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33. On the weak solutions of elliptic differential equations.
Let © C IR" be open, u € W2(Q), f € WOI’Q(Q)*, and L be an elliptic differential operator in
the sense of Definition 4.1.
(a) State what it means for u to be a weak solution of Lu > f.

(b) Suppose that u is a weak solution of both
Lu>f and Lu<f, (%)
in the sense of Definition 4.1. Show for all v € W01’2(Q) that £(u,v) = —(f,v). Note: there

is requirement for v to be positive.

(c) Show that the following is a distribution:
C(Q) 3 6 s —L(u,6).

(d) Show that if (%) holds then Lu = f in the sense of distributions.
(e) Suppose now that u € WI})CQ(Q), f € L2 (Q) such that Au > f and Au < f hold in the

loc

weak sense. Show for all ¢ € C§°(12) that
A(opu) = (Ap)u+2Vp-Vu+ fo¢

holds in the sense of distributions.

34. Weak solutions of the Poisson equation.

In the following we demonstrate an example of functions u, f € C%(Q) such that Au = f in
the weak sense, but u ¢ C%(Q). Let B(0,3) = {(z,y) € R?|2? + 3* < 1} and u(z,y) =
(22 — 32) log | log(r)| with r = (22 + y?)'/2.

(a) Show that u € C?(B(0,3)\{0}) and lir%u(x,y) = 0. In other words, u extends to a
T

continuous function on B(0, 3).

(b) Compute the following derivatives of u on B(0, %)\{0}

%U(%y) = 2zlog|log(r)|+ (z° —y ﬂf)ma
0’ 2 2 1 4 2 9\2log(r) +1
@U(%y) = 2log|log(r)| + (527 — y )W —(z" - )W-
(c) Argue that %u(m,y) = —aa—;u(y,x) and hence
4 1
Au = (2% — - :
0= (g7 ~ st7)

Conclude therefore that liH(l) Au(z,y) = 0.
r—



(d) Let g € C(B(0,3)) be the continuous extension of Au on B(0,3). Prove that Au = g
weakly on B(0, ). Thereby establish for any ¢ € C°(B(0, 1)) the formula

/ ulNpdu = / godu + / (uVep — ¢Vu) - N do.
B(0,1)\B(0,) B(0,4\B(0,) dB(0,¢)

(e) Take ¢ € C§°(B(0, %)) with 9(z,y) = 1 in a neighbourhood of 0 and let
f=vg+2Vy - Vu+ (A)u € C(B(0, %))

Show with the help of Question 33(c) that A(yu) = f holds in the weak sense.



