LETCURE NOTES FOR INTRODUCTION TO PDES

LI CHEN

This is an introductory course for partial differential equations. Four basic types of PDEs,
i.e. the transport equation, wave equation, heat equation, and Poisson equation, will be
studied. Derivation of the solution formula by using characteristic method, separation of
variable (Fourier series), and Fourier transformation are going to be introduced for specific
equations, the technics can be used also for other type of equations. Classical tools such
as maximum principle and energy estimates are introduced in order to get uniqueness and
stability of the solutions.
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1. INTRODUCTION

1.1. Definition and examples of linear and nonlinear equations. Within this lecture
notes, we will use the following notations.

Q) is an open subset in R™. Let u be a smooth function defined on 2. A multi-index is
an n dimensional vector, i.e., & = (ay, -+, ay) and the differential operator D¢ is defined
by

D% = 03] 032 - - - O .
The order of the operator D¢ is given by |a| = a1 + ao + -+ + a, i.e., D is an |a|-th
order differential operator.

F' is a mapping in the following sense

F:R™ xR" ' x ... xR* xR x Q- R,
Symbolically a k-th order partial differential equation can be written in the form of
F(D*u(z), D* " *u(z),--- , Du(z),u(z),z) =0, VzeQ, (1.1)

where DF are all the k-th order differential operators, i.e., D* with |a| = k. The unknown
in the equation is u(x) : Q — R.
Moreover, if F is a vector-valued function such that

F:R™ x R™ ' x ... x R™ x R™ x Q — R™,
then the corresponding equation is a k-th order partial differential system
F(D*u(z), D*"tu(z), -, Du(z),u(z),z) =0, VYzeQ (1.2)

and u: 2 — R™ is the unknown.
If the equation can be written as

Z ao(z)D = f(x) (1.3)
la|<k
with an(z) and f(z) being given functions, then it is called a linear equation.
If the equation can be written as
Z o () D% + ag(D* tu,- -+, Du,u,z) =0 (1.4)
|a|=k

with a,(z) being a given function and ag being a given mapping, then it is called a semi-
linear equation.
If the equation can be written as

Z aa(Dk_lu, <o, Duyu, ) D% + aO(Dk_lu, -+, Du,u,x) =0 (1.5)
o=k

with a, and ag being given mappings, then it is called a quasilinear equation.
A PDE is called fully nonlinear if the highest order derivative is nonlinear.
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Theorem 1.1. (Superposition principle for homogeneous linear equations). Let f = 0 in
(1.3). If ur and uy are both solutions of (1.3), then all the linear combinations of u; and
ug are still solutions of (1.3).

We list here some examples of partial differential equations.
Linear PDEs

(1) Linear transport equation u; + b - Vu = f,
(2) Wave equation uy — Au = f,
(3) Heat equation u; — Au = f,
(4) Poisson equation —Au = f,
(5)
(6)
where we use the notation V = (0;,, 0z, - - , O, ) for n-dimensional gradient operator and
A=V -V =042, +0Opyzy + -+ Oy, the n-dimensional Laplacian.

There are also some other higher order linear equations, which are mostly from physics
(see more examples in Evan’s book).

Nonlinear PDEs There are plenty of nonlinear equations in the literature. But we can

Schrodinger equation juy = —Au,

barely include them in this course. However, if time allows, we will give a short introduction
on the 1-D scalar first order hyperbolic conservation laws.

(1) Scalar conservation law u; + divF (u) = 0,

(2) Hamilton-Jacobi equation u; + H(Du,z) = 0,

(3) Nonlinear Poisson equation —Au = f(u),

(4) Monge-Ampere equation det D?u = f,

(5) Porous medium equation u; — Au" = 0,

(6) Nonlinear Schrodinger equation ju; = —Au + |ul?u,

PDE systems are as well important in the literature, such as Euler system, Navier-Stokes
system, Maxwell’s equations, reaction diffusion system, multi-component diffusion system,
Keller-Segel system. However, due to the limitation of time, we are not going to investigate
any system in this course.

1.2. Setup of the problems. In order to set up a well-posed PDE problem, additional
boundary and initial conditions need to be given.

For time evolutionary PDE, some initial data of the problem is desired. For example,
for heat equation u; — Au = f, we need initial conditions like u|;—o = ug(x) where up(x), is
a given function. For wave equation uy — Au = f, we need u|i—o = g and w;|t—o = h since
we have double derivatives in time ¢.

If we study the PDE with space variable x in €2, which is an open subset in R™, and
00 # (0, we need to give boundary conditions. There are three kinds of typical boundary
conditions, each of which has its own physical background.

(1) Dirichlet boundary condition, the unknown itself is given on the boundary

uloq = up(z),
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where up(x) is a given function defined on 9f.
Neumann boundary condition, the normal derivative of the unknown is given
on the boundary

Vu-yloa = un(z),
where «y is the pointwise unit outer normal vector of 9f2.
Robin boundary condition, the nontrivial linear combination of the unknown
and its normal derivative is given on the boundary

au + BVu - v|pq = ur(x),

where a(z) and f(x) are nonnegative functions given on the boundary.

1.3. Basic topics in studying PDE problems. After settling down a reasonable PDE

problem, our main purpose is to find the solution and to study it in order to have a more

clear understanding of the solution behavior. A direct way is to find an analytical solution

representation, which gives explicitly how the solution behaves. However, in most of the

cases, it is impossible to find an explicit formula for the solution. What can we do then?

In working with the problems directly, we can still get detailed information of the solutions

without knowing the explict representation.

Given a PDE problem, we need to study its well-posedness, including

(1)

Existence. As mentioned before that the direct way to get existence of solution is to
solve it explicitly. Then under appropriate regularity assumption of the given data,
one can show that the existence of classical solution is given by solution formula.
Here classical solution means that the k-th order derivatives of the solution exist if
it is a solution to a k-th order PDE. For those equations, for which it is hopeless
to get solution formula, there are several other ways to get existence, for example,
fixed point theorems from functional analysis, variational methods, approximation
by approximated solutions are oftenly used in the literature. The main thing one
should keep in mind is, in which function class one could expect the existence of
solution. Many problems have no classical solution. Usually the existence should
be studied in the sense that the equation is satisfied in some weaker formulation
instead of its classical one. Afterwards, one can try to find out whether the weak
solution has further regularities if the given data are correspondingly smooth.
Uniqueness. Once we have existence at hand, a natural question to ask is whether
it is unique and of course in which class it is unique. For some of the problems one
may also expect to get existence of multi solutions. The larger the existence class,
the less the hope to assure uniqueness.

Stability. The stability of a solution means that if the given data are slightly
perturbed, is it true that the solution also doesn’t change so much? In other words,
stability means the continuous dependence of the solution on its given data, includ-
ing initial and boundary conditions, or any other given parameters in the equation.
Solution behavior. From the aspect of applications, solution behavior is the most
important thing that the PDE analysis should contribute to. Here the solution
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behavior we talk about is in the very general sense. It could be the large time
behavior, boundary layer behavior or singular behavior if one considers the singular
limit problem.

In the literature, the research in PDEs starts from finding explicit solutions. The basic
tools that we will discuss in this course are

(1) method of characteristics,

(2) Fourier transform,

(3) separation of variables (Fourier series),
(4) Green’s function.

Although these tools to find solution formula couldn’t be directly used in many of the PDE
problems, they still play a very important role in understanding the basic theories and
phenomena.

There are also many other tools to study the solution behavior without using formula,
to name just a few,

(1) energy method,
(2) maximum principle,
(3) asymptotic expansion,
(4) oo .
As explained above, for many of the physical problems, one couldn’t expect that they
always have classical solutions. In this course, we will also talk about the ideas on how to
define weak solutions. Moreover, a very brief introduction on distributions will be given.

1.4. Linear transport equations. In the end of introduction, we use linear transport
equation as an example to give a first try to get solution representation. It is actually an
application of the solution for first order ordinary differential equation.

1.4.1. Constant speed. Linear transport equation in 1-D is the simplest partial differential
equation,
pt +apy =0, in R xRy,
p(x,0) = po(z),

where a is a constant. This equation with constant speed is an ordinary differential system
in the sense that

< ple(t), ) =0,
d
$:J:(t) =a,

Obviously, it has solution
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This strategy is called the method of characteristics and z(t) is called the characteristic
line.
Moreover, one can also solve the transport equation in inhomogeneous case

pt+a’pl“:f(l'at)’ inRXRJr?
p(z,0) = po(z)

by using the same characteristic line z(t) = xg + at. The solution is

p(x,t) = po(x — at) + /Ot f(z —a(t —s),s)ds.
Remark 1.1. By using the method of characteristics, one can easily solve the multi-D
equation
pt+b-Vp=0, in R" x Ry,
p(x,0) = po(z),
where b is a constant vector. We leave it as an exercise.

1.4.2. Non-constant speed. The Cauchy problem we consider in this part is
o+ (0(@p)e =0,  mRxRy, (L6)
p(x,0) = po(),

where v(x) is a given Lipschitz continuous function.
A reformulation of the equation is

pi +v()pe + ' (z)p = 0.

If v(z) is Lipschitz continuous, then the characteristic line z(t) satisfies

dz
i v(x), (1.7)
z(0) = xo.

With the help of this line, the equation is rewritten into
dt
p(x(t;0),t)|t=0 = po(0)-

= —v'(x(t; x0))p,

By separation of variables in solving ODE, we have
t
In p(z(t;x),t) = In po(xo) + / —v'(z(7;20))dT
0

z(t;xo) /
= Inpo(zo) —|—/ _ (m)daz

%0 v(x)

= Inpo(zo) — Inv(z(t;z0)) + Inv(zo),
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where in the first equation the change of variable x = x(7, z¢), dz = 2/dT = v(z)dr is used.
So the problem has solution

) U(x())

v(z(t;xg))
Therefore, finding the exact solution of the homogeneous problem (1.6) is reduced to the
solvability of the characteristic line (1.7).

p(z(t;20),t) = po(zo

1.5. Half-line problem. We will study the half-line problem for transport equation only
with constant speed. One must be careful in giving boundary conditions because of the
“directions” of the characteristic lines. One can not arbitrarily give boundary condition at
x = 0 if the characteristic lines starting from ¢ = 0 meet £ = 0 at some time ¢. As an
example, we consider

ug +uy =0, (l’,t) € (Oa +OO) X (07 +OO),
ult=0 = uo(z),  ulz=0 =0.

For compatibility, we need uo(0) = 0. It is easily seen that the solution is

<t
u(:v,t):{ 0, =5

uo(z —t), = >t.

If the boundary condition is inhomogeneous, say u|,—o = g(t), the compatibility condition
is then u(0,0) = g(0). The solution changes accordingly to

u(m)_{ gt —x), =<t

uo(z —t), = >t.

Another method is to use the transformation v(x,t) = u(x,t) — g(t), so that v is zero on
the boundary z = 0. And the problem that v satisfies is

v+ v = —gi(t), (z,t) € (0,+00) x (0,400),
v]i=0 = ug(x) — g(0), u|y=0 = 0.
1.6. Problems.

(1) Point out the type of these equations (linear, semilinear, quasilinear, fully nonlin-

ear).
( uxuzzx = .732
(b Au +u? =1,

) u
)
(¢) ug — div((a? +t)Vu) = f(z),
(d) u + div [UV(A\/\/&a)} =0,
(e) Au?) = f(),
(f) |Vu| =1.
(2) Find the solution formula by using characteristic method.
(a) { g+ (1 +22)u, —u=0, t>0,—00 <z <00,

ul4—p = arctanz, —00 < & < 00,
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u+b-Vu=f (z,t)€R" x(0,00),
OR S ;
t=0 = ¢, r € R™.
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2. WAVE EQUATION

After a short derivation of the one dimensional wave equation, we will give the solution
formula for initial value problem (the Cauchy problem) by using characteristic method.
Then with the help of spherical mean, we will derive the three dimensional Kirchhoff’s
formula and two dimensional Poisson’s formula by Hadamard’s method of descent. These
shows that if the initial data are regular enough, then the classical solutions exist. Further-
more, the uniqueness and stability results will be given by using enery method.

For one dimensional initial boundary value problem with Dirichlet boundary condition,
we will use the separation of variable to deduce a solution formula with the help of Fourier
series. In the mean while, the Sturm Liouville theorem is going to be presented which
provides the theoretical basis for the method of separation of variables. Based on that, the
existence of solution can be obtained by studying the convergence of function series. Again
energy method will be used to show uniqueness and stability.

In the end of this section, we introduce the weak solution of initial boundary value
problem in the sense of distribution and show that the weak solution exists uniquely.

2.1. Derivation of the one dimensional wave equation. A stretched string with con-
stant density p is set to vibrate on a plane. The displacement of the string u(x,t) is a
function of x and time ¢, where x is the horizontal coordinate. Now let’s consider a dis-
cretized model in which a sequence of equally massed (i.e., m = ph) particles with equal
distance h connect each other with coordinates --- ,z,_1,2pn, Zn+1, . Newton’s second
law implies that for the n-th particle, the external force on this particle is equal to its mass
multiplied by the acceleration of it. We further make a simple assumption that the external
force F on the n-th particle, which comes from the (n — 1)-th and the (n + 1)-th particle,
is proportional to the difference of the displacements of its adjacent particles and itself, i.e.

F = (w(zns1,t) —u(zn, t)/h+ (w(@n-1,t) — u(zn, t))/h.
Therefore
(Tnt1,t) + u(zp_1,t) — 2u(zy, t)

3 .

Now if we take the limit h — 0 and come back to the continuous case, we arrive at the
one dimensional wave equation

phu' (x,,,t) = 4

PULt = Ugg.
2.2. Cauchy problem.

2.2.1. Solution formula and existence. d’Alembert’s formula — 1-D We will give the
formal solution of Cauchy problem

utt—um:O, inRXR+,

ult=o = g(x), (2.1)
ut|t:0 = h(l‘)
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FIGURE 1. Derivation of wave equation by particle method

By factorizing the operator 0y — Opx = (0p + 0.)(0y — Oz), the problem is reduced into
solving the following two transport equations,

v+ vz =0, (2.2)
vli=o = h(z) — g'(2)
and
Up — Uy = U, (2.3)
uli—o = g(z).

With the help of characteristic method, the solution of (2.2) is
v(z,t) =h(z —t)—g¢'(z —t)

and the solution of (2.3) is

u(z,t) =g(x +t) + /0 v(x 4+ (t—s),s)ds.

Therefore, combining the two formulas above, we have the solution of (2.1),
t
u(z,t) = glz+t) +/ h(z +t—2s) — ¢ (z +t —2s)ds
0

1
= glz+t)+

T+t
5 ) —gw)ay

—t

1 1 1 x4+t
= gla+t)—ggle+t)+ 9@ —1)+5 t h(y)dy

_ ;(g(x+t)+g(x—t))+1/gc h(y)dy.
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This is the so-called d’Alembert’s formula. The formal solution of (2.1) is
1 1 T+t
u(e.t) = 5l + 0 +gle—0)+5 [ by (24)
r—t

From this formula, we are ready to get the existence of the solution with smooth initial
data

Theorem 2.1. If g € C*(R) and h € CY(R), then u, given by d’Alembert’s furmula, is a
C?(R x [0, 4+00))-function. Furthermore, it satisfies wave equation Uy — tgy = 0 and
wtrat gy 0D = 90Dl el E) = hlo)
Some properties of the solution d’Alembert’s formula reveals in itself some important
sets in the x — t space.
(1) {y € R||ly — «| < t} is called the domain of dependence of the point (z,t),
(2) {(z,t) e R x [0,400)|z > 21 —t and x < x2 + t} is called the range of influence
of [x1, 2],
(3) {(z,t) e Rx[0,+00)|x > x1+t and x < xo —t} is called the determining region
of [331, 332],
(4) =+t and = — t are the characteristics of the wave equation.

Inhomogeneous problem By the same method, we can also find the solution of inho-
mogeneous problem

Ut — Ugz = f(2,1), (2,1) € R x Ry, (2.5)
uli—o = g(x),  ut|t=o0 = h(x),
which is
1 1 T+t 1 t z+(t—s)
u(e.t) = 5ol 0 +gle—0)+ 5 [ by [ds [ s (20
2 2 Jot 2 Jo z—(t—5)

By using the solution formula, it is easy to verify that
Corollary 2.1. If g, h and f are odd (even, or periodic) in x, so is u.

Half-line problem By using extension, we can also give the solution formula of the
following problem

Uy — Uze =0, In Ry xRy,
uli=0 = g(z), utt=0 = h(z), (2.7)
u|z=0 = 0.
In order to assure compatibility between initial and boundary conditions, we need h(0) =

g(0) = 0. The homogeneous Dirichlet boundary condition at x = 0 motivates us to use odd
extension. Let

3 g(x), x>0,
g =
—g(—x), z <0,
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and we do the same odd extensions for @(x,t) and h(x). Then from the above corollary, @
satisfies the following Cauchy problem

Gt — fige = 0, in R x R,

tli=0 = g(),

Gig|—0 = h(x).

By d’Alembert’s formula, @ has the representation

r+t
i) = 5+ +ile =)+ 5 [ By

We need to get back to the domain {(z,¢) : x > 0,¢ > 0} and drop the tildes in the formula.
There are two cases. In the case of z > ¢, our solution has the representation

T+t
) = 3l +0) +ale =) +5 [ Ay

In the case of 0 < x < t, the solution is given by

(9(xz+1t) —g(t—2)) + ;(/OWt h(y)dy — /Otm h(—y)dy)

u(z,t) =

N~ N

T+t
s+t —gt—a)+5 [ Hwdy.

Remark 2.1. For inhomogeneous boundary condition u|,—g = up(t), we can first get a
homogeneous boundary condition by using new variable v = u — up(t), where v satisfies
Vit — Vg = —(up)y. Afterwards, we do the same odd extension to get the solution formula.

Remark 2.2. It is an easy exercise to get half-line problem with homogeneous Neumann
boundary condition uy|;—o = 0 by using even extension.

Kirchhoff’s formula in 3-D and Poisson’s formula in 2-D We will reduce the
multi-dimension problem into a half-line problem by using spherical mean of the solution.
The spherical mean of a function u(x,t) on dB(x,r) is given by

Ulx;r,t) = ][ u(y,t)dS,y. (2.8)
OB(z,r)
Lemma 2.1. Ifu € C™(R" x (0,+00)) is a solution of
uy —Au =0, inR" x (0,400), (2.9)
uli=o = g, Utf=o = h.

Then the spherical mean of u, U(x;r,t) as a function of r and t is a function in C™ ([0, +00) X
[0, +00)). Furthermore it satisfies

n—1

Utt — U’I‘T — Ur = 0, m R+ X R+, (210)

Uli=o =G, Utli=o = H,




LETCURE NOTES FOR INTRODUCTION TO PDES’ 13

where G, H are the corresponding spherical mean of g, h. The equation (2.10) is called the
Euler-Poisson-Darboux equation.

Proof. By direct calculations, we have

0 d
Up(zyr,t) = g ]23(1;7(3,75)d5y =5 ]{93(37(1:)5 +rz,t)dS,

= Vu(x +rz,t) - 2dS, = Vu(y,t) - y= dey
9B(0,1) 8B (x,r) r

= Vu - vdS, = r Au(y,t)dy.
OB(z,r) " JB(a,r)
As a consequence,
lim U, (z;7,t) =0.

r—0+
If we take one derivative more,
o (r 1 0
UTT ; ’t = — | — A ,td = - I=n A 7td
(257, ¢) or (n B(wﬂ)u(y ) y) na(n) or (r /B(gw) u(y:?) y)

1-n 1 1 0

= _ A t)d _ A t)d

S Sy SO o, A0

1

= (=-1) Audy + AudS,y.
n B(z,r) OB (z,r)

where a(n) =72/ ['(§ + 1) is the volume of the n dimensional unit ball. Furthermore,

1
lim U, (x;rt) = 5Au(m,t).

r—0+

Therefore, if u € C?, we have U € C?. By iteration argument, we have U € C™ if u € C™.
Back to the first order derivative, by using the wave equation uy; — Au = 0, we have

r 1
Ur = ][ uttdy = n—l/ uttdy.
" JB(z,r) na(n)r B(z,r)

Multiplying the above equation by r"~! gives

T’nilUr = 1/ Uttdy.
na(”) B(z,r)

Then the desired equation follows from taking one more derivative of r"~1U,, i.e.,

1
(T”_IUT)T == / UttdSy == T‘n_l][ uttdS’y == ’I“n_lUtt.
na(n) Jop(a,r OB(x.r)

O

In the case of n = 3, we will get Kirchhoff’s formula by using Euler-Poisson-Darboux
equation.
Let U =7U, G =rG and H = rH, we have

ffr =U+rU,,
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and moreover
Uy =rUy = U, +2U, = (U + ’I"Ur)r =U,,.
Now U solves the half-line problem

Up— U =0, inRy xR,
fj‘t:O = éa ﬁt‘t:() = ﬁ7

Uly—o = 0.
By the solution representation in half-line problem, we have
~ ~ ~ 1 [Tt o
U(x;r,t):§(G(r+t)—G(t—T))+§ H(y)dy, Y0<r<t.
t—r

Since u(x,t) is a continuous function, its value at (z,t) is exactly the limit of its spherical
mean. Thus

7,
w(x,t) = lim U(z;r,t) = lim Ulasrt)
r—0t r—07t r
. 16(T+t)—(~}(t_r) 1 [t
0t |2 r T 5 - (y)dy

= G'(t)+ H(®).
By the definition of G and H , after changing back to the original functions g and h, we

(e, t) = gt [t ]{9 ; g(y)dsy} +t ]é B(lz(g)dSy.

(z:t)
Therefore after the following further computation

0 ][ 0
— gde:][gx+tzdSz
ot 8B(x§t)) Yot aB(o,(l) )

arrive at

= Vyg(x +tz) - zdS, = Vol(y) - - dey,
dB(0,1) 0B(,t) t
we obtain the 3-D Kirchhoff’s formula,
e.t) = f o)+ Vo(0) - (v~ ) + tiw)lds, (2.11)
x,t

In the case of n = 2, we will get Poisson’s formula by the Hadamard’s method of descent.
If w(zy, e, t) is a solution in 2-D, let u(z1, z2, x3,t) = u(x1, z2,t), then u solves the wave
equation in 3-D,

Ut — Au = O, in R3 x (0, OO),
Uli=0 = g, Utli=0 = h,

where g(x1,2,73) = g(z1,72) and h(x1,z2,23) = h(x1,22). Then by Kirchhoff’s formula

in 3-D, we have
) ) _
uet) =gt} gwis,)+ef has,,
otL Jop(z) 0B(z.1)
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where T = (x1,x2,0). Due to the fact that g(y1,vy2,y3) = g(y1,y2), we can simplify the
integral on 0B(z,t) by

1
g(y)dS, = / g(y)dS
][aB(gc,(g) Y 4rt? aB(i,t)g(y) Y

2

1
= — 9(y) (1 + [V (y)*) 2 dy,
o [, TP

where v(y) = v/t? — (y — z)? and (1 + |V7(y)|2)% =t(t* — |y — x|2)_%. Therefore

) 1 9(y)
gy)ds, = — dy
]([93(:5 t)) Y 27t [ (2 — |y — x]2)?

t
_ ][ 9(y) _dy.
2JB@n (2 —ly—=[?)2

Then after taking derivative with respect to ¢, we have
t
t][ gwrtz) )
B(0,1) (1—1z?)2

aattg][ 9(y) ldyzﬁ
Bt) (7 =y —=[?)2 ot

_ f gwttz) oo ][ Volw+1tz) -2,
B (1—|22)2 By (1—]z[?)2

_ tf 9(y) 1dyﬂ][ Vo) - y==)
Blat) (12— |y—x|?)2 B(xt) (1* — |y —x[*)?

Thus the 2-D Poisson’s formula is

_1 tg(y) + t2h(y) + tVg(y) - (y — x)
u(ill,t) a 2 ][B(:Jc,t) (t2 _ |y B .Z‘|2)% d

With the help of Kirchhoff’s and Poisson’s formula in 3-D and 2-D, we have the following
existence result.

n (2.12)

Theorem 2.2. (n = 2,3) If g € C3(R") and h € C*(R"), then u given by (2.11) and
(2.12), a function in C*(R™ x [0,+00)), is a classical solution of (2.9).

The difference of the solution behaviors between 3-D and 2-D If we look at the
Kirchhoff’s formula (2.11) and the Poisson’s formula (2.12), we can easily find that the
main difference locates on the domain of the integrals. The integral is on the sphere (which
is the boundary of a domain) in Kirchhoff’s formula, while the integral is in the ball in
Poisson’s formula.

Let’s assume that the initial data have compact support €2, where 2 is connected and
regular enough. For any fixed point zg & €, let dy = dist(zg, ) > 0, d2 = max{dist(zg, z) :
x € Q}. In 3-D case, the possible non-zero points of u(xg,t) can only be in the interval
t € [di,ds], while in 2-D, the possible non-zero points of wu(zg,t) must be the half line
t € [dy,+00). That explains why one can hear the others’ voice in 3-D, and why the water
wave diffuses to the whole space in 2-D.
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[ds, d2]

FIGURE 2. Wave propagation in 3-D and 2-D

2.2.2. Uniqueness and stability (Energy method). After obtaining the existence result, a
further natural question to ask is whether the solution is unique and stable? In the following
discussion, we introduce the energy method, which is a “powerful” tool in PDE theory.
Uniqueness and stability follow thereafter as an application of the energy estimates.

We first introduce a useful lemma.
Lemma 2.2. (Gronwall’s inequality) Assume G(1) > 0, G'(7) € C[0,T] and V7 € [0,T],

th@ Iollowzng Znequa/l@ty hOldS
d T
aT

where C' is a nonnegative constant, F(7) > 0 is nondecreasing in 7. Then

10 < craw + )

and
1)F (7).

G(1) < e“TG(0) + C (e —
Proof. By multiplying the given inequality by e~¢™ and integrating it over [0, 7], we have

e"9TG(1) < G(0) + / ’ e LR (t)dt < G(0) + F(1)C7 (1 — e 7).
0
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The Cauchy problem we considered is revisited

Uy — Ugy = f, DN R X Ry,
uli=0 = g(z), (2.13)
ut\t:() = h(.ﬁlﬁ)

The energy inequality of 1-D Cauchy problem (2.13) is

Theorem 2.3. If u € C*(R x [0,4+00)) N C%(R x (0,+00)) is a solution of (2.13), then
V(zo,to) € R x (0,+00), we have

/QT[U%(:L‘,T)+u§(:U,T)]d:E < C(t0)</90(h2+g§)dx+//KT P2, t)ddt ),
// [u?(m,t)—l—ui(:c,t)]dwdt§C’(t0)(/Q (h2+g§)d:p+/ i f2(ﬂc,t)dxdt),

where K = {(z,t) € Rx[0,4+0) : |[z—2¢| < to—t}, K, = KN{0 <t <7}, Q = KN{t =7},
and C(tg) is a constant depends on tg.

+
T

FIGURE 3. Domains in energy estimates

Proof. Multiplying the equation by u; and integrating over K., we have

// (ututt—utum)d:vdt:// ug fdxdt.
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Noticing that the boundary of K, is 0K, = Q¢ U Q, U Fl U FZ, we can calculate the left
hand side by using divergence lemma,

// ut +u )edzdt — // Uy ) pdadt

= /81{ (Q(ut+u) utum) <ydl

1 1
= / (ut—i—u)dx—/ —(uf +u2)dx
Q, 2 0o 2

1 1 1 1
+/F1 5(2(% + u2) + uguy )dl +/F£ ﬁ(i(uf + u2) — uguy)dl

1 1
> / (ut +u )d:c — / —(h? —l—gg)dx,
0, 2 Qo 2

where 7 is the outer unit normal vector of K, and has values v = (—1,0) on Qg, v = (1,0)
on Q, v = %(1, ~1) on Tl and v = %(1, 1) on I'2.
The right hand side can be estimated by using Young’s inequality,

1 1
/ / ugfdzdt < = / / uldzdt + = / f2dxdt.
T 2 T 2 KT

with the above discussions being combined together, we have

/ (u?+ui)dw</ (h2+g§)dx+// ufd:vdt—l—// f2dzdt.
Q, Qo K, K,
zo+(to—t)
G(r) = // (u? + u2)dzdt = // (u? + u2)dudt,
T to t

F(r) = /Q(h2+g§)da:+/ 8 fAdxdt.

Let

The estimates we have done is equivalent to the following inequality

dG(T)
dr

< G(7) + F(r),
where F(7) is increasing in 7. Then noticing that G(0) = 0, Gronwall’s inequality implies

G(1) < (7 = 1)F(1) < e F (7).

We can also get the L? estimate from the energy estimate.
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Theorem 2.4. If u € C*(R x [0,4+00)) N C%(R x (0,+00)) is a solution of (2.13), then
V(l‘o,to) € R x (07 +OO),

/ w?(z,7)dr < Ml(/ (g2+h2+g§)d$+/ fzd:cdt>,
QT Q() K‘r

// w?(x, t)dedt < Ml(/ (92+h2+g§)da:+/ dea:dt>,
T QO K‘r

where My is a constant depends on ty, 7 € [0,tg] and the definitions of domains K,, Q.
and Qg are the same as before.

Proof. We only need to prove that |[ul|12(q,) and [[ul|z2(x,) can be controlled by [lu||r2(x,)-
In fact,

/QT(uQ(x,T) —u?(2,0))dz = /QT /OT i (. ) dtda < //KT(UQ +u2)dudt.

By Gronwall’s inequality, we have

/ 2z, T)dx<C(to)</ dx+// dxdt
// xtdazdt<0(t0)(/90 (ﬂf)d$+//fu§d:cdt ‘

Thus the L? estimate is a direct consequence from energy estimates. O

Uniqueness is a direct corollary of energy estimates. Let @ = R x (0, +00).

Corollary 2.2. Ifu; and uy are two C?(Q)NC(Q) solutions of the Cauchy problem (2.13),
then u; = ug n Q.

Proof. Let w = u; — ug, then wy — wyy = 0 in @ and wli—g = w¢|=o = 0. Then energy
estimates for w state that V(zg,tg) € @, 0 < 7 < tg, there holds

/ (w? + wi +w2)dx <0,
Q.

which implies w = 0 in Q. Since (xq,to) is arbitrary, the uniqueness is proved. O
Stability in the sense of H'-norm. H'-norm of a function is defined by
[ullrr = llullz2 + [[Vull 2.

Corollary 2.3. If uy, us are C*(Q) N CHQ) solutions of the Cauchy problem (2.13) with
different data f1,g1,h1 and fa, g2, ho respectively. Then

Jur =zl gy < M (lgr = g2l o) + 101 = hallr2o) + 11 = fall2ik,))
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where

lilp ) = / / (@, 7) + 1 (2, 7) + 1, 7 drdt,
K,

920 = /Q 02(@) + g2 (2))de,
0

HhH%P(QO) = h?(z)dz,
Qo

10220y = /K P2z, t)dadt,

and the definitions of domains K , Q; and Qg are the same as before.
Proof. Notice that w = u; — u9 is a solution of

wtt_wxx:fl_f2a inQ7
Wli=0 = g1 — g2,  Wi|i=0 = h1 — ho,

then the energy estimates and L?-estimates directly imply the stability. O

2.3. Initial boundary value problem in one dimension. We consider the initial
boundary value problem with homogeneous Dirichlet boundary condition

Uit — Ugy — O, S (0, 1),t > 0, (214)

uli—o = g(x), utli=0 = h(x),

u’x:(] = u|z:1 =0.

Other reasonable boundary conditions are Neumann boundary condition and Robin bound-
ary condition. For simplicity, in most of the cases, we only handle the Dirichlet boundary
condition.

2.3.1. Separation of variables (motivation). The problem (2.14) can be solved by separation
of variables. Before stating the rigorous result, we present here a formal calculation as a
motivation.

Suppose that our solution has a factorized form u(x,t) = X (x)T'(¢). If we put it into the
equation, we get immediately
X// T//
X T
Now both sides of this equation are functions of one dimensional variables, but with dif-
ferent variables x and t. Once they are equal, they must be the same constant, which
is independent of x and t. We denote the constant by —A. By applying the boundary

X1T"-X"T=0 =

conditions, we have
X"+ AX =0, X(0)=X(1)=0,
T" + \T = 0.
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Then the solutions would be

X(x) = Ccos VAz + DsinV )z,
T(t) = Acos VAt + Bsin VAL,

where A, B, C' and D are constants to be determined later. The reason why A are nonneg-
ative will be explained later.
Applying the boundary condition for X yields

C=0, DsinVA=0, = X=nn)? n=123,- .

Therefore, for any fixed n, we have the following solutions with undetermined constants A,
and B,

un (2, ) = (Apcos\/Ant + Bysin /Ant) sin \/Apz

= (A, cosnnt+ By sinnnt)sinnnz.

By superposition principle, we know that the finite summation of solutions is still a solution,
i.e., for any fixed N,

N N
un(z,t) = Z Up(z,t) = Z(An cosnwt + By, sinnnt) sinnrz
n=1 n=1

is a solution of the wave equation with Dirichlet boundary condition. If, furthermore, the
initial data g(z) and h(z) have the same form, say,

N N
g(x) = Z gnsinnmx, h(x) = Z hp sinnmx,
n=1 n=1

then uy must be a solution with this initial data. One could naturally ask how about the
case with general initial data? What is the corresponding solution u(z,t)? Can we use
oo to replace N? These problems introduce directly to the theory of Fourier series. We
first write initial data g and h into Fourier series, which can be done for L? functions (see
the appendix in the end of this chapter), then the corresponding series ]\;gnoo un(x,t) can

be expected to be a solution for smooth enough initial data. We will prove this rigorously
later.

2.3.2. Generalized Fourier series (Sturm-Liouville theorem). As a preparation for getting
rigorous solution formula, we introduce the so-called Sturm-Liouville problem, which is
the theoretical basis of the method of separation of variables. We consider an eigenvalue
problem with more general boundary condition (Robin type). Dirichlet and Neumann
boundary conditions are merely special cases from Robin boundary condition. Now we
consider

X"+20X =0, 0<z<l,
—alX’(O) + BlX(O) =0, ;B >0, (2.15)
agX/(l) + 62X(1) =0, a;+p5;>0.
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Theorem 2.5. (Sturm-Liouville theorem)

(1) All the eigenvalues of (2.15) are nonnegative. In addition, if 1 + B2 > 0, then all
the eigenvalues are positive,
(2) eigenvalues are countable and increasing to infinity, i.e.,

0< <A< <A < -+, lim A, =00,
n—00

(3) eigenfunctions of different eigenvalues are orthogonal in the following sense
1
/ X0 X,dx =0,  for X # p,
0

(4) Vf € L?(0,1), it holds that

> 1
f(z) = nZ::lCan(x), in the sense of L*(0,1), C, = Jo ff(g))‘:;;(;)dx

or
i (|£(2) — fale) 2 = 0.

o0
where Z CnXn(z) is called the generalized Fourier series.

n=1

Proof. We will only proof the first three statements. The last one can be found in functional
analysis in the part of compact self-adjoint operators.

(1) By multiplying the equation by X, and integrating it over (0, 1), we have

1 1 1

—/ (X;)Qd:c+A/ X3dr = 0.
0 Jo 0
Boundary conditions show that

—o1 X3 (0)X2(0) + B1X3(0) =0,  —a1(X3(0))* + B1X(0)X4(0)
X () XA(1) + B X3(1) =0,  ax(X5(1)? + BXx(1)X4(1) = 0.

X\ X4

0,

From these, we get

X0)X(0) = ——-(@a(X}(0)) + HX30),
XX = = (BXF0) + aa(X(1)).

As a consequence, we know the nonnegativity of

1 1
)\/ X2 = / (X})2dz — X4(1)XA(1) + X} (0)XA(0) > 0.
0 0

Thus we have A > 0 and furthermore

0+

a6

Bo oy
a2 + ﬁQX’\(l) =0

A = 0 if and only if X} =0 and
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or equivalently

B n B2
a1+ B az+ P
We can see from this expression that if 51 + 82 > 0, then X = 0 which can not be
a valid eigenfunction. In the end, we get that in the case of 81 + 52 > 0, A must be

XAECand< >C’2:0.

positive.
We have already proved that A > 0 and A =0 iff ; = B = 0. From X" + AX =0,

we know that for all constants A and B, the following representation is the solution,

X(x) = Acos V Az + BsinVz,

X'(z) = —AVAsin VAz + BV A cos VAz.

We will get further information on the constants A and B from the boundary
conditions. It will be studied in the following three cases:
(a) Dirichlet boundary condition a; = oy = 0, then the boundary condition
is reduced into X (0) = X (1) = 0. Simple computations show that A = 0 and
BsinvVA=0. As a consequence,

Ao = (nm)?, X,(z) =sinnrz, n=1,2---.

Obviously, in this case, A, is monotone and increasing to oco.

(b) Neumann boundary condition 5, = 3 = 0, in this case the boundary
condition is X’(0) = X'(1) = 0, which implies that B = 0, Asinv/X = 0. Thus
we have

A = (nm)?, X,(z) =cosnmz, n=0,1,2, .

(¢) Robin boundary condition «a; /32 + a1 > 0. From the boundary condition
we have

0=p/A—aBVA,
0 = B2(Acos VX + Bsin \F)\) — ag\f)\(Asinﬁ — Bcos \f)\),
which implies that

a1V _A
b1 B’
+ Baffy — aragh + Bragv/A

1 1
tan VA tan v\

Let £ = v/, then we are left to solve the following equation,
(P21 + Brag)§
a1anf? — Bifa

It can be proved that the sequence of all the possible solutions {&, = v/A,} is
monotone increasing and goes to oo.

0 = Baa1 VA

tané =
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(3) Let A, u be two different eigenvalues. Multiplying the equation X + AXy = 0 by
X, and X}/ + pX,, = 0 by X, integrating over (0, 1), we have

1 1 1
XMXQO—/O X;X3+A/O X\ X, =0,

1 1 1
O—/ X;Xg+u/ X)X, =0.
0 0

X)X,

The difference between this two equations shows that

1
/!
XX,

1 1
(A—,u)/ XX :—XMXf\ o
0

Now the boundary conditions for X and X, are
—1X3(0) + B1XA(0) =0,  aaX)(1) + B2 Xx(1) =0
—1 X, (0) + /1 X,(0) =0, X, (1) + f2X,(1) =0

These algebraic systems have non zero solutions, thus the coefficient determinants
are 0, i.e.,

X3(0) Xx(0) ’
X7.(0) X,(0)

Thus we have

1
(A= ,u)/ X, Xy dx = 0.
0
Since A # p, we know that X and X, are orthogonal.
O

Remark 2.3. When 1 = B3 = 0, it is Neumann boundary condition. In this case, A = 0 is
an eigenvalue, and its eigenfunction is Xy = 1.

Remark 2.4. {X,(z)} is a complete orthogonal basis of L?(0,1). After normalization, it is

Xn(x)

Xi(z) = 0
1 X0 ()| 2

n(7)
Then Vf € L?(0,1), the fourier coefficients C; are

. f@)Xa(@)do
= X @) e

which is the inner product of f(z) and X (z).
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2.3.3. Solution formula by separation of variables. Now we come back to the solution for-
mula for (2.14) by using the method of separation of variables,

(o)
u(x,t) = Z(An cosnmt + By, sinnnt) sinnwx. (2.16)

n=1

We only need to determine the coefficients A,, and B,, by using initial data. Take t = 0 in
(2.16), we have

u(z,0) = Z Apsinnre and  w(x,0) = Znﬂ'Bn sinnmz.

n=1 n=1

For the initial data g,h € L2?(0,1), they have the following Fourier expansion by sine
functions

o0 1
g(z) = Zgn sinnmz, g, = 2/ g(z) sinnmrzde,
n=1 0
o0 1
h(z) = Z hpsinnrz,  h, = 2/ h(z)sin nmxdz,
n=1 0
then the coefficients can be determined by
1
An = 9n, Bp = —hy.
nm
Thus the solution expression is
= h
) = t + — sin nrt) si . 2.17
u(x,t) T;(gn cosnmt + —sinnm ) sinnmwx (2.17)

Now we give a short summary on the three main steps in applying the method of sepa-
ration of variables:

(1) let the solution have a factorized form u(z,t) = X (z)T(t), and set up the eigenvalue
problem,

(2) solve the eigenvalue problem, and solve the ODE for T'(¢),

(3) take a summation of all the factorize-typed solutions, and fix the coefficients by
using initial data.

After the above steps, we arrive at a solution formula, there are still a few questions left:

(1) How can one handle the inhomogeneous equation uy — uzy = f7

(2) How can one deal with the inhomogeneous boundary conditions?

(3) Does the formula give us a classical solution? Under what condition is it a classical
solution?

We will answer the remaining questions in the following.



26 LI CHEN

Inhomogeneous equation We briefly explain how to deal with the inhomogeneous
equations and left the details to the readers. Here we use (0,1) instead of (0, 1).

Ut — Uzg = f(z, 1), x € (0,0),t >0,
U|g=0 = Uu|z=; =0, (2.18)

uli—o = g(x), uglt=o0 = h(x).

Firstly we know that the eigenfunctions are sin ?, n=1,2,---. Then assume that
s nmw
u(x,t) = T, (t)sin —
(x,t) Z (1) sin R
n=1
> nmw
t) = t) sin —
f(x,t) an( ) sin R
n=1
> nmw
= S. _—
9(z) ;gn in -,

o0
h(z) = Z hy, sin nllm
n=1

Then solve the ODE for T),(t),

One can get that the solution is

nmw l nmw 1t nmw
T,(t) = gpcos —t + —hpsin —t + — T)sin — (¢t — 7)dr.
0) = gucos St hysin e+ [ g ) sin S0 )
Then by replacing T,,(¢) in the solution wu(x,t), we get the solution for inhomogeneous
equation.
Inhomogeneous boundary conditions
The problem with inhomogeneous boundary condition is

Utt — Uzz = f, xe(O,l),t>0,
Ulp=0 = uo(t),  ulp= = ui(t), (2.19)
uli=o = g(x),  utli=0 = h(x).

We will use homogenization technic. In other words, by introducing a new function v(x,t)
such that the homogeneous boundary conditions work for v(x,t). More precisely, let
x l—x

v(x,t) :=u(x,t) — jul(t) - Tuo(t),
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then v(x,t) solves the following initial boundary value problem

T l_x//

Utt—szZf(fC,t)—jw— ;Yo
U|:v:0 - U|x:l = 07
T l—xz
vli=0 = g(z) — jul(o) - uo(0),
T l—xz
Vl=0 = h(z) — jull(o) T Ué)(o)‘

By the method of dealing with inhomogeneous equations, we can get a formula for v(x,t),
which gives directly the expression of u(x,t).

2.3.4. Existence of solution for (2.14). Under what conditions for the given data is the
series in (2.17) exactly the classical solution of (2.14)7

If we can prove that u is at least twice differentiable in both z and ¢, then all the previous
computations can go through, which means that it is indeed a classical solution. Therefore,
we are left to prove that

oo o0 [o.¢]
g Uy, g Duy, g Dzun
n=1 n=1 n=1

are uniformly convergent in (0,1) x (0,7).
In order to obtain the classical solution of (2.14), we require the following compatibility
conditions

9(0) =g(1) =0, h(0)=n(1) =0, ¢"(0)=g"(1)=0. (2.20)

Theorem 2.6. If g € C3[0,1], h € C?[0,1] and they satisfy the compatibility condition
(2.20), then u(z,t) given by (2.17) = Yo% | up(x,t) € C*(Q) is a solution of (2.14).

Proof. Doing integration by parts on the coefficients of g and h by using compatibility
conditions, we have

hy 2 (1 , 2 [t 2
— = — [ h(z)sinnrzdr = — h'(z)sinnrxdr =: — anp,
nt  nrw J (nm)3 Jo (nm)3
! 2 [ 2
gn = 2/ g(z) sinnrrdr = / " (x) cosnmxdr =: by
0 (n)® Jo (nm)?

Therefore

oo
2 2 . .
u(x,t) = nz_:l (an cosnmt — Wan sin n7rt) sinnmz.
Moreover the following estimates hold
C C
|un| < w3’ [Dup| < n2’

C 1
|D2un| < E(|an| + [bn|) < C(p + |an|2 + |bn|2)a
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where the right hand side of the last inequality can be bounded by Bessel’s inequality,

o0 1 0 1
Z|an|2 < 2/ W' 2dx, Z|bn\2 < 2/ 19" |?d.
n=1 0 n=1 0

O

2.3.5. Uniqueness and Stability — Energy estimates. Let Q, = (0,1) x (0,7). We have the
following energy estimates for initial boundary value problem of wave equation (2.14) in
@-. Then uniqueness and stability can be obtained from that.

Theorem 2.7. Assume u € C*(Q,) N CYHQ-) is a solution of (2.14), then
1 1
/ (u® +uj +u2)dr < M(/ (h* + ¢ + g2)dz + / fAdxdt).
0 0 Qr

Proof. Multiplying the wave equation by u; and integrating it over @), gives

0
| gty [ £

Notice that fQT =y fol, we have

1 1
[l < [oegys [ 2o
0 0 Q- .

By Gronwall’s inequality,

[ <u( [ozeirs [ )

Similar to the discussion in Cauchy problem, we have the L? estimates.
O

oo

2.3.6. Resonance. In the solution formula, u(z,t) = Z un(x,t), the n-th wave is a wave
n=1

that remains in a constant position in the following sense

h
un(z,t) = (gncosnmt+ — sinnnt)sinnrx
nm
= (g2 + (hn/mr)Q)% sin nmc( In - cos nmt
(97 + (hn/nm)?)2
h
n/T T sin n7rt>

(g7 + (hn/n)?)2

(g2 + (hn/mr)Q)% sinnwx - sin(nt + o)

= N, -sinnmz - sin(nrt + ay),
nTYn

= No = (g2 + (hn/n7)2)2. Usually Ny > N, Vn # 1.

where tan o, =
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Consider the following initial boundary value problem

Ut — Uzy = A(x)sinwt, x € (0,1),t >0,
ulz=0,1 = 0,

Ule=0 = ut|t=0 = 0.

Compatibility condition A(0) = A(1) = 0 is needed for the existence of classical solution.
We assume A € C'. The solution formula from separation of variables is

u(z,t) = Zmr/o fu(T)sinnm(t — 7)dr - sinnwz
n=1

an . t . .
= E —sinnmz | sinwt -sinnw(t — 7)dT,
nm 0

n=1

where
1
ap, = 2/ A(z) sinnmxdx.
0

If we calculate further, we will see

t
/ sinwt - sinnzw(t — 7)dr
0
!
= / —i(cos(mrt + (w—nm)7) = cos(—(w + nw)7 + nwt))dr
0

1 1
= 3 / cos((w + nm)T — nwt)dr — 3 / cos((w — nm)T + nrt)dr
0 0

BT sin((w ) —nmt)|| — 2t sin((w — )7 4 )|
=" —————sin((w+nn)T —nnt)| — ——sin((w — n7)7T + n7w
2(w + nm) 0 2(w—nn) 0
winT m(sin wt + sinnmt) — 5w — 1) (sinwt — sinnt).
If w = k7 for some k, then
inkmt 1 [
ug(z,t) = Z—fr (% - 2/0 cos k:7rtd7'> sin kmx
= (2(272?)2 sin knwt — Q(%Tt - CoS lmrt) sin k.
Thus in the case of w = k7, we have
1 1
u(z,t) = gﬁ; Z—; (m(sin wt + sinnnt) — m(sin wt — sin mrt)) sinnmx
+ (Q(Zfr)Q sin kmt — Q(Z—kﬂt - COS kwt) sinnwz

Therefore there exists a sequence of time ¢, — 0o such that the uy(x,t) is unbounded for
big m.
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2.4. Appendix-On Fourier Series. Vf € L'(—[,1), it can be written into a series by
using trigonometric functions

AO > nwT
f(z) ~ +ZA COST—I-B smT)

where

1 [
:/ f(ac)cosnlﬂdx, n=20,1,2,---,

/ f(x 1n—dw n=12,---

are called Fourier coefficients of f.
If f(x) is an even function, then B, = 0, and

A > nwx 2 [ nwx
70+ZAnCOST, An:l/o f(x)cosTdaz.
n=1

If f(z) is an odd function, then A, = 0, and

l
Zanm@, Bn—?/f(w)sinn;mdx.
0

Ay

For any fixed N > 1, (Sy f)(z) = 5

+ Z (A, cos nT + By sin ?) is called trigono-
metric polynomial.

. nmwx mnx i i
sin —, cos ——, n,m = 1,2, --- are orthogonal in the following sense

l l
1 [ mnx nmwT
- cos c0s —dx = Omn,
I J_ l l

1 [t . mmTx . NTT
- sin sin ——dx = O,
l

l l l

1 l
— / sin mre cos nidw =0.
L] l l

Moreover, {1,+/2cos nlﬂ V2 sinnlﬂ ° | is an orthonormal basis in L?*(—1,1), where

the inner product in L?(—I,1) is defined by / f(x)g(z)dx, Vf,g € L.

Here we list several useful facts for tr1gon0metrlc series that we are going to use in this
course.

Theorem 2.8. (Convergence in L? norm)

Jim [|f(@) = (Sx/)(@)l2 =0, for [ € L3(-L,D)
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Theorem 2.9. (Bessel’s inequality) For f € L*(—1,1), it holds

A2 & 1t
70 +) (A2 + B2 < z/ fde.
—1

n=1
Theorem 2.10. (Parseval’s equality) For f € L*(—I,1), it holds
A& 1/t
5+ (A2 + B2) = z/ fdz.
n=1 =

2.5. ***Generalized solution. It happens quite often that in some of the physical models
one cannot find the solution in the classical sense. For example, in the model for the
vibrating string, the initial data can be piecewise differentiable. A typical example is
g(x) =z forz €[0,1/2) and g(z) = 1 —=z for z € [1/2,1]. Now g is no longer a differentiable
function, but the problem should still have a “reasonable” solution. One must search for
the solution in a broader class.

In this subsection, we introduce the basic knowledge of weak solution for the following
initial boundary value problem

Utt_uazx:fv QT:(Oal) X (07T)
u|x:0 = u|x:1 = 0,
U|t=0 =9, Ut|t=0 = h.

Here we give a motivation in defining the solution in a more generalized sense.
The motivation is the following. We multiply the equation by ¢ and integrate on the

domain @,
/ (utt — Uzz)p = fo.
T Qr

Integration by parts shows that

1 T 1 T T 1 T 1
/ U(<Ptt—90m)+/ Ut@} dw—/ u(ﬂt‘ dw+/ Uz dt—/ UPy dt:/ fo.
Qr 0 0 0 0 0 0 0 0 Or

If we choose the test function ¢ to be the one that satisfies the boundary conditions

li=r = ¢tli=r =0, ¥la=0,1 =0,

/QT u(pre — Paz) + /01 hp(x,0) — /01 gi(x,0) = /QT fo.

Notice that in the above equation, we don’t require any smoothness of u, which means we

we will have

can define the solution by using the above equation, which is of the integral form.
Now we will fix our test function in the set

D ={p € C*(Qp)lp(z,T) = ¢¢(x,T) = 0, p|lz—0,1 = 0}.
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Definition 1. If u € C(Q) and V¢ € D, there holds

1 1
(/ 14¢ﬁ-¢mo—xé hw@m0)+lé soue0) = | s, (2.21)

then we call u is a weak solution of (2.18).

Remark 2.5. Due to the motivations, we know that classical solutions must be weak solu-
tions.

Theorem 2.11. (Uniqueness of weak solution) If uy and uz are two weak solutions of
(2.18), then up = ug in Qr.

Proof. By definition, we know that Vo € D,

| = w)en o) =0

T

”We want to show thatVy € C§°(Qr)

o1t — Prz = Y,

@|z=0,1 = 0,0li=1 = 0, p¢|i=7 =0
has a solution. This is a backward wave equation, by changing variable 7 = T — ¢, let
o(z, 7) = ¢(x,t), the problem will change into

Gt — Pz = P(,T — 1),

Ple=0,1 =0, @li=r = 0, @¢|t=r = 0.

Since 1 € C§°(Qr) satisfies the compatibility conditions, from existence theory, we know
that this problem has a solution p(x,t) € C%(Qr). Since 1 is arbitrary, we know that
UL = Ug. O

Theorem 2.12. (***Stability of weak solution) If f =0, then

1 1
/ (u1—u2)2§0(/ \91—92\2+/ !h1—h2!2)-
- 0 0

Proof. Y € C§°(Qr), by the definition of weak solution, we have

/ (ur — u2)(ptt — ) — /Ol(hl — h2)p(x,0) + /01(91 —g2)pe(2,0) =0.  (2.22)
T
Now we consider problem

Pt — Paz = U] — U3,

¢le=01 = 0, ¢li=r = 0, t|t=1 = 0,
where u§,u5 € C(Qr) and u — w; in L*(Qr), i = 1,2. By changing time variable
T=T —t, we have

Pt — Prz = (u] —u3)(z, T — 1),

Ple=0,1 = 0,@|i=r = 0, @t|i=7 = 0.
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Then by the existence of classical solution, we know that the above problem has a solution
@(z,7) € C*(Qr) and the energy estimates hold, i.e.,

1
/0W+W#>
0

Therefore putting them together into (2.22), we have

€ €112 2
T < Cflut - u2||L2(QT) < Ol - U2||L2(QT).

/ (ur —ug)(ui —u5) < lh1 — hallrz - lollr2 + llg1 — g2llz2 - llpell 2
T
Taking € — 0, we have

/(m—wfSCWH—MMHWm—mhﬂMm—me

T

This completes the proof. O

Theorem 2.13. (Existence of weak solution) Let g € C[0,1], g(0) = g(1) =0, ¢’ and h
are piecewise continuous in [0,1], then

u(x,t) = Z Un(x,t)
n=1

is a weak solution of (2.14).

Proof. Fix an integer N > 0, let

N N
Gn(x) = Zgn sinnrx, Hy(z) = Z hysinnmz.
n=1 n=1

Now we consider the approximation problem
Opun — Opzuy =0, in (0,1) x (0,77, (2.23)
UN|z=0,1 =0,
unli=0 = GN, Ounli=o = Hn.

Then by separation of variables,

N

hy . .
uy = g (gn cosnmt + — sinnrt) sin nrx
nmw
n=1

is a classical solution of (2.23).
For any test function ¢ € D, we have

1 1
/QT un(Pu — Pax) —I—/O Gn(z)pi(z,0) — /0 Hy(x)p(z,0) = 0. (2.24)

If g(z), h(x) € L?(0,1), we know that
Gn(z) — g(z), Hy(z) — h(z), in L
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Moreover,

unl < 3 (lonl + [ 22]) < iimg')n + |hal)

1 n=1

(o + 1P + )

M=

3
Il

C

WE

n=1

So we have that

[e.e]
UN — u = Zun, uniformly in (0,1).
n=1
Now we take limit N — oo in (2.25), it follows

/QT u(ptt — Paz) + /Olg(:z)%:(x,o) — /01 h(z)o(z,0) = 0.
[l

Remark 2.6. In the above proof, the condition that ¢’ and h € L?(0,1) is sufficient to
guarantee the existence of weak solution.

2.6. Problems.
F(x —
(1) Verify that u(x,t) = (x — at) + G(z + at)

h—x

(-5 =507 5]

where h > 0, a > 0 are constants, F, G are any function in C?.
(2) (a) Show the general solution of the PDE ug, = 0 is u(z,t) = F(z) + G(y) for
arbitrary function F,G.
(b) Using the change of variables £ = x 4+ ¢, n = x — t, show uy — ug, = 0 if and
only if ug, = 0.
(c) Use the above two facts to derive d’Alembert’s formula.
(3) Give energy estimates for half-line problem and the Cauchy problem in Multi-D
case.
(4) (Equal partition of energy) Suppose that u € C%(R x [0,00)) is a solution of the
following Cauchy problem

is a solution of

U — Ugy =0,  (x,t) € R x (0, 00),

ult=0 = g, Ut|t=0 = h, z € R,

1 o0
where g and h have compact support. Let kinetic energy be k(t) = 5 / u?(z,t)d,
—0oQ
. 1,
potential energy be p(t) = B ui(z,t)dz. Try to prove
—o0

(a) k(t) + p(t) is a constant independent of ¢.
(b) k(t) = p(t) for large enough t.
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Uy — Ugr =0,  x € (0,400),t € (0,400),
U|y—0 = coswt,
Ulp—o = Ae*xQ, uti=o = 0.
Find the condition for A and w such that solution u € C?(R; x R, ), and give this

solution formula.
(6) If u is a classical solution of

Ut — Ugg = 0, T e (07 1)7t€ (O,+OO),
u’:c:O = u‘m:l = 0;
u‘t:O =0, ut’t:() = $2(1 - l’)a

try to compute the limit
1
: 2, .2
t£+moo ; (ug + uy)dex.
(7) Solve the eigenvalue problem
X"(z) + AX (z) =

X(0) = X'(I) =

0, ze€(0,10),
0

X"(x) + XX (z) =0, z¢€(0,1),
X'(0)+ X(0)=0, X(1)=0.
(a) Find an eigenfunction with eigenvalue zero. Call it Xo(z).
(b) Find an equation for the positive eigenvalues \ = 2.
(c) Show graphically from part (8b) that there are an infinite number of positive
eigenvalues.
(d) Is there a negative eigenvalue?
(9) Apply separation of variables to get formal solution of

Ut — Ugy = 0, (z,t) € (0,1) x (0,00),
Up|z—0 = Asinwt, u|z—1 =0, t>0,
ulg=o =1, wlt=0 =0, z € [0,1].
(10)
Ut — Ugy = 0, x € (0,1),t € (0,+00),
Ulz=0 = ulz=1 =0,
Ulg=o = az* 4+ 23 + sinz, Ug|t—p = ycos z.

Solve the problem and give the conditions on «, 8 and 7 such that the solution you
gave is a classical one.
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(11) Find the solution of initial boundary values for heat equation by separation of
variables.
U — Uy = sinzm,  x € (0,1),t € (0,4+00),
U|z=0 = ulz=1 =0,
ul¢=o = 0.

(12) Discussions One can get solution of (2.14) by d’Alembert’ formula and Fourier
series. Are they the same?
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3. HEAT EQUATION

We will first give an introcduction for Fourier tansform and distribution, together with a
list of their properties that will be used within this course. The solution for Cauchy problem
of heat equation will be given by using heat kernel. Furthermore, the solution formula for
half space problem will be derived by using Green’s function. As further understanding of
the Fourier series and energy methods, the initial boundary value problem for heat equation
will be also be briefly studied. We will also introduce a new method, the maximum principle,
for parabolic and elliptic type of equations. It provides the first stage a priori estimate and
also can be used to study the uniqueness and stability of the solutions. In the end, we will
study the long time behavior of the solution of heat equation, with Dirichlet and Neumann
boundary conditions separately.

3.1. A short introduction on Fourier transform and distribution.

3.1.1. Fourier transform. Let’s first recall the Fourier series. Vf € L'(—[,1), its Fourier
series is defined by

—|—ZA cos 1L —|—anm?)

where
1 l
:/ f(x)cos@dx, n=0,1,2,---,

/ f(z sinwdm n=12---

By Euler’s formula, we can change the items in the summation into
nmwx . nhrmx ) jnTT ) _;nmz
AncosT+anmT =A e 1 +Be .

Thus the Fourier series can be rewritten into

0 l
x) NZ@ T a —1/ f(x) ﬂmdx
n ) n - 2l 7[
—Oo

ie.,

32 [ e e
Now let k, = 7, the formula is reduced into

F@)~ e 3 [ fwe et
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Formally letting [ — oo, one could expect that

1 00 oo ] )
— / / f(y)e *dye @ dk.
T J—coJ—-0

These formal computations give the motivation in the definition of Fourier transform on R.

Definition 2. Vf € L'(R), its Fourier transform is defined by

F) = o= [ fae e

A result which can be obtained directly from the definition is that f(k) € L®(R), i.e.,
< £l

F0) == | [ e i) < ——

Therefore the definition tells that Fourier transform is a continuous linear mapping from
L' to L®. Moreover, the following result holds

Theorem 3.1. If f € L'(R), then f(k:) is uniformly continuous in R.

Proof. We prove it directly by using the definition of uniformly continuous. Ve > 0, f €
L*(R) implies that 34 > 0, such that

=
—= 2| fldx <
V21 Jjg)>a

DN ™

\2me

V0 < h < ————, we have
4A| f 2

)efizk[efi:vh o 1]dl‘

[f(k+h) = f(R)| =

=)

< 2\ flde + —— / |- |fldz
27 Jiz|>A

< E‘f‘i_

- 2 2

Remark 3.1. Similarly, one can define Fourier transform in multi-D case, Vf € L?(R™),

(k) = —— z)e Ry
F0) = Gy [, Fre

where k -z = "1 | kjz;. It is also a continuous linear mapping from L'(R™) to L>°(R").

We list here a series of properties of Fourier transform without proof.
(2 f)" (k) = 10y, f(k), and (a*f)" (k) = il*10° f (k),

)
2) k),

) (= a)' (k) = = f )

(4) () () = 5 f (), VA0
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(5) (f*9) (k) = (2m) f(k)d(k).
in 1-d is ie_%. More general case in

V2

. . _ 2
Ezample 1. Fourier transform of Gaussian e™*

multi-dimension is

n

—A‘x|2 A k) = —Az2\A k) = 1 —M
e = e i i) = —e 44, VA > 0.
@ =TT 00 =
The inverse Fourier transform can be formally given by
7 1 ik-x
fl@) = —= | fk)e*dk.
(27‘(’) 2 Rn

The following theorem assures that the inverse Fourier transform is also well-defined.

Theorem 3.2. If f € L'(R) N C’l( , then

lim -
N%oo 5

/f ek d = f(z).

Proof. *(For those who are interested) We know that f(k) is uniformly bounded and con-
tinuous in k£ € R, by the definition of Fourier transform, we have

N A~ .
oot L f (k)= dk
7'[' —

N 0

1 . .
= o [ [ e tayetar
27 —N J—o0

1 o0 N "
_ = ik(z—y)
5| ([ etean) fa,

oo

where
N sin N(z — y)
/ ek (E=y) g — oSV —Y)
_N r—y
This is similar to the Dirichlet kernel, therefore one can expect that the whole integral will

converge to f(x) as N — oco. Next we will prove it in detail.
Changing variable z = y — x gives

N
(271r)1 / F(k)e™ ™ dk

_ 1/°° sinN(z —y) / £z SmNZdz.

T J) oo -y

Now we separate the integral on R into two parts 1] = /
|z|<M >
is to be determined later. In the following, we will estimate I; by using Riemann’ lemma,

while the estimate for Iy by 1/M.

and I, = / , where M
|z|>M
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2[|fll e

TE
1

IQ = ; /|Z|>M f(Z —i—x)

The way to estimate [ is by using

® sinx
dr =,
o T

from which we know that 3N > 0 s.t.

Ve > 0, choose M = , we have

sin Nz

1 €
dz < = —.
o<l =5

sl [ s ]
S\ sinz, ) _=
‘ w Joun 2 fl@)| =4
Now I; can be estimated in the following way,
1 N
Il = / f(Z—i-:E)Sln Zdz
T Jizl<m >
— 1/ f(Z—FJJ)_f(-TU)SinNZderf(x)/ wdz
T Jlz|<Mm z el
1 1 .
= / / f’(a?—i—rz)deindez+ f(x)/ sin Zdz
T Jiz1<m Jo =
! o . N
< Hf”L/ sindez—}-f@)/ Mdz
T Jpl<m m Joew =

By Riemann’s lemma, we know 3N; > 0 s.t. when N > Ny, we have

/
M / sin Nzdz <
& |2|<M

=] ™

Fourier transform for L2-functions
Theorem 3.3. If f € L'(R) N L2(R), then f € L*(R) and
£ llz2y = £l L2 )-

Furthermore, f — f has a unique extension to a continuous, linear map from L*(R) to
L?(R), which is isometry.

Proof. Due to the fact that C§° is dense in LP, for p > 1. We only need to prove the
equation for all f € L. Ve > 0, we consider the following weighted integral

/ k) 2e P ar.
R

By the definition of Fourier transform, we have

(k) 2e kP = L ) f ()i eIkl
Jiwpe i ar= o [ ] [Tt dedyan
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1 .
Due to the fact that \ﬁ/ e R ek r—y) gl = (e_5k2)v(w — y), with the help of Fubini
T JR
theorem, the above integral is exactly

_(e—y)?

= f(x)f(y)dady.

7 v

Since

L [ G2y ®
— e (=) =1
It is easy to check that for f € C§°,

(z—y)?

= f(y)dy — f(z), forallzeR.

1 1 _
— | —e¢
V2T /R v 2e
Thus

: ¢ 2 —¢lk|® 77, _ 2
tim [ 1fPe k= [ (1P

Then monotone convergence theorem implies that f € L? and

1fllzz = 1 z2-
If f € L? but not in C§°, since C5° is dense in L?, there exists {f;} C C§° such that

1f; = fllzz = 0.
On the other hand, since Fourier transform is linear, we have
Hfj - fm||L2 = Hfj - fm||L2 — Oa as j)m — O0.
Hence, { fj} is a Cauchy sequence in L?. Since L? is a complete space, we have 3g € L?
such that f; — g strongly in L?.
Now we define f = g, thus we have
[fllrz = lim |[f5llp2 = lim [|f5]l22 = [[£]| 22
j—oo Jj—oo

Continuity and linearity are left to readers. O
Remark 3.2. Fourier transform can be extended for LP functions in a similar way by using

the following inequality

2 1 1
1flle < E@ @) flle, =1

3.1.2. Distribution and weak derivative. Let €2 be an open subset of R".

Distributions

Definition 3. Test function space D(2) consists of all the functions in C§°(£2) supple-
mented by the following convergence: ¢, — ¢ € C§°(12) iff

(1) 3 a compact set K C € such that suppe, C K, Vm,
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(2) for all multi-index Ve,

sup [0%¢y,, — 0%¢| — 0, as m — oo.
K

Remark 3.3. D(Q) is a linear space.

Definition 4. Distribution, denoted by D’(2), is the dual space of D(Q), i.e., is the linear
space that includes all the continuous linear functionals on D(2). T : D(2) — C is called
continuous linear iff

(1) (T, a¢1 + Bo2) = a(T, ¢1) + B(T, ¢2),
(2) If ¢y, — ¢ in D(Q), then (T, ¢p,) — (T, ¢).

Remark 3.4. It is usually nonsense to multiply two distributions, since it is not well defined.

Remark 3.5. A distribution multiplied by a smooth function can be defined by the following.
For T € D' and f € C*°, their product is defined by

(T'f,¢) =(T,fd), VpeD.

Remark 3.6. The support of a distribution and the convolution of two distributions can be
also defined with the help of test functions, since we will not use these in our lecture, we
omit the detail here.

Ezample 2. L} () C D'(Q).
Vf e LL.(Q), Tr € D'(Q) is defined by
T1.0) = [ f@)o)ds, Vo e D)
Q

Remark 3.7. Similarly, L} () C D'(2). One can use the Holder’s inequality to obtain
that L

1) C LL (Q) for 1 <g<p< o

Theorem 3.4. L1 . functions are uniquely determined by distributions. More precisely, for
two functions f, g E L} (), if

| sode= [ goiz,  voeD@)
Q Q
then f =g a.e. in Q.

The proof is left to the readers.

FEzample 3. Probability density functions on R is a subset of D/(R). For any probability
density function P(z), Tp € D'(R) is defined by

(Tp,¢) = / o(x dz, Vo € D(R).

Example 4. The set of measures, M(Q), is a subset of D'(Q2). For any p € M(Q), T, €
D'() is defined by

(T, d) = /Q (x)dp, Vo€ D(Q).
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Ezxample 5. Dirac delta function.
As a typical example of measure, Delta function §(z) is defined by

(0,0) = 9(0), Vo €D(Q).
Remark 3.8. § ¢ L}, .

Proof. If not, there exists f € L} s.t. V¢ € C5°,

loc
6.0)= | fodz.
R
eln=’-1 " |nz| < 1
Now we choose () = ’ . Then we have on one hand
0, |nx| > 1
(6, Pn) = ¢n(0) = e .
On the other hand, since f € Llloc,

1
/ fondr = / f(z)en=lP-1dx — 0, as n — oo,
R o<

which is a contradiction. O

Definition 5. A sequence of distributions {7,}°°; converges to T in the sense of distri-
bution if

(Tn,¢) = (T, 9), Vo€ D(Q).

In the following we will show some sequences which converge to d-function in the sense
of distribution.

Ezample 6. Heat kernel fi(z) =

/ fi(z)dx =1 and V¢ € C§°,
R

[ s@owar= [ L oavipay - o0
s VG ’

—00

by dominated convergence.

2 |nxl <1
Ezxample 7. Qn(x) :{ 5 ITWI o1

/ Qn(z)dxr =1 and V¢ € Cg°,
R
/R Qu(@)d(@)dz = [ “o(@)dr — $(0).

Ezample 8. Dirichlet kernel D,,(z) = =1+2%_, coska.
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/ Dy (z)dx = 27 and V¢ € C§°,
R

™ ™ sin(n + 3)z

3 T
S 3

Da(a)ola)de = | o(x)dz — 276(0),

—T —T

which can be proved by using Riemann’s lemma and the similar argument to those we have
used in the proof of inverse Fourier transform for L' N C! functions.

Weak derivative of distributions The definition of weak derivative is enlightened by
integration by parts. If f € C!, we have

/Qaif¢da: = —/Qfﬁmda:, Vo € Cp°.
With the same idea, we can define the weak derivative for distributions.
Definition 6. VT € D'(Q2), 9;T is defined by
(0T, ¢) == —(T,0;0), V¢ € D(QQ).

Since —0;¢ € D'(), it is easy to check that the right hand side defines a continuous
linear functional on D’(€2). This new linear functional, as a distribution, is called the weak
derivative of 7. One can define higher order derivatives in the same way. Let a be a
multi-index,

(0°T, ¢) = (—1)l°NT, D*¢), V¢ € D(Q).

Remark 3.9. According to this definition, we know that all distributions are infinitely weakly
differentiable.

Ezample 9. The derivatives of d-function.
V¢ € D(R), we have

<5/7¢> = _<67 ¢/> - = /(O)u
(6", 0) = (=1)*(5,0*)) = (=1)F¢"M(0).

Ezample 10. The derivatives of Heaviside function H = {
V¢ € D(R), we have

(H'.6) = ~(H.6) = = [~ ¢a)dz = 0(0) = G.0)
Motivated by the change of variables, we can give the translation of distributions.
Definition 7.
(T'(x = a),¢(z)) = (T(x), p(x + a)).
For example, d,(z) = §(z — a) is defined by
(0, 0(x +a)) = ¢(a).



45

LETCURE NOTES FOR INTRODUCTION TO PDES23

3.1.3. Tempered distribution and its Fourier transform.
Definition 8. Schwartz class function S(R"), (rapidly decreasing function),
SR™) = {¢ € C°(R")| sup [ D%@| < 400,V multi-index «,~},

x

where the convergence of a sequence {¢;} C S(R") to ¢ € S(R") is defined by
sup |27 D(¢; — ¢)| — 0,V multi-index o, 7.

Theorem 3.5. If ¢ € S(R"), then ¢ € S(R")
Proof. For all multi-index «,~, by the properties of Fourier transform, we have
—x

kD] = | (D ((=ey o)) | < [ 1D (= 0(a))] e

By taking the supremum in k£ € R", we have
1
< - D*((—x)"¢(x))|dx
i o 17 (o)
Csup(1 + [z)" D ((—2) ¢ (x))] < +oo,

]

sup [k D7 (k)|
k
1
(2m)%
; 1‘
ro (L |2[)m
Definition 9. The dual space of S(R") is called tempered distribution space, denoted by

(2m)3

where C =
S'(R™).
Remark 3.10.
D(R") C S(R™), S'(R™) c D'(R™).
Definition 10. VT € S’(R"), its Fourier transform is defined by V¢ € S(R™),
(T,¢) = (T, ).
Example 11. The Fourier transform of Dirac delta function is a constant.
1 1
r)dr = =
[ oz = (0

/n (z)e0%dx =

23

V¢ € S(R™), by definition,
1

(0,8) = (5, 8) = $(0)
— In the sense of distributions.

This means that § =
(2m)?
3.2. Cauchy Problem. The initial value problem of the heat equation is
u — Au = f(x,t), reR™t>0,
ult=o = uo().
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3.2.1. Solution formula of the Cauchy problem. We will find the formal solution of Cauchy
problem by Fourier transform. Taking the Fourier transform in z in equation (3.1) and as
well as its initial value in (3.2) gives

i + k>0 = f(k,t), keR"t>0,
u|t:0 = ’LL()(]C)

This ODE problem is easy to solve by Duhamel’s formula

t
a(k,t) :e_thﬂo(k‘)+/0 e PO f(k, 7Ydr

Now taking the inverse Fourier transform and using its property for convolutions, we have
1 [ 1 ETa

t
u(x,t) = —e it x +/ ——¢ -7 % f(x,7)dT
() (4mt)= (=) 0o (Ar(t—1))2 f(,7)

1 lz—y|? lz—y|® yl?
— - T4t d + T At-T) y dydr.
(4mt)2 /Rne uo(y)dy / /n (Am(t — 7)) e Jy, 7)dydr

It can be seen from here that the function, known as heat kernel,

L =
Te At (3.3)
(4mt)2

is very important in getting the solution of the heat equation. Actually, the solution can

K(z,t) =

be written in the following form

t
u(z,t) = K(x,t) xug + / K(x,t —71) % f(z,7)dT. (3.4)
0
which is called Poisson’s formula.

Theorem 3.6. For homogeneous equation, i.e., f =0, if ug is a bounded function in C(R),
then u(x,t) given by (3.4) is a bounded classical solution of (3.1)-(3.2).

Proof. 1t is easy to see that V¢ > 0, u(x,t) = K(z,t) * ug(z) is infinitely differentiable both
in  and ¢t. Another fact is that

—~AK =0, Vt>D0.

These show that u(x,t) is a solution of the equation for t > 0, i.e., uy—Au = 0in R" x (0, 00).
Now we are left to check whether u(x,t) satisfies the initial data. More precisely, it remains
to show that,
lim  w(z,t) = ug(zg), Vaoe R™
(o "1 = wolz0), Voo
By changing of variables in the integral, we have

(2,1) 7 fe T
u(z,t) = — e w
e o(y)dy
1
= — e_|zl2uo(m+2\/iz)dz
T 2 Rn
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Due to the fact that ug is bounded, the above integral is uniformly convergent in x and ¢,

which allows us to switch the order of the limit and the integral. Therefore
lim  w(x,t) = n/ e_|z‘2u0(w0)dz = up(xo).
(z,t)—(x0,0) T2 n
O
1 lz—yl?
- e 1ty d
(4mt)2 /n o(y)dy

Remark 3.11. Some basic properties of the solution u(z,t) =
can be obtained directly from this formula.

(1) If ug is periodic (or odd, or even) in z, so is u(z,t).

(2) Infinite speed of propagation. If ug(xz) > 0 has support in a small domain, say

Qo C R™, u(z,t) is positive everywhere in R".
(3) Infinite differentiability of the solution u(zx,t) for ¢t > 0.
Next we consider the inhomogeneous equation with homogeneous initial value
up —Au = f, in R" x (0,400),

u‘t:() =0.

K(x —y,t—s)f(y,s)dyds
(3.6)

The solution is given by
t
@t = |
0 Jrn
t 1 _lz—yl?
/ e =9 f(y, s)dyds.

N /0 (Ar(t—s))3
Theorem 3.7. If f € C>1(R" x [0,00)) and has compact support, then the function u given

by (3.6) is a function in C*>*(R™ x [0,00)), furthermore, it is a solution of (3.5).

K(y,t)f(ﬂf - Y, O)dy

Proof. By the regularity of f, we have
Rn

(0r — A)u(z,t)
— / Ky, 8)(fy — Af)(x — 1 — 5)dyds +
0 Rn

- /E K(y,5)(f = Af)(x —y,t —s)
0 Rn

+/; [ K(s)(fi- A -t - 9)
L K@D (@ =y, 0)dy = Je+ Lo+ L.
We deal with the right hand side term by term,

1< (= + 1% e) [ K s)ayas < e
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t
I = / K(y,s)(fe = Af)(x —y,t — s)dyds
e JR”
t
= / /Rn(as_Ay)K(yas)f(fE—y,t—S)dyd8+ K(y76)f(x_y,t—€)dy

R”

~ | K(y,t)f(r —y,0)dy

= |, K(y,e)f(x —y,t —e)dy — L.

Therefore we have

ug — Au = lim K(y,e)f(x —y,t —e)dy = f(x,t), Vt>0,

e—0 Rn
and
t
lu(z,t)| = ‘/ K(y,s)f(x —y,t — s)dyds| < t|fllp= — 0, ast—0,
0 JR"
which means that the solution also satisfies the initial condition. O

Remark 3.12. By superposition principle for linear equations, under the conditions of the-
orem 3.6 and 3.7, we claim

t
wet) = [ K=ty + [ [ Ko =yt =915

is the solution of

up— Au=f,  uli=o = up.

3.2.2. Fundamental solution. We first give some motivations in defining fundamental solu-
tions. Formally, the right hand side function f(x,t), the heat source, can be represented
by

fmwz/ Sier) (2. 0)f (6, 7)dEdT, Y €R™,t >0,
0 Rn

which means that f(z,?) can be treated as a summation of §¢ -y (,t) f(§, 7)d€dr, the point
heat source. Therefore, we can expect that if K(xz,t;&,7) is the solution of u; — Ayu =
(e,ry(x,t), then K(z —§,t —7)f(§,7)d{dr is the solution with point heat source. Thus in
the case of general heat source f(z,t), the solution can be written into a superposition of
point heat sources,

U([E,t) = Aw - K({B - §7t - T)f(§77—)d£d7—

Basically, the fundamental solution of heat equation is to find the temperature distribution
with a point heat source at (&, 7).

Definition 11. K(xz,t;&,7) = K(x —&,t —7) is called the fundamental solution of heat
equation.
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Let Q@ =R" x (0,00). Y(z,t) € Q. K(x,t;&,7) is a solution (in the sense of distribution)
of the following Cauchy problem
Ut — AJ;’LL = 6(&77) (.’13, t),
U|t:0 = 0.

Remark 3.13. We also know that K (x,t;&,7) is a solution of
ur — Azu =0, Ve e Rt > T,
uli=r = O¢(z).

Some properties of the fundamental solution
(1) K(z,t;&,7) >0 for t > 7.
(2) K(z,t:¢,7) = K(&§ G2, 7).
(3) Ve e R", t > T,

K(z,t;¢,7)d§ = 1.
Rn

(4) Vz, £ e R", t > T,
(O — Ag)K (2, 1:6,7) =0
(aT—I—Ag)K(I‘,t;f,T) =0

(5) If p(x) is a bounded continuous function in R", then
Jim K (48, 0)p(§)dE = o).
(6) K(x,t;&, 7) is infinitely differentiable and M > 0 s.t. in the case of ¢t > T,
M
K (2, 66, 7)| < ——-
(t—m7)2

Remark 3.14. There is another derivation of fundamental solution instead of using Fourier
transform. One can check this method in Evan’s book.

3.3. Half space problem and its Green’s function. The main purpose of this section
is to give a first insight on how to build up a Green’s function on general problem.
Consider the problem

up — Uz, = 0, x€(0,400),t>0,
u|t=0 = ¢, TE [07 +OO)7 (37)
u|x:0 = 0, t>0.

We want to find a function G(z,t,£,0) such that the solution of (3.7) can be represented
by

ule,t) = /0 G, 0)p(€)de.
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The important thing here is that we must make sure the solution satisfies the boundary
condition u|y,—o = 0. V& € (0,+00), if the initial data is d¢(z), we need to find the odd
extension of it, i.e., —0_¢(x), to balance the boundary condition. Now we can choose the
initial data as

d¢(x) — 0—¢(2),

and solve the Cauchy problem with this initial data. Since the problem is linear, our the
solution is exactly

Thus the Green’s function for half space problem (3.7) can be written as

G(Qj‘,t,f,O) = K(.T,t,g,()) - K(i’,t, _670)7
and the solution of (3.7) is expected to be u(z,t) = / G(z,t;:€,0)p(&)dE.
0

Theorem 3.8. ¢ is a bounded smooth function on (0,400) and ¢(0) = 0, u(x,t) =
/ G(x,t;€,0)p(§)dE is the solution of (3.7).
0

The proof of this theorem is left to the reader.

Remark 3.15. For inhomogeneous problem

U — Uze = f, ZE€(0,+OO),t>0,
u‘t:o = ¥, TE [07 +OO)7
U|$:0 = 0, t>0.

The formal solution is

e’ t [e'e)
ue t) = /0 G, t:€,0)p(E)dE + /0 dr /0 G, t;€,7) f(€, 7)de.

Remark 3.16. Similarly, one can find the Green’s function for half space problem with
homogeneous Neumann boundary condition.

3.4. Initial boundary value problem. The initial boundary value (with homogeneous
Dirichlet boundary condition) problem for heat equation in 1-d space variable is

Ut — Uge = f7 $€(071)7t>07
u|t=0 = p, TE (07 1)7 (3'8)
u]ng = u|x:1 = 0, t>0.

The method of separation of variables is easy to be applied here.
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3.4.1. Separation of variables. First by solving the eigenvalue problem
X" +AX =0, 2z¢€(0,1),
X(0)=X(1) =0,
we have
Ao = (nm)?, X, = sinnmz.

Then if the solution u(z,t) has form
u(x,t) = ZTn(t) sinnmz,
n=1

T, (t) will solve the initial value problem of an ODE
T, + (nm)*T, = falt),
Tn(o) = ©¥n,

where

1 1
fu(t) = 2/ f(z,t) sinnraede, On = 2/ o(z) sinnrxdz.
0 0

This ODE problem has a solution
¢
T, (t) = e~ ("7t +/ e~ =T ¢ (dr, n=1,2,---.
0

Thus the formal solution for problem (3.8) can be written as

00 t

u(z,t) = Zsin nmwx (e*("“)%gon +/ 67(””)2(t77)fn(7')d7'). (3.9)
n=1 0

A natural question to ask is under what condition is (3.9) a C%!((0,1) x (0,00)) solution.

Here we give a result with sufficient assumption on the given data.

Theorem 3.9. If p(z) € C[0,1] and f, fi, fout € C*1((0,1) x (0,00)) and have compact
support in x, then the formula given by (3.9) is in C*1((0,1) x (0,00)) and is a solution of
the problem (3.8).

Proof. The uniform convergence of the formula u(x,t) is omitted here. The more difficult
steps are shown in the following, i.e., to prove that u,, and wu; also converge uniformly in
T, t.

If we take twice derivatives in z or derivative in ¢ in the formula (3.9) on each term in
the summation, we will have (n7)2. Therefore, in order to prove that it is the solution, we
only need to show that V¢ > 0, the following series converge uniformly in = and t, i.e.,

o0

Z:(mr)2 sin nﬂxe*(m)%gon;

n=1

o0 t
Z(nﬂ')2 sinnmx / e_(m)z(t_T)fn(T)dT.
n=1 0
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The convergence of the first series is obvious because of the exponential term e~ To

1
“produce” a factor —— by using integration by

(nm)?

deal with the second series, we need to

parts on the integrals involved in the formula.

t
/GWWﬂhmm
0
—(nm)3t t
_ L) e %@_/(1fﬂm%ﬂmmm.
0

(nm)? (nm)? nm)?

Therefore, the second series can be rewritten into

e t
Z(”W)2 Sinmr:n/ e_(m)2(t_T)fn(7')dT
n=1 0

[o8) t
= Y sinnra (fa) - L 0) - / e p (r)d
n=1 0

) 9] t
= f(z,t) — fu(0) Z sin nraze ("t _ Z sin mra:/ e~ (M=) f1 (Y dr,
n=1 n=1 0

where the convergence of the last series can be done by using exactly the same method
as for the convergence of u(z,t) itself. Namely, with the assumption that f has compact
support, we do integration by parts twice,

fa(7)

1
2 / fi(x, 7) sinnmrxdx
0

2B, (T)
5

2 1 .
= _(7?77)2/0 frat(x, 7)sinnrade =: — —

Due to the fact that > o0 | B2 < oo, we have

n=1 0
Z 2’ Sin 'I’Lﬂ'Z" _(nﬂ_)2(t_7.)|B (7’)|d7’
T = (w2 o "
14+ B (7))dr < o0.
> e ) 0 B

O

Basic properties of the solution of heat (or more generally, parabolic) equa-

tion, In the case of no external source, i.e., f = 0, the solution has “Infinitely differen-

(nm)2t

tiablility inside of the domain”. It is mainly due to that e~ decays exponentially in n

for any positive time ¢. More precisely, V(z,t) € (0,1) x (0, 00), for any nonnegative integer
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k,l, the solution given by (3.9) is (k + ) times differentiable at (z,¢). For example, we
know that
O Hlu(z, )
dxkot!

= Z(—l)l(nﬂ>k+2lwne—(nw)2t sin(nmz + %T)

n=1

converges uniformly in x and positive t.

3.4.2. Energy estimates. We will give the energy estimate for initial boundary value prob-
lem of heat equation in multi-dimension. 2 is a bounded open subset of R™. Let Qp =
Q2 x(0,7).

w—Au = f, (z,t) € Qr,
u|t:0 = ¢, TE Q7 (310)
ulpgo = 0, t>0.

Theorem 3.10. If u € C*Y(Q7) N C(Qr) is a solution of problem (3.10), then IM > 0
depends only on T, s.t.

JSup [ D)llz2@) + IVull2@ry < M(llell2) + 1 fllz2@r)- (3.11)

Proof. By multiplying the equation by u, integrating it over (J; and integrating by parts in

1 1 t t
/u2dm—/ g02dx—|—/ /|Vu\2da:dt:/ /fuda:dt.
2 Ja 2 Jo 0 Jo 0 Jo

Young’s inequality gives

t t t
/qux—i—Q/ / |Vu|2dmdt§/ /ugdxdt—i—/(dex—i—/ /dea:dt
Q 0 Jo 0 Jo Q 0o Ja

Then (3.11) can be obtained directly from Gronwall’s inequality.

xz, we have

O

Remark 3.17. The discussion on uniqueness and stability of the solution by energy estimates
is similar to what we have done for the wave equation.

Remark 3.18. For homogeneous Neumann boundary condition u - y|gq = 0, where v is the
unit outer normal vector of OS2, the energy estimate can be done similarly.

Remark 3.19. For inhomogeneous boundary condition, i.e., u|lsgo = ¥p, one can try to
homogenize it or just use u — ¥p as test function.

3.5. Maximum principle. In this subsection, we introduce one of the basic tools, the
so-called maximum principle, for second order elliptic or parabolic equation. It is easy to
get the main idea from handling the heat equation.

In the following, we assume that € is a bounded open subset of R". Let Q7 = Q x (0,71,
the parabolic boundary of Q1 be 9,Q7 = Q x {t =0} U 9N x (0,7] and Lu = u; — Au.
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3.5.1. Weak mazimum principle.
Theorem 3.11. If u € C*Y(Qr) N C(Q7) and Lu < 0 in Qr, then the mazimum of u in
Q1 must be achieved on 0,Qr, e,

max u(x,t) = maxu. (3.12)
Qr 0pQr

Proof. We first assume Lu < 0 in Qp. If (3.12) is not true, which means 3(xg,ty) € Qr
such that

u(xo, to) = maxu(z,t),
T

then we know that Vu(xg,tg) = 0, Au(xg,to) < 0 and us(zg,ty) > 0. Therefore,
f(@o,to) = Lu(zo,t0) > 0,

which is a contradiction with the assumption Lu < 0.
If Lu <0, we introduce an auxiliary function

v(z,t) =u(x,t) —et, Y0<e<<l1.
Then the application of the heat operator on v gives
Lv=ILu—ec=f—e<0.
By the conclusion we obtained above, we have

maxv = maxv.
Qr QT

Going back to the variable u,

max u(z,t) max (v + et) < maxv + T

Qr Qr Qr
< maxv+eT = max(u — et) + T
apQT ap T
< maxu+ eT.
apQT
In the end, taking € — 0 finishes the proof, i.e., we have (3.12). O
By the same discussion or letting v = —u, we will have

Corollary 3.1. If Lu > 0, then

minu(z,t) = min u.
Qr OpQr

A combination of the above two results gives

Corollary 3.2. If Lu = 0, then both the maximum and the minimum of u are achieved on
the parabolic boundary.

Now we will have the very useful tool, the comparison principle, as a corollary

Corollary 3.3. If u,v € C*Y(Qr) N C(Qr), Lu < Lv and ulo,@r < vlo,Qr, then
u(z,t) <wv(z,t), in Qr.
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3.5.2. Dirichlet boundary value problem. The initial boundary value problem of heat equa-
tion with Dirichlet boundary condition is

up — Au = f(x,t), in Qp,
ul=o = ¢(x), (3.13)
ulog = g(z,t).

Theorem 3.12. If u € C*1(Qr) N C(Qr) is a solution of (3.13), then

max |u| < FT + B, (3.14)
Qr

where F' = maxg, . |f|, B = max{maxq [p|, maxaax 719/}

Proof. The proof will be obtained by using comparison principle. We introduce auxiliary
function w(x,t) = Ft + B £ u(x,t). It is easy to check that

Lw=F+f>0,
wla,qr > Ft+ B £ glo,or > 0.

By comparison principle, Corollary 3.3, we have w(x,t) > 0 in Q7, which implies
lul < FT+ B, in Qr.
Ul

This maximum estimate can be used to prove the uniqueness and stability of classical
solutions.

Corollary 3.4. C*Y(Qr) N C(Qr) solution of (3.13) is unique.

Corollary 3.5. C?'(Qr) N C(Qr) solution of (3.13) is stable in the following sense. If
uy,uz € C*HQr) N C(Qr) are solutions separately with data o1, f1,91 and @a, fa, g2, then

max lur — ua| < |If1 = fallooT + [l01 — @2lloc + |91 — 92l 00-

T

3.6. Long time behavior of the solution. In this subsection, we give further discussion
of the long time behavior of the solution to heat equation based on energy or entropy
estimates.

3.6.1. Poincaré’s inequalities. First, we introduce Poincaré type of inequalities. 2 is a
connected open bounded domain in R"”

Lemma 3.1. (Poincaré’s inequality for C}(Q) functions) For all u € C3(Q), it holds
lull2) < 2d[|VullL2(q),

where d = diam ).
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Proof. For all u € C&(Q), without loss of generality we assume

Qc{zl0<x <2d,1<i<n}=Q.

Let © = { U, TE S} _ . It is obvious that @ is a piecewise C! function, and
0, ze€Q\Q
ii|gg =0
By Newton-Leibnitz formula
- 1040
W(xy, e, ) = S x1,

then
2

a2 = < Oxl aajldxl)g < /Oxl (;Z)del < 2d/02d

By taking integration over (), we have
2d

/ w*dr < 2d / /

Q QJo

lullz2(0) < 2d|[Vullp2(q)-

o1 |?

8951

drydr < 4d2/ V|2 da.
Q

Therefore,

Lemma 3.2. (Poincaré’s inequality for C1(Q) functions) For all u € C*(Q), it holds
|u — |l r2(0) < C(Q)[[Vul r2(q),

1
where 4 = |Q]/ udzr and C is a constant depending on 2.
Q

Proof. We only prove the case 2 = (0,1). The more general case can be proved by using
Sobolev embedding theorem. Since u is a continuous function, there exists z¢ € (0,1) such
that u(xg) = u. Then by Newton-Leibnitz formula,

) -1 = ([ ) < @ —s0) [ )

0

Therefore the inequality is obtained by taking integration over (0, 1). (Il
A more general version is given in the following. We will skip the proof here.

Lemma 3.3. (Gaussian Poincaré’s inequality for C*(R™) functions with measure dy =
Gdz) For all u € CY(R™), it holds

v — |l 2mn gy < [IVUll 20 dp) s

n 272
where u = / udp and dp = G(z)dr = (27)"2e” 2 da.
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3.6.2. Heat equation with Dirichlet boundary condition. Next we use these two inequalities
to prove the long time behavior of the solution to heat equation.

Theorem 3.13. Ifu € C%1(Q x (0,00)) NC(Q x [0,00)) is a solution of the problem (3.10)
with f =0, then 3C(Q) such that

u(@, t)]| 120 < lloll 2@y,

furthermore for any fixed x, u(x,t) — 0 as t — oo.

Proof. Use u as test function in the heat equation and notice that u|spq = 0, we have
1d
2dt Jq

With the help of lemma 3.1, we have

1
(i/guz(x,t)dx—kd/9|u\2dx§0.

7
Q

3.6.3. Heat equation with Neumann boundary condition***.

u?(z,t)dx +/ |Vu|?dz = 0.
Q

Therefore,

e

/ w?(z,t)de < e~
Q

Theorem 3.14. If u € C*1(Q x (0,00)) N C(Q2 x [0,00)) is a solution of the problem
Ut — Au = 07 Vu - 7‘9 = 07 ’U/’t:o = (p(l’)7

then 3C(2) such that

||u(:r,t) - @HLz(Q) < HQO - @‘|L2(Q)€7Ct,

furthermore for any fized x, u(x,t) — @ ast — co.

Proof. A very important fact of the heat equation with homogeneous boundary condition

is that
/u(m,t)da:z/go(x)dw,
Q Q

which can be obtained immediately by integrating the equation over €2, where the diffusion
term disappears because of the Neumann boundary condition. Thus u = @, which is
independent of time.
Use u—wu as test function in the heat equation and notice that u satisfies the homogeneous
Neumann boundary condition, we have
1d
2dt Jq
With the help of lemma 3.2, we have

(u(z,t) — u)dx +/ |Vu|?dz = 0.
Q

G |t —wide + é/g(u(:r,t) _ )2z < 0.
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Therefore,
/(u(x,t) —u)’dr < e © /(g@ — @)
Q Q
O
3.6.4. Heat equation, Cauchy problem. In this part we concentrate on the Cauchy problem
of heat equation and by using different scaling of the variable to observe more details of

the solution behavior.
Let u(y,7) € C%! be the solution of

1
Ur = iAyu,

and with the initial data ug such that [wuodz = 1. Note that the fundamental solution is

Y

(147)3 and

1 2
K(y,7) = C—ﬁe_gT, we do a new space-time rescaling, i.e., t =log(1+7), z =
T2
let
u(y, 7) = v(w, t)(1+7)"3

to perserve the total mass of the solution, i.e., /

v(x, t)dx —/ u(y, t)dy. v satisfies the
Rn n

following so called Fokker-Planck equation

1 1 1
vy = iva_,_ iv (av) = iv “(v(Vinv+2)).

12
It is obvious that G = 7~™/2¢~"% is a stationary solution of it.
If we take further w = &, w satisfies the following so called Ornstein-Uhlenbeck equation
(a symmetrically weighted heat equation)

1
wy = 5(;—1v - (GVw).
Notice that all of the transformation keeps the total mass, i.e.,

/n wdp = / vz, t)dz = / u(y,t)dy = 1.

Theorem 3.15 (Energy estimate). Let u(y, ) be a solution of the heat equation and initial

data satisfies / lug — G2dx < oo, then there exists a constant C' such that
Rn

Proof. We start with an energy estimate for w. Let F(w(t)) = / |w — 1/2dp, then
Rn

2 1 C

y = ]
e NG ok

u(y, ) — G((l—l—yT)é) (1+7)73

dF (w(t))

at _/Rn VwlG(z)dz = =D(w(t)).
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By the Gaussian Poincaré’s inequality in lemma 3.3 with measure du = G(x)dz, we have

/ w — 12dp g/ YV |2dp.
n Rn

/ lw — 1)%dp < et/ lwo — 1*du = et/ lup — G|*d. (3.15)

n

The result is obtained by changing back to the original variable, u(y, 7) = v(x,t)(1+7)"2 =
w(z,t)G(z,t)(1 + 7)~ 2, namely,

Therefore

1
w(t) —12d :/ v(z,t) — G(z)|? dx
)= 1P = [ ot - 6P g1
n Yy 2 1 dy
= [ Juwnasnt e ) o
n (147)2 G((1+7)2)(1+7‘)2
n 2 1
= (1+T)2/ u(y, ) G( y ;)(1+T) 2 G )dy
" (1 +T)2 (1+47)2
and the right hand side with variable 7 is
e_t/ \uO—G|2dx—Ci
R™ L+7
which completes the proof. [l

Remark 3.20. From (3.15), instead of changing back to the variable immediately, we can
use the estimate from weighted heat equation

[w = 1flee < Cllw = 1] 2.

We can get
lw— 1] < Ke™™.

Therefore, we get a point-wise estimate,

C y Y
=)+ G(m) Suly,m) < (450 +7) G(m).

|3
|3

Remark 3.21. One can also proceed to do the entropy estimate. We start with an entropy

/log dyp = /vlogvdx—i—;/ 2 4 C,
d&(v(t))

v o2
e = —/n A +x‘ dz = —/HU‘VIOg(G)‘ dz =: —Z(v(t)).
By using the logarithmic Sobolev inequality, i.e. / f?log fdx < / |V f|?dz, we have

estimate for v. Let

then

&< -T.

DN |
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Therefore,

d
d—f +26 <0= E(t) < e 2£(0).

3.7. Problems.
(1) Find the formal solution of the following problem by Fourier transform
i0u+ Au =0, (x,t)€R" x (0,+00),

u’t:() = g(.’L’), r € R™

(2) Find the formal solution of the following problems

(a)
up — Au+2u = f(x,t), (x,t) € R" x (0,00),

uli=o = ¢(), z € R"

U — Ugy +xu =0, (z,t) € R x (0, 00),
u|t:0 = 90(x>7 r eR.

up = a*ugy, (x,t) € (0,4+00) x (0, 00),
ulg=0 =0, =z € (0,+00),
ux|x:0:*1, t>0.

(3) Find the Green’s function of half line problem

U — Uy = f, x€(0,400),t>0,
’LL|t:0 = ¥, TE (Oa +OO)7
uz‘a;:o = 0, t>0.

And give the formal solution formula of this problem.
(4) Q is a bounded open subset of R", Q = Q x (0,T]. If u € C>1(Q)NC(Q) is a
solution of the following initial boundary value problem
up — Au = f(xat)v (l’,t) €qQ,
u‘t:() = gp(x), HANS Q?
u|aQ = 1.

Try to prove there exists a constant C' (depending on T' and |Q| = [, dz) such that
the following inequality holds

T T
sup /uQ(x,t)dx—l—/ /|Vu\2dxdt§0(/ ¢2dx+/ /f2dzndt+l).
0<t<T JQ 0o Jo Q 0o Jo
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(5) Find the formal solution of the following problem by using separation of variables
Uy = Uy, (z,t) € (0,1) x (0,00),

uli—o = 22(1 — ), x € (0,1),

Ug|z=0 = U|z=1 =0, t>0.
(6) 2 is a bounded open subset of R", Qr = Q x [0,T). c(x,t) > —co with some

constant co > 0. If u € C(Qr) N C*(Qr) satisfies
ur — a?Au+ c(z,t)u <0, (z,t) € Qr,
ula,Qr <0

—cot

Try to prove that u <0 in Q7. (Hint: try to use auxiliary function e™“"u)
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4. POISSON’S EQUATION

4.1. Fundamental solution. The Poisson’s equation in R" reads
—Au=f, inR" (4.1)

We will first try to find some special solution formally. Since the Laplace operator is
radially symmetric, it is natural to expect radially symmetric solutions. Assume u(x) =
v(|z|) = v(r), where r = |z|, then
or X x? 1 =z
. = Ugiz; = 'Urrr% + Ur(; - rig)v
thus we can put this radially symmetric function into the homogeneous Poisson’s equation
Au =0, i.e.

-1
Au:vrr+n

1—
v, =0, = (logv,), = Tn’ in che case of v, # 0.

Consequently, there exist constants C' and ¢’ such that v, = Cr!~" and
Clogr+C', n=2,
v(r) = C
(r) +C'", n>3.

Tn—2

Therefore, u(x) = v(|z|) are solutions of Poisson’s equation at any point but not at x = 0.
Motivated by this formal computation, we give the following definition.

Definition 12. Let

1
—?log]x\, n=2,
®(x) = T 1

n(n —2)a(n) [z|*~*’

where a(n) is the volumn of n dimension ball. ®(x) is called the fundamental solution

n > 3,

of Poisson’s equation.

Properties

(1) V| < ¢ |D2®| < C" for x # 0.

‘x’n—l’ ‘xn

(2) A® =0 for z # 0 and AP(z —y) =0 for z # y, Yy € R™.

Remark 4.1. The special choice of constants in the fundamental solution will be observed
clearly in the following theorem.

Then we are able to represent the solution of Poisson’s equation by using fundamental
solution. More precisely we have the following theorem.

Theorem 4.1. If f € C3(R™), then u = ® x f is a solution of problem (4.1)

Proof. First we prove that v € C?(R"). In fact,
u(x + he;) — u(x T+ he;, —y)— fle—
ot =) _ [ g 0 v~ )

dy.
h h Y
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Of(x—y) _ . flethei—y)— flx—y)
= lim
695,- h—0 h
and @ is locally integrable, by letting A — 0, we have

ou of
o= [ 2wyl vy

By similar discussions, we can show that u is twice differentiable and

0%u 0% f
a{L‘ial’j N /n (I)(y) 81'1(91,‘] (SU B y)dy

Next we will prove —Au = f. Ve > 0 small enough,

“Aufz) = / DAL (@~ y)dy

Due to the fact that f has compact support,

— / (y) Ay f(z — y)dy + / (y)Asf(z —y)dy
=(0)

R"\B:(0)
= I.+ J..
where
Ce?|loge| n=2
< 2 £l oo < .
LI N LIRS e
Integrating J. by parts, we have
Je = —/ Vy@(y)Vyflx —y)dy — / O(y)Vyf(z —y)-vdSy = K. + L,
R™\B:(0) 0B:(0)

where L. can be estimated by

Celloge|, n=2,
< oo < :
|Le| < 1D /a )I<P<y>'d5y—{05, n>3

In the end, we can see that K. contributes the main part of the calculation. When € goes to
0, this term plays a role as a Delta function applied on f. Due to the fact that A®(y) =0
for y # 0, we have

K. = e —y)dy+ [ VO fe-y)dS, = [ Veqf-y)ds,
R”\B:(0) 9B:(0) 0B:(0)
Now we can calculate that on 0B:(0),
1 Yy oy 1
V,b(y) -y = — B —
W e W ] na(me T

Thus we have

1
KEZ—/ fx—de:—/ F(y)dS,.
e s &Y = e T fog T

In the end, taking ¢ — 0 gives
K. — f(x).
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Remark 4.2. From the above proof, the delicate choosing of the constants that appear in
the definition of the fundamental solution is now apparent and understandable.

By using the same method, we can prove that —A® = §y(z) in the sense of distribution.
Theorem 4.2.

1
—z—log\:c—y], n=2
(z,y) = O(r —y) = T 1 (4.2)
n(n —2)a(n) |z —y["=2’

is a solution of
—A® =6, (z)
in the sense of distribution. More precisely, Yo € C§°(R™), it holds

(800~ 1) p(@) =~ [ Do~ »Apa)d = pls) = G (a). 0l)) = ()
4.2. Properties of harmonic functions. Let 2 be an open subset of R™.

Definition 13. If Au = 0 in Q with u € C?(Q), then u is called a harmonic function in
Q.

4.2.1. Mean value theorem.

Theorem 4.3. If u € C?() is harmonic, then ¥V ball B(z,r) € Q, it holds that

u(z) = ][ udSy = ][ udy. (4.3)
OB (z,r) B(z,r)

Proof. Let

w(r) = ]éB(u(y)dSy = ]{)B u(z +rz)dS,

z,r) (0,1)
Then by taking the derivative with respect to r, we have

w'(r) = Vu(z +rz) - zdS,
8B(0,1)

y—x r
- Vu -dS:/ Au(y)dy = 0,
]lé)B(gcm)(y) r Y n\B(x,r)| B(x,r) (y) Y

which implies that w(r) is a constant. Thus we have

w(r) = limw(s) = lim u(y)dSy = u(x).
s—0 5s—0 OB(z,s)

For the mean value on B(z,r), we know that

/B . u(y)dy = /0 ( /BB(MU(y)dsgj)ds

= u(x) /07“ na(n)s" tds = a(n)r"u(z),
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which is exactly

uwzﬁg@w

x,r)

Theorem 4.4. If u € C*(Q) such that

u(z) = ]éB(u(y)dSy, VB(x,r) C Q,

x,r)

then u is harmonic in £, i.e., Au =0 in .

Proof. If Au # 0, there must exist a ball B(x,r) C © such that Au > 0 in B(z,r). On the
other hand,

0=w'(r)= - Au(y)dy > 0,
B(z,r)

which gives a contradiction. (Il

4.2.2. Strong mazimum principle.

Theorem 4.5. If u € C*(2) N C(Q) is harmonic in 2, then
(1) maxu = maxu
Q N

(2) If Q is connected and Iy € Q such that
u(zp) = maxu(x),
Q
then u is constant within 2.

Proof. The first statement is easy, we only prove that second one here.
Let
Uy = {z € Qlu(z) = M = maxu(z)} C Q.
Q

Then the set Ups is nonempty, furthermore it is a closed set because of the continuity of w.
If Uy CC Q, then Jz1 € Uy C Q and YO < r < dist(xq,9Q) such that u(z;) = M and

M = uar) =, uty)dy < M.

(xlvr)

where the mean value property has been applied. We have arrived at a contradiction. [
Corollary 4.1. If u € C?(2) N C(Q) is harmonic and u > 0 on 09, then u > 0 in €.

Corollary 4.2. (Uniqueness) Dirichlet boundary value problem —Au = f in Q and u =g
on 0 admits at most one C?(Q2) N C(Q)- solution.
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4.2.3. Regularity.

Theorem 4.6. If u € C(Q) satisfies mean value property for all ball B(xz,r) in 2, then
ue C®(Q).

Remark 4.3. The smoothness up to 052 is usually not true, which depends on the regularity
of the boundary.

Proof. We use mollification to the proof of regularity. Let j(z) € C§°(R™) and / j(x)dx =

n

1. Ve > 0, we introduce the scaling

Jelw) = i

=2
Let
Qe = {z € Q|dist(x,00) > e}.
Therefore Vo € €., u-(x) = jo(x) * u(x) € C*°(Q), and with the help of the mean value
property, we have

ue(z) = /B LY u(y)dy

n
(z) € €

IAEY
= — (= u(y)dS, |dr
= ), Q) ), uwas,

15

- 1u(w)/0 j(i)na(n)'r”_ld’r

en €
= u@) [y = ule).
B(0,e)
Thus u(z) = u:(z) € C*(Qe), Ve > 0. O
4.2.4. Liouville theorem.

Theorem 4.7. If u: R™ — R is harmonic and bounded, then u is a constant.

Proof. *** The proof will use local regularity estimates for harmonic function which was
not talked about in this course. Vg € R™, r > 0,

Cia(n)

C
[ Du(zo)| < m”uHLl(B(:EQ,T)) < [ull oo gny — 0, as 7 — oo.

Then Du = 0, which implies v is a constant. O

Corollary 4.3. If f € C2(R"™), n > 3, then any bounded solution of —Au = f in R"™ has
the form

u(w) = [ @ - y)fwidy+C.

Proof. First we know that / ®(x — y)f(y)dy is a bounded solution since ®(z) — 0 as

n

|x| — oco. If there is another bounded solution @, then w = w — @ is harmonic, thus by
Liouville’s theorem, w is a constant. O
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4.3. Green’s Function. The main goal of this subsection is to get the representation
formula for the solution of boundary value problem

—Au=f, in Q, (4.4)
ulaq = ¢

Is the fundamental solution useful in getting a solution formula to the above Dirichlet
problem?
Let’s start from a formal calculation, Vz € €2,

<5$(y),u(y)> = <_qu)(x7y)’u(y)>
~ = [ Ao utay

u(zr) =

— [ e Au)dy - [ T80 uwis, + [ 2wy Tyu) dS),
Q o0 o0

Then formally, if u|pg = ¢ and —Au = f, we have

uw) = [ @) )y /8 9,8(z0) 7 (0)dS, + /8 B(a.0)V,u(y) 145,

where however the last term is still unknown. We will try to consider another function
G(z,y) to replace the fundamental solution ®(z,y). And this G(x,y) satisfies, for any
fixed y € €,

—AyG(z,y) = 62(y), VyeQ,
G(Ia y)’yeaQ = 0.

A good candidate of G(x,y) is ®(z,y) + g(z,y) with g(z,y) satisfing the following Dirichlet
boundary value problem

_Ayg(xay) = 07 Vl’,y € Qa
9|yeaﬂ = —(I)(wvy)‘yeaﬂ-

Once we can solve the above problem for g(z,y), we will have the solution representation
of (4.4),

uw) = [ Gsway = [ V.G re)is,
We will give a proof of the above discussion after the following definition.

Definition 14. (Green’s function)

G(z,y) = ®(x,y) + g(x,y)

is called the Green’s function of (4.4), where g(z,y) € C?(2 x ) is a solution of the
following boundary value problem

—Ayg(z,y) =0, Va,yeQ,
9($7y)|y689 = —q)($,y)|yeaﬂ-
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Theorem 4.8. If§) is an open subset of R™, 0Q is piecewise smooth and u € C*(Q)NC(Q),
then Vx € €,

uw) = [ @)y~ [ V0 u0)aS, + [ on)V,u() - 1dS, 45
Proof. Ye > 0 small enough, we have

/ @(z, y)(=Ayu(y))dy = lim, O (z, y)(—Ayu(y))dy
Q e=07 JO\B. (z)

= lim —Ay®(x,y)u(y)dy — lim (®(z,y)Vuly) - v — VO(z,y) - yu(y))dS,
e=0" Jo\ B, (z) e=0% Jon
— lim (@(z,y)Vu(y) - v — VO(z,y) - yu(y))dsSy

e—=0* OB(z,¢)

= 0 lim | (@(z,y)Vuly) v- Ve(z,y) - yu(y))dSy +u(z),
=07 Jon

where we have used the facts that

/ ®(z,y)Vu(y) - vdSy| < Ce max |Vu| — 0, as e — 0,
OB(xz,e) 0B(z.e)

and

/ u(y)Ve(z,y) - vdS, = ][ u(y)dSy — u(x), as e — 0.
0B(z,¢) 0B(x¢)

Theorem 4.9. (Green’s function is symmetric in its two variables)
G(z,y) = G(y,x), Va,yec .
***Sketch of the proof. The technical point is the same as the proof of theorem 4.8.

Ve > 0 small enough such that B(z,e) U B(y,e) C Q and B(z,e) N B(y,e) = 0, take
Q. = Q\(B(x,e) U B(y,¢)). Notice that G(z,z) = G(y,z) =0 on z € 99,

0 = /(G(y,z)AZG(x,z)G(x,z)AzG(y,z))dz

- / (Gly, 2)VGl(z,2) - 7 — Gz, 2)V.Cly, 2) -7)dS-
0.
/ (Gly, 2)V2G(z, 2) - 7 — Gz, 2)V:Cly, 2) - 7)dS-.
OB(z,e)U0B(y,e)
We take 0B(y,¢) as an example,

<Cle+em Y =0,

/ G(ya Z)VZG(:E’ Z) : ’YdSz
9B(y,e)

[ GG S = f GladS. o) = ~Glay)
OB(y,e) OB(y,e)
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We can proceed the discussion in a similar manner for the integral on 0B(x, ) and conclude
that it converges to G(y, x).

4.3.1. Half space problem. The half space we study here is R} = {z = (x1,---,2,) €
R"™|z,, > 0}.

Vo = (21, - ,Zn—1,2,) € RY, we call T = (x1,--- , 21, —p) is 2’s reflection in the
plane {x,, = 0}.

We study the following boundary value problem

—Au=f, inR%,
U’am =

Our goal here is to find Green’s function G(z,y) of this problem and write the solution
by using formula

u(z) = /QG(x,y)f(y)dy - /{m VyG(2,y) - ve(y)dSy.
Vx € R, the Green’s function should be a solution of
—08yG =d:(y), yeRY,
Glycorn = 0.

Then the Green’s function of half space problem is easy to obtain, i.e.,

G(xay):q)(xvy)_(p(j7y)7 xuyE]Rnux?éyv

and oG 0P 0P
- -1 Yn — Tn Yn + T
@y =o—(y—2) - —(y—12) = - )
G T = =) = gy = ) = s (A = )
Therefore, Vy € OR',
0G oG 21, 1

aify(mvy) = _T%(xay) =

~na(n) |z -y

Then the solution of the boundary value problem in case f = 0 can be represented by

2xn
u(z) = =2 / ?(y) dy, Vo eR",
na(n) Josn [ — yl"

which is called the Poisson’s formula of half space problem.

The function
2z, 1

Key) = e o=y

r e R,y e oRY
is called the Poisson kernel for R .

Theorem 4.10. Assume ¢ € C(R* 1) N L¥°(R"!) and u is defined by the Poisson’s
formula. Then u € C*®°(RY) N L®(R%), —Au =0 in R and V2° € OR",

lim  w(z) = ¢(20).

z€RY ,x—ra0
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Proof. The facts that —Au = 0 and Vz € R},
K(z,y)dy = 1,
OR™

are easy to check.
Since Vx # y, K(x,y) is a smooth function in x, we know directly that « € C*°(R"}) and

Au(z) = AL K(x,y)p(y)dy =0, VoeR].
OR"
For boundary condition, Vz° € OR?, Ve > 0, choose § > 0 small enough such that
Vy € OR" and |y — 2°| < 4, we have
le(y) — p(a")] <.
Then Vz € R and |z — 2°| < §/2, we have

[u(@) = @) = | [ K(@y)(e) - o)y
BRQL_
</ K@ )le(0) - @y + [ K (e, lply) — ola)ldy
OR? NB(x0,5) OR™\ B(29,0)
<

e+ 2] e / K (2, y)dy
OR™\ B(x0,5)

2"l Loewn

——dy —0 — 0.
na(n) /am\B(xO,&) ly — 20" Y o

e+

O

4.3.2. Problem in a ball. We will give an exact formula for the Green’s function in a ball.
Vo € B™(0,1), the n dimensional unit ball. We need that G(x,y) = 0, Vy € 0B™(0,1).

~ . . . ~ X
Let Z be the inversion of z, i.e., T = W7 thus
x

=yl lal = o —yl, VyeOB0,1)
and in order that G(z,y) satisfies the zero boundary condition, we set
G(z,y) = ®(jz — yl) — B(ly — o) = @(ly — al) — B(Jz| - [y — 7]), ¥y € IB(0,1).
Since ® is the fundamental solution,
—A (x| ly— ) =0, Vy+a.
As a consequence,
Gz,y) = ®(ly —2[) = (|2[ - [y = 2[), vy e B"(0,1)

is called the Green’s function for B"(0, 1).
Now we will give the Poisson’s formula for B™(0,1).

—Au =0, in B"(0,1),

U|aB(0,1) = h.
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By Green’s formula the solution is
u@) == [ h)VG(ay) 1S,
9B(0,1)

We will explicitly calculate this formula.

1 Yy—
Vby—a) = ———
vy —2) na(n) [ — "
Vv, (s — ) Ly !
z|(y — — = — — -
v 2’ n(n—2)a(m) a2y — 2
-1 1 Y= e -1 ylz]? —

na(m) "2 ly— 5" nan) lel(y — 20"

—1 ylz’—a

na(n) |o—y|"’

where we have used the fact that y € 9B(0,1) and |z| - |y — ﬁ| = |z — y|. Furthermore,

-1 (y—x y|z —a

Gloy). - y
VyG(2,y) - vlop,) na(n) \Jz — g \x—y\n> Y, eonom)

—1 WP—wy—wPM2+wy‘
na(n) |z —y|" lyl=1

L POl L 1o
na(m) Jo—gl" =1~ na(m) Jo = y"

Thus the solution formula is

PRy I
na(n) Jopoq le—yl* 7

For problems on B(0,r), by doing scaling @(z) = u(rz), h(x) = h(rz), we will have the
Poisson’s formula

S
u(x) = ds,, Vz e B(0,r). (4.6
(@) na(n)r Jopo lz—y* "’ )
We call
r? — |z|? 1

na(n)r |z —yl*

the Poisson kernel for B(0, 7).

Theorem 4.11. If h € C(0B(0,r)), then the function u given by (4.6) is in C*°(B(0,r)),
—Au =0 and lim u(z) = h(z?), va° € 9B.
Tr—T
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4.4. Maximum principle. Here we consider more general equations. Let €2 be a bounded
open subset of R™ and

Lu=—-Au+c(z)u, in .

Theorem 4.12. (Weak mazimum principle) Let 0 < c(z) < ¢ in Q, if u € C*(Q) N C(Q)
and Lu <0 in , then

< +
mgxu(x) < maxu (x),

where u™ (z) = max{u(z),0}.
Proof. Assume Lu < 0 in Q. If dzg € 2 such that

0 < wu(zg) = max u,
then

—Auly=z, + c(z0)u(zo) > 0,

which is a contradiction.
If Lu <0 in €, we introduce an auxiliary function

w(z) = u(x) 4+ e,
where a is chosen such that —a? + ¢ < 0. Therefore
Lw = Lu 4+ ee® (—a? + ¢(z)) < 0.

By using the above discussion, we have max w < r%%x w™, then the weak maximum principle
Q

follows by taking ¢ — 0.
O

Remark 4.4. If ¢ = 0, then max u" in the theorem can be replaced by max u.

Remark 4.5. If Lu > 0 in €2, then minu > rggi)n(—u_) where v~ (z) = max{—u(x),0}.
Q

Next, by using the above weak maximum principle, we will get a maximum estimate for
the following boundary value problem

—Au=f, inQ,
u =, on . (4.7)

Theorem 4.13. If u € C?(Q) N C(Q) is a solution of (4.7), then

max|u| < ® + CF,
Q

where & = max lp|, FF=sup|f|, C is a constant depending on n and diamS).
Q
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Proof. Without loss of generality, let x = 0 € 2 and

F
=4u+ —(d> = |z]?) + @
w(z) u+ 2n( |z]%) + @,

then
—Aw=2f+F >0, wlpgo>PLtp>0.

By comparison principle, we have w > 0 in Q, which implies
F
max |u| < ® + —d>.
Q 2n
O

4.5. Variational problem. We show in this part that the solvability of the boundary
value problem of Poisson’s equation is equivalent to the solvability of a variational problem.
Namely

—Au=f, inQ, (4.8)
u=g, on OS2
is equivalent to the following problem

J(u) = vier}\gg J(v), (4.9)

1
J(v) = / \Vo|2dx — / fudz,
2 Ja 0
M, = {ve CY(Q)|v =g on IN}.
4.5.1. Dirichlet principle.

Theorem 4.14. (Dirichlet principle) Assume u € C%(Q) N CY(Q), then u is a solution of
(4.8) if and only if u is a solution of (4.9).

Proof. “=". Yv € M, we choose u — v as test function in (4.8),

/Q—Au(u—v):/gf(u—v).

Integration by parts with boundary condition u — v = 0 on 0f2 shows

/Vu-V(u—v) :/f(u—v).
Q Q
Equivalently,

/Q]Vu\Q—/qu:/QVu-Vv—/vag;/Q\VuIQ—&-;/Q\VU\Q—/QfU.

Then we have . .
[wu = [ suss [1wop- [ po
2 Ja Q 2 Ja Q

J(u) < J(v), Vve M,.

which is
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“<” Yv € My, we have u + v € M. Let j(e) = J(u + €v), since u is a solution of (4.9),
we know that j'(¢)|.—o = 0. More precisely,

d{/|Vu+€v /fu+av]
/Vu+ev )e=0 - Vv—/fv—/Vu Vv—/fv—/ —Au — f)v,

which holds for any v € C§(Q2). Thus u is a solution of (4.9).

e=0

O

The equation —Awu = f in  is called the Euler-Lagrange equation of the variational
problem (4.9).

In the 19th century, it is thought that variational problem always has a solution in the
given set of functions. But Weierstrass gave an example which shows that the infimum can
not be achieved by a function in the given set, i.e., the minimizer doesn’t exist. Here is the
example,

Ezxample 12. *** (Weierstrass) Variational problem. Let M = {p(z) € C[0,1]|¢/(z) is
) =1,¢(1) = 0}

continuous except finite removable or jump discontinuous points and (0
The functional is

1
J(g) = /0 1+ ().

It is obvious that 1nji\"4 J(p) = 1. In fact, we only need to prove ¥ > 0, Jps € M such that
=

where we can choose
B 5%(52—1"), 0< <62
¥s = 0, P <r<l
On the other hand, we couldn’t find any ¢ € M such that J(p) = 1. Otherwise, ¢’ = 0
a.e., then ¢ = C, which contradicts with ¢(0) =1, ¢(1) = 0.

Another fact is that even if the boundary value problem (4.8) has a solution in C2?() N
C(€), it may not be obtained by solving the variational problem (4.9). Here is an example
by Hadamard.

o0 . 4
Ezample 13. *** Q= B(0,1), f =0, p(0) = Z sz b € C(092),0<6 < 2.
n
n=1

We know that (4.8) has a unique solution uy € C(2) N C?(Q2) with expression

2 sinnf .
uo(p, 0) =Y p

n2

n=1

On the other hand we can prove that
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In fact,
Oup\2 1 /0ug\2
. . 2 T 0 0
sy = o [ [ by = s [ [ [(52) + 52 (5) Todoat
_ : " 4 2nt—17 1. - 2nt _
= 741_1}11(1_277/0 ng_lnp dp—rl_lgl_wn_lr = +o0.

4.6. Sobolev space H!(Q2) and H}(Q). The Sobolev space H'(Q) is defined by
HY(Q) = {u € D'(Q)|u, Du € L*(Q)},

where the inner product and the norm are given respectively by
(u, vy g = / uv—i—/ Vu- Vo, |ullg = |lullzz + [|[Vull 2.
Q Q

H' is a Hilbert space.
HE(Q) is the completion of C§°(Q) with H!'-norm, so it is a subspace of H().

Remark 4.6. The Poincaré’s inequality implies that ||u|| ;1 and ||Vul| 2 are equivalent norms
in H' space.

FHHF*The most important property for Sobolev spaces is the compact embedding theo-
rem. For bounded § with uniform cone condition, H*() is compactly embedded in L?(2).
Therefore, (—A)~! with homogenous Dirichlet boundary condition is a compact operator
in L?(12), since

(A1 L2(Q) = HY(Q) —— L*(Q).

Definition 15. If Ju € H}(Q2) such that

Ty = it <;/Q|Vv\2—/gfv>

we call u is a solution of (4.9).

Definition 16. If Ju € H} such that Vv € HJ(Q),

/QVwVv:/va,

then we call u a weak solution of (4.8).

Theorem 4.15. If u € H}(Q), then u is a weak solution of (4.8) if and only if u is a
solution of (4.9).

The proof of this theorem is left to readers.
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4.7. Solvability of variational problem. Our goal in this subsection is to prove the
unique solvability of variational problem (4.9).

Theorem 4.16. Solution of (4.9) in HL(Y) is unique.
Proof. Let u1,us € H}(2) be two solutions of (4.9), i.e.,

J(uy) = J(ug) =m = UE}i%f(Q) J(v),

1 1
0:/ ]Vu1|2—/ ‘VUQ’Q—/(Ul—UQ)f.
2 Ja 2 Ja Q

Noticing the fact that

then

V(ul _U2) 2 V(Ul -f-UQ) 2 . 1 9 1 9
we have
V(u; — ug)|? 1 1 V(w1 + ug) |2
/ ( 12 2) — /2’VU1’2+/ 2’VU,2|2—/‘ ( 12 2)
Q Q Q Q

= [ sz [ B

— J(ur) + J(uz) — 27 "2“‘2) <0

which implies that
IV (ur — ug)]|2 = 0.

Poincaré’s inequality gives

lup —u2ll;z2 =0 = w3 =ug ae. in Q.

Theorem 4.17. (Existence) f € L*(Q), then (4.9) has a solution u € HE(Q).

Proof. First we prove that J(u) has a lower bound. In fact, by Young’s and Poincaré’s
inequality,

1 1 1
3w = 5IVola = [ fo> 3190l = 7IVele = ClIE = ~Cl s,

Let

m= inf J(v).
veEHI (D)

Let {v;}32, C H}() be a minimizing sequence such that

1
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Actually, {v;} is a Cauchy sequence in H'(2) because of the following inequality which
comes from similar discussions to the proof of uniqueness, for k,I — oo,

2
- 1 1 1 1
vi(vk v) :J(vk)+J(vl)—2J(vk+vl)§m+7+m+f—2m§f—i—*—>0.
2 2 2 k l E ol

Due to the completeness of H{, there must Ju € H}(Q2) such that
v —u, in HY(Q).

Taking limit as k — oo, we have J(vg) — J(u) and J(u) = m.

O

4.8. ***Lax-Milgram theorem and existence. We first list the Lax-Milgram theorem
from functional analysis, then prove the existence of weak solution of (4.8).

Theorem 4.18 (Lax-Milgram theorem). Let H be a Hilbert space. Assume a(u,v) is a

bi-linear mapping from H x H to R and satisfies

e Bounded. AM > 0 such that |a(u,v)| < M||u|| - [|v||, Yu,v € H.
e Coercive. 3§ > 0 such that a(u,u) > §||ul|?, Vu € H.

Then for any bounded linear functional F(v) on H, there exists a unique u € H such that
F(v) =a(u,v), YveH.
and
lull < £
0
Proof. For any fixed u € H, Riesz representation theorem implies that 3Au € H such that
a(u,v) = (Au,v), Yve H.
The linearity of Au in w is obvious due to the fact that a(u,v) is linear in w. Furthermore,
(Au,v) < Mlful| - lvf|, = [[Aul] < MlJul.
Coercivity gives that Yu € H,
Ollull® < a(u,u) = (Au,u) < |Aull - [lul, = [[Au] = 5]ul.

Thus A~! exists. We claim that R(A) = H.

First R(A) is closed. In fact, choose any Cauchy sequence { Auy} in R(A), then limy_, oo Auyp =
v. By coercivity, we have

Ollug — w| < [[Aup — Awl],
which means {uy} is also a Cauchy sequence in H. Ju € H such that
kli}n;o U = U.
Thus
Au = lim Aug = v.
k—o0
If R(A) # H, 3w # 0 in H such that
(Au,w) =0, Yue€H,
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which contradicts with coercivity if we choose w = u. Thus R(A) = H.
For any linear functional F'(v) on H, by Riesz representation theorem, we have a unique
w e H s.t.
F(v) = (w,v).
Let v = A~ 'w, we have
lull < A7 - flwll < 51121
and

F(v) = (Au,v).

Theorem 4.19. For f € L?(X)), there exists a solution u € H} () of (4.8).

Proof. Let the bilinear functional be defined by

a(u,v) = / Vu - Vo.
Q
Then it is coercive
a(u,uw) 2 || VullFz = Cllullfn.
Lax-Milgram theorem implies that Vf € L?(Q), there exists a unique u € HZ(Q) such that
a(u,v) = (f,v), Vv €& H}(Q).
O
4.9. Energy Estimate. Energy methods for Poisson’s equation is easy. 1 will not talk

about it here, but leave it as an exercise. The energy estimate also shows that —Au = f
in Q and v = h on 9N has at most one solution in C?(Q) N C(Q).

4.10. Problems.

(1) Try to derive energy estimates for Dirichlet problem of Possion equation.
(2) Modify the proof of the mean value formulas to show for n > 3 that

1 1 1
uO:f dS+/ (_) iz,
( ) 0B(0,r) g n(n - 2)a(n) B(0,r) ]g;|n—2 =2 f

—Au=f, z¢€ B(0,r)

u=g, x € 0B(0,r)

(3) We say v € C%(Q) is subharmonic if —Av < 0 in Q.
(a) Prove for subharmonic v that

provided {

v(x) S][ vdy, for all B(z,r) C €.
B(z,r)

(b) Prove that therefore maxg v = maxpq v.

(c) Let ¢ : R — R be smooth and convex. Assume u is harmonic and v := ¢(u).
Prove v is subharmonic.

(d) Prove v := |Dul|? is subharmonic, whenever u is harmonic.
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(4) Let BY(R) = {(x,y) : #® + y?> < R%,y > 0}, try to find the Green’s function of the
following problem

—Au = f(z,y), (z,y) € B+(R),
ulop+(R)n{y>0r = P(T,Y),
uy|y:02w(1’70)7 _RSCU S R

Furthermore, give the representation formula of solution.
(5) 2 is a bounded open subset of R™, u(z) is a classical solution of

{ —Au+ c(z)u = f(z), x €,
(Vu-y+a(@)u)lr, =¢1, ulr, =2
where I'y UTy = 9Q, 'y NIy =0, T'y # 0.
If ¢(z) > 0, a(x) > ag > 0, try to prove the following estimate,
max |u(x)| < C(ap,diam) | sup | f| + sup |¢1| + sup |<p2|].
Q Q Ty 1)

(6) Try to get the Euler-Lagrange equation of the following variational problem
J(u) = min J(v), with My = {u € C*(Q) N CY(Q) : ulpq = 0},
vEMo

(8) J(v) = /Q <;|W|p ~ fo)dz, p> 1

(b) J(v) = /Q(Qin|va|2—fv)dx, m>0

(0) j(v) = / (V1 F [VoPdz + o)z, p > 1
Q
(7) If u € HL(Q) is a weak solution of
—Au+u=f,
prove that u is a solution of variational problem
J(u)= min J(v),
vEHI(Q)
1 2 1 2
where J(v) = 3 Jo IVo|?dx + §fQU du — [, fodz.
(8) Assume f € L?(Q2), ¢ € HY(Q), c¢(x) > 0 and c(x) € C(£), prove that variational

problem

J(u) = Urgﬁ}p J(v)

has a unique solution in My, = {u € H'(Q) : u — ¢ € H}(Q)}, where

J(v) = ;/Q(]VUP + ¢(x)v? — fv)dz.

Furthermore, show that the solution of variational problem is a weak solution of

—Au+c(x)u=finQ, wu=¢ on IN.
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5. CONSERVATION LAWS

Let u(z,t) be the density and g(u(z,t)) be the flux function of a flow. In 1-dimensional

case, for any interval (z1,z2) € R, we know that the change of total mass in (z1, z2) with

respect to t equals to the difference between the flux function at the endpoint, i.e.,

z2

pr s u(z,t)de = —q(u(z2,t)) + q(u(z1,1)).

If furthermore u and ¢ are smooth functions, we have

/;2 (ut + [q(u(az,t))]x) dr = 0.

1

Now because of the arbitrariness of (z1,z2), we have the one dimensional conservation law

in the differential form,

ur + [g(u)]z =0, in R, (5.1)

o If g(u) = vu, with v being a given function, then the equation is a linear transport

equation which was introduced in the beginning of this course.
If g(u) = —kVu, then the equation is reduced into the heat equation. This relation
is from Fourier’s law in physics, i.e., the local heat flux density ¢(u) is equal to
the product of thermal conductivity x and the negative local temperature gradient
—Vu, where the heat flux density is the amount of energy that flows through a unit
area per unit time.
If g(u) is a given nonlinear function of u, then the equation is called nonlinear
conservation law. We will give two examples in this part: Burger’s equation and
the traffic flow equation. .

2

— Burger’s equation. g(u) = Fu”

— Traffic flow problem. ¢(u) = v(u)u, with v(u) = vy, (1 — i), where vy, is the
u

m
maximum speed of the cars and wu,, is the maximum density.

5.1. Local existence and smooth solutions. We will take Burger’s equation as an

example to show the local existence, and similar results hold also for traffic flow problem.

pr+pp: =0, zeRt>0, (5.2)
plico = g(z), z€R.

Formally, by using characteristic method, the Cauchy problem of Burger’s equation is

reduced into

Zp(a(t,20),1)) =0, p((0),0) = g(wo),

where the characteristic lines x(t, z¢) satisfies

dx

i plx,t), zlmo=mz0. & =m0+ p(z,t)t
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Then the solution of Burger’s equation satisfies an equation
p(z,t) = g(x — p(z, )t).
Theorem 5.1. If the initial data g(z) € C*(R) and

min ¢'(z) > —a > —oo, for some a > 0,
z€R

then problem (5.2) has a unique C'-solution in the domain {(x,t) :x € R,0 <t < 1/a}.
Proof. For any given small € > 0, let F\(z,t, p) = p—g(xz—pt), the partial derivative of F' in p
can be estimated in the following inequality, V(z,t) € Qq: = {(z,t) : x € R,0 <t < 1/a—e},
Fy(z,t,p) =14 ¢ (z — pt)t > 1 —at > ac > 0.
With the help of implicit function theorem, we conclude that
F(z,t,p) =0
has a unique solution p € C!'(Qu). Therefore the unique solvability of the problem is

obtained by arbitrariness of €. O

For general equations, the Cauchy problem is
ut + [q(u)]z =0, xzeRt>0, (5.3)
ui=0 = g(x), x€R.
The smooth solution exists globally in the case that the second derivative of ¢ and the first

derivative of g have the same sign, which means that the characteristics don’t interact each
other.

Theorem 5.2. If g € C?, g € C! and either ¢ >0 and ¢ >0 or ¢" <0 and g’ <0, then
the C' solution is uniquely determined by

u(x,t) = gz — ¢ (u)t). (5.4)
With the method of characteristics we know that the first discontinuity appears at time
t such that
1+tq"(u)g'(x — ¢'(u)t) = 0.
For example, in the case ¢(u) = v — u? and g(z) = arctanz,
1
T 1ta?
For any (z,t) € R x (0,400), let xy be the initial point that can be connected to (z,t) by
characteristics. Since u(x,t) is constant along characteristics, i.e. u(x,t) = g(zo), we have

¢ (u(z, ) (x — ¢ (u(z, 1)t) = ¢" (g(z0))d (z0) = 1;23;3

dw)=1-2u, ¢"(u)=-2<0, g(x)=arctanz, ¢ (x) > 0.

The first time that the continuity of the solution breaks down appears at time t such that

-2
1+t(1——) =0.
14 x5
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This means the possible time is t5 = % at point xg = 0.
At time 0 <t < %, we know the solution is uniquely determined by

u — arctan(x — (1 — 2u)t) = 0.

At time t > %, it would appear multi-valued functions near t; = %

This example also tells us that we need more theory on conservation law with discon-
tinuous initial data. In this course, we only introduce the Cauchy problem with simplest
discontinuous initial data, which is called Riemann problem. We will explain the theory of
Riemann problem for traffic flow equation in the next section. The same theory holds for
Burger’s equation.

5.2. Riemann problem for traffic flow and Burger’s equation. We will explain the
theory of Riemann problem for traffic flow equation in the first subsection in detail, and
leave the corresponding detailed analysis for Burger’s equation to the readers.

5.2.1. Traffic flow problem. we will use p to represent the density of cars. The Cauchy
problem is

2
pr+vm(l— LYo, =0, iR x (0,400),
Pm
pli=o = g(z), (5.5)

where p,, is the maximum density and v, is the maximum velocity.
By the method of characteristics, formally we know that the density is conserved along
the characteristics. We can rewrite (5.5) into the following equivalent problems

(z(t,zp),t) =0, p(z(0,20),0) = g(x0),

%P

Pm
2
= z(t) = vm(l — g(x()))t + xo,
Pm
2
= x0=x— vm<1 — g($0)>t.
Pm

Thus the formal solution of traffic flow problem is

plz,t) = g(w — Um (1 - QQP(ZCIO))t), (5.6)

2g(o)

where v, (1 — ) = ¢'(g(zg)) is the traveling wave propagation speed.

m
From here one can see that the existence of classical solution totally depends on the

shape of initial data g(x).
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We will study the two typical initial data.
Green light problem Initial data

pm7 x S 07
_ 5.7
9(x) { 0. >0 (5.7)
In this case, the wave speed is
/ —Vm, T <0,
_ 5.8
q'(9(x)) { o 250 (5:8)

It means that in (z,¢) plan, the solution can be determined in the domains on the right
hand side of & > v,,,t and on the left hand side of x < —vn,t, i.e.,

Pm, T < _Umta
plx,t) =4 7, — Ut < x < vpt,
0, T > Upt.

The above analysis shows that by the method of characteristics, we don’t know how to
determine the value of solution in the domain —v,,,t < x < v,t. One way to find the
reasonable representation of solution inside of this domain is to use an approximation of
the initial data. More precisely, we will use function g.(z) instead of the initial data g(x),

Pms z <0,
ge(z) = ¢ pm(1—=2%), 0<x<eg, (5.9)
0, T > €.

It is easy to calculate the characteristics of this problem, i.e.,

—umt + xg, zo < 0,
r=3 —vnp(l-22)t+x0, 0< 120 <6,
vt + T, To > €.

The characteristics inside of the region 0 < xg < € looks like a rarefaction fan.
Now the solution of traffic flow problem with initial data (5.9) (by using characteristic
method) is

Pm;, T < _Umta
pe(x,t) =< pm(l — zxvfn’;’fs), —Upt < T < Uyt + ¢, (5.10)
0, T > vt + €.
Letting € — 0 yields
Pm T < —upt,
p(x,t) = (1= 55), —upt <z <upt, (5.11)
0, T > vpt.

We can see that the solution in the “fan” is a self-similar solution of the equation.
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FIGURE 4. Rarefactionwave

Remark 5.1. For general equations, the self-similar solution also exists. More precisely, for
the following 1-d conservation law

u + [q(u)] =0,
if we put the ansatz u(x,t) = u(§) = u(z/t), we will have
T _ 1 _ _ _
5Tt @)y =0, = ald(WE - €) =0, =q(@(E) =&,
from which the self-similar solution can be obtained directly.

In the traffic flow problem, we have q(u) = v, (1 — -~ )u and

Pm
2u 2u
{@) = va(1= 22, 0,1 =248 ¢
Pm Pm
which exactly gives the rarefaction wave solution
1 § Pm T

=—pp(l——=)="—(1-——).
u(©) = 3ol - =) = 21— )

Red light problem (or traffic jam) Initial data

1
o) ={ 50 720 (5.12)
In this case, the wave speed is
3
/ _ vaa o < 07 5.13
q'(g(0)) { v, @0 > 0. (5.13)

It is obvious to see that some characteristic lines will hit together for ¢ > 0. Then the main
problem is how to define the solution with jump discontinuity. We will find the discontinuity
curve of the solution by the integral version of the equation, i.e.,

d [*?

- | ol t)dz = —q(p(w2, 1) + alp(a1,1)).
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If p is smooth except a line x = s(t) for t € [t1, t2], then

s(t) To
i(/zl p(z, t)dx + /S(t) p(z, t)d;v) + q(p(z2, 1)) — q(p(x1,t)) = 0.

By taking the derivative with respect to ¢,

d s(t) p s(t) p ds
— t = t “(s(1),t)—
G| ewnde= [ de .05,
d [*2 vz ds
— pa;,tda:—/ pi(x, t)dx — pT(s(t),t)—,
i et = [t o0
where pT(s(t),t) = lilga)ip(y,t), we arrive at
y—s(t

[ mtetyda + (57 (s(0).0) = 0¥ (5(0).0)) 5 = aloo1.0) — alp(a2.).
Let 9 — s(t)+ and 1 — s(t)—, it follows that
(7 (5(0).8) — ¥ (5(1.0) 2 = g (s(6).1)) — gl (5(8). 1),

Therefore,

ds _q(p™(s(t),1)) —alp™(s(t), 1)) _ [a(p)]
_ - ! = ) (5.14)
dt pt(s(t),t) — p=(s(t),t) [e]
which is called the Rankine-Hugoniot condition.
Usually, we call the discontinuity propagating of solution shock wave.
Now in the traffic flow problem with red light initial data (5.12), p* = pp, p~ = &2,

a(pt) =0, q(p™) = &GVmPm, 0
ds _q(p*) —qlp™) 1
— = = — U
dt pt —p~ 8

Therefore the solution is given by

1 1
= < —= t’
pla,t) = { N (5.15)
Prms x > —gvmt.
5.2.2. Burger’s equation. Riemann problem of Burger’s equation,
ut +uugy =0, ul=o = w, *<0,
t z = U, t=0 = w, x> 0.

The difference between the traffic flow equation and the Burger’s equation is the flux func-
tion g(u), which is concave in traffic flow but convex in Burger’s equation.

Then the situations to have rarefaction wave and shock wave in Burger’s equation are
exactly opposite to those in traffic flow problem. More precisely, we will have rarefaction
wave when u; < u, and shock wave when u; > u,.
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FIGURE 5. Shockwave

In the case of u; < u,, the rarefaction wave solution is given by

u, x < uyt,
u(z,t) =< z/t, wt <z < ut,
Up T > Up.

In the case of u; > u,, the shock wave solution is

u(z, t) = {

u, x< “lgiurt,

Up, T > %t.

5.3. ¥**Weak Entropy Solution. In general, we cannot expect global existed smooth
solution for conservation laws, no matter how smooth the initial data is. The only possible
case to have a global classical solution is that the characteristics don’t interact each other.
Therefore, a weaker definition of the solution is expected, so that we can still solve the
problem in a weaker sense.

We give the definition of weak solution in the sense of distribution

Definition 17. If v is a bounded function defined on R x [0, +00), and Yv € C5°(R X
[0,4+00)), the following holds

+o00o
/ /(uvt + q(u)vg)dzdt + / g(x)v(z,0)dr =0, (5.16)
0 R R
then u is called a weak solution of (5.3).

With this definition, a series of questions arise

e If u has a discontinuity, is it determined by the weak formula? (Answer: R-H
condition)

e Is the weak solution unique? (Answer: No.)

e If it is not unique, how to choose the physically correct solution? (Answer: Entropy
condition)
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5.3.1. Rankine-Hugoniot condition. We answer the first question. Let V' be an open subset
in R x [0, +0c0). If u is piecewise smooth in V = VT UV~ and u € CY(V*), u € CL(V 7).
Let T =VtnV—,

4+ .
u™(xg,to) = lim u(y,t), Y(xo,t9) €T
(2o, to) DV o) (y,t) (0 t0)

We assume that u™ # «~. Then by the definition of weak solution, Vv € C{°(K) where K
is a compact subset in V', we have

0 = /OJFOO/R[uvt—I—q(u)vx]dxdt

= / [uvt—l—q(u)vx]dxdt—i-/ [uvy + q(u)vyg|dzdt
v+ -
= —/ [ur + (q(u))z]vdzdt —/ [ur + (q(w))z]vdzdt
v+ -
v(ut, qut)T - — | v(u,qu )T -
+/F (u™,q(u™))” - ~dl / (u™,q(u™))" - vdl,

r
where ~ is the unit outer normal vector of V* on I'. Then by the arbitrariness of v, we
have
(u" —u”,q(w?) —q(u )" -y =0 alongT,

which means that the discontinuity of u, which is I', is a curve whose slope is given by

oy QT (s,t) — q(u(s,t))

5(t) =

ut(s,t) —u(s,t)
This is called the Rankine-Hugoniot condition for shock curve I'. The R-H condition for

jump discontinuity is usually abbreviated by

sty = L4l (5.17)

~f \
6"4 : + |
Y \ v
pi=: ) [ [
(Vv s ] /
\ \J &/
./ f\
e /
\\ ™ ,-/\ ‘_/

FIGURE 6. Domains in the integral in getting R-H condition
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5.3.2. Nonuniqueness of weak solution. We will use Burger’s equation to give an example,

0, =<0,

ut—l—uux:O, u‘to—{l >0

We know already that this problem has a rarefaction wave solution

0, z <0,
u(z,t) =¢ z/t, 0<z<t,
1, x > t.

However this problem has another weak solution (shock solution) which also satisfies the
R-H condition (5.17).

FIGURE 7. Nonuniqueness of weak solution, example 1

In fact the situation is even worse, for Burger’s equation with initial data

Ulp=0 = u-, #<0, up < u
=0 uy, x>0, L
There is a family of infinite number of weak solutions, i.e., Yu,, € [u—,uy|, $m = %,
U—, T < Spt,
U Smt <z < upt
u(z,t) = mo Tme == e (5.18)

x/t, unt <x < uyt,
Uy, T > ugt.

Definition 18. Lax Entropy condition Let ¢” > 0, a discontinuity propagating with
speed $(t) given by the Rankine-Hugoniot jump condition satisfies the Lax entropy condition
if

q'(ug) < 5(t) < ¢'(u-).
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FIGURE 8. Nonuniqueness of weak solution, example 2

Lax Entropy condition says that V¢ > 0 once the solution jumps from x_ to z, the
value of the solution u(z,t) can only decrease, i.e., u(x_,t) > u(z4+,t). The weak solutions
from (5.18) are not allowed. The similar situation holds for the case ¢ > 0 as well.

We give the following existence and uniqueness of weak entropy solution without proof.

Theorem 5.3. If ¢ € C*(R) is convex (or concave), g is bounded, there erists a unique
weak entropy solution of

{ ut + (q(u)), =0, zeR,t>0,
uli=0 = g(z), z €R.

We refer the proof of this theorem to J. Smoller’s book.

5.3.3. Riemann problem for gemeral scalar conservation law. As a summary, we give the
entropy solution of Riemann problems to general scalar conservation law

ur 4 (q(u)) =0, zeRt>0,

ulmo = Uy, x>0,
- u—, x<O0.

where uy # u_ are constants.

Theorem 5.4. If ¢ € C%(R) is strictly convex and ¢" > h > 0, we have the following result

o [fuy <wu_, then the unique entropy solution is shock wave, i.e.,

u(z,t) = {

U, J?/t > é(t)a
u_, x/t < s(t),
where

q(ut) —gqu-)
Uy —u—

§(t) =
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o [fuy > u_, then the unique entropy solution is the rarefaction wave, i.e.,

Ug, z/t > ¢ (ug),
u(z,t) = § r(z/t), q¢'(u-) <z/t <q(ug),
U—, z/t < q'(u-),

where r = (¢') 1.
Remark 5.2. The result is similar in the concave flux case for ¢’ < h < 0.

5.4. Viscous Burger’s equation. Vanishing viscosity method is natural from physical
point of view to study discontinuous solutions for hyperbolic equations. In fluid dynamics,
Navier-Stokes system is a viscous version of Euler system. Roughly speaking, vanishing
viscosity is to use uy + q(u) = euy, as an approximation of u; + g(u) = 0, then take e — 0,
one could get desired properties of solution. Usually, parabolic equations are easier, and
the solutions have better properties.

We will focus on the viscous Burger’s equation in this subsection.

5.4.1. Cole Hopf transformation in 1950’s. In 1950’s Cole and Hopf found a transformation

independently to reduce the viscous Burger’s equation into a heat equation. This transfor-

mation is now called Cole-Hopf transformation. Then by using the fundamental solution

of heat equation, an explicit solution of viscous Burger’s equation can be obtained.
Viscous Burger’s equation is

U + Uy = EUgy, reR,t>0.
which can be rewritten into

1
U + <§u2 — €u$> = 0.

xT

2 — cuy) is curl free.

This formula means that the 2 — D vector valued function (—u, %u
Therefore, there exists a potential ¢ (x,t) such that
1
Yy = —u, P = 5“2 — EUg.

So 1 solves the equation
1
Py = 77#9% + eV
2

A way to avoid the quadratic term ?2 is to use a transformation 1) = g(¢) with g to be
determined later, so that

Ve =g(@)pr, Yo =g(@)pe, Yuz = g"(©)(02)" + ¢ ()pra-
Then the equation that ¢ satisfies is

§(@)e — epra] = [ (6 (9))? + 26" (@) (02

The function g can be chosen such that the right hand side vanishes. For example, by
taking g(s) = 2elog s, the equation for ¢ is reduced to the heat equation,

Yt — €EPgr = 0.
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The relation between u and ¢ is
U= —1, = —28ﬁ,
2

which is called the Cole-Hopf transformation.
The initial data for u(x,0) = ug(x) is transformed into

wo(z) = exp{ - /x u(;iz)dz}, aeR.

a

If

1 x
2/ up(z)dz — 0, as |z| — oo,
x a

Then the Cauchy problem for ¢ has a unique smooth solution,

p(x,t) = \/;@/_:o vo(y) exp{ - %f}dy-

Changing back to the original variables, we know that the Cauchy problem for viscous
Burger’s equation has solution

/w Y ooy) eXp{ — (x_y)Q}dy

t 4et
u(w,t) = =2 o

/+OO ©o(y) exp { - (x_y)z}dy

—oo 4et

5.4.2. traveling wave solution of viscous Burger’s equation. The viscous Burger’s equation
is

up + [g(uw)]z = elgy. (5.19)

U|t:0 =0.
In case ¢ = 0, we know that the solution has form wu(z,t) = ug(z — ¢'t) which is of the
traveling wave form, i.e., u is a function of z — ¢’t. For the viscous case, with the help of
the diffusion, we are interested to know where there exists a traveling wave solution which
can connect two constant states. Furthermore, is it related to the solution in the inviscid

case?
The constant states are given via

lim w(x,t) =wug, lim wu(x,t) = ug, uy, # ugR.
T——00 T—+00

We are searching for a typical type of solution u(z,t) = U(x — vt) with undetermined wave
speed v. Let £ = x — vt, then the ODE for U is

(d(U) —v)U' =eU", U(-x)=ug, U(+x)=ug.
In addition, we assume U’ — 0 as & — +o00. Then integrating the equation once, we have

qU) —vU +A=¢U', qlur)—vup+A=0, q(ug)—ovur+ A=0.
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Thus a consequence for wave speed v is that

o 4lur) —q(ur) 4 = —(ur)ur + q(ur)ur:

UR — UL, UR — UL,

So if a traveling wave solution exists, the wave speeding is exactly the shock speed in
Rankine-Hugoniot condition.
Now we are going to check whether the traveling wave solution exists. Back to the
equation for
eU' = q(U) —oU + A.
We know that this equation has two equilibria U = ug and U = uy,. If ¢’ < 0, from ODE
theory, we know that only the case u;, < ugr can be connected. If ¢” > 0, then uy, > ug.

5.5. Problems.

(1) Solve Burger’s equation u; + uu, = 0 with different initial data

1, z <0,
gi(z) =1 1—z, 0<z<l,
0, x> 1,
and
0, <0,
glr) =< 1, 0<z<1,
0, >1.

(2) If g € CY(R) has compact support, prove that

2
prt+vm(1— LYy =0, (2,t) € R x (0, +00)

Pm
p(«T, 0) = g(x)a
has a locally existed C'! solution.
(3) Show that, for every a > 1, the function

I, 2x<(1-a)t,
—a, (1—a)t<2z<0,
a, 0<2z<(a—1)t,
-1, (a=Dt<2z

uq(x,t) =

is a weak solution of the problem

ug + uugy =0, t>0,z €R,

1, x <0,
u(z,0) = { -1, =z >0.

Is it also an entropy solution, at least for some a7
(4) (Traffic flow in tunnel found by Greenberg in 1959) Study the traffic flow problem
with flux

P
q(p) = vmplog 7’”,
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and initial data

pi, x<0,
0) =
p(x7 ) { pr’ T > 0,

where v, is the maximum velocity, p,, is the maximum density and p; = %pm,
Pr = % pm- Give the solution, and draw a picture for partial path of car trajectories.
(5) Find the solutions of
ur fuuy, =0, t>0,x€R,
u(z,0) =2z, xeR.
(6) Draw the characteristics and describe the evolution for ¢t — +oo of the solution of
the problem
Ut + uuy = 0, t>0,z €R,
sinz, O<z<m
0 — Y )
u(z,0) {0 z<0orz>m.



94 LI CHEN

6. ***MEAN FIELD EQUATION

This part of the notes comes from Golse’s lecture notes in 2013.

6.1. Mean field particle model. We start with the N-particle system
d 1 &
—i(t) = N;K(xi(t),xj(t))7 1<i<N,

where the given interaction force K : R? x R? — R? satisfies
K(z,y) = —K(y,z) and K(z,2) =0 z,y € R%

The main features of mean field model are that the particles are not distinguishable and
the pair interaction forces are of order % When the number of the particles is very large,
one expects to derive an effective one particle model to decribe the whole dynamics, which
is called the mean filed model.

Within this chapter, we assume that the interaction force has regularity in the following

sense
Assumption for K: K € C'(R? x R% R?) and there exists an L > 0 such that
sup |V K (z,y)| + sup |V, K(z,y)| < L. (6.1)
Yy T
Definition 19 (Empirical measure). Fur each N-tuple Xy := (z1,- -+ ,2y) the correspond-

ing empirical measure is given by

1 N
Xy = N Z(Sxi‘
i=1

With the empirical measure, we can rewrite the interaction summation into
1 & 1 &
N DK (@ilt), 25(0) = 5 DK @ilt), ), by 0)
i=j i=j

= (K(zi(t),"), ixy) = Kixy e (@i(t)).

If one can show that pix, ;) converges to a probability measure p(t), then the limit of the
N-particle system is expected to be

L alt) = [ K@), y)du(dy. ),

with given initial datum
2(0) =z e R? and pu(0) = po a given probability measure.
Within the whole setting, u(-,t) is the push-forward measure ! of 1o along the dynamics

x(t).

et (X, A) and (Y, B) be two measurable spaces and ¢ : (X,.A) — (Y, B) be a measurable map, u be a
measure on (X, A), then the push-forward measure ¢y is given by ¢yu(B) = p(¢~*(B)), VB € B.
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Theorem 6.1. Under the assumptions on K in (6.1), the problem

%xi(t):%ZK(xi(t)vxj(t))v L<i<N,

7j=1
:rz(t) = T;,0- (6.2)

has a unique classical solution Xn(t,Xno) € CI(R,RdN), 1 <4 < N. Furthermore, the
empirical measure [Lx (1 xy o) 1S @ weak solution of the following Cauchy problem in the
sense of distribution

Op+ V- (uKp) =0,
ple=0 = HXno- (6.3)

Proof. Due to the fact that K is uniform Lipschitz continuous, the C'! solution of ODE sys-
tem (6.2) can be obtained by nonlinear ODE theory. Next we check that the corresponding
empirical measure is a weak solution of the mean field PDE (6.3).

For arbitrary test function ¢ € C$°(R?; R), we have

d d /1
a <)LLXN(t,XN,O)7 ) = dt <N Z 6$i(thN,0)’ SD>

=1
N
d 1
= v @it Xno)
=1
1 N
= 2 Vel Xno) gl Xvo)
1 N 1 N
= 7 2 Vel@ilt, Xno)) 5 D K(wi(t, Xno), 2t X))
=1 j=1
1Y 1 X
= < ZVSO(JJz(t,XN,O))N > <5m].(t,XN,O),K(;pi(t, Xno), .)>
i=1 j=1

S

N
1
_ NZVw(xi(t,XN,o)) ,uXN(t,XN’O),K(mi(t,XN’0)7.)>
=1

N
1
i=1

luXN(t,XNy()) ) VSOIC/'I’XN(t,XN,O)>

|
P

IC:LLXN (t,XN’[))/‘I’XN(t,XNyo)? VSD>

- _<v (ICMXN(thN,o)'uXN(t’XNvO)) ’ ('0>'
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Notice that K is continuously differentiable, we have that Kux ¢ xy ) is also continuously
differential. Hence Kx (¢, xy o)Xy (t,Xno) 1S @ distribution. Therefore px (¢ xy,) 15 2
solution of (6.3) in the sense of distribution. O

6.2. Solvability of the mean field equation. In this subsection, we give the unique
solvability of the mean field equation with general initial data. More precisely, we consider
the following problem

Op+ V- (uKp) = 0,
Ili=0 = po- (6.4)
The corresponding characteristics of this PDE is given by

d

Gt po) = [ Kotz p0),p)n(dyt),
Rd

(0, zo, pro) = 29, Vxo € RY, (6.5)

:U’(" t) = x(t’ ) MO)ﬁNO'

The solution u(-,t) is searched in the space
PLRY) = (e (RY)] [ lalutdo) < oc, (6.6)

where P(R?) is the space of all probability measures.

Theorem 6.2. Let the assumtion for K in (6.1) holds, ug € Py, then problem (6.5) has a
unique solution x(t,xq, o) € C1(R;RY) and x(t, -, o)spo € Pi, Vt > 0.

Proof. The proof is based on Picard iteration. Let C1 = [pa|z|po(dz) and define the
following space

X = {v e C(R%LRY)| sup [v()] < oo}. (6.7)
zeR4 1+ ’.’IJ‘
It is obvious that X is a Banach space with norm
|v(z)]
|v]|x := sup .
z€R4 1+ |l"

As preparations, we need the following estimates for the nonlocal term by using the as-
sumption (6.1) for K. Vv, w € X we have

| [ K@), otpoldy) ~ | K (), ww)moldy)

< L[ (ufe) = wla)] + o) = w)Dods)

IN

Dl = wlx(1 + fal) + Do = wlx [ (1+lulo(dy)

L2+ C)[lv = wx (1 + [z]). (6.8)

IN
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We define the following sequence by induction

zo(t,y) = y, VyeR,
¢
waltir) = o+ [ [ Koo, (5.2)olde)ds.
0 JR
Then the difference between 1 and xy can be given by

ot~ = | [ ] Kleols)aols ()i

= | [ ] K cmtizias

It
< [ [ 2ol + Dotz

||
— / L(lyl + C)ds < L1+ C)(1 + [yl
0
Furthermore Vn > 1, we have

|zn(t,y) — 2n-1(t,y)|

= ‘/ /Rd (Tn-1(5,¥), 2n-1(s,2)) — K(:Un_Q(s,y),xn_g(s,z))>u0(dz)dg‘

[t]
< L2+ /0 leno1(2,) — 2na(s, ) lx (1 + [y])ds

hence by deviding both sides by 1 + |y|, we have
lt]
[@n(t,-) = ana(t, )] x < L(2+Cl)/ [2n—1(2,) = zn—2(s, )|l xds <
0
which implies Vn > m — oo,
n—1
|z (t,-) = 2t )llx < D @it ) = @it, )| x = 0.

Therefore for T > 0,
xp(t,-) = 2(t,-) in X uniformly in [T, 7],
and z € O(R;RY) satisfies Yy € RY

2(ty) =y + /0 [ Kl (s,2)o(d)ds.

According to the fundamental theorem in calculus, we know that for y € R

CY(R;RY) and it satisfiles

ot = [ Kalt), ot Do) = [ Klalt.y), (@0

where p(+,t) is the push forward measure of g along z(t, -).

(2+CyLft)"
(n—

1)!

9

97

x<t7 y) -
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The uniqueness will be obtained in the following. Let x,Z be two solutions, then by
taking the difference we have

st = att0) = [ [ (alos0).205,2)) = K(8(5,9), 55,2 po(d)es.

With the help of similar estimates as before, we obtain

[¢]
lz(t, ) —z(t,)lx < L2+ Cl)/o lz(s,-) — (s, ")l xds.
This implies that ||z(¢,-) — Z(¢,-)||x = 0 by applying Gronwall’s inequality and initial data
H:L’(O,~) _‘7_3(07')”)( = 0. O

6.3. Mean field limit (stability). We will prove the stability of mean field PDE by using
the so called Monge-Kantorovich distance (or Wasserstein distance)

Definition 20. For two measures u,v € P,(R?) (p > 1) with
PyRY) = (e PRY) [ fali(ds) < o}

the Monge-Kantonovich distance distas i p(p, ) or WP(u, v) is defined by

1
distasip(p.) = WPr) = _int ([ o= ylpn(dady))” (6.9)
T v) x

where
T(, v) = {weP de‘/ . dy) = u(-) and /Rdw(dg;,.):y(.)}.

Remark 6.1. Yo, 1p € C(R?) such that ¢(z) ~ O(|z|P) for |z| > 1 and ¥(y) ~ O(|y|P) for
ly| > 1, for m € I(u,v) it holds

I, (ot + vtmtaads) = [ o) + [ v

Remark 6.2. It can be proved that the W' distance can be computed by

distaria (i, v) = W)= sup Seutdr) ~ [ olzvidr)|

p€Lip(R?),Lip(¢)<1 ‘ Rd

Theorem 6.3 (Dobrushin’s stability). Let i, fio € P1(R?) and (x(t, -, po), (-, 1)), (z(t, -, fio),
f(-,t)) be solutions of (6.5). Then Vt > 0, it holds

distarx,1 (1), (1)) < €2|t‘LdiStMK,1(:u0? fo)-

Proof. Let (g, puo) and (Zo, fip) be two initial data of problem (6.5) and 7y € (o, fio),
taking the difference of these two problems, we have

x(ta Zo, MO) - .’L’(t, ‘%07 /7’0)

t t
— mo—Fo+ / K (2 (s, 20, p0), y)u(s, dy)ds — / K (a(s, o, fio), y) s, dy)ds,
0 Rd 0 Rd
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where (-, t) = x(t, -, po)gpo and fi(-,t) = x(t, -, fio)4fto- Now we compute further and get
(t, o, o) — (¢, Zo, fo)

t
R / / K (@(s, 20, o), (5, 2 o) o (d2)ds
0 R4

/ Rd K(x(s, Zo, o), x(s, Z, o) ) o (dZ)ds

= 0—330+/// x(s, 0, o), (s, 2, f1o))
]Rded

—K(x(s, Zo, fi0), (s, Z,ﬂo))>7ro(dzd2)ds.
Therefore by assumption (6.1) for K, we have

|z(t, zo, pro) — x(t $07M0)| < |zo — Zo|

v [ // (125, 20, 10) — (s, o, io)| + L5, 2, o) — (s, 2, o) ) mo(d=d2)ds
Rd xR

< |zo — Zo| +L/ |z(s, o, o) — (s, Zo, fio)|ds
0

¢
+L/ // |z(s, 2, o) — x(8, 2, flo) |mo(dzdz)ds
0 JJRixRd

Next we integrate both sides in zg, g with respect to measure o,

/ / |(t, w0, po) — x(t, o, fio) |mo(dzodTo) < / / |o — Zo|mo(dzodo)
R xRd R xR
t
JrL/ // |z(s, zo, po) — x(s, To, flo) |To(dxodTo)ds
0 JJRIxR?
t
+L/ // ‘$(3727M0) _x(3727/10)‘ﬂ'0(d2d5)d8
0 RexR4

Dirl(t) = [ /R oo 2o0) = (s, . ) =),

we have obtained the estimate

By denoting

Dlmo](t) < Dlwo](0) + 2L /0 Dlmo](s)ds,

which implies by Gronwall’s inequality that
D[mo](t) < D[mo](0)e?.

Now let ¢ : R x R — R? x R? be the map such that ¢;(xo, Zo) = (x(t, z0, io), z(t, Zo, fig))
and for arbitrary mo € II(uo, 1), 7 := ¢tymo be the push forward measure of mg by ¢¢. It
is obvious that

Tt = ¢tﬁ770 € H(:u("t)vﬂ('vt))'
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Therefore,

dlStMK 1

= 1nf // |z — z|m(dzdz)
well(p(-,t),a(- Rd xRd

< inf // |x(t, 2z, no) — x(t, 2, fip)|mo(dzdZ)
mo€Il(po,f0) J JRAXRE

= inf D[Tro] (t) < inf D[ﬂ'()] (0)62Lt = €2LtdiStMK71(/L0, fo)-
mo€IL(1o,f0) mo€ll(uo,f0)

|

Corollary 6.1. Let fo be a probability density on R with [pa|z|fo(z)dx < co. Then the
Cauchy problem

Ohf+V-(fKf) =0
fli=o = fo (6.10)
has a unique weak solution f € C(R; L(R%)).

Proof. Notice that if yg has a density fy, i.e. absolutely continuous with respect to Lebesgue
measure, then the push forward measure p(-,t) is also absolutely continuous with respect
to Lebesgue measure, therefore, there exists an f(x,t) € L'(R?) for any fixed ¢, such that
wu(dz,t) = f(z,t)dz. O

Theorem 6.4 (mean field limit). For fy € LY(R?), let pon = + Zf\;l Oz, Such that
diStMK,l(MO,N, fo) — 0, as N — oc.

Let Xn(t) be the solution of the N particle system (6.2) with its empiricle measure p™ (t) =

HX (X n)- Then
diStMK’l(uN(t), f(,t)) < €2LtdiStMK71(M07N, f(]) — 0, as N — oo.
And pN (t) — f(-,t) weakly in measure.

Proof. The stability result gives us already the convergence rate estimate. We are left to
prove the weak convergence in measure. V¢ € Lip(R?), we have

‘/Qﬁ(:c (t,dx) /gb f(t, x)dx

= ’//RdXRd — oy ))ﬂt(dmdy)’ where m; € TI(u (t), £(-,1))

< Lip0) [[ | le—uimldzdy) = 0.

Since Lip(R?) is dense in C.(R?) and because of the total mass is 1, then the argument
also holds for test function in Cy(R%). hence the weak convergence in measure is true. [
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