Lehrstuhl fiir Mathematik IV Universitit Mannheim
Georgios Psaradakis, PhD Fakultit fiir Wirtschaftsinformatik
und Wirtschaftsmathematik

Thursday 05/09/2019

Calculus of Variations and Applications - Assignment #01

Exercise 1: Use elementary computations to prove that “among all rectangles with fixed perime-
ter, it is the square that maximizes the volume”.

Exercise 2: Use elementary calculus to show that |a + b|? <27~ !(|a|’ + |b|P) for all a,b € R,
where p > 1 is fixed.

Exercise 3: Use elementary calculus to prove that the maximum value of the functional

Flu] = /01 (u’(x) sin (u(x)) — (x+u(x))2)dx, uec((0,1)),
is 2/ for u(x) = —x.

Exercise 4: Suppose the continuous function u : [a,b] — R is such that

for all C! functions ¢ : [a,b] — R with ¢(a) = ¢ (b) = 0. Prove that u = 0.

Solutions to be delivered by Thursday 12/09/2019 in class or before 15:30 in Box 46213.



Lehrstuhl fiir Mathematik IV Universitit Mannheim
Georgios Psaradakis, PhD Fakultit fiir Wirtschaftsinformatik
und Wirtschaftsmathematik

Thursday 12/09/2019

Calculus of Variations and Applications - Assignment #(2

Exercise 1: Suppose f; — f in LP(R"), 1 < p < oo. Prove:
(i) timgn [ fellp = 11£-
(ii) fr — fin LP(R™) (for p < o0).
Exercise 2: Suppose limy_.. || fx||2 = || f||2- Prove:
(i) If fy — f in L*(R"), then f; — f in L>(R™).
(ii) If fy — f a.e. in R, then f; — f in L*>(R").

Exercise 3: Let 1 < p < oo and suppose that f; — f in LP(R"). Assume {g; € L™(R") }xen is
such that

(i) gx — gae. inR",
(i) supgen |[8klleo <M < oo,

Prove that figx — fgin LP(R").

Exercise 4: Prove the interpolation inequality for LP-norms: If 1 < p < g <r <o, p # r, and
feLrP(R")YNL(R") then

1/g—1/r
1/p—1/r

Exercise 5: The convolution of two measurable functions f,g : R" — R is defined by

1fllq < HngHin*e, where 6 =

(Fr0)e) = [ flx=2)a0) 42",

for any x € R” such that the integral exists. Use Fubini’s theorem and Holder’s inequality to
prove the following version of Young’s inequality:

If f € L'(R") and g € LP(R"), p € [1,0], then f * g € LP(R") with

17 +gllp < 111 llgllp-

Solutions to be delivered by Thursday 19/09/2019 in class or before 15:30 in Box 46213.



Lehrstuhl fiir Mathematik IV Universitit Mannheim
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Thursday 19/09/2019

Calculus of Variations and Applications - Assignment #03

Exercise 1: Use the idea of the proof of the Poincaré inequality (study first the relevant file
uploaded on the webpage of the course) to prove the Hardy inequality; that is,

1 12 (x
/0 (u’(X))zdxzi/O x(z)dx, Yuecl((0,1)).

[Hint: Find the Euler-Lagrange equation for the corresponding f = f(x,u,&) and observe that
x1/2 s a strictly positive solution of it. Then proceed exactly as in the proof of the Poincaré
inequality. ]

Exercise 2: We have shown in the first tutorial (as an application of the Fundamental Lemma
of the Calculus of Variations) that if f € L! ((a, b)) and

loc

b b
/fndx:O V1 €CZ((a,b)) with / ndx =0,

then f coincides a.e. in (a,b) with a constant function. Use this to prove that if f € L] ((a,b))
and

/abfn’deO vneC:((ab)),

then f coincides a.e. in (a,b) with a constant function. What is the answer if you are given
instead that

/bfn”dx:0 vneC((ab))?

Exercise 3: Use Fubini’s theorem and Holder’s inequality to prove the following version of
Minkowski’s inequality

(L (L) a) ™ < [ ([ 1) o

for all f: R" x R™ — R which are (let’s say) continuous with compact support.

Solutions to be delivered by Thursday 26/09/2019 in class or before 15:30 in Box 46213.
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Friday 27/09/2019

Calculus of Variations and Applications - Assignment #04

Exercise 1: A) Let V € C(Q) where Q C R" is open, n € N. Show that if f € C?(Q) is a strictly
positive (or strictly negative) solution of the equation

Af(X)+V(x)f(x) =0 xe€Q, (1)

then the following generalized Hardy inequality is true:

/ Vi) Pdx > / VEud(n)dx  forall u € C7(Q).
Q Q

[Hint: Apply the ground state transform (exactly as in the proof of Poincaré’s inequality or Ex-
ercise 1 of the previous problem set).]

B) Let R := {x = (x1,...,x,) € R" | x, > 0}. Prove

1 2
/ \vu(x)\dez-/ ) g forallue C2(RY).
R" 4 Jr

2
T

[Hint: From A), it suffices to find a positive solution f of (1) with V = %xn_ Zand Q = R%. To
this end, try f(x) = x% and find a.]

C) Let R? :=R"\ {0}, n € N\ {1,2}. Prove

—2\2 2
\Vu(x)\zdxz(” )/”@dx for all u € C=(R").
R} 2 R: x|

[Hint: From A), it suffices to find a positive solution f of (1) withV = (”;f)z\x\ Z2and Q= R
To this end, try f(x) = |[x|* and find o.]

Solutions to be delivered by Thursday 07/10/2019 in class or before 15:30 in Box 46213.
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Thursday 10/10/2019

Calculus of Variations and Applications - Assignment #05

Exercise 1: Recall that we write V @ U whenever U, V be open subsets of R” such that V C U
and V is compact. Show that if V € U then there exists { € C:°(R") such that support{{} C U,
0<f{<linUand{=1lonV.

Exercise 2: Let p > 1 and U be an open subset of R”, n € N\ {1}, such that " (U) < oo. Prove
the following version of the Poincaré inequality:

lullzrw) < Clnp) (L") " Vull ) forall ue CP(U).

[Hint: For all sufficiently large p, you can use first the Sobolev inequality that we mentioned in
the tutorial; that is

ull o0y < Cn, @) IVl Loy, " :=nq/(n—q), 1<q<n,

with suitable exponent ¢ such that ¢* = p, and then Holder’s inequality. For the rest p’s simply
use first Holder’s and then Sobolev’s inequality.]

In the next exercise we write N, for the zero set of a given function u:U —
R; that is,
N, :={x€U | u(x) =0}.

Exercise 3: Let p > 1 and U be a bounded, open subset of R"”, n € N, having smooth boundary.
Consider a function u € WP (U) such that

1

u

< oo forsome o € (0,).
L*(U)
The above assumption readily implies that N,, cannot have positive Lebesgue measure. Show in
particular that N, = 0, provided that

1
> —.
(04

S| =
SRR

[Hint: Assume there exists xo € U with u(xg) = 0 and use Morrey’s inequality to reach a con-
tradiction. ]

Solutions to be delivered by Thursday 17/10/2019 in class or before 13:45 in Box 46213.
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Thursday 17/10/2019

Calculus of Variations and Applications - Assignment #06

Exercise 2: Let u € LP(U) for some p € [1,00] and U C R" open. Denoting by 7 the standard
mollifier, set as usual ug(x) := (N *u) (x), x € Ug := {x € U | dist(x,dU) > e} if U C R", or
Ue = R"if U = R". Prove that ||ug||1r1,) < [|ullr(1)-

Exercise 2: Let U C R", n > 2, be open with .£"(U) < . Prove that for 1 < p < n we have
W, P(U) C LY(U) for all g € [1,np/(n— p)], with the estimate

1,
ull ey < Cln,p,U)||Vull oy forall u € Wy (U).
[Hint: Because of Holder’s inequality it suffices to show this only for g =np/(n—p).]

Exercise 3: Let U C R", n > 2, be open, bounded with boundary of class €. Prove that for
1 < p<nwehave W?(U) C L4(U) for all ¢ € [1,np/(n — p)], with the estimate

lullzawy < Cln,p,U)ullwiny — forallue WHP(U).

[Hint: Because of Holder’s inequality it suffices to show this only for ¢ = np/(n — p). To this
end proceed exactly as in the proof of Theorem 3.28, but using the Sobolev inequality in place
of Morrey’s inequality. ]

Solutions to be delivered by Thursday 24/10/2019 in class or before 13:45 in Box 46213.
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Thursday 24/10/2019

Calculus of Variations and Applications - Assignment #07

Exercise 1: Let Q C R" be open. Define for u € L' (Q) the variation of u in Q by

V(u; Q) := sup{‘/ﬂu dive d.2"

- 9 € CHQIR") with 9] =(0) < 1.
We define the space of functions of bounded variation as
BV(Q):={ucl'(Q) : V(u;Q) < oo}.
Prove that
() whi(Q) c BV(Q).

(ii) Prove the above inclusion is strict. To do so take Q = (—1,1) (hence n = 1) and consider
the function defined by H(x) =1 if x € (0,1), H(x) =0 if x € (—1,0). Show then that
H € BV(Q)but H¢ Whl(Q).

Solutions to be delivered by Thursday 31/10/2019 in class or before 13:45 in Box 46213.
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Friday 01/11/2019

Calculus of Variations and Applications - Assignment #08

Exercise 1: Suppose f : R” — R is convex; that is
fAx+(1=2)y) SAf)+(1=A)f(y) VYA€, xyeR"
Prove the following facts:

(i) For € > 0 denote by n¢ the standard mollifier. Then the mollified function f¢ := ne * f is
also convex.

(ii) If f € C'(R"), then we have f(y) > f(x) + Vf(x)- (y —x) for all x,y € R".

(iii) If f € C?(R"™), then the Hessian matrix D’ f is a nonnegative definite symmetric matrix
on R"; thatis E7 - D?f(x)-& > 0 for any & € R, x € R”, or what is the same,

Z fxl-xj'(x)gigj >0 VEeR" xeR"
i=1

Exercise 2: Accept the following fact on global approximation of BV (R") functions by smooth
functions with compact support:

if f € BV(R"), then there exists a sequence { f; € Co°(R") "BV (R") }xy such that f; — f
in L'(R") and also fpa |V fi(x)|dx — [ga |DS].

Use this to prove the Gagliardo-Nirenberg inequality in BV; that is

£y <C) [ DA ¥ f € BV(RY),

where C(n) is the same constant as in Gagliardo-Nirenberg inequality (see displayed formula
(5) on page 6 of the course calendar).

Solutions to be delivered by Thursday 07/11/2019 in class or before 13:45 in Box 46213.
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Thursday 14/11/2019

Calculus of Variations and Applications - Assignment #09

Exercise 1: Provide the details on how the Poincaré inequality in a bounded smooth domain
UcCR"™
lu—uy oy < Cln,p, U Vullppy Y ueWHP(U),

implies the Poincaré inequality in the annular domain A, := By,(xo) \ Br(xo) (some xo € R")

lu—1ea,lipay) < Clnp)rlI Vo) ¥ ue WHP(A).

Exercise 2: Suppose U C R” satisfies 0 < .Z"(U) < oo. If u is a measurable function with
lu|P € L (U) for some p € R, we define

| 1/p
@, (u) = (XH(U)/Uden) .

Prove:
I ®,(u) < Py(u) whenever 1 < p < g < oo,
IL. lim,_e ®,(u) = supy, |u|, and

1. lim,_, P, (u) = infy |ul.

Solutions to be delivered by Thursday 21/11/2019 in class or before 13:45 in Box 46213.



