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5. An Induced Distribution.

Let F ∈ D′(Rn+m) and ψ ∈ C∞0 (Rm). Define

G : C∞0 (Rn)→ R,

ϕ 7→ F (ϕ× ψ).

Show that G is a distribution on C∞0 (Rn), i.e. G ∈ D′(Rn).

(Caution: Don’t forget to show that the above definition makes sense, in the sense that ϕ×ψ is

indeed in C∞0 (Rm+n)!) (10 points)

6. Derivatives And Distributions.

Let n ∈ N, F ∈ D′(Rn×R) and let (x, t) with x ∈ Rn and t ∈ R denote the elements in Rn×R.

Show that, ∂tF = 0 if and only if there is a distribution G ∈ D′(Rn) such that

F (ϕ) = G

(∫ ∞
−∞

ϕ(−, t)dt
)
.

In order to show that prove the following steps:

(a) Define

I : D(Rn × R)→ D(Rn),

ϕ 7→
(
x 7→

∫ ∞
−∞

ϕ(x, t)dt

)
.

Show that I indeed maps to D(Rn), is continous and linear.

(b) Show that for F ∈ D′(Rn × R), ∂tF = 0 if and only if F ≡ 0 on the kernel of I.

(c) Finally show the statement by showing that ∂tF = 0 if and only if there exists a G ∈ D′(Rn)

with F (ϕ) = G(I(ϕ)).

(d) Now that you have shown the statement, for i ∈ {1, . . . , n} show that ∂iI(ϕ) = I(∂iϕ).

(e) Use (c) to show that for any F ∈ D′(Rn) with ∂iF = 0 for all i ∈ {1, . . . , n} there exists

λ ∈ R, such that F corresponds to the constant function λ · 1. And give an explicit formula

for λ in terms of F . (6 points each)

7. Now it’s your work.

In the proof of Lemma 1.9 there are two statements which you shall prove:

(a) “Due to the continuity of F with respect to the semi norms || · ||K,0 the functions x 7→
F (TxPg) are continous.”

(b) “[...] these functions are smooth since T(y+εh)−T(y)
ε φ converges for all φ ∈ C∞(Rn) in the

limit ε→ 0 on the space C∞(Rn) with respect to the topology induced by the semi norms

|| · ||K,α to T(y)(
∑n

i=1 hi∂iφ). (5 points each)

1


