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We proved Lemma 2.3.10 and explained its relation to Remark 6.0.2, both from our online lecture
notes on measure theory.

LP-SPACES

Let 1 be a measure on a set X # 0.
Notation. From now on we write {g > o} for {x € X | g(x) > a}, etc.

Definition - essential supremum. For a p-measurable g : X — R we set

0 if w(X) =0,
ess supy g :={ o if u({g>a}) >0 Vo e R,
infloa e R | u({g>a}) =0} otherwise.

Remark. Suppose 11({g > a}) >0 for all @ € R. Then # a € R such that u({g > a}) = 0;
that is, 7 o € R such that g(x) < a for p-a.e. x € X; in other words, g = oo on a set of positive
w-measure. This justifies the middle definition of ess sup. On the other hand, if 34 & € R such that
1({g>a}) =0, then g(x) < a for y-a.e. x € X; that is & is an upper bound for g (except possibly
on a subset of X of u-measure 0). Hence it is natural to define ess sup as the least upper bound in
this case.

Recall that g : X — R is called p-summable if it is u-integrable and [ |g|dp < .

Definition - L.” spaces.

L” = L*(X,u) := {all u-measurable functions f : X — R such that ess sup |f| is finite}.
For p € (0,00):

L? = LP(X,u) := {all u-measurable functions f : X — R such that | f|? is y-summable}.

Theorem (proved). Suppose p(X) < oo. Then

(i) 0 < p1 < p2 <ooimplies LP> C LP,

iy g 1/p
(i) iy ( [y 1717 dp) " =ess supy /]
Proof. If f € LP? and p, < o then write
Jisran= [ i aus
X {lrI<1}

<u({Ifl <)+ [

{lr1>1

f Pi d[.L
{|f|>1}| |

A1 < () + /X 1P dpt < oo.



If f € LP? and p, = oo then write

J 1717 du < (ess supy | 71)" () <

this proves (i). For (ii), let £ (X) > 0 and assume first that 3 ¢ € [0, 0) such that p ({|f| > at}) =
This implies (see the remark following the definition of ess sup) that

ess supy | f| =inf{a e R| u({|f| > oa}) =0} =M € [0,).

If a =0or M =0then f =0 u-a.e. in X and the result true. If M > 0, observe that

1/p
</X|f|P du) < M(u(x))"? :>11msup |f|P dH M. )

p—re

On the other hand, given M’ < M we have u ({|f| > M’}) > 0, hence

1 ) > ) s (s > ) =
X {lfI>m"}

1/
1iminf(/X|f|P au) ">

p—roo
But this holds true for any M’ < M, hence

1/p
. »
hprglgf(/x|f| d,u) >M. (II)

Inequalities (/) and (/I) readily imply the result. In the case where p({|f| > a}) > 0 for all
o € [0,00), then by definition ess sup |f| = . By the remark following the definition of ess sup
we know |f| = oo on a set of positive measure, hence [y |f|’du = oo and the result follows.
Finally, the case where p(X) = 0 is also clear since ess sup|f| = 0 by its definition, and also

Jy IfPd =o. n

Theorem - Holder’s inequality (proved). Let p,q € [1,0| satisfying 1/p+1/q=1. If f € L?,
g € L1 then

(esssupy [g]) [x[fldu ifp=1,
1/ 1/
/x|fg|d“§ (el au) " (flglrau) ™ if1<p<es
(CSS Supy |f|) fX|g| d,u lfp:oo

Proof. Let 1 < p < oo (the cases p = 1 and p = oo are trivial). We know the convexity inequality
lab| < Iljla\l’%— é]b[‘f for all a,b € R (prove it!). Hence if [, [f|” du = [y |g|? du =1 we get

1 1 I 1 1/p 1/q
Jirsiaw=— [iprauee [ gl am=—s o =1=( [ 177 aw) " ( [ g1 au)
X P Jx qJx P q X X
If [ |f|P du, [y |g|? du > 0, normalize f,g as follows

fi= f g:= & .
(fx | f17 d.u)l/p (fx 4K le)l/q

Then [y |f]? du = [x |8|7 du = 1 and as before we have [y |fg|du < 1. Substituting f and g gives
the result. u




Theorem - Minkowski’s inequality (proved). If f,g € LP with p € [1,), then

1/p 1/p 1/p
(firearan) < (furran) o ( fran)

If f,g € L then ess supy | f + g| < ess supy | f| +ess supy |g]-

Proof. For 1 < p < o use the triangle inequality to get

J1r+eldu< [1f17+elr au [ lgllf+elr ap.

The proof follows by applying Holder’s inequality with exponents p and p/(p — 1) on both terms
of the right hand side and then rearranging terms in the resulting inequality. [ |

Hence, if p € [1, 0], the function || - ||, : LP — [0, 0] given by

Ip |
(fX|f‘pd/-L> ! lpr[l,OO) fELp,

Y

1Al = 1Al = 1 ey = {
ess supy |f| if p = e

defines a norm on the linear space L”.
Friday, 13/11/2020 (12:00-13:30)

Theorem - L” is a Banach space (proved) - LL§2.7. Let 1 < p < oo and suppose fi: X — R,
k € N, is a Cauchy sequence in LP. There exists then a subsequence { f; }xen such that

(i) |fi,| L F forallk €N, u-a.e. in X, and some nonnegative F € L?,
(ii) fj, = fask— oo, u-a.e. in X, and some f: X — R.

In particular, applying Fatou’s lemma to the sequence gy = |f | gives f € LP. Applying then the
dominated convergence theorem for the sequence hy = |f; — f|P, we deduce | f;, — f||, = 0, as
k — oo. This, together with the fact that { fi }xen is Cauchy in LP, imply || fi — f||p = 0, as k — oo.

THE DUAL OF L?

Lemma (not proved). Assume p € (1,00) and for s € (0,1}, t > 0 set
h(s) = (1+s)P 1+ (1 —5)P7!

O(s,t) :=h(s)+k(s)t?, where { k(s) = (1/s+ 1)P~1 — (1 /s — 1)\,

Then for any t > 0 we have
O(s,t) < (1+0)P+[1—¢]P forl<p<?2
¢(s,t) > (1+1)P +|1—t|P forp>2.

With this at hand we proved
Theorem - Hanner’s inequalities (proved) - LL§2.5. If f,g € L? with p € [1,2), then

LF+8llp +11F = &llp = (1Al +llgllp)” +1A1p = llglp|"-
(1f +gllp+11f = gllp)” +[1f +8llp = £ = gllp|” < 27 (115 + lgl)-

3



If p =2 we have equality throughout, and if p > 2 the inequalities are reversed.
Proof. Fix f,g € L?, 1 < p <2, and w.l.o.g. assume that || f||, > ||g||, > 0. Take r = |g|/|f].
f # 0, in the above lemma. Multiplying with |f|” we deduce

()17 +k(s)lgl” < (1f1+|e)” + 11 = lel|” = f +&lP + 1/ —¢l” =

1f +gllp+ IS —gllp = h()If15 + ()l
Now compute the right hand side with s = ||g||,/|| ]| » to get

Lf+gllp+ 1 =gl = (11,4 lellp)” + (11l + lglls) (1l = Dgll) "
> (1715 +11gll) " + (1o = llgllp)"-

The second inequality follows from the first one by replacing f by f+ g and g by f —g. The
proofs of the counterpart inequalities when p > 2 follow the same steps starting from the second
inequality of the previous lemma. [ ]

Lemma (proved). Let p > 1. Then for all a,b € R there holds (|a| + |b|)” < 2P~ (|a|? + |b|P).

Proof. We know f(t) =17, t > 0, is convex. In particular, f(|a|/2+[b]/2) < 1/2(f(|a|)+ f(|b]))
which gives the result. u

Monday, 16/11/2020 (10:15-11:45)

Theorem - Derivative of the norm (proved) - LL§2.6. If f,g € L? with p € (1,), then the map

Nif g : R = [0,00) given by Nis o (1) := || f +1gl|}, satisfies

Ni;g(0) = p/X P2 fg du.
Remark on the proof (exercise 21 in LL). In the proof we used the difference quotient function

R el Vi
t

o<l <1,

q(t):

and in particular its property that: g(—1) < g(¢) < ¢(1) for all 0 < |¢| < 1. Here is the proof of this
fact: First, using the above lemma we get

2f1P = |f—tg+ f+1glP <2771 (|f —1g|P +|f +1gl!) =

2f1P < |f —1glP+1f +18l”. (1)
From the convexity of t — [¢|P we have |f —tg|P = |(1 —1)f+t(f —g)|? < (1 —10)|f|P +1|f —g|P.
Inserting this in (1) readily gives ¢(—1) < g(¢) for all r € (0,1]. On the other hand, the convex-
ity of ¢ +— |t|? also gives |f+1g|P = |(1—1)f +1(f+g)|” < (1 —1)|f|” +1|f + g|” which says
q(t) < ¢q(1) for all # € (0,1]. We have showed g(—1) < g(r) < ¢(1) for all € (0,1]. To get the
same estimate for z € [—1,0), apply this with — in place of  and —g in place of g. [ |

Lemma - Projection on convex sets (proved) - LL§2.8. Let K be a closed convex subset of LP,
where p € (1,00). For any f € LP there exists h € K such that

inf || —gll, = | £ —hl[,-
inf |17 —gll, = £l

Moreover; there holds N[/f—h h-g)(0) 2 0forallg € K.



Friday, 20/11/2020 (12:00-13:30)
In what follows, unless otherwise stated, we assume that p € [1,eo].

Definition - Continuous linear functionals of L”. A linear functional of LP isamap ¢ : L — R
for which

lof+Bg)=al(f)+Blg) Vfegel’ Ya,BecR.
Such a functional 7 is called continuous if

klim ¢(fr) — 0 whenever f; — 0in L7,
—>00

and bounded if
O <K|fll, YfeLr.

Proposition (proved). A linear functional ¢ of LP is continuous if and only if
(i) Y& >0,368 >0 suchthat |{(f)| < € whenever || fl|, < 0,
(ii) it is bounded.

Proof. (i) Let ¢ be a continuous linear functional of L” and suppose in contrary that there exists
€ > 0 such that:

V8 >0, 3 f5 € L with | f5], < & but |¢(f5)| > €.

Taking 6 = 1/k, k € N, we obtain a sequence { f; } rewy such that || fi||, < 1/kbut [¢( fi)| > €. Letting
k — oo we see that f — 0in L? but |¢(f;)| > € for all k € N, a contradiction to the continuity of ¢.
For the reverse statement, let € > 0 and suppose ¢ is a linear functional of L? such that

3 6(&) > 0 such that [£(f)| < & whenever || f||, < &(¢€). (1)
For a sequence such that f; — 0 in L?, we know
I k(5(¢)) € Nsuch that || fi ||, < 8(e) V k > k(5(g)) =1

3 k(8(€)) € N such that |£(fi)| < € V k > k(8(¢)).

Hence, given £ > 0 we have found k(€) := k(8(g)) € N such that |¢(f;)| < & for all k > k(e); this
means £(f;) — 0.

(ii) Let ¢ be a continuous linear functional of L. From (ii) with € = 1, we get
36 > 0 such that |/(f)| < 1 whenever || f||, < 6.

But forany f € L7\ {0} we have that f:= 8 /|| f|| , satisfies || f|| , = . Hence |¢(f)| < 1; this gives
10(f)| < (1/6)]|f]|p- Since this estimate is true also when f = 0, we conclude that [¢(f)| < K| f||,
for all f € LP, where K = 1/8; that is, ¢ is bounded. For the reverse statement, if £ is a bounded
linear functional of L” then given any {fi € L” }xen we know |€(fi)| < K|| fi||p for all k € N. In
particular, if fp — 0in L?, then |¢(f;)| — 0 as k — oo; hence ¢ is continuous. u

Definition - Dual space. The set of all bounded linear functionals of L” is called the dual of L?
and is denoted by (L?)". It is a normed linear space with the norm

14l = sup{ eI | If1lp < 1}



Theorem - The dual of L7 - LL§2.14.

(i) (proved) If p € (1,) then (LP)* = LP/(P=1) in the sense that

Ve (LP), EI!VgeLp/(P_l)suchthatﬁ(g):/wgd,u Vgell.
X

(i) If p =1 then (L')* = L* in the above sense provided that X is G-finite with respect to |L.

(iii) (proved) If p € [1,00|, a functional ¢ : LP — R defined for all g € LP by
E(g):/vgd“ for some v € LY where 1 /p+1/qg=1, 2)
X

is always a member of (LP)* and moreover ||£|| = ||v||q.

Remark 0.1. Assertions (i) and (ii) say that when p € [1,0) then all bounded linear functionals
you can find are of the form (2) (provided some G-finiteness condition on X when p = 1). From
assertion (iii) we understand in particular that when p = oo, functionals of the form (2) with v € L!
are members of the dual space (L*)*, but these are not all one can find; that is (L*)* O L'.!

Monday, 23/11/20 (10:15-11:45)

We proved part (ii) of the above theorem.

WEAK CONVERGENCE IN L”:

Definition - Weak convergence in L” - LL§2.9. Let 1 < p < oo. A sequence {fi € L” }en is said
to converge weakly in LP to f € LP, denoted by f; — f in L?, whenever

0 fr) = 0(f) forall £ e (LP) .

Observe that for 1 < p < oo, by the “dual of LP” Theorem we get that f; — f in L” means exactly
that

klim (fi—f)gdu=0  forall g € L9, where gis givenby 1/p+1/g=1,
—oo JX

and that the same is true for p = 1 provided that X is o-finite with respect to U.
Proposition (proved) - LL§2.10. Let f € LP, p € [1,0). Then
I(f)=0 Vie(l’) = f=0 p-ae inX.

This holds true also in case p = o« provided X is G-finite.

Corollary (proved) - LL§2.10. Let p € [1,00) and fi — gin L?, fy = hin LP. Then g = h U-a.e.
in X. This holds true also in case p = o provided X is o-finite.

Friday, 27/11/2020 (12:00-13:30)

Theorem - Lower semi-continuity of norms (proved) - LL§2.11. Suppose that fi — g in L?,
p € [1,0|. Then

IFor the exact characterization of (L=)* we refer to Dunford, N.; Schwartz, J. T. - Linear Operators. Part I:

General Theory. (pg 296, 15 Definition & 16 Theorem) and Yosida, K. - Functional Analysis. 6th edition. (pg 118,
Example 5).



(i) if p € [1,00), then liminfy_... || fil|p > || f

(ii) if p = oo the same is true provided X is o-finite,

(iii) if p € (1,00) and limy oo || fill p = [|.f

Theorem - Uniform boundedness principle (proved) - LL§2.12. Let p € [1,o0| and suppose
{fk € LP}ren is such that {I(fi)}ken is bounded for any | € (LP)*. Then {|| fi||p}ken is also
bounded.

)24

p then fi — fin LP.

Monday, 30/11/2020 (10:15-11:45)

Suppose that f — f in L”, where p € [1,e0]; that is limg_,. £(fx) = £(f) for all £ € (L?)* and so
{l(fx) }xen is bounded for any I € (L?)*. It follows from the uniform boundedness principle that
{II /]l p }xen is bounded. Thus,

Ji = fin L” = {{| fell p }xen is bounded.

Our next target is to establish the converse of this fact, modulo passing to a subsequence, in the
special case where u = ", X C R" is .£"-measurable and p € (1,]. To do so we need the
following important assertion:

Theorem? - Separability of L” - LL§2.17. Let X C R" be .£"-measurable. Then LP (X, ") for
1 < p < s separable, i.e., it contains a countable dense subset (this fails for p = ).

Accepting this, we proved first

Theorem - Weak compactness in L”/Banach-Alaoglu theorem (proved) - L1.§2.18. Let X C R”
be L"-measurable and p € (1,0). If {fi € LP (X, L") }ken is such that for some M > 0 we have
| fellp £ M for all k € N, then there exists f € LP(X, L") and a subsequence {f }ren such that
fi = finLP(X, ™).

Proof. We assume initially that p € (1,00]. It is only the last argument of the proof that does not
work for p = 0. Since p € (1,0] implies g € [1,o0), we get from the “separability of LP”-theorem
that L(X,.£") = S where S := {g }reny C L(X,.2™). Now for each j € N consider the sequence
of numbers

A(g) = [ fig 42" ke (1)
Holder’s inequality implies

Fe(g) < M fillpligillg <Mllgjlly VEeN.  (2)

Start with j = 1 and proceed as follows:

e (2) says that the sequence of numbers {F;(g1) }ren is bounded. It contains thus a convergent
subsequence, denoted by {Fk(l) (g1) tren- Because of (1), we have in fact obtained a subsequence
{fk(l)}ng such that the sequence of numbers {Fk(l)(gl) = [ fk(l)gl dZ"}ren converges, say to
I €R.

e (2) says that the sequence of numbers {Fk(l) (g2) }ken is bounded. It contains thus a convergent

subsequence, denoted by {Fk(z) (g2) }ren- Because of (1), we have in fact obtained a subsequence

2We proved this after the Banach-Alaoglu theorem and we had time only for the first part of its proof; i.e.
LP(X,ZL")NL=(X,. L") when £"(X) < oo is separable.



{ fk(z)}keN such that the sequence of numbers {Fk(z) (82) = Jx fk(z)gz dZ"}ren converges, say to
L eR.

e Note that {Fk(z) (g1) Hken is a subsequence of {Fk(l)(gl)}keN and hence converges to /] too.

This way we arrive to a sequence of subsequences {{ f,gm)}keN}m ¢y Such that for any m € N: (i)

(A" }xen i a subsequence of {£;" Juen and (i) {F"(g) = fx £;" 8; 4" }ucrs converges
for all j = 1,...,m. In particular, if [, := limk_ka(m) (gm), then limk_ka(m) (gj) =1, for all
j=1,...,m—1. For instance, we get for j = 1:

Fl(l)(gl) Fz(l)(gl) Fg(l)(g1) converges to [
Fl(z) (81) Fz(z) (g1) F3(2) (g1) - converges to [
F1(3)(81) FZ(S)(gl) F3(3)(g1) converges to [

Clearly, the diagonal sequence {Gy(g;) := Fk(k) (g1) }xen converges to I too. In the same fashion
we construct convergent sequences {Gy(g;) := Fk(k) (gj)=Jx f,gk) gj dL" bren forall j € N.

Now, for a given g € L1(X, L") set Gi(g) := folgk)g d.Z". Fix € > 0 and let g; € S be such that
g —gjll, <&. Since {Gk(g;) }ren converges, it is Cauchy; that is

Gi(g;) —Gml(gj)| <&  Vk,m>Ne.
Therefore, using (2) twice,

|Gi(8) = Gm(8)| < |Gr(g =)l +|Gm(g = &) +1Gi(gj) — Gm(g))]
<Mllg—gjllp+Mllg—gjllp+e
<(2M+1)e Y k,m > N.
It follows that for any g € LY(X,.£") the sequence {Gy(g) }ren is Cauchy and hence convergent.

Write F(g) := lim_,.. Gi(g), g € LY1(X,.£"). Tt is elementary to see that F is a bounded lin-
ear functional of L?. By the “dual of LP”-theorem we obtain f € LP(X,.£") such that F(g) =

Jx fg A" for all g € LI(X,.£"). Consequently, [y fg d.Z" = lim;_, fok(k)g d.Z" for all
g € L1(X,.Z"); that is, we ’ve found f € LP(X,.£") and a subsequence {f; := fk(k)}keN such
that

lim [ (f,, —f)gdZL"=0 VgeLli(X,Z"). (%)
X

k—>oo

If p # oo, again by the “dual of LP”-theorem, (x) means precisely that f; — fin LP(X,.Z"). W
Thursday, 03/12 (10:15-11:45)

We finished the proof of the “Separability” of L? theorem.

Corollary (proved) - Density of C. in L”. Let X C R" be £"-measurable. Then C.(X) is dense
in LP(X, L") for 1 < p < oo.

THE FOURIER TRANSFORM, LL-§5:

Definition - Fourier transform in L!. For f € L' (R"), the Fourier transform f of f is given by

A

Fk) = / e 2R L) AL (x), k€ R
Proposition (proved) - Properties of f - LL§5.1 & §5.2.

8



(i) feL”R") with||f||le < | fll. Inparticular, for nonnegative f we clearly have f(0) = || f
hence || f|l = ||f||1 in this case.

Gi) of + Bg = ouf +Bgforall f,g € L'(R") and all o, B € C.
(iii) fxg(k) = F(k)8(k) for all f,g € L' (R"), where [ xg(x) = fpn f(x—¥)g(y) dy.
(V) [n fe d.L" = [n f8 AL forall f,g € L'(R").
V) Tf(k) = e 2Tk f(k) for all h € R”, where (T,f) (x) := f(x — h).
(vi) 83 f (k) = A" F(Ak) for all X € (0,00), where (8, f) (x) := f(x/A).
(vid) e2Tg(y) (k) = 1, (§(k)) for all x € R" and all g € L' (R").
(viii) f € C(RM).
(ix) limy.. f(k) =0.
(x) e TP (k) = A=1/2e=TKE/A for all 2 € (0, 00).

proof of (x). > By direct computation

emz(k):/ e—27rik-x—7r7L|x|2dx:e—nk|2//l/ o liV/m/ Ak VTP g

n

n

— (nl)n/26n|k|2//l/ e P dy = (n-;t)fn/Zefﬂk\z/)L </

) n
e dt) .
R

1>

Finally notice that [p e dt = VT u

Lemma (proved) - Continuity of the translation operator in L”. Let p € [1,00). For any f €

LP(R",.£") we have limy,_,o || T0f — f|, = 0.

Friday, 04/12 (12:00-13:30)

By using the dominated convergence theorem, the continuity of the translation operator in L!, as
well as a couple of the aforementioned properties of the Fourier transform of L! functions, we

proved the following:

Proposition - Invertibility of the Fourier transform (proved). If f, f € L (R") then

flx)= /nezmk'xf(k) dk( = f(—x)), fora.e. x e R".

Note however that f € L'(R") % f € L' (R") (consider for instance f = X(a,p) in R).

Proof. For any € > 0 and any x € R" we set

Je(x) — /neZﬂ:ikAxeﬂ'k zf(k) d.,iﬂn(k)

3more direct than the one in the book but requires complex integration



Using first property (iv), then property (vii) with g(y) := e—€K and finally property (x) with
A = €, we deduce

Je(x) = e/ / TP /e £k d.2 (k).

n

Because of Fubini’s theorem and the continuity of the translation operator in L!, we can see that
Je(x) converges to f(x) in L' (R") (see below, in the proof of “Approximation in L? theorem”, for
the details). Hence, for some subsequence 6(€) we know Jse)(x) — f(x) for £"-a.e. x € R", as

€ — 0. On the other hand, the integrand of Js¢) (x) converges to e>*kx £ (k) as € — 0, for all x € R,

Moreover, this same integrand is dominated by | f(k)| which is (by assumption) an L' (R",d.#"(k))
function. So the dominated convergence theorem applies to end the proof. [ ]

Lemma (not proved) - Continuous version of the Minkowski inequality. Ler p € [1,). For
any f € LP(R" x R, £™") we have

1/
( L ([ renlaz)’ d$"<x>> i L ([ renr ez )" aznp)

Proof. Set F(x) := [ga |f(x,y)| d-Z"(y). Then, writing (F()c))l7 = F(x) (F(x))pil, we get

3= [ (F)” d$"<x):/

Rn

([ 1 agnm) (Fw)" ! a2
= [ ([ irenirw) " azmw) az'o)

from Fubini’s theorem. Applying now Holder’s inequality on the inner integral we deduce

v< [ ([l az@) ([ (F0) ae)
a0 [ ([t azrw) ez

(r—1)/p
dz"(y)

1/p
d-Z"(y) which is the desired inequality. [ |

Hence 3'/7 < [on (fRn | f(x, )P d.f”(x))
Using the last two lemmata (continuity of the translation operator in L” and continuous version of
Minkowski’s inequality) one has the following useful approximation theorem, already used with
p = 1 in the “Invertibility of the Fourier transform”.

Theorem (proved) - Approximation in L”. Let f € LP(R"), p € [1,00). Then,

lim |[/2 / e p (k) d 2 (k) - £(x) —0.

e—0

L (Rrd.2(x))

Proof. Let

I / TPl ) () - )| :

R"d.L"(x))

Since £7"/2 [, e~ Tlk—x["/¢ dZ"(k) =1, we have

te=la [P (0 Verm) - s) a2 0],

R d.2"(x))
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where we have also changed variables by k = x+ /€/my. By the continuous version of the
Minkowski inequality, or just by the Fubini theorem in case p = 1, we arrive at

. <n "2 / e bP( /

But i(€) := y/€/my — 0 as € — 0. Hence from the continuity of the translation operator in L” we
get that limg 0 || Ty(¢) f — f ||, = O; that is, the integrand on the right term of (x) vanishes as € — 0.

FletVe/m) — @) az'w) Tazn).

Using Minkowski’s inequality we easily see that this same integrand is dominated by 2| f||, e b
which is an L! (R”,dﬁf" (y)) function. So the dominated convergence theorem applies to end the
proof. [ |

We used the above theorem with p = 2 in the proof of the following fundamental result:

Theorem (proved) - Plancherel’s formula - LL§5.3. If f € L'(R") N L*(R"), then f € L*(R")
with || fll2 = 1|12

Monday, 07/12 (10:15-11:45)

Definition - Fourier transform in L?- LL§5.3 & §5.4 & §5.5. Given f € L*(R"), think of a se-
quence {fj € L'(R") NL*(R")} jey such that f; — f in L?. By Plancherel’s formula we get then
If; = filla=|If; — fill2 for all j,I € N; that is, {f;}jen is a Cauchy sequence in L. But L? is
complete and thus {f;} jen converges to a function of L*(R") which we call the Fourier transform
of f and denote it by f.

Remark Given f € L?(R") we can always find sequences {f; € L'(R") NL?*(R")} N such that
fi— fin L?. For example, taking f j =M1 * f, where 1 for € > 0 is the standard mollifier, we

have {f; € CZ(R")} ey such that f; — f in L%. Another example is {f; := fxB;}jen. Since by
Holder’s inequality || fi]l1 < || fll2[-£"(B;)]"/? for all j € N and also || f;||2 < || f||2 for all j € N,
we have f; € L'(R")NL*(R") for all j € N. Moreover,

1= fIB= [ gd2",  whereg;:=(1- 1) /]
Rn

Since lim; 4. gj — 0 Z"-ae. inR"and g; < |f > € L'(R"), the dominated convergence theorem
readily gives f; — fin L?. This last example provides us with a fairly simple sequence of functions
whose L?-limit defines f:

{/B ¢~ 27 () dgn(x)}

j jeN

Remark Although there are many sequences such that f; — f in L2, f is independent of the one
we choose. Indeed, suppose {f; € L' (R") NL?(R")} je satisfies im0 || f; — f|l2 = 0. Then £ is
defined as the L?-limit of f;, hence lim; || f; — f|l2 = 0. Let {g; € L'(R") NL*(R")} jen be one
more sequence such that lim;_,. ||g; — f||2 = 0. Then

18— Flla<lg;—Filla+ 1 Fi— Flla=l1gi = fill 4 1Fi = Fll2 < llgi = Fll2+ L = Fll2+ 1.F = Fll2,

where we have used Plancherel’s formula to get the middle equality. Thus, lim; e ||§; — f|l» =0
which says f is the L?-limit of {8} jen too.

Proposition - Properties of f.

11



(i) (isometry) If f € L*(R"), then || fll2 = |12
Proof: Suppose {f; € L'(R") NL*(R")} ey satisfies lim_, || fj — f]|2 = 0, hence ||f]|> =
lim; e || f;||l2. But f is defined as the L?-limit of f;; that is, lim; e || fj — f||2 = 0, hence
| fll2 = limj || fj|l2. Now the proof follows by Plancherel’s formula: ||fi||> = |/ fj||2 by
letting j — oo.

Gi) (linearity) If f,g € L*(R") and o, B € C, then of + Bg = o.f + Bg.

(iii) (Parseval’s formula) If f,g € L*(R"), then (f,g) = (f,§), where

(f,8) = /R fedz".

(iii) (invertibility) If f € L*(R"), then f(x) = / (—x).

Proof: Suppose {f; € L'(R") NL*(R")} jen satisfies lim;_,« || fj — f|l2 = 0. As in the proof
of the Proposition - Invertibility of the Fourier transform, we have

/ mika—enlk £ () 4.2 (k) = g/ / e Plef k) dgM (k) ViEN, Ve>0. ()

n

By Holder’s inequality,

o2 [ TPl (£ - £ ) dgm()| < e ([ e o) P sl o0,

n

as j — oo. Also f is defined as the L?-limit of f}; that is, lim;_e || f; — f||2 = 0. Hence,

‘/ e2mik—emk (k) — 7,(k)) dZ”(k)’ < (/Rne_zg’”kzdk)l/zllfj—sz — 0,

as j — oo. So taking the limit as j — oo in (%),
/ Arika—enk? gy g.on (k) = g7/ / e Pl py d (k) Ye>0. (x)

From Theorem - Approximation in L” with p = 2, we know the rhs of (x) converges to f(x)
in L. Hence there is a subsequence (that we don’t rename) such that the r/s of (x) converges
to f(x) for £"-a.e. x € R". To see that the /As of () converges (up to a subsequence) to
f(—x) for £"-a.e. x € R, set first g¢(k) := e*‘g”‘kﬁf(k) and observe that g € L'(R) N
L?(IR™) for all € > 0. This allows to write IAs(*) = g¢(—x). Next we claim that g¢ converges
to f in L2. Indeed, we have

lse=FIB= [ (1= I f0F 42" (), e >0

Clearly the integrand converges to 0 as € — 0 for .£"*-a.e. k € R", while it is also dominated
by 4|f(k)|> which is summable; hence the dominated convergence theorem applies to prove
the claim. Summarizing, we have {g, € L' (R)NL?(R")}¢~0 such that limg ¢ [|ge — f||2 = 0.

By definition of the Fourier transform in L% we readily get f is the L>-limit of g¢; or, f (—x)
is the L2-limit of g.(—x) which equals the lhs of (x). Passing to new subsequence we get

that [hs(*) converges to f(—x) for Z"-a.e. x € R". [

Wednesday, 09/12 (12:00-13:30)
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THE SYMMETRIC DECREASING REARRANGEMENT, LL—§3:

Definition. Given an .Z"-measurable set X in R”, we say that f : X — R vanishes at infinity
provided

(a) itis £"-measurable function, and

(b) the level sets of | f| have finite .£"*-measure; that is

either £ (X) < oo, or Z"(X)=coand Z"({x€X : |f(x)| >1}) <o Vi>0.

In the case where .Z""(X) = o, (b) means that there cannot exist a 6 > 0 and a K € X such that
|f(x)| > 6 forallx € X \ K. If such 6 and K exist, we would have for all # € (0,9) that

L({xeX 1 [f@)]>1}) > L ({xeX : |f(x)] > 8}) > LM(X\K) =eo,

a contradiction. This justifies the phrase “vanishing at infinity”.
Notation. In what follows we write @, for the Lebesgue measure of a unit ball of R".

Definition 1. The symmetric rearrangement A*, of an .£"-measurable A C R" is

0 it .2"(4) =0,
A= { Bp,(0) with Ry := (£"(A) /)" if £7(A) >0,
R it ZN(A) = oo,

Note that in any case there holds .£"(A*) = Z"(A).

Definition 2. The symmetric decreasing rearrangement y of the characteristic function of an .£"-
measurable A C R” with £"(A) < oo, is

XX = Xax-

Definition 3. The symmetric decreasing rearrangement f* of a function f : X — R that vanishes
at infinity is given by

J = /o Xfeex - |y 1>n (¥) 427 (1)
= /0 Xizex : |f@)|>rp (%) dz(r), by Definition 2.

Remark. Since f vanishes at infinity, the sets A, :={z € X : [f(z)| > r}, r > 0, satisfy £"(A,) <
co. Consequently, A,, r > 0, satisfy the requirements of Definition 2 for defining y , involved in
Definition 3.

Remark. Compare definition 3 with the layer cake representation formula of Example 6.0.3-(i),
which asserts that

101 [ Zex 11n (0 421 (0) (n

Proposition - Properties of f*. Suppose f : X — R vanishes at infinity. Then

(i) f* is a nonnegative measurable function,

13



(il) f* is radially symmetric and non-increasing, that is
[7(x)=f"(y) whenever x| =|y|,  and  f*(x) > f*(y) whenever|x| <|yl,
Proof. Let x,y € R" be such that [x| = (<) |y|. Then
XBr(0)X) = (=) XBe)(y) Y RE(0,00).
In particular, since f vanishes at infinity,
Xizex : [f(@)>r1r(X) = (Z) Xgzex : (0> (V) V7€ (0,00).
Integrating this with respect to r we deduce f*(x) = (>) f*(y). u

(iii) forallt > O there holds {z€ X : f*(z) >t} ={z€X : |f(2)| >}*.

Proof. Letx € {z € X : f*(z) >t}. Assume that x is not in the ball {z € X : |f(z)| > t}*,
then x is also not in any concentric ball with smaller radius, that is, x is not in any ball
{z€X : |f(z)| > r}* with r > t. Thus

=) t
7= [ e a0 4210 = [ peon om0 421 (1) <1,

a contradiction. We proved {z€ X : f*(z) >t} C{ze€ X : |f(z)| >t}*. Now let x be
in the ball {z € X : |f(z)| > t}*. The openness of the ball implies that x has to be also
in some concentric ball with smaller radius; that is, there exists # > 0 such that 7 > ¢ and
xe{zeX : |f(z)] >7}*. We readily get that x is in any concentric ball with larger radius;
thatis x is in any ball {z € X : |f(z)| > r}* with r <7. Thus

- 7
f(x) 12/0 Xizex - |f()|>ry (%) di”l(r)Z/o Xizex - f)sr (%) AL () =T >1,

establishing the reverse inclusion {z € X : [f(z)| >t} C{ze X : f*(z) >1}. u

Remark. From the last property we deduce
L"{zeX : |f@)|>t})=2"({zeX : ff(z)>1}) V>0,

and recalling Definition 1, we further obtain the so called equimeasurability property
L"{zeX 1 |f(@)|>1}) =L"({z€X : ff(r)>1}) Vi>0.

Using this we easily get that symmetric decreasing rearrangement preserves the LP-norm for any
p € [1,0]. To see this for p € [1,e0), we take the layer cake representation formula in the form of
Example 6.0.3-(ii) to write

19l = p [ 2 (e X : 1f@)] > )AL ()
= o[ L (zeX 1 IS ) ()
= p[ (e X s @) > AL ) = 1

Theorem (proved) - Hardy-Littlewood inequality. Suppose that f,g : X — R vanish at infinity.
Then

[1nlglaz" < [ gz
X X
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Proof. Write A, := {z € X : |f(z)| > r}, r > 0. By the layer cake representation formula and the
Fubini theorem we have

Jitelaz = [ " @az'o) [ a0 a2 ) a2 ()
~ [ ] [ wnwaz e a0 az')
_ /0 ) /0 T A NA) AL () AL (s).
On the other hand, by Definition 3 and the Fubini theorem we have
Jreaz = [ [Can a2 o) [ o a2'(s) a2
=[] [ @@ azn a2 () .20
_ /0 ) /O T AT NAY) AL () AL (s).
This shows it is enough to prove that £ (A, NA;) < Z"(ArNA}) for all r,s € (0,00), or even that
ZL"ANB) < Z"(A*NB*) for all £"-measurable A,B C R" such that £"(A),.£"(B) < . But

this is true since, if for example .£"(A) < .£"(B), then A* C B* and so " (A*NB*) = L"(A*) =
ZLMA) > L"(ANB). n

Appilcation #1 (proved). The last remark together with the above theorem easily imply that
distance in L? does not increase after taking symmetric decreasing rearrangements of functions,
that is

1 =gl < [l.f =2l
Friday, 11/12 (12:00-13:30)

Application #2 (proved). If U C R”" is .£"*-measurable with .Z"(U) < oo, then

o/n

Wy, 1-o/n
LU for all 0 .
sup/ e _1_6/’1[ ()] orall0 <o <n

xeU

Proof. Given x € U write U, := {x—z |z € U}. Then,

1
e
/U [x—z[® Uy Iyl" Iyl"

1 1
—=dy = / dy,
XUX()<ryrG r= [ 0pee = [ e

where we have used the Hardy-Littlewood inequality to pass to the second line. But U is a
ball centered at 0 and volume equal to .Z"(Uy). Since the translation invariance of " implies

ZL"(Uy) = £"(U), we obtain U} = Bg,,(0) where Ry := (£"(U )/(on)l/". Therefore,

1 1 Ry 1 Ry )
/ —chS/ —Gdy:/ / e dSy dr:na)n/ potn=l qp = Nn — R,
U lx—2| Bry, (0) Y] 0o Jas.0) |yl 0 n—o

and substituting Ry by (£"(U)/w,) " gives the result. |
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Theorem - Riesz rearrangement inequality. Suppose that f,g,h: R" — R vanish at infinity.
Then

L L f@llsc=nlnmiaz"@az o) < [ [ 70" =y (12" (0d2"(5).

Application #1 (proved). Among all homogeneous 3-dimensional bodies, whose volume and
density are fixed, the ball generates the gravitational field having the largest energy.

Application #2 Theorem - Hardy-Littlewood-Sobolev inequality (proved) Let f € L”(R") and
g € LY(R"), n € N, where p,q > 1 are such that 1 < 1/p+1/q < 2. Then

f()]lg () p—1 g¢g—1
dandiﬂ” <C(n,p, , where ¢ =n + 1 7).
[ [, L gniapa ) < conpaplsp i (2teen])

Remarks. Functions in L”(R") necessarily vanish at infinity. Also the assumption 1 < 1/p +
1/g < 2 implies 0 < ¢ < n as required in Application 2 of the Hardy-Littlewood inequality.

Lemma (proved). For any u € C}(R") we have

_ 1 (y—x) - Vu(x) n
u()’)—nwn/R y—]" dx VyeR"

Proof. Using polar coordinates around x and then changing variables by x = y 4 rz, we have

JACECE.CCPNY oy R Ty
n =l 9B, (x W ﬂ”
= —// z2-Vu(y+rz) dS; dr
0 JaB(0)
= —/ /z~Vu(y—|—rz)drdSZ
9B,(0) Jo

< d
- — drdS, =— _ ds. = naw, 7
/831(0)/0 dr [u(y+rz)} et /831(0) u(y> e = 1o Lt(y)

where we have also used Fubini’s Theorem. [ ]

Theorem (proved) - L”-Sobolev inequality. The Hardy-Littlewood-Sobolev inequality implies
the LP-Sobolev inequality; that is

l|ull ps < c(n, p)|||Vulll VuGCﬁ.(R"), where ps:=np/(n—p), 1 <p<n.

Proof. From the above lemma we get

1 |Vu(x)|
< dx i R".
u(y)| < o, /Rn ey y €

Hence, for any .#”*-measurable function g,

[Vu(x)||g(y)
)|dL (y N e dzniy.
/ u(y)|lg(y)] ,WM/;/n P §)

Since |Vu| € C.(R") C LP(R") we can apply the H-L-S inequality with ¢ = n— 1, provided g €
L1(R") with g := ply = ps/(ps —1). Thus,

[ lulleldz” < na,Cln,p) 1Vl gl 7 g € LBER,
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from which we further obtain

sup ’/ ugd #"
)R

/
g€ELPs (R
gl <1

< n@,C(n, p)|[[Vulllp-

Now notice that the left hand side of this is precisely ||ul| ;. Indeed, since u € C!(R") C LPs(R")
defines a bounded linear functional £, of Ls(R") through

fle)i= [ ugdz”  ge LR,

we know from “the dual of LP”-Theorem that ||£,|| = ||u|| o5, Where
1ull := sup [€u(g)]
g€L’s(R")
lell <1

Monday, 14/12 (10:15-11:45)

Theorem - Logarithmic Sobolev inequality - L.L., Theorem 8.14. The L*-Sobolev inequality
implies the logarithmic Sobolev inequalty; that is, for all @ > 0 there holds

a2

- |Vu|2dx2/log(uz)uzdx+n(l+loga) Ve CH(R") with [Jul|, = 1.
Rn Rl‘l

Proof. Given u € C! (R") with ||u||, = 1, apply Jensen’s inequality with u := u>.#" for the concave
function f(r) =logt, t > 0, as follows

2 2 2
= [ log(u?)u’dy = 2—5/ log ((?)/")du < -log (/R (/") de ) = tog (Jlul,)

n Jre
From the L2-Sobolev inequality we further get

2
- / log(i)udx < log (i(n) | |Vul|3). 3)

n

This is already a type of logarithmic Sobolev inequality. Its best constant is known” to be
2
K(n)=——.
(n) nem
Applying log B < B%A +logA for all A, B > 0, with
nmk(n)
2a%

we deduce from (3) the logarithmic Sobolev inequality

B:=xk(n)|||Vul|3 and A= a>0,

2
1
%/ |Vu\2dx2/ log(uz)uzdx+n(l+loga—Elog(nemc(n)/Z)).
n Rn

Note that to get the inequality as stated in the theorem we need to prove (3) with the best con-
stant. [

We had an overview of what we have learned in this course.

“see WEISSLER, F. B. Logarithmic Sobolev inequalities for the heat-diffusion semigroup. Trans. Amer Math. Soc.
237 (1978), 255-269.
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