Nesterov’s Accelerated Gradient Method

Momentum, Lyapunov Functions, and Convergence
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1 Why introduce momentum?

1.1 Gradient descent

The gradient descent method with step size 1/L is

1
Tpt1 = Tk — ZVf(xk)

For convex and L-smooth functions, the usual rate is

fla) - f =0 (,1) .

For p-strongly convex and L-smooth functions, gradient descent converges linearly:

o) =1 < (1= ) () = ),

Since

gradient descent requires on the order of

1
O </1 log >
€
iterations to obtain error at most e.
Nesterov acceleration improves these rates to

()

0 (ﬁlog i)

in the convex case and

in the strongly convex case.
1.2 Heavy-ball momentum
Polyak’s heavy-ball method takes the form

Th1 = Tk — oV fzg) + B(ak — Tp—1)-

The vector
T — Tk—1

represents the previous direction of motion. The parameter 8 > 0 introduces inertia or

momentum.

The method first computes the gradient at zj, and then adds a momentum correction:

gradient at the current point + momentum. ‘

Heavy-ball momentum can be extremely effective for quadratic functions. However, parameter
choices that are optimal for quadratics do not automatically guarantee convergence for all smooth

strongly convex functions.



1.3 Nesterov momentum

Nesterov’s method changes the order of the operations. In one common notation,

Yres1 = Tp — iV f(xp), (1)
The1 = Ykl + Br(Yrr1 — ur)- (2)
The point x; is an extrapolated point. The gradient is evaluated at xj, rather than at y.
Equivalently, if
Tk = Yk + Be—1(Uk — Yr-1),
then
Yrr1 = Yk + Bre—1(ye — Yr—1) — V[ (yr + Be—1(yr — Yr—1)) -

Thus Nesterov’s method has the schematic form

extrapolate first ——  evaluate the gradient at the extrapolated point. ‘

This is different from heavy-ball momentum, where the gradient is evaluated before the
momentum correction is added.

Teaching point 1.1. It is useful to distinguish three types of points:
e ;. the point produced by the previous gradient step;
e x;: the extrapolated point where the next gradient is evaluated;
e 2;: an auxiliary momentum state used in the convergence proof.

The sequence z; may initially seem artificial, but it is exactly the variable that makes the
Lyapunov cancellations transparent.

2 Lyapunov method

Consider the autonomous differential equation

() = g(=(1)),

where g : R™ — R™, and let z(¢) be a sufficiently regular solution. A point z* is an equilibrium
if

g(z*) =0.
For simplicity, suppose that the equilibrium of interest is z* = 0.
The state z(t) may be high-dimensional, and it may be difficult to understand its trajectory

directly. The Lyapunov idea is to replace this vector-valued evolution by a carefully chosen
scalar quantity

V(=(t)-
This scalar quantity is designed to summarize how far the system is from the desired equilibrium

and how that distance evolves under the dynamics.
A useful Lyapunov function must therefore perform two different tasks:

(i) it must measure the behavior we want to control;

(ii) its evolution must be compatible with the differential equation.



For stability of the equilibrium 0, the first task is usually expressed by requiring
V(0)=0 and V(z) >0 for z#0.

Thus V assigns zero energy to the equilibrium and positive energy to every other state.
The second task is to show that the dynamics cannot increase this energy. Along a trajectory

z(t), the chain rule gives
V) = (VVE0), 1),

Substituting the equation of motion 2(¢) = g(z(t)), we obtain

%V(z(t)) =(VV(2(t)),9(2(1))) -

The expression )
V(z) :=(VV(2),9(2))

is the derivative of V in the direction of the vector field g.
If

V(Z) < Oa

then the vector field always points in a direction in which V' does not increase. Consequently,
for t2 > tl,
V(z(t2)) < V(z(t1)).
Indeed,
to .
V(z(t2)) — V(z(t1)) = V(z(s)) ds <0.

t1
This integration step is elementary. It is not the main content of the Lyapunov method. The
main problem is to discover a function V for which the sign of

(VV(2),9(2))
can be controlled.
2.1 Why a decreasing scalar quantity is useful
Suppose V is positive away from the equilibrium and nonincreasing along trajectories. Then
V(z(t)) < V(2(0)) for every t > 0.
The trajectory is therefore confined to the sublevel set
{zeR™:V(z) <V(2(0))}.

If small sublevel sets of V' are small neighborhoods of the origin, then a trajectory that starts
close to the origin cannot move far away from it. This is the basic mechanism by which a
Lyapunov function proves stability.

It is important to distinguish stability from convergence. The inequality

V(z) <0
only says that the energy cannot increase. It does not, by itself, imply that

z(t) — 0.



The energy may remain constant along a nontrivial trajectory. To prove convergence to the
equilibrium, one needs additional information, such as strict decay

V(z) <0 for z # 0,

or a more refined invariance argument.
Thus a Lyapunov function translates questions about a complicated trajectory into questions
about a scalar quantity:

Does V measure the desired notion of error?

Does the dynamics force V' to decrease?

Both questions are essential.

2.2 Lyapunov functions in optimization

In optimization, the objective is not merely to prove that a trajectory remains near an equilibrium.
We want to control an optimization error, such as

)~ £ f* = min fa),

and ideally obtain a quantitative convergence rate.
For this purpose, it is often useful to allow the Lyapunov function to depend explicitly on
time. We then consider an energy

E(t) = V(t, z(t)).

Its derivative along a trajectory is
E't) = oV(t, x(t) + (VaV(t,2(1)), 2(1)) -

Once again, the differential equation is substituted for &(¢). The energy is designed so that the
resulting terms cancel or combine into nonpositive quantities.
A common form is

E(t) = A@)(f(z(t)) = f*) + R(t),
where
A(t) >0 and R(t) > 0.

Here R(t) may measure distance to a minimizer, velocity, momentum, or a combination of these
quantities.
If the dynamics and the assumptions on f imply

E'(t) <0,

then
E(t) < £(0).
Since R(t) > 0, we also have

At (f(=(t) = f*) < E@).

Combining the two inequalities gives

&

0)
(t)

The growth of A(t) therefore determines the convergence rate. For example,

fx(t) — f* <

N

Ay =t — ﬂﬂm—ﬁzO(D,
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whereas
A =2 —  fal)—f =0 (;) .

This is the central Lyapunov strategy in optimization:

1. Decide which error and which convergence rate should be proved.

2. Construct an energy that contains the appropriately weighted error.
3. Add auxiliary terms that make the derivative manageable.

4. Differentiate the complete energy.

5. Substitute the dynamics.

6. Use properties such as convexity or strong convexity to show that the resulting expression
is nonpositive.

7. Read the convergence estimate from the energy.

The creative step is the construction of the energy. The auxiliary terms are not arbitrary:
they are chosen so that their derivatives cancel unfavorable terms arising from the weighted
objective gap.

2.3 Example: gradient flow

Let f: R? — R be differentiable and convex, and suppose that z* is a minimizer of f. Consider
the gradient-flow equation

@(t) = =V [f(x(t)).
The objective value itself is nonincreasing, because

d

— F@®) = (Vf(x(), (1)) = = [VF®)]* <0.

This is useful, but it only shows monotonicity of the objective value. It does not yet provide a
rate at which f(x(t)) approaches f*.
To obtain a rate, consider instead the time-dependent energy

£(1) = 1(F((t) — 1) + 3 llo(t) — a* .

This energy has been designed with two components:

e The term
t(f(z(t) — f*)

encodes the desired O(1/t) rate.
e The term
1 * |2
> lle(t) - %)

is included because its derivative will interact favorably with convexity.



We now differentiate the complete energy:

E'(t) = f(z(t) — f* +t(Vf(z(t), 2(1)) + (a(t) — 2", £(2)) -

Substituting the gradient-flow equation

#(t) = —V f(a()
gives
E'(t) = f(@(t)) = f* =t |Vf (@) = (Vf(x(t), 2(t) — 2¥) .
Convexity implies
f@) = flx() + (V) 2" —2(t)) .
Equivalently,
fa) = f* < (Vf((),(t) —2").

Therefore,
E't) < =t |V f(x®)]* <o0.

The important point is the cancellation

f(@(t) = 7= (Vf(x(t), x(t) —27) <0.

The distance term was added precisely to produce the inner product needed for this convexity
inequality.
It follows that
E(t) < £(0).
Since

£(0) = 3 lx(0) — o

and the distance term in £(t) is nonnegative, we obtain, for every t > 0,

(I 0) ~ 1) <€) < 3 lo(0) — ]

Consequently,

o < Nlz(0) — |
Pt - < PO

This example illustrates the Lyapunov method more fully than the simple observation that
f(x(t)) decreases. The rate follows from a specifically designed combination of the objective gap
and the distance to a minimizer.

2.4 Optional motivation: the accelerated ODE

A continuous-time model often associated with Nesterov acceleration is
. 3.
Z(t) + Zx(t) + Vf(z(t) =0, t>0. (3)

For a convex function f, consider the energy

2

£(t) = (f(a(0) — £) + 2 |[alt) + L(t) ~ o*

Set



Using the ODE,

u(t) = @(t) + §x(t) + S E(1)
t .
= 5a(t) + 5 (—w(t) - Vf(ﬂﬁ(t)))
= — >V f(z(t))

Therefore,

where the last inequality follows from convexity.
Consequently,

faw) - < 5

This calculation gives the continuous-time analogue of accelerated O(t~2) convergence.

2.5 The discrete-time analogue

For an iterative method, the trajectory xz(t) is replaced by a sequence xg,x1,.... A discrete
Lyapunov function is a sequence of nonnegative energies

&o, &1,

constructed so that
Then
As in continuous time, this final implication is elementary. The main work is to design & so
that:
(i) it controls the optimization error;
(ii) the update rule makes the energy difference nonpositive.

For example, if
& = A (f(zr) — f*) + Ry, Ry >0,

and one proves
Eptr1 < &,

then

The continuous- and discrete-time viewpoints are therefore parallel:

E't) <0 — Er1 — &L <0.



In both cases, the Lyapunov idea is to construct a scalar certificate whose evolution reflects the
desired behavior of the original system.
A Lyapunov proof is often best understood backwards:

1. Decide which convergence rate you want.
2. Choose a weight Aj with the corresponding growth.
3. Add an auxiliary nonnegative term.

4. Design the algorithmic parameters so that the increment &1 — & is nonpositive.

2.6 Example: gradient descent

Let f : R — R be convex and L-smooth, and let z* be a minimizer of f. Consider gradient
descent with step size

1
O<a< —:
- L
Tpp1 = x — aV f(xg).
We will construct a discrete Lyapunov function that proves

fa-r=o(3).  r=fa)

Define

£ = k(f(a) — %) + 5 llos — "

The factor k is chosen to encode the desired O(1/k) rate. The distance term is included because
its change under the gradient descent update produces the terms needed to control the objective

gap.
We begin by deriving the key one-step inequality.
By L-smoothness,

L
fy) < F@) +(VF@)y —2) + 5 lly - =|”.
Applying this inequality with x = z;, and y = 21, and using
Tpy1 — o = —aV f(xg),

gives

2 Lo? 2
f(@pr1) < flze) — o[V (o))" + - IV f(z)ll

Lo
— o) —a (15 ) IV @I
Because o < 1/L,
La _ 1
1- =22
2 <2

Therefore,

[ < fan) = 5 V@I

In particular,

f(@rgn) < fag),



so the objective values are nonincreasing.
Convexity gives

flx) = 7 < (Vf(zp), zp — 7).

Combining this inequality with the descent estimate yields

f@re) = = flaesr) — flae) + flae) — [~
!
< (Vf(n), @ —a") = 5 IV £ ()]1? -
We now examine the change in the squared distance to a minimizer. From the gradient
descent update,
|1 — 2 = [lag — 2% — aV f(zi)]”
= [z — 2" = 20 (V f(wy), @x — a*) + @® |V f(ap) |

Rearranging gives

1

o (= a*” = lanes = a*[1*) = (V(@e), e —2*) = SNV @I

Consequently,

1
Fanin) = £ < o (e = 1P = lawa =)

This is the key one-step estimate. It says that the decrease in the distance term is large enough
to pay for one copy of the objective gap at the next iterate.
We can now verify that the Lyapunov function decreases. Its one-step change is

Eky1 — & = (k+ 1) (f(@pp1) — f*) = k(f (@) — f*)

1 * (12 *2)
+ 5 (lower =2 = flan — 1)

The key one-step estimate implies

oo (llzksn = 1P = ok = 2*12) < ~(Flairn) - 1),

It follows that

Eki1 — &k < k(f(@p1) — f(an))
< O)

where the last inequality follows from the monotonicity of the objective values. Thus

Err1 < &k,
and hence
&L < &.
At k = 0, the weighted objective gap vanishes, so
1
€ =5 llzo - z*|?.

Moreover, the distance term in & is nonnegative. Therefore, for every k£ > 1,

1
k(flzp) = f*) <& <& = %0 o — 2*||% .

10



Dividing by k gives

o llzo — 2%
e 0T
flog) — 7 < 5ok

Thus gradient descent satisfies an O(1/k) convergence rate for every step size
1
0<a< —.
- L

A smaller step size gives the same order of convergence, but the bound has a larger constant
proportional to 1/c.
The Lyapunov mechanism can be seen particularly clearly by writing

N 1
Or = flar) — 7, RkZﬂHiﬁk—x*HQ-

The key one-step estimate says
Riy1 — R < —0p41-

On the other hand,
Er = ko + Ry,

so increasing the weight from k to k + 1 creates one additional copy of dgy1:

Epy1 — E = (K +1)0kq1 — kdp + Rp1 — Ry
< k(0gs1 — 0) <O0.

The decrease in the distance term pays for the additional objective-gap term. This cancellation
is the central idea behind the discrete Lyapunov construction.
3 Nesterov acceleration: convex and smooth case
Assume throughout this section that:
e f:R? = R is convex;
e f is L-smooth;
e z* € argmin f.

3.1 The three-sequence formulation

Let
Ag=0.

For each k£ > 0, choose ap4+1 > 0 and define
Apy1 = Ap + agy1-

We impose the key relation

Given Ay, this relation determines ag11. Indeed,
Lai,, = Ap + agy1,

and hence

1+ 1+ 4LA,
Ap+1 = o7, . (5)

11



Define

ag+1
TR = .
Ak
Starting from N
yo = z0 = 2™,
consider the iteration
Ay Q41
Ty = Y + Zk
Ay Ak
= (1 = 7)Yk + Th2k, (6)
1
Yk+1 = T — va(xk)a (7)
Zht1 = 2k — k1 V.f(T). (8)

The roles of the three sequences are:

e 1 is the point where the gradient is evaluated;

e yi .1 is obtained by a usual gradient step from xg;

e 2; stores accumulated gradient or momentum information.

The point x;, is a convex combination of y; and z.
Remark 3.1. At k = 0, relation (4) gives

1
a1:A1:Z, T():l.
Thus x¢ = 2g.
For £ > 1, one has 0 < 7, < 1.
3.2 The Lyapunov function
Define )
Ek = 5IIzk—w*H2+Ak(f(yk)—f*)- (9)

The two terms have different roles.

e The optimization error

Ap(f(yr) = %)

is the quantity from which we will read off the rate.

e The auxiliary term
1 * (|2
— |z — x
Nz — 2|
creates inner products involving z, — x*. Those inner products will cancel the terms
obtained from convexity.

Since both terms are nonnegative,
Ap(f(yk) = f7) < &

Thus, if we can prove & < &y, then
&o

*
— < =
flye) = " < A,
The entire proof therefore reduces to two tasks:

1. prove &1 < Ek;

2. prove Aj grows quadratically.

12



3.3 One-step Lyapunov estimate

For conciseness, define
gk = Vf(zp).

Lemma 3.2 (Convex Lyapunov increment). For the iteration (6)—(8),

1 Api1
Ery1 — & < 3 <ai+1 - L+> gl
Proof. We divide the calculation into three parts.

Step 1: change of the distance term. Since

Zk4+1 = 2k — Qk+19k,

we have

1

2
2

11

2
L g2

= —ap+1 (k> 26 — 2°) +

1 1 1
lewsr = 212 = 5l — 12 = 5 llaw — 2" = anagull® = 5 llax — 2°|1

(10)

Step 2: change of the weighted objective error. Using Ax11 = Ax + agy1, we write

A1 (f (k) — 5) — Ae(f (ye) — )
= Apr1 (f (k1) — flzw)) + apr (f(2g) — ) + Ae(f (z) — f(yr))-

Combining (10) and (11) gives

2
Eut = & = L el + A (Flesr) — S (@) + i
where
Ry = ap1(f(2r) — ) + Ae(f(z) — f(yr)) — anr1 (gk, 21 — 7).«

Step 3: use convexity to show R; < (0. By convexity,

o) = f° < gk, zp — %),

and
f@r) — fyk) < gk zk — yi) -

Therefore,

Ry < a1 (G o — %) + A (G Tk — Yk) — Qg1 (Ghr 26 — )
= (ks akr1(zr — 21) + Ar(zr — yi)) -

But the definition of xj gives
Ap12k = ApYk + Qkt12k-
Since Agy1 = Ag + apy1,
ak+1(k — 2k) + Ak(zr — yi) = (Ak + ap1)T) — Ak — 12k

=0.

13
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Hence
R, <0.

It follows from (12) that

CLi+1 2
k1 — & < > grll” + Appr (f (Yrr1) — flar))-

Finally, since
1
Yk+1 = Tk — nga
smoothness gives
1 2
_ < .
Flnrn) = fn) < =5 ol

Therefore,

Erpn =& < 5 <a§+1 - L+ ) gl

Teaching point 3.3. The proof contains two independent cancellations.
1. The interpolation rule
Ap12k = ApYk + Q12

cancels all first-order convexity terms.

2. The weight relation
Laiﬂ = A1

cancels the remaining squared-gradient term.

This illustrates that the algorithm and the Lyapunov function are designed together.

3.4 Monotonicity of the energy

By construction,
2
Laj 1 = Apy1.

Consequently,
A
2 k+1
——=0.
akJrl I
The previous lemma therefore gives
Ekp1 < &
By induction,
Er < &.
Because Ag = 0 and zg = 2™,
1. ..
& = 3 melt - m*HQ.
Thus, for k£ > 1,
ini 2
xlnlt — ¥
fl - < 12—

It remains to estimate the growth of Aj.

14



3.5 Quadratic growth of the weight
Define

tr =/ LA;.

Since

we have

The identity Axy1 = Ay + ap+1 becomes

2 2
bor _ e, e

L L L~
Therefore,
thp1 — thp1 = 1.
Equivalently,
14 /1+48F
l1 = 5
Since Ay = 0, we have ty = 0, and
t1 =1
Lemma 3.4. For every k > 1,
b=
Consequently,
2 (k+1)2
Ap=-FE>
T LT 4L
Proof. We use induction.
For k =1,
141
2
Suppose
k+1
ty 2~
Then
1+ 4/1+ 48]
U1 = 5
J L2t
- 2
1
=t + 5
S k+ 2.
- 2

This proves the result.

15



3.6 Accelerated convergence theorem

Theorem 3.5 (Nesterov acceleration for convex smooth functions). Let f : R? — R be convex
and L-smooth, and suppose x* € argmin f.
Let the sequences Ay, aki1, Tk, Yk, 2k be generated by (4) and (6)—(8), with
Yo = 20 = xinit.
Then, for every k > 1,
. 2L Hxinit _ x*H2

— <
Proof. The Lyapunov estimate gives
Sk < SO — } Hxinit . Jf*HQ
—_ 2 .
Since
Ar(f(yk) — ) < &,
we obtain )
init *
flye) — f* < Y P
Using
(k+1)2
A >
F=Tar
gives

27, Hxinit _ x*HQ

flyr) — 7 < CESE

Corollary 3.6 (Iteration complexity). To guarantee

f(yk)_f*éga

it is sufficient that

3

up to the dependence on the initial distance.

init _ .x|[2
k+12\/2LHx il iy

Thus the iteration complezity is

16



Beginning of Lecture 2

4 Recovering the standard two-sequence Nesterov method

The three-sequence formulation is ideal for analysis, but the method is usually implemented

using only two sequences.

We now show that the preceding algorithm is exactly equivalent to the standard Nesterov

iteration.

4.1 An important parameter identity

Recall that

Gk+1
TE = .
Ags1
The key weight relation implies
2
e = okl 1
Ag1 L
Equivalently,
1
Ap+1 = Tm
This identity makes it possible to eliminate zj.
From
T = (1 — Tk)yk + TRk,
we obtain
1
2y = Yp + —(Tk — Yr)-
Tk
Furthermore,
1
Y+l — Tk = *va(xk)-
Using (15),
21 = 2k — a1V f(2g)
1
= 2k + — (Yk+1 — T)
Tk
1 1
=k + —(zx —yr) + —(Yrr1 — 1)
Tk Tk
1
=Yk + — (Yer1 — Yk)-
Tk
Now,
g1 = (1 = Tha1)Uks1 + Th12k41
= Yrr1 + Thr1 (ka1 — Yks1)
1
= Yk+1 + Tht1 (Tk - 1) (Yk+1 — Yk)-
Therefore,
Trer1 (1 — 7
Try1 = Yht1 + Br(Ukse1 —Yk)s Bk = +(Tk)

17



4.2 The usual t;-notation

Recall
tr =/ LA;.
Since )
iyt t
g1 =~ Apy1 = %7
we obtain )
T = ——
Tht+1
Define a shifted sequence
Sk i= tr41
Then
So = 1
and
1+ 4/1+4s?
Skl = 5
Moreover,
Sk — 1
B = :
Sk+1

We have therefore recovered the familiar implementation.

Nesterov accelerated gradient method: convex case
Choose yg = xg € R? and set sp = 1. For k > 0, compute

1
Ykt1 = Tf — va(xk)7
1+ /1+4s7
Sk+1 = f7

Sk—l

Tht1 = Yk+1 T+ (Ykt1 — Yr)-

Sk4+1

Remark 4.1 (Why the momentum increases). The sequence sy grows approximately like k/2.

Hence 1
Br = ok — 1.

Sk+1

Thus the momentum becomes stronger over time.

This does not mean that the method ignores the gradient. At every step the gradient is
evaluated at the extrapolated point zj, so the gradient continues to correct the direction of
motion.

4.3 Relation to the explicit weights A, = k(k+1)/(4L)

A simpler explicit choice is

k(k+1)

A==
Then I
Ak+41 = Ak+1 — Ay = T’

18



and

2 (k+1)2 ckADE+2)  Apn
ML 42 = AL? L
This inequality is enough to prove
Err1 < &
and therefore gives the same O(k~?) rate.
For this explicit choice,
= Bl L
Ak+1 k+2

The corresponding formal momentum parameter is

B, = Tr41(1 — 7)) _ k
k Tk kE+3

However, in this explicit-weight version,

kE+1 1
Q41T = m fa iR

Therefore, the elimination of z; does not give the standard two-sequence Nesterov method
exactly.
This is why the equality choice
Laiﬂ = Apt1

is especially convenient pedagogically: it proves the accelerated rate and gives exact equivalence
with the standard implementation.
5 Nesterov acceleration: strongly convex case
We now assume:
o f:R% = Ris u-strongly convex;

e f is L-smooth;

e 0 < u<L.
The minimizer x* is unique.
Define
T = % € (0,1).
5.1 Three-sequence formulation
Consider
o= Tt (a7)
Yk+1 = Tk — %Vf(fﬁk), (18)
21 = 2k + 7(T)p — 21) — %Vf(:ck) (19)
The interpolation identity (17) can be rewritten as
yp — Tk = T(TK — 21)- (20)

This identity will be used repeatedly in the proof.

19



5.2 The strongly convex Lyapunov function

Define I
& = f(yk)—f*+§||zk—$*|!2- (21)

Unlike the convex case, there is no growing weight Aj. Instead, we will prove a direct

contraction:
gk_|_1 S (1 — T)(‘:k

Iterating this inequality yields
Er<(1- T)kgo.

The convergence rate therefore comes from the contraction factor rather than from a growing
coefficient.

5.3 A clean contraction proof

Theorem 5.1 (Strongly convex accelerated convergence). Let f : R? — R be p-strongly convex
and L-smooth, with 0 < u < L, and let

Suppose (xg, Yk, zr) is generated by (17)—(19). Then
Eppr < (1 —7)&,

where u
& = flyk) = 7+ 5 Ml — ¥,

k
&L < (1—\/5) &o-

Proof. Fix k and introduce the shorter notation

Consequently,

T = Tk, Y = Yk, Z = Zk, g:Vf(.T),
and
y+ = Yk+1, 2t = Rk+1-
Define
h:=y—ux.
By (20),
h=71(z—=z). (22)

The update of z becomes

z+—z:7'(x—z)—zg

T

=h-— ;g. (23)

We estimate
Err1 — (1= 7)&.
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Step 1: use smoothness for the gradient step. Since

1
+ . =
Yy T Lga
smoothness gives
1
+) < — —lg|*. 24
) < F@) = 5= ol (24

Therefore,

S — (1= 1 < f(2) — f* = (L= (0) — 1) — 5 ol

+ 2 (I =P - =)z =) (25)
Step 2: estimate the function-value expression. We rewrite
f@) == A =n)(fy) = ) =7(f(@) = )+ A =7)(f(z) = fv)).
Strong convexity, applied with x*, gives
@)= 1 <lgo—a*) = Ll — .
Strong convexity, applied with y, gives
@) = o) < =gy —a) = S lly— x>
Consequently,

f@) == =n)(fy) = 1)

<rlge—a*) = Lo —a*|

—@ -y - S e, (26)

Step 3: expand the distance expression. Let
ri=x—ax".

From h = 7(x — z), we have

Also, by (23),

2t —2=h- Zg.
Write -
di=z"—z=h——g.
Then
I =2 || = (1 =) 2 — 2|
=7llz = 2** + 2(d, 2 — =) + ||d|]*. (27)
Substitute
z—x =1r——, d:h—zg.
T
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A direct expansion yields

7z =2 +2(d, 2 — 2*) + ||d]?

1 2T
=l (1= 2) 2 = 2 )

-7 72
+”1)@mwvﬂmw. (28)

Multiplying by /2, we obtain
7 + 2 2
Cll =P = a=m)llz = I)
_ TRz B DY 2
=T+ (1= ) Ik =)
7'2 2
F=7) g, h) + ol (29)

Step 4: combine the estimates. Insert (26) and (29) into (25).
The following terms cancel:

T<g,7"> with —T<g,7">,

TR with ZE 2,
2 2

and

_(1_T) <g7h> with (1_T> <g7h>
We are left with

1
= (1-n)ge < & (v 1)

-
1 /72 1 9
- — == . 30
+3 (%=1l (30)
Because
o JE
L )
we have
72 1
po L
Thus the squared-gradient term vanishes.
Moreover, 0 < 7 < 1, so
T——-<0
T

It follows that

Therefore,

Iterating gives
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Teaching point 5.2. The parameter
i

T=4/=

L

does not appear by magic. It is chosen to cancel the coefficient

72 1

po L

This is a typical Lyapunov-design calculation:

‘compute the energy increment first, then choose parameters to make the remaining terms nonpositive.

6 Standard two-sequence form in the strongly convex case

We now eliminate z; from the strongly convex three-sequence system.

From
T n 1
TR = Z
k 11r k 1+ Tykv
we obtain
147 1
2k = Tk — —Yk-
T
Recall -
241 = 2k + T(x — 21) — ;Vf(:ck).
Since .
Ye+1 = Tk — Evf(l"k)
and
72 _ 1
po L
one can simplify the z-update to
1
Zpy1 = Yk + ;(yk+1 — Uk)-
Hence
T 1
T4+1 = mzkﬂ-l + mylﬁ-l
_ n 1-— 7'( )
= Yk+1 1+7 Yk+1 — Yk)-

Therefore the standard method is

Nesterov accelerated gradient method: strongly convex case

Set
_ e _1—T
=\ T i

Choose yg = zg. For k£ > 0, compute

1
Ykt1 = Tk — ZVf(l’k),

Thy1 = Yk1 + BYk+1 — Yk)-
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Since

the momentum parameter is

7 Complexity comparison

The strongly convex Lyapunov estimate gives

1 k

Using
1—s<e? s> 0,
we obtain .
gk S exXp <_\/E> g().
To guarantee
5k‘ S g,

it is sufficient that

exp —i & <e.
VE

k > klog (?) .

Thus Nesterov acceleration has complexity
1
@) <\/Elog > )
€

By comparison, gradient descent with step size 1/L satisfies a rate involving

Equivalently,

n 1
1-E=1-=
L K’

0] <I€ log 1> .
€

kK — k.

For an ill-conditioned problem with, for example,

and therefore has complexity

The improvement is

K= 104,

this corresponds heuristically to replacing a factor of 10 by a factor of 102.
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8 How to explain the Lyapunov strategy

A useful classroom explanation is the following.

Step 1: the objective value need not decrease
For accelerated methods, neither the iterates nor the objective values are necessarily monotone:

fyes1) < f(yk)
need not hold.
This does not mean the method is unstable. It means that the objective value alone is not
the right quantity to monitor.
Step 2: search for a combined energy
We combine the optimization error with a geometric or momentum term:

&, = objective error + distance/momentum energy.

The distance term absorbs oscillations that may appear in the objective values.

Step 3: compute one step of the energy

The essential calculation is always
Ept1 — &k

or, in the strongly convex case,

Ek1 — (L= 7)&.
The proof uses:
e smoothness to control the gradient step;

e convexity or strong convexity to control first-order terms;

the interpolation identities to cancel cross terms;

parameter choices to cancel the remaining squared norms.

Step 4: read off the rate

In the convex case,
1
& =5 llar — 2 |1* + Ar(f () — 1),

and
&L < &.

Therefore,

Since Ay =< k?/L, the rate is O(L/k?).
In the strongly convex case,

Therefore,



9 Common sources of confusion

1. Is the continuous-time Lyapunov theorem formally used?
No. It provides the conceptual template. The actual discrete convergence proof directly
verifies a discrete energy inequality.
2. Why do we introduce z;?
Because the update of
1 * (|2
— |z — =
Nl =]
produces the inner product
—ap1 (Vf(zg), 26 — ).
This is exactly the type of term needed to cancel the convexity bounds for the objective
error.
3. Does the objective decrease at every iteration?
Not necessarily. The Lyapunov energy decreases, but the individual terms in the energy
may oscillate.
4. Where does the k”? rate come from?

It comes from the growth of A, not directly from a one-step decrease of f(yi). The proof
gives

f(yk)_f*ézk7

and the weight recurrence gives Ay < k?/L.
5. Where does the square root ///L come from?
It is the parameter that cancels the squared-gradient coefficient in the Lyapunov increment:

7_2

1
—=0.
uw L

6. Is Nesterov momentum the same as heavy-ball momentum?

No. Heavy ball evaluates the gradient at the current point and then adds momentum.
Nesterov first forms an extrapolated point and evaluates the gradient there.

7. Why are there several equivalent versions of Nesterov’s method?

Different index conventions and variable names lead to formulas that look different. The
two common representations are:

two-sequence implementation <+ three-sequence Lyapunov representation.

The three-sequence representation is usually easier to analyze. The two-sequence represen-
tation is usually easier to implement.
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