = 28X = 2., VE(X™)) + &E[|GLV |12 | F™),

since GU™ is an unbiased estimator of VFy(X™):

EIG™ | F™) = BV fipnan (5™) | F™) = BV fnn (Xi) = Gi | B = VEN (™).

J/

-~

=0

We again aim to control E[||GI™ |12 | F™] in order to achieve significant variance reduction.

Lemma 4.2.15. Let Fy, f; : R* = R, i = 1,..., N, be u-strongly convex and L-smooth,
and let X, be a random variable such that E[| X,|%] + E[|Fx(Xo)|]] < oo. Moreover, let
(X ,gm))keN,mzo ..... ar be generated by Algorithm 11 with fixed step size a,(cm) = a > 0. Then for

all £ > 0 and m > 1 it holds true that

E{IGEIE | 7] < 4L (Fe(X™) = Fu(@.) + Fx(X) - Fy(@.)) |

where z, = argmingecpa Fy(z).

Proof. The proof follows by similar argumentation as the proof of Lemma 4.2.8. We again apply
(4.9) together with ||z + y[|* < 2||z||* + 2||y|*:
BIIGEI? | F™) < 2BV fionen (X[™) = V fimen (@) P | F™)
+ 2E[|[V finen (Xe) = Vigmen (@) = VEWXDIP | F™)
= 2E[||V fipnenr (X(™) = ¥ fmen (@) | F™)]
+ 2E[{V finen (Xi) = Vg (@)} = {VEw(Xe) = VEx(2)}? | F™)
< 2E[|V e (X)) = V fmen (@) | F™)
+ 2E[|V finen (Xi) = Vgmen (@) | F™)

= %Z (IVAG™) = VR + VA ~ Vi@)]?)

The assertion follows by application of Lemma 4.2.14. O



Optimization in ML Simon Weissmann Page 114

We are now ready to prove linear convergence of SVRG under strong convexity.

Theorem 4.2.16 (Theorem 1 in [11]). Let Fy, fi : R® = R, i = 1,..., N, be u-strongly

convex and L-smooth, and let Xy be a random variable such that E[|| X, ||?] +E[|Fx(Xo)|] < oc.
Moreover, let (X,gm))kGN m=0,...m be generated by Algorithm 11 with fized step size oz,(cm) =a>0
and M > 1 such that

1 200

0<p:= <
Pi= i —2aLyaM ' 1-2aL

Then it holds true that

E[Fy(X) = Fy(2.)] < p"E[Fn(Xo) — Fy(2.)] .

Proof. By convexity of Fy we have

B[ X0 — 2 | FM) < X = wl? - 20 (Fn(X(™) = Fi(e.)) + GE[IGEV)° | 7™
< X" = | = 2a (Fy(X(™) = Fx(x.))
+4La? (Fy(X{™) = Fy(a.)) + 4262 (Fy (%) = Fy(a.))
= X" — w2 = 2a(1 - 2La) (Fx(X{™) = Fx(z.))
+4La? <FN(Xk) - FN(x*)>

where we have applied Lemma 4.2.15. By construction of the Algorithm 11 we have

E[FN(Xk+1) FN(HT*)\}_(M = 1 S ( FN(£*))>

m:0

H

such that

E[| XM — 2,17 + 2a(1 — 2La) ME[Fy(Xps1) — Fy(z,)]

M-1

E[| X" — z.|?) - 2a(1 - 2La) mZ E[Fn(X{™) = Fx(a.)]
+2a(1 - 2La M% S E[F, — Fy(a)]
+4LG2ME[Fy(Xy) — i Fy(.)]

< ZB[PV(X(”) = Fi(@.)] + 4LG*ME[Fy(50) = Fx(z.)]

= 2(% + 2La*M)E[Fn(Xy) — Fn(x,)],

where we have used that £z — z.[|* < Fn(x) — Fn(x.) by strong convexity of Fy. Finally, we
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have

BIF (Xurr) — P < (=g + Toger ) EIFVCR) = F(a)]

]

Remark 4.2.17. Returning to the setting of Table 4.1. For L = 100, = 0.01 and N = 10° = 10k,

we want to choose a = 7, 7 < % such that p defined in Theorem 4.2.16 is gieven by

! (=57 +27) ! Ny
= — 4+ 27) = T .
P=1-2r 7 1—2r \107M
M = 4N such that p = %. The number of gradient evaluations of one cycle in

We set 7 = 1—10, R
SVRG is 2M + N, such that the effective rate of convergence compared to full GD is

1

9 9
SVRG _ ﬁ S ~ 0.94
P p < 16) )
which still achieves a better convergence rate than GD. Note that the above choice of step size
has been selected by trial and might be improved significantly. Moreover, we emphasize again
that there are no additional storage cost when applying Algorithm 11, such as it was the case for
Algorithm 9 and Algorithm 10.
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A

Appendix

A.1 Convex sets and functions

We will give a brief overview of convex sets and functions. We start with the following definition.

Definition A.1.1 (convex set). A subset C' C R? is called convez, if
A+ (1=NyeC

for all ,y € C and A € [0, 1].

”convex sets”

”non-convex sets”

D
&,

Figure A.1: Examples of convex and non-convex sets.

]

Similarly, we can define convex functions.

Definition A.1.2 (convex function). Let C' C R? be a convex set. A function f: C — R is

called convez, if

fOz4+ 1 =Ny) <Af(@)+ (1= N)f(y)

for all z,y € C and A € [0,1]. A function f is called concave, if —f is convex. Moreover, a

119
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function f is called strictly convex, if

fAz+ (1 =XNy) <Af(z) + (1= A)f(y)

for all z,y € C, z £y and A € (0,1).

Example A.1.3. Let’s consider the following examples.
1. Let {C;, i € I} be a family of convex sets. Then M;crC; is a conver set.

2. Let Cy,Cy C R? be two convex sets, then the set
C={zeR | z=u+29 x, €CLas €y}

18 a convex set.
3. The itmage of a convex set under linear transformation is again a convex set.

4. Let C C RY be a convex set and let f: C — R be a convex function. Then the level sets
Ay ={zeC| f(x)<a} and B,={xeC]| f(zx) <a}

are conver sets for all o € R.

Definition A.1.4. Let f : C — R be a function and C C R? be a convex set. We define the
epigraph of f as
E(f) = Az, w) e O xR f(z) <w},

the set of all points above the graph of f defined as

G(f) = {(z,w) € O xR f(zx) = w}.

We can characterize convex functions via convexity of its epigraph.

Proposition A.1.5 (Fact). Let f : C' — R be a function and C' C R? be a convex set. The

f is convex if and only if its epigraph £(f) is a convex set.

Next, we describe an inequality for convex functions which will be used often times in this lecture.

Proposition A.1.6 (Jensen’s inequality). Let f : C' — R be a convex function, C' C R be a
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Figure A.2: Tllustration of the connection between the graph G(f), the epigraph £(f) and the
convexity of f.

convex set and Aj, ..., A, € (0,1) with > A\; = 1. Then it holds true that

FQ_ N <D Nif ().

Exercise A.1.1. Prove Proposition A.1.6.

One typical example for the application of Jensen’s inequality is

1< g )
Example A.1.7. In the following we present a row of useful properties in the context of convex
functions.
1. FEvery linear function is convex.
2. Every norm in R? is convex.
3. Let f1,..., f. be convexr functions and cq,...,c, > 0.

a) Then x — Y ., fi(z) is a convex function.

b) Then x — sup,y _,, fi(z) is a convex function.

Exercise A.1.2. Prove the properties presented in Example A.1.7.
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Proposition A.1.8. Let C' C R? be a convex set and let f : C'— R be differentiable over C'.
Then the following holds true:

1. The function f is convex over C' if and only if
f(z) 2 f(z) + (z —2) V f(2),

for all z,z € C.

2. If
f(2)> f@)+(z—2) ' Vf(@), z#z

for all z,z € C, then f is strictly convex.

Proof. We only prove the first assertion, the second one follows by similar argumentation. Firstly,
assume that f is convex and let z, z € C'. Since C'is a convex set, x+a(z—x) € C for all a € (0,1).

The convexity of f implies that

f+a(z— ) <af(z) + (1 —a)f(z),

which we can rewrite to
f(z+a(z —z)) — f(z)

a

< f(2) = f(=).

On the other side, since f is differentiable, we have

(z—a)"Vf(z) = lim flx+alz—1x)) — f(x)

a~—0 a

< fz) = f(=).
This proves the first direction ” = 7. Secondly, for the direction ” <=7 suppose that
f(z) > f(x) + (2 = 2) 'V f(2) (A1)

for all z,z € C. We fix arbitrary z,y € C and A € (0,1), and define z := Az + (1 — A)y. Then by
(A.1) we have both
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Combining both inequalities yields

M)+ @ =Nfy) 2 M (2) + Az = 2) V() + (L= Nf(2) + 1 =Ny —2) VI(z)
=)+ A+ (1= XNy —2)Vf(z)
=[(z) = Az + (1= Ny).

Since x,y € C' are arbitrary, we have proven convexity of f. n

Proposition A.1.9. Let C C R be a convex set, f : R? — R twice continuous differentiable

over C' and let Q) € R¥™? be a symmetric matrix.
1. If V2f(z) is positive semi-definite for all x € C, then f is convex over C.
2. If V2 f(x) is positive definite for all z € C, then f is strictly convex over C.

3. If C =R?% and f is convex, then V2f(x) is positive semi-definite for all z € C.

W~

. The quadratic function x — f(z) = ' Qu is convex if and only if Q is positive semi-

definite. Moreover, f is strictly convex if and only if () is positive definite.

Proof. 1. Let z,y € C, then by the mean-value theorem there exists a € [0, 1] such that

F) = F@) + (g = 0) VF@) + 5y~ )V + aly — )y — o)
> f(a)+ (g~ ) F(x),

where we have used that V2 f(x + a(y — x)) is positive semi-definite, since z + a(y — z) € C.
Then f is convex by Proposition A.1.8.

2. Follows similarly as the proof of the first claim.

3. Let f be convex and suppose that there exists € R? such that 2" V2f(x)z < 0 for some
z € RY. By assumption we have that z — V?f(z) is continuous, such that for @ > 0 small
enough it holds true that

2'V2f(r)z <0, forac0,a).

For an arbitrary & € [0, &) we set Z = @z. By the mean-value theorem there exists 8 € [0, 1]
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such that

flx+2)=flx)+ 2"V f(z)+ %zTWf(x + BZ)z

= f(x) + 2TV f(z) + %dzzTVf(fE + fa 2)z

< f(z) + 2"V f(2),
which is in contradiction to the convexity of f (see Proposition A.1.8).

4. The hessian of f is given by V2f(z) = 2Q for all z € R%. With 1. and 3. it follows that f
is convex if and only if () is positive semi-definite. If () is positive definite, then convexity
of f follows by the 3. assertion. It is left to prove that strict convexity of f implies that @
is positive definite. Assume that f is strictly convex, then by 3. we know that () is positive
semi-definite. If a matrix A € R%? is positive semi-definite but not positive definite, then
there exists at least one z € RY, x # 0 such that 2" Az = 0, i.e. Az =0 = 0- 2. Hence,
to prove that @) is positive definite we will show that A = 0 is no eigenvalue of ). Suppose
A = 0 is an eigenvalue of @), then there exists x # 0 such that Qz = Ax = 0. This implies

that
1 1

1 1 L T T T ()
§f(96)+§f(—37):§(1’ Qr+(—z) Q(—z) == Qa:—O—f(iaz—i:c),

which is in contradiction to strict convexity of f. Hence, () is positive definite.

We will often consider the class of strong convex functions.

Definition A.1.10 (strongly convex function). Let C C R? be a convex set. A function

f:C — Ris called p-strongly conver over C, if

) > f@) + (y = 2) V(@) + Slly = 2]

for all z,y € C.

Proposition A.1.11. 1. Every p-strongly convex function f is also strictly convex.

2. A function f: C' — R is p-strongly convex if and only if its hessian V2 f(z) is uniformly
positive definite with
2"V f(2)z = pl2|?

for all z € C and all z € R,
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Exercise A.1.3. Prove Proposition A.1.11.

A.2 Lyapunov methods for optimization

We will motivate the application of Lyapunov theory to optimization methods based on stability
analysis of ordinary differential equations (ODEs). Lyapunov theory can be applied to analyze the

behavior of dynamical systems without solving them analytically. Let

=g(z(t)), 2(0)=z R (A.2)

be a continuous-time dynamical system described as ODE with ¢g : R? — R? locally Lipschitz-

continuous.

Definition A.2.1. We call a point z € R? equilibrium point of (A.2) if g(z) = 0.

Lyapunov methods can be applied to describe stability of equilibrium points of (A.2). Without

loss of generality we assume that z = 0 € R? is an equilibrium point of (A.2).

Definition A.2.2. The equilibrium point z = 0 is called

1. stable, if for all € > 0 there exists a 6 = d(¢) > 0 such that:

|z(0)]] <6 = |lz(t)|]| <e forallt>0.

2. unstable, if Z is not stable.

w

. locally asymptotically stable, if Z is stable and 6 > 0 can be chosen such that:

|z(0)] <6 = lim z2(t) =0.

t—00

4. globally stable, if Z is stable and lim,_,, d(g) = 0.

ot

. globally asymptotically stable, if lim; ., z(t) = 0 for all 25 € R%

We consider a continuously differentiable function V : R? — R - in the following called candidate
of a Lyapunov function - which will be used to be described along the trajectories. With the help
of chain rule, we can describe the dynamical behavior of V' along the trajectory of z(t):

WEO) _ 9.7z, Z0) = (9.1 (1), :000).
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Under specific assumptions on the function V' one can verify global stability of z.

Theorem A.2.3 (Theorem 3.2 in [13]). Let Z = 0 be an equilibrium point of (A.2). Moreover,
let V:R? — R be continuously differentiable with

1. V(z2)=0and V(z) > 0 for all z € R?\ {z},
2. V(2) = oo for ||z|| = oo,
3. % = (V.V(2(1)),g(z(t)) < =W(z(t)), for some continuous function W : R* — R.

IfW(z2) > 0 for all z € RY, then % is globally stable. Moreover, if W(z) > 0 for all z € R4\ {z},
then z s even globally asymptotically stable.

A function satisfying the above conditions is sometimes also referred to a Lyapunov function.

We want to apply Lyapunov theory as tool for analyzing convergence of optimization methods.

Let us start with an motivating example in continuous-time.

Example A.2.4. The gradient descent method with fized step size & > 0 is written as
T+l = T — @Vf(xk),

which for & — 0 can be interpreted as Fuler-scheme of the ODE

dz(t)
dt

= —Vf(a(t)). (A3)

In general, optimization schemes are often described and/or analysed through its continuous-time
formulation. The system is sometimes also called gradient flow and intuitively speaking, it describes
gradient descent with degenerated step size. It can be used as indicator of how gradient descent
may perform with sufficiently small step size & > 0. We have analysed gradient descent methods
under various settings such as (strong) convexity and smoothness. The convergence analysis of
the gradient flow (A.3) can be done in a very similar way using Lyapunov theory. We want to
construct a function describing the convergence behavior of the dynamical system (A.3) without
solving it explicitly. The most straightforward analysis can be done for the error function V(x(t)) =
E(x(t)) = f(x(t)) — f«, where f, = mingepa f(z) > —o0. Similar as before, we can describe the
dynamaical behavior of V' through the ODE

W) — (9,0 @), B0) = (V). VH0) = -V o)

Under suitable conditions on f one can now apply Theorem A.2.3 in order to quantify stability of

a (unique) stationary point x, € R of f as equilibrium point of the gradient flow (A.3).
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Let us consider a optimization scheme in continuous-time of the form

= g(z(1)), (A.4)

and a corresponding error function £ : R? — R to be analyzed. We aim to quantify the convergence

of (A.4) through the error function along the trajectory

EEW) _ (9,e60).oatr) =
t <0

This can be used to obtain results such as monotonically decreasing error (< 0) or even convergence
of the error (< 0). However, these properties are not sufficient to describe the speed of convergence.
In order to say something about the convergence speed, we can define a time-dependent error
function & : [0, 00) x R? — R of the form

~

E(t,x) =()E(x),

where 7 : [0,00) — R (smooth and continuously differentiable) is devoted to describe the speed
of convergence. Let us illustrate the strategy of proving convergence with the help of this error

function throught the following example.

Example A.2.5. We want to minimize f using (A.4) and prove convergence of the error function

E(x) = f(x) — f.. One possible strategy is to construct the time dependent error function

-~

E(t, x(t)) = y(H)E(x(t) + r(x(t)),

where 7 : [0,00) with dzl—gt) > 0 describes our guess of convergence rate and r : R — R is an

auziliary function with r(x) > 0. Suppose we are able to prove monotonicity of the error in form

of

dE(t, x(t)) <0
dt -
(using again chain rule), we can directly imply by definition ofg that

o~

E(t,x(t)) = () (f (@(t) — f.) +r(x(t)) < E(0,2(0)),

and therefore, we can imply convergence of the error € in form of

A similar strategy for discrete-time optimization schemes is described in Section 3.3.1.
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A.3 Measure theoretical background

In the following section, we will briefly recall the definition of Dynkin systems and o-algebras, and
a useful tool which allows to prove measure theoretical properties on a N-stable generator of a
o-algebra. For example, if we want to prove that two measures p; and ps on the same measurable
space (€,A) are equal, it is sufficient to verify the equality on an N-stable generator £ of A
(i.e. 0(€) = A). For more details we refer to [14, Section 1].

Definition A.3.1. Let A C P(2) be a non-empty family of subsets of Q2. We call A a

o-algebra if
1. Qe A,
2. Ae A = Abe A,

3. Al,AQ,"'GA - UAZGA

=1

Definition A.3.2. Let D C P(2) be a non-empty family of subsets of Q2. We call D a Dynkin

system if
1. Qe D,

2. AeD = AbenD,

3. A1, Ay, - -+ € D pairwise disjoint (i.e. A, NA; =0,i#j) = WA eD

=1

Proposition A.3.3. Let D be a Dynkin system, then the following is equivalent:
e D is a o-algebra,

e D is N-stable, i.e. for A, B € D it follows AN B € D.

Definition A.3.4. Let £ C P(2) be a non-empty family of subsets of 2. Then we define

o(€) = N B

ECB, B o—algebra




Optimization in ML Simon Weissmann Page 129

as the o-Algebra generated by £. Similarly we define

d(&) = N B

E£CB, B Dynkin system

as the Dynkin system generated by &.

Theorem A.3.5. Let £ C P(Q) be a non-empty family of subsets of Q0 which is N-stable, then
d&)=0o(&).

Remark A.3.6. In order to prove that some condition @ is satisfied for all A € A, where A is a

o-algebra over (), we can follow a certain strategy:
1. define the set M = {A € A | condition @ is satisfied for A} C A,
2. prove that M is a Dynkin system,
3. find a N-stable generator £ of A such that £ C M,

4. imply that
2 nkin system
A=o(&) = d(&) " apg) M Pyidnsystem g o g

which yields that M = A, i.e. condition @ is satisfied for all A € A.

A.4 Martingales

In this section, we briefly recall Doob’s martingale convergence theorem, in particular for super-

martingales. We refer to [14, Section 9-11] for more details.

Definition A.4.1. Let (2, A, F,P) be a filtered probability space. We call stochastic process
X = (Xg)ken martingale with respect to the filtration F, if

1. X is F-adapted,
2. E[|X|] < oo for all k € N,

3. E[X} | i) = X, for all k,l € N with [ < k.

If 3. holds with < (>), then we call X a supermartingale (submartingale).
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Theorem A.4.2 (Doob’s supermartingale convergence). Let X = (Xy)ren be a supermartin-
gale or submartingale with

sup E[|Xk|] < o0,
keN

then (Xg)ken converges almost surely to an Fo.-measurable and integrable random variable
X

Remark A.4.3. For a martingale we have the property of constant expectation E[X}] = E[X{]
for all k € N. For a supermartingale in contrast, we have decreasing expectation E[X;] < E[X]] <
E[Xo] for £k > [. Therefore, it is sufficient to replace the condition sup,.y E[|Xk|] < oo of

Theorem A.4.2 with the expectation of the negative part X, = max(0, —X), since we have
E[| Xk = E[X; + X ] =E[X; — X, + X, + X, | = E[X}] + 2E[X, ] <E[X,] + 2E[X,].

In case that X}, is bounded from below it follows that E[X, ] < co. This means it is sufficient to

prove a uniform lower bound on (X )ken in order to apply Theorem A .4.2.
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