Some preliminary material for the course
“Calculus of Variations & Applications”

0.1 Lebesgue measure
» For n € N, an n-dimensional interval I is a subset of R” of the form

I= {x: (X1yeeesXn) @ O <xp < B, k= 1,...,n}
= [ahBl] X [(XZ,ﬁZ] X ... X [aﬂaﬁn]7

where o < B for all k = 1,...,n. The volume of an interval I is given by
n
Vol() = [ T(Be — o)
i=1
» The Lebesgue measure (denoted throughout by .#”), is defined for any A C R” by

ZL"(A) = inf{ Z Vol(Iy) : {Ix }ken are intervals and A C U Ik}.
keN keN

One can show for an interval / that £"(I) = £"(I°) = Vol(I).

» A set A C R"is called .£"-measurable (from now on only measurable) if
Z"(B)=%"(BNA)+ <" (B\A) VBCR"

Hence, a set A C R” is measurable if and only if the set A° := R" \ A is measurable. Also,
0, R" and sets of measure 0 are measurable. It turns out that if {A; C R"},;cy is a sequence
of measurable sets, then

(i) if {Ax}ren are disjoint, then £ (UrenAk) = Lren-2"(Ax),
(ii) if {Ag }ren is non-decreasing, then limy_,.. Z"(Ay) = & ”(UkeNAk) ,

(iii) if {Ay }ren is non-increasing and £"(A;) < oo, then limy_0 " (Ax) = L™ (MrenAk)



(iv) the sets UyenAk and (ycyAx are measurable.
» A collection of subsets .7 C 2% is called a 6-algebra provided
D0, R'ee/, ()Acd =R'"\Aco/, (i) {Ar € L} ken = UrenAr € .

Hence, the collection of all measurable sets form a o-algebra. The Borel 6-algebra of R" is
defined as the smallest c-algebra of R” containing the open subsets of R”. A set in the Borel
o-algebra will be called a Borel set.

» The Lebesgue measure is a Radon measure on R"; that means it satisfies the following
properties

(i) every Borel set is measurable,
(ii) for each C C IR" there exists Borel set B such that C C B and .Z2"(C) = £"(B),
(iii) Z"(K) < oo for all compact K C R”.
» The Lebesgue measure has the following property (the Brunn-Minkowski inequality):
(Z"Aa+B)"" > (2"A)""+ (2"B)"" vaA BCR,

where A + B stands for the Minkowski sum of A, B.

0.2 Lebesgue measurable functions
» A function f: R" — R™ is called .-Z"-measurable (from now on only measurable) if
U CR™isopen = f~(U) is measurable.

If f,g: R"” — R are measurable, then so are f+g fg |fl, min{f,g}, max{f,g} and f/g
(provided g # 0 in R"). Also, if {f; : R" — R};cn are measurable, then so are infiey fi,

supyen fi, iminfy_,., fx and limsup, ., fk.

» A function f: R" — R™ is called Borel measurable if
U CR™isopen = f(U) is a Borel set.
Hence, if f: R” — R™ is continuous then it is Borel measurable (recall that the pre-image
f~1(U) of an open set U C R™ through a continuous function f is again open).
» If /: R" — [0, 00| is measurable, there exist measurable sets {A; C R}, such that

=¥ ) VxeR"
keN



» [Lusin’s theorem] Let f : R" — R™ be measurable and A C R" be measurable with
Z"(A) < eo. Then

Ve >0, Jcompact K C A such that £"(A\ K) < € and f| is continuous.

» The expression “a.e. in A” where A C R" means “almost everywhere in A with respect to
2" that is, “for all x € A\ N where .Z"*(N) =0".

» [Egoroff’s theorem] Let { f; : R" — R™};cn be measurable such that fy — f a.e. in A,
where A C R” is measurable with .#"(A) < c. Then

V€ >0, 3 measurable B C A such that Z"(A\ B) < € and f; — f uniformly in B.

0.3 Lebesgue integral

» For a function g : R” — R we set g, := max{0, g} and g_ := max{0, —g}. Observe these
are nonnegative functions and that the following decompositions are valid: g = g+ —g_ and

gl =g++5-.

» A function g : R"* — R is called simple function if the image of g is countable. Hence, if
g : R" — R is simple, then there exist disjoint {A; C R"};cy and {a € R}y such that

g = Z O XA, and U A = R".
keN keN

Furthermore, {A; }1cn can be taken measurable if g is known to be measurable.

» Thus, given a measurable simple function g : R” — [0, o], then there exist disjoint measur-
able sets {Ay }ren and { oy € (0,00] }ren such that

g= Z O XA, and U Ak - Rn,
keN keN

and so we define its integral on R" by

gds" = Z 0. L (Ag).
R keN

» If g : R” — IR is a measurable simple function and either [, g+ d-£" <o or [png— d.L" <
oo, we call g an integrable simple function and define its integral on R” by

/gdﬁ"::/ g+d,§f"—/ g dz".
n Rl’l Rn
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» Given f: R” — R, we define the upper integral of f on R" by

/ fdZL" .= inf { / g d.Z" : g integrable simple function with g > f a.e. in R”}.
R” R”
Correspondingly, the lower integral of f on R" is defined by

/ fdZL" :=sup { / g d.Z" : g integrable simple function with g < f a.e. in ]R”}.
JR R

A measurable function f : R" — R is called .#"-integrable (from now on only integrable) if
Jpnf dL" = [paf dZ". We write then [, f d-Z" for their common value.

» It turns out that any nonnegative measurable function is integrable. Also for any integrable
f wehave | [pn f dL"| < [gu |f] AL
» A function f:R" — R is called .£"-summable (from now on only summable) if it is
integrable and [, | f|d-L" < oo.
» [Fatou’s lemma] Let f; : R" — [0,0], k € N, be measurable. Then
liminf f; " <liminf [ f;, d.Z".

k k— R~

R~ —» 00

» [Monotone convergence theorem] Let f : R" — [0,0|, k € N be measurable such that
Jfx < fre1 a.e. in R”, for all k € N. Then
/ lim f; dZ" = lim | f,dZ".
R k—o0 k—yoo JRN

» [Dominated convergence theorem] Let f, f; : R” — R, k € N, be measurable, g : R” —
[0, 0] be summable, satisfying

(i) fr — fask— o, ae. in R,

(i) |fx] < gae.inR", forall k € N.

Then
lim |fx — fldZ" = 0.
k—oo JRP
» [Absolute continuity of the integral] If f : R” — R is summable then

Ve >0, 38 >0suchthatif A C R" is measurable with Z"(A) < 9, then / |fldZL" < €.
A
» [C.(R") is dense in L' (R")] If f: R" — IR is summable then
Ve>0, 3geC(R") such that / |f—g|dZ" <e.
Rn

» [a.e. convergence for a subsequence] Let f,f; : R” — R, k € N, be summable and
Jn | fi — f]dZ" = 0. Then there exists a subsequence {fj, }xeny Which converges to f a.e.
in R".



